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Characterization of strong (Nash)

equilibrium points in Markov games
by

H.A.M. Couwenbergh

Summary

The main result in this paper is the characterization of certain strong kinds
of equilibrium points in Markov games with a countable set of players and
uncountable decision sets. Two person Markov games are studied beforehand,
since this paper gives an extension of the existing theory for two person
zero sum Markov games; finally we consider the special cases of N-person
Markov games and Markov decision processes.

Introduction

This paper describes the results obtained in an attempt to extend the theory
concerning optimal strategies in two person zero sum Markov games, as deve-
loped by Groenewegen in [11; the extension being directed towards general
(more persons) Markov games with individual rewards, where (Nash) equilibrium
points are the equivalent of optimal strategies.

In advance an important observation: in [1] the possibility of defining a
fixed optimal value v underlies the definitions of the basic concepts: in
our case no such value exists (generally); it will be shown, nevertheless,
that it is sufficient assuming an arbitrary, if necessary time-dependent
value v for player n, with respect to which we can work instead.

As is done in [1], we try to characterize an equilibrium point (abbrevia-
tion: eqpt)rsatisfying some extra conditions by the combination of two con-

cepts:

i) a sort of policy equilibrium property holding for all points of time,
called saddlingness; and

ii) an "asymptotic definiteness' property, which prevents that a player ul-
timately receives more than he could expect, whatever strategy he chooses

himself,



It turns out that such a characterization can be found for two kinds of equi-
librium points: a strong kind coinciding with the set of "subgame perfect" stra-
tegies (see [1]) for the two person zero sum case, and a weaker kind called
semi-persistent, which consists of eqpt® in that special case standing mid-
way between '"persistently optimal" ([1]) and subgame perfect strategies (sub-
sections 2.1, 2.2, 2.3 and 2.4). In [1] it is demonstrated that under cer-
tain "equalizihg" conditions every optimal strategy can be improved to a
subgame perfect one. However, the method used there is not (at least not ea-
sily) adaptable in order to transform the "ordinary"eqpts of two person non-
zero sum Markov games into eqptS belonging to one of the above-mentioned
kinds (subsection 2.5).

As for Markov games with countable set of players, we can now describe the
analogues of the two mentioned kinds in a simple way {(a more subtle frame-
work is required, though): this is due to the fact that already in the two
person case the definitions, theorems and proofs fall apart into two inde-
pendent parts (viz. separately for the rewards of player A and the rewards

of player B) (subsections 3.1 and 3.2).

N-person Markov games can be treated as a special case; finally we view the

results for N = 1, actually Markov decision processes (subsection 3.3).

Two person Markov games

The model
The players are called A and B and the game is described by

S : the countable or finite state space;

K= x Ki (Cartesian product): the action space for player A, K, being the
ie8
set of actions available, with Ki countable or finite and nonempty, for
all i ¢ §;

L= x Li: action space for player B (analogous to K);
ie$S

p : a function {(i,j,k,2) | i,j ¢ S, k « K;y £ € Li} > [0,1] such that
p(i,j,k,2) represents the probability of reaching state j after one unit
of time, given the present state i and the actions k and £ taken there
by A and B respectively; we do not require 2 p(i,j,k,8) =1, only

.o 1€8S
Y pli,ik,0) < 13 I€
jes

r.: a function {(i,k,2) | 1 € 8, k ¢ Kin &€ Li} - 1R, rl(i,k,l) being the
reward player A receives in state i when the actions k and % are chosen;

ry: a similar function as reward for B.



Let for i ¢ S F(i) and G(i) be the set of randomized actions (po/ 7))
over Ki and Li respectively; F := ~ F(i), G := ~ G(i); for £ « I we de~
ic$S icS

note by f£(i,k) the probability of A taking action k ¢ Ki when the current

state is i, similarly for player B. Define

Veer Ve Vi, jes [T (E5E58) i= kZQ r (L&, E, g0,
b

r,(i,£,8) = ] r,(i,k,0E(,K)ed,0),
\ Ck,8
(P(f,8));, &= L op(L,i.k, 0 E(0E,K)e(i,0] ;

k, %

we assume absolute convergence of all these sums; omitting the indices i
and j we denote by r](f,g) (r,(f,g)) the vector with components r](i,f,g)
(ry(i,f,8)), and by P(f,g) the matrix with components (P(f’g))ij‘

The time a transition requires equals unity, the starting time is O.

A Markov strategy for player A is a sequence m = (f

O,f],...) with VtzO[fte Fl.
The set of all strategies of this kind is called R(A); similarly for strate-
gy p = (go,gl,...) € R(B), Vt [gt € G]; R := R(A) x R(B). Conversely, if

(m,0) € R, then we indicate the components of © by ft,those of p by 8o

t =0,1,2,... .

