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CHARACTERIZATION OF A CYCLIC GROUP RING IN

TERMS OF CHARACTER VALUES

Joongul Lee

Abstract. Let G be a cyclic group of prime power order. There is a
natural embedding of Z[G] into a product of rings of integers of cyclotomic
fields. In this paper the image of the embedding is determined, and we
also compute the index of the image.

1. Introduction

For a finite abelian group G let Z[G] be the integral group ring of G, and
let IG be the augmentation ideal. For each complex character χ of G let Q(χ)
be the cyclotomic field generated by the values of χ and Z[χ] be its ring of
integers.

Consider

Φ : Z[G] −→
∏

χ∈Ĝ

Z[χ]

Φ(α) = (. . . , χ(α), . . .),

where the domain of χ is extended to Z[G] by linearity. The map Φ is an
injective ring homomorphism. The goal of this paper is to determine Φ(Z[G])
when G is cyclic of prime power order.

For an element
β = (. . . , βχ, . . .) ∈

∏

χ∈Ĝ

Z[χ],

let us refer to its components βχ as the character values of β. We find that,
when G is cyclic of prime power order, we can express the necessary and suf-
ficient condition for β ∈ Φ(Z[G]) as congruence relations among the character
values of β. As a byproduct, we also compute the index of Φ(Z[G]) in

∏
Z[χ].

There are refined type of conjectures on the values of L-functions (cf. [1],
[2], [4], [5]) which predict (among others) that certain elements of

∏
χ∈Ĝ Z[χ]

whose character values come from special values of L-functions belong to Φ(InG)
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for a prescribed positive integer n. The author hopes that the result of this
paper offers an aid in understanding the meaning of those very deep conjectures
in concrete situations.

2. Cyclic case

Fix a prime p and a positive integer k. Let G be a cyclic group of order pk

with generator σ. Let H be the subgroup of G of order p, and let σ be the
element σ modulo H . Let us choose a complex character χk of G with order
pk, and for 0 ≤ i ≤ k − 1 we inductively define χi = χp

i+1 so that the order of

χi is p
i. We may view χi as complex characters of G/H for i < k. We also set

ζi = χi(σ) and λi = ζi − 1.
Consider

Φ : Z[G] −→
k∏

i=0

Z[ζi]

Φ(α) = (χ0(α), . . . , χk(α))

and

Φ : Z[G/H ] −→

k−1∏

i=0

Z[ζi]

Φ(α) = (χ0(α), . . . , χk−1(α)).

We need the following generalization of the Chinese remainder theorem, the
proof of which can be found in [3].

Proposition 1. Let R be a commutative ring with 1, and I, J be ideals of R.
There exists a short exact sequence of R-modules

0 → R/(I ∩ J) → R/I ×R/J → R/(I + J) → 0,

where the first map sends r mod (I ∩ J) to (r mod I, r mod J) and the second

sends (r1 mod I, r2 mod J) to r1 − r2 mod (I + J).

Let φi(x) be the pi-th cyclotomic polynomial. Note that there is a nat-

ural isomorphism from Z[x]/(xp
k

− 1) to Z[G] that sends x to σ, and from
Z[x]/(φi(x)) to Z[ζi] sending x to ζi. Via these identifications, it is useful to
view Φ and Φ as the natural maps

Φ : Z[x]/(xp
k

− 1) −→

k∏

i=0

Z[x]/(φi(x)),

Φ : Z[x]/(xp
k−1

− 1) −→

k−1∏

i=0

Z[x]/(φi(x)).

Let us apply Proposition 1 to the caseR = Z[x], I = (xp
k−1

−1), J = (φk(x)).
We have

xp
k

− 1 = (xp
k−1

− 1)φk(x),
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hence
I ∩ J = IJ = (xp

k

− 1)

as ideals of Z[x], because Z[x] is a unique factorization domain and the poly-

nomials xp
k−1

− 1 and φk(x) have no common irreducible factor. On the other
hand, it is clear that

φk(x) ≡ p mod (xp
k−1

− 1),

which implies

I + J = (φk(x), x
pk−1

− 1) = (p, xp
k−1

− 1).

Let us consider the ring homomorphism

ψk : Z[ζk] −→ Z[G/H ]/pZ[G/H ]

ψk(
∑

ajζ
j
k) :=

∑
ajσ

j mod pZ[G/H ].

This map comes from the isomorphisms

Z[x]/(I + J) ∼= (Z[x]/J)/((I + J)/J) ∼= (Z[x]/I)/((I + J)/I),

hence we may identify Z[ζk]/(λ1) with Z[G/H ]/pZ[G/H ]. ψk is surjective
with ker(ψk) = (λ1). The following theorem is now a direct consequence of
Proposition 1.

