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§1. Introduction

- Nuclear forces have many characteristics,” such as a singular short
range core, strong non-central part and strong state-dependence and so on.
These characteristics of realistic nuclear forces and finite nature of the nuclear
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system under the Fermi statistics bring about plentiful nuclear phenomena
and existence of different “phases”. In the course of the development of the
nuclear theory a specific aspect in the nuclear phenomena will be understood
step by step as a realization of interplay of some characteristics of realistic
nuclear forces and many-body correlations. Although sufficient recognition
of this complicated interrelation is still difficult at the present stage -in the
wide region of nuclear phenomena, it seems that we are able to make a
step of this way further in the two regions of nuclei, light nuclei and infinite
nuclear matter. In the former region the many-body effects seem to play less
important role and it is rather easy to analyze the problems starting from
the realistic nuclear forces. In the latter case the nuclear structure is
idealized in the “model” with some essential features of the real nuclei and
the treatment of the state can be simplified. '

Investigations have been performed in Japan from the veiwpoint of
considering the two regions in connection.” The saturation problem is a
typical subject which is closely related to these two regions. The clustering
features or molecular aspects of the nucleus are inherently related to the
saturation property of nuclei. Therefore, it is very interesting and promising
to investigate the clustering phenomena on the basis of the realistic nuclear
forces at the present stage.™

In the preceding chapters it has been discussed that the states with
molecule-like structures are rather widely observed near and above the
threshold energies and also in some cases the clustering features are found
even in the neighbourhood of the ground states. The saturation property
makes two “phases” comparable in energy: the one where all nucleons are
combined in one-center field and the other where the nucleons are divided
into subunit nuclei. We find, as the consequence, the states with cluster
structure at rather low excitation energies. Actually the alpha-clusterization
is first observed, because the alpha-particle is a particularly stable unit among
very light nuclei which has almost the same binding energy per particle as
that in heavier nuclei. Thus, the mechanism of the alpha-clusterization of
a nucleus should be closely related to the mechanism which assures the
saturation overall nuclei including the alpha-particle and heavier nuclei.
The saturation property of nuclei depends strongly on the characteristics of
the nuclear forces. It is, therefore, particularly important to understand the
alpha-clusterization in terms of the characteristics of the realistic nuclear
forces.

At present the saturation problem has not yet been solved finally.
There still remain some quantitative ambiguities in the treatment of the
many-body problem and also uncertainties in the two-body nuclear forces,
especially concerning the strength of the tensor force in the triplet-even state

* The contents of this chapter are based on the works in Refs. 3) and 4).
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Nuclear Forces in Nuclei and Alpha-Clusterization 341

and the behavior of the repulsive core.”® A potential with a large hard
core and a strong tensor force gives less binding energy. For example,
Hamada-Johnston (H-J) potential® gives only about half of the binding
energy of nuclear matter” and more than 5 MeV/particle remains deficient
in the present stage of the theory even if the contribution of a three-body
force® is taken into account. On the other hand the same potential H-J is
found to give good results for the three-body problem.””®*® Tt is, therefore,
necessary and important to investigate the three- and four-body problems
(*H, *He and *He) themselves, in order to develop the nuclear matter theory
and also to clarify the mechanism of the variation of the binding energies
overall nuclei from very light nuclei to heavier ones including nuclear matter
as a limit. We call it the “overall saturation” mechanism. To understand
the binding mechanism of alpha-particle is a basic subject for the problem
of the alpha-clusterization. This is our first subject in this chapter and
treated in §§ 2 and 3.

In spite of the above-mentioned situation many investigations' up to
the present have derived several important conclusions about the saturation
mechanism based on the realistic nuclear forces. We summarize them briefly
as follows:

1) Main contribution to the binding energy comes from the two-body
correlation within nuclei and so the Independent-Pair Model'® is good start-
ing basis on which nuclei are investigated with the realistic nuclear forces.
This is true even for very light nuclei such as triton and alpha-particle,”
as is shown in the following sections.

2) Most of the contribution arises from the relative S-states containing
the renormalization by the tensor force in the triplet-even state. Those
from the P- and D-states are small and cancel each other.'”

3) The obtained binding energies depend considerably on the magnitude
of the tensor-to-central (vr/vc) ratio in the triple-even state’'® and the
behavior of the repulsive core' of the adopted nuclear forces. .

4) The triplet-even tensor force plays a special role in realizing the
“overall saturation”.® Because of the diminution of the tensor force effect
caused by the many-body effect, the Pauli principle and the effect depen-
dent on starting energy, the effective tow-body interactions in nuclei be-
come less attractive from lighter to heavier nuclei and also from outer to
inner region of a nucleus. Without this effect we cannot obtain the “over-
all saturation”.*®

In order to see the above four points let us show in Table I the cal-
culated results'™ for nuclear matter. The potentials, H-J, OBEP-K* and
OPEG,® are three typical types of the potentials, as written in the footnotes
of Table I. For either potential the points 1) and 2) are seen to be
justified. The results for the three potentials show the dependence on the
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Table I. Two-body contributions to the binding energy per particle of nuclear matter
in the cases of three types of potentials and also of the phase-shift approximation.

H-J OBEP-K OPEG phase shift

1S —15.9 —16.9 —17.2 —23.3
N —15.8 —23.3 —19.1 —44.7
p 3.2 4.2 3.8 2.9
sp 0.3 0.6 0.8 — 4.9
D — 2.2 — 2.3 — 2.2 — 3.1
3D — 1.3 — 1.6 — 1.7 — 4.0
U —31.7 —39.3 —35.6 —77.1
T 23.9

E — 7.8 —15.4 —-11.7 —53.2

Characteristics of the three potentials:
H-J: large hard core radius and large vs/ve(E) ratio,
OBEP-K: small hard core radius and small vs/ve(3E) ratio,
OPEG: soft core and medium vy/ve((E) ratio.

ro=1.11m, (MEV)

vr/ve ratio and the behavior of the repulsive core, as mentioned in the
point 3). The fourth column is the results obtained by replacing the reac-
tion matrix elements by the phase shifts of the free nucleon-nucleon scatter-
ing. It shows far over-bound energy. Comparing the fourth column with
the other ones, we find that the nuclear forces act less effectively in nuclear
matter than in the free two-body scattering and the most striking reduction
appears in the ®Si-state contribution. The latter fact just arises from the
diminution of the strong tensor force effect due to the many-body effects.
The tensor force is most sentitive to the surrounding situation.

- The °Si-contribution is almost twice the 'Sj;-one in the phase shift
approximation, while they are almost comparable in nuclear matter. In the
alpha-particle the former is about 1.5 times the latter.”> The effective

interaction within the alpha-particle is more attractive than within larger

nuclei, since the many-body effects are still not so strong because of the
only four constituent nucleons.

Once the saturation property was ascribed to some exchange characters
of the nuclear forces which give strong repulsion in the odd state.'® - After
the nuclear forces were found to be weak in the odd state in low energies,
it has been confirmed that collapse of nuclei is prevented by the short-range
repulsive core. Now it should be emphasized that it is the tensor force that
assures the nuclear saturation over all nuclei, from the very light nuclei to
the infinite nuclear matter.

Now, our second subject of this chapter is to attempt to relate the
problem of  the alpha-clusterization to the characteristics of the realistic
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nuclear forces, with these achievements on the saturation problem at the
present stage as background. As shown in Chapter II, “externally weak
interaction” is mainly brought about by the Pauli exchange between nucleons
in two clusters. This weak interaction is represented effectively by a short-
range repulsive core. There also exists a weak attractive interaction outside
this repulsion and these two parts form a weak interaction between clusters.
Thus the Pauli exchange and a characteristic of the nuclear force, which is
short-range attractive in S-states and weak in P-states, are essential to realize
“internally strong but externally weak” nature characterizing the alpha-
cluster structure.

In addition to this we stress here an important role of the strong tensor
force in the triplet-even state which is another characteristic of the nuclear
forces. When a nucleus changes from a state with shell structure to a state
with cluster-structure, change of the effective two-body interaction itself
caused mainly by the tensor force is expected to appear.' It can be con-
siderd that some additional attractive part is induced® in the effective two-
body interaction by clusterization due to a change of the many-body effects.
And this induced interaction (clustering-induced interaction) will act to
enhance the clusterization itself. Such interdependence between the effective
interaction of constituent nucleons and the structure of the nucleus will be
a characteristic feature of the nuclear system which is self-sustained by the
nuclear forces with strong state-dependence. In §§ 4 and 5 we treat this
problem by applying the reaction matrix method on a cluster model.

Here we make a comment on the phenomenological effective interactions,
for example, Volkov forces'™ which are often used for the model calculations.
They have the repulsive potentials in the odd states which are unrealistically
strong in comparison with the properties of the realistic nuclear forces. In
calculations of the cluster model they are inevitably introduced in order to
assure the saturation property, though only for few members of nuclei, by use of
such simple interactions. According to the various calculations the strength
of the odd state repulsion influences directly the degree of the clusterization
of a nucleus. It should be, therefore, examined severely on the basis of the
realistic nuclear forces whether the strong odd state repulsion is justified by
some physical reason. In this respect the peculiar role of the tensor force
is considered to be a real fact for which the strong odd state repulsion can
be substituted apparently within some limited features.