A strategy (m,p) ¢ R and a starting state 1 ¢ S determine a stochastic pro-
cess Xt (t =0,1,...) on S (Xt is the state of the system at time t): that

is, in period (t,t+ 1) the system moves according to the transition matrix

(m,0) .

P(ft’gt)' The probability measure for this process will be denoted by Pi ;

m . .
Eg ) represents the corresponding expectation operator.
In the remainder of section 2 we shall be working under

assumption A (charge structure): for all (w,p) ¢ Rand i ¢ §

. _ (m,p) T '
W1(19ﬂ9p) - Ei ’ z |r1(Xt,ft’gt)| < o,
t=0
wpliame) 1= B0 T |ry(x,g e < o
2 72 : i £20 2775t )

Now we are able to define

. o e(me) §
Vl(l,ﬂ,p) := Ei 2 rl(Xt,ft,gt) s
t=0
tZo rZ(Xt’ft’gt) for all (w,p) ¢ Rand i ¢ S .

. ﬂ
Vz(l,ﬂ,p) := Ei »0)



2.2.

Proof. Let t 2 0 and j ¢ S(ﬂ’p)(t), so for .some 1 ¢ S we have P

Let (m,p) = (fO’fl""’gO’gi""> ¢ Rand t =2 0 be arbitrary, then

S('Hsp)(t) i= {j cS ’ Sies [PEW’O) (Xt = j) > 0]}

(the set of those j ¢ S that can be reached at time t; we have S(ﬂ’p)(O) = 8)3;

#

S(B,p,t) :={jes | 3 [pi“"ﬁ)(xt ) > 01} ;

ieS Bﬂ'eR(A)

SA,m,t) = {3 es |3 a3, (™ @ = 5 > 011 ;

ieS “p'eR(B)

S(t) :={jes |3 _3 el P ) (x =) > 01
Tl ieS “(v',p")eR i £ - )
Obviously

s(M0) (1) < 5(8,0,t) n S(A,m,0)

-and

S(B,p,t) u S(A,m,t) < S(t) .

Equilibrium points

A strategy (m,p) ¢ R is called an equilibrium point in j ¢ S iff
v(,n.' 0")eR [Vl(jaﬂ:p) 2 Vl(ja“'sp) and Vz(jsﬂ’p) z Vz(ja'”sp')] s
2

(myp) is called a (Nash) equilibrium point iff this statement holds for all
j e 8.

We derive two properties of eqpt®, the first one condensed in

(2.1.1) Lemma. (m,p)eqpt = v, v C(r(t),p(t))egpt in ] .

jes(“’p)(t)

(W:F}) I
; (Xt—J) >0,

In this proof we use non-Markov strategies; a model for two person nonzero
sum games with general strategies (these may depend on the history) can be
constructed as an extension of [2] paragraph 1: we call T(A) the set of all

strategies for player A, I(B) for B, vl(i,ﬂ,o) the expected total reward for
(m,0)

i,

strategies) when the starting state is i ¢ S, and (w,p) € NM(A) x I(B), etc.

A (expectation with respect to the prob. measure P for the generalized



We have

(*) v [V](i,'ﬂ,p) 2> V](i,ﬂ'*,p)] =V % l.Vl(isﬂ’p) 2 V](]..,TT*,Q)]:
T*eR(A) el (A)

this follows from [2] lemma 1.
0
Choose 7' ¢ R(A); we construct the (non-Markov) strategy m~ as follows: let

‘ . . 0 . .
be equal to m, except that if Xt = j, then 7  1is from time t on the same

as m'.

Since (m,p) is an eqpt, the left-hand part of (%) holds, so we have

v](i,ﬂ,p) > Vl(i,ﬂo,p). Consequently,

2 E(“’p)r (K LE 8 ) + ) P(“’p)(x = Ov, @,m(t),e (L)) =
Q(S

- v, (,me) 2 v, (4,10,0) = zo e (x € ,8) +
_y {0 (x, = v, (2,m(0),0(6)) + PP (x, = v, (om0 (8)),
eS8, 2#]

from which we obtain
v GLm(e),0(0)) 2 v (,m",0(8))
Analogously
oter(B) [V2(3m(E)5p(e)) 2 v, (j,m(t),0") ] 5

SO (ﬁ(t),p(t)) is an eqpt in j. (1

By means of lemma (2.1.1) we deduce

(2.1.2) Theorem. If (w,p) € R is an equilibrium point, then

Ve v

pLv Gam(0),0(0) 21, (5, F,8,) + (P(£,8)v, (n(t+D) ,p (+1D)) (DT,
jes

(m, p)(t) Ve

Ve VJes(" 0 () VoealV2 (3,m(e),p(€)) 21, (3,£,,8) + (P(£_,8) v, (n(t+1),p(e+1))) (3)].

