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304 Y. Abe, Y. Kondo and T. Matsuse 

§ 1. Introduction 

In the preceding chapters it was shown that the molecular viewpoints are 

very successful in explaining the structure of the low excited states of light 

nuclei. Not only 4n self-conjugate nuclei but also other nuclei are shown to 

have a number of states with well-developed cluster or molecular structures. 

It is natural to expect that the study based on such viewpoints could be 

fruitfully extended to the highly excited energy region and to heavier systems 

as pointed out by Ikeda, Takigawa and Horiuchi1aJ more than ten years ago. 

Further qualitative study of the molecular structure in the highly excited en­

ergy region has been presented by Horiuchi, Ikeda and Suzuki in the Supple­

ment No. 52 of the Progress of Theoretical Physics. 1bJ From the consideration 

of the threshold energy rule and the characteristic features of the interaction 

between composite nuclei,tcl nuclear molecular configurations in heavier systems 

should be expected in the systems 12C-12C, 12C-160 and 160-160 at higher excita­

tion energies. It is also believed that nuclear molecular states could be ob­

served as resonances in heavy-ion scattering and reactions. 

Since Almqvist, Bromley and Kuehner2J have discovered the resonances 

in the 12C-12C reaction near and below the Coulomb barrier, many experimental 

data on the resonance phenomena in light heavy-ion reactions have been accu­

mulated. For the experimental data3J and theoretical discussions 4J the reader 

is referred to several excellent review articles. In the experimental data there 

is evidence for many resonance-like phenomena. We have not, however; been 

able to find information about the reaction mechanism and nuclear structure 

which is as clear-cut as, for example, the single particle resonances which 

emerge from the study of the a-cluster structure in low-lying states. 

In order to interprete the sub-Coulomb resonances in the 12C-12C system, 

Nogami5J has proposed the picture of nuclear molecules where two nuclei form 

quasi-stationary states by falling temporarily into a bound or quasi-bound state 

in a potential well due to the loss of the relative kinetic energy by an ex­

citation of the collective states of nuclei. Consideration of resonance phenom­

ena in heavy-ion reactions from the phenomenological point of view began 

from here. Imanishi6J has formulated the picture in the coupled-channel frame­

work and applied the method to the three prominent resonances first observed 

in the 12C_t2C system. He could reproduce many features of the resonances 

fairly well, ·but the result was criticized seriously. 7l The points of the criticism 

are i) the use of a weak absorptive potential (W =100 ke V) which might be 

inconsistent with the total reaction cross section, ii) a too small number of 

resonances predicted, compared with that observed in later experiments, and 

iii) the arbitrary change cf the potential depth in the inelastic channel. The 

present authors8J succeeded in reproducing both the average yield of the total 

reaction cross section and a sufficient number of narrow resonances by extend­

ing the model space up to the mutual excitation of the two carbon nuclei to 
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Phenomenological Study of Two-Body Nuclear Molecular 305 

their collective z+ ( 4.44 MeV) state. This overcame the problems presented 

by points i) and ii). Recently many resonances have been observed at energies 

above the Coulomb barrier as well. Experimental and theoretical attempts 

are being made in order to clarify the phenomena.3J.<J 

In order to explain the intermediate structure observed in the elastic ex­

citation function of the 160 + 160 system at energies well above the Coulomb bar­

rier, Scheid, Greiner and Lemmer9J have applied the Nogami-Imanishi model 

with particular emphasis on a double resonance mechanism, where first an 

elastic partial wave resonates with its corresponding virtual state and then 

a quasi-bound or bound state in an inelastic channel is excited by this wave. 

Although all of the above efforts based on the molecular picture succeeded 

to some extent in reproducing the resonant phenomena and although the pic­

ture seems to be quite simple and promising, it had not been commonly ac­

cepted. At this time the existence of molecular configurations had not yet 

been established in the highly excited energy region of ligh nuclei. One of 

the reasons could be that no one had given a general systematic prediction 

for the occurrence and fading-away of resonances by a simple argument based 

on this picture. 

The theoretical and experimental situations indicate that the study of the 

nuclear molecular structure in the highly excited energy region differs es­

sentially from that in low-lying states of light nuclei. As has been men­

tioned in Chapter I, many degrees of freedom become active in the highly 

excited energy region and accordingly the level density of the compound state 

is very high as has been well known since Bohr's compound nucleus hypo­

thesis. Another point is that many reaction channels are open in the energy 

region. Therefore it is natural to expect that simple states such as single 

particle resonances might be dispersed by the coupling with many complex 

states of the compound nucleus and then they are able to decay through many 

open channels. Later we will discuss these points more carefully for grazing 

partial waves. 

From the above· naive considerations, it is evident that the study of nuclear 

molecular states in the highly excited energy region is more difficult and com­

plex than the study of those in .the low excited energy region. In other 

words, in order to make progress in the study of nuclear molecular structures 

in the energy region, we have to study not only the individual character of 

the structures, but alsa the bulk properties of the heavy ion reaction mecha­

msm. This means that we should be careful in setting up an imaginary 

part of the optical potential, by which we usually describe other degrees of 

freedom than those taken into account explicitly. 

On the imaginary part of the interaction potential between heavy ions, 

almost nothing has been clarified theoretically. Even the concept of optical 

potential has not yet been justified, which is completely different from the 
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306 Y. Abe, Y. Kondo and T. Matsuse 

case of nucleon and light particle reactions. However, one characteristic as­

pect of the optical potential, i.e., "surface transparency" has been demonstrated 

for several combinations of light heavy ions. 10> The character of the surface 

transparency of the interaction potential may be related to properties of the 

compound nucleus and of direct reaction channels. At energies well above the 

Coulomb barrier the heavy-ion incident flux brings in rather large angular 

momenta. The partial waves with such large angular momenta might then 

neither be accomodated by the compound states of composite system because of 

the low level density of the states with the corresponding spins, nor have well­

matched reaction channels into which the flux can flow except for collective 

inelastic channels. This is actually the case for systems such as 12C-12C, 12C-

160 and 160-160. In these systems the incident channels have symmetric or 

nearly symmetric mass partitions and the reaction Q-val ues are small. The 

weak absorption in grazing partial waves will be discussed in the light of the 

recent phenomenological study of the fusion cross section in light heavy-ion 

reactions. 11a> 

It is presumably meaningful to discuss single-particle resonances in a real 

nuclear potential for systems which have the weak absorption region mentioned 

above. The essential character of single particle states obtained in the micro­

scopic study of interactions between composite nuclei is, as will be given in 

Chapter V, that there exist bound or quasi-bound states in the relative motion 

between composite nuclei such as 160_160 12> and 12C-160,!3l and that the energies 

of these states are in rotational sequence. The corresponding wave functions 

of the relative motion are well localized at the surface region. It is also well 

known that the phenomenological potential with a soft core at the inner region, 

which is expected as the effect of the Pauli exclusion principle between com­

posite nuclei, can roughly reproduce the series of bound or quasi-bound states 

with the rotational energy sequence. Thus the existence of a potential­

resonance band (the elastic molecular-rotational band) is considered to be one 

of the general features in the interaction between heavy-ions. 

From the viewpoint of nuclear molecules, the present authors 14> have pro­

posed a Band Crossing Model (BCM) in order to understand a possible reso­

nance mechanism of the two-body nuclear molecular motion. The existence 

of the elastic molecular-rotational band mentioned above makes it possible to 

discuss systematically at what spin values Nogami's picture will be valid with 

a specific excited molecular configuration as a dominant component. When the 

projectile or the target is excited to a collective state with the intrinsic spin 

I and the excitation energy tlE (equal to the Q-value of the inelastic channel 

considered), we have several quasi-rotational bands in the inelastic channel 

according to the angular momentum coupling between the intrinsic spin I and 

the orbital angular momentum L. (The total angular momentum J = I L- II, 

···, L+I. We have assumed that both projectile and target nuclei have spin 
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Phenomenological Study of Two-Body Nuclear Molecular 307 

zero m their ground states.) All of them, however, do not always appear as 

prominent resonances, because they do not necessarily carry large amounts of 

a partial width of the incident channel. A notable observation is that one of 

these bands in which the total angular momentum J is the sum I+ L and 

which has therefore been designated as the "aligned" rotational band crosses 

the elastic molecular-rotational band. Around the crossing point the resonance 

energies of the members of the elastic and of the inelastic molecular bands 

are very close to each other. In this region the situation just corresponds to 

a perturbation of the nearly degenerate system if a coupling interaction between 

two channels is switched on. As a result of the interaction we will have two 

resonances which have approximately half of the single particle widths of 

the elastic and the inelastic potential resonances. Not only the crossing point 

but also the region where the strong mixing is expected between two molecular 

bands can be simply discussed by the use of the moment of inertia of the 

elastic molecular band, and the intrinsic spin and the excitation energy of the 

collective state of the target and/or the projectile. We can thus obtain an 

overview of the occurrence of the two-body nuclear molecular resonances. In 

this chapter we will investigate the two-body nuclear molecular configurations, 

especially 12C-12C, 12C-160 and 160-160 configurations, at the energy region well 

above the Coulomb barrier by the use of the BCM. It is worth noticing here 

that band crossing region just overlaps with the "surface transparent" region 

of the interaction potential as mentioned above for those systems. 

Many excellent experimental data have recently appeared on the three 

systems mentioned above. 15>-m Angle-integrated excitation functions have been 

measured for the inelastic sacttering to the collective rotational or to the vibra­

tional excited states of the projectile or the target nucleus. They have clearly 

shown the existence of a series of resonance-like anomalies in each system 

which seem to form a quasi-rotational band, although precise spin assignment 

has not yet been made for these resonances. Their spins, however, can be 

conjectured from spin assignments in other reaction channels and from the 

analysis of the observed fusion cross section, which will be discussed in a 

later section. 

It is worth remarking here that the angle-integrated data are extremely 

valuable, because an anomaly observed there no longer comes from an interfer­

ence between amplitudes with different spin values. Another important as­

pects of the anomalies are that they are observed to be correlated among several 

reaction channels, although not among all the possible decay channels. This 

suggests that the anomalies are not due to fluctuations of compound nucleus 

states, but due to resonances. In this chapter we will be mainly concerned 

with such experimental data. 

Recently several authors 18' have pointed out a possibility that the anom­

alies could be explained by the matching of angular momentum windows (L-
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308 Y. Abe, Y. Kondo and T. Matsuse 

windows) between the elastic and the inelastic channels. They are nothing 

but the analogue of the effective barrier crossing in the BCM. The £-windows 

are, however, expected to be wider than the typical widths observed. Actual­

ly the energy range covered by resonances which are discovered to have the 

same spin indicates that the widths of £-windows of the active partial waves 

are several MeV wide. Another basic assumption of the approach is strong 

absorption, which seems to be inconsistent with large yields observed in the 

inelastic channel. For example, the peak at about Ec.m. = 24.5 MeV in the 

21 + ( 4.44 MeV) inelastic excitation function of the 12C + 12C system has yield of 

about 30% of the unitarity limit, assuming a plausible spin assignment Jtt=l4+. 

This fact again indicates "surface transparency" in the relevant partial wave. 

In § 2 a schematic argument will be given for the mechanism of the oc­

currence of the two-body nuclear molecular resonances. A band crossing dia­

gram as well as the importance of the effective barriers will be explained 

in detail. The usual coupled-channel formalism will be recapitulated in § 3. 

The band crossing diagram suggests the cardinal importance of the aligned sub­

channels in the coupled channel framework. Results will be compared with 

experiments in § 4. In § 5 discussions will be devoted to the basic character 

of the imaginary part of the interaction potential in connection with an inter­

pretation of the observed fusion cross section in light heavy-ion reactions. 

Resonances observed prominently in the rearrangement reaction channels will 

be discussed in § 6, especially those observed in the lower energy region of 

the 12C-12C system. A summary is given in § 7. 

§ 2. Schematic arguments of the hand crossing model 

We will start with a rev1ew of characteristic features of potential reso­

nances. In phenomenological studies the interactions between heavy-ions are 

usually described by the local optical potential which has real and imaginary 

parts. In this section we are concerned mainly with the real part including 

the Coulomb potential. It has resonances for various orbital angular momenta 

unless it is too shallow. Their sequence in the Woods-Saxon potential looks 

like a rotational band at least at the high angular momenta. If we assume 

the interaction between heavy-ions to be repulsive for the inner region, which 

is expected from recent microscopic studies of the interaction between com­

posite nuclei, m,tsl we have a rotational sequence of potential resonances from 

low to high spins. The moment of inertia of the rotational band is approx­

imately equal to that of a ;-igid rotor of di-nuclear molecule, which is simply 

understood by the strong localization of the relative wave function at the 

nuclear surface, as schematically shown in Fig. 1. The width of a potential 

resonance is determined essentially by its energy relative to the effective bar-
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Phenomenological Study of Two-Body Nuclear Molecular 309 

_r-Wave Function 

( Resonnance) 

Fig. 1. Illustration of an interaction po­

tential between heavy-ions and a res­

onance wave function in the potential. 

:r 

Fig. 2; Characteristics of the band of potential resonances. 

rier height for the partial wave, i.e., a resonance well above the effective bar­

rier has a very large width and one well below the barrier has a very small 

width. As is shown in Fig. 1, the maximum of the radial wave function is 

located within the effective barrier. This indicates that the resonance energy 

increases as a function of the angular momentum more rapidly than the hight 

of the corresponding effective potential barrier. Thus the widths of potential 

resonances with higher angular momenta are expected to become broader as 

schematically shown in Fig. 2. 

The resonance energies are approximately given by the following expres-

swn: 
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310 Y. Abe, Y. Kondo and T. Matsuse 

E< 0 ~ =!!_·J(J+ 1) +E <ol 
~L 23 0 ' 

g ~ p.R2, R = ro. (All;a + A/la)' (2·1) 

where p. is the reduced mass, r 0 is the nuclear range parameter taken to be 

1.25 fm and AI> A 2 are the mass numbers of nuclei in the incident channel. 

On the other hand the heights of the effective potential barriers are given by 

a similar expression to Eq. (2 ·1), 

B~ 0 lL = 2 ~ B · J (J + 1) + Va (RB), 

3 B = p.RB2, RB = ro · (A/13 + A/13) + JRB, (2·2) 

where Va is the Coulomb potential between heavy ions. RB 1s the position 

of the top of the effective potential barrier under the presence of the attractive 

nuclear interaction. More exactly, the contribution from the nuclear inter­

action should be added to the right-hand side of the first equation of Eq. (2 · 2). 

