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ABSTRACT. We characterize the scaling functions of a multiresolution analysis
in a general context, where instead of the dyadic dilation one considers the
dilation given by a fixed linear map A : R® — R" such that A(Z") C Z"
and all (complex) eigenvalues of A have absolute value greater than 1. In the
general case the conditions depend on the map A. We identify some maps for
which the obtained condition is equivalent to the dyadic case, i.e., when A
is a diagonal matrix with all numbers in the diagonal equal to 2. There are
also easy examples of expanding maps for which the obtained condition is not
compatible with the dyadic case. The complete characterization of the maps
for which the obtained conditions are equivalent is out of the scope of the
present note.

1.

A multiresolution analysis (MRA) is a general method introduced by Mallat [10]
and Meyer [I1] for constructing wavelets. On R™ (n > 1) by an MRA we will mean
a sequence of subspaces Vj, j € Z of the Hilbert space L?(R"™) that satisfies the
following conditions:

(1) v] € Za V} C V}'-{-l;
(i) ¥icZ,  f(x) €V [(2%) € Vip;
(iil) W =U;e Vs = L2(R");
(iv) there exists a function ¢ € Vj, that is called a scaling function, such that
{ #(x — k) }yeyzn is an orthonormal basis for Vp.

We will consider MRA in a general context, where instead of the dyadic dilation
one considers the dilation given by a fixed linear map A : R® — R" such that
A(Z™) C Z"™ and all (complex) eigenvalues of A have absolute value greater than 1.
Given such a linear map A one defines an A—-MRA as a sequence of subspaces Vj,
j € Z of the Hilbert space L2(R") (see [9], [7], [13], [T4]) that satisfies the conditions
(1), (iii), (iv) and

(i) Vj € Z, f(x) € Vj < f(Ax) € Vi1
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1014 P. CIFUENTES, K. S. KAZARIAN, AND A. SAN ANTOLIN

Remark 1. There is formally a more general definition of MRA, when one considers
a discrete lattice I' C R™ (a discrete subgroup given by integral linear combinations
of a vector space basis vi,va,...,v, and a map M : R® — R" such that M(I') Cc T
and all (complex) eigenvalues of M have absolute value greater than 1. Then the
related MRA is defined as a sequence of subspaces V;, j € Z of the Hilbert space
L?(R™) that satisfies the conditions (i), (iii) and

(ie) Vi €Z,  f(x) €V & f(Mx) € Vi,

(ive) There exists a function ¢ € Vp, that is called a scaling function, such that

{ #(x — k) }yer is an orthonormal basis for Vj.

It is an easy exercise to observe that by the map S : R" — R" satisfying
Se; =vj, 1<j5<n,

where {e;}"_; is the natural basis of R", one obtains an associated A;—MRA V",
Jj € Z, where V;* = S7'V;S with the dilation map A; = S™'MS (see [13] and [14],
p. 108).
Remark 2. Usually in the definition of an MRA appears the following condition:
Njez Vi = { 0}, which follows from the conditions (i), (ii) and (iv) (cf. for example
[3], [8] for n = 1). We will give a proof for the general case (see Lemma M below).

A priori the condition (iv) appears to be independent from the rest of the con-
ditions in the definitions of MRA and A—MRA. A key tool for the characterization

of a function ¢ which satisfies the condition (iv) is the following well-known result
(cf. [6], p. 132; [13], p. 34).
Lemma A. The system { g(-—k) : k € Z" }, where g € L*(R"), is an orthonormal
system if and only if
(1) Z gt +k)> =1 for a.e. teR"™.

kezn

In this paper we adopt the convention that the Fourier transform of a function
f € LYR™) N L3(R") is defined by

oy = [ sege v

The main purpose of our paper is related to a result proved by E. Hernandez
and G. Weiss (cf. [8], p. 382).

Theorem B. Let V;, j € Z be a sequence of closed subspaces of L*(R) satisfying
(i), (ii) and (iv) for n = 1. Then the following two conditions are equivalent:

a) lim |(;A5(2*jy)| =1 forae yeR; b) U V; = L*(R).
j—oo
JEZ

Remark 3. The above theorem is formulated in a modified form in order to indicate
the “essential” part of the result that we are interested in. However, Lemma 2] below
permits us to give a formulation of our result in a similar style.