Proof.

i) Let t >0, j ¢ S(ﬂ’p)(t) and f ¢ F, then according to (2.1.1)
Vl(j,ﬂ(t),p(t)) 2 V](j,fﬂ(t+1),p(t)) =

=r,(,f,g) + (Bf,g v, (n(e+1),0(e+1))) (§) 3

ii) analogously for v,. O



Interpretation of (2.1.2): at any time t the tails of = and p, n(t) and p(t),
prescribe in the (under {(w,p)) attainable states policies ft and s 8O that
a player cannot gain anything by taking an other policy at time t.

The "self-saddle-conserving' property expressed in (2.1.2) is not a suffi-
cient condition for an equilibrium point: even in zero sum games this is not
the case (see [1], here an eqpt(m,p) is an optimal strategy; and the property
(2.1.2) is weaker than "saddle conserving' as defined in [1]).

As is done in [1], we therefore consider, in the next subsection, strategies
satisfying certain stronger demands (than "common' eqpts): the purpose being
to give an exact characterization (necessary and sufficient cgnditions) of
such strategies by a property similar to (2.1.2); also an "asZmptotic defini-

teness' property is needed.

Characterization of (vllgz)—semi—persistent and (vlizz}—subgame perfect equi-

librium points

In this subsection we need two functions v, and vy S x v {0}) »R; un-

less these functions are specified below, we assume that they are given; vy

and v, must satisfy

Assumption B: Vt erF VgeG [?(f,g)iv](t)l < » and P(f,g)[vz(t)i < « in all

components] (by Ivl(t)l is meant the vector {lvl(j,t)l}jes).

B is fulfilled for instance if Vt BM VjeS [lvl(j,t)] < M and ]vz(j,t)} < Ml;

B is also satisfied when we choose some (m,p) € R and define

Vt VJ EV}(j9t) = Vl(j,v‘ﬂ'(t),p(t)),vz(jat) o= Vz(j:“(t):p(t))] :
viz,

lv o] = vy E,m(e) o) | < w, (d,m(8),0 (),

S0

(P(f,g)gvl(t)l)(j) s (P, 0w, (n(t),0(£))) (§) + lrl(j,f,g)l =

wy(J,Em(e),go(t)) < =

owing to assumption A,

We introduce three concepts and then prove that the second and third together

characterize the first.



(7m,p) € R is called ixiigz)—semi—persistent iff

Py

Ye Vies(s,0,t) Yaterea)y |V me),0(0)) = v (50 2 vy (5, ()]
(2.3.1) ‘
v

[Vz(j,'ﬂ'(t),p(t)) Vz(jat} E Vz(j,ﬂ(t)ﬁ:)!)];

t vjeS(A,w,t) Vp'sR(B)

(m,p) € R is calledlﬁgrlgz)-saddling iff

s

v

+

vjeS(B,p,t) Veor [r](j,ft,gt) (P(ft,gt)vl(t+1))(j)==v1(j,t) 2

(a3

1\

r,(GE,8) + (P(£,8)v, (e+1) ()]
(2.3.2)

rr
Y

Vj(?S(A,ﬁ,t) vgéG [rz(j’ft’gt> (P(ftagt)vz(t+l))(j) = Vz(j,t) 2

~ s, (j,f .8 + (P(ft,g)vz(tﬂ))(j)“l;

(7,p) ¢ R is called £E+L£2)—asymptotica11y definite iff

,

v

L
<o
]

[1im g{m(t),0(t))

i V](Xk9t+k)

VjeS(B,p ’t) V"‘éR(A)

ot

koo

glr'se(t))
j

lim
(2.3.3) ke
[lim E§“(t)’p(t))

v, (Kt +K)]

]
<
]

VjGS(A,'n',t) Vp‘eR(B) vz(Xk,t-bk),

a3

koo

lim

ESW(t),p') -
! koo

Vz(xk,t ""k)] »

where a := max{0,-a}.

1t is clear that [ (w,p) is (vl,vz)—semi—persistent]z= [(r,p) is eqptl; for
an interpretation of saddlingness and asymptotic definiteness see the Intro-

duction,

(2.3.4}\Theorem. If (m,p) € R, then (mw,p) is (vl,vz)—semi—persistent iff
{(r,p) is (v],vz)—saddling andA(Vl,vz)—asymptotically definite,

Proof. =: i) Choose t 2 0, j € S(B,p,t) and f ¢ F. Then vl(j,t)==vl(j,w(t),p(t))=
= r](j,ft,gt) + (P(ft,gt>vl(ﬂ(t+1),p(t+1)))(j)==rl(jsftagt)'*(P(ft:gt)vl(t+1))(j)
since for all i satisfying (P(ft,gt))ji > 0 we have i ¢ S(B,p,t+1), so
V](i,ﬂ(t+1),p(t+l)) = vl(i,t+]). A similar reasoning gives v](j,t) z

Z V‘(jxf“(t+1),p(t)) = r](j,f,gt) + (P(f,gt)v](t+l))(j). Likewise we treat

Vo Conclusion: (w,p) is (vl,vz)—saddling.



ii) Now the asymptotic definiteness: let t = 0, j ¢ S(B,p,t) and ' ¢ R(A).

