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Abstract: Weakly efficient points of a mapping F : S~y are

characterized, where the feasible set S is given by infinitely

many constraints, and Y is equipped with an arbitrary convex

ordering. In the linear and in the convex case a necessary and

sufficient condition is given, which needs no constraint quali-

fication.

Zusammenfassung: Es werden schwach effiziente Punkte einer Ab-

bildung F : S ~ Y charakterisiert, wobei der zulässige Bereich S

durch unendlich viele Restriktionen bestimmt wird und Y mit

einem beliebigen konvexen Ordnungskegel versehen ist. Im linea-

ren und im konvexen Fall wird eine notwendige und hinreichende

Bedingung angegeben, die keine Regularitätsvoraussetzung benö-

tigt.
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1. Introduction

Recently B.Brosowski [3] has given characterization theorems for weakly

efficient points (sometimes called weak Pareto-points) of a mapping

F : S -+ }Rm, if S, the feasible set, is described by infinitely many con-

straints, and if }Rm, the range space of the mapping F, is provided with

its natural ordering. In what follows we extend these results to mappings

into a linear topological space provided with an arbitrary convex ordering.

Also instead of differentiable mappings we consider mappings which admit

convex approximants. Two types of conditions are considered. The first one,

which concerns inconsistency of a system of strict inequalities, reduces,

if F is scalar-valued, to a certain generalization of Kolmogorov's criterion

which has been described in [6 , p. 163] and, for convex approximants, in

[2], [1 , p.291]. The second type of conditions involves Lagrange multi-

pliers. Here passing from linear to convex approximants is made possible

through the use of Helly's theorem. In each case the corresponding results

of [3 ] can be obtained readily by specialization. We conclude with a neces-

sary and sufficient condition which, contrary to [3] and to similar condi-

tions found in the literature, does not need a constraint qualification.
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2. Preliminaries

Throughout this paper we make the following assumptions:

Y is a real linear topological space, y* its topological dual;

Pe Y is a convex cone wi th int P * VS I) ;

P*: = {y*EY* I <y*,y> 2:0 YyEP} is the polar cone of P.

P will be used as an ordering cone in Y, i.e., we define for arbitrary

1 2
y ,y E Y:

I< 2
y -py

I 2
y < P Y

1 2
-y -y E-P,

_ yl _ y2 Eint(-P).

Given the ordering cone P ~n Y, a mapping F : C ~ Y, and a sub set SeC, we

consider the problem

(I) w-eff {F(x),P I x ES} .

By definition, X
O

is a solution of (I) iff X
O
E Sand there is no xE S such

that F(x) - F(x
o
) < P 0; X

O
is then said to be a weakZy efficient point of F

1 1
over the feasible set S. Note that for Y = lR and P = lR+ the above problem CI)

reduces to the ordinary minimization problem

min {F(x) I xE S} •

In what foliows, we assume in particular that the feasible set S ~s of the

form

Sf := {x E C I f (t ,x) :::;0 Y t E T} ,

i.e., we consider

(2) w-eff {F(x),PlxEC,Ht,x):::;O YtET},

where

F : C ~ Y, f: TxC ~ lR ,

T is a topological space,

C is a sub set of a real linear topological space

(the latter two assumptions will be relaxed in the final section). The precise

assumptions to be made on T,C,F and f will be different with each section and

will be formulated as needed.

I) "int" denotes the topological interior of a set, "cl" the closure.
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Fo r th e p re sen t w e g iv e som e m o re d e fin itio n s . F o r a fix ed e lem en t

°x E S
f
, w e d e fin e

T O := { tE T I f( t,x o ) =O } ,

° °S f:= {xE C lf(t,x )<O Y tE T } .

P rob lem (2 ) w ill b e ca lled w eak ly regu la r in xO , iff S ~ '*' f/J

M oreov e r, (2 ) w ill b e ca lled s tro ng ly regu la r in x e , iff

C
M

:= {x E C I f( t,x ) < 0 Y tE M , F (x ) - F (xo ) < P O } '*' f/J im p lie s

c lo sed se ts M w ith T O cM C T .

R eca ll th a t F : C -+ Y is ca lled P -conv ex iff C ~ s conv ex and

fo r a ll

1 2 1 .2
F (;> "x + (I-;> " )x ) ~ p ;> "F (x ) + (l- ;> " )F (x )

12
x ,x E C and a ll ;> "E[0 ,1 ]. C onvex ity is c lo se ly re la ted to regu la rity ,

a s show n in th e fo llow ing lem m a .

