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Abstract

Certain characterizations of recently proposed univariate continuous distributions are presented in different directions.
This work may be a source of preventing reinventing and duplicating the existing distributions and calling them newly
proposed distributions.
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1. Introduction

This work is a continuation of our previous works (Hamedani and Safavimanesh, 2016) and (Hamedani 2017) on char-
acterizations and infinite divisibility of distributions introduced in 2016-2017. In designing a stochastic model for a
particular modeling problem, an investigator will be vitally interested to know if their model fits the requirements of
a specific underlying probability distribution. To this end, the investigator will rely on the characterizations of the se-
lected distribution. Thus, the problem of characterizing a distribution is an important problem in various fields and has
recently attracted the attention of many researchers. Consequently, various characterization results have been reported in
the literature. These characterizations have been established in many different directions. This work deals with various
characterizations of the following distributions: 1) Extension of the Generalized Linear Failure Rate (EGLFR) distri-
bution of Kazemi et al.; 2) McDonald Gompertz (McG) distribution of Roozegar et al.; 3) Kumaraswamy-Transmuted
Exponentiated Modified Weibull (Kw-TEMW) distribution of Al-babtain et al.; 4) Lomax-Exponential (LE) distribution
of Hami Golzar et al.; 5) Truncated Exponential Exponential (TEE) distribution of Mahdavi and Silva; 6) Gompertz-G
(Go-G) family of distributions of Alizadeh et al.; 7) Type I Half-Logistics (TIHL-G) family of distributions of Cordeiro
et al.; 8) Transmuted Geometric-Weibull (TGW) distribution of Nofal et al.; 9) Adjusted Log-Logistic Generalized Ex-
ponential (ALLGE) distribution of Okorie et al.; 10) Type II Half Logistic (TIIHL-G) family of distributions of Hassan
et al.; 11) Transmuted New Generalized Inverse Weibull (TNGIW) distribution of Khan et al.; 12) Poisson-G (Po-G)
family of distributions of Abouelmagd et al.; 13) Generalized Transmuted Weibull (GTW) distribution of Nofal and El
Gebaly; 14) Exponentiated Generalized-G Poisson (EGGP) family of distributions of Aryal and Yousof; 15) Beta Inverse
Rayleigh (BIR) distribution of Ledo et al.; 16) Beta Weibull Poisson (BWP) distribution of Percontini et al.; 17) Gam-
ma Modified Weibull (GMW) distribution of Cordeiro et al.; 18) Transmuted Dagum (TD) distribution of Elbatal and
Aryal; 19) Exponentiated Gompertz Generated (EGG) family of distributions of Cordeiro et al.; 20) New Extension of
Power Lindley (NEPL) distribution of Alizadeh et al.; 21) Poisson-Weibull Regression (PWR) distribution of Vigas et al.;
22) Odd Log-Logistic Skew Normal (OLLSN) distribution of da Silva Braga et al.; 23) Extended Generalized Gamma
Geometric (EGGQG) distribution of Bortolini e al.; 24) Eponentiated Transmuted Quasi Lindley (ETQL) distribution of
Preda; 25) Log-Kumaraswamy Generalized Gamma (LKGG) distribution of Pascoa et al.; 26) Exponentiated Reduced
Kies (ERK) distribution of Kumar and Dharmaja; 27) Exponentiated Lomax (EL) distribution of Abdul-Moniem and
Abdel_Hameed; 28) Another Extension of Exponential (AEE) distribution of Gémez et al.; 29) New Weighted Exponen-
tial (NWE) distribution of Kharazmi and Jabbari; 30) Exponentiated Inverse Weibull Geometric (EIWG) distribution of
Chung et al.; 31) New Extension of the Exponential (NEE) distribution of Gémez et al.; 32) Exponentiated Transmuted
Weibull (WTW) distribution of Ebraheim; 33) Generalizations of Weibull (GW) distribution of Jayakumar and Babu;
34) Exponentiated Nadarajah and Haghighi Exponential (ENHE) distribution of Abdul-Moniem; 35) Generalization of
Weibull (GW) distribution of Babu; 36) Truncated Weibull-G (TW-G) distribution of Najarzadegan et al.; 37) Generalized
Additive Weibull-G (GAW-G) family of distributions of Hassan et al.; 38) Two-parameter Weighted Exponential (TWE)
distribution of Shakhatreh; 39) Generalized Weighted Weibull (GWW) distribution of Kharazmi; 40) Generalized Weight-
ed Exponential (GWE) distribution of Kharazmi et al.; 41) Generalized Bilal (GB) distribution of Abd-Elrahman; . These
characterizations are presented in different directions: (i) based on the ratio of two truncated moments; (i7) in terms of the
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hazard function; (iii) in terms of the reverse (reversed) hazard function and (iv) based on the conditional expectation of
certain function of the random variable. Note that (i) can be employed also when the cdf (cumulative distribution func-
tion) does not have a closed form. We would also like to mention that due to the nature of some of these 41 distributions,
our chracterizations may be the only possible ones. In defining the above distributions we shall try to employ the same
parameter notation as used by the original authors. We follow the same order as listed above.

1) The cdf and pdf (probability density function) of EGLFR are given, respectively, by

(1-(-plavrs2)"™) ir p20
F(xa,B,a,b) = [ , 1
(r;e.5,a,b) {(1—exp(—(ax+§x2))) Lif B=0 (1)
and 1
) _Jatarbo-pP " (1-(1-p" Y if B#0
fa,B,a,b) = {a(u+bx)exp(_z) (o)™ if p=0 )
where @ > 0,8€R,a>0and b >0 (with a + b > 0) are parameters, z = (ax + %’xz) and
i. If B <0, then the support of the cdf is x > 0.
ii. If 8 > 0, then the support of the cdf is 0 < x < % \Ja? + %b — %
iti.If > 0 and b = 0, then the support of the cdf is 0 < x < ﬁ
2) The cdf and pdf of McG are given, respectively, by
L (lestter
F(x;a,b,c,0,y) = ———— A -w)? dw, x 20, 3
(x;a,b,c,0,y) B(a/c’b)fo w1 -w)dw, x 3)

and

f(xa,b,c,0,y) =

X ac—1 cy b-1
YO (Cj/ez D exp (—g (e — 1)) [1 — exp (—g (e”™ - l))] {1 - [1 — exp (—g (e — 1))] } , x>0, 4)

where a, b, c, 0,y are all positive parameters.

3) The cdf and pdf of Kw-TEMW are given, respectively, by

b

F(x;a,B,6,y,a,b,2) = 1 - {1 ~[1 =D 14 a-a(1 - e—("“”ﬁ))"]a} , (5)
x>0 and
f(xa,B,6,v,a,b, )
= aba (9 + yﬂxﬁ_l) e~ (0x+7F) [1 +1-22 (1 - e_(e"”"ﬁ))a] X
aa—1 aja—1
[1 - OO (14 = (1 - @) ]
aa aja b-1
{1 —[1- @I 1+ a-a(1 - e ) } x>0, (6)
where a, 3, 6,7, a, b all positive and A (|4| < 1) are parameters.
4) The cdf and pdf of LE are given, respectively, by
k=1 a_ ¥ 0 7
F (x; =] -|— >
(x:,5.k) (e‘”‘+a—1)’ = ™
and .
k SX
f (xa,s,k) = e x>0, 3

(e +a— 1)
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where a, s, k are positive parameters. _
Remark 1. For o = 1 and G, (x) = ==L, x > 0, the cdf of NF (A New Family) of distributions of Alizadeh et al

e +a—-1

(2015) reduces to (7). The NF distribution has been characterized in the upcoming Research Monograph by Hamedani
and Maadooliat (2017).

5) The cdf and pdf of TEE are given, respectively, by

1x

@ _ eoze”
Fa,)=————, x20, )
e -1
and
A —Ax e
frad =" x>0, (10)
e( —

where a, A are positive parameters.

Remark 2. For @ = 1 and G| (x) = 1 —e™**, x > 0, the cdf of EGP (The Exponentiated G Poisson) model of Gomes et
al (2015) reduces to (9). The EGP distribution has been characterized in the upcoming Research Monograph by Hamedani
and Maadooliat (2017).

6) The cdf and pdf of Go-G are given, respectively, by

o l1_(Geem) ™
Fubym=1-c-C)} g (11)

and
S (x0,y,m) =0g(x;n) (6 (x; 17))_y_1 eg{l‘(a”’)) y}, x e R, (12)

where 6, y are positive parameters and g (x; ) and G (x; 1) are pdf and cd f of the baseline distribution which depends on
the vector parameter 7.

7) The cdf and pdf of TIHL-G are given, respectively, by

1-(G(x: n))ﬁ
F()C;/D:_—/l, XER, (13)
1+ (G (x; n))
and .
22 (x; ) (G (x5))
f ()= xeR, (14)

{1 + (5 (x; 77))}}2

where A is a positive parameters and g (x;77) and G (x; n7) are pdf and cd f of the baseline distribution which depends on
the vector parameter 7.

Special TIHL-G distributions

The following distributions are listed as sub-models of the TIHL-G distribution: The type I half-logistic normal; The type
I half-logistic gamma and The type I half-logistic Fréchet.

Remark 3. For a = 1, the cdf of EHL-G (The Exponentiated Half-Logistic Family) of distributions of Cordeiro
et al (2014) reduces to (13). The EHL-G distribution has been characterized in the upcoming Research Monograph by
Hamedani and Maadooliat (2017).

8) The cdf and pdf of TGW are given, respectively, by

Flx 01 = 9(1 —67((”)/}) | /le—(ax)ﬂ 5
B e | T n(i e[ (15)
x > 0and
Gﬁaﬁxﬁ‘l ﬂe—(ax)ﬁ
(r@,5,6,4) = ! , (16)
feh e [1+(6-1)(1 —e‘(‘”)ﬁ)]z{ - (1 —ew*)}
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x> 0, where a, 8, 0 positive and A (|| < 1) are parameters.
9) The cdf and pdf of ALLGE are given, respectively, by

(67 + 1) (1 — ey’

F (x;0,0,1) = >0, 17
(0.0 = (17)
and
(67 + 1) 6%me = (1 — ey
f (x;6,0,m) = 3 x>0, (18)
|67+ (1 = e
where 0, 6, 7 are positive parameters.
10) The cdf and pdf of TIIHL-G are given, respectively, by
2|G (x; A
Fledg =200l g (19)
1+[G(x0)]
and -
22 (x; ) |G (x; -
P 1C:791 c1E5Y9) g 0)

[1+[6 @Ol

where A is a positive parameter and G (x;¢) , g (x; () are cdf and pdf of the baseline distribution which depends on the
parameter vector {.