Our aim is to achieve a bit deeper understanding of the relation between the
behaviour of the function a in the neighborhood of the origin and the condition
(iii). In particular our result permits us to get rid of the assumption that |q§| is
continuous at the origin in Theorem 1.7 of E. Herndndez and G. Weiss (cf. [8], pp.
46-48). We prefer to prove our result in the general case because it can be useful
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CHARACTERIZATION OF SCALING FUNCTIONS 1015

for the description of wavelet functions in the frame of the result of the article
[5]. Moreover, the cost of the exposition in the general case is little. We identify
some maps for which the obtained condition is equivalent to the dyadic case, i.e.,
when A is a diagonal matrix with all numbers in the diagonal equal to 2. There
are also easy examples of expanding maps for which the obtained condition is not
compatible with the dyadic case. The complete characterization of the maps for
which the obtained conditions are equivalent is out of the scope of the present note.

Let us introduce some notation before formulating our result. Further in the
paper for m = (my,ma,...,m,) € Z" and 1 = (¢1,4s,...,4,) € Z" we define 2! =
(261,2%2, ... 20) € Z" and v = [m2!] = (m12%,m92%, ..., m,2%). Furthermore,
T™ = R"/Z"™ and if we write F € L?(T"™) we will understand that F is defined on
the whole space R" as a 1-periodic function with respect to all variables. With
some abuse of the notation we consider also that T™ is the unit cube [0,1)™. The
translation of a function f € L?(R"™) by b € R™ will be denoted by 7, f(t) = f(t—b).

We denote by D4 the dilation operator Daf(x) = dif(Ax) in L?(R"™), where
da = |detA]. Here and further we use the same notation for the linear map and its
matrix with respect to the canonical base.

We will define B,(y) = {x € R" : |x —y| < r} and will write B, if y is the
origin. For a set £ C R™ and a number a € R we will denote aF = {x € R" : x =
atfort e E}. IfxeR" thenx+ E={x+y: fory € E}.

The Lebesgue measure of a set E C R™ will be denoted as |E|,. Letting x € R",
we will say that x is a point of density for a set E C R", |E|,, > 0, if

lim |E N By (x)[n
r—0 |BT(X)|n

Let f : R™ — C be a measurable function. We say that x € R™ is a point of
approximate continuity of the function f if there exists E C R", |E|, > 0, such
that x is a point of density for the set £ and

2) Jlim f(y) = f(x).

X
yeE

=1.

It can be shown that (cf. [12], [1]) for any finite measurable function almost all
points are points of approximate continuity. Let us introduce

Definition 1. A measurable function f : R" — C is said to be locally nonzero at
a point x € R™ if for any € > 0, there exists 7, 0 < r < 1, such that

{yeB(x): f(y) =0}n <elBr(X)n

We will say that x € R" is a point of A—density for a set E C R", |E|, > 0 if
for any r > 0, _
. |EN(ATIB, +x)|n
lim -

j—o0 |A_JB,« + X|n

Let f : R™ — C be a measurable function. We say that x € R™ is a point of
A—approximate continuity of the function f if there exists E C R", |E|, > 0, such
that x is a point of A—density for the set E and (@) holds.

=1

Definition 2. A measurable function f : R" — C is said to be A—locally nonzero
at a point x € R" if for any € > 0 and r > 0 there exists j € N such that

{y€AB, +x: f(y) =0} |n <elA7 By + X
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1016 P. CIFUENTES, K. S. KAZARIAN, AND A. SAN ANTOLIN

We prove the following.

Theorem 1. Let V; be a sequence of closed subspaces in L?(R™) satisfying the
conditions (i), (ii1) and (iv). Then the following conditions are equivalent:
Ay W=U;e, Vi = L*(R);
B;: $ (the Fourier transform of the scaling function ¢) is A*—locally nonzero
at the origin;
Cy: the origin is a point of A*—approximate continuity of the function |</ﬁ\| if
we set |QAS(O)| =1.

The following theorem is an immediate consequence of the above result.

Theorem 2. Let V; be a sequence of closed subspaces in L*(R") satisfying the
conditions (i), (i) and (iv). Then the following conditions are equivalent:

A: W= Ujezvj = L2(R™);

B: 5 (the Fourier transform of the scaling function ¢) is locally nonzero at
the origin;

C: the origin is a point of approzimate continuity of the function |$| provided
that |$(0)| = 1.