As a rough estimate, JRB is taken as 1.5 fm for light heavy ion systems. This 

gives different slopes to the J(J + 1) -plots for the energies of resonances and 

barrier tops which results in a crossing as schematically shown in Fig. 2, where 

Eo co> is assumed to be smaller than Va (the Coulomb barrier), i.e., the nuclear 

interaction is assumed to be attractive enough to have resonances. The feature 

that the resonance widths increase as the orbital angular momenta or the ener­

gies increase is important for the overall energy dependence of the resonance 

phenomena, as will be seen later. It is pointed out here that the effective 

local potential between composite nuclei derived from a microscopic theory 

is known to have an L-dependent attraction in the surface region, together 

with a repulsive soft core in the inner region. 19> Such an L-dependence gives 

more attraction for higher partial waves, and thus a smaller slope in the J(J 

+ 1) -plct of the resonance energies in Fig. 2. This means a possible persist­

ency of narrower potential resonances at higher spins than expected from 

simple state independent local potentials. Actually the 160-160 system has 

been shown to have rather narrow potential resonances up to about L = 20, 

as is given in detail in Chapter V. Another important feature of potential 

resonances is that we cannot have two resonances with the same spin and 

parity, within an energy range of the oscillation hw of the relative wave func­

tion. This energy range depends on the reduced mass and the potential 

adopted and is more than several MeV for combinations of light heavy-ions. 

Even if we assume a deeper potential such as one obtained by the density 

folding, 20> we will only have additional deeply bound rotational bands in the 

potential. 

We will proceed to the discussion of the problem of how we can expect 

resonances due to excitations of some collective states of the target or the 
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Phenomenological Study of Two-Body Nuclear Molecular 311 

projectile nucleus. It would be worthwhile discussing it carefully, because 

the coupling to collective intrinsic excitations is usually expected to cause not 

resonances but rather a continuous flux flow to inelastic channels and then the 

effects should vary smoothly with energy. Nogami has proposed a picture for 

a possible mechanism which would cause resonance behavior. We will con­

sider the problem further along this line. We assume that the potential in 

the elastic channel is attractive enough to have bound or quasi-bound states. 

Almost the same bound or quasi-bound states will exist in the inelastic chan­

nels, if the interaction potentials in the inelastic channels are almost the same 

as that in the elastic channel. The energies of such states are, of course, 

raised from their original positions by the amounts of excitation energies 

of the target or the projectile nucleus as shown in Fig. 3. Usually people 

expect that the resonances will be observed at these energies in the elastic 

and in the inelastic scattering. These states are, however, not always observed 

as resonances. Whether they are observed as resonances or not depends cru­

cially on the couplings between the relevant channels. In other words, a 

state has to share an appropriate amount of the partial width of the entrance 

channel as well as that of the exit channel in order to be observed as a reso­

nance, as is seen in the Breit-Wigner formula, 

(2·3) 

where the total width T of the resonance should be narrow enough. As a 

matter of course the magnitudes of the partial width shared among resonances 

depend on the strength of the coupling interaction. At the same time, how­

ever, they also depend on the relative distance between the positions of the 

original resonances. Let us consider a bound state problem in which there 

are two unperturbed states near to each other. If there exists a coupling 

interaction, it causes a strong mixing between them. Then we will have two 

states which have their original components shared as the result of the interac­

tion. If such a situation occurs in a scattering process, that is, if a bound or 

quasi-bound state in some channel is close to a resonance in the incident chan­

nel, then we will observe two resonances which have approximately half of 

the single particle widths of the elastic and of the considered channel. In 

the case where the width of a resonance in the incident channel is broad, we 

will observe a gross structure behavior with intermediate resonances superim­

posed on it. This is the case that Scheid et al. 9> called double-resonance mecha­

nism. A problem which remains is how to predict at what energies or with 

what spin values such situations will occur. 

Where an excited state of the target or the projectile has a spin I not 

equal to zero (here we assume the ground state spin to be zero), there is 

a very interesting feature in the series of potential resonances in the 
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Fig. 3. Illustration of Nogami's picture. 

An incident particle falls into the 

potential pocket by loosing the rela­

tive energy due to an intrinsic ex­

citation, which implies the existence 

of degenerate quasi-stationary states 

with 11-LI::;;:J:::;;:I+L at an energy 

higher than the original potential 

resonance by dE. 

inelastic channel. As is seen in Fig. 3, for each resonance with orbital an­

gular momentum L = J in the incident channel, we have degenerate multiplet 

states with the total spins J=IL-1/, ···, L+1in the inelastic channel. All 

of them will not necessarily be observed as actual resonances as discussed 

above. In order to see whether they come close to the resonances in the 

elastic channel, we plot the energies of these states versus J(J + 1), together 

with the potential resonances in the elastic channel given by Eq. (2 ·1). 

Figure 4 shows the case of the 12C-160 system with 3-- (6.13 MeV) excitation of 

the 160 nucleus. Their possible total spins in the inelastic channel are J= /L 

-3/, /L-1/, L+1, L+3 with parity selection n= (- )J required by the inci­

dent channel. Each of them forms a quasi-rotational band. It should be noted 

that one of them, the aligned rotational band, gets close to the elastic mole­

cular rotational band and even across over it at a certain high spin and energy. 

Energies of the quasi-rotational bands are given as follows, 

E <1l=_!!_-L(L+1) +JE +E (O) 

J 2J 1 0 ' 

L=IJ-1/, ···,J+1. (2·4) 

Then those of the aligned rotational band are 

(2·5) 

We can easily estimate the crossing point by using Eqs. (2 ·1) and (2 · 5). 

For example, the 3-- excitation of the 160 nucleus with JE1 equal to 6.13 

MeV gives the crossing spin value, 

(2·6) 
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Fig. 4. Schematic diagram of the cross­

ing of the elastic and the inelastic 

aligned molecular bands in the case 

of 160* (3-, 6.13 MeV) excitation. 

E,. 0 • (0), i.e., an energy of S-wave 

potential resonance, is assumed to 

be 0.0 MeV, for simplicity. 

o~~~~~~~~~~~L-~ 
4 6 8 9 10 II 12 13 14 15 16 17 J 

J (J +I) 

where r0 in Eq. (2 ·1) is assumed to be 1.25 fm. 

As discussed above, around the crossing point where two resonance states 

are close to each other there will be strong mixing between the members of 

the two rotational bands, and then there will occur prominent resonance 

phenomena in both elastic and inelastic scattering. From this schematic argu­

ment we can easily estimate the region of molecular resonances, where the 

observation condition discussed above is fulfilled. The absolute values of the 

resonance energies depend on E 0 co>, the band head energy of the elastic mole­

cular band. Indicative experimental data or microscopic calculations might be 

necessary, but in practice the energy region for observable potential resonances 

is rather strictly limited for each partial wave, because the partial width cru­

cially depends on the effective barrier height as discussed below. 

Other important aspects to be discussed concerning the observation are 

the original widths of potential resonances. First the original width of a potential 

resonance is determined mainly by its relative position to the effective barrier top. 

Only around the barrier top energy does the resonance have an appropriate 

width which is not too small and not too large. Thus the molecular resonance 

region is expected to be limited around the effective potential barrier for each 

partial wave. Secondly there exist differences in the widths of the elastic and 

of the inelastic potential resonances with the same total spin (not with the 

same orbital angular momentum). This indicates the possibility that there 

might exist a resonance whose width is sharper than that of the potential reso­

nance in the elastic channel. The total width of a resonance is given in the 
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314 Y. Abe, Y. Kondo and T. Matsuse 

zeroth order estimation as follows: 

(2·7) 

where F;"·P· is the single-particle Width in the channel i and a denoteS the 

mixing ratio between the elastic and the excited molecular resonances. .JF 

represents effects of the other reaction processes, which are expected to be small 

over a certain energy region as discussed in § 1. As T 1s.p. is smaller than 

ros.p. for the aligned rotational band, then the total width r can be smaller 

than ros.p.. The smallness of rtP· compared with 

by the schematic diagram for the effective barriers. 

ros.p. can be seen again 

The barrier heights in 

the inelastic channel are given by the following formula, 

B}1l = _!{_ · L (L + 1) + V c (RB) + .JE1 , 
2gB 

L=IJ-11, ···,J+I. (2·8) 

In Fig. 5, a schematic diagram of the effective barriers for the elastic and 

for the aligned sub-channels is given for the 12C-160 system with the 160* (3-, 

6.13 MeV) excitation. We can see that B~ 1 lL+3 is higher than BnL except 

in the very high energy region. 

In the above paragraphs qualitative arguments for the BCM have been 

illustrated with the 3- (6.13 MeV) excitation of 160 in the 12C + 160 system. 

The same arguments can be made for the 12C-12C and 160-160 systems with one 

or combined excitations of the 21 + ( 4.44 MeV) and the 31- (9.64 MeV) states in 

the 12C nucleus and the 3- (6.13 MeV) and the 4/ (10.35 MeV) states, etc. 

in the 160 nucleus. The crossings between the elastic and the inelastic mole-

~ r-------------------------~----------------. 

~ Schematic Diagram of Effective Barriers 

1 
Ul 

30 

20 

Effective Barrier 
of Aligned Sub -Channel ~ 

(L=J-3) 

----...._Effective Barrier 

of Elastic Channel 

12 14 16 18 20 22 ]' 

Fig. 5. Schematic diagram of the effective barriers between the elastic channel and the 

inelastic aligned channel in the case of 180*(3-, 6.13MeV). A spin at the crossing 

point is higher than that of the molecular bands as shown in Fig. 4. 
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Phenomenological Study of Two-Body Nuclear Molecular 315 

cular bands are seen at certain total spin values, depending on the intrinsic 

spins and the excitation energies. It should be stressed here that the argu­

ments can be made without any arbitrary parameter or without any artificial 

assumption. 

Notice here that an aligned molecular configuration with an intrinsic ex­

citation will appear as the dominant component of observed resonances. In 

other words we will observe selectively one type of coupling between the 

intrinsic spin and the orbital angular momentum. Further the dominant com­

ponent itself will change among various excitations of heavy-ions as the spins 

and the energies increase, according to the differences in crossing points of 

their aligned molecular bands with the elastic one. 

§ 3. Formulation 

According to the schematic arguments of the BCM, the aligned sub-chan­

nels of inelastic channels will play an essential role in the two-body nuclear 

molecular resonances. More precisely the potential resonances in the aligned 

inelastic sub-channels can be close to those in the elastic channel in some 

region around the crossing points. In order to perform a quantitative study 

of resonance phenomena based on the picture of the BCM, we use the frame­

work of the coupled-channel method.w 

3.1. Coupled channel equation 

The total Hamiltonian is assumed to have the following form, 

(3·1) 

where hi (8i) is the internal Hamiltonian with internal variables ()i of the 

i-th nucleus. T(r) and U(r, ()I> 82) are the kinetic operator and the inter­

action potential for the relative motion between nuclei. The internal wave 

function Xr,M, ({}i) is assumed to be an eigenfunction of the internal Hamiltonian 

hi ({}i)' 

(3·2) 

where Ii and Mi are the internal spin and its projection, respectively. e1, 

is an energy eigenvalue. For simplicity we use the abbreviated index c which 

represents the channel for a total spin J, 

(3·3) 

The total wave function 7J!JMJ of the system is written as 

(3 ·4) 
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316 Y. Abe, Y. Kondo and T. Matsuse 

where 

(3·5) 

The u. (r) and YLML (r) are the usual radial part and angular part of the 

relative wave function with angular momentum L and its projection ML. In 

the collision of identical nuclei, for example, the 12C + 12C and 160 + 160 systems, 

the channel wave function CIJ/MJ should be symmetrized. 

Multiplying CIJ/MJ* (r, ()~> (}2) to the Schrodinger equation (H-E) P"JMJ = 0, 

and integrating over the variables r, (}1 and (}2 we obtain the coupled-channel 

equation for the radial wave functions, 

(3·6) 

where 

(3·7) 

E. is the energy of relative motion in the channel c; E.=E-e1,-e1,. 11 1s 

the reduced mass of the system. U. (r) is the diagonal part of the interaction 

potential in the channel c and Vee' (r) is the coupling potential between chan­

nels given in Eq. (3 ·17). 

3.2. Diagonal part of the interaction potential 

The interaction in the present study is described phenomenologically by 

the use of local potentials. The diagonal part is the sum of the nuclear and 

Coulomb potentials, 

U c (r) = u • nuclear (r) + ucou!omb (r) + iW (r). (3·8) 

The imaginary part is added to describe the absorption due to other reaction 

channels which are not included in the coupled-channel model space. The 

nuclear part is assumed to be attractive at long distances and to be repulsive 

at short distances. The repulsive core at short distances is a phenomenological 

representation of the effects of the Pauli principle between composite nuclei. 

The long range part is described by the Woods-Saxon form throughout the 

present paper. The short range part is represented by the Woods-Saxon or 

Gaussian form. It is shown in the next section that both forms work equally 

well in order- to set up a series of bound or quasi-bound states similarly 

to the results of microscopic studies. 

U c nuclear (r) = Vcore • fcore (r, acore, R.core) + V c • fws (r, a, Ro), (3·9) 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

s
/a

rtic
le

/d
o
i/1

0
.1

1
4
3
/P

T
P

S
.6

8
.3

0
3
/1

9
2
8
8
9
2
 b

y
 U

.S
. D

e
p
a
rtm

e
n
t o

f J
u
s
tic

e
 u

s
e
r o

n
 1

6
 A

u
g
u
s
t 2

0
2
2



Phenomenological Study of Two-Body Nuclear Molecular 317 

where fws is the Woods-Saxon form factor, fcore is a repulsive core function 

and the factors Vcore and V 0 are the strengths of the care and attractive parts, 

respectively. 

We adopt the usual form for the Coulomb potential, 

!..!.!. z 1z 2e2 
• ( 1- _!_ _C_) 

2 R 3R 2 ' 
ucoulomb (r) = c c 

z1z2e 2 

----, 
r 

(3 ·10) 

where Rc is the radius where two spheres of uniform charge just touch, 

namely Rc = Rc, + Rc, with Rc, = r 0.A/13• r 0• is taken to be 1.25 fm. 