11) The cdf and pdf of TNGIW are given, respectively, by

o (1Y) o« (1Y)
F(x;a,B8,y,¢,1) = 1—[1—exp{—;—y(;) }] 1+4 l—exp{—;—y(;) H s 21

a 1! a 1Y
f (x;cv,ﬂ,%fﬁ,/l):rﬁ{—z +,87(—) }CXP{———V(‘) }X
X X X X
[ { ; (l)ﬁ} i
I —expy———-vy|-
X x

X
B)1¢
{1—/l+2/l 1—exp{—%—y(%) H } (22)

x>0, where @,8,7, ¢ all positive and A (|| < 1) are parameters.
Remark 4. For 4 = 0, TNGIW will reduce to NGIW (New Generalized Inverse Weibull) distribution of Khan and King
(2016).

x> 0and

12) The cdf and pdf of Po-G are given, respectively, by

exp [6G (x;n)] - |

F(x;0,m) = 1 ;

eR, (23)

and

Og (x; 0G (x;
£ o = B n)::li[l ]

where 8 is a positive parameter and g (x; ) and G (x; 1) are pdf and cdf of the baseline distribution which depends on the
parameter vector 7.

x€eR, 24

42



http://ijsp.ccsenet.org International Journal of Statistics and Probability

Vol. 7, No. 1; 2018

13) The cdf and pdf of GTW are given, respectively, by

FxaB.a,b,2) =1 -] {1 v -1~ e-wﬁ]b} x>0, 25)
and B .
f (afoab,2) = Pl [1 — @] {a(l +) = Aa+b)[1 -] } , (26)
x >0, where @, f, a, b all positive and A (|4] < 1) are parameters.
14) The cdf and pdf of EGGP are given, respectively, by
— ayb
1 —exp {—/l{l - [G(x;z//)] } }
F (x; = R 2
(x;a,b,,4) = exp =] . XER, 27
and
— a—1 — ayb-1
abAg () [Gsw|™ {1 =[G xw])
f (x;a,b,,¢) = (28)

{1 exp {-1)} exp {/l{l -[G d/)]a}b}

x € R, where a, b, A are positive parameters and g (x; ) and G (x; ) are pdf and cdf of the baseline distribution which

depends on the parameter vector .

15) The cdf and pdf of BIR are given, respectively, by

1 exp(—6x72)
F(x;a,b,0) = 5@b) f w1 =w)bldw, x>0,
> 0

and

f (x;a,b,0) = x3 exp (—Gx‘z) [1 —exp (—Hx‘z)]b_l , x>0,

0
B(a,b)
where a, b, 6 are positive parameters.

16) The cdf and pdf of BIR| (a=b = %) are given, respectively, by

2 0
F(x;0) = - arcsin {exp (—Ex‘z)}, x>0

9—3 )
f(x;9)=%{ - exp( 2 )} x>0,

and

where 6 is a positive parameter.

17) The cdf and pdf of BWP are given, respectively, by

o
—px
AP0

1 T
F(x;a,B,a,b,) = ﬂf l w1 —w)”‘1 dw, x>0,
a, 0
and .
f (x;6) = cx"_le_ﬁ"”e’le_w (eﬂe_w - 1) , x>0,
aple(e'-1 )ziafb

B(a,b)( 1 —e‘/l)

—a

where «,f,a, b, A are positive parameters and ¢ =

¢ = bapa (e” - 1)_b and for b = 1, ¢ = aafid (e/l - 1)

18) The cdf and pdf of GMW are given, respectively, by

P et
1
F(x;a,8,a,1) = — f “letdr, x>0,
I'(a) Jo

43

is the normalizing constant.

(29)

(30)

€2y

(32)

(33)

(34)

Note that for a = 1,

(35)
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and

ax® 1 (B + Ax)

Ax a-1 Ax—axPel
T @ {a/xﬁe } e , x>0, (36)

f (xa,B,a,1) =

where @, 3, a, A are positive parameters.
19) The cdf and pdf of TD are given, respectively, by
F(xa..0.0)=(1+ ax—")’ﬁ [1 +a-a(1+ ax_e)iﬁ] , x>0, (37)

and
f (6a.B,60.0) = apox (1 +ax?) " [1 +a-22(1+ax?)” ] , (38)

x > 0, where a, 8, 6 positive and A (|4| < 1) are parameters.

20) The cdf and pdf of EGG are given, respectively, by
o(1-(Goen) ' N
F(x;a,0,y,1n) = {1 _ - )} , xeR, (39)

and

oy (1-(Ge) )
f a0y, = —ostame . xeR, (40)

(e ,7))“7 {1 _ ei(l(Gu;w)")}l_“

where «, 6, y are positive parameters and g (x;77), G (x; 1) are pdf and cdf of the baseline distribution with parameter
vector 7.

21) The cdf and pdf of NEPL are given, respectively, by

[1-(1+ 4) e

T+

[1 - (1 + rﬂ/{xﬂ) e"“ﬁ]a + (1 + lﬂﬁxﬁ) e

F(xa,B,4) = >0, 41

and

o (1+x) e [1 = (1 + pf) " (14 )™

f ma.pd)= , x>0 (42)
o 1+ /l){[l - (1 + ﬁxﬁ) e‘“ﬁ]a + (1 + ﬁxﬁ) e"“‘ﬁ}2 e

where a, 8, A are positive parameters.

22) The cdf and pdf of PWR (WLOG for u = 0,0 = 1) are given, respectively, by

X

@ _ pae”
F(x;a0) = ——, x€eR, 43)
e —1
and o L
f (xsa)= Y le”“_” < xeR, (44)

where « is a positive parameter.
23) The cdf and pdf of OLLSN (WLOG for i = 0,0 = 1) are given, respectively, by

[Psn (3 D]

F(xA) = — =
[Dsy (x; DI + [ Dsy (x: V)]

x€eR, (45)

and
206 () ® (1) [ (D1 [D (s 0]
f ()= — — , xeR, (46)
{[@sy 0 017 + [®sw (x|}
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where A is a positive parameter, ¢ (x), ® (x) are pdf and cdf of the standard normal distribution, @gy (x; 1) = @ (x) —
27 (1), T (e ) = 2wy [ 22l gy and By (.2) = 1= Dy (5.0).

1+u?

24) The cdf and pdf of EGGG are given, respectively, by

k()]

A
Fxa,n,A,pk)=1-{1- = s >0, “mn
neney { vﬂvww@h} '

TN 1 (o ) [ e 1
ori e ¢ (1 —p{l n [k ()]

x > 0, where «, T, 4, k positive, p € (0, 1) are parameters, y [k, x] = fox edw , vy [k, x] = F(k) fo “le™dw and
T (k)= [ whle™dw.

and

f (o, 1,4,pk) =

25) The cdf and pdf of ETQL are given, respectively, by

(1+ ) (1 — eeketn o) Y7
F(xa,B,1,0,0)=|1-21- WO+130x o 2 , x>0, (49)
(1 T ue+ )

and

-1

(1+ ) (1 - o) }}“1 Il B {1 _[ (1+ ) (1 - £e) ]}T

2
F (B 0.2) = ﬂe“W+>{

9|9x_x2 Hlex_xz
Ko (1= EEEe™) (1= EEEe™)
6+1+6
X 1+/l—2/1(1—%€_9x):|, (50)

x > 0, where a, B, 1, 0 positive and A (|| < 1) are parameters.
26) The pdf of LKGG (WLOG for u = 0,0 = 1) is given, respectively, by

Aglql 2\4~ X
(e )(q ) exp{q x—q 2 }x

a2 2er I 1-(n a2 2e]) ) ,.
felep=3 | e (51)
42 exp(- 5 J@y! [1=@e) ] if q=0
x € R, where 4, ¢ positive , g € R are parameters and , as before, y; [, x] = ﬁ fox we e dw.
27) The cdf and pdf of ERK are given, respectively, by
x VN
F(x;ﬁ,ﬁ):{l—exp[—(l_x)}} , 0<x<1, (52)
and
ABxP~1exp [— (ﬁf] © BN
S gD = (1 - xp! {1—exp[—(1 —x) }} ’ (53)
0 < x < 1, where 3, A are positive parameters.
28) The cdf and pdf of EL are given, respectively, by
F(xa,0,)=[1-(1+ Ax)-e]", x>0, (54)
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and
f 6@, =abd(1+ 0 [1-(1+ ], x>0, (55)

where a, 6, A are positive parameters.
Remark 5. A generalization of the EL distribution was proposed by Mead (2015) which is characterized in the upcoming
Research Monograph by Hamedani and Maadooliat (2017).

29) The cdf and pdf of AEE are given, respectively, by

Frap =1 @FBraBe® = oo, (56)
a+p

and ) o
F (s = %, x>0, 57)

where a, 8 are positive parameters.

30) The cdf and pdf of NWE are given, respectively, by

. B C T ﬁ e—/l(xx e—/la(ﬂJrl)x
Fra.ph=1-7e {ﬁ+1 Tari T @enaragry ) 20 (58)

and

1= —Aa(B+1)x
f (X; a’,,B, /l) = Ce_/lx {1 - 6_/1(” - ((;T)} , x>0, (59)

Aa+1D)(1+a(B+1))
2

where a, 3, A are positive parameters and C = is the normalizing constant.

31) The cdf and pdf of EIWG are given, respectively, by

—a

e

- - >0 60
1 _q(l_e_,yx—a)’ X 2 s ( )

F(xa,y,q) =

and
ay(l _ C]) x—(a+l)e—7x"’

[1-g(-er)P

f (xay,q = x>0, (61)
where a,y positive and g (0 < g < 1) are parameters.

Remark 6. The EIWG distribution is a special case of BGIWG (The Beta Generalized Inverse Weibull Geometric) dis-
tribution of Elbatal et al. (2017). We believe that Chung et al. were not aware of Elbatal et al.’s paper as these two papers
were published within a couple of months of each other. The BGIWG distribution was characterized in Hamedani (2017)
paper listed in the references here.

32) The cdf and pdf of NEE are given, respectively, by

2 —aXx
F(x;a,ﬂ):l—%, x>0, (62)

and .
Fuap = @FBrapoe™ (63)
a+p

where «, 8 are positive parameters.

33) The cdf and pdf of ETW are given, respectively, by

Faapan={1+@-net’ a2 vxo, (64)
and . o
F (e B Ay = f(f) Y [1 —/l+2/le’(§)ﬁ]{l + -1 —Ae’z(f)ﬁ} , (65)
a \a
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x > 0, where «, 8, v all positive and A (|4] < 1) are parameters.

34) The cdf and pdf of GW are given, respectively, by

F(x;a,p) = L >0 (66)
SR S T — e T
and p
1 -
[ (nap) = apx’e x>0, (67)

[1—(1—&’)6_)‘#]2’

where @, 8, v are positive parameters.
Remark 7. Generalizations of GW distributions were presented by Bidram et al. (2015) and by Elbatal et al. (2016).
These distributions are characterized in the upcoming Research Monograph by Hamedani and Maadooliat (2017).

35) The cdf and pdf of ENHE are given, respectively, by

F(x;a,B,1) = (1 - el_(lwx)ﬁy , x>0, (68)

and
f (e, B, A) = Bl + ax)! l-raf (1 - el_(1+”x>ﬁ)/l_l , (69)

x > 0, where @, 8, A are all positive parameters.

