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Chapter VI

‘Effects of Three-Body Force in Nuclear Matter®
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The contribution of two-pion exchange three-body force from the P-wave 7-/V scat-
tering to the binding energy of nuclear matter is investigéted. The three-body force
(TBF) is derived as the effective two-body force under consideration of the correlations
between all the pairs of nucleons concerned with TBF. The reaction-matrix equations
are solved self-consistently with two- and three-(effective two-)body potential. = The-
binding energ}} contribution from TBF is-about 3.5 MeV attraction for the case of the
Hamada-Johnston potential and 4.1 MeV for Tamagaki’s OPEH potential. The
characteristic effect of TBF-is discussed in connection with the binding energy and the

- saturation density. In nuclear matter calculation with two-nucleon- potentials, there
seems to be that the energy gain has generally been accompanied by increasing the
saturation density, but our results show that TBF gives the energy gain, but does not
increase the saturation density so much as two-body force does. ‘

§ 1. Introduction

It is well-known that there is a large difference in binding effect on nuclear
matter with realistic nucleon-nucleon potentials which reproduce two-nucleon
scattering data equally well. A large number of works have been performed
about the saturation problem of nuclear matter, but at the present time it seems
to be difficult to draw any definite conclusion whether we can really obtain
_the binding energy of nuclear matter with realistic two-nucleon potential.
These circumstances are attributed firstly to the fact that the two-nucleon
potential is not uniquely determined from the deuteron and two-nucleon

scattering data, especially with respect to the repulsive core and to the central-

tensor ratio in the triplet even state, and secondly to the fact that the
framework of the Brueckner theory, on which nuclear matter calculations are
based, does not necessarily give the variational results.

On the other hand, on light nuclei, the variational calculations? with re-

*) Preliminary results of this work have been reported in Ref. 1).
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Effects of Three-Body Force in Nuclear Matter 97

alistic two-nucleon pdtentials give the \binding energy nearly about the ex-
perimental value, even with potentials which give too small binding energy
for nuclear matter; for example, with the Hamada-Johnston (H-J) potential,
3H: —6.1 MeV, 4He: —20.6 MeV, nuclear matter: —7.8 MeV /particle.
Hence, at the present time it seems to be difficult to explain the binding energy
both for light nuclei and for nuclear matter from the same potential. How
can we understand these discrepancies on binding energy? In order to
ansiwer the question, it is important to investigate the effects of the three-body
force (TBF) quantitatively.

The aim of this paper is to estimate to what extent is the contribution
to the binding energy of nuclear matter from TBF. Up to present, several

- studies?~7 of the effects of TBF in nuclear matter have been done and it is

known generally that the contribution to the binding energy is about 2 MeV/
particle attraction. However, in order to discuss on the results quantitatively,
it is important that the effects of TBF are taken into account as accurately as
possible both in the method of the binding energy calculation and in the
derivation of TBF. ‘ ' ‘

It seems to be natural to consider the correlations between all the pairs
of nucleons concerned with TBF, since the repulsive core is known to exist in
- the two-body forces. Nogami et al. and others 36 have treated these cor-
relations by introducing the cutoff of short-range part of TBF, but we think
it is not reasonable to do so, because their results strongly depend on the
cutoff distance and at the present time we have no means to determine it.
And so far, in the estimations of the effects of TBF on nuclear matter there
have been no calculations solving the reaction-matrix equation self-con-
sistently with the potential including TBF as well as two-body potential.

In this paper, we derive TBF as the effective twb-body potential under
consideration of correlations between all the pairs of nucleons. When the
effective two-body potential is added to the realistic two-body potential, we
can solve the reaction-matrix equation self-consistently similarly to the case
with only two-body potential. The correlation functions are given by the
nuclear matter wave functions solved self-consistently.

In §2, we give the representation of TBF with correlations between all

the pairs of nucleons as the effective two-body force. In §3, our method of

nuclear matter calculation and computational procedure are presented. Re-
sults and discussion are given in §4. In §5, summary and conclusions are
mentioned.