The imaginary part should guarantee the "surface transparency" or the 

weak absorption for grazing partial waves as mentioned in § 1. We have 

therefore adopted the Woods-Saxon form of angular-momentum dependence 

proposed by Chatwin, Eck, Robson and Richter, 10b> 

1 
W(r) =W · ·fws(r a R) 

0 1 + exp [ (J- J c)/ .dJ] ' ' 0 
' 

(3 ·11) 

where W 0 is the strength and the radial form is taken to be the same as 

the long range part of the real nuclear potential. The transition region from 

strong to weak absorption is adjusted by the diffuseness parameter .dJ. The 

critical angular momentum Jc is defined as follows in the present study, 

J c = ( '![) 1(2 • R • (Ec.m. + Q) lf2, (3 ·12) 

where R and Q are called the effective interaction range and the effective 

Q-value for possible reaction processes, respectively. If R is chosen to be 

RB and Q to be - V 0 (RB) in Eq. (2 · 2), Jc becomes the grazing angular 

momentum Ju. The parameters R and Q should be chosen to give Jc<Ju for 

a certain energy region so as to guarantee the existence of a surface trans­

parent region. Justification for the values of R and Q will be discussed in 

§ 5 in connection with recent development in understanding the observed fusion 

cross sections in heavy-ion reactions. 

3.3. Coupling interactions 

The coupling interactions between the elastic and the inelastic channels 

are derived phenomenologically. We assume the internal motion of the target 

or projectile to be described by the collective model for simplicity. For the 

rotational motion, the internal wave function is described by an axially sym­

metric rotor motion, 

(3 ·13) 
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318 Y. Abe, Y. Kondo and T. Matsuse 

where the internal variable (} is a set of the Euler angles. For the vibrational 

motion, 

where btM is the usual phonon creation operator. The vibrational amplitude 

parameter a 1M is represented as usual, 

(3 ·15) 

where 7r is the strength parameter. 

Coupling interactions among the elastic and the inelastic channels are 

induced by variations of interaction ranges in the long range attractive part 

of interaction potentials between heavy-ions, due to the collective surface oscil­

lations of heavy ions. 

(3 ·16) 

where Ri = r 0 • A/13, /32 is the deformation parameter, and the angle Q/ refers 

to the body fixed frame of the 12C nucleus. The summation :Ei is taken 

depending on which combination of 12C and 160 nuclei is considered. We 

retain only the first order terms of the expansion of the Woods-Saxon potential 

in powers of /32 Y20 (Q/) and :E"a3" Y 3" (r) and get the following form: 

(3·17) 

where :Ei should be take in the same ways as in Eq. (3 ·16). The function 

g (r, Ri) is the radial form factor of the coupling interaction and is given by 

the derivative of fws· 

g (r, Ri) = Ri. exp [ (r- Ro) I a] , 
a {1 + exp [ (r- Ro) I a]} 2 

(3·18) 

where i = 1 or 2, specifies heavy-ion and Ro = R 1 + R 2• In the case of the 2+ 

( 4.44 MeV) excitation of the 12C + 12C system, we include the second order 

terms of the expansion. The inclusion does not change the essential features 

of the resonance cross sectio~s. 

Recently the interactions between heavy-ions have been calculated by density 

folding. Diagonal potentials are very deep and coupling interactions are also 

rather strong. The stronger couplings between the elastic and the inelastic 

channels than those adopted here might produce quantitative differences. For 

example, resonance energies obtained after coupling might be shifted from the 
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Phenomenological Study of Two-Body Nuclear Molecular 319 

original potential resonance positions by larger amounts than obtained here. 

But the basic resonant mechanism is not changed at all. The Pauli exchange 

effects have been known to exert a great influence on interaction between com­

posite nuclei, especially in the inner region, as given in detail in Chapter V. 

An effective local interaction derived from microscopic calculations is shown 

to be much weaker than the folded potential. A coupling interaction obtained 

by the folding model would be strongly affected by the inclusion of the Pauli 

exchange effects. 

3.4. Method for solving the coupled-channel equation 

The coupled-channel equation (3 · 6) is solved by the use of the Kohn­

Hulthen22> type variational method which has been developed by Mito and 

Kamimura.23> They have proposed a simple and useful method for solving the 

one channel scattering equation based on the variational method by utilizing 

the generator coordinate method for the choice of the trial wave function. 

We have extended Mito and Kamimura's method to the many channels' prob­

lem following Matt and Massey.24l As the trial wave function, we use the 

localized Gaussian form. The details are given in Refs. 14f) and 25). 

3.5. Cross sections 

We calculated the differential cross sections and angle-integrated cross 

sections by using elements of the S matrix which are obtained by solving the 

coupled-channel equation (3 · 6) at each incident energy. The differential 

cross section is given in the usual way by the following equation: 

d(Jc'c = 1 Vc' "" I +(c) (Q )iJ 
d!Jc, (21/+1) • (2J2•+1) ·--:;;;I~ JCoul c' cc' 

Ic'Me' 

+ 2xk· · j v. I:; 4rriL.-L., · (I.M.L.M L.IJMJ) 
c Ve' LeMLe 

Lc'MLc' 
JMJ 

0 (J.,M.,L.,M L.,JJMJ) 

· exp (i ((J Lc + (J L.,)) 

·[iJcc'-S{c,]·YLc'MLc'(!Jc,) ·Yf.MLc (!Jc) 1

2
, (3 ·19) 

where /rJ%{,1 denotes the Coulomb scattering amplitude and (JL. is the Coulomb 

phase shift. 

We also calculate the angle-integrated cross section for inelastic scatter­

ing,. by the following expression: 

(3·20) 

where gJ is the statistical factor, 
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320 Y. Abe, Y. Kondo and T. Matsuse 

2J+1 
(3. 21) 

The total reaction cross section (J R is defined as the total flux loss from 

the elastic channel and is given as follows, 

(3·22) 

where S/c is the element of the S-matrix for the elastic channel. 

The fusion cross section is defined in the present study as the difference 

between the total reaction cross section and the total inelastic cross section 

(including all inelastic channels) and is given by the following equation: 

(J jus (Ec.m) = (J R (Ec.m) - :E (J c'c (Ec.m). 
c~~c 

(3·23) 

In the case of scattering between identical nuclei, the equations (3 ·19), 

(3 · 20), (3 · 22) and (3 · 23) should be modified to take symmetry into account. 

This modification produces extra factors and limitations on the summation of 

the angular momentum. The total reaction cross section for scattering of two 

identical spinless particle, for example, becomes as follows, 

(J sym (E ) = '}rr e~n(2J + 1) (1- I SJ 12) 
R c.m. k 2 £...J cc. 

c J 

(3·24) 

§ 4. Results 

In this section we give the results of the numerical calculations and see 

how the BCM explains and reproduces general trends of the experimental 

data, i.e., widths and yields of a series of resonances observed in the excitation 

functions of the elastic and the inelastic scattering. The 12C-12C, 160-160 and 

12C-160 scattering in the energy region well above the Coulomb barrier will 

be discussed as mentioned in § 1. Resonances in other reaction channels, in 

other energy regions and in other systems will be discussed in § 6. 

4.1. 12C-12C scattering 

We show a band crossing diagram for the 12C + 12C system in Fig. 6. It 

includes the excitation of the 2 1 + ( 4.44 MeV), the 02 + (7.65 MeV), the 

31- (9.64 MeV) and the 41 + (14.08 MeV) states and in some cases mutual 

excitations. In the elastic molecular band we use the value 1.25 fm for 

r 0 in Eq. (2 ·1) and assume the band head energy E0 co> in Eq. (2 ·1) to 

be 6.0 MeV according to the result of our previous analysis of the sub-Coulomb 

resonances,8> which will be given in § 6. As is clearly shown in the figure, 

the 2 1 +, 31 - and 4 1 + excited bands cross the elastic molecular band in the re­

gions of J~=10+....._,12+, ......_,16+ and '"'-'18+, respectively. The aligned rotational 
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~ 
~------------------------,X 

-E 

•• t 
40 

30 

20 

10 

Fig. 6. Band crossing diagram of the "C+ "C 

system. Only aligned molecular bands 

are shown among excited bands. Open 

circles are resonance energies with an ex­

citation of a clustering state and arrows 

attached indicate possible shifts due to a 

change in an interaction potential as ex­

plained in the text. Squares mean the 

mutual excitations and triangles the s­
excitation. 

0o 4 6 8 10 12 14 16 18 J 

bands in the mutual 2 1 + excitation channel and in the 2 1 + and 31- excitation 

channel (in which the channel spins are 4+ and 5- respectively) also cross the 

elastic band at about J~ = 12+ '"'"'14 + and 14 + '"'"'16+ respectively in spite of their 

high excitation energies (8.88 MeV and 14.08 MeV). On the other hand, the 

02 + excited band (which, of course, is unique because of the zero intrinsic 

spin) does not cross the elastic band at all. We should, however, take into 

account a possible change in the interaction between the 12C nuclei in the excited 

02 + state, because this involves a drastic change in structure, i.e., a change to a 

spatially extended 3a-cluster structure. This might result in a longer interaction 

range, which will give rise to a larger moment of inertia than that of the elastic 

molecular band. (The simple band crossing diagram assumes no change in 

the interaction between heavy-ions under their intrinsic excitations, which is 

reasonable for excitations without any large structure change.) The arrows in 

Fig. 6 suggest a possible shift of the re,sonance positions due to the change of 

interaction in the excited state. In order to determine qualitatively the shift, 

one has to investigate the interaction by carefully taking into account the struc­

ture change in the 12C nucleus. 

Effectively it is found by experiment that both the single and the mutual 

2 1 + inelastic cross sections show prominent resonances in the energy region 

where the corresponding aligned rotational bands approach and cross the elastic 

one. Of course whether members of these bands may or may not produce 

discernible peaks in the cross section comparable with experiment depends on 
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322 Y. Abe, Y. Kondo and T. Matsuse 

the magnitudes of the widths of the original resonances which couple with 

each other. 

Another important prediction of the BCM is the systematic change of the 

dominant inelastic excitation component of the resonances as the energy and 

the angular momentum increase. This prediction is illustrated in Fig. 6. The 

dominant component of the resonances is expected to change systematically 

from the single and mutaual 21 + excitations to the 31 - excitation (single and 

mutual with the 21 +) and finally to the 41 + excitation at angular momenta in 

the range of 10r-.J 18/i. This prediction has been proved by a recent experi­

ment."6> 

We will now consider the problem of dynamical couplings among members 

of molecular bands in scattering process. The model space of the present 

calculation is composed of the following sub-channels: 

i) the elastic channel ; Ic=O, J=L, 

ii) the singe 21 + excitation; lc=2, J=L+2, L, 

iii) the mutual 2/ excitation; fc=4, J=L+4, L+2, 

iv) the mutual 2/ excitation; fc=2, J=L+2, 

v) the single 31- excitation; lc=3, J=L+3, L+l. 

Although we have included several additional sub-channels, other than the 

aligned sub-channels, the resonance cross sections are essentially determined 

by the· latter. The potential parameters are chosen so that there is a potential 

resonance with spin 12 at about Ec.m. = 20.0 MeV. We obtain an additional 

molecular band with one radial node. Only the low spin members of it have 

widths suitable for observation (not too large). The 2+ member is located at 

about Ec.m. = 6.3 MeV, which is consistent with the fragmentation analysis of 

the sub-Coulomb resonances,8> as will be explained in § 6. We have not as­

sumed any state-dependent potential, like that which emerges from the micro­

scopic studies, but by finely varying the depth parameters of the attractive 

potentials the observed resonance energies can be better reproduced. The 

values of the potential parameters are listed in Table I. 

Table I. The potential parameters of the "C+ '"C system. The part indicated "core" 

represents a short range repulsive soft core reflecting the effects of the Pauli principle, 

where the Woods-Saxon functional form is assumed. The depths of the long range 

attractive potential are given by V,, V,, V, and V. for the elastic, single 2, +, mutual 

21 + and single 3,- inelastic channels, respectively. According to Eqs. (3 ·11) and 

(3 ·12), the parameters Wo, R, Q and dJ define the imaginary part. fJ, and ra stand 

for the coupling parameters to the 2, + and 3,- excitations, respectively. 

Core Part I Attractive Part Imaginary Part I Coupling 

Veore Reore acor•l v, v. v, v. Ro a I Wo R Q dJ I fi· r· 
(MeV) (fm) (fm) (MeV) (MeV) (MeV) (MeV) (fm) (fm) (MeV) (fm) (MeV)(N.D.) (N.D.)(N.D.) 

100.0 2.4 0.31-17.0 -16.0 -15.0 -17.0 5.72 0.351-7.0 5.72 -12.0 1.0 1-0.3 0.15 
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Inelastic Scattering in the 1Zct 12C System 