§2. Application of reaction matrix theory to very light nuclei

As mentioned in §1 the clustering phenomena in nuclei are closely
related to the saturation property of nuclei. However, states with arbitrary
division into clusters do not appear near the ground state, but only some
particular clusters are realized. In the region of light nuclei there appear

220z ysnbny |z uo 3senb Aq | 8%/681/6€€ 25 SdLd/EY L L 0L /10p/a|oHe/sdid/wod dno-olwepede//:sdyy woly papeojumo(



344 Y. Akaishi, H. Bands and S. Nagata

an alpha-cluster and » alpha-clusters and this fact comes from the especially
stable property of the alpha-particle (‘He).

The “He is the lightest one of the saturating systems and its binding
energy per particle is not so large in comparison with the average one. On
the other hand, when the *He is compared with neighbouring nuclei, its
binding energy per particle is especially large.

- Thus our task in this part is to investigate the binding mechanism of
the ‘He in relation to the saturation property over all nuclei and also to
make clear the mechanism of the extra gain of its binding energy relative
to neighbouring nuclei. This will surve the understanding of the “internally
strong”’ property, which is one of characteristics of the clustering phenomena.

The saturation problem has not yet been solved completely, though it
is recognized that the most part of the binding energy comes from the
two-body scattering correlations, as shown in §1. It is very interesting to
notice that the two-body nuclear potential, which reproduces well not
only the two-body data but also the properties of the three-body bound
‘system,”'” does not necessarily bring about the binding energy of nuclear
matter fully.” In this context the investigation of the binding mechanism
of the *He is important.

We apply the reaction matrix theory to the lightest nuclei, the “He and

the *H, because we must treat properly the short range and singular core and
the strong tensor component in the realistic nuclear forces and the Pauli
exclusion in the scattering process, and the two-body scattering correlation
is expected to play an important role in light nuclei as well as in nuclear
matter. On the basis of the independent-pair model and our improved
treatment,” a model Hamiltonian is derived and some higher order correla-
tions are estimated. ' .

There are some points to be improved in application of the reaction
matrix theory to light nuclei. First of all, the shell model is not necessarily
good for light nuclei and the elimination of the center-of-mass (c. m.) motion
of a whole nucleus becomes important. Applicability of the reaction matrix
theory does not necessarily need the goodness of the independent-particle
model but depends essentially on dominance of the independent-pair scatter-
ing correlation and on good convergence of the linked-cluster expansion,
which are determined by a well-healing behavior of the two-body scattering
wave function. In our improved treatment we start with the internal model
Hamiltonian which does not contain the c.m. coordinate, and only the
relative coordinate between two nucleons is treated in the reaction-matrix
equation separated from the other motion. The energy denominator in the
two-nucleon scattering process is, however, not reduced to a two-body
operator but must be treated carefully as a difference between the total
energies of the ground and intermediate states. One of the difficulties is how
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to take the spectrum off the energy shell. We give up the concept of the
single-particle potential for particle states and use the hole-line expansion
method, "> where the so-called potential diagrams inserted in particle
lines and A™! terms are treated in each scattering diagram as a whole. It
is unnatural, however, that no single-particle potential is taken into account
for the particle states just above the Fermi surface. We investigate also an

effect of the potential insertion in such particle states by use of the reaction

matrix off the energy shell. Finally, in finite nuclei a difficulty arises in
use of the self-consistent model wave function. We use a simple harmonic
oscillator (h.o.) wave function, but it will be confirmed by a variational
method with a superposed h.o. function that it is a rather good one.

2.1 Formulation

We start with the internal Hamiltonian which does not contain the
c. m. motion of the whole nucleus.

H: T+ 27/’,',', . (2' 1)
i<j

where 7T stands for the internal kinetic energy only and contains three
independent internal coordinates. w;; is a two-body potential. In this part
we omit the Coulomb potential.

The eigenfunction of H is given approximately by %, which is connected
with the model wave function ® by the multiple scattering operator F:

Hy=E?v,
r=Fro, ‘ (2-2)

where F' is defined by two equations

F=1+> Q(;j Gi;Fi;,

i<j
Fo=1+ > 9GF,. (2-3)
rIRIxif) € )
The reaction matrix G is the solution of the equation
G,’j =U;j -+ ‘U,'j;Qe"iLGij , (2 ‘ 4)

where Q;; is the Pauli projection operator.
Following the hole-line-expansion method,"”>*' developed in the case
of nuclear matter, we rewrite the left-hand side of Eq. (2-2) as follows:

Hw=HFo = {T+§C,-,.(1 — Qi) Fe} FO—e0+ (wi+w,)0,
w1:§<1 4Qii)IiiF='ia
Wy == —"%Qijé;j(l —Qii)Eh (2' 5)
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where I;; is defined by
Iij:Gij_C_;ij(l—Qij)' ‘ (2-6)

The operator G;; is defined so as to comprise the diagonal part of G;; and the
non-diagonal part through which the total potential operator 3G (1-Q)
comprises the non-diagonal elements between the model ground state and
the states connected with it by the kinetic energy operator 7.

We define a model Hamiltonian Hy and an energy denominator e as
follows:

Hy= T+; G;,-(l—Q,-j), (2'7)
e:EM—HM, HM@=EM@. (2°8)

The projection of Eq. (2-5) on the model wave function is obtained as
{0, HY) =<0, Hy®) +<{0, (w;+w,) 0. (2:9)

Using Egs. (2:2), (2-3) and (2-8), we obtain the internal energy E as
follows:

E:EM+ <@, (‘w1 +'lU2) @> . (2 . 10)

If we can show that the last term is small, the energy E is given by Ey
in a good approximation. The expectation value of v, vanishes for @

because of @ operators. The terms in w; with a definite number of hole-

lines construct the whole scattering diagrams for a definite number of
particles. They will be estimated to be small in the following sections.

Generally the true wave function and its energy are given by Goldstone’s
linked cluster expansion,”™ as long as the expansion series in terms of the
scattering diagrams regrouped for each number of hole lines are converged,
and they are connected with the unperturbed wave functions, i.e., the model
wave function, and its energy adiabatically. One of our problems in §§2
and 3 is to show that this expansion with above defined Fy and @ con-
verges rapidly.

2.2 Independent pair approximation

In the following subsections we show an application of our formalism
to the case of the *He. We take a s-state function of a simple harmonic
oscillator, as an approximation, for the spatial part of the model state wave
function:

1
57U

=¢We(v)e(w), | (2-11)

o(u, v, w) :Nexp[—~—é~u§(n—— R, =Nexp| —é*u (u®+ 2—!—*%102)]
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where u,v and w form a set of the

1 v 2
internal coordinate shown in Fig. 1. It O«—p—0
is noted that the wave function and the
kinetic energy of the relative motion u

of 'a pair nucleons can be factorized

3
from the remainder. O\

The reaction matrix equation for W \04
the pair of particles 3 and 4 (we denote Fig. 1. Internal coordinate

that pair by «) is given as follows: system in ‘He.

Gap (w) = (va+ ‘va%’iGa)w(w) ,
Qu=1—[o(w)){p(w) |, (2-12)

where spin and iso-spin parts are abbreviated. The energy denominator e,
is a difference between the total energy of the initial state and that of an
intermediate state, in which the pair « is in an excited state ¢’(w) and the
total wave function is ¢(w)p(v)¢’(w). The expectation value of the kinetic
energy in that intermediate state is given simply by {T.>+<{T.>+<{T,>.
On the other hand, that of the interaction energy is not so simple. The
pair a« and the pair & which is the pair of the particles 1 and 2 in Fig. 1,
have the factorized wave functions ¢ (w) and ¢(v), respectively, but the
other pairs (called #’s) do not have factorized ones, even if the coordinate
system is recomposed. Taking into account the Pauli projection operator
Q:;, the expectation values of the energy denominator in an intermediate
state are obtained as follows:

(eay' = {CToy + Gy pzf@» (T, (2-13)

where the expectation values of Ga(1—Qs) in the intermediate state are
approximately taken to be zero, since they are off-energy shell and also
the wave function of the pair g imply partially excited components. With
respect to this matter we shall investigate in another approximation of a
particle state potential afterwards. ’

Here it is noted that, as seen from Eq. (2-13), the interaction energy
of the initial state contains effectively only five pairs, not six, and so is
not equal to 2V,, where V, is a single particle potential energy. This is
an effect of the A™ term in the energy denominator.