§ 2. Three-body force with correlations between
all the pairs of nucleons

In this section, we represent TBF as the effective two-body potential

under consideration of the correlations between all the pairs of nucleons.
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As TBF, we cons1der the two-pion exchange three- body force shown in Fig. 1,
whose S-matrix element is given by® : :

4
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where
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is the'rr—N scattering matrix for a zero-energy pion, and 4 and B are related
to the P-wave scattering, 2 to the S-wave one. Also f%(=0.08) is the

7-N coupling constant, K and X’ are the vertex and the propagator form
~ factors respectively. In this paper, we consider only the contribution from

‘the P-wave scattering, so the. D-term is neglected. In Eq. (L), we put

S=—2m8(0) W, then W represents TBF.9
“We now introduce the correlations between all the pairs of nucleons shown

in Fig. 2, where ¢ is the correlation function. The correlations between -

Ny and Ny nucleons need not to be considered, because these are counted in

“solving the reaction-matrix equation in nuclear matter as the pair correlations.

When we consider only the single exchange term by taking the dlagonal
sum in Eq. (1) and integrate with respect to 73, we get the effective two-
body potential as follows:

Ur)=p f drs TV (11, 12, 10)42(r1— o) §2(ra—12)

4177{277;32711'2) [ Arsd?(r1—13)d*(rs—13)

o a L
St

[2<A +B { q1q2\16141736_i02r3’ (3)

‘Where p= 3/(47770) is the dens1ty of nuclear matter. | |
We put '

#r)= [ Hayirdg o o ®

and substitute Eq (4) into Eq. (3), then after integrating with respect to r3
we have :
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Fig. 1. The d]agram for TBF con51dered . Fig.2. The diagram for TBF under considera-
in this paper. . tion of the correlations between all the pairs
of nucleons.
Qarf2p-2(A +_B) f i (0191)
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with r=r;—rs. To calculate Eq. (5), we introduce
P—q)7.9 roory
Sor(P)= qu e @p=£) @

_\Here (', ¥, z) system have the z'-axis along P direction. Going on with
calculations, we can express Eq. (5) as follows: :

A f2p-2(A4 + B
OB« ><m> [ aqeiar

l<alaz>sx’m'<7>'l‘(a'lq>(0'2q> {Sz’z’<q/ 7 x'w/(?ﬂ]

After all, we have the éffective two-body force as follows: .

,U(%):‘E;:%:/’_fiz (Tg'zl[falaz)f 92@79]0(9 7)oy < 2_|_ 2>2 '“0@2)

+512f 2@’9{]0@7’) 3‘]1;?,) } @2_}9_2#2)2 sl”%‘(ﬁ)} " (7 |

with .
dp2(9®)=Fc(g®du3 o(g2),
813 (gD) = Fr(g®dudre(g?). | S ®
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Here 5122 3(0‘1'1‘)(0‘2'1‘}/7’2~— (0‘1'0’2) and

‘ 1 o2 2 2
Fetg=]1—§ TR 10 —510)
1 o2+ u2 , 1 2
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‘1 721 2 2 2
A1 5 CHE -0 -5 |
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Sg(g) and S1(g) in Eq. (9) are given by
2.1 2 00 ‘
Sug)= L gy [, Par 1= Sula,
e e (10)
Si@= 5 g [ rar1— g a7 |
where | '
Sulg, r)y= Y (u)jolgr), -v
ay

97213 , ‘
Silg, )= f V() @QZru)ir) = arZ i ur)jolar)}

and Y(x):e"x/x, ZT\(x)r‘—l—l—(S/x)'—k(&/xz), ZL(x):1+(2/x)+(2/x2). More- .

over, 8u2 (g2 in Eq. (8) means 8u?(¢?) with no correlation, which is given by

Sukre(g®)=—2p(d + BYP*H™(g?),

| (12)
H(g?)=K*g)K' (9%

§ 3. The binding energy calculation of nuclear matter

In this section, we mention our calculational method and computational
procedure to get the contribution to the binding energy of nuclear matter.