We have iE(ﬁ(t)’p(t)) (Xk t+k)' < E(W(t) ’p(t))l l(xk,t.'.k)‘ =
Eng(t) p(t))lv}(xk,ﬂ(t‘pk),p(t-+k))[ < g“(t)’p(t)) mék |r X ft+m;gt+m)[*0

(k + ») on account of A.

Using a 2 b = a < \b}, we can write
< E§ﬂ ’p(t))vuln(}{k,t-!-k)SEEJQr ’p(t))lv](Xk,ﬁ'(k),ﬁ(ti’k))l->O (k o)

on grounds similar to those above.

In the same way we handle v,. So (w,p) is (vl,v2)~asymptoﬁica11y definite.

2
«: Assume t 2 0, j ¢ S(B,p,t) and 7' = (fé,f;,...) ¢ R(A) to be given; now

v, G,t) =1, (G, f e + (RUELg)v(e+1)) () = £, ,8) +

(B(E, 8,07, (F ) (3) + (B(E,,8,)P(E yv, (£+2)) (§) =

£28¢ t+1°8¢+1 t+1°8¢+1

(n(e),p (L))
T (Xm ft+m’gt+ )+ 1lim E

koo

v, (X, e k) =

Em::),o(t)) y
] =0

m=

vl(j,ﬂ(t),p(t)> H

and
viGst) 2 (,Eg,8) + (PUEp,g v (e+ 1)) () > ... =
1
v Gt () = 1im LT P mx vk = v Gortho(e)
1 ] 1 1
koo
Analogous proof for v,. Consequently, (myp) is (v],v2)~semi—persistent. O

This procedure can be repeated for the three stronger concepts introduced in
the following way:

If (m,p) ¢ R satisfies (2.3.1), (2.3.2) or (2.3.3) with S(B,p,t) and S(A,7,t)
replaced by S(t), (w,p) is called respectively SX}L32}~subgame perfect (ori-

ginally introduced by Selten in [51), 53}132)-0vera11 saddling or SE{LZZLZ

overall asymptotically definite.

Naturally (v],vz)-subgame perfect is stronger than (vl,vz)-semi—persistent.

Now the characterization of (v],vz)—subgame perfect:

(2.3.5) Theorem. If (w,p) ¢ R, then (w,p) is (vl,vz)-subgame perfect iff
(m,0) is (vl,vz)—overall saddling and (ﬁ},vz)—overall asymptotically definite,

Proof. Entirely similar to the proof of (2.3.4). ‘ t




2.4,

Let (m,p) ¢ R. We can take

v S [Vl(j,t) = vl(j,ﬁ(t),p(t)), Vz(j:t)== vz(j,v(t),p(t))j;

t20 Vje
if in this particular case (w,p) satisfies (2.3.1), (2.3.2) or (2.3.3), we

call (m,p) semi-persistent, saddling or asymptotically definite respectively.

According to (2.3.4) we have
(7,p) semi~persistent ¢ (w,p) saddling and asymptotically definite

(notice that the left part of the statements in (2.3.1), (2.3.2) and (2.3.3)
is now trivial).
The same v, and v, can be used in theorem (2.3.5); here "(w,p) is subgame

1
perfect” is equivalent to Vt Vj [{(w(t),p(t)) egpt in jl.

eS(t)

Specialization: zero sum games

In the special case of zero sum Markov games we have r Tr, =ir and de-

1 o

fine V) T TV, 1=V o= osup inf  v{7,p) (supinf componentwise)}, so that
TeR(A)Y peR(B)

v, and \Z3 do not depend on the time-variable. In [2] it is established that,

under an assumption slightly stronger than A, we have Iv[ < o and

Ve . [P(f,g) |v| < =], so B is satisfied.
s

As for the stronger kind of eqpt® (now equivalent to optimal strategies), it
is readily checked that (vl,vz)-subgame perfect, (v],v2)~overa11 saddling
and (V],vz)-overall asymptotically definite are the same as the following
concepts originating from [1]: respectively subgame perfect, overall saddl-
ing and overall asymptotically definite. Hence Theorem 6.1 from [1] is a

consequence of (2.3.5).