(o) 10+ ~ .. ~ 16+ 

O"l2t,o+J ft 

~~~ 1 f'r .£'· 

lf'J ~ r~ 
.:...i"J ....... 

.. .... 

~,o• ,. It ~+ ,_!£ 18+ 

0"12i,2il 1\ /\ .. 
!'w rv '\:/ ""'-..... / 

(c) 10+ 1_2+ ~+ --'.£. ~ 

dO"td12 1 3;,o•1 iYl t'-A 
e,.b=25" 

/\/'.f ''\\ ~V\'l /' 
IV :..w - ..... ~ 

10 15 20 25 30 35 40 

Ecm in MeV 

Fig. 7. Inelastic cross sections in the 

"C+ "C system. Single 2, +, mutual 

2, + and single 3,- inelastic cross 

sections are shown in parts (a), (b) 

and (c), respectively. The solid 

lines show the results of our calcula­

tions. The adopted potential param­

eters are those of Table I. The 

dotted lines show experimental data 

(Refs. 15), 27)). In the upper part 

of each panel, the predicted energies 

and widths of the zeroth order res­

onances in each inelastic aligned 

channel, which are calculated with­

out coupling and absorption effect, 

are shown with their spins and 

parities. 

Our calculated inelastic cross sections are shown in Fig. 7 and are com­

pared with experimental data. 15>' 27> The angle integrated cross sections for 

single and mutual 21 + inelastic scattering are shown in panels (a) and (b), 

respectivley. This figure clearly shows that the calculation reproduces reso­

nance structures for all three inelastic channels, as is expected from the discus­

sion of §2. An important point is that the calculated cross sections properly 

reproduce the resonance energies, widths and yield of the observed resonances 

for all three inelastic scattering channels. Each peak of the cross section cor­

responds to one partial wave, i.e., the peaks at about Ec.m. = 20, 25 and 30 

MeV correspond to partial waves with J~ equal to 12+, 14+ and 16+, respec­

tively. 

Recently Fulton, Cormier and Herman26> have pointed out that while the 

model is in reasonable overall agreement with many features of the data, it 

seems to be incomplete. The calculations, in particular, consistently under­

predict the amount of fragmentation of the gross structure resonances. Other 

degrees of freedom might take part in the observed resonances and might play 

an essential role in some of them. The problem of other degrees of freedom 

will be discussed in § 6 along the viewpoint of the BCM extended to rear­

rangement channels. It is, however, necessary to notice here that these cal­

culations do not include any of the mutual excitation of the 21 + and the 31 -

states of the 12C nucleus. The importance of the corresponding aligned band 

is recongnized in Fig. 6 at spins larger than 14 +, where it crosses with the 
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324 Y. Abe, Y. Kondo and T. Matsuse 

elastic and the 3- aligned molecular bands. In this region the component 

of the mutual (21 +, 31-) excitation will mix with resonances whose main com­

ponents are those of the elastic and the single 3- excitation channels, and fur­

ther there should be additional resonances with a dominant component of the 

mutual excitation although its direct coupling potential with the incident chan­

nel might be weak. Thus we can expect more fragmentations and sharper 

widths as discussed in § 2. As for the 02 + inelastic channel we should be careful 

in drawing a schematic diagram, because the 02 + state has been shown to have 

a longer root-mean-square radius than the ground state and thus the interaction 

between the 12C nuclei might be different from that in the ground state, as is 

mentioned at the beginning of this sub-section. Of course, as the 02 + state of 

12C is known to have a well-developed 3a-cluster structure as mentioned in 

Chapter II, one might claim that the a-particle degrees of freedom are im­

portant for resonances which have a large partial width for the 02 + inelastic 

channel. 

In the upper part of each panel in Fig. 7, the energies and widths of 

the zeroth order resonances in each inelastic channel are shown. The calcu­

lated resonance peaks roughly correspond to the original potential resonances 

in each channel. Multiplet resonances do not clearly appear in this calculation 

except for spins lower than 12. This just corresponds to the experimental 

data. This is different from the case of the 12C-160 system, where clear mul­

tiplet-like resonances were observed especially in the 160* (3-, 6.13 MeV) in­

elastic channel, 16•> as will be discussed later in this section. One of the possible 

explanations for the a~sence of multipl-et structure is the overlapping of wide 

resonances which couple to each other. We have observed the transition from 

multiplet to single peak structure in a simple model calculation where the 

widths of the two resonances to be coupled have been changed systematically. 

In this calculation, our model space is truncated to include only the elastic 

and single 21 + inelastic channels so that only the coupling between two reso­

nances is involved. All the potential parameters assumed are identical to those 

in Table I except for the depths of the attractive potentials VI and v2. To 

examine the coupling between resonances with various widths, we have con­

sidered three cases, i.e., VI= v2 = 21 MeV, 19 Mev and 17 MeV, respectively. 

The calculated inelastic cross sections for Jrr = 14 + are shown in Fig. 8. In 

the upper part of each panel the energies and the widths of the zeroth order 

resonances in the elastic and in the inelastic channels are shown. The three 

panels of Fig. 8 show a gradual change from doublet to a wider single peak 

depending of course upon the widths of resonances to be coupled. As is ex­

pected the coupling between narrow resonances produces doublet peaks. In 

the limit, coupling between wide resonances produces a single peak. Another 

possible explanation of the absence of multiplet structures would be the ex­

istence of a strong absorption region at energies a little higher than the ob-
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TRUNCATED MODEL STUDY OF WIDE RESONANCES 

IN THE 12C+ 12c NUCLEAR SYSTEM 

I (elastic) 
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(elastic) ,..._... ............. ,...__... 

H H ...... 
(inelastic) _ 

1-
(inelastic) 

r- (inelastic) 
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j v1=v2;19 Mav

1 p~·~ 2 =17~ 

15 20 25 30 15 20 25 30 15 

Ecm!MeV) 

20 25 30 

Fig. 8. Coupling between two resonances with various widths. Integrated inelastic 

cross sections for a partial wave J"=l4+ are shown for the coupling between two 

resonances in the elastic and single 2, + inelastic channels. The three panels cor­

respond to the cases, V,=Vo=21.0, 19.0 and 17.0MeV, respectively. For the model 

space and other parameters see the text. In the upper part of each panel the energy 

and width of the zeroth order resonances in the elastic and single 2, + inelastic chan­

nels are shown. Comparison among the three panels shows a gradual change from 

doublet peaks to a single wide peak. 

served resonances for each partial wave. The upper member of the multiplet 

is pushed up by the interaction with the lower resonance and would fall into 

the region. Which explanation is realistic is yet to be clarified. (The cal­

culated results shown in Fig. 7 include both effects.) 

4.2. 160-160 scattering 

Figure 9 shows a band crossing diagram for the 160-160 system, including 

the excitations of the 31 - (6.13 MeV), the 02 + (6.05 MeV), the 2 1 + (6.92 MeV) 

and the 41 + (10.35 MeV) states and the mutual excitations of some of them. 

The band head energy E 0 COJ has been adjusted to reproduce the J" = 18+ reso­

nance at an energy Ec.m. = 26.5 MeV suggested by data from the 160 C60, 
12C) 20Ne reaction."8> In this figure the nuclear range parameter r 0 of Eq. 

(2 ·1) is assumed to be 1.25 fm. In the same way as in the 12C-12C system, 

the aligned rotational bands come close to the elastic molecular band and al­

most all of them cross it at spins 16""'22 h. The spin values of the crossings 

are larger than those of the 12C-12C system, due to the different excitation ener­

gies, intrinsic spin and moment of inertia. The inelastic molecular bands (open 

circles, triangles and squares) include the excitation of the clustering states 

whose resonance positions may be shifted to lower energies for the same reason 

as in the case of the 02 + channel of 12C + 12C (see § 4.1). 

In Fig. 9 we can see that the aligned molecular bands with the single 
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I 
:~ 
30 

20 

0o ' 6 8 10 12 14 16 18 20 22 r 
Fig. 9. Band crossing diagram of the "O + "0 system. Definitions of the symbols are 

the same as in Fig. 6. Open symbols refer to an inclusion of cluster state excitations, 

which implies a possible shift in energies. 

and the mutual excitations of the 31 - states cross the elastic molecular band 

at energies 20,..._,30 MeV with spins 16,..._,18 h, where the unexcited ions in the 

entrance channel can couple readily to exit channels in which one or both of 

the ions are left in the 3- state,- i.e., to inelastic exit channels. This schematic 

discussion can explain the systematic structure observed in the gamma-radiation 

data.m 

In nrder to examine the relevance of the model to the resonances observed 

in the gamma-radiation data, we will investigate a consistent explanation of 

all the available data on the energy dependence of the 160 + 160 scattering, 

i.e., elastic scattering,"9> inelastic scattering to the 31 - excitationm and the fusion 

cross sections.ao>,m We have carried through a coupled-channel calculation for 

the 160-160 system, including the elastic and the aligned 31- inelastic channels. 

For the moment we do not include the mutual excitation of the 31 - state, 

although the BCM suggests the importance of this channel in the high 

energy region. The interaction parameters used are listed in Table II. The 

coupling strengths haYe been adjusted to reproduce the peak-to-valley ratios 

in the observ.ed excitation function for total gamma-radiation, and the value 

Table II. The potential parameters for the "O + 160 system. Depths of the attractive 

potential of the long range part are assumed to be angular momentum dependent 

as V,= Vo+ V,·L(L+ 1). The definitions of the other parameters are the same as in 

Table I. 

Core Part Attractive Part I 
Imaginary Part [coupling 

Vcore Rcore acore v. v. Ro a I w. R Q AJ I rs 
(MeV) (fm) (fm) (MeV) (MeV) (fm) (fm) (MeV) (fm) (MeV) (N.D.) (N.D.) 

100.0 3.5 0.30 -16. 0 -0. 014 6. 55 0.5 [ 0. 3Ec.m. 6. 7 -7.7 0.4 I 0.13 
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thus chosen, ra = 0.13, is in reasonable agreement with that used in a study 

of the 12C-160 system, rs = 0.1, which will be given in the next subsection. We 

emphasize that the angular momentum dependence of the imaginary potential 

··· such that the grazing partial waves are weakly absorbed and the lower 

partial waves are strongly absorbed ·· · plays a very important role in our 

model calculation in reproducing both the widths of characteristic energy de­

pendent structure and the magnitude of the fusion cross section. We will 

discuss such an angular momentum dependence of the imaginary part in § 5. 

In Fig. 10 we compare our calculated 31- inelastic excitation function14P 

with the data m on gamma radiation deexciting the 31 - state. The fact that 

the measured cross sections are larger than those calculated may partly reflect 

the neglect of the mutual 31- excitation channel whose aligned band also cros­

ses in the energy region as is shown in Fig. 9. In addition there may exist 

contributions from inelastic scattering to states in 160 higher than 6.13 MeV 

in excitation, ··· which thereafter deexcite via cascades through that state ··· 

as well as reactions leading to a 12C + 20Ne final channel, wherein the excited 

20Ne subsequently decays to excited state in 160 which deexcites either in cas­

cade or directly from the 6.13 MeV 31 - state. These additional contributions 

to the 6.13 MeV gamma radiation yield might be expected to increase smoothly 

as a function of energy as the background in the data seems to behave. What 

is gratifying, however, is that the locations, widths and peak-to-valley ratios of 

the structure that appear to be super-imposed on a monotonically increasing 

background in the experimental data are reproduced rather well by the calcu­

lated curve. Furthermore in Fig. 11, we compare our model calculations with 

Ia 

• • • DATA (Kalata et ol.) 

-- BCM (3-inelostic) 

,. . . ...... 
••• .... .. · ... . , ....... 

Fig. 10. Inelastic 3,- cross section in the '"0 + '"0 system. The solid line shows the 

angle integrated inelastic cross section evaluated by coupled-channel calculations based 

on the BCM. Data (Ref. 17)) of r·radiation de-exciting the 3,- state of 160 are also 

indicated. Energies, widths and spins of the zeroth order resonances in the inelastic 

aligned molecular band are shown in the upper part of the panel. 
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w Optical Madel Phase Shift ( W=O) 
~ 
il:IBO" 

--'90" 

~ 
1.2 

E to 
0 

~ 

i5 0.8 

~ 
V>o.s 
U> 

~ 
u0.4 

~ 
~ 0.2 

15 

10 

• • • • Data of Fernandez .§!J!!. 

-- Present Calculation 

1 
(Cried Crne,) 

16+ IS+ 

40 

Fig. 11. Fusion cross section and 

elastic excitation function of the 
160 + ••o system. The middle 

and lower panels show the com­

parison between the results and 

experimental data for the fusion 

cross section (Ref. 30a)) and 

the elastic excitation function at 

Bc.m. =go· (Ref. 29)), respective­

ly. In the upper panel, real 

phase shifts of the elastic scat­

tering without absorption are 

shown. 

one of the observed fusion datasoa> and the data29> on the goo elastic scattering ex­

citation function. Obviously we again obtain gratifying agreement for both of 

them. In the center of the figure we also show the calculated contribution 

to the fusion cross section from each identified partial wave. The structure 

in the fusion cross section can be identified readily with the contribution result­

ing from each new partial weve as it becomes active with increasing energy. 

At the top of the figure we show the energy dependence of the phase shifts 

of the elastic channel for the potential without the imaginary part and without 

taking into account the coupling with the inelastic channel. The resonance 

energy of each grazing partial wave, where the phase shift becomes goo and 

has a positive slope, corresponds to the peak of each partial fusion cross sec­

tion. Thus each oscillation of the observed fusion cross section could be in­

terpreted as a reflection of shape resonances of the grazing partial waves in 

the entrance channel. A discussion about the origin of the oscillation will 

be given further in § 5. The prediction of this model for the observed elastic 

excitation functions for all 5 different angles29> are as good as that shown here 

for goo. In the past the maxima in the goo elastic excitation function were 

accepted as resonances. 10b) As our model calculation shows, when all the 

above-mentioned data, i.e., inelastic, fusion and elastic data, are considered sim­

ultaneously, it is strongly suggested that the minima in the goo elastic excita­

tion function actually correspond to the resonances and reflect destructive inter­

ference between the resonant and the background elastic amplitudes. This 
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Phenomenological Study of Two-Body Nuclear Molecular 329 

naturally explains the anti-correlation between the fusion and the elastic scat­

tering excitation functions first noted by Kolata et al. w Another interesting 

point is that our model does not reproduce the fragmentation of the gross 

maxima in the elastic excitation function obtained by Scheid et al. 9> which is 

also apparent in the experimental data. This difference may reflect our use of 

the same imaginary potential in both elastic and inelastic channels (see Eq. 

(3 ·11)), whereas Scheid et al. used a substantially weaker imaginary potential 

in the inelastic channel. It should be noticed that the width of the interme­

diate structure in the elastic scattering is typically about 300 ke V, while the 

characteristic width of the observed structure of the gamma radiation data is 

1'"'-'3 MeV. This may suggest different origins for these structures. It would 

be interesting to learn whether the gamma radiation yield data show struc­

ture of few hundred ke V characteristic width or not. 

We have checked the possible influence of channels other than the aligned 

one by comparing these results with those obtained in the full sp:tce of the 

31- excitation. We found no meaningful difference between two calculations 

for the above results, which justifies the truncation of the model space sug­

gested by the BCM. 