L em m a 1 . L e t C be conv ex .

(i) 1 £ f(t,.) is conv ex fo r a ll tE T ,

(ii) 1 £ f(t,.) is conv ex fo r a ll tE T

stro ng ly regu la r in x c .

°th en (2 ) ~ s w eak ly regu la r ~ n x .

and F (.) is P -conv ex , th en (2 ) is

Froof. F rom th e conv ex ity a ssum p tio n s it fo llow s

f(t,x 2 )~ 0 im p lie s f( t,x ) < 0 fo r a ll xE [x
l
,x

2
),

212
im p lie s F (x ) -F (x ) < pO fo r a ll xE [x ,x ).

1
th a t f ( t, x ) < 0 and

1 2
and F (x ) - F (x ) < P 0

q.e.d.
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3. The non-convex case

In th is section w e want to characterize a solu tion X
O

of (2) by the incon-

sistency of the system

(3) xE C , f (t ,x) < 0 V t E T
O
,

o
F(x)-F (x )<pO .

W e assum e in th is section that

T is a compact set,

F ( .) : C -t Y and f ( • , .) : TxC -t lR are continuous m appings.

Theorem 1.

o 0

(i) Let (2) be w eakly regular ~n x E Sf and Sf:l= 0. 1£ (3) has no solu tion ,

o
then x solves (2).

o 0

(ii) Let (2) be strongly regular ~n x E Sr 1£ x solves (2), then (3) has

no solu tion .

Proof.

(i) A ssum e, for contradiction , that X
O

does not solve (2). Then there exists

sE Sf w ith F(S) - F (x
o
) < p O . But w eak regularity and the continuity of F im ply

that w e can find an elem ent SO E S~ still satisfy ing F(so) - F (x
o
) < p 0, Le.,

SO is a solu tion of (3).

(ii) A ssum e, for contradiction , that s is a solu tion of (3). Then, s~nce T
O

~s compact and f(.,S ) is continuous, w e can find a constant K>O such that

f (t, s) ::;- K < 0 V t E T
O
•

Let us set U := {tET I f(t,S ) < - I}' which im plies in particu lar that TOeU .

The set T ' U is again compact, and by the sam e argum ent as before w e can find

a constant L > 0 such that

o
f(t,x )::;-L<O

Now s satisfies the inequalities

f(t,S )<O V tEclU ,

o
S ince T e cl U e T , strong regularity guarantees that .in any neighbourhood W

of x
O

there exists an elem ent ~ E W such that

F (X ;)-F (XO )<p O .

choose W in such a w ay that

V tEU ,~EC ,
(4)

In view of the continuity of f(.,.) w e can

o L
f(t,x

W
) - f(t,x )::;2 for all tE T ' U , and hence

L
f (t ,x

W
) ::; - 2< 0 V t E T' u.

W ith (4), th is contradicts x
O

being a solu tion of (2). q .e .d .
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4. Convex approxim ants

In th is section w e assum e that, in addition to functions F : C~Y a:nd

f : TxC ~ IR we are g i yen functions <P: C ~ y and 4) : TxC ~ IR such that the

fo llow ing requirem ents are satisfied :

(5)

T is a com pact set; C is a convex set;

<P( .) is P -convex , 4)( t, 0) ~ s convex for all t E T ;

4)( 0, x) is upper sem icontinuous for all xE C ;

<p(xo) = F(xo), 4)(t,xo) = f(t,xo) V t E T ;

for all E ;EC there ex ist Landau-functions °
1
(.) [O ,l]~Y and

°
2
(0): [O ,l]~ IR such that for all AE [0 ,1]:

° ° . ° °
F (x +A (E ;-x ))::S ;p<P(x + I..(E;-x ))+°

1
(1 ..),

° ° ° °f(t,x +A (E ;-x )) ::S ;4)(t,x +A (E ;-x )) + 02(> ..) V t E T .

H ere °
1
(0) being a Landau-function m eans: for all neighbourhoods W of 0y

there ex ists 1..
0
>0 such that AE [O ,A o]~ol(A )EAW . S im ilarly for 02(.).

L et nbw be xo E Sc W e want to consider the analogue of (3) w ith fand F

rep laced by their convex approxim ants 4) and <P , ~ .e .,

(6 ) xEC , 4)(t,x )<O V tETO , <P(x)-<P(xo) <pO .

