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ABSTRACT. We characterize compact and completely continuous disjointness
preserving linear operators on vector-valued continuous functions as follows:
a disjointness preserving operator T : Co(X, E) — Co(Y, F) is compact (resp.
completely continuous) if and only if

Tf=> 0s, ®ha(f) forall f€Co(X,E),

where hy, : Y — B(E, F) is continuous and vanishes at infinity in the uniform
(resp. strong) operator topology, and hy (y) is compact (resp. hy is uniformly
completely continuous).

1. INTRODUCTION

Let X be a locally compact Hausdorff space, and let E be a real or complex
Banach space. Let Cy(X, E) be the Banach space of all continuous E-valued func-
tions on X, vanishing at infinity and equipped with the supremum norm. We write
C(X, E) instead of Cy(X, E) in case X is compact. For each f in Cy(X, E), the coz-
ero of f, denoted by coz(f), is defined to be the open set coz(f) = {z € X : f(z) #
0}. A linear operator T from Cy(X, E) into Co(Y, F') is disjointness preserving if
T preserves disjointness of cozeros of functions, that is, coz(Tf) N coz(Tg) = 0
whenever coz(f) N coz(g) = 0. Equivalently, || Tf(y)||||[Tg(y)|| = 0 for ally € YV
whenever || f(z)|]|g(z)]| =0 for all z € X.

Disjointness preserving operators between general vector lattices were considered
by several authors (see, e.g., [2, 1, 4]). Lately such operators were studied between
the spaces of real or complex-valued continuous functions under the name of sep-
arating operators (see, e.g., [8, 5]), or between Fourier algebras (e.g. [6]). It was
shown that a bounded disjointness preserving operator is a weighted composition
operator. In the recent paper [9], a concrete representation is given for compact,
weakly compact and completely continuous disjointness preserving operators from
C()(X) into Co(Y)
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Jamison and Rajagopalan in [7] studied disjointness preserving operators on
vector-valued continuous functions. They gave a necessary and sufficient condition
for such operators to be compact. In this paper, we shall give a representation of
disjointness preserving operators T : Co(X,E) — Co(Y, F) that are compact or
completely continuous. Indeed, such an operator T' can be written as a countable
sum of atoms d,, ® h, with some corresponding properties.

2. CHARACTERIZATIONS OF THE OPERATOR 0, ® h

Let z be a fixed point in X and §, be the point evaluation. Let h be a map
from Y into B(E, F'), the Banach space of all bounded linear operators from E into
F. A linear map J, ® h sending E-valued functions on X to F-valued functions on
Y is defined by

5. ® h(f)(y) = h(y)(f()) forall yeY.

Let (B(E, F'),SOT) be the locally convex space with the strong operator topology.
The map h is said to be continuous in the strong operator topology if h : Y —
(B(E, F),SOT) is continuous. If h: Y — (B(E, F),SOT) vanishes at infinity, we
say that h vanishes at infinity in the strong operator topology. Similarly, we say that
h:Y — B(E,F) is continuous in the uniform operator topology when we consider
B(E, F) as a Banach space.

The following observation follows immediately from the Closed Graph Theorem.

Proposition 2.1. §,®h maps Co(X, E) into Co(Y, F) if and only if h is continuous
and vanishes at infinity in the strong operator topology. Moreover, |6, ® h| =
sup,cy |h(y)ll; and the linear map o, @ h : Co(X, E) — Co(Y, F) is automatically
bounded.

In the following, we characterize the compactness and complete continuity of
the bounded linear operator §, ® h from Cy(X, E) into Co(Y, F). In case X and
Y are compact, the following lemma was given in [3, Theorem 2.1] by a different
approach.

Lemma 2.2. The bounded linear operator o, @ h from Co(X, E) into Co(Y, F) is
compact if and only if h : Y — B(E,F) is continuous and vanishes at infinity in
the uniform operator topology and h(y) is a compact operator for each y in'Y .