The binding energy of nuclear matter is given by solving the reaction- |

matrix equation, which represents the nucleon-nucleon scattering in nuclear
matter. Many calculations have been performed with two-body potentials.
In our calculation, the effective two-body potential U(7) derived from TBF
is added to the realistic two-body potential. Then, we can include the esti-

mation of TBF in the whole self-consistent procedure. In the derivation

of the effective two-body potential, the correlations between all the pairs of

nucleons are under consideration.

220z isnbny Lz uo 1sen§ Q 01.26¥81/96'95"SdLd/EYL L 0L/10p/Bjoe/sd}d/woo"dno-olwepese/:sdRy Woly pepeojumoq
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3-1  Outline of calculational method

The reaction matrix G in nuclear matter is given by,
G'=v+v%G, ‘ (13)

where v is the nucleon-nucleon potential which is expressed by two- plus
three-body (effective two-body) potential in our case. (@ is the Pauli operator,
and the denominator ¢ means the excitation energy of the two nucleons in

the intermediate state. Equation (13) is solved in 7-space so as to get the -

wave functions for soft core potentials as well as for hard core potentials.
The formalism in 7-space nuclear matter calculation has been given by
Brueckner and Gammel? in detail. In our case, we set the potential energy
for particle states equal to zero according to the hole-line- expansmn
method,19 then Eq. (13) is solved only on the energy shell.

The wave function is given by the following mtegral equation:

w50 = il o+ 3 f @' G, YV LSl S0, (14)
where

Vise)= [ dFhisol) s )
Gi(r,7") is' a Green’s function |

G, )= g N dk,/e'rjzwfz/(é/’;jl( ))Q(é’ p) s

where P and k are the total and the relativée momenta respectively, and X
denotes the single particle energy of two nucleons in Fermi sea.

The diagonal reaction-matrix elements which give the contribution to
binding energy are expressed as follows: '

> <k, S, ms|Glk, S, ms)

mg

—w 23 e czr'émaér) 3 Voo, an

For a hard core potential, we rewrite the Eqgs. (14) and (17) by replacing
v(r)u(r)=A8(r—r") for »r< 7, where 7, is a core radlus and A is determined
by the condition #(7¢)=0.

After all, the one-body potential V' (#20) and the bmdmg energy per
nucleon are obtained as follows:

220z ysnbny |z uo 3senb Aq 01 26+81/96°95°SdLd/EY L L 0 L/10p/ajoiHe/sdid/wod dno-olwapede//:sdjy woly papeojumog



102 ’ T Kasahara Y. Akaishi and H. Tanaka

n 200 53 ool G(S, s, T)lmono>, (18)

no '
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3-2 Cdmputaiiowaz procedure

In this paper, we take into account states with /<{2. It is known that
the total contribution to binding energy from higher partial waves is small.
~ But for the 3P state, we treat the coupled state 3P2-+3F2, so as to estimate
‘the contribution from the tensor part of interactions as accurately as possible.
We adopt H-J, OPEH (with a hard core and the OPEP- -tail) and OPEG
(with a 2 BeV Gaussian soft core and the OPEP-tail)l) potentials as typlcal
realistic nucleon-nucleon ones which reproduce the two-nucleon scattering
“data equally well. 8u%. is given by Eq. (12) from o33 experimental value,
where ‘

Co=pif (A + B) /m= ’“f f;ﬁfﬁpldp 045MeV.  (20)

- This value of Cp was re-calculated!® from the most recent experimental

value of the total cross section of the w-V scattering in the /=/=3/2 state.
In our calculation, we treat the case of no pionic form factor, or A =1, but the
correlations between all the pairs of nucleons are introduced. As the cor-
relation functions ¢, 1So-state wave functions with the average momentum
are used, which are given by solving the reaction-matrix equatlon with two-
plus three- (effectlve two-)body potentials.