A s before, TO := {t E T I f(t,xo) = O} = {t E T I 4)(t,xo) ~ O } is com pact, H nce

4)(.,x
o
) is upper sem icontinuous. N o topology on C is needed in th is section .

Theorem 2. If XO solves (2), then (6) has no so lu tion .

Froof. Assum e that (6) has a so lu tion E ;, i.e .,

E ; E C , 4 )(t,O <O °V tET ,

In v~ew of the com pactness of T and the upper sem icontinu ity of 4)(.,~ ) there

ex ists a constan t K> 0 such that

W ith U :=

4) (t, 0 ::s;- K V t E TO •

K
{tET 14)(t,~ ) < - 2} we obtain for som e L>O that

°4)( t, x )::S ; - L V t E T ' U ,

s~nce T ' U iscom pact am i disjo in t from TO . L ikew ise

4)(t,O ::S ;M <oo V tET 'U .

°For I..E (0 , I] le t us set x l.. := AE ;+ (l-A )x . Then there ex ists A l > 0 such that

for all tE U it fo llow s
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f(t,x
A

) ::;tp(t,X
A

) + °2(A)

o
::; Atp( t , FJ + CI - A)tp( t , x ) + O

2
(A)

K
::; A . (- "2) + °2(A)

< 0 if A E (0, Al) •

Similarly there exists A
2
> 0 such that for all tE T' U we obtain

f(t,x
A

)::; A .M+ (I-A). (-L) + 02(A)

<0 ifAE(0,A
2
).

Furthermore, since Hs) - q>(x
o
) E int(-P), there exists a neighbourhood W of

0y such that <p(S) - q>(xo)+Wc int(-P). Then there exists A
3

> 0 such that

0

1
(A) E1-.W if AE (0,,1..3). Consequently with

o 0
F(x

A
) - F(x )::; P q>(X

A
)- q>(x ) + 0

1
(,I..)

o
::; P ,I.. (q>(~) - Mx » + 0 1 (A)

it follows for all ,I.. E (0, ,1..3) that

o 0
F(xA)-F(x )EA(q>(~)-<p(x )+W)-P

c int(-P) - P = int(-P),

and hence

o
F (x

A
) - F (x ) < pO.

o
Altogether we have obtained that x does riot solve (2), a contradiction.

q.e.d.

Remark. If among the above assumptions we replace (5) by the following:

HX)::;pF(x) VxEC,

o
Stp:= {xE CI tp(t,x) <0

tp (t, x) ::;f (t, x)
o

VtET} *~,

VxEC, VtET,.

o
then the converse implication of theorem 2 is also true, Le., if :Je E Sf and if

(6) has no solution, then X
O

solves (~).

Indeed, if x
O

does not solve (2), then there exists ~ E C such that

and hence

Let ~oES~ ;then due to the convexity assumptions all xE [~o,~)

sufficiently close to ~ satisfy

tp(t,x) <0
o

V tET ,
o

q>(x) - Hx ) <1'0,

i.e., they solve (6), a contradiction.
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5 . T he convex case

F rom now on w e sha ll u tiliz e th e po la r con e P * , d e fin ed in S ec tio n 2 . T he

fo llow ing lem m a w ill b e n eed ed rep ea ted ly ; it is s im ila r to [4, T hm . 5 .13 ].

L em m a 2 . L e t S be any convex se t and le t ~

so lv es

(7 ) w -e ff {H x ),P I xE S}

o
S ~ Y be P -convex . T hen x E S

if and on ly if th e re ex is ts y* E p* , {O } such th a t

o
<y* ,~ (x )-~ (x »~O V xE S .

Proof. I t c an eas ily b e seen th a t y*E P* '{O } im p lie s < y* ,y><O fo r a ll

yE in t(-P ). H ence , if < y* ,~ (x )-H xo»~O fo r a ll xE S , th e re ex is ts no xE S

such th a t H x )-~ (xo ) < P 0 , i.e ., x
O

so lv es (7 ).

F o r th e conve rse im p lica tio n le t X
O

so lv e (7 ) and se t V := H S ) _ ~ (x
o
) + P .

V is a nonvo id convex se t, and , s in ce X
O

so lv es (7 ) and P + in t P = in t P ,

on e h as V n in t(-P ) = 0 . H ence it fo llow s from th e w eak sep a ra tio n th eo rem

th a t th e re ex is ts y* E y* , {O } such th a t

{

<O

<y* ,y>

~o

v y E -P ,

Vy EV.