We show now that the property (v,-v)-semi-persistent, shortly v-semi-persis-
tent, lies between subgame perfect and persistently optimal (- the last being
defined in [1] as follows: (w,p) ¢ R is called persistently optimal iff for
all £t 2 0 V, [(w,p(t)) optimal in jJ and V. [{n(t),p)

jeS(B,p,t) jeS(A,m,t)
optimal in j]):

(2.4.1) Theorem. If (w,p) € R then

i) (m,p) subgame perfect = (w,p) v-semi-persistent;
i1) (m,p) v-semi-persistent = (m,p) persistently optimal (in this special

zero sum case our nomenclature seems a bit odd).



_10_

i) This implication is obvious (subgame perfect = (v,-v)-subgame perfcct =
(v,~v)-semi-persistent = v-semi-persistent).

ii) Choose t 2 0 and j ¢ S(B,p,t). We have to prove that (w,p(t)) is optimal
in j. Let (v',p") € R. From (m,p) v-semi-persistent it follows that (mw,p)
is an eqpt, which is the same as (w,p) optimal, so v{(j) = v(j,n,p) cv(j,m,0")
At the same time, according to (2.3.1), v(j) 2 v(j,m",0(t)); by taking for
one moment p' = p(t) and 7' = n, we see that v(j) = v{(j,m,p(t)). Conclud-
ing: for all (n',p') € R we have v(j,n',p(t)) < v(j) = v(j,m,p(t)) <
< v(j,m,e"), so (m,p(t)) is optimal in j. We can prove in a similar way
that Vt VjcS(A,w,t) [(n(t),p) egpt in jl. Consequently (w,p) is persis-
tently optimal. . 4

Persistent optimality is not the same as v-semi-persistency:
(2.4.2) Counterexample with (m,p) persistently optimal and not v-semi-persis-—

tent. We have § = {1,2,3}, K1 = {a,b}, K, = {0}, K3 = {c,d}, LI =1L, = L3=={0}

(so player B has nothing to decide upon, actually). Omitting the indices for

player B (e.g. p(1,2,a2,0) becomes p(1,2,a)), we define p(1,2,a) = p(1,3,b) =
=p(2,2,0) = p(3,2,c) = p(3,2,d) = 1, the other transition probabilities as
zero; further r(l,a) = 3, £(i,b) = 0 = r(2,0), r(3,c) =1 and r(3,d) = 2.
Now v(1) = 3, v(2) =0, v(3) = 2. Take : R

r=0
N 3
a a a ... 0 0 ... ! 7
T:= |0 0 0 ..., p = |0 0 ... r=1 or 2
d ¢ ¢ ... 0o 0o ...

(only nonrandomized policies, first row for state 1,
second for state 2 and third for state 3; the first
column represents the policy for t = 0 and so on).

It is easy to verify that (w,p) is persistently optimal; however (m,p) is

not v-semi-persistent: 3 ¢ S(B,p,1) but v(3) =2 # 1 = v(3,n(1),p(1)). U

The point is, that if j ¢ S(B,p,t)\S(A,w,t), persistent optimality cannot
prohibit a "bad" tail w(t) in j, whereas v-semi-persistency prevents inci-

dents of this kind.

Remark. No suitable extension of persistent optimality to nonzero sum Markov
games was found: this concept is apparently too weak for a characterization

similar to (2.3.4).



2.5, Improving ordinary equilibrium points

Several theorems in literature guarantee, under fairly general conditions,
the existence of eqptS (see e.g. [4]: two person Markov games with discount
factor < 1 possess even a stationary eqpt if S, K and L are finite). These
are "ordinary" eqpt®, that is, not necessarily semi-persistent. In [1] the
question of the existence of subgame perfect strategies is reduced to the
question of the existence of ordinary eqpt®, by indicating a method with
which any optimal strategy may be improved to overall saddling (and this is
the same as subgame perfect under certain "equalizing'" conditions). This me-
thod however cannot be used in general two person Markov games, as is shown
below. ,

The method developed in [ 1] runs as follows: suppose (w,p) is eqpt, then de-
fine (W*,p*) by

*

*
fO t= fO’ go 1= gO;

(2.5.1) ies™P f:(j,-) = £,(3,), g:(j,~)\:= 8. (3s") 3
t > 0:
j ¢ S(ﬁ’p)(t); fZ(j,‘) o= f:_l(jy')a g:(Ja') = g:_,](j)')‘

In case r, = -r,, we have: (w*,p*) is saddling if (m,p) is "saddle conserv-

ing" ([2] lemma 6). For nonzero sum games we have the following

(2.5.2) Counterexample with (m,p) subgame perfect, yet (ﬂ*,Q*) not even an

eqpt.