Proof. For the necessity, it is clear that for every y in Y, the bounded linear operator
h(y) is compact. Suppose that h was not continuous at some point yo € Y in the
uniform operator topology. There exists an € > 0, a net {yy }, converging to yo in Y’
and a net {e)}, in E with ||ey]| = 1 for all A such that ||h(yx)(ex) — h(yo)(ex)]] > €
for all A. Let {fy}x be in Cy(X, E) such that fy(x) = ey and ||fi|| = 1. By the
compactness of §, ® h and passing to a subnet, we can assume that J§, ® h(f))
converges to some g in Co(Y, F'). Then ||d, @ h(fr) — g|| < €/3 for all X eventually,
and we have that [|[h(y)(ex) — g(¥)] = [0z @ h(fx)(y) — g(W)|| < ¢/3 for all y € Y
and all A eventually. Since g is in Cy(Y, F), we have

A (ya)(ex) = h(yo)(ex)]]
<[h(ya)(ex) = g(wa)ll + llgya) — g(wo)ll + llg(yo) — h(yo)(ex)|| < e

for all A eventually, a contradiction. Therefore, A is continuous on Y in the uniform
operator topology. By a similar argument as above, we have that h vanishes at
infinity in the uniform operator topology.
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For the sufficiency, let {f,}, be in Co(X,E) with ||f.|| = 1 and let U be
an ultrafilter in N. For each y in Y, by the compactness of h(y), we have that
g(y) = limy h(y)(fn(z)) exists. It is sufficient to show that g is in Cy(Y, F). For
each yp in Y, since

l9(y) = 9(yo)ll = Lim [|A(y) (fu(x)) = h(yo) (fa(@))]]
< lim [[A(y) = Alyo) | [lfu ()]l < [1h(y) — (yo)

and h is continuous on Y in the uniform operator topology, this implies that g
is continuous at yo. It remains to show that g vanishes at infinity. Since ||h(y)||
vanishes at infinity, for every € > 0, there is a compact subset K. of Y such that
Ih(y)]] < € for all y ¢ K.. We have that ||g(y)| = limy ||h(y)(fn(2))] < € for all
y & K.. Therefore, g is in Cy(Y, F). O

Recall that a bounded linear operator T : Co(X, E) — Co(Y, F) is completely
continuous if {Tf,}, is a null sequence for every weakly null sequence {f,}, in
Co(X,E). Let h : Y — B(E,F) be continuous and vanishing at infinity in the
strong operator topology. We say that h is uniformly completely continuous on
Y if, for every weakly null sequence {e,}, in E, {h(-)(e,)}n is a uniformly null
sequence.

Lemma 2.3. The bounded linear operator d; @ h : Co(X, E) — Co(Y, F) is com-
pletely continuous if and only if h is uniformly completely continuous on'Y .

Proof. The necessity is trivial. For the sufficiency, if { f,, },, is a weakly null sequence
in Cy(X, E), then the sequence {e,}, = {fn(2)}n is weakly null in E. Since h is
uniformly completely continuous, for each € > 0, there is a positive integer N, such

that
162 @ h(fn)ll = sup [|6: @ h(fn) (W)l
yey
= sup ||h(y)(en)| < e for alln > N..
yey
Hence §, ® h is completely continuous. ([l

Corollary 2.4. Suppose that h : Y — B(E,F) is continuous and vanishes at
infinity in the uniform operator topology, and h(y) is completely continuous for
every y in Y. Then h is uniformly completely continuous on'Y. Consequently, the
bounded linear operator §, ® h is completely continuous.