36) The cdf and pdf of GW are given, respectively, by

F(x;a,0,c) = 9{1—a9(1—e‘x‘+ae‘f)70},x20, (70)
-«
and . -
a1 - el
f b= —td-Deet ef Ly )
(I-a%) (1 —e™ +a@e™)
where a, 0, c are all positive parameters.
37) The cdf and pdf of TW-G are given, respectively, by
1 —exp [—a/G (x)B]
F(x,a,B) = xeR, (72)
1 —exp(—a)
and
afBg (x) G (xP'exp [—aG (x)ﬁ]
f (xa,p) = , xeR, (73)

1 —exp(—a)

where a, 8 are positive parameters.
Remark 8. The TW-G distribution is not new. It was first introduced by Gomes et al. (2015), which is also characterized
in the upcoming Research Monograph by Hamedani and Maadooliat (2017).

38) The cdf and pdf of GAW-G are given, respectively, by

F(x;a,b,c,d,n) =1—exp {—c [— In (5 (x; n))]d —-a [— In (6 (x; n))]b} ,x€eR, (74)
and
f (ab,e.dn) = % {Cd [_ In (6 (x; n))]d_l +ab [_ In (6 (x; U))]b_] } exp {—c [— In (5 (x; n))]d -a [— In (5 (x; 7(7;)5]:},

x € R, where a, b, c,d are positive parameters, G (x; 1) and g (x;n) are cdf and pdf of the baseline distribution which
depends on the parameter vector 7 .
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39) The cdf and pdf of TWE are given, respectively, by

1= ;e—/lalx _ ;e—/lazx
Fla,a)=1- Ce“( e e_A(alltffyzz)x )’ x20, (76)
1+(l]+(lz
and
f (A ar,a) =Cle™™ (1 - e_’m“‘) (1 - e‘MZ"), x>0, (77)

(1+a))(1+a)(1+a; +ay)

where A, @, @, are positive parameters and C = araCrartay)

40) The pdf of GWW is given by

is the normalizing constant.

f oA v) = Capt~le ™ (1 - @) x50, (78)

where @, 8, A, v are positive parameters and C = —B( l“ﬁ ]
BV
Remark 9. The Generalized Weighted Exponential (GWE) distribution of Kharazmi et al. (2017) is a special case of

GWW distribution.

is the normalizing constant and B (a, b) is the beta function.

41) The cdf and pdf of GB are given, respectively, by
F(x:0,2) = 1 - ¢2010" (32 2¢"0/0") x>0, (79)

and 6 .
A (x\- / ,
f 6= (g) 2O (1= W) x>0, (80)

where 6, A are positive parameters.

2. Characterizations of Distributions

We present our characterizations (i) — (iv) in four subsections.
2.1 Characterizations Based on Two Truncated Moments

This subsection deals with the characterizations of distributions listed in Section 1 based on the ratio of two truncated
moments. Our first characterization employs a theorem due to Glénzel (1987), see Theorem 1 of Appendix A . The result,
however, holds also when the interval H is not closed, since the condition of the Theorem is on the interior of H.

Remark 1.1. For 8 = 0, the distribution (1) has the simple form which has been characterized in our previous work.
We will concentrate on the following three cases: I) 8 <0 ;1) >0and b # Oand /1) 8> 0and b = 0.

CASE [:

-«

1
Proposition 1.1. Let X : Q — (0, o0) be a continuous random variable and let ¢, (x) = (1 - (1 - B(ax + gxz)) /ﬁ)

-1
and g1 (x) = ¢2 (x) (1 -B (ax + %’xz)) for x > 0. Then for 8 < 0, the random variable X has pdf (2) if and only if the
function ¢ defined in Theorem 1 is of the form

b
£ =0 —ﬂ)(l —,B(ax+ E)62)), >0,
Proof. Suppose the random variable X has pdf (2), then

1-F)E[q1(X) | X>x] = %3(1 —ﬂ(ax+ §x2))ﬁ , x>0,

and
b 1/p
(I—F(x))E[qg(X)|X2x]=a(1—ﬁ(ax+§x2)) , x>0.

48



http://ijsp.ccsenet.org International Journal of Statistics and Probability Vol. 7, No. 1; 2018

Further,
E@ g (x) — g2 (x) = —Bg2(x) >0, for x>0.
Conversely, if £ is of the above form, then

S (x) = E@Wqx _ (A-platbx)
EMX) q1 (%) — g2 (%) 1—ﬁ(ax+’§’x2)7

and consequently

s(x) = —1I;ﬂlog{1 —,B(ax+ gxz)}, x> 0.

Now, according to Theorem 1, X has density (2).

Corollary 1.1. Let X : Q — (0, 0) be a continuous random variable and let g (x) be as in Proposition 1.1. For g < 0,
the random variable X has pdf (2) if and only if there exist functions g; and & defined in Theorem 1 satisfying the
following differential equation

FWqax)  (A-pla+bx)

= s 0.
EDNW-0® 1 plarrt)

Remark 1.2. The general solution of the differential equation in Corollary 1.1 is

£(x) = [1 —ﬁ(ax+ éxz)]l_ﬁ [ — [ =-pa+bx)|1-p(ax+ %xz)]#zx
2 -1 )
(g1 ()" g2 (x)dx+ D

where D is a constant. We like to point out that one set of functions satisfying the above differential equation is given in
Proposition 1.1 with D = 0. Clearly, there are other triplets (g, g2, £) which satisfy conditions of Theorem1.

CASE I1 :
Proposition 1.2. TetX : Q — (O, }7 a’ + %b - %) be a continuous random variable and let ¢; (x) and ¢, (x) be as in
Proposition 1.1 for 0 < x < l—l) \Ja? + % — - Then for > 0 and b # 0, the random variable X has pdf (2) if and only if

the function ¢ defined in Theorem 1 is of the form

E)=( —ﬁ)(l —,B(ax+§x2)), 0<x<% az_,_%

SR
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Proof. Suppose the random variable X has pdf (2), then

1 242 _a
5«/‘1 +

>

(1-F()E[q(X) |X2x]=f

X

b\ 2b
=afl-Blax+ =x* , O<x<-— a2+——g.
2 B b
Similarly,
11
b B 1 2b
(l—F(x))E[ql(X)|XZx]=ﬁ(1—ﬁ(ax+§x2)) ,0<x<z,’a2+ﬁ—g.
Further,

EX) g1 (x) —q2 (x) = —Bg2 (x) <0, for 0<x<%,fa2+%—g.

Conversely, if £ is of the above form, then

&g ) (1-p)(a+bx) 1 2b a
! = = s 0 — 2 — -,
s (x) E(x) g1 (x) — g2 (%) 1_ﬂ(ax+§x2) <x< b a? + 5 b
and consequently
- Byl be ! 2 _a
s(x) = I log{l ,B(ax+2x)}, O<x<b a2+'B b

Now, according to Theorem 1, X has density (2).

Corollary 1.2. LetX: Q — (0, % AJa? + % - %) be a continuous random variable and let g, (x) be as in Proposition 1.2.

For 8 > 0 and b # 0, the random variable X has pdf (2) if and only if there exist functions ¢; and & defined in Theorem
1 satisfying the following differential equation

& (x) g1 (x) (1-p)(a+bx) 1 2b
= .0 e S i
EX) g1 (x) —qa(x) l_ﬁ(ax+§x2) <)C<b a +ﬁ

SR

Remark 1.3. The general solution of the differential equation in Corollary 1.2 is

1o

£ = [1 —ﬁ(ax+’-’x2)]l”[ - [a-pa+bo[1-plax+ 42)] " x
2 -1
(g1 (X)) g2 (x)dx+ D

where D is a constant.
CASE 1] : This case is similar to CASE 1.

A Proposition, a Corollary and a Remark similar to Proposition 1.1, Corollary 1.1 and Remark 1.2 will be stated, without
proofs, for each of the remaining distributions listed in Section 1.

c\1-b
Proposition 1.3. Let X : Q — (0, o) be a continuous random variable and let ¢; (x) = {1 - [1 — exp (—% (e — 1))] }
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and g2 (x) = ¢ (x) [1 — exp (‘% (e - 1))]ac for x > 0. Then, the random variable X has pdf (4) if and only if the
function ¢ defined in Theorem 1 is of the form
6 ac
1- exp(—— (" — 1))] }, x> 0.
Y

Corollary 1.3. Let X : Q — (0,00) be a continuous random variable and let g; (x) be as in Proposition 1.3. The
random variable X has pdf (4) if and only if there exist functions ¢, and £ defined in Theorem 1 satisfying the following
differential equation

f(X)=%{l+

Caqm  aserexp(-L@ - D)[1-exp(-L @ - )]

Fnw-e@ e e

Remark 1.4. The general solution of the differential equation in Corollary 1.3 is

0 acy —1
E(x) = {1 - [1 —exp(—;(e”‘ - 1))] } X

[ - fac@e”C exp (—g (e7* = 1)) X
[1=exp (-2 @ - )] (@1 ) g2 ax+D |

where D is a constant.
Proposition 1.4. Let X : Q — (0, o) be a continuous random variable and let

{1-fi-e ] 1+A_ﬂ(1_e-(wmﬁ>)”]“}"b(l_e—(ﬁxmﬁ))"“-“)

1+/172/1(17e’(”””ﬁ ))H

Then, the random variable X has pdf (6) if and only if the function ¢ defined in Theorem 1 is of the form

g1 (x) = and ¢> (x) = g (x) [1 +1- /l(l - e‘(e""”‘ﬁ))a]a for x > 0.

E(x) = %{[1 + /l—/l(l - e‘(e”y"ﬁ))a]a + l}, x> 0.

Corollary 1.4. Let X : Q — (0,00) be a continuous random variable and let g; (x) be as in Proposition 1.4. The
random variable X has pdf (6) if and only if there exist functions ¢, and ¢ defined in Theorem 1 satisfying the following
differential equation

& () g1 (x)
EX) g1 (x) — g2 (%)

aba (9 + yﬁx/H) e~ (Ox+y) (1 _ e—(9x+yxﬂ)><’—1 %
[1 +A- 2/1(1 — e_(gx"')“ﬁ))a] [1 +1-2 (1 _ e—(9x+yxﬁ))a:|a71
) [1 +4-41 (1 - e‘(gxﬂxﬁ))a]a -1

, x>0.

Remark 1.5. The general solution of the differential equation in Corollary 1.4 is

1

£(x) = {[1 +a-2(1- e-("xm‘*))"]” - 1}7 x

— faba' (9 + fyﬂxﬁfl) e*(0x+y,v5) (1 _ e,(@Jnyﬁ))a—l v
[1 +A4- 2/1(1 - e—(9x+yxﬂ))w] [1 + 11— /1(1 _ e—(9x+7x3))0]a—1 @ )] )+ D ,

where D is a constant.