S ={1,2,3,4,5}, discounting with factor } (this may be fitted in the origi-
nal model (2.1) by adding an absorbing extra state with reward 0 for both
players, where the state wvariable Xt arrives with probability } for all t=21);
K, = {x,v}, K, = {a,b}, L, = {0}, L,

and 5 no choice of decision is possible; all transition probabilities are

= {a,b}, in the absorbing states 3, 4

equal to zero or one, see the figure and the following matrices:

transition matrix in state 1: L ; in state 2: L
1 2
K 0 K, - a b
1 2
X 1 a 5 4
y 2 b 4 3

(this means that for instance p(2,4,b,a) = 1).



- 12 -

The pair (rl,rz) by a transition in the figure indicates the rewards for A

and B respectively, corresponding to this transition.

(0,0)

(0,0)
(0,0)
(0,0)
Take
x X x x * s e
(;) :=la b b b .....
a b b b .....

(nonrandomized policies, the first row gives the successive actions for A in
state 1, the second row the actions for A in state 2, and the third the ac-

tions for B in state 2, the actions for B in state ! are omitted).

It is easily checked that (w,p) satisfies (2.3.1) with S(t) instead of
S(B,p,t) and S(A,w,t), and with v](j,t) = v](j,ﬂ(t),p(t)), vz(j,t) =
=v,(J,m(t),p(t)) (e.g. v, (1,mp0) =02 v](l;w',p) for all 7' ¢ R(A), since
the system remains in state 1 if it is started there; and 7' instead of 7 can
never anymore generate the profitable combination (z) for state 2).

We construct the "improved" strategy in accordance with (2.5.1):

X X X e

(observe t > 0 = 2 { S(W’p)(t)). Now (ﬂ*,p*) is not an eqpt:

Vi) =041+ 1.0 = v (1, D () ,07) 0

Otner obvious "improving" methods fail too, such as ({(w,p) a given eqpt)



_13_

*
£g 1= 4> 8y = 89 5
2.5, . . . * .
¢ 3 jeS8(B,p,t) uS(A,m,t): fz(3,~> i=£ (G005 8.5 =g (3,75
t>0;:
. . . * ., . * .
3§{S(B’p$t) U S(Asﬂst)= f:(];') :=ft"](Jy'), gt(.]s") o= gt_}(.]9')°

) . D . .
(2.5.4) Counterexample where the (v ,p ) obtained from an eqpt (w,p) according

to (2.5.3) is not semi-persistent:

we can take the same model as described in (2.5.2) and define

X X X X X ..
(z) =la b a b b
a b b b b
This is an equilibrium point; yet (w*,p*) = (m,p) is not semi-persistent:
2 ¢ S(B,p*,2), but
V(2,1 (2) 507 (2) = 4 # -2 = v (2,7 (3),07 (2)) 0
Or
% *
£g == £, 8y = gy 3
2.5.4 . . ) . %, . * .
( ) jeS(B,p,t): f:(J,') i=£,(3,°), 348B,p,0): £ .(5,0) 2=£ _,(5,°);5
t>0:

‘ . . . LI * .
JES(Av“,t): gz(Ja') :'-‘gt(J”)) JJS(A:W,t): gt(ls') :=gt"‘](‘]’.):

(2.5.5) Counterexample: as (2.5.2), with the same (w,p) we get

X
ki3 A »
( L = |a b b ... : not semi-persistent. [
e a a a ...

. Markov games with countable set of players

. Model

The players are numbered 1,2,...; the state space S is again finite or counta-

(n)

bly infinite, For player n and state i ¢ § let Ki be the (not necessarily
I,(n) (n)
i i

of probability measures on (K(n) T§n)); M(n) 1= X Mgn), that is, if

i .
P 1S
u(n) (n) ,*) 1s a probability distribution over (KE“),PE“))

countable) action space, a g—-algebra of subsets of Kgn), and M a set

c M

, then u(n)(i

for every i ¢ S,
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8

g
1

K. :=
i

n=1
.(1) (2)

Fl F. ,+++5 this for all i ¢ 8.

» Ty is defined as the product o—-algebra on Ki generated by

N

When all players have chosen a policy, namely V [u(n) ¢ M(n)], we define

y e @

se«+)t this is the simultaneous policy, an element of

M= X M(n) (simul taneous decisions are underlined); now u(i,-) denotes

n=1 1

the infinite product measure y (i,+) ©® ( )(1 )y ® ... on (K T. ) (genera-

ted therefore by u( )(1 ) (2)(1, *) and so on).