In compensation for the above-mentioned ambiguity in the energy
denominator, which may bring only a small error to the total energy, the
Pauli projection operator @y is related only to the relative motion of the
pair and, therefore, we are free from a troublesome estimation of one
particle jump excitation and from an ambiguous treatment of the c.m.
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motion of the pair in the intermediate state, which one encounters in the
shell model treatment. , \

After all, the reaction matrix equation to be solved is obtained in the
following form:

Go=vs+ ‘vmi‘f Ga,
e

[ed

=Ty B G~Co—T (2-14)

all pairs

The energy by the two-body scattering correlation is given by

Ex=<({TH+ X &>. (2-15)

u,v,w all pairs

2.3 Solution of reaction matrix equation

We solve the reaction matrix equation (2-14) self-consistently with respect
to the energy denominator and the reaction matrix. In order to treat Pauli
operator simply we divide the calculation into two steps where, first, we
solve the equation

oGa =Uot+ 'voc_elToGa ’ (2 : 16) .
and, afterwards, solve the equation

Ga - oGo(, + 0Gog<%‘ - %)Go{, (2 ¢ 17)
by the matrix method' with an approximation mentioned afterwards. The
energy denominator is approximated as follows:

2

""7\4—7‘2“7:0, (2‘18>

o =
‘where

2
B Ty S G OS)Y + G OSY, (2-19)
which is an average value for {(T.)+ i pins(G) —<(Gz>. This average may
not affect the final result of the total potential energy, since it is the sum
of the reaction matrices of all pairs. On the other hand it will be discussed
that the specific reaction matrix is greatly effected by an appreciable change
of the value of —#*/M #?, which is called the “starting energy’.

Since the operator Q,—1 implies only one level, i.e., the initial state,
after obtaining the matrix elements of °G, the matrix elements of G for the
35, and S, states can be easily obtained by solving the coupled equations
algebraically
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(Gad =Gy — <<G> (G, (2-20)

where

Cedy =T+ Vom Thy =2 (G CS) (G S}

Here we treated the equation Gu='G,+°Ge(Qx—1) (1/€,) (Qu—1)Gea, which
is different from Eq. (2-17), strictly speaking. The final errors may be
estimated by the relation to be satisfied by the overlap integral (¢-4r)=1.
Our calculated results show these errors less than 2 %.

Thus the matrix element of G is simply expressed by

<Gtx> = aC<OGa>, ‘ (2 . 21)

and the scattering wave functions under this approximation are also ex-
pressed with use of the same constant as follows:

bo=Cou. (2-22)

2.4 Results

We use five types of the nuclear potentials, H-J, OPEH,” OPEG, Reid-
SC* and OBEP-K. In the calculations of the binding energy of nuclear
matter these potentials can be divided into three groups which give results
different from each other, i, e., the binding energy by H-J is about 8 MeV/
particle without higher correlations, those by OPEH, OPEG and Reid-SC
are abut 10~11 MeV/particle and that by OBEP-K is about 15 MeV /particle.

It has been shown that the contributions of higher correlations and a
three-body force amount to about 5 MeV /particle and the binding energy of
nuclear matter becomes 16 MeV /particle* in the case of Reid SC. On the
other hand in the case of H-J the higher correlation (three-particle scatter-
ing correlation) reduces the binding energy owing to its large hard core in
contrast to the case of soft core potentials. Thus it is very interesting to

investigate in the lightest nuclei the effects of the repulsive core and of the

tensor force in the triplet-even state, using the potentials with different
strength of them which give the equivalent results in the two-body problem.

The total energies obtained self-consistently at each value of v for the
‘He and the *H are shown in Figs. 2(a) and 2(b), respectively. The
minimum energies of the *He (°H) are —19.5 MeV (—6.3 MeV) at »=0.40
fm™ (0.32 fm™) for H.J, and about —21.5~—23.5 MeV (—6.5~—7.0
MeV) at v=0.45~0.48 fm™ (0.32~0.36 fm™2) for other potentials. Even
in the case of H-J for the *‘He the interaction energy of the two-body
scattering correlation amounts to —56.8 MeV and is the most part of the
whole interaction energy. And the lack of interaction energy by about —10
MeV is about the same, or even smaller, rate as ‘that in nuclear matter.
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(a)

strength »; (a) *He

L -4 (1 HJ F-4.0

--15 {\/ OPEH -
e

- , 5/, ReidsC

v {im)

/ 7 OBEP-K
’ 2/ JOPEG
,OPEH
/' Reid SC

<2
, OBEP-K

/,'l//OPEG

(b)

Fig. 2. Total energies for various two-body nuclear potentials versus harmonic oscillator

: The solid line (1) shows the result by using the effective

potential obtained from the nuclear matter calculation, which is discussed in §3.2.

The solid line (2) shows the result of the OPEG by the method used in §4. (b) 3H.

The energy of the *H is further well reproduced by the two-body scattering
correlation almost irrespective of potentials used. It is known by the varia-
tional calculation®*® that H-J gives a binding energy of 6.5 MeV for the
*H, which is a good result if we take into account an energy gain of about
1.4 MeV by the three-body force,”® and OPEH Iﬁay give a slightly over-

ol 02 03 04 05 06
v(fm
--50
S
L Nl -
100 _{ReidSC
OPEG
<GS H OBEP-K
N~ H-7
- >(MeV) NReid SC
150<G>(Me \\*‘\\\\OFI’EH
OBEP-K
OPEG

Fig. 3. Reaction matrix elements {G(So)> and <{G(85:)) for wvarious two-body
potentials in the case of ‘He and for H-J in the case of 3H. The solid line (1)
shows the result with the potential explained in Fig. 2, in which the same

parameters are used

for the 3S:- and 1S-states.
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bound energy.?” If we take the results by OPEH as a criterion of giving an
overbound energy or less one in a variational calculation for the lightest
nuclei, we may say that OPEG and OBEP-K have a possibility of giving
overbound energies and OPEH and Reid SC are near the critical region.

In Fig. 3 the reaction matrix elements G(S;) and G(.S,) are shown
as functions of . We shall give some discussions about this graph in the
next section. In Fig. 4 we show the scattering wave functions of the
relative motion of two particles, obtained by Eq. (2-22). The healing takes
place roughly at about 2.0 fm in the relative coordinate.

Fig. 4. Wave functions of the relative 3S;-state of two particles in -*He at »=0.4
fm=2; the solid line shows the scattering wave function, the dashed line the
model one and the dot-dashed line the tensor coupling one.

In comparison with a usual variational method it is emphasized that in
the reaction matrix theory not only the short range correlation but also
the D-state mixing is successfully taken into account by solving the two-
particle scattering equations coupled by the tensor force in the nucleus. A
large part of the binding energy comes from the tensor coupling in the
scattering correlation and a large probability of D-state mixing is obtained
for a strong tensor force. For H-J the probability is about 14 % (8.5 %)
for the *He (*H), which is estimated by use of the correlated wave function
¥ in a first order approximation for F'in Eq. (2-3).

With the same approximate wave function the root mean square (r.m.s.)
radius of the *He is calculated and is obtained as 1.44 fm at the minimum
energy, 1.e., at y=0.4 fm™. When we take into account the finite size of
proton, 0.78 fm,** the resultant r.m.s. radius becomes 1.64 fm and is in
very good agreement with the experimental value 1.63 fm.?® If the model
wave function @ is used, the h.o. parameter » of 0.4 fm™ corresponds to
the r.m.s. radius of 1.85 fm. It is noted that ‘“shrinkage” in ¥ is large as
seen easily from figures of Y« and ¢« in Fig. 4 and, therefore, it is necessary
to use an “effective” r.m.s. radius in the model space.

In the case of *He the energy gain from about —20 MeV of H-J to
—29 MeV of the experimental total energy (without Coulomb energy)
should be left to higher correlations and many-body forces.
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As shown in Ref. 3), the largest contribution in the various higher
correlations to the energy is the hole-hole rearrangement energy of the third
order, which adds the energy of about —3.6 MeV and shifts the value of
y at the minimum energy to 0.44 fm™2 There also the tensor force plays
“an important role. , )

The other rearrangement correlations and the three- and the four-body
scattering diagrams are not so important as regards energy. In the former
case the large energy spacings of the off-energy shell propagation in the
intermediate state and the small off-energy shell reaction matrix elements
make their contributions smaller than that of the hole-hole rearrangement
correlation, which is determined with the on-energy shell quantities. In the
latter case the probability of finding the three- and four-particle clusters in
the interaction range simultaneously is smaller than that of nuclear matter.
This factor has a relative ratio of about 1/6 at y=0.44 to that of nuclear
matter at the normal density and the energy becomes less than 1 MeV in
absolute value. , _

In our treatment there are two important assumptions. One is about
the model wave function for which we use a simple h.o. one. Since it is
very difficult to obtain directly the eigenfunction of the model Hamiltonian
Hy, we estimate the validity of a simple h.o. function by a variational
calculation. Using the Slater determinant of four single-particle wave func-
tion where each of them is a superposition of h.o. functions as follows:

o) =31 C.Ru() /r+ Yeo(), (2-23)

where R,,(7)/r is the h.o. wave function. C,’s, mixing parameters of
superposition, are treated as variational parameters. The results which are
also shown in Ref. 3) show that the energy gain is less than 1 MeV within
n up to 2. From this result it is said that a simple h.o. function of the
internal coordinate is not wrong as the model wave function for the model
Hamiltonian. ,

The other assumption is about the potential energy of the particle state
in the intermediate scattering process. In above-mentioned treatment we
have taken the potential energy of the particle state to be zero from the
outset. This is founded on the fact that the three-particle scattering correla-
tion reduces the potential energy off the energy shell especially at higher
momenta in nuclear.matter. It may not be necessarily good approximation,
however, for the low-lying particle state just above the Fermi surface to
give up the potential. This should be investigated by introduction of a
self-consistent off-energy shell potential into the low-lying particle states.