Remark 4. If we consider the polar decomposition of a map A and have that all
eigenvalues of the positive operator v A* A are equal, then it is easy to show that for
those maps the conditions B; and C; are respectively equivalent to the conditions
B and C.

Remark 5. If the matrix of the map A is a diagonal matrix of real numbers and at
least two elements on the diagonal have distinct absolute values, then there exist
functions for which the conditions B; and C; hold but the conditions B and C are
not true and vice versa.

2.

Different versions of the following Lemmas [IH2] have appeared in various publi-
cations (cf. [6], pp. 131-132; [13], pp. 28-29). We refer to [4] as a recent reference
for the dyadic case when n = 1; for the general case see [14].

Lemma 1. Let ¢ € L*(R") and assume that {mcd}xezr is an orthonormal basis of
Vo. Suppose that V;,j € 7", is a sequence of closed subspaces in L*(R") satisfying
the condition (ii1). Then a function f is in V; if and only if there is a function
Fj € L*(T™) such that

(3) DY) f(t) = Fi(t)6(t) ae on R" if j>0,

(4) DL F(t) = F()o(t) ae. on R" if j<0,
and
(5) I llz2ey = Il z2cre.

Proof. Suppose 7 > 0 and let f € V;. Then Di,lf € V; and by our hypothesis
DY f(6) = D yezn ki@ (t) in L2(R™), where {cx}xezn € 1?. Taking the Fourier
transform of this expression we get

Dl f(t) = > cre 2 Eg(t),

|RAL
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CHARACTERIZATION OF SCALING FUNCTIONS 1017

Hence (@) is true with Fj(x) = >, c;n cke 2™ > The condition (&) holds be-

cause D4« is a unitary operator and the functions Di&—l f, F}; are represented by
orthonormal systems with the same coefficients.
On the other hand, assume that (B) holds for f € L%(R"), where F; € L*(T").

If we write Fj(x) = 3y cn cke™ 2™ then it follows that
t) = Z crmed(A’t)  ae. on R”,
kezZn
and therefore f € V;. When j < 0 the proof is similar. O
Lemma 2. Let ¢ € L2(R"™) and assume that {Tx¢}xezn is an orthonormal basis of

Vo. Suppose that V;,j € Z", is a sequence of closed subspaces in L*(R™) satisfying
the condition (ii1). Then the following conditions are equivalent:

a): Vj € Z, Vi C Viga;

b): there exists H € L>®(T"), |H|loo < d4-
(6) D-d(t) = H{t)(t) ae. on R"
Proof. If a) holds, then ¢ € V;. By Lemma [I] there exists H € L?(T") such that
Da-p(t) = H(t)op(t), H € L*(T"). Let

6= 3 160t + k)P

1/2 such that

kezn
Then
o(At) = D oAt + R = Y [p(ATt + k)
kezn kc A*7Z"™
+ 3 1pAt+K)P=dyt Y [Da(t + k) + R(t)
K¢ A*7Z" kez™
= d HH(t)|?®(t) + R(t)

where R(t) is nonnegative. Now, Lemma A gives that for almost all t € R",
1> O(A™t) > d: [H(8)PO(t) > dyo| H(t)]?

and therefore, |H (t)| < dllq/f a.e. on R™.
Finally, to prove b)=-a) let j > 0 and f € V;. Then, by Lemma [0 there is a
function F € L*(T") such that

o~

D} F(6) = F©)9(6) = 3 *F() H(A™ T 6)g(4" ).

Hence,

DL () = FA"6)H (£)5(t).
Noting that A* : Z" — Z™ we have that D+ F € L?(T"); hence HD s-F € L*(T")
and therefore by Lemma [ we get f € Vjyi. For the case j < 0 the proof is
similar. [l

We need the following lemma for the proof of Lemma @l

Lemma 3. Let g € L(T"), let A be a fized linear map A : R" — R" such that
A(Z™) CZ™, da #0, and let A: T" — T" be the induced endomorphism. Then

/ g(At)dt = / g(t)dt.
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1018 P. CIFUENTES, K. S. KAZARIAN, AND A. SAN ANTOLIN

Proof. We have that card Z"/A(Z") = da (see [T4], p. 109). Let {m;}¢4, C Z" be
elements of Z" that belong to distinct cosets of Z"/A(Z"). Let T; : R™ — R"™ be
defined by the equation T;(x) = x + m; and consider the induced endomorphisms
/Ali_l : T" — T" of the maps A7'T; : R® — R" (1 < i < da), where A~! is the
map given by the matrix A~!. It is easy to check that the images of those maps
/Ali_l('ﬂ‘”), 1 <i < dj are pairwise disjoint and that

meas(fl;l(’]?")) = d;l, 1<i<dyu.