2 -(Gxem)
Proposition 1.5. Let X : Q — R be a continuous random variable and let ¢; (x) = 1 and ¢, (x) = ey{l (Gsm) } for
x € R. Then, the random variable X has pdf (12) if and only if the function ¢ defined in Theorem 1 is of the form

= L) cp
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Corollary 1.5. Let X : Q — R be a continuous random variable and let ¢, (x) be as in Proposition 1.5. The random
variable X has pdf (12) if and only if there exist functions ¢, and & defined in Theorem 1 satisfying the following
differential equation
& ()
&) —q2 (%)

Remark 1.6. The general solution of the differential equation in Corollary 1.5 is

=0g e (Goum) . xeR.

bl

£y = ¢ -] [_ f 6g )} (0 (o) g (4 D

where D is a constant.
249(1—5‘"””)

-1
1+(0-1)(1-e- (@ )] and

-1
72 (x) = g1 (®)|1+@=1)(1-e"@)|" for x > 0. The random variable X has pdf (16) if and only if the function &
defined in Theorem1 has the form

Proposition 1.6. Let X : Q — (0, o0) be a continuous random variable and let ¢; (x) = |1 + 1 —

é(x) = %{[1 + (0 - 1)(1 - e’“””ﬁ)]_1 + 6)’1}, x> 0.

Corollary 1.6. Let X : Q — (0,00) be a continuous random variable and let g; (x) be as in Proposition 1.6. The
random variable X has pdf (16) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

g O@-DBEF T [+ 6-1(1- )|

f(x)QI (X)—qz (x) B [1 +(0- 1)(1 _e—(ax)")]_l — 91 » x>0

Remark 1.7. The general solution of the differential equation in Corollary 1.6 is

B (9—1),60"#‘*‘e*<”*”[1+(e—1)(1—e*<m/’ )]72
£ = {[1 +O-D(1- ef(mc)ﬁ)] - 071} - {[1+(6_1)(1—e—m.x>’3)]_l—9‘1}2 ,
(g1 ) gp (x)dx +D

where D is a constant.
Remark 1.8. Proposition 1.6, Corollary 1.6 and Remark 1.7 were mentioned incorrectly in Nofal et al. (2017).

2
Proposition 1.7. Let X : Q — (0, o) be a continuous random variable and let g; (x) = [6" +(1- e"”)(’] and ¢, (x) =
q1 (x)(1 - ™)’ for x > 0. The random variable X has pdf (18) if and only if the function ¢ defined in Theorem1 has
the form

£(x) = %{1 +(1=e™’), x>0

Corollary 1.7. Let X : Q — (0,00) be a continuous random variable and let g; (x) be as in Proposition 1.7. The
random variable X has pdf (18) if and only if there exist functions ¢, and ¢ defined in Theorem1 satisfying the following
differential equation

EXq(x)  nle(1— e
EQq (D) —qa(x) 1 —(1—em)

Remark 1.9. The general solution of the differential equation in Corollary 1.7 is

x> 0.

bl

e =[1-0-emy]" [— f n0e™ (11— (g1 ()" g2 () dx +D

where D is a constant. )
Proposition 1.8. Let X : Q — (0, o) be a continuous random variable and let g; (x) = [1 +[G(x; ¢ )]’l] and ¢, (x) =

q (0 [G(x;¢ )]A for x > 0. The random variable X has pdf (20) if and only if the function £ defined in Theorem1 has the
form

{1+[Gm0lY, x>0

N —

E(x) =
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Corollary 1.8. Let X : Q — (0,00) be a continuous random variable and let g; (x) be as in Proposition 1.8. The
random variable X has pdf (20) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

EOq ) Ag@OGmI!

- 0.
EX) g1 (x) — g2 (%) 1-[Gx0] 7

Remark 1.10. The general solution of the differential equation in Corollary 1.8 is

>

t@=[1-[Gwor" [— f 2850651 (g1 (0) g2 () dx + D

where D is a constant.

o -
Proposition 1.9. Let X : Q — (0, c0) be a continuous random variable and let ¢; (x) = {1 —A+2A [1 —exp {—% -y (i)ﬁ}] }

and g2 (x) = q; (x) [1 — exp {—% - y(%)ﬁ}] for x > 0. The random variable X has pdf (22) if and only if the function &

defined in Theorem1 has the form
1 B
1 —e)(p{—g —'y(—) }:|, x> 0.
X X

Corollary 1.9. Let X : Q — (0,00) be a continuous random variable and let ¢g; (x) be as in Proposition 1.9. The
random variable X has pdf (22) if and only if there exist functions g, and & defined in Theorem1 satisfying the following
differential equation

f(X)=¢+1

poaw s eels ()
EMq () —q2(x) 1_exp{_%_7(l)ﬁ} :

x> 0.

X

Remark 1.11. The general solution of the differential equation in Corollary 1.9 is

) [l e

&)= [1 —exp{—g —7(—
x o\ 2=y (Y har o e wdx + D

where D is a constant.
Proposition 1.10. Let X : Q — R be a continuous random variable and let ¢; (x) = 1 and ¢, (x) = exp [6G (x; )] for
x € R. The random variable X has pdf (24) if and only if the function ¢ defined in Theorem1 has the form

E(x) = % {ea + exp [0G (x; 77)]}, xeR.

Corollary 1.10. Let X : Q — R be a continuous random variable and let ¢; (x) be as in Proposition 1.10. The
random variable X has pdf (24) if and only if there exist functions g, and & defined in Theorem1 satisfying the following
differential equation
&) 6gxnexpl0G (x;n)]
EW-q(x) e —exp[6G (x;n)]

Remark 1.12. The general solution of the differential equation in Corollary 1.10 is

x> 0.

-1

£ ={e - exp[0G (x; )]} [— f 0g (x;m) exp [6G (x;m)] g2 () dx + D

bl

where D is a constant. |
-
Proposition 1.11. Let X : Q — (0, co0) be a continuous random variable and let ¢; (x) = {a(l +A)—A(a+Db) [1 - e’(‘”y’] }

and ¢, (x) = q; (x) [1 — (@ ]a for x > 0. The random variable X has pdf (26) if and only if the function & defined in
Theorem1 has the form

{1 + [1 - e*(‘”)ﬁ]a}, x> 0.

N =

E(x) =
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Corollary 1.11. Let X : Q — R be a continuous random variable and let ¢, (x) be as in Proposition 1.11. The
random variable X has pdf (26) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

FWaq @l e @ 1@l |7
M) q1 () —g2(x) 1= [1- et
Remark 1.13. The general solution of the differential equation in Corollary 1.11 is

= _ _ —(ax)? ay-1 —faﬁaﬁxﬁflg*(aﬁ‘x
E(x) = {1 [1 e ] } |: [l _ e—(ax)ﬁ]’kl (@ (x))_l tr () dx +D

, x>0.

)

where D is a constant. b
Proposition 1.12. Let X : Q — R be a continuous random variable and let ¢; (x) = exp {/1 {1 - [6 (x; 1//)] } } and

_ a\b
g2 (x) = g1 (x) {1 - [G (x; w)] } for x € R. The random variable X has pdf (28) if and only if the function ¢ defined in
Theorem1 has the form

£(x) = %{1 #f1- [E(x;w)]“}b}, xeR.

Corollary 1.12. Let X : Q — R be a continuous random variable and let ¢; (x) be as in Proposition 1.12. The
random variable X has pdf (28) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

Fwaw _okEnGe]” -Gl
EWq () -q(0) - [1-[Gew]f

Remark 1.14. The general solution of the differential equation in Corollary 1.12 is

15 = fabag s [Goaw]TH 1 =[G ap])
E(X)_{l {1 [G(x,l//)]}} [ e ng(Ql[(x);c_lql(x){dxﬁ[Dx ]}

where D is a constant. .
Proposition 1.13. Let X : Q — (0, c0) be a continuous random variable and let ¢; (x) = [1 —exp (—Gx‘z)] and

72 (x) = q1 (x)exp(-6x2) for x > 0. The random variable X has pdf (30) if and only if the function ¢ defined in
Theorem1 has the form

=3 1 +ew(-0r2)), x>0

Corollary 1.13. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) be as in Proposition 1.13. The
random variable X has pdf (30) if and only if there exist functions g, and & defined in Theorem1 satisfying the following
differential equation
£ ) aoexp(-0x)
EOq () —qa(x)  1—exp(-6x2) "~
Remark 1.15. The general solution of the differential equation in Corollary 1.13 is

x> 0.

E(x) = {l —exp (—Hx_z)}_l [— faHx_3 exp (—Hx_z) (q1 () q> (x)dx + D|,where

Disaconstant.
Proposition 1.14. LetX:Q — (0, o) be a continuous random variable and let gy (x) = +/1 —exp (—6x~2) and ¢, (x) =
q1 (x)exp (—%’x‘2) for x > 0. The random variable X has pdf (32) if and only if the function ¢ defined in Theorem1 has
the form . ;

E(x) = 3 {1 + exp(—zx_z)} , x>0.

Corollary 1.14. Let X : Q — (0,00) be a continuous random variable and let ¢| (x) be as in Proposition 1.14. The
random variable X has pdf (32) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

EWaq () O exp (-4x?)
EOQ () -g2(0) 1 —exp (—gx—z) ,

x> 0.
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Remark 1.16. The general solution of the differential equation in Corollary 1.14 is

[l

E(x) = {1 —exp (—gx_z)}_l [— f@x‘3 exp (—gx_2) (g1 (x))_1 g (x)dx +D

where D is a constant. .
Proposition 1.15. Let X : Q — (0, ) be a continuous random variable and let ¢; (x) = (e’l — et ) and g5 (x) =

q1 (%) (eﬂe’w - l) for x > 0. The random variable X has pdf (34) if and only if the function £ defined in Theorem1 has
the form

b —px
£(x) = m(e“ - 1), x>0,

Corollary 1.15. Let X : Q — (0,00) be a continuous random variable and let ¢, (x) be as in Proposition 1.15. The
random variable X has pdf (34) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

& () q1 (x) B baBaxe! P
EX) q1 () — g2 (x) T
Remark 1.17. The general solution of the differential equation in Corollary 1.15 is

, x>0.

s

E(x) = {e’le_ﬁx“ - 1}_1 [— fbaﬂlx”_lele_ﬂxn (¢1 (x)~! g (x)dx +D

where D is a constant. -
Proposition 1.16. Let X : Q — (0, ) be a continuous random variable and let ¢; (x) = (axﬁe“) and ¢ (x) =

q1 (x) e e¥¢" for x > 0. The random variable X has pdf (36) if and only if the function ¢ defined in Theorem1 has the
form

1 AX
E(x) = Ee‘”"ﬁe{ , x>0.

Corollary 1.16. Let X : Q — (0,00) be a continuous random variable and let g; (x) be as in Proposition 1.16. The
random variable X has pdf (36) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

& (x)q (x) B » .
f(x)éh(x)—qZ(x)_axB B+xe”, x>0.