To summarize the present analysis suggests that the fusion structure re­

flects shape resonances of the grazing partial waves in the entrance channel 

while the structure of the inelastic cross section reflects resonant mixing of 

waves functions between the elastic molecular band and the inelastic aligned 

one. One of the major questions in the study of the molecular resonance 

phenomena was that there was no apparent evidence for molecular states in 

the 160-160 system. Now, some resonances have been found at energies well 

above the Coulomb barrier, just as predicted by the BCM. So the lack of 

the resonance phenomena in the total reaction cross section near the Coulomb 

barrier reflects not the absence of the molecular structure but rather that 

they are marked by a great many competing non-resonant amplitudes as 

noted by Hanson et al. 32> 

4.3. 12C-160 scattering 

A band crossing diagram of this system is shown in Fig. 12, which in­

cludes the 21 + (4.44 MeV) state of 12C and the 31 - (6.13 MeV) state of 160 

as well as excitations of their a-clustering states. The elastic molecular band 

is fixed so that for the range parameter r 0 = 1.25 fm the 14 + resonance co­

incides in energy with the 19.7 MeV resonance which has been seen in the 

elastic scattering and has been reliably considered 14 + IBa> We simply assume 

in Fig. 12 that the molecular band has no parity dependence, although a parity 

dependence at least for low spins in non-identical heavy-ion systems has been 

demonstrated by a microscopic calculation.13> Such a possibility is indicated by 

arrows in Fig, 12. We expect effects due to the parity dependence to be 

small at the high spins under consideration. Open circles, triangles and 
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== ~ Band Crossing Diagram 
-,. of .. 
L&J 12C + 1s0 
50 

Y. Abe, Y. Kondo and T. Matsuse 

20 

10 

18 J 

Fig. 12. Band crossing diagram of the "C 

+ 160 system. Definitions of symbols 

are the same as in Figs. 6 and 9. Sub­

scripts C and 0 indicate Carbon and 

Oxygen nuclei, respectively. Arrows 

attached to the elastic molecular band 

imply a possible parity dependence in 

the low spin members as shown in Ref. 

14), which may cause shifts also in the 

excited molecular bands. 

squares include excitations of a-clustering states, so that the energy pos1t10ns 

might shift due to possible changes of the interactions between nuclei as has 

been mentioned in § 4.1. 

The aligned bands of the excitations of 2 1 + ( 4.44 MeV) state and the 31 -

(6.13 MeV) state and of their mutual excitation cross the elastic molecular 

band and cross with each other at high spins. Thus we can expect molecular 

resonances with collective excitations as their dominant components at spins 

11 h to 17h. Further the excitation of the 31- (9.64 MeV) state of 12C and 

the mutual excitation of the 31 - (9.64 MeV) state of 12C and the 31 - (6.13 MeV) 

state of 160 will appear as dominant components of resonances at spins equal 

to 17ft""'-' 18 h. It is interesting to note that the aligned bands built on the 

41 + (10.35 MeV) state of 160 and the mutual excitations of the 41 + (10.35 MeV) 

state of 160 and the 21 + (4.44 MeV) state of 12C cross the elastic molecular 

band at a spin of about 17 h. Another 42 + (11.10 MeV) state of 160 and 

the 41 + (14.08 MeV) state of 12C will also play an important role at little 

higher spins and hence at higher energies. These situations are consistent 

with recent measurements at Tsukuba. 16d> 

Since the discovery of the resonance at 19.7 MeV with spin 14 h, 16a> there 

have been several reports of the existence of resonances with so-called "in­

termediate width". These were summarized by Schiffer33> who suggested the 

possible existence of a rotational or a quasi-rotational band at high excitation 

energies of 28Si. Our first commentua,b> about the importance of the role of an 

aligned rotational band was made in order to explain the above-mentioned ex­

perimental data, including resonance features clearly observed in the elastic 
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Phenomenological Study of Two-Body Nuclear Molecular 331 

excitation function of 12C-160 scattering at backward angles. 34> At that 

time new experimental data appeared on the systematic existence of resonances 

in this system. Malmin and PauJ35> have observed a series of doublet-like 

resonances in the inelastic excitation functions to the 160* (02 +, 3-; 6.1 MeV), 

the 12C* (2+, 4.44 MeV) and to some other excited states. It is certainly ex­

pected from Fig. 12 that such a fragmentation would be produced by an in­

terplay of the elastic and the aligned molecular band in the same energy region 

as that of the experiments. 

First we have performed a coupled-channel calculation by introducing the 

coupling of the elastic channel with only the 160* (3-, 6.13 MeV), in order to 

see how the fragmentation will occur due to the band crossing. The potential 

parameters used are listed in Table III. The essential assumption is in setting 

up a potential resonance with spin 14 h in the elastic channel at an energy of 

about 20 MeV, which is strongly suggested by the experiment of Mal min et 

al. 16a> The depth of the potential in the inelastic channel is slightly changed 

so as to reproduce the doublet-like resonances close to the experimental ener­

gies. Energies and widths of the potential resonances (without an imaginary 

potential) have been calculated and are listed in Table IV. The resonance 

energies and barrier heights are plotted in Fig. 13. We can see that the 

Table III. The potential parameters for the "C+ "O system. Functional form of the short 

range repulsive soft core is assumed to be Gaussian as Vo · exp (- gr'). The definitions 

of the other parameters are the same as in Table I, although V, and Va are the 

depths for the 2, + and 3,- inelastic channels. 

Core Part Attractive Part 

Vo 
(MeV) 

100.0 

g I v, v. v. 
(fm-') (MeV) (MeV) (MeV) 

o. 156 1 -24. o - 22. o -22. o 

Ro 
(fm) 

6.01 

Imaginary Part I Coupling 

a I w. R Q JJ ·1 fi, r• 
(fm) (MeV) (fm) (MeV) (N.D.) (N.D.) (N.D.) 

o. 4 1 -1. o 6. 01 -8. o o. 5 1 -o. 1 o. 1 

Table IV. Calculated energies and widths of potential resonances in the "C+ "0 

system. a) and b) are for the case of the depth parameter V =-24.0 MeV and 

V =-22.0 MeV, respectively. In this case the imaginary part is neglected and the 

other parameters used are the same as in Table III. 

a) 

J• 

E, (MeV) 10.14 12.43 14.84 17.35 19.98 22.74 25.65 28.75 

r ..•. (MeV) 0.0012 0.012 0.065 0.20 0.46 0.98 1.45 2.26 

b) 

J• 

E, (MeV) 11.55 13.76 16.08 18.52 21.10 23.86 26.80 29.96 

r •.•. (MeV) 0.016 0.071 0.22 0.49 0.78 1. 45 2.37 3.51 
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332 Y. Abe, Y. Kondo and T. Matsuse 

aligned molecular band crosses the elastic one at spin 14 + and that the curve 

of the barrier heights for the aligned inelastic channel crosses that for the 

elastic channel at a spin about 17-. As was discussed in § 2, the latter means 

that the potential resonance widths in the aligned band are smaller than those 

in the elastic band for spins lower than 17 h, if the resonance energies are 

close to each other. In the bottom panel of Fig. 14, the calculated excitation 

function of the inelastic scattering to the 160* (3-, 6.13 MeV) is shown, where 

35 

30 

25 

20 

Barrier Height ot Aligned 

Inetasti c Channel 

Barrier Height 

of Etastic Channel 

Aligned Rotatiool Band with J=L•3 

-5 

01~2~~~5~6~7~8~9~10~1~1~1~2~13~~~--~15~~,6~-1~7--­
J(J+l) 

Fig. 13. Resonances in the zeroth order 

and barrier heights of the elastic 

and "0* (3-, 6.13 MeV) inelastic 

channels in the "C+ 160 system. 

Potential parameters adopted are 

given in Table III. 

dff~-o-o-r,-,-~ro-o-r,-o-r-ro-, 

d7F Elastic Scattenng 0 tical Model 

( mb/srl e= 166° V=-24.0MeV 

100 

...!J.Q: 
dfl 

( mb/sr l 

5 

Wa=·I.OMeV 

Elastic Scattering 
Coupled Channel Calculation V,= ·24.0MeV 
Including 3· of '"a Vz=-22.0MeV 

W0 = -I.OMeV 
e= 166° 

15 20 25 Ec.MJ MeV) 

Fig. 14. Fragmentation of resonances 

due to a band crossing between the 

elastic and the inelastic molecular 

bands in the case of "C+ 160 scat­

tering with 160* (3·, 6.13 MeV) ex­

citation. Calculated excitation func­

tions of the elastic and inelastic 

scattering are shown at the middle 

and the bottom, respectively, where 

the elastic and 160* (3-, 6.13MeV) 

inelastic channels are included in 

the model space. In the upper pan­

el calculated elastic excitation func­

tion is shown in which only the 

elastic channel is involved, for the 

purpose of comparison. Adopted 

parameters are given in Table III. 
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Phenomenological Study of Two-Body Nuclear Molecular 333 

the coupling strength ra is taken to be 0.1. We can see that our model 

reproduces the doublet-like resonances observed in the inelastic excitation func­

tion. The calculated elastic excitation function is shown in the middle panel of 

Fig. 14. We can see that it has intermediate structures which originate from 

the fragmentation of potential resonances due to the band crossing. We can 

readily recognize it by comparing the excitation functions calculated by the opti­

cal model shown in the top panel of Fig. 14 and by the coupled-channel calcula­

tion shown in the middle panel of Fig. 14. Each resonance peak in the former 

splits into two peaks in the latter. The dominance of the aligned configuration 

in these resonances, which is one of the characteristic predictions of the BCM, 

can be seen in the mixing ratios of resonance wave functions. They are 

calculated in the bound state approximation and are shown in Table V. We 

can see that at the crossing point (spin equal to 14 + in this case) the mixing 

ratio is about half and half between the elastic and aligned molecular bands, 

while apart from the point the mixings become small. The mixings with non­

aligned bands are always negligibly small and are omitted from the table. These 

tendencies just correspond to the band crossing diagram of Figs. 4 and 12. 

We can thus understand the onset and the fading-away of resonances by the 

BCM. 

Next we have performed a coupled-channel calculation including both 

the 160 (3-, 6.13 MeV) and the 12C (2+, 4.44 MeV) inelastic channels. In the 

top panel of Fig. 16, the calculated elastic excitation function is shown, which 

Table V. Energy eigenvalues and probabilities (mixing ratio) 

of the resonances in the bound state approximation. The 

potential parameters used are those in Table III, and the 

imaginary part is neglected. This result only includes the 

mixing ratios for the members of the elastic and aligned 

bands, because the others are negligibly small although the 

other bands with the 3,- excitation are included in the 

calculation. 

J" EBSA (MeV) elastic 
3 -inelastic 

c.m. (L=J-3) 

14.70 0.86 0.13 
12+ 

15.75 0.13 0.86 

17.14 0.70 0.30 
13-

17.95 0.30 0.70 

19.59 0.47 0.53 
14+ 

20.35 0.53 0.47 

22.05 0.28 0.72 
15-

22.91 0.71 0.28 

24.55 0.18 0.82 
16+ 

25.52 0.81 0.18 
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334 Y. Abe, Y. Kondo and T. Matsuse 

apparently has more structures compared with that shown in the middle panel 

of Fig. 14 and is closer to the experimental data. The calculated excitation 

functions of the inelastic scattering to the 12C* (2+, 4.44 MeV) and to the 

160*(3-, 6.13MeV) states are shown in the bottom and the middle panels 

of Fig. 15, respectively. When we proposed the BCM and investigated 12C-

160 scattering, we predicted the existence of more resonance peaks in 

the inelastic excitation functions at energies higher than experimentally ob­

served at that time. It is gratifying that the prediction has been confirmed by 

recent experiments. 16c,d> It should be mentioned here that the aligned band 

of the mutual (2+, 3-) excitation channel will also play a role in the region 

~ 
(mb/sr) 

100 

~ 
(mblsr 

CouPLED CHANNEL CALCULATION 

INCLUDING 3"" AND 2+ 

ELASTIC SCATTERING 

9 •166" 

9. l37" 

15 20 25 

V1 • -211.0 PIEV 

V2 • -22.0 IIEV 

V3 • V2 

N0 • -1.0 II>V 

Ec.mJMeV) 

Fig. 15. The calculated excitation function of 

the elastic, the 160* (3-, 6.13 MeV) and 

the "C* (2+, 4.44 MeV) inelastic scattering 

of the "C+ 160 system. Adopted potential 

parameters are given in Table III. 

Potential Resonances 
in Zeroth Order 

14+(12) 15-(13) 16+(14) 
Inel. A £ ... 

14+ 15- 16+ 
El. . ... ........ 

~lmbl 12 C(i6Q,'"<ll'•c"'2~4.44l 

o;lmb) 

1000 

900 

800 

20 25 

Ec.M.I MeV) 

(a) 

IT(I5) ..... 
IT 
~ 

(b) 

30 

Fig. 16. Comparison of the BCM calculation 

of the integrated excitation function of 

"C* (2+, 4.44 MeV) inelastic scattering 

with the experimental data. (a) The 

zeroth order energies of potential re­

sonances in the elastic and the inelastic 

aligned molecular band. The horizontal 

bars show the widths of the potential 

resonances without imaginary potential. 

Numbers in the parentheses indicate the 

orbital angular momenta between nuclei. 

(b) The excitation function for the in­

tegrated cross section of the "C* (2+, 

4.44 MeV) inelastic scattering. The solid 

line is calculated and the dashed line is 

experimental (Ref. 16b)). (c) Calculated 

fusion cross section. The adopted values 

of the parameters are given in Table VI. 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

s
/a

rtic
le

/d
o
i/1

0
.1

1
4
3
/P

T
P

S
.6

8
.3

0
3
/1

9
2
8
8
9
2
 b

y
 U

.S
. D

e
p
a
rtm

e
n
t o

f J
u
s
tic

e
 u

s
e
r o

n
 1

6
 A

u
g
u
s
t 2

0
2
2



Phenomenological Study of Two-Body Nuclear Molecular 335 

considered, because it crosses the elastic band and the other aligned band there 

as shown in Fig. 12. 

Recently there has been a new wave of activity in the experimental study 

of heavy-ion resonance reactions. Some of them are measurements of reso­

nances in inelastic channels, especially to the collective excitations, and others 

of oscillations in fusion reactions. Not only the 12C-12C and 160-160 systems 

but also the 12C-160 system has been extensively investigated. The angle inte­

grated excitatioJ1 functions of the inelastic scattering to the 12C* (2+, 4.44 MeV) 

and 160* (3-, 6.13 MeV) states have also been measured. 16b.f> We can clearly 

see the existence of resonances in both channels. We have calculated the 

excitation function to the 12C* (2+, 4.44 MeV) inelastic scattering in order to 

compare the results with the new experimental data. Figure 16 shows prelimi­

nary results of our calculation together with the experiment. In this calcula­

tion we include only the 12C* (2+, 4.44 MeV) inelastic channel. The inclusion 

of the 160* (3-, 6.13 MeV) channel will not destroy the characteristic features, 

but will shift the resonance positions slightly and affect the yields a little 

(see the previous results). The parameters used are listed in Table VI. It 

is clearly seen in the middle panel of Fig. 16 that the energies, widths and 

yields of the observed resonances are well reproduced by our simple model. 

The spin sequence is predicted in the top panel of Fig. 16, where the resonance 

energies and the widths are also shown in the zeroth order. The calculated 

fusion cross section is shown in the bottom panel of Fig. 16. They show struc­

ture correlating with resonances in the inelastic channel and with those in 

the elastic channel at higher energies. 

Table VI. The potential parameters used in the calculation of 12C (160, 160) "C* (2, +, 
4.44 MeV) inelastic scattering. Several values of the parameters are slightly changed 

from those in Table III for the purpose of better reproduction of the integrated 

cross section, but the definitions are the same as in Table III. 

Core Part Attractive Part Imaginary Part I Coupling 

Vo g v. v. Ro a w. R Q JJ I {3. 
(MeV) (fm-•) (MeV) (MeV) (fm) (fm) (MeV) (fm) (MeV) (N.D.) (N.D.) 

100.0 0.156 -25.0 -24.0 6.01 0.4 -6.0 6.01 -8.0 0.7 
I 

0.15 

4.4. Summary of the results 

Several years ago the present authors 14> proposed the BCM in order to 

explain anomalies observed in the excitation functions of the elastic and the 

inelastic scattering of the 12C-160 system. The number of the observed reso­

nance-like peaks was- larger than that expected from potential resonances in 

the entrance channel. This seemed to suggest that other degrees of freedom 

take part in the phenomena. In this connection, the present authors have 

investigated the consequence of the coupling to collective excited states of heavy-
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336 Y. Abe, Y. Kondo and T. Matsuse 

ions which have been known to couple most strongly to the elastic channel. As 

shown in Fig. 12, we can draw a band crossing diagram for the system with­