Hence, Uf;‘l A7Y(T™) = T™. If we denote E; = A;7(T"),1 < i < da, then we will
have A(E;) = T" and therefore

/n g(At)dt = g/E g(At)dt
= idAI/”g(t)dt = /”g(t)dt.

The following lemma is related to Remark 2.
Lemma 4. Suppose that V;,j € Z", is an A—MRA. Then ﬂjez Vi={0}.
Proof. Let f € (), V; and suppose that || f[|2 = 1. By Lemma [[l we have that for

any j <0,
D7 f(t) = Fj(t)p(t) ae on R", FjeL*T")
and
(™) 1fllz2@n) = IE5ll2grn)-
Thus for any j < 0,
(8) Flt) = F;((4V16) D1 3(t) ae. on R™.

If we show that for any closed ball B C R™ which does not contain the origin

(9) /B Ft)ldt = 0,

then we will get a contradiction with the condition that the norm of the function
is one and thus finish the proof of the lemma. Then by (&) we obtain that

[ 1Fwne = @i [ 5 aneysan ol
B B

<(dﬁl/B'Fj<<A*)'”"t)|2dt)1/2 < ([ |¢?<A*'j'x>|2dx)”2

1/2 1/2
< [ azV / |Fj (x)[2dx x / l6(x)|2dx | .
(A9)lil B (A1 B

Using the fact that the map A is expansive and that the closed ball B does not
contain the origin we obtain immediately that

(10) / |6(x)?dx — 0 when j — —oc.
(A9l B

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



CHARACTERIZATION OF SCALING FUNCTIONS 1019
On the other hand, we can find a cube with sides parallel to the coordinate axes and

with vertices with integer coordinates such that B C Q. Then by () and Lemma[3
we get that for any j < 0,

[ IRePx< Q.
(A9I1Q
Hence for fixed B the integral
dﬁ,/ |Fi(x)]Pdx < Q| for any j < 0.
(A*)‘J‘B
Thus by ([0) we obtain ([@). O

For the proof of Theorem [Il we need the following.

Lemma 5. Let V; be a sequence of closed subspaces in L*(R™) satisfying the con-
ditions (1), (iii), (iv) aend (iiy). Then for any bounded measurable set E C R",

1

11 limi./ o(t)|2dt = 1.

Proof. We take f € L2(R") such that f = Xg- Then

A3 = 1715 = 1Bln-

Let P; be the orthogonal projection onto V;. Then by property (iii;) we have
|f — P;jflla— 0 as j — oo. Hence, when j — oo,

(12) 1313 = IF113 = | Eln.

The system { ¢jk } on » Where

JEZ,kE

bie(x) = d46(ATx — k),

is an orthonormal basis of V; according to the properties (i), (il1), (iv). Observe
that

oelt) = di [ o(ATx —K)e R tax
]R’IL

= dé ¢(ij - k)e_Qm(ij_k)'(A*)7jte_2”"k'(‘4*)7jtdx
R7l

—_ d;%ef%rik-(A*)_jt(Z((A*)7jt).
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1020 P. CIFUENTES, K. S. KAZARIAN, AND A. SAN ANTOLIN

Thus ij - ZkEZ"<'f’ ¢]k>¢.7k and

2
1P = S hendlf= S / FO) B dx
kezn kezn
€ A A—E \
- ¥ / F(6) D ()t
kezn
. 2
= > |t / Fl6) e G ((An) =ity dt
kez™
P =N ) - ) 2
= > |4 / (Ay)o(y)e* ™ Y dy
kezm
2
_ a B2y g
kgz: A/(A*)JE¢(Y)6 y|

where (A) 7E={ycR": Ay c E }. ‘
Let j; be the minimal natural number such that A*77*E C [-1,1]". Then for
any j > j; the last sum is equal to

#4 [ e 30,

because the terms in the sum are the Fourier coefficients of the function QASX (A*) i B
Therefore by (I2) we obtain (). O

Let G, = A™%(Z") forany k € N and denote G = [J;—, Gi. Then the
following lemma is true.