Theorem 2. Let α = (α0, . . . , αk) be an element of
∏k

i=0 Z[ζi]. α is in Φ(Z[G])
if and only if the following conditions hold;

(i) (α0, . . . , αk−1) = Φ(η) for some η ∈ Z[G/H ],
(ii) η ∈ ψk(αk).

Corollary 3. Φ(Z[G]) has index p(p
k
−1)/(p−1) in

∏k
i=0 Z[ζi].

Proof. When k = 0, Φ is clearly surjective so the statement holds. In general,
Φ(Z[G]) has index

|Z[G/H ]/pZ[G/H ]| = pp
k−1

in Φ(Z[G/H ]) × Z[ζk] which follows from condition (ii) of Theorem 2. We
obtain the result by mathematical induction on k. �

Let us analyze condition (ii) of Theorem 2 in more detail. Define

κk = Z[ζk] −→ (

k−1∏

i=0

Z[ζi])/Φ(pZ[G/H ])

κk(αk) := Φ(ψk(αk)) mod Φ(pZ[G/H ]).

As Φ is injective, condition (ii) of Theorem 2 holds if and only if

(1) (α0, . . . , αk−1) ∈ κk(αk).

For αk =
∑
ajζ

j
k and for 0 ≤ i ≤ k − 1, let

κk(αk)i =
∑

ajζ
j
i .



4 JOONGUL LEE

Each element κk(αk)i is not well defined in general, but

(κk(αk)0, . . . , κk(αk)k−1)

is well defined modulo Φ(pZ[G/H ]) and it belongs to κk(αk), hence κk(αk)i is
defined modulo p.

Relation (1) is now equivalent to the following congruence relation

(2) (α0, . . . , αk−1) ≡ (κk(αk)0, . . . , κk(αk)k−1) mod Φ(pZ[G/H ]).

The following theorem is now a direct consequence of the above discussion,
and enables us to determine Φ(Z[G]) inductively.

Theorem 4. Let α = (α0, . . . , αk) be an element of
∏k

i=0 Z[ζi]. α is in Φ(Z[G])
if and only if the following conditions hold;

(i) (α0, . . . , αk−1) is in Φ(Z[G/H ]),
(ii) αi ≡ κk(αk)i (mod p) for 0 ≤ i ≤ k − 1,
(iii) 1

p (α0 − κk(αk)0, . . . , αk−1 − κk(αk)k−1) is in Φ(Z[G/H ]).

3. A few cases

In this section, we record the explicit condition for α to be in Φ(Z[G]),
following Theorem 4.

Corollary 5. (k = 1) α = (α0, α1) is in Φ(Z[G]) if and only if

α0 ≡ κ1(α1)0 (mod p).

α is in Φ(pZ[G]) if and only if the following conditions hold;

(i) αi = pβi for some βi ∈ Z[ζi] for i = 0, 1,
(ii) β0 ≡ κ1(β1)0 (mod p).

Corollary 6. (k = 2) α = (α0, α1, α2) is in Φ(Z[G]) if and only if the following

conditions hold;

(i) α0 ≡ κ1(α1)0 (mod p),
(ii) αi ≡ κ2(α2)i (mod p) for i = 0, 1,
(iii) (α0 − κ2(α2)0)/p ≡ κ1((α1 − κ2(α2)1)/p)0 (mod p).

Therefore α is in Φ(pZ[G]) if and only if the following conditions hold;

(iv) αi = pβi for some βi ∈ Z[ζi] for i = 0, 1, 2,
(v) (β0, β1, β2) satisfies the above conditions (i)-(iii).

Corollary 7. (k = 3) α = (α0, α1, α2, α3) is in Φ(Z[G]) if and only if the

following conditions hold;

(i) α0 ≡ κ1(α1)0 (mod p),
(ii) αi ≡ κ2(α2)i (mod p) for i = 0, 1,
(iii) (α0 − κ2(α2)0)/p ≡ κ1((α1 − κ2(α2)1)/p)0 (mod p),
(iv) (α0 − κ3(α3)0, α1 − κ3(α3)1, α2 − κ3(α3)2) satisfies condition (iv), (v)

of Corollary 6.
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Remark. The congruence relations in Z[ζi] can be made more explicit using the

integral basis {1, λi, λ
2
i , . . . , λ

l−1
i } where l = pi−1(p− 1). Let

α =
l−1∑

j=0

ajλ
j
i , aj ∈ Z for 0 ≤ j ≤ l − 1.

Using the discrete valuation on Z[ζi] with local uniformizer λi, it is easy to see
that

α ≡ 0 (mod p) ⇐⇒ aj ≡ 0 (mod p) for 0 ≤ j ≤ l − 1.
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