T he firs t in equa lity y ie ld s y* E P* . T he second in equa lity y ie ld s th en

o
<y* , ~ (x ) -~ (x ) > ~ sup < y* , y> = 0 V x ES .

yE -P

q .e .d .

1£ ~ : C ~ Y is P -convex and y* E P* , th en th e fun c tio n < y* , ~ (.» is ea s ily

seen to b e convex . W e de fin e 4 l : C ~ Y to be P -low er sem icon tin uou s iff

< y* , 4 l( '» is low er. sem icon tin uou s on C fo r a ll y * E P* .

In th e rem a ind e r o f th is sec tio n w e con sid e r th e p rob lem

(8 ) w -e ff {H x ),P I xE C , ep (t,x ) ~ 0 V tE T } .

W e assu rn e :

T ~ s com pac t;

n
C ~ s a c lo sed convex sub se t o f lR ;

4 l( ') : C ~Y is P -convex and P -low er sem icon tin uou s ;

ep (t,.) : C ~ lR ~ s convex and low er sem icon tin uou s fo r a ll tE T ;

ep (.,x ) T ~ lR ~ s uppe r sem icon tin uou s fo r a ll xEC .

In an a logy to ou r p rev iou s no ta tio n le t u s se t

S := {xEC lep (t,x )~O V tET } ,
ep

and , fo r a fix ed e lem en t X o E S ep '

T
O
:= { t E T I ep (t,x

o
) = O } .
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In the following theorem solutions of (8) are characterized by the existence

of Lagrange-multipliers. The technique of proof is similar to [ 1, pp.90-100].

Theorem 3. Assume that

and only if there .exist a finite subset yOcT
O

with

and y*EP*'{O} such that

( 10)

(9)

{

for all finite subsets J' c T
O

there exists an element xE C such

that <p(t,x) <0 for all tE J.

Then X
O

E S solves (8) if
o <p. 0

Ir l:::;n,ut~O (tEJ),

O:::;<y*,<I>(x)-<P(x
o
»+ L tlt<p(t,x) 'v'xEC.

tEJo

Froof. If (10) is satisfied with nonnegative numbers u
t

(tE yO), then

o 0
<y*,<I>(x)-<I>(x »~O for all xES<p. Hence, by lemma 2, x solves (8).

For the converse implication - in order to avoid trivial case distinctions -

1 h T
o t' 1 1 L t x

O
E S solve (8). Bet us suppose t at con a1ns at east n e ements. e <p Y

lemma 2, there exists y* E p*, {O} such that X
O

is a solution of

min {<y*,<p(x» I xEC, <p(t,x):::;O 'v'tET},

1 nl 0
a special case of weak efficiency with P = lR . With C := C n {x E lR Ilx-x 11:::; p}

+ p

for some p >0 and <p(O,x) := <y*, <p(x)-<I>(x
o
» it follows from theorem 2 that the

system

xE C ,
p

<p(t,x) < 0 'v' tE T
O

U {O}

has no solution; hence, for E:> 0, the system

xE C ,
p

<p(t,x) :::;- E: 'v' t E T
O

U {O}

has no solution either. Since the sets {x E C I<p(t,x) :::;- d .are convex and
p

compact for all tE T
O

U {O}, it follows from a theorem by Helly and König about

the intersection of closed convex sets over a compact subset of lR
n

[ 5] that

there exist t. E T
O

U {O} (i=I, ... ,n+l) such that the system
1

xE C ,
p

<p(t. ,x) :::;- E:..
1

(i=I, ... ,n+l)

has no solution. Hence max'_
1

1 <p(t.,x)~-E: 'v'xEC. By a result of
1- , ••• ,n+ 1 P I

Fan-Glicksberg-Hoffman [8, p.65] . there existsu E An+1 := {u E lR
n
+ I

n+I
U~O, L I u. = I} such that

1= 1

n+1
L 1 u.<P(t.,x)~-E:

1= 1 1 .
'v'xEC.

