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The character formula of c<1 unitary representation of N=2 superconformal algebra is 
obtained. As a corollary of our formula, we can easily express Waterson's bosonic construction of 
the algebra in character form. 

In the study of two dimensional conformal field theory, the importance of the 
character of the representation of the Virasoro algebra and current algebra has 
recently been recognized. In particular, the recent breakthrough in the determina­
tion of field content of the conformal field theory was made possible via the character 
formula of the Virasoro algebra. l

) (Cardy2» Prior to this development, it was not 
possible to determine which combination of primary fields appear in concrete models, 
for example, the critical 3-state Potts model, although it was known3

) that the minimal 
degenerate conformal field theories consist of only a finite number of primary fields. 
The critical observation of Cardy is that if we consider the theory on a torus, instead 
of complex plane, we may introduce a new guiding principle, i.e., "modular invariance 
of the partition function" which is familiar in closed string theory,4) and we can 
determine the field content of the theory. What is fortunate is that the character of 
the Virasoro algebra transforms in a well-defined manner under modular transforma­
tion. 

It is natural to extend this program to other infinite dimensional Lie algebra. 
Extension to the system with the Kac-Moody symmetry,5) N=l superconformal 
algebra6

),7) was made. 
In this paper we calculate the character formula of N=2 superconformal algebra. 

In the representation theory of N = 2 superconformal algebra, it is known8) that 
besides the case c < 1 where c is central charge of the N = 2 superconformal algebra, 
there are also degenerate representations for c > 1, and it might be related to the 
compactification of heterotic string theory. From the viewpoint of modular prop­
erties, however, we may have to combine infinite primary fields to obtain modular 
invariant partition function2

) when c > 1 because we have infinitely many primary 
fields. So in this paper, we limit our consideration to the c < 1 minimal unitary 
theory.8),9) 

N =2 superconformal algebra is defined by (anti-) commutation relations of four 
generators,lO) i.e., the· stress-energy tensor T(z)='2mLn/zn+2, two supersymmetry 
generators G i(z)='2mGni/zn+3/2 and U(l) Kac-Moody generator J(z) = "2, In/Zn+l. 
Their operator production expansions are 

T(z)T(w)~3 c/2(Z-W)4+2T(w)/(z- W)2+ T(w)/(z-w), 
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T(Z)Gi(W)~3Gi/2(z-w)2+ Gi'(W)/(Z-W) , 

T(Z)J(w)~1(w)/(z-w)2+ r(W)/(Z- W), 

Gi(Z)Gj(W)~ cSij/(Z- W)3+ SijT(w)/(z- W) 

- i€u[j(w)/(Z- w)2+ r(W)/(Z- W)] , 

J(Z)Gi(W)~ - i€uGj(w)/(Z-W) , 

J(Z)J(W)~ C/(Z-w)2. 

Vol. 77, No.4 

(1) 

Representation space is split into three sectors according to the boundary condi­
tion of supersymmetry generators,S) 

A sector: Gi(ze 21Ci )= - Gi(z) , 

P sector: Gi(ze 21Ci) = Gi(z) , 

T sector: G1(ze 21Ci )= - G1(z) , 

G2(ze 21Ci ) = G2(z) . 

(i=1,2) 

(i=1,2) 

Furthermore P sector splits into two subsectors, P± sectorsS) by the specification of 
the vacuum. For A sector and P± sector we have two bosonic global charges, i.e., 
conformal dimension Lo and global U(l) charge fo. Using these charges, we can 
define the character xA,P\x, y) as follows: 

(2) 

where trace is taken over all states of an irreducible representation. For the T 
sector we have only one glocal charge Lo. So the character is defined as follows: 

(3) 

When the central charge (C) is smaller than unity, c must take the following 
discrete values in order to define a unitary theory:S) 

c=1-2/m. (m=2 3 4 ... ) , , , (4) 

For each integer m, the conformal dimension h of the highest weight vectors and their 
global U(l) charge q must take the following values:S) 

A sector: Mk=(jk-1/4)/m, qik=(j-k)/m, 

j, kEZ+ 1/2, O<j, k,j+ksm-1, (5a) 

P± sector: h';:= jk/m+ C/8, qJ,.±= ±(j - k)/m, 

j,kEZ, Osj-1, k,j+ksm-1, (5b) 

T sector: h/=(m-2r)2/16m+ C/8, 

rEZ, lsrsm/2. (5c) 

When we calculate the characters, we should carefully treat the null states of the 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/77/4/793/1831522 by U

.S. D
epartm

ent of Justice user on 16 August 2022



April 1987 Progress Letters 795 

Verma module. In order to consistently subtract their contributions it is convenient 
to write down the embedding relations of Verma modules of singular vectors. I) This 
embedding relations are easily calculated using the Kac formula. For detail see Ref. 
1). For the N =2 superconformal algebra, the Kac formula was obtained in Ref. 8) 
and proved in Ref. 9). Using this we can obtain the character formula of N=2 
superconformal algebra. Here we only describe the result. 