Remark 1.18. The general solution of the differential equation in Corollary 1.16 is

b}

£(x) = V" [— f ' B+ x) e (g (0) ga (0 dx + D

where D is a constant. 1

Proposition 1.17. Let X : Q — (0, o0) be a continuous random variable and let ¢q; (x) = [1 +A-2a (1 + ozx‘g)_ﬂ]

and g5 (x) = q () (1 + ax‘”)_ﬁ for x > 0. The random variable X has pdf (38) if and only if the function & defined in
Theorem1 has the form

E(x) = %{1 +(1 +a/x_9)_'8}, x> 0.

Corollary 1.17. Let X : Q — (0,00) be a continuous random variable and let ¢| (x) be as in Proposition 1.17. The
random variable X has pdf (38) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

& () q (x) aBOx~! (l + ax“’)fﬁfl
EX) g1 (x) — g2 (%) B 1-(1 +a/x‘9)_ﬂ

Remark 1.19. The general solution of the differential equation in Corollary 1.17 is

, x>0.

[l

E(x) = {l - (1 + ax“’)_ﬁ}il [— faﬁex‘e‘l (1 + ax‘e)_ﬁ_l (g1 )" g2 (x)dx +D

where D is a constant.

_ l-a
9(1-(Glem)) "
Proposition 1.18. Let X : Q — R be a continuous random variable and let ¢ (x) = {1 - ey(l (Gxm) )} and
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2 1-(G(x;m) 7
@ = g (el o))
Theorem1 has the form

for x € R. The random variable X has pdf (40) if and only if the function & defined in

o= LAE) g

Corollary 1.18. Let X : Q — R be a continuous random variable and let ¢; (x) be as in Proposition 1.18. The
random variable X has pdf (40) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation
& (0 q(x)
E(X) g1 (x) — g2 (x)

Remark 1.20. The general solution of the differential equation in Corollary 1.18 is

=0gCum(Geum) T, xeR

>

£(x) = ¢ 1)) [_ f 0g () (G ()™ A1) () gy (0 + D

where D is a constant.

Proposition 1.19. Let X : Q — (0, 00) be a continuous random variable and let

A —E)e A —af)? A —A
g1 ={[1-(1+ 52) e+ (1+ 1508) e} and g2 () = 1 () [1 = (1 + 750%) e=]" for x > 0. The random
variable X has pdf (42) if and only if the function ¢ defined in Theorem1 has the form

1—(1 + Lxﬁ)e’“ﬁ]}, x> 0.

!
f(x)=§{1+ T+1

Corollary 1.19. Let X : Q — (0,00) be a continuous random variable and let ¢| (x) be as in Proposition 1.19. The
random variable X has pdf (42) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

FWam Bl (1)t [1- (14 L) e t]

1+4

£ @ - (0 1- [1 - (1 + 1ﬁ—ﬂxﬁ) e—Axﬁ]“ , x>0

Remark 1.21. The general solution of the differential equation in Corollary 1.19 is

£(x) = {1 - [1 - (1 + %x‘*)e-ﬂ"]a}_l x
[—faﬁ/l2xﬁ"(1 +x‘*)e—“@x[1 —(1 +

where D is a constant.
Proposition 1.20. Let X : Q — R be a continuous random variable and let g; (x) = e~ and g (x) = q; (x) e~ for
x € R. The random variable X has pdf (44) if and only if the function ¢ defined in Theorem1 has the form
1 —e*
E(x) = ze , x€R

a—1
mxﬁ)e-“"] (@ () g2 dx + D),

ot
ae™®

Corollary 1.20. Let X : Q — R be a continuous random variable and let ¢; (x) be as in Proposition 1.20. The
random variable X has pdf (44) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation
fWq ™ & xeR.
&0 q1 (x) — g2 (%)

Remark 1.22. The general solution of the differential equation in Corollary 1.20 is

)

E(x)=e [— f ee™ (g1 (x) ' g2 (x)dx + D

where D is a constant. )
¢ux>{[cbsN<x;ﬂ)]"+[76s,v<x;d)(]:}‘ and
P[5y () By (x:)]

g2 (x) = g1 (x) ® (Ax) for x € R. The random variable X has pdf (46) if and only if the function & defined in Theorem1
has the form

Proposition 1.21. Let X : Q — R be a continuous random variable and let ¢; (x) =

{1 +[® (/lx)]z}, xeR.

N =

E(x) =
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Corollary 1.21. Let X : Q — R be a continuous random variable and let ¢, (x) be as in Proposition 1.21. The
random variable X has pdf (46) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation
& (x)q (x) _ 24¢ (Ax) D (Ax)
EO@-g®  1-[0)P

Remark 1.23. The general solution of the differential equation in Corollary 1.21 is

bl

&) = {1—[@(/1)0]2}71 [‘ f 24¢ (Ax) @ (A%) (g1 ()" g2 () dx + D

where D is a constant.

(kD™
(-pli-n k()"
and ¢, (x) = g1 (x)exp (— (f)r) for x > 0. The random variable X has pdf (48) if and only if the function ¢ defined in
Theorem1 has the form

1-k
Proposition 1.22. Let X : Q — (0, o) be a continuous random variable and let ¢ (x) = (5)7( :

é(x) = %exp(—(g)r), x>0.

Corollary 1.22. Let X : Q — (0,00) be a continuous random variable and let ¢| (x) be as in Proposition 1.22. The
random variable X has pdf (48) if and only if there exist functions ¢, and & defined in Theorem1 satisfying the following
differential equation

EQ@ - «
Remark 1.24. The general solution of the differential equation in Corollary 1.22 is

éf(x):eXP((g)T)[— f g(g)r_lexp(—(g)T)(ql ) g2 W dx +D

[1_

£ () q1 () _T(f)”, x> 0.
[0

k)

where D is a constant.

1-a
(1+2) (1 - L emon) ”

(1 _ HE+1+6x _gx)z
/1(1 S

Proposition 1.23. Let X : Q — (0, o0) be a continuous random variable and let g; (x) = ,

a -
A+)(1- %‘e—?) ” ]
O+1+6x

_/1(1 - #yml -e HX)

= —2a(1 — exLetx )2 ; . , )
and g (x) = g1 (x) [1+ 21 -24(1 ¢™™)| for x > 0. The random variable X has pdf (50) if and only if the func

0+1
tion ¢ defined in Theorem1 has the foﬁém
1 ul+ 1+ 6x 2
= {lt+a-221 - ——=e™|| +(1+2)*}, x>0.
&(x) 2{ ( S ) ( )} x

Corollary 1.23. Let X : Q — (0,00) be a continuous random variable and let g; (x) be as in Proposition 1.23. The
random variable X has pdf (50) if and only if there exist functions g, and & defined in Theorem1 satisfying the following
differential equation

£ a @ AP (O + 1) (u + x) 7 (1 — LT ) .
= x> 0U.
_ N 2 ’
EX) g1 (x) — g2 (x) {[1 +1- 2/1(1 _ N(L‘;L‘*'le e—@x)] -1+ /1)2}
Remark 1.25. The general solution of the differential equation in Corollary 1.23 is
0+1+0 ? o
£(x) = { 1+ 2/1(1 - ue‘“)] —a +/l)2} x
ub + 1
0+1+6
[— f 267 (6 + 1) (u+ x) e (1 - %e‘”) (@1 () g2 (x)dx + D),
Jri

where D is a constant. ey
Proposition 1.24. Let X : Q — R be a continuous random variable and let ¢, (x) = [1 —(® (x))’l] and ¢, (x) =
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q1 (x) (D (x))* for x € R. The random variable X has pdf (51), for g = 0, if and only if the function ¢ defined in
Theorem1 has the form

=31+ @), xek

Corollary 1.24. Let X : Q — R be a continuous random variable and let g; (x) be as in Proposition 1.24. The random
variable X has pdf (51), for g = 0, if and only if there exist functions ¢, and & defined in Theorem1 satisfying the
following differential equation

£oq e Aexp(-%) @@
f(x)ch (X)—qz(x) B m{l_(q)(x))/l} >

Remark 1.26. The general solution of the differential equation in Corollary 1.24 is

£ ={1- @@ [— |

where D is a constant.

2
\//lz_n exp (—%)@ ' g1 0)) ' g2 (0 dx + D,

g '(1 —e“}{(w [472 ,q’zeq“])lf"}

(-(nla2aer]))
g» (%) = g1 (x) exp {q"x - q‘ze"x} for x € R. The random variable X has pdf (51), for g # 0, if and only if the function
¢ defined in Theorem1 has the form

Proposition 1.25. Let X : Q — R be a continuous random variable and let ¢; (x) = and

1 -1 -2 qx
§(x):§exp{q -q e‘f}, xeR.

Corollary 1.25. Let X : Q — R be a continuous random variable and let g; (x) be as in Proposition 1.25. The random
variable X has pdf (51), for g # 0, if and only if there exist functions ¢, and & defined in Theorem] satisfying the
following differential equation

FWan® a7 a7 e |exp g7 x — g e
£0qW-q0 1 —exp{g~'x — g2e®)

xeR.

Remark 1.27. The general solution of the differential equation in Corollary 1.25 is
- - -1 _ gleax -1, _ ,—-2,gx
Ex) = {1 —exp{q“x_q—Zeqx}} 1[ f[q q e:]exp{q x— g et }x }’
(g1 ()™ g2 (x)dx + D

where D is a constant. -1
Proposition 1.26. Let X : Q — (0,1) be a continuous random variable and let ¢q; (x) = {1 —exp [— (ﬁ)ﬁ]} and

q> (x) = g1 (x)exp |- (ﬁf] for x € (0, 1). The random variable X has pdf (53), if and only if the function ¢ defined in

Theorem1 has the form

X

1
£ = EeXp[_(l—x

Corollary 1.26. Let X : Q — (0,1) be a continuous random variable and let ¢; (x) be as in Proposition 1.26. The
random variable X has pdf (53), if and only if there exist functions g, and £ defined in Theorem1 satisfying the following
differential equation

)ﬁ], xe©,1).

&) q (%)
E(X) g1 (x) — g2 (x)

Remark 1.28. The general solution of the differential equation in Corollary 1.26 is

3 W i
f<x>=[(1fx) H‘f(lﬁ_we"p[‘(ﬁ) }(ql (1)) g2 () dx +D|.

where D is a constant.
Proposition 1.27. Let X : Q — (0,00) be a continuous random variable and let ¢; (x) = (1 + ﬁ)c)_1 and ¢, (x) =

=11 -x)""D xe@©1).

q1 (x) e for x > 0. The random variable X has pdf (57), if and only if the function ¢ defined in Theorem1 has the form

1
E(x) = Ee"”, x> 0.
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Corollary 1.27. Let X : Q — (0,00) be a continuous random variable and let ¢| (x) be as in Proposition 1.27. The
random variable X has pdf (57), if and only if there exist functions g, and £ defined in Theorem1 satisfying the following
differential equation
gX)q(x) N
£ (D) - ()

Remark 1.29. The general solution of the differential equation in Corollary 1.27 is

x> 0.

£(x) = ™ [— f ae™ ™ (g, () g2 (x) dx +D],

where D is a constant.