P
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on+ l
H ence w ith K := (T U {O}) the sets

n+ l >
L I u .<P(t.,x )_-E :
~= ~ ~

VxEC}
p

are nonem pty for all E :> O . This im plies at the sam e tim e that any fin ite co llec-

tion of these sets F (E :) has nonem pty in tersection . S ince the sets F (E :) are closed

and K x!I. 1 iscom pact, the co llection of all F (E :) w ith E :> 0 has nonem pty in ter-
n+

section . N ow from (tl, ... ,tn+1 ,u1 , ... ,un+1)E 11E :>0 F(E :) fo llow s, since

- o. -
<p(t.,x ) = 0 and the functions <p(t.,.) are convex , that

~ ~

n+1 - -
L 1 u . <p( t. ,x) ~ 0
~= ~ ~

VxE C .

D ue to assum ption (9) th is im plies that OE {t
1
, ... ,t

n
+
1
}, and that one of the

m ultip liers u . corresponding to t.=O m ust be positive . A ltogether w e have obtain -
~ ~

- - 0 - - -
ed t

1
, .•• ,t ET and u .>0 , u

1
~O , ... , u ~O such that

non

n

u <p(O ,x) + L ui<P(t
i

,x )~ 0 V xE C .

o i=1

S ince w e m ay norm alize (U
O
,U

1
' ... ,U

n
) such that u

o
1 , th is is the desired resu lt.

q .e .d .

A ssum ption (9) is commonly term ed a constra in t qualification .

L et us specialize theorem 3 to the case

n
C= JR , 4> (x) :=A x, <p(t,x ) :=<a(t),X >+b(t),

w here

A : IRn~ Y is a Continuous linear m apping ,

a : T~ IR
n

and b : T ~ JR are both continuous.

Then prob lem (8) becom es

(11 )
n

w -eff {A x,P I xEJR , <a(t),X >+b(t)::;O V tET},

and condition (10) becom es

0::; <y* , A x_Ax
o> + L u «a(t),X > + b (t»

tEY o t

V xE JRn.

S ince yO cT
O

and hence <a(t),xo>+b(t) =0 . V tE JO , th is ~s equivalen t to

o = <y*,AX> + L u <a(t),X >

tE :ro t

n
VxEJR ,i.e .,
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O=A*y*+ 2: u a(t),

ro t .
tE

whereA*: Y*-+JRn ~s the adjoint of A. Making use of Caratheodory's Theorem

(that every point of the convex conical hull of a set Be JRn can be represen-

ted as a nonnegative linear combination of at most n elements of B), we can

then specialize theorem 3 as folIows:

(12)

Let (9) hold. Then X
O
ES solves (11) if and only if

<.P 0 2)

OE A*(P*' (O}) + conv cone (a(t) I tE T }

1£ Y = JRm P = p* = JRm this yields theorem 6.3 in [3 ]. The usefulness of (12)
, +'

as a necessary condition for a solution of (11) is somewhat limited,

since its validityrequires a constraint qualification, finite-dimensionality

of the underlying space, and continuous dependence on t. In the next section

we shall get rid of these limitations.

2) "conv cone" denotes the convex conical hull.



- 11 -

6 . E lim ination of the constra in t qualifica tion

In th is section w e w ant to characterize w eak ly effic ien t po in ts 1n a m ore

general se tting and w ithou t need for a .constra in t qualifica tion . F irst w e

consider the linear case , 1 .e .,

(13) w -eff {A x,P I xEX , <a(t)* ,x>+b(t)~O V tET},

w here w e assum e:

T is an arb itrary set;

X is a linear topo log ical space; X * , its topo log ical dual, is

equ ipped w ith the w eak*-topo logy ;

A : X -+Y is a con tinuous linear m app ing w ith A *: Y *-+X * its ad jo in t;

a(t)* E X * and b(t) E 1R fo r a ll tE T .

L et us recall that, fo r B cX *, E ;*is an elem ent o f the w eak*-closure of B

if and on ly if fo r a ll fin ite sub sets X cX and for all E > 0 there ex is ts

x* E B such that

S 15 the set o f feasib le so lu tions of (13).

<P

I<E ;* ,X >-<x* ,x> I~ E: VxEX .

Theorem 4. X oE S lP 1S a so lu tion of (13) if and on ly if there ex ists

y* E p*" {O } such that

(14) (OX *,O )E (A *y* ,<y* ,-A x
o
» + cl r,

where r := conv cone {(a(t)* ,b (t))1 tE T}cX * x 1R.