Proof. Let {e,}, be a weakly null sequence in E. Without loss of generality, we can
assume that |le,|| < 1 for all n. For every € > 0, let K. be a compact subset of Y’
such that ||h(y)|| < eforall y ¢ K.. Foreachy € Y, theset U, ={y' € Y : ||h(y') —
h(y)|l < €/2} is open in Y by the continuity of h. There are finitely many points
Y1, Y2, ..., Yk in K. such that K. C Ule Uy,. For each i =1,2,...,k, since h(y;)
is completely continuous, there is a positive integer IV; such that ||h(y;)(e,)| < €/2
for all n > N;. Let N = max{Ny, ..., N;}. Then for each y € K., we have y € Uy,
for some y; in ¥, and [|h(y)(en)]| < () (en) — hly:)(en) | + 1(g:) (en) | < € for al
n > N. On the other hand, for all y & K., we have ||h(y)(en)|| < [|h(®)] llen] < €
for all n. Hence h is uniformly completely continuous on Y. By Lemma 2.3, §, ® h
is completely continuous. (]
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To close this section, we give a parallel result for the operator §, ® h being weakly
compact. In the case that X and Y are compact, it was given in [3, Theorem 3.1]
by a different approach.

Lemma 2.5. Let h: Y — B(E,F) be continuous and vanishing at infinity in the
uniform operator topology. If h(y) is weakly compact for every y in'Y, then 0, ® h
is a weakly compact operator from Cy(X, E) into Co(Y, F).

Proof. Let {fn}n be a sequence in Co(X, F) with ||f,|| = 1. Then the sequence
{en}tn = {fn(2)}n is bounded in E with |le,|| < 1. Let U be an ultrafilter in N.
Since h(y) is weakly compact for each y € Y, we have that g(y) = wk-limy, h(y)(en)
exists in F. Tt is sufficient to show that g is in Cy(Y, F'). For every v* € F* the
dual space of F,

[0*(9(y)) = v™(9(y0))| = lim[v* (h(y)(en)) — v"(A(yo)(en))l
< lo* [ 1h(y) = h(yo)

and
[0 (9(y))| = Lim o™ (h(y) (en))] < [l0" ([P ()]

We have |[g(y) — g(yo)ll < [h(y) = h(yo)|l and [g(y)|| < ||h(y)|. Hence, g is in
Co(Y, F) followed from the assumption of h. O

3. COMPACT AND COMPLETELY CONTINUOUS
DISJOINTNESS PRESERVING OPERATORS

Let T be a disjointness preserving bounded linear operator from Cy(X, E) into
Co(Y,F). Set Yoo = {y € YU{oo} : 6,07 = 0} and Y’ = {y € YU{oo} : §,0T # 0}.
From [3], such an operator T can be represented as, for all f € Cy(X, E),

(1) Tfly. =0 and Tf(y) =h(y)(f(e(y))) for all y in Y7,

where ¢ : Y/ — X is continuous and h : Y’ — B(FE, F) is continuous and vanishes at
infinity in the strong operator topology. Hence, for each x in X, the linear operator
0z @ h: Co(X,E) — Co(Y, F) is well defined and bounded by Proposition 2.1.

In this section, we first consider the case where the disjointness preserving linear
operator T is completely continuous. The main result is in the following.

Theorem 3.1. Let T be a bounded disjointness preserving linear operator from
Co(X, E) into Co(Y, F). Then the following are equivalent.

(i) T is completely continuous.
(ii) There are a sequence {xy,}y of distinct points in X and a norm null and
mutually disjoint sequence {hy}, such that

Tf=> 0w, @hn(f) forall feCo(X,E),
where each hy, : Y — B(E, F) is continuous and vanishes at infinity in the
strong operator topology and is uniformly completely continuous.

To prove this theorem, we need the following results. Let us start with an
elementary one.

Lemma 3.2. Let f,, be in Co(X, E) with || fu| = 1. If the f,, are mutually disjoint,
then f, — 0 weakly.
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Note that the operator 7' carries the form in (1). We shall characterize the
properties of A and ¢ in the following lemmas.

Lemma 3.3. Let x,, be distinct points in o(Y') and y, in Y’ such that p(y,) = @,.
Then lim, . ||A(ys)|| = 0.

Proof. We may assume on the contrary that there were an ¢ > 0 and a sequence
{en}n in E with |le,|| = 1 such that ||h(y,)(en)|| > € for all n € N. We discuss the
following two cases.