out any artificial assumptions and predict the existence of a region where poten­

tial resonances in the inelastic channels will strongly couple to resonances in 

the elastic channel and will cause fragmentation of resonance strengths of the 

incident channel. Such regions exist also in the 1"C-12C and 160-160 systems 

as is shown in Figs. 6 and 9, and probably in some other systems as well. 

In order to see whether such a picture can really explain the observed 

resonance phenomena, coupled-channel calculations have been- performed for 

the above three systems, where resonances are most prominently observed, and 

the results have been compared with the data. As is shown in the preceding 

subsections all the resonant excitation functions in the inelastic scattering to 

the collective levels of heavy-ions have been found to be systematically repro­

duced. In the present calculations we have used simple optical potentials, 

whose real parts have been set to have a rotational series of potential reso­

nances according to the band crossing diagram and whose imaginary parts have 

been assumed phen9menologically to be J-dependent so as to guarantee "surface 

transparency". We have not assumed any channel-dependent imaginary poten­

tial which is often used by other authors so as to easily reproduce rather 

sharp resonances, because we have no explicit reason for this yet. The phy­

sical origin of the surface transparency will be discussed in the next section in 

the light of recent developments in understanding the mechanism of fusion 

reaction. As for the real part of the optical potential, several authors•o> have 

claimed from results of the folding calculations that the coupling to collective 

excitations is much stronger than that used in the present macroscopic model. 

We should be careful in drawing a conclusion about the coupling strength 

from the calculations using folding model, because the folding potential does 

not take into account the Pauli exchange effects, which have been found to 

be very important in microscopic studies (see Chapter V). Anyhow, although 

there are some quantitative differences, coupled channel calculations with fold­

ing potentials have been found to give resonance excitation functions similar 

to those given in the present work and have also confirmed the importance 

of aligned configurations. 

It is, of course, necessary to make refined calculation with more realistic 

optical potential and taking into acc_ount more of the inelastic channels which 

are expected to be important from the band crossing diagrams (Figs. 6, 9 and 

12). It is also necessary to analyse angular distributions in order to con­

firm the validity of our model. At the same time more experimental informa­

tion on the spin values of resonances is strongly desirable. At present there 

is only one widely accepted spin assignment, i.e., the 14 + resonance at 19.7 

Me V 16a> in the case of the 12C + 160 system, although several spin assignments 

which give different spin values for the doublet-like resonances have been 
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reported. 16g,hl Systematic measurements of integrated excitation functions in 

various inelastic channels are also desirable, especially for the 160 + 160 system. 

Such data will enable the partial width distributions to be determined. 

To summarize, the BCM can predict the existence of region where frag­

mentations of resonance strengths due to coupling to the collective sates of 

heavy-ions occur to generate intermediate structures and it can quantitatively 

explain the resonances observed systematically in the inelastic scattering ex­

citation functions. In other words, the BCM provides a simple plausible base, 

from which we can refine our investigations and will reach a profounder 

understanding of resonance mechanisms in heavy-ion reactions and of nuclear 

structures of resonance states in the high excitation region of the compound 

system. 

Before proceeding to the next section, we emphasize again the importance 

of aligned molecular bands, which are predicted to ·dominate in prominent 

resonances. This means that resonances have special orientations of the 

intrinsic spin and the orbital angular momentum between two heavy-ions. 

Such special structures will be observed by polarization type experiments, for 

example, by measurement of magnetic sub-state populations. 36l 

One of the important implications of the BCM is that in order to observe 

prominent resonances the potential resonances in the two channels should be 

close to each other. If there is a potential resonance in a rearrangement chan­

nel and if it is close to a potential resonance with the same spin in the inci­

dent channel, one can expect to clearly observe a resonance in the exit rear­

rangement channel such as a and 8Be channels. This point will be discussed 

m §6. 

§ 5. The fusion cross section in light heavy-ion reactions 

and the imaginary part of the interaction potential 

In the analyses of resonances by the BCM, we have employed the phe­

nomenological potentials between nuclei. The imaginary part is assumed to 

have a J-dependence10bl so as to guarantee the "surface transparency", the ex­

istence of which has been demonstrated in optical model analyses of heavy­

ion elastic scattering. 10l In the present calculations on the 12C-12C, 12C-160 and 

160-160 systems at energies well above the Coulomb barrier, we have always 

chosen the values of the parameters so that the critical angular momentum, 

Jc in Eq. (3 ·12) is nearly equal to or smaller than the grazing angular mo­

mentum Jg which is obtained from Eq. (2·2) with BJ~L<ol equal to Ec.m.· This 

means that the grazing partial wave feels weak absorption and its potential 

resonance can survive with an observable width in the energy region. Although 

the surface transparency is quite important, little theoretical explanation for 

it has been given. What we can do at present is to justify it qualitatively, 

based on the recent development in understanding the mechanism of fusion. 
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In this section we first introduce the recent phenomenological study of the 

fusion cross section in the light heavy-ion reactions which has been performed 

by Lee, Arima and one of the present authors (T.M.) .11a> Next we will discuss 

the surface-transparent character of heavy-ion optical potentials in connection 

with the fusion reaction mechanism. Finally we will make a new attempt to 

understand consistently resonance phenomena and fusion reactions, although 

we do not yet have a practical method to treat resonant channels and all 

the other possible reaction channels on the same footing. 

5.1. Phenomenological study of the fusion cross section in light heavy­

ion reactions 

As is well known, the excitation function of the fusion cross section in 

light heavy-ion reactions (A<BO, A means the mass number of the compound 

nucleus) shows a bending at a certain energy.37l At energies lower than the 

bending energy, the fusion cross section is almost equal to the total reaction 

cross section and at higher energies it is smaller than the total reaction cross 

section. In experiments, almost all the observed fusion cross sections are 

determined by the evaporation residues in the light heavy-ion reactions. It 

is then expected that the observed fusion cross sections are closely related 

to the compound nucleus formation in the reaction process. 

To investigate phenomenologically the character of the fusion cross sec­

tion, the angular momentum sharp cutoff model is usually used. In the sharp 

cutoff model the fusion cross section 151 is given by the following formula 

for spinless systems: 

(5·1) 

where k is the wave number of the entrance channel, and Lcr is the critical 

angular momentum which limits the angular momentum contributing to the 

fusion at the given energy. As is expected from the energy dependence of 

the fusion cross section in the energy region below the bending energy, the 

critical angular momentum Lcr is determined reasonably well by the penetration 

of the barrier which is composed mainly of the Coulomb and centrifugal bar­

riers at the contact distance region. As already shown in § 2, the barrier 

height is simply represented as follows, 

h2 
VB(L) =VB(RB) +--L(L+l), 

2ttRi 
(5·2) 

where VB (RB) is the barrier height for S-wave, i.e., roughly equal to the 

Coulomb barrier, RB is the relative distance corresponding to the top of the 

barrier, and tt is the reduced mass of the entrance system. To evaluate the 

critical angular momentum Lcr for the energies higher than the bending energy, 

the critical distance model has been proposed by several authors. 38> An es 
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sential assumption in the model is the existence of the fusion barrier Vcr (L) 

at the critical distance Rcr smaller than the radius R 8 of Eq. (5 · 2), 

(5·3) 

where the parameter Vcr is the fusion barrier for S-wave. By the use of the 

Eqs. (5 · 2) and (5 · 3), the fusion cross section is written by the following 

formulae, 

rJ 1 ~rrR 8 2 ( 1-; 8 -); for lower energy region, 
c.m. 

(5·4) 

fJ 1 ~7r~r(1- ;cr ) ; for higher energy region. 
c.m. 

(5·5) 

As is well known, Glas and MoseP9' have succeeded in combining these two 

formulae by using a simple formulation. Many observed fusion cross sec­

tions have been analysed by the use of the critical distance model. We have 

however, no clear physical insight of the model up to now. 

On the other hand, an alternative way of considering the critical angular 

momentum Lcr which has been discussed for some time is that the fusion 

cross section might be limited by the yrast line Ly of the compound nucleus, 

namely Lcr = Ly!0' In order to justify the critical distance model, Glas and 

Mosel 4ll have, however, shown that the experimentally determined Lcr values 

are always smaller than the calculated values for the yrast states. This 

could be taken to disprove the yrast limitation. On the other hand this has 

been discussed by Lee et al. 11a> and shown to be very reasonable. 

In a naive sense, it is natural to consider that two heavy-ions do not 

fuse at the yrast line of the compound nucleus, because here the nuclear 

level density is very low. However they can fuse at the energy region some­

what above the yrast line, in which the level density is expected to be high 

enough, i.e., the nuclear temperature is high. Lee et al. have thus proposed 

the concept of the "statistical yrast line Ly"t" of a compound nucleus, which 

determines the critical angular momentum Lcr· The energy of the statistical 

yrast line E;,.t is assumed to run nearly parallel to the usual yrast line with 

additional energy LJQ, 

E* =!!_L st. (L st+ 1) + lil 
y,st 2!fc Y Y ~' 

(5·6) 

where !f c is the moment of inertia of the compound nucleus A and is assumed 

to be equal to that of a rigid body for simplicity, !f c = !frig = 2/5 · M· A· R 2 and 
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340 Y. Abe, Y. Kondo and T. Matsuse 

R = r 0tA113• The excitation energy of the compound nucleus E* is the sum 

Ec.m.+Q, where Q is the Q-value of the entrance system. From Eqs. (5·1) 

and (5 · 6) , the fusion cross section in the energy region above the bending 

energy becomes as follows, 

(5·7) 

This expression contains two parameters LIQ and rot which are properties of 

the compound nucleus. On the other hand the entrance channel determines 

the values of Q and /1. It is obvious that the slope of the fusion cross section 

depends on the value of rr!f .//1 (Q- LIQ). Then if the systematic values of 

rot and LIQ in Eq. (5 · 7) are found, Eq. (5 · 7) can predict the values of the 

fusion cross section in the energy region above the bending energy. 

In order to obtain systematic values for LJQ and rot> Lee et al. have 

analysed the observed fusion cross sections of the several systems such as 

160-4°Ca and 32S-24Mg,37l and have found the values rot= 1.20 ± 0.05 fm and 

LJQ = 10.0 ± 2.5 MeV. It should be stressed that the value for LJQ is 

consistent with the energy region at which the level density of the compound 

nucleus is high. In order to show the validity of this model, the fusion 

cross section at the observed bending energy calculated by the use of Eq. 

(5 · 7) is shown in Fig. 17 and is compared with the experimental value 

for several systems. This figure shows that the observed fusion cross sections 

are reproduced well by Eq. (5 · 7) and that the variation of the values 

from system to system can be understood as just a manifestation of the Q-

1.6 
am 

f 1.4 

1.2 
(barn) 

1.0 

0.8 

0.6 

t experimental point 1 
o theoretical point 

r0 =1.20 fm t.Q =10 MeV _ 
I --i\ 

1 JJJ--vr ... ·--.A' 1 -l~ 
0"--

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) 

1zc 12c 12c 12c 12c 160 12c ·12c 160 160 19F 160 325 40ea 

• + + + + +, + + + + + + + + 

12C 13C 14N 1sN 160 1s0 1BO 19F zoMgsMg~a 40CazoMg40Ca 

Fig. 17. Closed circles are the measured values of the fusion cross section for various 

systems at the observed bending energy. The data were mostly taken from the 

original papers cited in Refs. 37), 38) and 42) except for reaction (4) which was taken 

from Ref. 62). and for reaction (11) from Ref. 63). Open circles are the values cal­

culated at the same energy by use of Eq. (5·7) with ro1 =1.20 fm and .dQ=IO.O MeV. 

The dashed line is a guide for the eyes. 
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Phenomenological Study of Two-Body Nuclear Molecular 341 

value effect. These observed variations in the fusion cross section have been 

explained as the effect of valence nucleons on the critical distance in Eq. 

(5·5).42) 

A theoretical interpretation of the physical meaning of LIQ, namely the 

physical basis of the statistical yrast line, has been shown by Arima, Lee and 

one of the present authors (T.M.) .11a> The essence of their study is as follows. 

Adopting the scattering theory by Mahaux and Weidenmiiller43> for the averag­

ed scattering amplitude of the entrance channel they have obtained the follow­

ing scattering amplitude SJ which includes the coupling between the entrance 

channel and complicated compound states, 

S = e2i8J [ (1- p (E ) ) + p (E ) e-"PJ(E*)TJ] 
J J c.m. J c.m. , (5·8) 

where (JJ is a real phase shift without coupling to the compound states and 

PJ(Ec.m.) is the penetration factor of the potential barrier at the contact region. 

pJ(E*) is the level density of the compound nucleus and rJ are the partial widths 

which come from the coupling between the entrance channel and the com­

pound states. The partial widths rJ are estimated by using the results of 

the microscopic study between composite nuclei. 44> From Eq. (5·8), strong 

absorption can be expected in the energy region where the values npJ(E*) rJ 

become large, i.e., npJ(E*) FJ'J->1. They have found that the transmission 

coefficients TJ= 1-ISJI 2 for compound nucleus formation become nearly 0.5 

for almost all systems (A<80) at LIQ=10 MeV above the usual yrast line. 

It is hoped that these quantities obtained above are represented by the 

imaginary potential of the. interactions between composite nuclei. However 

it is rather difficult to construct the potential because we have no clear infor­

mation about the spatial part of the potential up to now. 

5.2. Consideration of the imaginary part of the interaction Potential 

It is important to note that for the fusion cross section at high energies 

there exsists a critical angular momentum smaller than grazing. The argu­

ments in § 5.1 strongly suggest that the critical angular momentum is de­

termined by the statistical character of the compound nucleus. Based on 

this explanation, we propose a simple picture of the energy- and angular 

momentum-dependences of the imaginary potential. The critical angular momen­

tum Jcf for strong absorption due to compound nucleus formation is estimated 

from Eq. (5 · 6) , 

~j2!Jc J cj- -fT (Ec.m. + Q- JQ), (5·9) 

This expression turns into Eq. (3 ·12), if we replace !f c by fl.· R2 and Q- LIQ 

by Q. The physical meaning of this Jc1 is, however, completely different from 

that given by Chatwin et al. 10b> They discussed that the J-dependence should 
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342 Y. Abe, Y. Kondo and T. Matsuse 

come from a matching to outgoing channels which could carry away angular 

momenta brought in by the entrance channel. Such a mechanism would be 

effective and dominate at much higher energies than the bending energy. At 

slightly higher energies than the bending energy the effective direct reaction 

channels are only the inelastic ones in the systems considered in this chapter. 