Proof. Let xO be a so lu tion of (13); then , by lemm a 2 , there ex ists

y* E p*" {O } such that the system

(15) <a ( t) * , t;>+ b ( t) ~ 0 V t E T ,
o

<y* ,A t;-A x> < 0

has no so lu tion . A ssum e now that (14) does no t ho ld fo r th is particu lar

cho ice of y* . Then the po in t (_A *y* ,<y* ,AX
o» is d isjo in t from the closed

convex cone cl r. By the strong separation theorem , and since X * is pro -

v ided w ith the w eak*-topo logy , there ex ists (x ,r) E X x 1R (i.e ., a con tinu-

ous linear functional on x* x 1R ), such that

o
-<A *y* ,X >+ <y* ,A x > 'r > 0 ,

<a ( t) * ,x> + b ( t) •r ~ 0 V t E T.

In case r> 0 w e obtain that
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-1 0
<y* ,A (r x-x» < 0 ,

-1
<a ( t) * , r x> + b ( t) ~ 0 V t E T ,

f -1. 1 . () .
and there are !; : = r x ~s a so ut~on of 15 . In case r ~ 0 w e obta~n , s~nce

o
r'«a(t)* ,x >+b(t))~O , that

o
<y* ,A (x~rx » < 0 ,

o
<a(t)* ,x -rx >~ 0 V t E T ,

d h fo o . 1. ()
an t ere are !; : = x + x - rx ~s a so ut~on of 15 . In both cases w e have

obtained a contrad iction . H ence (14) m ust be satisfied .

A ssurne now that (14) holds. L et X c:X be a fin ite subset and £ > O . Then it

fo llow s from (14), since X * is prov ided w ith the w eak*-topology , that there

ex ists (x* , r) E rsuch that

1-<A*y*,X> -<x*,X> I ~ % V x EX ,

o £

l<y* ,A x >- r I ~ 2'

and hence

<y* , A x0> ~ <y* , AX>+ <x* , x> + r + £ V x EX .

Taking in to account that (x* , r) E r has a represen tation

(x* ,r) = L v (a(t)* ,b (t)),

tEY t

V t~O (tEY )

w ith sam e fin ite subset r c:T , it fo llow s that

(16) <y* ,A xo>~<y*,AX>+ L v «a(t)* ,X>+b(t)) + £ VxEX .

tE J t

Choosing ~n particu lar X = {x}, w here xE S , w e obtain from (16) that
tp

o
<y* ,A x > ~ <y* ,AX> + £ .

o
S ince £>0 w as arb itrary , it fo llow s that <y* ,A x-A x >~O for all xE S tp ' In

v iew of lemm a 2, x
O

so lves (13). q .e .d .

In the proof of theorem 4 we have estab lished that from (14) fo llow s (16).

Moreover, if Y = :IR
1
, P = P* = :IR :, then y* E p*, {O } m ay be norm alized to y* = 1.

Combin ing these tw o observations w e obtain the fo llow ingcoro llary to theorem 4,

w here c* E X*.

Cürü llary . If X
Ü

so lves

(17) m ~n {<c* ,x> lxEX ,<a(t)* ,X>+b(t)~O V tET},

then für all fin ite subsets ~ c: X and für all £ > 0 there ex ist a fin ite subset
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.r e T an d v t ~ 0 ( t E r) su c h th a t

< c * , x 0 > ::; ;< c * , x > + L v t « a ( t) * , x > + b ( t) ) + e : V x E X .

tEJ'

N ow w e co n s id e r th e c o n v e x c a se , ~ .e ., w e c o n s id e r th e p ro b lem

(1 8 ) w -e f f {H x ) ,P I xE C ,tP ( t ,x ) : : ; ;O V tE T } ,

w h e re w e a s sum e :

T ~ s a n a rb itra ry se t;

C ~ s a c o n v e x se t ( in som e re a l l in e a r sp a c e ) ;

4 1 ( ') : C ...•Y is P ,-c o n v e x ;

tP ( t , .) : C ...•1R ~ s c o n v ex fo r a ll t E T .

8 d e n o te s th e se t o f fe a s ib le p o in ts o f (1 8 ) .

tP

T h eo rem 5 . X
O

E 8
tP

~ s a so lu tio n o f (1 8 ) if a n d o n ly if th e re e x is ts

y * E p * {O } su c h th a t fo r a ll f in ite su b se ts )E e C an d fo r a ll e : > 0

th e re e x is t a f in ite su b se t J eT an d V t~O (tE J) s a tis fy in g

(1 9 ) < y * ,4 I (x
o
» ::; ;< y * ,4 I (x » + L. v ttP ( t ,x ) + e : V xE ~ .