We' assume that a function p := {(i,j,k) | i,j € S, k ¢ Ki} + [0,1] is given
with the property that for all i,j ¢ S p(i,j,*) is a measurable function
with respect to T, i and so that p(i,j,k) is the probability of the transi-

tion from i to j 1f the (simultaneous) action k ¢ K, is taken ( z p(i,j,k) = 1);
JeS
also the functions ro: {1,k l iesS, ke Ki} +TR (n ¢ N) are given, the re-

wards for the players, where it is assumed that for all i ¢ S rn(i,-) is Fi-

measurable, Define

[(P(E-))lj .= Jp(laj:}i)du(ia_k_)] ’

K.
1

ggeM vi,jeS

Vo Yuent Vies [Ta(boB) = J r (L,0du(i,R]

K.
1

we assume the absolute convergence of all these integrals. P(u) and rn(g)

are the corresponding matrix and vector respectively.

The time variable t has the values 0,1,... . A Markov strategy ﬂ(n) for pla-

™ e w®y,

yer n is a sequence of policies: “(n) (u (n)’ gn),...), t‘O

the set consisting of all strategies of this kind we call r(n),
A (simultaneous) Markov strategy m ¢ R := x R(n) is represented by a se-
n=1
quence made up of the strategy for player 1, the strategy for player 2, and
(1 _(2)

so forth: m = (v 7,777 ,,..). We can also write this as 7 = (EO,El,...): a
sequence of simultaneous policies beginning at time t = 0; obviously

(n) n
™)y =y

He Note: when speaking about 7 ¢ R, we call its time components
explicitly Bgs By and so on.
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By choosing a strategy m ¢ R and a starting state i ¢ S we determine a sto-
chastic process Xt (t = 0,1,...) on 8§, in the same way as in 2.1: here we
have P(gt) instead of P(ft,gt). The probability measure for this process will

be denoted by Pg; Eg is the corresponding expectation operator.

From now on it is assumed that the functions r have the charge structure:

2

M » 4 . - E o0
Assumption A% VndN Vies gﬁﬁR [wn(l,g) : Ei tzg [rn(Xt,gt)t < =],

Some more definitions:

Vn(]N Vi(S _Tl(:R’ n -

V.V v, [n(t) = (u
n TT:(UQ)U}!"')ER(H) t

V_T[’(E()’Blv-o)eR Ve [r(®) = Qpspyyee )33

the replacement of X by x' in a function h(x) = h(xl,xz,...) is denoted by

h(x;n:x'); we use the same notation in Pi and Ei;

T 'y
V.Y, [87(t) = {jes | 3.

i _ .
ieg [PT(X, = 1) > 0]}]

#

{jes |3 .13

(myn:m®) . .
ies [Pi— (Xt-J)>0]}] H

™
Vn ij Vt' [S;l(t) : (n)

m'eR

3

Vo Is(t) :={j es | 3 1 eR

! .
ies [PE (xt = j) > 0111 .

2. Characterization of v-semi-persistent and v-subgame perfect equilibrium

points

A strategy m ¢ R is called a (Nash) equilibrium point iff

. [ |
VnéN Vj€S v () [Vn(J,E) = Vn(J,E)n.ﬁ y1.
T'eR
We set about in the same way as in 2.3.
In this subsection the functions vy S x Wvu {0}) R, n ¢ N, are supposed

to be given unless they are specified; they must satisfy

Assumption B: Vn Vt gﬂﬁﬁ [P(B)‘Vn(t)l < o {componentwise)]; we define

v 1= (v],vz,...).
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By taking VndN Vj€S Vt20 [vn(j,t) 1= vn(j,ﬁﬁt))] for some T ¢ R we can satis-

fy B: for now {vn(i,t)| < wn(i,zﬂt)), 80
CW v (O D@ = @ @ONG +[r G| =v (um®) <= .

m ¢ R is called v-semi-persistent iff

(3.2.1) Vv Y v v [v_(G,m(t)) =v_(i,t) 2v_(§,n(t)sn:n')];
nlN t20 jesg(t) 1T,gR(n) n o — n n

m ¢ R is called v-saddling iff

(3.2.2) V_V_V v [r_(G,p) + (Pulv (e+1)) () =v_(§,t) =
n t jesg(t) UEM(n) n t t''n n

“s

2 r (o snm) + (P(usna)v (e+41)) (3) ]

T e R is called v-asymptotically definite iff

. t)
(3.2.3) V_V_V v [1im g2 (0, (X, ,t+k) =0 =
not jesg(t) W'ER(n) koo 3 n Xk
ey sop?
Eng_r(t) snem')

= lim
k0

v;(Xk,t +k)] .

As the analogue of theorem (2.3.4) we can now give the characterization of

v-semi-persistent strategies, with entirely similar proof.

(3.2.4) Theorem. If m ¢ R, then

m is v-semi-persistent ¢+ 1 is v-saddling and v-asymptotically definite.

Proof. Assume ne¢W, t > 0 and ] ¢ Sg(t) arbitrarily chosen.