This situation is clearly seen in an energy dependence of the number of open 

channels with a spin corresponding to the grazing partial wave, which will 

be given elsewhere. 45> Thus the imaginary potential which is used in coupled­

channel calculations should have a characteristic spin- and/or energy-depend­

ence determined by fusion reaction. In actual calculations we have used 

the parametrization of Eq. (3 ·12). Figure 18 shows the energy-dependences 

of Je given by Eq. (3 ·12), Jet given by Eq. (5 · 9) and Ju which is obtained 

from Eq. (2·2) by inserting Ec.m. instead of BJ=L<o>, for the 12C-12C system 

as an example. Apparently the J. curve does not coincide with the Jet 

curve. This is not surprising because actual critical angular momenta in the 

calculation are determined by the combined effect of the J. and W0 with an 

arbitrarily chosen Woods-Saxon form factor of Eq. (3 ·11). Nevertheless the 

Je curve is still indicative of the surface transparency. It is also worth noticing 

here that at much higher energies than the bending energy we must take 

into account the effects of direct reactions. 

J 
20 

Angular Momenta 

12 12 of 
C + C system 

Fig. 18. Energy dependence of the 

angular momenta, J., J. and J.1 

for the "C+ "C system (see the 

text for their definitions). The 

values of parameters are taken 

from Table I. 

The above argument is one of the possible explanations of the surface 

transparency of the optical potential in heavy-ion scattering, which is ill ust­

rated in Fig. 19. As already mentioned, it is gratifying that the surface trans­

parent region, i.e., the energy near and above the bending energy in the fusion 

cross section just overlaps with the region where the band crossings occur 

between the elastic and excited molecular bands. This means that there 

exists a region of nuclear molecular resonances, where the resonances suffer 

little from the strong absorption. 

We, however, know that resonances are obseved also in the energy region 
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E 

l(l+1) 

A 

Fig. 19. Schematic explanation of "molecular resonance region" (surface transparency) 

in relation to the fusion cross section. A possible explanation on bending phenomena 

in the fusion cross section is also given according to Ref. 11). See the text for 

details. 

below the bending energy m such systems as 12C-12C and 12C-160, where the 

fusion reaction is dominating and where the interactions would be expected to 

be strongly absorptive. A possible explanation is, as has been well known, that 

the level density of the compound nucleus and the number of open channels 

are much smaller than those in other systems which do not show any reso­

nances.32> Anyhow we have not yet obtained a practical expression for the 

imaginary potential theoretically, which represents an absorption due to fusion 

reaction and hence contains the characteristic aspects of the reaction dynamics. 

Another possible approach is to renounce the concept of the imaginary potential 

and to construct a new theoretical framework where the strong absorption 

and the resonances would be treated separately. An attempt has been made 

by Arima et al. 11a> by constructing the averaged scattering amplitude (see 

Eq. (5 · 8)). The present authors46> have also made an attempt to incorporate 

strong absorption and resonance phenomena without referring to any imagi­

nary potential, and have proposed a new treatment by using the smooth-cut­

off modeJ.47> 

5.3. An attempt to develop a new treatment of heavy-ion scattering 

From the above considerations about the resonance and fusion reaction 

mechanisms it would seem plausible that they could be treated separately. 

First we will evaluate the gross energy dependence of the absorption effect 

on the S-matrix elements and then incorporate it into physical S-matrix ele-
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344 Y. Abe, Y. Kondo and T. Matsuse 

ments which carry the molecular resonances. 

In order to obtain the gross energy dependence we must analyse the 

fusion cross section, because the fusion reaction, except for the resonant in­

elastic channels, is the dominant reaction channel which carries the incident 

flux away. First we will estimate the energy dependence of the barrier penet­

ration factor which is expected to play an important role in the fusion re­

action, because we consider that the fusion reaction takes place inside rather 

than outside the barrier. Transmission coefficients are calculated in a semi­

classical approximation48) using an inverted parabolic approximation to the 

potential shape in the region of the outer barrier. According to this model 

the transmission coefficient 1s as follows, 

1 
TL= 

1 + exp [2n (E L- Ec.m.) jhw L] ' 
(5 ·10) 

where EL is the energy of the barrier top for angular momentum L, and 

hwL is given as follows, 

(5·11) 

In this expression VL is the total potential including the centrifugal term ado­

pted in the BCM calculations. Assuming that there is strong absorption some­

where inside the potential barrier, the absorption cross section is calculated 

by the following expression, 

n 
!Tabs (Ec.m.) = k2 ~ (2£ + 1) • T L, 

(5·12) 

12c- 12c FUSION CROSS SECTION 

c: 

6 
.c 

Fig. 20. Analysis of the fusion cross section in the "C + "C system. Solid lines show 

the results calculated in the smooth-cutoff model. Vertical arrows show the values 

of E£. Several partial wave contributions are shown. The dashed line shows the 

fusion cross section estimated by the semi-classical treatment of the barrier penetra­

tion. 
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The result is shown in Fig. 20 by the dashed line, together with the experi­

mental data,'9> for the 12C + 12C system. We can see that the barrier pene­

tration effect is not enough to reproduce the experiment, especially the 

evident oscillatory structure, although the barrier penetration does give 

rise to slight structure. What we require, therefore, is a mechanism to in­

crease the magnitude of the structure and to correspond more nearly wl.th the 

data. One possibility is to introduce resonances in the entrance channel, as 

already exemplified in § 4. 2 for the 160-160 system. Another possible me­

chanism is to introduce energy dependence of the statistical character of com­

pound nucleus, i.e., of the level density, which is shown schematically in Fig. 

19. The exponential increase of the level density around the statistical yrast 

line would give rise to a sharp energy dependence of the partial fusion cross 

section. Such a possibility is studied in Ref. llb). 

As we do not completely understand the fusion reaction, especially the 

origin of the oscillation, we analyse it phenomenologically, using a smooth­

cutoff model. We parametrize the reflection coefficient with the usual notation 

as follows: 

(E ) - 1 
'fJL c.m. - 1 + exp [ (Ec.m. -EL) /.dEL] 

(5·13) 

This parametrization implies that the partial wave with angular momentum L 

will suffer a strong absorption at energies higher than EL with .dEL providing 

a smooth variation through the transition region. In this calculation, .dEL 

plays much the same role as does huh in Eq. (5 ·10) in that both determine 

the width of the structure. The value of .dEL is taken as 0.5 MeV for all the 

partial waves, from fitting the measured fusion cross section, whereas huh 

is implicit in the model. The results are shown also in Fig. 20 by the solid 

line. In Fig. 20, we see that the oscillatory features of the data are repro­

duced extremely well by the model as well as the absolute value of the ob­

served fusion cross section. It is interesting to notice here that each maximum 

in the fusion cross section reflects the contribution of a single partial wave 

(h= (2n:jk2) (2L+1) · (1-'f}L2), and several of the individual contributions are 

also shown in Fig. 20. Thus, it can be considered that the maxima are signa­

tures of enhanced absorption suffered by each partial wave as it enters the 

region of the critical angular momentum or the region of the potential reso­

nance as the incident energy increases. 

An important point in our phenomenological analysis in terms of the smo­

oth-cutoff model is that the angular momentum corresponding to each of the 

maxima in the fusion cross section can be determined unambiguously. If we 

change the values of EL artificially so as to associate a different partial wave 

from that in Fig. 20 with a particular maximum in the fusion cross section, 

e.g., a partial wave larger or smaller by two units, then we obtain quite qif­

ferent absolute values for the fusion cross section larger or smaller, by about 
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346 Y. Abe, Y. Kondo and T. Matsuse 

300mb, than the original values which agreed very well with the experimental 

ones.'9> It is important to emphasize that the suggested analysis of the struc­

ture in the fusion cross section in terms of a smooth-cutoff model thus provides 

precise information on the energy dependence of the absorption for each unique­

ly identified partial wave, information otherwise difficult to obtain. 

After we have obtained the reflection coefficients which have been ex­

tracted from the fusion cross section, we calculate the molecular resonances 

which dominate in the region around the top of the effective potential barrier 

and below the strong absorption energy or the statistical yrast line. We 

solve the coupled-channel equations using real interactions only, that is, with­

out introducing any imaginary part, because we have already used the smooth­

cutoff model as a representation of the absorption effects. The real nuclear 

potential parameters are adjusted to yield the elastic potential resonance with 

J~ = 12+ at about 20 MeV and the resonance J~ = 2+ at about 6 MeV. The 

former is suggested by the detailed analysis of correlated resonances50> as well 

as by our analysis of the fusion data just presented. The latter has been ob­

tained in a previous analysis of the fragmented 2+ resonances in the sub­

Coulomb region reported by the present authors.8> The parameters used are 

listed in Table VII. 

Table VII. The potential parameters used in the new attempt (see the text for the 

detail). An imaginary part is not necessary in the present calculation. The definitions 

of the parameters are the same as in Table II. Two values for P• are those in the 

first order and in the second order terms in the expansion of long range potential. 

Inclusion of the second order terms in our expansion is essential to give the rather 

large inelastic cross section for the mutual z,+ excitation. 

Core Part Attractive Part Coupling 

Vcore Reore acore v. v, Ro a p. 
(MeV) (fm) (fm) (MeV) (MeV) (fm) (fm) (N.D.) 

100.0 4.0 0.35 -48.0 -1/17 4.67 0.5 -0.2, -0.7 

We define the physical S-matrix element as the product of the S-matrix 

element which is obtained by the BCM calculation using only the real potential 

and the reflection coefficient "'fJL which has been obtained from the analysis 

of the fusion cross section with the smooth-cutoff model, 

(5·14) 

where L. and Ec are the orbital angular momentum and the relative kinetic 

energy available in channel c. It is important to stress that the problem has 

been factorized; the S{c' matrix elements describe only real potential effects 

while the reflection coefficients "'fJL describe the absorption effects. For the 

single channel problem, Eq. (5 ·14) is similar to Eq. (5 · 8) in the case of 

the strong absorption limit where the second term on the right-hand side of 
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Eq. (5 · 8) vanishes. 

By using the physical S-matrix element s:"'' we calculate cross sections 

for the inelastic and the elastic scattering, where prominent structure is ob­

served experimentally. In Fig. 21, the fusion and the inelastic scattering cross 

sections obtained by the present calcuJation are compared with the experi­

ments.15>'49> Agreement is not so good for the inelastic cross sections. This 

comes from the fact that our parametrized reflection coefficents 'YJL are forced 

to approach smoothly zero at higher energies than the EL (see Eq. (5·13)). 

The results, however, reproduce qualitatively the fragmentation of the reso­

nances and the resonances appear just before the fusion maxima; this is con­

sistent with our picture. The experimental data also exhibit such differences 

between the energies of the molecular resonances and the fusion maxima if one 

looks carefully. A more drastic example is the 12C + 160 system, where an anti­

correlation between resonances in the inelastic scattering and the fusion oscil­

lations has been observed.5n This feature seems important for specifying the 

reaction mechanism between heavy-ions. As is shown semi-quantitatively in 

Fig. 21, our picture explains this feature: After the incident wave comes 

into the interaction region beyond the outer potential barrier, various reactions 

are possible in general, but for some higher partial waves, only the inelastic 

scattering is effectively possible and then effects of the real potential between 

heavy-ions, for example, potential resonances emerge without being smeared out 

by the imaginary part. As the incident energy increases, the partial wave 

approaches the statistical yrast line or strong absorption region to the com­

pound nucleus, while the next partial wave comes into the interaction region 

Of course a little absorption to the compound nucleus would exist even in the 

0.1 

0.1 -,.,._,c .... 
lie ''lc. llcl lie( rl 

··-- E•P· (l'.or-relol) 

- Pn••NC.Ic. 

" 
I 1\ r'\ 
lt\11 \,N \/' 

Fig. 21. Fragmentation of resonances in the 

inelastic channels of the "C+ 12C system 

calculated by the present method, where 

the fragmentation mechanism and the fu­

sion reaction are treated separately (see the 

text for details). The adopted values of 

the parameters are given in Table VII. 
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case where the level density is not so high and consequently some spreading 

of the resonance widths would be expected. Then one could expect a process 

where the formation of complicated compound nucleus states is achieved 

through molecular resonances as doorway states, as Feshbach•> suggested. 

The prominent resonances in the 12C-12C system, however, do not seem to be such 

isolated doorway states as discussed above. 

Finally we will briefly examine the consequence of our factorization of 

the absorption and resonance effects on the 90° elastic excitation function. Figure 

22 shows the calculated results, together with the experimental data.27) We 

see that the experimental intermediate structure is reproduced well by the 

BCM with a smooth-cutoff representation of absorption effects. Furthermore, 

we can recognize from the energy dependence of the elastic phase shifts, 

shown in the upper part of Fig. 22, that each calculated prominent peak cor­

responds approximately to a resonance obtained in the BCM with a real. poten­

tial only. It is particularly striking that the characteristic doublet observed at 

Ec.m.::::::20 MeV is reproduced correctly by the present calculation as well as 

another small peak at a slightly lower energy. This is not haphazard but 

is a natural consequence of the BCM, because three bands, that is, the elastic 

and the aligned molecular bands, cross at about 20 MeV and J" = 12+ as al­

ready illustrated in Fig. 6. In other words, these peaks may be considered as 

a reflection of the fragmentation of the 12+ elastic potential resonance strength. 

Center of Moss Energy in MeV 

Fig. 22. Comparison of the results in the new 

treatment with the observed elastic exitation 

function at Oc.m. = go• (Ref. 27)) in the "C 

+ "C system. Several phase shifts obtained 

in the BCM with real potential only are also 

shown in the upper part. In this calculation 

we include the coupling of single and mutual 

2, + excitations and 3,- excitation of "C with 

the elastic channel. Adopted parameters are 

given in Table VII. 
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Phenomenological Study of Two-Body Nuclear Molecular 349 

The fact that the calculated curve of Fig. 22 lacks structure corresponding to 

the experimental data at energies above Ec.m. ~ 20 Mev merely reflects the fact 

that in these calculations we have included only single and mutual excitations 

of the 2+ state and 3- state in 12C. Data of Fulton et al. 26> show clearly that 

at higher energies the 41 + member of the 12C ground rotational band plays an 

important role, consistent with the band crossing diagram of Fig. 6. 

It is worth remarking here that there is as yet no simple picture of the 