_e-taBrir) ) 1
Proposition 1.28. Let X : Q — (0, o0) be a continuous random variable and let ¢; (x) = {1 — Moy _ (l(ﬁT)} and

¢» (x) = g1 (x) e~ for x > 0. The random variable X has pdf (59), if and only if the function ¢ defined in Theorem1
has the form

1
E(x) = Ee_“ , x>0.

Corollary 1.28. Let X : Q — (0,00) be a continuous random variable and let g; (x) be as in Proposition 1.28. The
random variable X has pdf (59), if and only if there exist functions g, and £ defined in Theorem1 satisfying the following
differential equation
EWq(x)
E(x) q1 (x) — g2 (x)

Remark 1.30. The general solution of the differential equation in Corollary 1.27 is

x> 0.

E(x)=e™ [— f 2™ (g1 () g2 (x)dx + D],

where D is a constant.

Proposition 1.29. Let X : Q — (0,00) be a continuous random variable and let ¢; (x) = (1 + ﬁx)_1 and ¢ (x) =
q1 (x)e™** for x > 0. The random variable X has pdf (63), if and only if the function ¢ defined in Theorem1 has the
form

1
E(x) = Ee_‘”‘ , x>0.

Corollary 1.29. Let X : Q — (0,00) be a continuous random variable and let ¢| (x) be as in Proposition 1.29. The
random variable X has pdf (63), if and only if there exist functions g, and £ defined in Theorem1 satisfying the following
differential equation
EWqx) N
EMX) g1 (x) — g2 (%)

Remark 1.31. The general solution of the differential equation in Corollary 1.29 is

x> 0.

E(x) =e™ [— f ae™™ (q1 (x)) ' g2 (x)dx +D|,

where D is a constant.
Proposition 1.30. Let X : Q — (0, o) be a continuous random variable and let

X _1 X X l_V X .
q1 (x) = [1 -1+ 2/16‘_(?7)5] {1 +(A1-1) e‘(E)ﬁ - /le‘z(ﬂ)ﬁ} and ¢, (x) = q; (x) e‘(EYg for x > 0. The random variable
X has pdf (65), if and only if the function ¢ defined in Theorem1 has the form

1 _(x
E(x) = ze_(ﬁ)ﬁ , x>0.
Corollary 1.30. Let X : Q — (0,00) be a continuous random variable and let ¢; (x) be as in Proposition 1.30. The

random variable X has pdf (65), if and only if there exist functions g, and £ defined in Theorem1 satisfying the following
differential equation

& (0 g1 (%) B (x !
==|-] . 0.
) q1 (¥) — g2 (%) a/(a') x>

Remark 1.32. The general solution of the differential equation in Corollary 1.30 is

£() =) [— f é(f)ﬂ_'e*i)" (@1 () g2 () dx + D),
a \a
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where D is a constant. L
Proposition 1.31. Let X : Q — (0,0) be a continuous random variable and let ¢ (x) = (1 — el-(+af ) and
¢ (x) = g1 (x) e!=0+ for x > 0. The random variable X has pdf (69), if and only if the function & defined in
Theorem1 has the form |

E(x) = Eel_(lﬂ”yg , x>0.

Corollary 1.31. Let X : Q — (0,00) be a continuous random variable and let g; (x) be as in Proposition 1.31. The
random variable X has pdf (69), if and only if there exist functions g, and £ defined in Theorem1 satisfying the following
differential equation
& (0 q1 (x)
E(x) q1 (x) — g2 (x)

Remark 1.33. The general solution of the differential equation in Corollary 1.31 is

=aB(1 +ax)P ', x>0.

)

£(x) = el [— f aB (1 +axf™ e~ (g () g2 (0 dx +D

where D is a constant. N
Proposition 1.32. Let X : Q — (0, ) be a continuous random variable and let ¢q; (x) = (1 - + a'e’”) and

@ ) = g1 (e~ for x > 0. The random variable X has pdf (71), if and only if the function & defined in
Theorem1 has the form

1 _.
E(x) = ze_x , x>0.

Corollary 1.32. Let X : Q — (0,) be a continuous random variable and let ¢; (x) be as in Proposition 1.32. The
random variable X has pdf (71), if and only if there exist functions ¢, and £ defined in Theorem1 satisfying the following
differential equation
E@Wqa®
=cx
E@q1 () —gq2(x)

Remark 1.34. The general solution of the differential equation in Corollary 1.32 is

, x>0.

’

E(x) = e [— fcxc_le_xc (g1 ()c))_1 ¢ (x)dx +D

where D is a constant.
Proposition 1.33. Let X : QO — R be a continuous random variable and let

— d — b
q1 (x) =1 and g, (x) = exp {—c [— In (G (x; 77))] —-a [— In (G (x; n))] } for x € R. The random variable X has pdf (75),
if and only if the function & defined in Theorem1 has the form

£(x) = % {1 - exp{—c [~n(G )] -a[-(G n))]b}}, xeR.

Corollary 1.33. Let X : Q — R be a continuous random variable and let ¢; (x) be as in Proposition 1.33. The random
variable X has pdf (75), if and only if there exist functions g, and ¢ defined in Theorem1 satisfying the following
differential equation
& (x) g1 (x)
E@q1 () —gq2(x)
glx;n) _ (e d-1 _ (- b-1
gt {cd[ (G ()| +ab[-n(Gem)| ' x

o fel-mGen))' ol -G
I -exp {_C |-1n (G (x; n))]d —a[-1n(G(x, n))]b}

Remark 1.35. The general solution of the differential equation in Corollary 1.33 is

e(0={1-eof-e[ (@] ~al-n@nlf |~
- & {cd [-1n(G (x; n))]d_l +ab[~1n(G (x; ,7))]”“ } %

exp {—c [— In (5 (x; n))]d —-a [— In (5 (x; n))]b} ¢ (x)dx +D
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where D is a constant. . ;
Proposition 1.34. Let X : Q — (0, ) be a continuous random variable and let ¢; (x) = (1 - e‘”"”‘) (1 - e‘”““)
and ¢, (x) = g (x) e=** for x > 0. The random variable X has pdf (77), if and only if the function & defined in Theorem1
has the form

1
E(x) = 56"“, x> 0.

Corollary 1.34. Let X : Q — (0,00) be a continuous random variable and let g| (x) be as in Proposition 1.34. The
random variable X has pdf (77), if and only if there exist functions g, and £ defined in Theorem1 satisfying the following
differential equation
&g (0
£ q1(x) — g2 ()

Remark 1.36. The general solution of the differential equation in Corollary 1.34 is

=4, x>0.

E(x) = eV [— fﬂe’“ (g1 ()c))_1 q>» (x)dx + D,

where D is a constant. »
Proposition 1.35. Let X : Q — (0, o) be a continuous random variable and let g; (x) = (1 - e‘”(‘”yg) and ¢, (x) =
q1 (%) e for x > 0. The random variable X has pdf (78), if and only if the function & defined in Theorem1 has the
form :

E(x) = Ee_/b‘ﬂ, x> 0.

Corollary 1.35. Let X : Q — (0,00) be a continuous random variable and let ¢| (x) be as in Proposition 1.35. The
random variable X has pdf (78), if and only if there exist functions ¢, and £ defined in Theorem1 satisfying the following
differential equation
& (x) g1 (x)
E@q () —q2(0)

Remark 1.37. The general solution of the differential equation in Corollary 1.35 is

=871, x> 0.

E(x) =™

- f Be ™ (g1 () ¢o (x)dx + D,

where D is a constant.
. . A
Proposition 1.36. Let X : Q — (0,00) be a continuous random variable and let ¢ (x) = %% and ¢, (x) =
2
g1 (x) (1= ¢™")" for x > 0. The random variable X has pdf (80), if and only if the function & defined in Theo-
rem1 has the form

E(x) = %{l + (l - e_()‘/e)’l)z}, x> 0.

Corollary 1.36. Let X : Q — (0,00) be a continuous random variable and let ¢| (x) be as in Proposition 1.36. The
random variable X has pdf (80), if and only if there exist functions ¢, and £ defined in Theorem1 satisfying the following
differential equation

EWaq () U (g)ﬁ_1 o~/ (1 _ e,(x/g),l)

= R 0.
EX) g1 (x) — g2 (%) 1— (1 _ e_(x/g),l)Z x>

Remark 1.38. The general solution of the differential equation in Corollary 1.36 is
2) !
e ={1-(1-Y}

[_ f %1 ( g)/l—l o~ /oy (1 _ ef(x/(?)/l) (@1 () 2 (x)dx + D,

where D is a constant.
2.2 Characterization in Terms of Hazard Function

The hazard function, i, of a twice differentiable distribution function, F, satisfies the following first order differential
equation
"(x)  hp(x)
L) _ 2w,
fx  he(x)

61



http://ijsp.ccsenet.org International Journal of Statistics and Probability Vol. 7, No. 1; 2018

It should be mentioned that for many univariate continuous distributions, the above equation is the only differential
equation available in terms of the hazard function. In this subsection we present non-trivial characterizations of EGLFR
(fora=1),McG (fora=b =c=1),Go-G,EGGP (forb = 1), BIR (fora = 1), BWP (fora = 1) , EGG (for a = 1),
NEPL (for @ = 1), EGGG, ETQL (for 2 = 0,8 = 1), ERK (for 2 = 1), AEE, NEE , ETW (for v = 1), ENHE (for 2 = 1),
GW (for 6 = 1), GAW-G (for b = 0 or d = 0), GB distributions in terms of the hazard function, which are not of the above
trivial form.

Proposition 2.1. Let X : Q — (0, 00) be a continuous random variable. The random variable X has pdf (2) (for 8 < 0
and a = 1) if and only if its hazard function A (x) satisfies the following differential equation

hr (x) = B(a + bx)?
F(x) = ,
a+bx [1 —ﬁ(ax+ %xz)]z

Proof. If X has pdf (2) for § < 0 and @ = 1, then clearly the above differential equation holds. If the differential
equation holds, then

hp () =

Bla + bx)
[1 -8B (ax + gxz)]2

- ll-sfoc )

from which we arrive at the hazard function corresponding to the pdf (2).

Remark 2.1. Similar Propositions can be stated for the cases /7 and /71.

A Proposition similar to that of Proposition 2.1 will be stated (without proof) for each one of the distributions listed in
subsection 2.1.

Proposition 2.2. Let X : Q — (0, 00) be a continuous random variable. The random variable X has pdf (4) (for
a =b =c =1)if and only if its hazard function Ay (x) satisfies the following differential equation

% {@+bx)" hr (0)} =

he (x) = yhp (x) =0, x> 0.

Proposition 2.3. Let X : Q — R be a continuous random variable. The random variable X has pdf (12) if and only if
its hazard function hr (x) satisfies the following differential equation

Wy 0= S5 =0+ D (Glam) 7L xeR
g(xim)

Proposition 2.4. Let X : Q — (0, o) be a continuous random variable. The random variable X has pdf (20) if and
only if its hazard function & (x) satisfies the following differential equation

g (x0)
g(x;0)

-1 ez [G (x; O e 0
-G@Or" [1-[6@oP] ) .