A method is proposed,®® where some low-lying particle states are pro-
jected out at the first-step in the calculation of the reaction matrix and,
afterwards, the propagation in such states is taken into account “with the
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Table II. Total, potential and single-particle energies obtained by the method?® where
the off-energy shell potentials are inserted into some low-lying particle states.

v=0.4fm"2 »=0.5fm"2
Vors=0 Votr=c0 Vort=0 Vorr=c0
Total E ~16.6(MeV) —18.8MeV) —15.1(MeV) —16.7(MeV)
Pot. E —53.9 —56.1 —61.7 —63.4
V{(0s1,2) —27.0 —28.1 —30.9 —31.7
Vorr(0ps,2) 0.0 — 3.1 0.0 — 2.8
Voff(Ojn/z) 0.0 — 4.6 0.0 — 2.9
Voff(OdS/z) 0.0 — 0.9 0.0 — 0.9
Vort(1s1,2) 0.0 — 4.2 0.0 — 3.1
Vort(0ds,2) ' 0.0 - 1.2 0.0 - 0.7

off-energy shell potential. The results® are shown in Table II. The gain
in the total energy is about 2 MeV by insertion of the off-energy shell
potential into the low-lying particle states (in the case of p and sd shells).
It is emphasized that the potential energies of the low-lying states are very
small, while their insertion contributes appreciable energy to the total energy,
and the energy spacing in virtual excitations is made very large. This
fact assures that the higher correlations become less important.

§3. Binding mechanism of alpha-particle and triton

3.1 Reliability of the independent-pair model

The model Hamiltonian, Eq. (2-7), is constructed on the speculation
that the two-body scattering correlation is dominant within very light nuclei
as well as in nuclear matter. Adequacy of the employment of our medel
Hamiltonian can be checked in the frame of the modified Bethe-Goldstone
expansion, i.e., the hole-line expansion. Here we summarize the facts
supporting the usefulness of our model Hamiltonian for study of bindings
of light nuclei.

1) Our model Hamiltonian gives good results for energies of the °*H
and the ‘He. The values obtained with the H-J potential are —6.3 MeV
for the *H and —19.5 MeV for the *He. The dominance of the independent-
pair scattering correlation is clearly shown by the fact that the sum of
reaction-matrix elements, i. e., the two-body scattering term, brings the most
part of the interaction energies of these nuclei. In the case of the ‘He the
interaction energy —56.8 MeV comes from the two-body scattering term.
This energy is very large in absolute value compared with not only the
energy —3.6 MeV from the hole-hole correlation term which gives the
largest contribution among higher correlation terms investigated in this
chapter, but also the additional energy needed to reproduce the experimental
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one.

2) The two-body scattering wave function heals well to the model one
as shown in Fig. 4. This short range healing suggests that the higher
correlation energies are not so large and the independent-pair model is good.
Really, a small value of the wound integral, which is determined by the
degree of the healing, is the measure of smallness of higher order terms
which are omitted from our model Hamiltonian.

3) Some of higher order terms are investigated quantitatively. The
three- and the four-body scattering correlations give only very small contribu-
tions to the energy. It is noted that in the case of the *H and the “He
this fact results not only from the smallness of the wound integral but also
from smallness of the probability in which three or four nucleons encounter
inside the healing distance. The largest higher order contribution comes
from the hole-hole correlation which exist in the case of *He, but is small
in absolute value compared with the two-body scattering contribution. These
results support quantitatively the validity of our independent-pair model
and the convergence of the hole-line expansion.

4) It may be somewhat unphysical that potential energies are zero
for all intermediate states in the scattering process. This point is examined
in the shell-model treatment. Single-particle potentials are inserted self-
consistently into the particle states just above the Fermi surface. The
resultant potential energies are nearly equal to zero. It is ascertained that
in the case of virtual excitation in the *‘He there exists a large energy
spacing over 30 MeV between the lowest particle state and the hole state.
This fact may assure that our model wave function is a rather good one in
spite of its simplicity, because the large energy spacing suppresses the mix-

ing of other components into the model wave function. Also this fact has

a role to assure the stability of the alpha-particle. It is noted that the two-
body scattering correlation and therefore the reaction matrix is not so
affected by potential energies of the particle states just above the Fermi
surface, because the singular two-body interaction mixes mainly higher states
into the scattering wave function.

Our model is a modified one from the conventional one for heavy nuclei or
nuclear matter. In the case of light nuclei it is important not only to eliminate
the c. m. motion of a nucleus but also to treat carefully in the scattering
rrocess the c. m. motion of a pair of nucleons. The model wave function
is not a shell model one, but the internal one in which the c.m. wave

function of the whole nucleus is eliminated and a relative one of any pair.

of nucleons can be factorized from the remainder. The Pauli operator is
defined with this relatilve wave function. Also the energy denominator in
the reaction-matrix equation cannot be reduced to the two-body quantity
used conventionally in the shell model and must be treated as a many-body
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one. Careful evaluation of energy denominators is required in our model.
In fact an overcounting of pair-bonds in the shell-model results in a rather
small binding energy in the case of the *He and the *H. Recently a new
variational method is proposed,’” where the two-body scattering correlation
and the multiple scattering correlation are taken into account. The similar
results by this method to ours confirm the results by our method and calu-
culation in both cases of the *He and the °H.

From these facts, we can get an important conclusion with respect to
the reliability of the independent-pair model in the lightest nuclei, that the
model is a good starting basis on which the structure and the binding
mechanism are investigated with realistic nuclear forces.

It should be mentioned that the dominance of the two-body scattering
correlation is essential to the independent-pair model and may be realized
not only in the shell model but also in some models, for example, a cluster
one. In this case we can construct a model Hamiltonian with “effective”

two-body interactions as a good starting bases. If the three- or the four-body’

scattering correlation remains largely, the effective three- or four-body in-
teraction must be included into the model Hamiltonian. The independent-
pair model is also applied to the cases of °Be and *C in order to investigate
a mechanism of clusterization in relation to realistic nuclear forces. Results
and discussions are given in §§ 4 and 5 of this chapter.

3.2 Role of the tensor force in the triplet even state for nuclear
saturation and change of the effective interaction depending on
the “starting energy”’

Nuclear saturation has been understood historically with a well-behaved
potential with some exchange characters. In this case the nuclear satura-
tion is realized by the strong repulsive force in the odd state. It is, how-
ever, revealed in investigations of the two-body problem that the repulsive
force in the odd state is not so strong as to assure the nuclear saturation,
but instead, the nuclear forces have the singular repulsive core in the very
small region. Brueckner et al. have shown that the short range repulsive
core assures the saturation of nuclear matter and many authors have ac-
cumulated investigations for the nuclear saturation.””' QOur present results
for the *H and the *He reveal that the tensor force in the triplet-even
state plays an important role for the “overall saturation” and, therefore,
may play a peculiar role for the clusterization. We begin with a simple
consideration to explain the above statement.

We use tentatively the “effective’” interaction obtained from the reaction
matrix by the method of Ref. 27). This interaction in nuclear matter is
calculated with Tamagaki’s G3RS potential® and multiplied by a factor 1.15
so as to reproduce the binding energy of nuclear matter 16 MeV /particle.
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If we use this “effective” interaction in nuclear matter as that in the alpha-
particle, the energy of the *He is calculated as shown in Fig. 2(a) by a
solid line (1). In this case the binding energy of the *He does not exceed
7 MeV. In comparison with the result of about 20 MeV obtained by our
present model, it is obvious that the “effective” interaction in the ‘He is
more attractive than that in nuclear matter and the increase of the binding
energy caused by the increase of the attraction .amounts to about 15 MeV.
Matrix elements of the “effective” interaction are shown in Fig. 3. In the
‘He the reaction-matrix element <G(®S,)) is about 1.5 times as large as the
(G(Sy)Y, while in nuclear matter the <(G(*S1)) is nearly equal to the
(G(Sy)Y as seen from Table I. It is also seen from Fig. 3 that the change

of the effective interaction G(1S,) between the cases of the ‘He and nuclear

matter is rather small. From these two facts it is deduced that the con-
tribution of the tensor force in the triplet-evén state, which is renormalized
into the “effective” interaction in the ®Si-state, changes largely between the
cases of the *He and nuclear matter. '