§4. Results and discussion

" The binding energies of nuclear matter with two- plus three-(effective two-)
body potentials and only with two-body potentials are shown in Table I and
in Fig. 3. The contribution of TBF to the binding energy is about 3.5 MeV
for the case of H-J and 4.1 MeV for OPEH. These values are not so large
as to supply the discrepé.ncy of binding energy between the theoretical and

experimental ones, but are about 10%, in total potential energy, which are "

meaningful to understand the saturation properties of nuclear matter. In
Fig. 3, we notice the characteristic effect of TBF on the binding energy and
saturation density. The results with two-body potentials show that the
smaller (or the softer) the repulsive core is and also the weaker the tensor
force is, the larger the binding energy is. They also show that the energy
gain has a tendency to increase the saturation density, which may be. too
high to reproduce the experimental value. Therefore there needs something
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(MeV).
_6 - . \\\
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Fig. 3. Binding energy of nuclear matter for each potential: (A) H-J, (B) OPEH, (C)
OPEG. The dashed lines denote for only the two-body potential and the solid lines

for the potential including U/(7). - The dot-dashed curve for OPEG is obtained by
. using 3-range Gaussian parameters in Table III. ' ‘ '

1

* Table L. Binding energy of nuclear matter for each potential. The row (a) is for
conly the two-body potential and (b) is for the potential including U/(r). ‘
' : (in MeV unit)

7o(fud)
potential :
0.9 1.0 11 1.2 1.3

_ (@) —5.72 —7.42 —7.81 —7.58
- (b) ~10.94 | —11.29 | —10.77 ~9.85
OPELL (a) ~9.42 ~9.87 | —9.47 l

(b) ~13.98 | —13.29 | = —12.10

 oPEG (@) ~11.55 | —12.47 | —11.88 |

| (b) ~16.22 | —16.07 | —14.62

to get the energy gain without increasing the density so as to reproduce the
experimental value of saturation density as well as the binding energy. Our
results suggest that TBF may be one of such candidates. In Fig. 4, we show
the effective two-body potential U(r). As seen in this figure, the central part
is repulsive as far as a rather large distance (»<<1 fm) and the tensor part
is attractive. This is very interesting to understand the feature of TBF.
We can say that the tensor part and the central part of TBF have a different
role respectively, that is, the former brings mainly the energy gain and the
later has an effect to'prevent increasing the density.

It is well-known that the tensor force plays an important role for the satu-

ration problem of nuclear matter. In nuclear matter, the effect of tensor force
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Fig.4. Effective two-body potential U(r) for the case of H-J at 7o=1.1 fm. Ug is the
central part for the singlet even and the triplet even states, and Uz is the tensor
part for the triplet even state. )

is suppressed compared with in free scattering, and the contributions from the
1S and the 3 states are nearly equal. TBF contributes to make the pion mass
-effectively small, then the tensor force in the inner region of nuclear force is
enhanced. Therefore, by considering TBF, the effect of tensor force which
is suppressed in nuclear matter is recovered. We give the contributions to
the potential energy for each partial wave in Table Il and in Fig. 5, where
also we can see that the binding energy is brought mainly from the 3. state.

In our calculations, the correlation functions were introduced between
Ny and Ns, Ng and N3 nucleons. They are given by solving the reaction-
matrix equations self-consistently. These correlation effects ar_é expressed as
F(g?) in Eq. (9), Corresponding to the pionic form factors /(g?) as seen in
Eq:.(12). Most recently, Blatt and McKellar? calculated the contribution of
TBF to the binding energy of nuclear matter using correlation functions derived
from the Reid soft core potential. They showed that the total contribution
from the two-pion exchange TBF was 5.7 MeV attraction, in their calculation
the pionic form factor was contained. If we adopt the same form factor as
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L (MeV) -

L

Fig. 5. Potential energy contribution for each partial wave in the case of H-J.
The dashed lines . are for only the two-body potential and the solid lines for
the potential including U(7).

used by them adding to #(g?) in our calculation, it must be found to give less
binding, even for the soft core potential. The large discrepancy between our
results and theirs is attribute to the double counting of Ny and Ny correlation
in their calculation. Therefore, in their calculation the short range repulsive
part of effective central force is cut, so that the contribution from the second
order term gives too much binding. When this is treated correctly, their
results ‘would come near ours. The value Cp=0.45 MeV12 used in our
calculations should be compared with C »=0.61 MeV calculated by Nogami
et al. In spite of the smaller Cp value used, our calculated contributions of
TBF are larger than that estimated by them. Therefore our resultant values
with C»=0.45 MeV show that the effect of TBF is rather large.