Ry () - hr (x) = 22[g (x: )T

Proposition 2.5. Let X : Q — R be a continuous random variable. The random variable X has pdf (28) ,for b = 1, if
and only if its hazard function hf (x) satisfies the following differential equation

g (x5 ¢)
g ()
(a-1)+aad [6 (x; zp)]ail] exp {—/l [6()(; z//)]a} —(a- 1)}

(1-ewl-a[Gew]))

I (3) - he () = ad[g ()P [G e )] x

{

xeR.
Proposition 2.6. Let X : Q — (0, 00) be a continuous random variable. The random variable X has pdf (30).,fora = 1,
if and only if its hazard function &y (x) satisfies the following differential equation

26b exp (—Hx‘z) [(29x‘2 + 3) exp (—Gx‘z) - 3]

Ry (x) = 20x 3 hp (x) =
F () = 208 e (1) 1 = exp (-6x72))

, x> 0.
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Proposition 2.7. Let X : Q — (0, 00) be a continuous random variable. The random variable X has pdf (34).,fora = 1,
if and only if its hazard function /iy (x) satisfies the following differential equation

’ -1 a-1 d e—ﬁx" 6/187&”
Wy (x) = (@ = 1) x™ hp (x) = bafAx o 1 [ x>0,
or

o d [xetete™
’ —1 _ —Bx
e (x) + B hp (x) = baBre ph { e x> 0.

Proposition 2.8. Let X : Q — R be a continuous random variable. The random variable X has pdf (40),for @ = 1, if
and only if its hazard function i (x) satisfies the following differential equation

g (xm)
g (x;m)

Proposition 2.9. Let X : Q — (0, o0) be a continuous random variable. The random variable X has pdf (42) .fora = 1,
if and only if its hazard function &y (x) satisfies the following differential equation

’ 2 (= —y-2
My (x) = he(x)=af(y + D@ xm)? (Gm)  , xeR.

22261

L x>o.
(1 + 4+ Ax)>

Hp () = (B=1)x" hp (x) =

Proposition 2.10. Let X : Q — (0, o0) be a continuous random variable. The random variable X has pdf (48), if and
only if its hazard function hf (x) satisfies the following differential equation

wren(-(5)) a () (- [k ()]
]

T® & (o) [

1y (x) + 5(3)_1 hr (x) =

Remark 2.2. For k = 1, the above differential equation has the following simpler form
)2 X

" L = —/szp(;) ol (75)27), x>0

g o (1-pexp(=(3)))

Proposition 2.11. Let X : Q — (0, 00) be a continuous random variable. The random variable X, has pdf (50), for
A =0, =1, if and only if its hazard function A (x) satisfies the following differential equation

hip (%) =

af® (1 + x)

—— x> 0.
(16 + 1 + 6x)*

he () = (u+ %)™ hp (x) = -
Proposition 2.12. Let X : Q — (0, 1) be a continuous random variable. The random variable X, has pdf (53), for
A =1, if and only if its hazard function i (x) satisfies the following differential equation
We ()= B=Dx"he () =B+ 1D (1 -0, xe©1).

Proposition 2.13. Let X : Q — (0, o) be a continuous random variable. The random variable X, has pdf (57) if and
only if its hazard function hr (x) satisfies the following differential equation

Wy (x) = (1 4+ B2 hp (x) = —a*B(1 + Bx) (@ + B+ afx) >, x> 0.

Proposition 2.14. Let X : Q — (0, o) be a continuous random variable. The random variable X, has pdf (63), if and
only if its hazard function hf (x) satisfies the following differential equation

3
H, (x) - LhF (x) = _M

, x>0.
1+ Ax (@ + B+ afx)*

Proposition 2.15. Let X : Q — (0, 00) be a continuous random variable. The random variable X, has pdf (65), for
v = 1, if and only if its hazard function A (x) satisfies the following differential equation

p-1 _ ;Y
SRR [ Y LSS e A R
F (X) (ﬁ ).X' F (X) % ﬁ dx A—-1- Aef(if e
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Proposition 2.16. Let X : Q — (0, 00) be a continuous random variable. The random variable X, has pdf (69), for
A =1, if and only if its hazard function i (x) satisfies the following differential equation

a(B-1

hY (x) — 1+;x)hp(x)=0, x> 0.

Proposition 2.17. Let X : Q — (0, 00) be a continuous random variable. The random variable X, has pdf (71), for
6 = 1, if and only if its hazard function iy (x) satisfies the following differential equation

R (x) = (= Dx'hp (x) = (1 — @) Ax¥Ve™, x> 0.

Proposition 2.18. Let X : Q — R be a continuous random variable. The random variable X, has pdf (73), for d = 0, if
and only if its hazard function hf (x) satisfies the following differential equation

b )~ £ (o
ab(g ) [~1n (G ()| b= 1-1n(G ()}

= — 5 , xeR
(G (xm)

Proposition 2.19. Let X : Q — (0, c0) be a continuous random variable. The random variable X has pdf (80) if and
only if its hazard function Ar (x) satisfies the following differential equation

6.1 (x)zwn

— e_(x/g)d, x> 0.
62 \6

e (x) = (A= 1) x""hp (x) =

2.3 Characterization in Terms of the Reverse (or reversed) Hazard Function

The reverse hazard function, rg, of a twice differentiable distribution function, F , is defined as

rr(x) = %, x € support of F.
In this subsection we present characterizations of EGLFR, McG (for b = 1) , Kw-TEMW (forb =1,1=0), ALLGE,
Po-G, EGGP (fora = 1), BIR (forb = 1), BWP (for b = 1), GMW (fora = 1), TW (for 4 = 0), PWR (foru = 0,0 = 1),
OLLSN (for u = 0,0 = 1), EGGG (for 4 = 1), ETQL (for 4 = 0), ERK, ETW, ENHD, GWW (for @ = 1) distributions
(without proofs) in terms of the reverse hazard function.
Proposition 3.1. Let X : Q — (0, o) be a continuous random variable. The random variable X has pdf (2) (for 8 < 0)
if and only if its reverse hazard function rr (x) satisfies the following differential equation

1 - b,2\)s
+beF(x)=a(a+bx)% ( ﬁ(““th)) _
1—(1 —ﬁ’(ax+ Exz))

Proposition 3.2. Let X : Q — (0, c0) be a continuous random variable. The random variable X has pdf (4) (forb = 1)
if and only if its reverse hazard function rg (x) satisfies the following differential equation

-1

ry (x) — p

act?er™ exp (3 (e¥* — 1))
oz -0)-1)

Proposition 3.3. Let X : Q — (0, 00) be a continuous random variable. The random variable X has pdf (6) (for b = 1,
A = 0) if and only if its reverse hazard function rr (x) satisfies the following differential equation

i () = yrr (x) = -

, _ oy d [ O+ yBFT
rF(x)+(9+7ﬁx6 l)rF(x):a/ae (6 Vﬁ)a{#iﬁwﬁ)},x>0.

Proposition 3.4. Let X : Q — (0, ) be a continuous random variable. The random variable X has pdf (18) if and
only if its reverse hazard function rr (x) satisfies the following differential equation

d 1
¥ (X) +nrp (x) = 568%™ — , x> 0.
d . dx | (1= em)[6% + (1 = ey
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Proposition 3.5. Let X : Q — (0, o) be a continuous random variable. The random variable X has pdf (20) if and
only if its reverse hazard function rr (x) satisfies the following differential equation

g x0)
g(x;0)

e (x) —

L A2 LA
rg(x) = —l[g(X;f)]z{l_/l[G(x’g)] +1G (s 0)] }, x> 0.

[1+16 ol

Proposition 3.6. Let X : Q — R be a continuous random variable. The random variable X has pdf (24) if and only if
its reverse hazard function rr (x) satisfies the following differential equation

gsm o Eleml expl6G ()]
gom " {exp [6G (x; )] - 1)

Proposition 3.7. Let X : Q — R be a continuous random variable. The random variable X has pdf (28) if and only if
its reverse hazard function rr (x) satisfies the following differential equation

g ()
g(x;¥)

rp(x) — , x€R.

re () =b(b -1 A g [Guw] " x

1 (x) =
{[@ =1 -bAIG I |exp{A[G )]’} - (b - 1)
(exp{A[G s’} - 1)

x € R. Proposition 3.8. Let X : Q — (0, o) be a continuous random variable. The random variable X has pdf (30),for
b =1, if and only if its reverse hazard function rg (x) satisfies the following differential equation

s

W (x) +3x'hp (x) =0, x> 0.
Proposition 3.9. Let X : Q — (0, 00) be a continuous random variable. The random variable X has pdf (34).for b = 1,

if and only if its reverse hazard function rg (x) satisfies the following differential equation

, _ e d [ xr et
rp (x) + aBxPrp (x) = aafae ™~ - {W , x>0.

Proposition 3.10. Let X : Q — (0, 0) be a continuous random variable. The random variable X has pdf (36) ,for
a = 1, if and only if its reverse hazard function rr (x) satisfies the following differential equation

o (X) = Arp (x) = B2 (B -1+ Ax)e™, x> 0.

Proposition 3.11. Let X : Q — (0, c0) be a continuous random variable. The random variable X has pdf (38),for
A =0, if and only if its reverse hazard function rr (x) satisfies the following differential equation

)+ @+ Dx e (x) = 2B XD +ax2, x> 0.
Proposition 3.12. Let X : Q — R be a continuous random variable. The random variable X has pdf (44) if and only if

its reverse hazard function rg (x) satisfies the following differential equation

d ae” —e*
r}(x)—rF(x)zaex—{—e }, xeR.

dx e — eae’x

Proposition 3.13. Let X : Q — R be a continuous random variable. The random variable X has pdf (46) if and only if
its reverse hazard function rr (x) satisfies the following differential equation

- 29 ) = 200 (0 L {

6 (0 [@sy (x| .
o (1) dx > €

Os v (2 ) {[ @3 (13 D] + [Dsy (1 D]

Proposition 3.14. Let X : Q — (0, ) be a continuous random variable. The random variable X has pdf (48) ,for
A =1, if and only if its reverse hazard function rr (x) satisfies the following differential equation

_r-pen(-(2)) a [(2)" 0 [k ()]

, T-1
rF()C)—TVF(X)— N Ix Il [k’(g).,]} , x> 0.
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Proposition 3.15. Let X : Q — (0, 0) be a continuous random variable. The random variable X has pdf (50),for
A =0, if and only if its reverse hazard function rp (x) satisfies the following differential equation

0+1+0x _gy\2 1
62 d |+ (5
ap _9"—{ ( Horl ) , x> 0.

e
/.19 +1 dx 1 - (%)a e—abx

re(x) + 0rp (x) =

Proposition 3.16. Let X : Q — (0, 1) be a continuous random variable. The random variable X has pdf (53), if and
only if its reverse hazard function rg (x) satisfies the following differential equation

1

@ = S x>0,

X )ﬁ]i K1 - x) 6D
dx l—exp[—(ﬁ)ﬁ]

Proposition 3.17. Let X : Q — (0, o) be a continuous random variable. The random variable X has pdf (65), if and
only if its reverse hazard function rg (x) satisfies the following differential equation

X S-1 CxV
RCRE [ g (' -as 2]
F a\p F @dx|q4 (- l)e’(i)ﬁ —/le_z(ﬁ)p

rg (x) = ABexp [— (

1-x

x> 0.