Mechanism of the large change of the tensor renormalization is under-
stood as follows. The tensor force can be roughly treated by a perturba-
tion method, because it has usually no singular core. The tensor force has
no first order diagonal matrix element in the S-state and non-vanishing
element starts from the second order term wvr(Q/e¢)vr, which contributes
through intermediate states. The propagation through intermediate states is
affected by ‘the level structure of nuclei. In the H and the *He there
exists only one level at the Fermi surface, while in nuclear matter many
levels exist in the Fermi sea. Difference in the level structure appears as
a difference of the “starting energy” (&’/M) y* in the two-body scattering
process. The starting energies obtained self-consistently with the H-J poten-
tial are about 30 MeV at »=0.4 f{m™2 in the case of the ‘He and about 100
MeV in average at the normal density in the case of nuclear matter.”
This difference changes largely the renormalization of the tensor force in
the “effective” interaction in the 3Si-state in which the tensor renormaliza-
tion hold a large part. It is noted that the change of the tensor renormaliza-
tion takes place also between the cases of the *H and the ‘He as seen from
Fig. 3. ,
Now we summarize the above discussions. The tensor force in the
triplet-even state plays an important role for the “overall nuclear satura-
tion”. Although the two-body scattering correlation is the main part not
only in nuclear matter but also in light nuclei, the “effective” interaction in
the triplet-even state is very different between the two cases. The renormaliza-
tion of the tensor force depends sensitively on the starting energy. When

this peculiar property of the tensor force is taken into account, it is thought

that the “effective” interaction is considerably changed not only among
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nuclei but also, even in a nucleus, arhong states with different structures,
if starting energies are appreciably different among them. When a subunit-
nucleus, for example, the alpha-like one is separated from the remainder,
the attraction of the effective interaction in the ®Si-state may increase within
the subunit-nucleus. Thus it may be important to attend to the peculiar
role of the tensor force in order to investigate the mechanism of clusteriza-
tion on the basis of the realistic forces.

3.3 Understanding of the stability of the alpha-particle in relation
to realistic nuclear forces

Among light nuclei the » alpha-like nuclei are stable compared with
the neighbouring nuclei. The “He is the lightest one among the » alpha-
like nuclei. In the preceding chapters it is shown and discussed that the
states with the alpha-cluster structure are realized at relatively low energies.
This fact comes from the especially stable property of the *He. Therefore
it is important to investigate the binding mechanism of the *He in order to
understand a reason of the realization of the states with the alpha-cluster
structure at low energy.

Now we begin with a consideration about binding energies of the °H
and the *He. In our present calculation the binding energy of the *He is,
of course, much larger than that of the *H. The reason is easily understood.
The number of bonds in the relative S-state increases from three in the
triton to six in the alpha-particle. In the case of the saturating systems, when
the nucleus expands, the matrix elements are decreased and the binding
energy per particle is kept constant. On the contrary, in the case of the
‘He from the °H, the nucleus shrinks, the matrix elements are not decreased
and the increment of the number of the S-state bonds brings directly the
increase of binding energy against the increase of the kinetic energy. It should
be, however, mentioned that the 3S;-state effective interaction in the *‘He is
weakened compared with that in the *H because the level in the alpha-particle
becomes very deep and the renormalization of the tensor force is remarkably
changed as seen from values at the same v in Fig. 3. Thus the matrix
element of the °*S;-state in the *He (v=0.40 fm™) is nearly equal to that
in the triton (»=0.32 fm™2) for the H-J potential as seen also in Fig. 3.
If the reduction of the renormalization of the tensor force is not brought
about, the energy of the *He becomes overbound as large as Schmid’s
results®® calculated with the “effective central” potential which is the cen-
tral potential fitted to the two-body S-wave data. In the case of nuclear
matter the reduction of the tensor renormalization becomes more remarkable
and the “effective central” potential gives a largely overbound energy. Thus
it is said that in the case of the *He the increase of the number of the
S-state bonds brings the much larger binding energy than that of the °H,
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and, at the same time, prevents indirectly the *He from overbinding through
the reduction of the tensor renormalization.
‘ It is also noted that a large excitation energy due to smallness of the
potential energies of the low-lying particle states shown in §2 is one of
assurance of the stability of the *He. It is caused by the off-energy shell
property of the reaction matrix elements and the mixing of the relative
higher angular momentum states than S-state into them.

The other characteristic property of the *He is that the interaction
between a nucleon and the *He (NN-a interaction) becomes weak. The
short range part of the N-a interaction is dominated by the Pauli pri-
nciple as discussed in Chapter II: The Pauli exclusion in the N-a system
brings about the very short range repulsion in the S-state and “/-dependence”
of the N-a interaction.” But the effect of the Pauli principle in the N-a
system is relatively unimportant compared with that in the a-a system. The
weakness of the outer part of the N-a interaction is investigated in relation
to properties of realistic nuclear forces. The S-state bond, which consists
“of only the two-body effective interaction in the S-state, is saturated among
four nucleons, and the bond between the fifth nucleon and a nucleon in the
‘He consists of the combination {9(0O) + (*O) +3(CE) +3('E)} /16 of “effec-
tive” interactions in respective spin-parity states. The odd-state interaction
of realistic nuclear forces makes this bond weak: The OPEP odd-state re-
pulsion makes the net OPEP central contribution to this bond vanishing and
the medium range odd-state interaction is weak, especially in the *O-state.
It is to be noted that the ®S;-state effective interaction in this bond includes
the renormalization contribution from the tensor force and may be more
attractive than that in the *He, because the fifth nucleon is in a very
shallow level and the starting energy becomes very small. It is a further
problem that the mechanism of the “externally weak” is investigated quantita-
tively in °He.

§4. A method of treating the alpha-clusterization
on the basis of realistic nuclear forces

Based on the achievements summarized in §§ 1 and 3 we investigate
in this and the next sections the mechanism of the alpha-clusterization in
a nucleus, focusing its interrelation with the characteristics of realistic
nuclear forces. It is first necessary to develop a method suitable to this
aim. We need to combine by some way an alpha-cluster model with a
method of dealing with the singular nature and the strong tensor component
in the nuclear forces. We know two forms of the microscopic alpha-cluster
model, the resonating-group method (RGM)?®*® and the generator coordinate
method (GCM).*” For managing the nuclear forces we may choose the
Brueckner theory (reaction matrix method) or the variational method by use
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of such correlation function as the Jastrow type one.*®

In taking into account the physical elements summarized and discussed
in the preceding sections, the reaction matrix method is much better than
the correlation function method with wvariational parameters, because it is
very important to treat exactly the two-body correlations within the nucleus
with its dependence on the structure of the nucleus and also the independent-
pair model is useful enough even in such light nuclei as stressed in §3. The
reaction matrix method, however, has been constructed on the model space
defined always by a group of single particle orbits. This is the case also
in the theory of the effective Hamiltonian for the unclosed shell nucleus.’®
It seems, therefore, to be unable to apply the reaction matrix method
directly to the states with cluster structure. The cluster structure is charac-
terized, in contrast to the shell structure, by the concept of the relative
motion between the clusters, as well as by the density localization corre-
sponding to the intrinsic configuration of the clusters. If the clusterization
is the more distinct, it is the more impossible to represent it by use of the
single particle orbits in rather limited model space. More appropriate
model space will be the subspace connected through the change of the rela-
tive coordinate between the clusters or equivalently a “vertically truncated
shell model space”®® presented in Chapter VI. At present we have not a
theory of the effective Hamiltonian which is general and also workable in
practice for such a model space.

Here we adopt an approximate method which is physically reasonable
and also suitable to taking into account the above-mentioned characteristics
of the clusterization and the realistic nuclear forces. Let us notice that the
relative oscillation between the clusters is usually slow compared with the
internal motion within them and on the other hand the two-body correla-
tions are mainly referred to the high momentum transfer processes due to
the singular nature of the nuclear forces. It will be justified, therefore, that
we treat in the first step the two-body correlations in some intrinsic states
specified by the restricted positions of the clusters (alpha-cluster-intrinsic
states) and in the next step solve the relative motion taking off the restric-
tion of the positions. This is a kind of adiabatic approximation. The GCM
is just suitable for such a two-step treatment. The alpha-cluster-intrinsic
states appearing in the first step of GCM can be represented by the anti-

%) which are essentially

symmetrized product of the cluster wave functions
of independent particles though not so simple as the usual shell model ones.
So we can apply the reaction matrix method in this stage. On the other
hand it seems difficult to exploit the RGM directly on the basis of the
realistic nuclear forces. It should be noted that the preference for our
method is not only for the practical reason but also for the physical reason

why we can see explicitly the dependence of the effective interaction on the
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clusterization and also the independent particle feature®® even in .the cluster
structure, by passing through the first step.