_ tE j

Froof. 1 £ (1 9 ) h o ld s , th e n < y * ,4 I (x ) -4 I (x o » ~O fo r a ll x E 8 ; h e n c e it
o tP

fo llow s from lem m a 2 th a t x so lv e s (1 8 ) .

C o n v e rs e ly , le t X
O

b e a so lu tio n o f (1 8 ) . T h e n , b y lem m a 2 , th e re e x is ts

y * E p * {O } su c h th a t

o
< y * ,H x )-4 I (x » ~O V xE 8

tP
.

W ith th e a b b re v ia tio n ~ (x ) := < y * ,4 I (x » th is m e an s th a t x
O

so lv e s

(2 0 ) m ~ n { ~ (x ) lx E C ,tP < t,x ) : : ; ;O V tE T } .

N ow le t ? ( b e a n a rb i tra ry

w e m ay a s sum e th a t X

O

E X .

n + 1
u := (u ,u

1
, ••• ,u )E lR

o n

f in ite su b se t o f C . W ith o u t lo s s o f g e n e ra li ty

o I n
8 0 le t ~ : = { x , x , • • • , x } . W ith

w e co n s id e r th e fo llow in g p ro b lem :

(2 1 ) mn

n ,.. . . , i n + I
{ L u . H x ) I u E lR

i=O ~

n .
~

L u .tP ( t ,x ) : : ; ;0

i= O ~

V tE T ,

n

u . ~ 0 (i =0, . •• , n ) , LU. - 1 = 0 } •
~ i= O ~

o
In v iew o f o u r c o n v e x ity a s sum p tio n s , a n d s in c e x so lv e s (2 0 ) , i t is e a s ily

• . 0 n + 1
v e r~ h e d th a t u : = (1 ,0 , • • . ,0 ) E 1R so l v e s (2 1 ) . I f w e re p la c e th e e q u a li ty
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co n s tra in t b y tw o in eq u a lit ie s , (2 1 ) h a s th e sam e s tru c tu re a s (1 7 ) . H en c e

w e m ay ap p ly th e co ro lla ry . F o r th is p u rp o se le t 1t b e a f in ite su b se t o f

JR n+ 1 an d £ > 0 . T h en it fo llow s from th e co ro lla ry th a t th e re e x is t a f in ite

su b se t r eT an d m u ltip lie rs v ~ 0 ( t E r) , ].I. ~ 0 ( i= O , • .• ,n ) a n d v E JR su ch
t ~

th a t

n . n . n n
" '0 " '~ ~
H x )::: ; .L: u .1 > (x )+ .L: v (.L: u .tp ( t ,x ) ) - .L: ].I.u.+v(.L: u .- I )+ £

O
~ E r t . 0 ~ . 0 ~ ~ . 0 ~ .

~ = t ~ = ~= ~ =

VuE1.L.

n .
0 - ,. ~ '" 0

.L: u . H x ) = 1>(x ) . C h o o s in g ~ n p a r tic u la r

i=O ~

i n+l.
fo r 1L th e se t o f a ll u n it v e c to rs e E lR (~ =O ,I ... ,n ) w e o b ta in in tu rn

. .
'" 0 '" ~ ~
H x )::: ;H x )+ .L: V t~ (t,x )- ] .1 .+ £

tE T ~

( i = 0 , 1 , • • • , n ) ,

an d H n ce ].I. ~ 0 ( i= O , I , • .. ,n ) , th is is th e d e s ire d re su l t
~

q .e .d .

W e can n o t m a in ta in ~ n th eo rem 5 th a t Y eT
o

:= { t E T I < .p ( t,x
o
) = O } , b u t

se ttin g x := X
O

in th e la s t lin e o f th e p ro o f w e o b ta in th e b o u n d s

o
- £ ::: ; .L: v <.p( t , x ) ::: ; O .

tE 'J t

I f T is f in ite , th e c lo su re in (1 4 ) c an b e om itte d , s in c e r a s a f in ite ly

g en e ra te d co n v ex co n e in a se p a ra te d sp a c e is th e n a lre a d y c lo se d . I f w e

ap p ly (1 4 ) in th is s tre n g th en ed fo rm in th e p ro o f a b o v e , it fo llow s th a t

fo r T f in ite th e o rem 5 ev en h o ld s tru e w i th £ = O .

T h eo rem s 4 an d 5 im p ro v e u p o n p re v io u s re su lts in [7 ] a n d [9 ] .
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