Proposition 3.18. Let X : Q — (0, o) be a continuous random variable. The random variable X has pdf (69), if and
only if its reverse hazard function rg (x) satisfies the following differential equation

-1
rp(x) +aB (1 + axP rp(x) = /la,Bel_(“”)Bdii {%}, x> 0.
—e ax

Proposition 3.19. Let X : Q — (0, o) be a continuous random variable. The random variable X has pdf (78), for
a =1, if and only if its reverse hazard function ry (x) satisfies the following differential equation

re(x) + /lﬂxﬁ_lrp (x)
B+ 1) 2B 1) (1 - ) - ApPe )

(1 - e‘“ﬁ)z

, x>0.

2.4. Characterization Based on the Conditional Expectation of Certain Function of the Random Variable

In this subsection we employ a single function ¢ (or ;) of X and characterize the distribution of X in terms of the
truncated moment of ¢ (X) (or ¥ (X)). The following propositions have already appeared in Hamedani’s previous work
(2013), so we will just state them here which can be used to characterize some of the distributions listed in Section 1.

Proposition HI. Let X : Q — (e, f) be a continuous random variable with cdf F . Let y (x) be a differentiable
function on (e, f) with lim,_.+ ¢ (x) = 1. Thenfor § # 1,

ElyX) 1 X>2x]=06y(x), xelef),

if and only if

Y@ =(1-F@)™", xelef)
Proposition H2. Let X : Q — (e, f) be a continuous random variable with cdf F . Let ¢ (x) be a differentiable
function on (e, f) with lim,_ ¢ ¢ (x) = 1. Thenfor 6; # 1,

E[yi X)) X <x]=01p1(x), x€lef)
implies
) =F@T . xelef)
Remarks 4.1 (4) For (e,f) = (0,0), @ = 1, y(v) = (1-p(ax+2¢)) and 6 = 1,
a characterization of EGLFR for 8 < 0. (B) For (e, f) = (0,00), ¢ () = 1 - (1= B(ax+ 2:2))"" and 6, =

a+l

Proposition H1 provides
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, Proposition H2 provides a characterization of EGLFR for 8 < 0. Statements similar to (A) and (B) can be made for
Cases 11 and 111 as well. (C) For (e, f) = (0,00), b = ¢ = 1, ¥ (x) = exp (—— (e7* — 1)) and 6 = 5 , Proposition
H1 provides a characterization of McG distribution. (D) For (e, f) = (0,00),4 = 0, ¥ (x) = 1 — [ — ¢ (Oxty )]M
and 0 = ;5 +1 , Proposition H1 provides a characterization of Kw-TEMW distribution. (E) For (e, f) = (0,00), b = 1
, U1 (x) = 1 —exp (—; (e7 - 1)) and 6; = j , Proposition H2 provides a characterization of McG distribution. (F)
For (e, f) = (0,00),b = 1,1 =0,¢;(x) = 1—-¢ ~(0x+v¥) and § = lfza , Proposition H2 provides a characterization of
Kw-TEMW distribution. (G) For (e, /) =R, b=1,1=0,¢y(x) = e 1=(Gtem)” and § = Proposmon H1 provides a
characterization of Go-G distribution. (H) For (e, f) = (0,00),a=1, ¢ (x) =1 - exp( ) and 6 = m s

HI provides a characterization of BIR distribution. (/) For (e, f) = (0,00),b = 1, ¥ (x) = exp( ) and 6, =
ﬂﬂ

Proposmon

a9+ 1

, Proposition H2 provides a characterization of BIR distribution. (J) For (e, f) = (0,00),a = 1, ¥ (x) = 1 e} and
6 —

b +1 , Proposition H1 provides a characterization of BWP distribution. (K) For (e, f) = (0,00), b = 1, ¢ (x) =
! E and 61 = %5, Proposmon H2 provides a characterization of BWP distribution. (L) For (e, f) = (0,00),a =1,
w(x) =e¥"and 6§ = = +1 s Proposmon Hl provides a characterization of GMW distribution. (M) For (e, f) = (0, c0),

=0,y (x) = (1+ax 9)’ and &) =

14

ﬁ ~ , Proposition H2 provides a characterization of TD distribution. (N) For

e =Ry =1-"C) g 5 = o
(0) For (e,f) = (0,00), @ = 1,y (x) = (1 +—xﬁ)/ " and 6 =

Proposmon H2 provides a characterization of EGG distribution.

Proposition H1 provides a characterization

1+4 m )
of NEPL distribution. (P) For (e, f) = (0,00), ¥y (x) = 1 — _ kG and § = ﬁ , Proposition H1 provides

1-p{1-n[k(£)]}

a characterization of EGGG distribution. (Q) For (e, ) = (0,00), 1 = 0,8 = 1,y (x) = (“5%e™) and 6 = ;

uo+1 +1

, Proposition H1 provides a characterization of ETQL distribution. (R) For (e, f) = (0,00), ¥ (x) = mJ’ZBX) e
and 6 = a+1 , Proposition H1 provides a characterization of AEE distribution. (S) For (e, f) = (0,1), ¥ (x) =

exp [— (ﬁ) and 6 = 5 , Proposition H1 provides a characterization of ERK distribution. (7) For (e, f) = (0, ),

(04 apx 1/ —X
Y(x) = (f—j:ﬂﬁ) “e*and § = e
(6, f) (O’ 00)’ lvbl (X) =1- el—(1+11x)8 and J = /1+l N
(V) For (e, f) = R,y (x) = (exp {— [— In (5 (x; 77))] }) and 0 = -%; , Proposition H1 provides a characterization of

GAW-G distribution. (W) For (e, f) = (0,00), @ = 1, ¢¥1(x) = 1—¢ ~% and 5 = &l Proposition H2 provides a

2 b
o o /oy V12 ) .
characterization of Gww distribution. (X) For (e, f) = (0,00), ¥ (x) = e (3 —2e ) and ¢ = %, Proposition
HI provides a characterization of GB distribution.

3. Infinite Divisibility

Proposmon H1 provides a characterization of NEE distribution. (U) For

Proposition H2 provides a characterization of ENHE distribution.

Bondesson (1979) showed that all the members of the following families
fO=CFr'A+cx»?, x>0, 0<a<l, (By)

fx)=Cx¥¥lexp{—cx®, x>0, 0<|al<1, (By)
f()c):C)cﬁ_l exp{—(c1x+czx‘l)}, x>0,—co << o0, (B3)

f @) =Cx"exp{-(ogx—p)/(20%)} . x>0, (Bs)

where the natural restrictions are put on the unspecified parameters, are infinitely divisible. The last one is the lognormal
density.

Remark 3.1. Bondesson (1992, Theorem 6.2.4) pointed out that multiplying densities (B;) — (B4) by C; (6 + x)™¥ for
0 >0 and v > 0, will result in densities which are also infinitely divisible.

Remark 3.2. The distributions, listed in Section 1, whose densities (or densities of their transformations) can be ex-
pressed, in view of Remark 3.1, in the form (B,) are: EGLFR fora = 1,=56=0; Kw-TEMW for§ =1=0,0<8 < 1
; the pdf of Y = e7*X | where X has TEE distribution witha = 2,& =1 ; BWPfora=1,A=0and0 <8 < 1 ; GMW
fora=1,A=0; AEEa < 1;NEE fora < 1. The pdf of Y = e*X , where X has LE distribution can be written in the
form of (By). The pdf of the distribution BIR (for » = 1) can be written in the form of (Bjy).
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4. Concluding Remarks

In designing a stochastic model for a particular modeling problem, an investigator will be vitally interested to know if
their model fits the requirements of a specific underlying probability distribution. To this end, the investigator will vitally
depend on the characterizations of the selected distribution. A good number of recently introduced distributions which
have important applications in many different fields have been mentioned in this work. Certain characterizations of these
distributions have been established. We hope that these results will be of interest to the investigators who may believe
their models have distributions mentioned here and are looking for justifying the validity of their models. It is known
that determining a distribution is infinitely divisible or not via the existing representations is not easy. We have used
Bondesson’s classifications to show that some of the distributions taken up in this work are infinitely divisible. This could
be helpful to some researchers. Finally, we like to mention that the distributions mentioned in this work may be a source
of preventing duplications of so called newly proposed distributions.
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Appendix A

Theorem 1. Let (Q, 7, P) be a given probability space and let H = [a, b] be an interval for some d < b (a = —c0, b =
might as well be allowed. Let X : Q — H be a continuous random variable with the distribution function F and let ¢,
and ¢, be two real functions defined on H such that

ElxX) |X>2x]=E[q;(X) | X >x]£(x), x€H,

is defined with some real function 7. Assume that g;,¢q, € C L(H), £e C?(H) and F is twice continuously differentiable
and strictly monotone function on the set H. Finally, assume that the equation £g; = ¢, has no real solution in the interior
of H. Then F is uniquely determined by the functions ¢, g, and & , particularly

i & (u)

F = C _ d ’
0 fa ‘é‘“(lﬂ% () — q2 (u) exp (=s () du

& q

where the function s is a solution of the differential equation s = yomm

f,dF = 1.

and C is the normalization constant, such that

We like to mention that this kind of characterization based on the ratio of truncated moments is stable in the sense of
weak convergence (see, Glinzel [2]), in particular, let us assume that there is a sequence {X,} of random variables with
distribution functions {F,} such that the functions gqi,, g2, and &, (n € N) satisfy the conditions of Theorem 1 and
let g1, — q1, 9o — q» for some continuously differentiable real functions g; and ¢, . Let, finally, X be a random
variable with distribution F . Under the condition that g, (X) and ¢, (X) are uniformly integrable and the family {F)}
is relatively compact, the sequence X, converges to X in distribution if and only if &, convergesto &, where

CE[gp(X) X 2 x]
$9= Bl ) (X5

This stability theorem makes sure that the convergence of distribution functions is reflected by corresponding convergence
of the functions ¢q; , g» and &, respectively. It guarantees, for instance, the ’convergence’ of characterization of the
Wald distribution to that of the Lévy-Smirnov distribution if @ — oo.

A further consequence of the stability property of Theorem 1 is the application of this theorem to special tasks in statistical
practice such as the estimation of the parameters of discrete distributions. For such purpose, the functions g, ¢»
and, specially, ¢ should be as simple as possible. Since the function triplet is not uniquely determined it is often
possible to choose ¢ as a linear function. Therefore, it is worth analyzing some special cases which helps to find
new characterizations reflecting the relationship between individual continuous univariate distributions and appropriate in
other areas of statistics.
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