4.1 Model wave functions for the alpha-cluster-intrinsic state

The most tractable model wave functions are the many-centred harmonic
oscillator’s® corresponding to the alpha-cluster-intrinsic state of the nucleus
under consideration. Such ones are used frequently in the preceding chapters
for the respective purposes. Here we present our method” for the most
simple case of *Be. Extension to the more complicated systems is straight-
forward, though the actual computation will be more enormous. There are

shown in Appendix Il the equations for "C which are necessary to the

discussions in §5. ,
For the alpha-cluster-intrinsic state of the ground band of *Be we take
two closed s-orbits around the centres separated by d;

glf(d>~ull[¢l4.¢24] , (4-1)

where

;i) =/ nb) ¥exp|[— (ri%y/%?] , | =1, 2. (4-2)

The separation d is a measure of the density localization, an important
characteristic of the alpha-clusterization, and is treated later as a generator
coordinate to treat the relative motion. Note that #(d) in Eq. (4:-1) is a
wave function in model space on which the reaction matrix method is
applied and so the large D-state mixture, for example, is treated not in the
model space but in the reaction matrix equations. Here is not taken into
account the polarization effect®” of the alpha-clusters, which is to be treated
properly in the model space as investigated in Chapter V, since our main
purpose in this chapter is to relate the

alpha-clusterization to the characteristic
features of the realistic nuclear forces. e a _____ >
In order to apply the reaction matrix z
method on #(d), we construct the ortho- e o ——
normal single particle wave functions from Fig. 5. Parameter-coordinate
¢:(r) in Eq. (4-2) as follows: system in *Be.
(@) = {20 2T o (1) £02(P)}, =1, 2. (4-3)

The wave functions %;(r) tend to the (000) and (001) states of the usual
h. o. shell model respectively when the separation d tends to zero.

Next let us transform the pair wave functions x;(r.)%;(r.) to the rela-
tive and the centre-of-mass coordinates. The expressions are written as

%(r)%(r) = 3CG, j3m Nu(r)0x(R, (4-4)

220z 1snbny |z uo 3senb Aq | 8%/681/6€€ 2S5 SdLd/EY L L 0L /10p/a|oHe/sdid/wod dno-olwepede//:sdiy woly papeojumo(



Nuclear Forces in Nuclei and Alpha-Clusterization 361

where r=r,—r, and R=(r,+r,)/2. Here ¢,(r) and 0y(R) are the ortho-
normal wave functions for the relative and centre-of-mass coordinates™
(shown explicitly in Appendix I) and C(,j;n, N) are the transformation
coefficients. By expanding ¢,(r) in partial waves

5.(r) =/ A ST 6O Vo), (4-5)

we are ready for calculation of the reaction matrices.

4.2 Self-consistency between the reaction matrices and the single
particle energies

The two-body correlations within the nucleus are fully taken into account
by solving the reaction matrix equations

s Q _
Gt e (T T 46

where @ is the Pauli exclusion operator and 7; is the kinetic energy oper-
ator. The use of the kinetic energy only and no single particle potential in
the off-energy shell propagation has been assured in the nuclear matter theory
in relation to the three-body correlations.”»*” The single particle energies
¢ are given by the G-matrix as follows:

&= | T+ Ulx,», NGV
where ‘
@ Uty =52 S 3Gk ] Gran | 8- (4-8)

Equations (4:6) ~ (4-8) are solved self-consistently determining G and e;
for each value of d. The total energy of the intrinsic state is given by

2
E(d) =4 +e) —2(Us+ Up) —5 (4-9)
4 M,
where the last term expresses the subtraction of the kinetic energy of the
c. m. motion of *Be.
We calculate the G-matrix in two steps, first neglecting the Pauli

operator € and then taking it into account. The equations are

0__ , 1 (o .
Gt v s (4-10)
and
G=G"+G° Q-1 G. (4-11)

g1 tes— (T'rf‘ 7;)

* Choice of ¢»(r) and Ox(R) is not unique. We use the symmetry properties as far as
possible and then Schmidt’s orthogonalization procedure.
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We solve Eq. (4-10) in the form of the differential equation. It is written
as :

721 (=) = — Ao, (4-12)
where |
2:%{<@NI TRI0N>_85—_€J'}' (413>

Here we have made an approximation of replacing the c.m. kinetic energy
operator by its expectation value. The quantity y* is regarded as the effec-
tive starting energy and is dependent on the starting single particle states
7 and j and also the c. m. quantum state N. This starting-energy-dependent
quantity as well as the Q-operator bring about the state dependence of the
G-matrix in Eq. (4:6).

The uncorrelated (model) functions are each £(r)xs"; defined in Eq.
(4-5), where %" are the spin functions of the interacting two nucleons.
If the correlated functions «» are expanded as

.‘)[psms — Z wSMSyms’xsms'

mS/

o J+S J+S
_ / L s ) ’
Zzg 1% . <2Z+1>( ) 2l+1 " % a7 um(r)% ](ZOSWL IJWZS)
(4-14)
then the equation for each partial wave is written as
2 el
{Ed;é_ - £—<—Z-ri2__})—_‘ 7‘2} {511’51’ (7") — ulﬁ (r) } Z V]//// (7") uu// (7')
(4-15)
where
Vi) =\ ez, Uz, (4-16)
spin

In these equations we can properly deal with the hard (or soft) core and
the strong tensor component of the nuclear force. Using the solutions of
Eq. (4-15) we obtain the matrix elements of G° by

& !G0g5y> |51> = (4”)2,8 Eur (7"> an(r) uls (7’) dr

:(4@&28 (ulS () — 6”,5,(1»)}{"72 Zﬂ;ﬁ_f}su@dr.
(4-17)

The G’-matrix in Eq. (4-17) depends on (ijN) through 2. The two-body
matrix elements <{i’j’|G¥sms|ij) are obtained by use of Egs. (4-4), (4-5)
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and (4-17).
The matrix elements of G are calculated algebraically by Eq. (4 11)
or more explicitly by

3 {oud+ G2\ Gsn D) 41 Gy iy = i Gloue 0>, (4-18)

e(lojo, 1])

where ,
e(iojO,ij) =&t Ej— <75i I T‘ X;) - <le TI xj>-
Thus the G-matrix is finally obtained.

4.3 Generator coordinate method

In the previous subsections we have presented a method of treating the
two-body correlations in the alpha-cluster-intrinsic state with an adiabatically
fixed d value. Next procedure is to improve the relative wave function
between clusters, as well as to make angular momentum projection, by GCM
for d. To perform it it is necessary to evaluate matrix elements of the
Hamiltonian between the intrinsic states with different d values. We have
shown in §4.2 that in the independent-pair approximation the energy ex-
pectation value of the intrinsic state is given by

E(d) = (d) |Ha:(d) |7 (d)),
Heff(d) ZZTA—;G,,(d) <419)

Now we make an approximation following the consideration mentioned
in the first of this section, for the non-diagonal matrix elements as

@ (d) | Hoe| 7 () = (<0 (d) | Hos (@) |7 (d)
+ @ (@) | Ha(d) |7(d))}. (4-20)

In the computation of Eq. (4-20) we use the G-matrix in the coordinate-
representation®”

_<ij |Grsms () 1477 o) . .
TS(I/Z)]ms (7" d) <z] ‘GTSmS (d) ’ > GTS(UI)]mg(?',d) <4 21)

and
Gt s (3 d) =33V (P utinn (r) /6:(r). (4-22)
The basic equation of GCM is given by
\tr.(a, @)~ aNu(d, an) futandar=o, (4-23)
where
H.(d,d")

NL<CZ: ) = SPL(COSHdd/> w(d) | {Lﬁ | (d")>dcosbaar. (4-24)
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§5. Alpha-clusterization and clustering-induced interaction

The nuclear force we adopt here is OPEG potential.?»* In the treat-
ment presented in §4 the binding energy of an alpha-particle is obtained

from E(d) in Eq. (4-9) by

B = {E@—e) =3 Bl GIEY
2 4 MPb

where the kinetic energy of the relative oscillation between two alpha-
clusters is subtracted. This corresponds to the result in §2 obtained by use
of the shell model-like treatment for the energy denominator in the reaction
matrix equations. The energy curve E,(b) is shown in Fig. 2(a) by the
solid line (2). The obtained binding energy is deficient by about 10 % of
the potential energy.

Contributions to the total energies of the intrinsic states are displayed
in Table III for the particular values of the size parameter. In the case of
’Be we have taken the relative S, P and D waves. The P-state contribu-
tions are found small and almost cancel the D-state attractions. This is

Table III. Contributions to the total energies in the alpha-cluster-intrinsic states of

8Be and 2C.
—_ 4
, — 4 10 2.0 3.0 4.0 5.0 6.0

‘E| —686 | —655 | —608 | —56.4 | —542 | — 536

E | —97.8 | —939 | — 881 | —82.4 | —79.8 | —79.2.