CASE I. Suppose that every neighborhood V of x; contains all but finitely many
of the x,. That is, x; is the limit of {z,},. If z is a cluster point of {z,},
in X U {oo}, then each neighborhood of z contains infinitely many z,, and thus
intersects with every neighborhood of x;. Since X is Hausdorff, we have z1 = z.

Now, let V,, be a compact neighborhood of x,, such that V,, NV, = 0 for all
n,m > 2 and n # m. Choose f,, € Co(X, E) such that coz(f,) C V., fu(zs) = e,
and [[fn]| = 1. Then {f,}32, is mutually disjoint and, by Lemma 3.2, f, — 0
weakly. Since T is completely continuous, we have T'f,, — 0 in norm. But

1T full Z NT fr(yn) | = [[P(yn) (fn (e (umDI = 17 (yn) (en)]l = €,

a contradiction.

CASE II. Suppose there exists a compact neighborhood V; of x; such that there
are infinitely many x, outside V;. Passing to a subsequence if necessary, we can
assume that V7 contains x; but not zs,xs,.... Analogously, in view of CASE I,
we may assume that for each x, there exists a compact neighborhood V,, of x,
containing no other xz,,. Indeed, we can assume that V,, N'V;,, = ) whenever n # m.
Proceeding as in CASE I, we will get a contradiction again. O

Lemma 3.4. For each z in ¢(Y'), we have that ¢~1(x) is an open subset of Y.

Proof. Suppose that ¢ ~!(z) was not open in Y. Then ¢~ !(z) was not relatively
open in the open set Y’. In particular, ¢ ~!(x) contains a point y not interior to
¢~ !(x). That is, there exists a net {yx} of Y’ such that yy € Y’ \ ¢~!(z) and
yx — ¢y in Y'. Then limy_, o h(yx) = h(y) # 0 in the strong operator topology. We
may assume that there is an € > 0 and e € E with ||e|| = 1 such that ||h(yy)(e)]| > €
for all A. By Lemma 3.3, the range of the net {z)}» = {(p(yr)}r consists of only
finitely many points in X. However, zx = ¢(yx) — ¢©(y) = z. Hence, z) = x for
all \ eventually, a contradiction. Therefore, p~!(x) is open in Y. (]

For each x in (Y'), let Yo = {y € Y’ : ¢(y) = 2} = ¢~ '(x). Then Y’ =
UzEgp(Y’) Y. is a disjoint union.

Corollary 3.5. Each Y, is closed and open in'Y'.

Let hy = xv, - h, where xy, is the characteristic function of Y,. Note that h,
and h,s are disjoint whenever x # 2’ in (Y”).

Corollary 3.6. For each x € p(Y'), the operator h, can be continuously extended
to Y U {oo} in the strong operator topology by setting hy|y., = 0.

Proof. By Corollary 3.5, we have that h, is continuous on Y” in the strong operator
topology. Let {yx}x be a net in Y,, such that yx — yo for some yy € Yoo. If hy(yn)
did not converge to 0 in the strong operator topology, then there is an € > 0 and
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e in E such that ||h,(yx)(e)]| = ||h(yr)(e)|| > € for all A\. For each f in Cyo(X, E)
with f(z) = e in E, we have

ITf ()l = [[RCy) (f (eI = [1h(yx) (f ()] > € for all A.

Hence ||Tf(yo)|] > €. But yo € Yy, and so we have that Tf(yo) = 0. It is
a contradiction. Therefore, h, can be extended continuously to Y U {oco} in the
strong operator topology by setting h,l|y,, = 0. (]

Lemma 3.7. For eachn =1,2,..., the set {x € p(Y') : sup ey, [|ha(y)l| > 1/n}
is finite. Thus, ©(Y') is a countable set.