For the A and P± sectors, the embedding pattern is more complicated than that 
of conformal algebra. l

) The effective part which is relevant to the character formula 
is shown in Fig. 1. We can obtain the character formula easily from this diagram. 
The result is 

where 

_ 00 (1 + x n- 1/2y )(1 + x n- 1I2y-l) 
rpA(X, y)-II (1-x n )2 , 

rpp(X, y)=(y I/2+ y-1I2) J1 (1 +x~i~~~)fny-I) , 

r!m)(x y)=" xmn2+U+k)n 1- x y. 
00 (nm+j -1 

Jk ',&;'o 1 + xnm+Jy I 

_ ~ xmn2-U+k)n 1 _ x y 00 (nm- j 

n=1 1 +xnm Jy 

(6a) 

(6b) 

(7a) 

(7b) 

(8) 

Fig. 1. Embedding diagram of Verma modules: A 
and P± sectors. 

Fig. 2. Embedding diagram of Verma modules: T 
sector. 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/77/4/793/1831522 by U

.S. D
epartm

ent of Justice user on 16 August 2022



796 Progress Letters Vol. 77, No.4 

_ 00 (1- xmn+J+k-m)(I_ x nm-J- k)(I_ xmny 
-II (1 +xnm Jy )(1 +xnm m+Jy 1)(1 +Xnm ky 1)(1 +Xnm+k-my) . (9) 

The denominator factors in (8) come from fermionic nature of singular vectors. 
The transformation from infinite sum form (8) to infinite product form (9) can be 
proved by comparing their singularities and their residues. 

For the T sector, the embedding pattern is the same as that of conformal 
algebra. I) (Fig. 2) From this we can get the following character formula: 

(10) 

where 

(11) 

Tr(m)(x)= i: (_IYx(mn 2+n(m-2r»/4, (12) 
n=-oo 

00 

= II (1 - x mn'2)(1- x(mn-r)/2)(1_ x(mn-m+r)/2) . (13) 
n=1 

The main feature of the form of N =2 superconformal algebra is that they can be 
written in one infinite product forms (9) and (13) independent of m which is not the case 
for conformal or N = 1 superconformal algebra. This fact should be related to the fact 
that the unitary representation of N = 2 superconformal algebra can be written by 
(nonlocaI) parafermion currentIO) and one free boson.ll) 

As the consistency check of the character formula, it will be interesting to 
calculate the characters explicitly for small m. 

Let us begin the calculation for m=2. In this case the central charge c is zero. 
Accordingly there are no physical states other than vacuum. In fact we can show 
easily the following identity using the product forms (9) and (13) which meets our 
expectations: 

(14) 

Next let us consider the case m=3. In this case the central charge is c=I/3 (c 
= 1). We can show the following desirable results: 

i: x3/2(n+aJkA.p±)2 y(n+aJkA.p±) 

X5~)A,P±( x) = ~n_=---,-oo,,----_oo=-_____ _ (I5a) 
II (I-xn) 
n=1 

\ 

A _ A _1 
atl2 1/2=0 , a3/2 112- - al/2 3/2-3 ' 

p± p± - 1 p±_ 1 
aIO =-a20 =+6' all -2' 

(16) 

(I5b) 

The partition function (I5a) has precisely the expected form, because as Waterson has 
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shown12) the c=1/3 N=2 superconformal algebra can be written by only one boson 
compactified on a circle such that its momentums are multiples of /3 with appropriate 
momentum shift. For the twist sector, the character is the partition function of 
antiperiodic boson13),14) or one Ramond and one Neveu-Schwarz Majorana fermions. 

We have obtained the character formula of N=2 superconformal algebra using 
the technique of Rocha-CaridLl} It correctly reproduces the expected form for m=2, 
3 cases. The natural next step is to calculate the modular transformation of charac­
ters and find the invariant partition functions. 

The author thanks Professor T. Eguchi for valuable discussions. He also thanks 
Mr. T. Kawai for explaining the idea of Ref. 1). 

1) A. Rocha·Caridi, Vertex Operators in Mathematics and Physics, ed. J. Lepowskys et a!. (Springer· 
Verlag, New York, 1984). 

2) L. Cardy, Nucl. Phys. B270 (FS16) (1986), 186. 
A. Cappelli, C. Itzykson and J. B. Zuber, Saclay Preprint (1986), Saclay PhT 86/122. 

3) A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Nuc!. Phys. B241 (1984), 333. 
4) J. H. Schwarz, Phys. Rep. 89 (1982), 37. 
5) G. Gepner, Princeton Preprint (1986). 
6) D. Kastor, Chicago Preprint (1986). 
7) Y. Matsuo and S. Yahikozawa, Phys. Lett. 178B (1986), 21l. 
8) W. Boucher, D. Friedan and A. Kent, Phys. Lett. 172B (1986), 316. 
9) M. Kato and S. Matsuda, KEK Preprint (1986). 

10) A. B. Zamolodchikov and V. A. Fateev, SOY. Phys. -JETP 62 (1985), 215; SOY. J. Nuc!. Phys. 43 
(1986), 657. 

11) Z. Qiu, Princeton Preprint (1986). 
12) G. Waterson, Phys. Lett. 171B (1986), 77. 
13) C. Vafa and E. Witten, Phys. Lett. 159B (1985), 265. 
14) T. Eguchi and K. Higashijima, Prog. Theor. Phys. Supp!. No. 86 (1986), 192. 
15) E. Kiritsis, Caltech Preprint (1986). 

Note added: After we finished this work, we received the corrected version of Ref. 15) where he also 
obtained the infinite sum form of character formulas (8) and (12). 
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