‘Be ol + 38 | + 29 + 1.8 | + 090 | + 0.37 | + 0.14
0 | — 077 | — 065 | — 040 | — 0.09 | + 0.07 | + 0.01

b=1.45 | 7 | _163.0 ~157.1 —147.5 | —138.1 —133.6 —132.6
T 138.5 127.1 114.8 107.0 104.2 103.6

E | —245 | —30.0 | —327 | —31.1 | —20.4 | — 2.0

1§ | —1145 | —106.6 | —95.3 | —84.6 | —786 | — 76.8

12C S | —158.4 | —149.4 | —136.1 | —123.3 | —116.1 —114.0
) U | —272.9 | —256.0 | —231.3 | —207.9 | —194.7 | —190.8
b=15 | T 219.1 201.4 179.3 162.1 154.3 152.3
E | —538 | —546 | —52.0 | —457 | —40.4 | — 38.4

s | —107.9 | —1012 | —9.8 | —8&0 | —7m7 | - 7.5

120 sS | —150.8 | —142.9 | —130.3 | —119.8 | —114.8 | —113.5
(L) U | —258.7 | —244.1 —221.1 —201.8 | —192.5 | —190.1
b=15 | T 244.9 211.1 177.9 160.0 153.6 152.2
E | —138 | —3.0 | —432 | —4.8 | —389 | — 37.8

b and d are given in fm. : ‘ (MeV)

*) The treatment in §4 is also applicable to the hard core potentials and main conclusions
derived here are not altered for them.
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the same situation as in the nuclear matter. In the case of "*C only the rela-
tive S-states (with the renormalization from the tensor force) are taken
into calculation. Deficiency of the total energies roughly accords with about
10 % deficiency of the potential energy in the alpha-particle. The single
particle energies and the total energy surfaces are shown in Figs. 6 and 7,
respectively.

MeV/ ®Be, b=145fm MeV '2C(T), b=1.5fm » 2C(L), b=15fm
201 \ 20r L 20¢ g
\_/ TZ B
ol Tl 10k \_,/ To)! \\__/’
T, T,
0 S o) SR N —
2 3 45 dim°| | 2 3 4 5qam O 1 2 3 4 5aim)
-0} -0} -10}

& .
\ _——,{‘2_(—5_3)—_-\

[

U
Us

T, Ui

Fig. 6. Single particle energies in the alpha-cluster-intrinsic states. 7%: kinetic energies,
U;: potential energies and &= T+ U

In ®Be the energy surface has its minimum at d==3.5 fm, which means
that the alpha-cluster structure with remarkable density localization is
energetically more stable than the shell structure specified by smaller d
value. This result, which is obtained repeatedly in the preceding chapters
by use of the phenomenological effective interactions, is confirmed here from
a realistic nuclear force, though it gives a little deficient internal energy
for an alpha-particle in the present calculation. The results after angular
momentum projection and solving the GCM equations are shown in Fig. 8.
Here we take only the relative S-states contributions of G-matrices for
simplicity and take d=1.0, 2.0, 3.0, 4.0, 5.0 as the mesh points for the
generator coordinate d. The energy differences among L =0, 2, 4 states
(Ex(2%) =3.3 MeV, E.(4%) =10.7 MeV) are roughly consistent with observa-
tion (2.9 MeV, 11.4 MeV) but the absolute values are not sufficient corre-
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4 Mev
o Eld) A
' A ' i i T, 0 e 2 i e ' >
| 2 3 4 5 difm) | 2 3 4 diim
| | 88e (5=131)
-0 -IOf . ¢ .
-20r 201
88e (b=1.31) q*
8Be(b=145) By
-30" '30" 2"'
L(b=14) N
2
L(b=15) Mev o* o
-40+
=50 T(b=14)
T(b=15)
Fig. 7. Total energy surfaces for the alpha- Fig. 8. Total energy surfaces of ¢Be after
cluster-intrinsic states. angular momentum projection and the

energy levels finally obtained by GCM.

sponding to the deficiency of the internal energy of the alpha-particle.

As for the single particle energies the (p,2p) reaction experiments on
Be indicate e;~ —26 MeV and e;~ —18 MeV,*® which means a small splitt-
ing between the s and p orbits in the single-particle field of the two alpha-
clusters. Our results around d=3.5 fm in Fig. 8 where the total energy is
minimum are consistent with this observation, although the experimental
data include some rearrangement effects and the field in °Be will not be
quite the same as that in *Be. Anyway such small splitting is an evidence
for the alpha-cluster structure.

The triangular (T)-configuration of *C has a rather shallow minimum
around d==2 fm indicating not so distinct clusterization in this case, while
in the linear-chain (L)-configuration® the minimum is sharp around =3
fm and the clusterization is more remarkable. It is noticed that such
tendency to alpha-clusterization is obtained by using no odd-state repulsive

% The L-configuration was proposed by Morinaga®’ as a possible interpretation of the excited
0* state at 7.66 MeV. According to the recent investigations,*® however, this state cannot be
- understood as a simple linear chain structure. (See Chapter III.) We take here the L-configura-
tion as a distinct contrast to the T-configuration, since the former is expected to have more
distinct alpha-clusterization than the latter.

220z ysnbny |z uo 3senb Aq | 8%/681/6€€ 25 SdLd/EY L L 0L /10p/a|oHe/sdid/wod dno-olwepede//:sdyy woly papeojumo(



Nuclear Forces in Nuclei and Alpha-Clusterization 367

force, in contrast to the phenomenological effective interactions with the
strong odd-state repulsions.

Let us study the relation of these results with the characteristics of the
nuclear forces. As seen in Table III the repulsive contribution of the odd-
state interactions has rather minor effect for the enhancement of the alpha-
clusterization, although it is essential, of course, that the odd-state interac-
tions are never strongly attractive. In order to see the roles of the repulsive
core and the tensor force we investigate the d-dependence of the G-matrices.
We express them in the coordinate-representation, in terms of the difference

MeV ' o MeV
SO} rzG(r;a)
3,
[ r(fm)
0 ' ! 2
_SO_
-100F -
MeV MeV
IoF r24G(r;d) ]O—rZAG(r;d)
'So, ({jN)=(111) °Si, 710
0, (L) (le)=(”” d=20
5t 5t
910 4.20 d-3.0
r{fm) . r(flm)
© | MZ ° ~ 1 2
d=30
MeV MeV :
10 Y Yeltete IOF 246(r;0)
'So, ({jN)=(224) S, (ifN)=(224)
5t sk
d=20d=30
0 ' ; Zs ' I
N d:10  r fim)
d=10 d=20 »

Fig. 9. Reaction matrices in the coordinate-reprsentation. The uppermost two represent
the effective interations within a free alpha-particle, 7*G(r;a), for 1S,- and 3S;-
states. The others are 724G 4™ (r;d) =r2{G¥"N (r;d) —Grs(r;a)} for the typical
cases of (47/N) in the T-configuration of 2C. All of them are calculated for
b=1.4 fm.
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of G(r;d) from a standard for which we adopt G(r;d=o0)=G(r;a),
the effective interaction within an alpha-particle. In Fig. 9 are shown
G™ (r: d) =G (r;d) —Grs(r;a) multiplied by 7* for some typical cases
in the T-configuration of “*C, together with > G(r;a). The cases (ijn)=
(111) and (224) are most sensitive and inseénsitive to d, respectively.
Repulsive (attractive) nature of 4G(r;d) means that the effective inter-
action is less (more) attractive than that within the alpha-particle. By their
‘changes with respect to d we can see how the effective interactions between
nucleons vary depending on the growth of the alpha-clusterization. In the
1S,-state the changes of G(r;d) are small on the whole indicating the minor
role of the repulsive core in the clustering-dependence of - the effective
interaction. On the other hand, in the 3S;-state the changes of G(r;d)
are much more remarkable especially in the outer attractive part, which
becomes more attractive with  and tends to go back to G(r;a) within a
free alpha-particle. This originates just from the strong tensor component
of the nuclear force, as explained in §3 on its mechanism. Such d-dependence
of the effective interaction is responsible for the behavior of the energy
surfaces for the T-configuration.

Corresponding to the growth of the alpha clusterization from the T- to

L-configuration the effective interaction is expected to become more attrac-
tive. We find this in Fig. 10 where 724G (r;d=2.0) for the T-configuration
are compared with 724G (;d=3.0) for the L-configuration, each correspond-
ing to the respective energy minimum. Shadowed regions are the potential
volumes which are induced due to the growth of the alpha-clusterization.
Here again main part is in the outer attractive region of the °Si-state
interaction. Physical origin of this is, as explained in §1, that the effect of

MeV ' MeV
1O 10

------ i r2AGlr;d=2.0)for T-config.
—; r®G{r;d=30)for L_-config.

Fig. 10. 724G(r;d=2.0) for the T-configuration (dashed lines) and 724G (r;d=3.0)
for the L-configuration (solid lines) of 2C. b=1.4 fm. The suffices (Z/N) are
attached to each curve. The arrows indicate the inducement of the attractive
interaction according to the growth of the alpha-clusterization from the T- to L-
configuration.
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the strong tensor force tends to revive due to the reduction of the many-
body effects (the Pauli principle and the starting energy effect) according
to the growth of the alpha-clusterization. This complicated mechanism can
be regarded in the model space as some attractive interaction is induced by
the alpha-clusterization and that induced interaction enhances the alpha-
clusterization itself.

Form of matrix elements is more suitable for the quantitative estimate
of the change of the G-matrices. We compare in Fig. 11 the matrix elements
t: (d) %; () |Grs (d) |24 (d) %; (@) with <x: (d) %; () |Grs () |2: (d) %; (d))
evaluated by use of the d-independent standard Grs(a). We find again that
the 3S;-state G-matrices change markedly with d, while the *S,-state ones
only slightly, as expected from the study of the G-matrices in the coordinate-
representation. Thus we can conclude that the tensor force in the triplet-
even state is mainly responsible for the clustering-dependence of the effec-
tive interaction.