(n),

=: 1) (v-saddling). Let u e M*7; (3.2.1) left side gives (with reasoning

gimilar to the one in (2.3.4))
v Gat) =v (G,n(e)) =r (,p) + Qv (@(e+D) () =
S = G+ Qv (D) (D) s

~and (n)
v (3,0 2 v (Gum(e) snaum Y (64 1) =

L]

r (o snan) + (Plugsnndv (n(e+1))) () =

r Gopsnan) + (P sna v (e+1)) (5)
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(n)

ii) (v-asymptotic definiteness). Choose m' = (ué,u;,---) € R*7. We have
LRI SN
t
< E?( ? ¥ Irn( ST Y >0 (k> )

according to A; and (remember a > b = a < |b|)

[ew]
IA

Egg(t);n:w ) - (xk t+k) < (ﬂ(t) jnsw )i (Xk,w(t*-k) snin' () |

A

(r(t)snam') v ey o
Ej mZk lrn(xm’yt-f'm’n'um)I >0 (k=)

(n)

«<; Let w' = (ué,u;,...) e R . Now

v (5,0) =r_(i,u) + PV, (e+1) () =...= v (§,1(0)) +

+1im E-( v (X,trk) =v (G,m(t)) 3
n pre—"
Koo ( ,
and
: > : O ery ey ! ;
vl 2x Gorpsning) + (Ppsniupv (e+1))(]) =
} ' . (w(t) s ) -
2 veezv_(Gyr(t)nim') - 1im (Xk t+k) Vi (Js“(t)an ).
n- - J
kw)oo
Since n e N, t 2 0 and j ¢ Sg(t) were arbitrary, the proof is complete. i

If 7 ¢ R satisfies (3.2.1), (3.2.2) or (3.2.3) with S(t) replaqing Sﬁ(t), we

call m v-subgame perfect, v-overall saddling or v-overall asymptotically de-

finite respectively.

We can now present the characterization of v-subgame perfect:

(3.2.5) Theorem. If 7 ¢ R, then 7 is v-subgame perfect iff 7 is v-overall

saddling and v-overall asymptotically definite. ,

Proof. The assertion is easily checked by replacing Sg(t) by S(t) in the
proof of (3.2.4). C
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3. N-person Markov games; Markov decision processes

(n)

At first we consider Markov games with N players, N ¢ N, and assume Ki at

most countable but nonempty (1 £ n < N).

In our model (3.1) we have the following simplifications: we may presume
that, if n > N, Vi ngn) = {0}], and henceforth abstain from considering
§n> = P(Kin)) (power set), and MEQ) as
the set of randomized actions for player n and state i ¢ §, 1 £ n £ N;

() .y

that case; in general we can take T

we define F so as to make clear the analogy with F and G from

subsection 2.1. For all f = (fl""’fN) € F(l) X, . aX F(N) =: F it holds that
(B(D),; = ) P, ik se ek £ (k) E (k)
(kl”‘°’kN)
rn(1,£) = Z rn(l,kl,...,kN)fl(l,kI)...fN(l,kN) .
(k1""’kN)

We can now apply the theory of 3.2 to N-person Markov games. Without objec-
tion N = | can be substituted: in that case we are concerned with one-per-—
son Markov games, that is: Markov decision processes. Given are now §, K,
countable (i ¢ §), probabilities p(i,j,k) (i,j < S, k ¢ Ki) and rewards r(i,k)
(1 €38, ke Ki); for all f ¢ F we have P(f) and r(f) as above.

A Markov strategy w ¢ R may be written as 7 = (fO’fl"")’ Vt [ft e Fl. As-

sumption A reads here as follows:

oo

. ki
reR Vieg [W(i,m = E; tZO if(Xtaft)l < ],

Y

[++3

so that v(i,n) := Ez E r(Xt,ft) exists for all #m ¢« R and 1 ¢ S; finally we
t=0 '
have V7r Vt [ST(t} = S(t)]: this means that the concepts v-semi-persistent

and v-subgame perfect coincide.

Take v(j,t) := sup v(j,m) =: v(j), then |v| < « as well as vf(F
meR
according to [2] lemma 2 (this may be seen by taking in the model of [2]

v, [L(1) := {0}]).
Applying (3.2.4) (= (3.2.5)) to Markov decision processes we get (the right-

hand parts of the assertions can be omitted!)

[P(f} IV] < w_]a
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(3.3.1) Theorem. If w « R, then

VoV, o Tr(,E) + PNV ) = v(i) ]
Y Yieseey VAT = v ey jeste) O
Vt vjeS(t) [;i: Ej V(Xk) = 0]

Compare (3.3.1) with [3] Theorem 1 ('"n optimal iff =w is value-conserving and
equalizing'): there instead of A merely the charge structure property for
nonrandomized strategies is assumed; Theorem 1 provides the analogue of

(3.3.1) with S"(t) replacing S(t), for strategies of that kind.
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