Proof. Suppose our assertion were not true. Then there are distinct z1,zo, ...
in p(Y’) such that SUPycy, Ao, ()| > 1/n for all k. Let yr € Y’ such that
he (ye)]] > 1/n and thus ¢(yi) = =z for each k. But by Lemma 3.3, we
have limg_,o0 ||hg, (yx)|| = 0, a contradiction. Hence, the set {x € (Y') :
sup,cy, [[hz(y)|| > 1/n} is finite. Consequently,

p(V') = [J{z € o) - sup [lha(w) > 1/n}

is countable. O
Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. Suppose T is completely continuous. In view of Lemma 3.7,
we can write (V') = {x1,22,...}. Bach Y, = ¢ !(x,) is relatively open and
closed in the open set Y’ by Lemma 3.4 and Corollary 3.5. For each n € N, let
hn = Xy, - h. Then h, is continuous on Y, vanishes at infinity in the strong
operator topology by Corollary 3.6, and ||h,|| — 0 by Lemma 3.7. Note that the
h,, are mutually disjoint.

Observe that for all z,, in p(Y”’), we have h(y)(f(©(y))) = hn(y)(f(xn)), since
¢ is constantly z,, on Y,,. Hence, for each y € Y’ and f € Cy(X, E),

Tf(y) = h()(fe@) = D h@)(F W) =D haly)(f(@n))-

YEY,

By Corollary 3.6, we can write

Tf= i S, @ ha(f) for all f € Co(X, E).

n=1

In fact, since {h,}, is mutually disjoint and converges to 0 in norm, the sum
T = >, 0z, ®h, converges in the operator norm. Moreover, it is clear that
0z, ®@hy, is completely continuous, and we have that each h,, is uniformly completely
continuous on Y by Lemma 2.3.

Conversely, since each h,, is uniformly completely continuous on Y, we have that
0z, ®@h,, is completely continuous by Lemma 2.3. As we know that the norm limit of
completely continuous operators is completely continuous (e.g. [10, p. 301]), hence
T =3, 06z, ®hy is completely continuous. O

For compact disjointness preserving linear operators, there are parallel results
such as the following.
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Lemma 3.8. Suppose the disjointness preserving operator T : Co(X,E) —
Co(Y, F) is compact with the form in (1). Then h, can be extended to Y U {oo} as
a norm continuous operator by setting hy|y.. =0 for each x in o(Y").

Proof. By the compactness of T, we have that h is continuous and vanishes at
infinity in the uniform operator topology [3]. By Corollary 3.5, h,, is continuous on
Y’ in the norm topology. Let {yx}x be a net in Y, such that yyx — yo for some yq
in Y. If h;(yx) did not converge to 0 in norm, then, by passing to a subnet, we
could assume that ||h(yx)|| = ||hz(yx)]| > € for some € > 0. Then there would be a
net {ex}x in F such that ||ex]] = 1 and ||h(yx)(er)|| > €. Let {fa}x be in Co(X, E)
such that fy(z) = ey and ||fy]| = 1. By the compactness of T' and passing to a
subnet, we have T'fy — g in norm for some g € Cy(Y, F'). More precisely, there is
a Ag > 0 such that

[h(y)(ex) — gl = [T fr(y) —g(y)|| <e/2 forally €Y and A > Ag.

This implies that ||g(ya)|| > €/2 for all A > Ao, and then ||g(yo)|| > €/2. On the
other hand, it follows from yg € Y5, that T f(yo) = 0 for all A. We have g(yo) = 0,
a contradiction. Hence, h, can be continuously extended to Y U{oo} in the uniform
operator topology by setting h;|y.. = 0. ]

Theorem 3.9. Let T : Co(X, E) — Co(Y, F) be a bounded disjointness preserving
linear operator. Then the following are equivalent.

(i) T is compact.
(ii) There are a sequence {x,}y of distinct points in X and a norm null and
mutually disjoint sequence {hy}, such that

T=Y 0a, @hn,

n

where each h, : Y — B(E, F) is continuous and vanishes at infinity in the
uniform operator topology, and hy(y) is compact for everyy € Y.

Proof. By using Lemmas 2.2 and 3.8, the theorem follows from similar arguments
as in the proof of Theorem 3.1. O
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