T - configuration L -configuration

2 3 4 sdlim)
Fig. 11. Ratios :(d)X:(d)|Grs(d) | X:(d)X:(d))/<{x:(d)X:(d) | Grs(a) |
Xi(d)Xx:(d)). b=1.4 fm.

In order to see how the energy surfaces in Fig. 7 are realized due to

such a clustering-dependence of the effective interection, let us compare
them with those calculated by use of Grs(a) in place of Grs(d). They are
shown in Fig. 12. For the T-configuration the energy minimum is found
at d=0 with no alpha-clusterization, if the clustering-dependence of the
G-matrices are ignored. This situation occurs usually when we use simple
phenomenological effective interactions without strong odd-state repulsions.
Thus we understand the importance of the clustering-dependence of - the
effective interaction in causing the tendency to the alpha-clusterization. The
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AE(d) 1

-30

Fig. 12. Comparison of the energy surfaces obtained with (solid lines) and without
(dashed lines) d-dependence of the G-matrices. Dashed lines are calculated by use
of G(&) in place of G(d) for any d-values. 4E(d)=E(d)— E(d=90). b=1.4 fm.

strong odd state repulsion is understood to be a substitute for the real me-
chanism, the clustering-dependence of the effective interaction or the clustering-
induced interaction originating mainly from the tensor force in the triplet-
even state. Its importance appears more clearly in the alpha-clusterization
in *Ne.*” In the case of the L-configuration there remains stable clusteriza-
tion even if the d-dependence of the G matrices is ignored. This is mainly
due to the strong effect of the exchange repulsion related to the kinetic
energies.””> The clustering-induced interaction plays a decisive role in
determining the structure of the states with some transient situation, such
as the ground bands of C and *Ne. The alpha-cluster aspects in such
states are realized as the result of the interdependence of the effective
interaction and the structure of the nucleus.

We can estimate the net effect of the induced interactions (Fig. 12) on
lowering the energy difference between the T- and the L-configurations:
Energy reduction from the standard curves (dashed curves in Fig. 12 obtained
from the same G-matrix G(a)) is about 11 MeV at the energy minimum
(d=2.0 fm) of the T-configuration, while only 5 MeV in the L-configura-
tion (d=3.0 fm). This indicates that the L-state is lowered about 6 MeV
due to the additional attractive interaction .induced in the transition from
the T-state. It should be noted that all the quantities under discussions are
subject to the uncertainty related to about 10 % deficiency of the potential
energy. Such effect of the clustering-induced interaction will be more
noticeable in the transition from a purely shell model-like state to a purely
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molecule-like state, such as the case of 'O nucleus. Without taking into
account this effect we are led to too high excitation energy for the molecule-
like state. Here we find the overall-saturation mechanism revealing itself as
the excitation mechanism of a nucleus.

§6. Conclusions and future problems

1) It is confirmed that the independent pair scattering mode plays the
most important role for the nuclear saturation over all nuclei including the
lightest ones. Especially the binding energy of alpha-particle is given by
the two-body scattering correlations up to about 20 MeV and the other
correlations add several MeV. In the alpha-particle and the triton the
contributions from the tensor force are much larger than in nuclear matter.

2) The saturation property over all nuclei is founded on both of the
repulsive core and the tensor component of the nuclear forces. The former
prevents the nucleus from collapse and the latter modulates the values of
the binding energy per particle to be nearly constant from the very light
nuclei to the nuclear matter.

3) The variation of the contribution of the tensor force depends sensi-
tively on the starting energy of the scattering particles and the Pauli ex-
clusion principle, since the tensor force mainly contributes only in two steps
through the intermediate states. This property is quite general in nuclei
and possibly appears not only in the saturation problem but also in variety
of the nuclear phenomena.

4) Alpha-particle has a particular binding energy in comparison with

the neighbouring nuclei. A gain of the energy from triton to alpha-particle
is obtained by the increment in the number of pair bonds, i.e., triton is not
a saturation system. The interaction between alpha-particle and a nucleon
becomes weak because the nuclear force is strongly attractive only in the
S-state and alpha-particle forms the double closed shell of the s-state. Due
to this exceptional binding of alpha-particle the alpha-clustering feature first
reveals itself near and above the ground state.

5) The alpha-clusterizations in *Be and **C are realized with the realistic
nuclear forces, which have only weak odd-state forces being different from
the phenomenological effective interactions often used in the cluster model
calculations.

6) Clusterization is strongly influenced by the tensor force. As the
clustering aspect grows up in the nucleus, the attractive contribution by the
tensor force becomes increased, as if a “clustering-induced” attraction is
generated due to the clusterization. This effect turns to enhance the clus-
terization itself. Thus. the clusterization and the induced-interaction are
interdependent to each other. The clusterization of the state is finally
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determined, of course, by many structural effects as well as the clustering-
. induced interaction.

7) The -clustering-induced attraction is represented effectively in a
coordinate representation of the reaction matrix, where the strength of the
attractive part in the triplet-even state varies depending on a separation
parameter between clusters. ,

8) In the case of **C the contribution of the tensor force differs in the
different states, ‘“tri-angular” and “linear” configurations, that is, the effec-
tive interaction is more attractive in the latter than the former state, corre-
sponding to the growth of the alpha-clusterization. Therefore, this has an
effect to lower the excitation energy between both configuration.

9) It can be said safely that the above-mentioned mechanism about
the clustering-induced interaction will persist, even if some mechanism to
complement the deficient part of the total binding energy is revealed in
future. This will be also ture for the use of more improved wave functions,
as far as it represents the distinct structure-change, for example, from the
“shell “phase” to the cluster “phase”. The reason is that the contribution of
the tensor force is, in any way, very sensitive to the situation of the scatter-
ing two nucleons bound within the nucleus and the situation is prescribed
by the relevant structure of the nucleus.

10) We have adopted a kind of adiabatic approximation between the
pair scattering correlation and the cluster correlation and have clarified the
interdependence of them. It is important, however, to treat the interrelation

of these correlations more dynamically. This is necessary for putting our’

conclusions on more reliable foundation, investigating unknown dynamical
correlations and providing the method to develop the theory on the basis of
realistic nuclear forces.
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‘Appendix I
Case of *Be

The orthonormal relative wave functions are given by

(1) = (1/20b) " Pexp(—1*/4b%),
g2 (r) = {2(1— 4"} 2 {gD () — ()},

8509 = {cosh (3/4) =17 [4u ()~ 475 5 () + 6},
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where

62 (r) = (V21 b) %exp[ — (r +d)?/45%].
The orthonormal centre-of-mass wave functions are given by

0.(R) = (vV'r/2 b)**exp(— R*/b*),

0.(R)={2(1 -} {0 (R) — 07 (R)},

05(R) = {cosh(3) — 1} [,(R) ——;—A“’Z{@”’(RD +0O(R)} ],
where .

0D (R) = (v/n/2 b)*exp [ — (R+£d/2)*/b].

In the above 6=d?/b* and d=¢® The functions ¢,(r) and @y(R) tend to
the usual harmonic oscillator wave functions with (z—1) and (N—1)
oscillator quanta, respectively, in the limit d—0.

Appendix II

Case of *C

i) Triangular (T-) configuration of 3 alpha-clusters.
The orthonormal single particle wave functions with proper symmetries
are given by
1) = {3(1+24")} 7 (o1 + 2+ 0s),
x(r) = {"3}“(1 - All4>} _1I2(<01 - Lfli’z “*];‘(03>
2 2 2 ’
1) = {204} 7 (pa—es),

where

(X)) =(y/ TB) T, =1, 2,3,

From the pair wave functions x;(r.)%;(r,) we obtain six and seven orthonor-
mal basic functions for the centre-of-mass (0x(R)) and the relative coordinates
(¢.(r)), respectively.® ‘

SO

fe— o e —>!

Fig. 13. Parameter-coordinate system in the Fig. 14. Parameter-coordinate system in the
T-configuration of 12C, L-configuration of 2C.
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ii) Linear chain (L-) configuration of 3 alpha-clusters.
The orthonormal single particle wave functions are taken as follows:

%, (r) = {1+ sin(26,)cosh™2(5/2)} ~/*
X [coss gi+sind {21+ 4)} ¥ (pa+es) ],
%) =200} " (p:—¢s),
%o (r) = {1 —sin(26:) cosh™2(5/2)} /2
X [—sinfs gu+costs {2 (1+ )} 2 (po 1)1,

with the condition
sin (0, — 05) + cos (6, -+ 6;) cosh™2(5/2) =0,

assuring the orthogonality of %, and xs. The parameter 6,(6;) is determined
not by the symmetry properties but by the H-F condition <{x,| T+ U]xsy =0.
We obtain five basic functions for both ¢,(r) and 0y(R).®
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