It is useful to express the effective two-body force as the superposition-of
3-range Gaussian type-functions, for instance, to study the effect of TBF on
finite nuclei; U(r)=X awe~%™. Our fit parameters for the case of H-J
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Table II.  The contribution to the potential energy for each partial wave at -
#0=1.1fm. The column (a) is for only the two-bBody potential and (b)
is for the potentlal including U(#).
(in MeV unit)

H.J ‘ OPEH OPEG

(2) (b) (@ (®) (a) (b)
150 —14.89 —14.53 —15.07 —14.70 —16.39 | . —15.80
353 —15.19 —20.80 —17.72 —22.65 | . —18.54 —22.69
1py 3.67 4.57 44 5.23 | 4.54 | 5.29
B 37, —3.47 | —3.47 ~3.88 —3.90 —3.78 —4.21
g 3Py 1094 | - 11.36 11.61 12.05 | * 11.36 12. 40
3 3Py ~7.10 —7.00 - —7.32 —7.26 —7.29 —7.47
g 1Dy | —2.91 —2.96 —3.22 —3.20 |  —3.13 | —3.30
s 8Dy 1.52 1.20 |  1.65 1.32 | 1.63 1.67
3Dy —4.19 —3.72 —4.,47 —4.00 —4.42 —4.61
3D3 0.43 0.20 0.28 | © 0.04 | 0.27 0.24
total —31.28 —~35.15 —33.73 —37.14 | —35.73 | —38.48
Kinetic energy 23.86 23.86 23.86 23.86 | 23.86 23.86
Total energy —7.42 —11.29 —9.87 —13.29 —11.88 ~14.62

" Table III. 3-range Gaussian pararﬁeters for the central and tensor part of effective
two-body potential Z/(#) in the case of H-J at ro=1.1 fm. '
m ‘as ";za b1 " ba b3
1E- and 3Z- —90.4 - 194.6 | 9.70 . .08 | L70 | 144
central parts /
3 E-tensor part —199.6 | - 198.1 1.50 1.31 1.56 25.2

at 7o=1.1 fm are g1ven in Table III _The results for OPEG (with a 2 BeV
Gaussian soft core)lV calculated by using these parameters are also plotted
in Fig. 1, where p-dependence of TBF is introduced .only through Eq. (12),
" and the contribution of TBF is about 3.8 MeV attraction with little increase
in the density.

§5. Summary and conclusions

The effect of two-pion exchange three-body force in nuclear matter has
been. investigated under consideration of correlations between all the pairs
of nucleons. - TBF with correlations has been derived as the effective two-
body potential. The reaction-matrix equation has been solved self-con-
sistently with two- plus three-(effective two-) body potential. We found

-that the total energy of nuclear matter with H-J (OPEH) including TBF /

\
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is —11.3 (—14.0) MeV at the saturation density »o=1.10 (0.99) fm, though
it is far from the empirical value —15.8 MeV at ro=1.07 fm. The contri-
bution of TBF is about 3.5 (4.1) MeV attraction to binding energy. It has
been shown that the energy contribution of TBF is mainly due to the tensor
force. We have discussed the characteristics of TBF in nuclear matter.
TBF gives the. energy gain, but does not increase the saturation density so
much as two-body force does.. Therefore, we conclude that TBF gives a

meaningful contribution to binding energy and will be expected to make an

important role to understand the saturation properties of nuclear matter.
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