relation between the structure in the elastic excitation function and resonances, 

i.e., there is no simple general rule of the interference between the resonant 

and background amplitudes. The above analysis suggests that there is little 

interference in the 12C + 12C system whereas the analysis in subsection 4.2. sug­

gests destructive interference in the 160 + 160 system. What we can infer con­

cerning the reason for the different interference effects between the two sys­

tems is a difference in the absorption effects; the calculations show that in 

the latter system resonances in the entrance channel are rather smeared out 

and define resonance windows whereas in the former system some of the 

entrance channel resonances still persist. 

§ 6. Discussion of resonances in other reaction channels 

In the previous sections we have investigated resonances observed in the 

inelastic scattering, especially to collective excitations of the projectile and/or 

the target nucleus. Since the discovery of resonance phenomena in heavy-bn 

reactions,2> experimental efforts have been made on various systems and in 

various reaction channels. 3> Particularly the 12C-12C system has been investi­

gated extensively in a-, 8Be- and nucleon-channels from sub-Coulomb energies 

to energies well above the Coulomb barrier. A large number of resonances 

have been observed around the grazing angular momentum as has been noted 

by several authors. 3> In the following we will mainly discuss these reson­

ances. 

The fact that many resonances have been found would appear to put in 

question the simple molecular picture proposed at the time of the disovery 

of the first resonances. As has been mentioned in § 1 the present authors8> 

showed that a higher level density of resonant states could be reproduced by 

including up to the mutual excitation of the collective 21 + ( 4.44 MeV) state, 

but this necessitated an arbitrary change of the potential depths in the inelastic 

channels. It still remains an interesting problem to investigate theoretically 

whether such interaction potentials are justified or not, as attempted by Park, 

Greiner and Scheid. 52> On the other hand it would be more reasonable to 

expect that other degrees of freedom may participate. Michaud and Vogtn 

proposed the picture of a-particle molecules, which V oit, Ischenko and Siller53> 

supported by measuring large decay branching ratios of the excited sates of 
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350 Y. Abe, Y. Kondo and T. Matsuse 

20Ne with a-clustering to the members of the ground rotational band. Thus 

it is hoped to develop a microscopic study of the many a-cluster system. 54) 

Experimentally resonances in heavy-ion reactions have been observed 

fairly selectively not only in the incident channel but also in outgoing channels. 

This fact seems to demand a simple systematic explanation. The Florida 

group, 55l which has observed many resonances with the same spin in the 8Be 

channel, and Feshbach4l have proposed the picture of fragmentation of gross 

resonances; because of the gross stru~ture resonances, windows exist for spe­

cific angular momentum at and within a few MeV of the resonance energy. 

These windows permit the carbon nuclei to be in close contact and to interact 

and thereby to fragment the gross resonances into a number of narrow do­

orway state resonances. Independently the present authors8l have also done 

a fragmentation analysis and obtained the distribution of carbon partial widths 

among the 2+ resonances near the Coulomb barrier. 

Before proceeding to a discussion about the resonance mechanism, we will 

briefly review the analysis of the 2+ resonances in the sub-Coulomb energy 

region of the 12C-12C system. We have used the Breit-Wigner formula for 

the resonant absorption cross section, 

(6·1) 

The total reaction width Fr is assumed to be almost the same as the total 

width r, which is observed experimentally, and set to be 100 ke V. From the 

experimental value of each peak height, we have obtained Fe for each reso­

nance and then we have calculated the ratio Fe/ Fs.p., where r .. p. is the single 

particle width of the potential resonance calculated by a real potential with 

the depth adjusted to reproduce the observed resonance energy. Figure 23 

shows the distribution of the strengths thus obtained. The error bars indicate 

ambiguities in extracting resonance contributions from the measured total reac-

30,r-------~-------.--.-----. 

Fig. 23. Ratios r,;r,.p. are shown for reso­

nances with .!"=2+, where Fe's are extracted 

from the experimental data (Ref. 56)) . The 

dashed line is given for an eye-guide, which 

simply shows the strength distribution of 

fragmented potential resonances. 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

s
/a

rtic
le

/d
o
i/1

0
.1

1
4
3
/P

T
P

S
.6

8
.3

0
3
/1

9
2
8
8
9
2
 b

y
 U

.S
. D

e
p
a
rtm

e
n
t o

f J
u
s
tic

e
 u

s
e
r o

n
 1

6
 A

u
g
u
s
t 2

0
2
2



Phenomenological Study of Two-Body Nuciear Molecular 351 

tion cross sections. We can clearly see the fragmentation of the 2+ potential 

resonance among several intermediate resonances which have been observed in 

the total reaction cross sections56> and in the total a-particle yields. 57> Recently 

the carbon partial width has been extracted from an analysis of the elastic 

scattering. 58> They have obtained a z+ resonance at Ec.m. = 6.6 MeV with Fe 

= 29 ± 6 ke V. This gives about 5% for the Fe/ r .. p. by using r .. p. calculated 

in the same way as above. The dashed line drawn as an eye guide in Fig. 

23 remains still correct semi-quantitatively. From Fig. 23, the original 

potential resonance with spin 2+ is expected to exist at around 6 MeV in the 

C.M. energy. In the higher energy region fewer fragmented peaks have 

been observed. With the conjectured spins 12 and 14 at about Ec.m. ~ 20 

and 25 MeV, resonance strengths are concentrated mainly among a few 

inelastic channels. Thus we can guess approximate energies of the potential 

resonances with spins 12 and 14. Together with the position of the 2+ 

resonance obtained in the above we now know approximately the position of 

the elastic molecular band in the 12C-12C system. This knowledge is very 

important in choosing the real part of the phenomenological interaction poten­

tial. An analysis such as the one described above, which extracts a partial 

width distribution, is necessary for all spin values to understand the reso­

nance mechanism, for example, the fragmentation picture. 

We now proceed to discuss a possible resonance mechanism as well as 

possible nuclear structures of resonance states, which gives rise to a fragmenta­

tion. The success of the BCM in the systematic explanation of the resonances 

observed in the inelastic channels urges us to apply it as a natural extention to 

resonances in other reaction channels. An important point in the BCM is that 

we can expect prominent resonance phenomena if energies of potential reso­

nances in an entrance and exit channel are close to each other. If there is 

a series of potential resonances in some rearrangement channel, we can make 

a reliable prediction in the same way as before about the occurrence of reso­

nances whose dominant components are molecular configurations of the entrance 

and exit channels. But usually there are ambiguities even in the real part of 

the interaction potential in rearrangement channels. Such ambiguities have 

already been encountered in the case of the inelastic channels which include 

the excitations of clustering states of the target or the projectile. Another 

difficulty is due to the difference between the effective moments of inertia of 

molecular bands of the entrance and exit channels. In the case of collective 

excitation discussed before we can safely assume the same moment of inertia 

for both channels. If there is a difference in the moment of inertia the band 

crossing region, where the two molecular bands are close to each other, is 

smaller. It is thus unfavorable for a systematic phenomenological analysis. 

We can, however, make qualitative arguments about such a possible region of 

resonances and about its relevance to observed resonances in various reaction 
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Resonances and Effectives 
in Reaction Channels of 
12c +12c System 

Barriers 

~<:> 

• Nucleon - Channel 
0 « - Channel 

• 8Be - Channel 

A 10B+14N- Channel 

18 J 

40 

20 

Fig. 24. Effective barriers in the aligned 

sub-channels of several reaction 

channels and resonances observed in 

the 12C+ 12C system. Data with 

symbol (!) are taken from Ref. 50) 

and those with symbols 0, 0 and 

.6. from Refs. 58), 60), Refs. 55), 

61) and Ref. 59), respectively. Sym­

bols e indicate resonance energies 

calculated with the potential of 

Table I, which gives an approximate 

location of the molecular band in the 
12C+ 12C system consistent with 

resonance data of Ref. 15). 

channels, because the region for a potential resonance with observable width is 

rather limited around the top of the effective barrier in the channel considered. 

In Fig. 24 the effective barrier heights in various reaction channels are 

shown together with the resonances observed in the compound nucleus 

24Mg. The molecular band in the 12C-12C elastic channel is also shown 

there, which has been evaluated by the present authors as explained in § 4.1. 

Resonances observed in the 12C-12C induced reactions should not be far away 

from the molecular band. At the same time resonances prominently observed 

in a specific exit channel, which would have two-body molecular configuration 

related to that channel as one of the dominant components, should be found 

around the effective barrier height as is stated above. First it is very interest­

ing to note that the barrier height in the 8Be channel is always close to the 

molecular band in the 12C-12C channel. We can thus expect that resonances 

will be observed prominently in this channel over a wide range of energies 

and spins, which corresponds to the recent observation by Florida group. 55> 

The 8Be-160* configurations will also play an important role at higher energies 

and spins. As for the a-channels, a-"0Ne* configurations, for some of which the 

barrier heights are shown in Fig. 24, will also play a dominant role at lower 

spins, whereas members of the ground rotational band of 20Ne will take part 

at spins higher than about 8. Thus the enhanced decays to some excited states 

of 20Ne observed by Voit et al. 53> are consistent with our picture, without as­

suming a-particle molecular configurations. Several resonances observed in 
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Phenomenological Study of Two-Body Nuclear Molecular 353 

proton channels50> might suggest the existence of compound states with special 

nuclear structures. We again can expect that they have two-body configura­

tions of P-23Na* as dominant components, because the barrier heights of the 

relevant channels are fairly close to the resonances and to the molecular band 

in the 12C-12C channel at their conjectured spin values. Finally the resonances 

recently observed in the 10B-14N exit channels59> also seem to be consistent with 

the present picture. From the effective barrier heights shown in Fig. 24, we 

can expect rather sharp resonances with a two-body 10B + 14N molecular con­

figuration, sharper than those in the 12C-12C configurations at spins 16+ and 18+ 

etc, which will couple strongly with the 12C-12C elastic and inelastic molecular 

configurations. 

All the characteristic features of resonances observed in various reaction 

channels seem to be consistent with the BCM, although we have not yet made 

a quantitative study of them. This is mainly due to the lack of knowledge 

of the interactions between heavy-ions in the exit channels. Of course 

we can proceed further by assuming plausible interactions. Such attempts 

have already been made by the present authors14g>. 25> and the results are en­

couraging. What is now required in the experimental study is the measure­

ment of essential data, such as excitation functions of elastic scattering in 

various combinations of heavy-ions, angle-integrated excitation function of var­

ious reaction processes and so on. These would allow us to extract the dis­

tributions of various partial widths among resonances. This is of course appli­

cable to other heavy-ion systems such as 12C-160 and 160-160. 

§ 7. Summary 

The existence or non-existence of a molecular configuration in a nucleus has 

been an interesting question since resonances were first discovered in heavy-ion 

reactions. Measurements of the elastic scattering excitation functions at high 

energies and subsequent optical model analyses have shown the existence of 

surface transparency in the interactions between several combinations of heavy­

ions.10> The observed intermediate structure might suggest that there exists a 

wide energy region of resonances with molecular configurations. On the other 

hand it has been shown possible to encompass all the observed structure within 

the framework of a purely statistical model.64> Of course this does not imply that 

the observed data have necessarily a statistical origin, but means that in order 

to claim the molecular origin for structure in such excitation functions it is 

necessary to uncover more detailed signatures for it or to correlate specific 

structural details of the data with detailed predictions of molecular models. 

The present authors 12> have proposed the BCM as a mechanism for oc­

currence of resonances with two-body nuclear molecular configurations. As is 

explained in § 2 the model is a natural simplification and development of 

Nogami-Imanishi model and allows us to predict where and with what spin 
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354 Y. Abe, Y. Kondo and T. Matsuse 

values resonances will appear with specific molecular configurations. Conse­

quently it provides predictions concerning the nuclear structures of reso­

nances; first, the aligned configurations of a channel spin and an orbital 

angular momentum will dominate in prominent resonances, and second, a 

systematic change of the nuclear structure among resonances will take place 

depending on the intrinsic spin and the excitation energy of the target and/or 

the projectile nucleus as is readily seen from the differences in the crossing 

points. The former prediction could be checked by polarization-type meas­

urements. The latter one has already been confirmed partly by several ex­

periments.16dl.26l 

It is fortunate as is shown in § 5 that the predicted energy region for 

molecular resonances just overlaps with that of surface transparency whose 

existence has been recognized for a long time and whose origin has been clari­

fied recently in connection with our understanding of heavy-ion fusion reactions. 

Quantitative investigations on the region of surface transparency are now in 

progress for confirmation.45l 

In § 4 the results of the coupled-channel calculations based on the BCM 

have been summarized. The comparisons with available experimental data 

lead us to the conclusion that the BCM can systematically reproduce charac­

teristic features, i.e., energies, widths and yields of resonances observed in the 

elastic and inelastic scattering of the 12C-1"C, 12C-160 and 160-160 systems, over 

a wide energy region. Although we have not yet understood the structures 

of resonances with low spins including the three resonances discovered at 

Chalk River, we are now confident that two-body nuclear molecular configura­

tions with various intrinsic excitations exist in these systems, i.e., among 

highly excited states with high spins in 24Mg, 28Si and 82S. The existence 

of such a region, i.e., "molecular resonance region" can be expected in other 

syst&ms satisfying the same condition as is discussed in § 5. Recently Haas3'l 
I 

has shown that almost all the combinations of Carbon and Oxygen isotopes 

have resonance structures in inelastic and transfer channels. They are likely 

to have a "molecular resonance region". 

It seems to be interesting and promising to extend the BCM calculations 

to various systems with the inclusion of excitations of clustering states and 

of rearrangement channels as is surmised also from the discussion in § 6. 

Another interesting subject is to study the origin of the imaginary part of the 

interaction potential between heavy-ions along the direction given in § 5, which 

will lead us to a comprehensive understanding of the reaction mechanism and 

hence of the interaction between light heavy-ions. 
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