Lemma 6. The set G is dense in R™.

Proof. If the assertion of Lemma [Blis not true, then for some x € R™ and r > 0 we
will have that

Let j € N be such that
|47y > vn for all y such that ||y| = .

By the definition of j we have B (A’x) C A7(B,(x)); hence there exists k € Z"
such that k € A’(B,(x)). This means A~/k € B,(x), which contradicts (I[3),
because A7k € G. O

Proof of Theorem 1. Let us prove first the implication B; = A;. We observe that
W is invariant under translations. At first we show that W is invariant under
translations by vectors v € G. We fix some v € G. Then v € G, for some [ € N.
For any f € W and Ve > 0,3h € Vj, such that ||f — hl|2 < . By (ii1) we have
that for every j > jo, h € V; and therefore h(x) = 3, c/n clj(cﬁ(ij — k). Hence,

Tvh(x) = h(x—v) = Z Ap(Alx — Alv — k).

kezZn
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CHARACTERIZATION OF SCALING FUNCTIONS 1021

If j > max { [, jo }, then A’v € Z". Consequently 7yh € V; and therefore 7 f € W.
The set G is dense in R™. Thus closedness of the subspace W and the continuity of
the operator 7, in L?(R™) yields the invariance of W under translations.

To show that W = L?(R") we take any g € W. Then for every f € W and for
all x € R",

f(x+t)g(t)dt =0
.

and therefore, by Plancherel’s identity,
/ X F(£)g(t)dt = 0.

This shows that the Fourier transform of fﬁ_ is identically zero, which immediately
yields f(y)?(y) = 0 almost everywhere (a.e.) on R". If we take f(x) = djqb(ij) €
V;, then

~ i~ .

fy) =d,? (A7) y)

and ¢((A*)~7y)g(y) = 0 (a.e.) or G(t)§((A7)7t) =0 (ae.),
According to our hypothesis, for any positive integer N and r > 1 there exists
k € N such that

(A% Byl

[{te(A) B, : g(t) =0}, < ¥

Then
|(A*)"*By|n

[{te (@) "B, 1 g((A)t) #0 } | < N

and therefore taking 7 = k£ we obtain

|Br|n

(14) |{y€Br:/g\(y)750}|n<T.

Letting NV — oo we obtain

|{y€Br:§(y)7é0}|n:0.

Thus g = 0 a.e., and therefore W+ = {0 }.
Let us prove the implication A; = B;. Take any r > 0 and denote E; = {t €

(A*)7I B, : QAS(t) =0} for j € N. By Lemma A it follows that
(15) 6(t) <1  ae onR™

hence,

@Bl [ aePd = A B [ jaPae
(A*)=iB, (A*)=IB,\E;
<A B ((A") 7 Beln = |Ejln).-
Applying Lemma [ we obtain that
[(A) By, ' |Ejln — 0 when j — oo,

which finishes the proof.
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To prove A1 = C; we have to show that there exists E C R", |E|, > 0, such
that the origin is a point of A*—density for the set F and
(16) lim ~[p(y)] =1,
y—0
YEE

which is equivalent to the following.
For any € > 0 and any r > 0,

YUY IR B 1] <2 b
j—o0 |(A*)~7 By |y
If the implication Ay = Cj is not true then, having in mind (IH), we obtain
that there exist 0 < g9 < 1, rg > 0 and an increasing sequence of natural numbers
{m;}32, such that
ITjln = [{y € (A) 7™ By : [0(y)] <1—¢0 }|n = 0l(A") ™" Bro|n-
By Lemma 1 and (I&) we have

1 = lim |(A*)*mem|;1/ |6(t)|*dt
J—0o0 (A*)"™i By,
— lim (4B o)+ [ (80Pt
Jj—o0 (A*)_mj BTO\F_j Fj
< Jim [ By (A Byl = [Tyl + (1= <o) El0)
< i (AT B (A7) Byl — (A7) By la) £ 1 5

The obtained contradiction finishes the proof. The implication C; = Bj is trivial;
hence, the proof of Theorem [is complete. O
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