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CHARACTERIZATIONS OF LOJASIEWICZ INEQUALITIES:
SUBGRADIENT FLOWS, TALWEG, CONVEXITY
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ABSTRACT. The classical Lojasiewicz inequality and its extensions for partial
differential equation problems (Simon) and to o-minimal structures (Kurdyka)
have a considerable impact on the analysis of gradient-like methods and re-
lated problems: minimization methods, complexity theory, asymptotic analy-
sis of dissipative partial differential equations, and tame geometry. This paper
provides alternative characterizations of this type of inequality for nonsmooth
lower semicontinuous functions defined on a metric or a real Hilbert space.
In the framework of metric spaces, we show that a generalized form of the
Lojasiewicz inequality (hereby called the Kurdyka-Lojasiewicz inequality) is
related to metric regularity and to the Lipschitz continuity of the sublevel
mapping, yielding applications to discrete methods (strong convergence of the
proximal algorithm). In a Hilbert setting we further establish that asymp-
totic properties of the semiflow generated by —0f are strongly linked to this
inequality. This is done by introducing the notion of a piecewise subgradient
curve: such curves have uniformly bounded lengths if and only if the Kurdyka-
Lojasiewicz inequality is satisfied. Further characterizations in terms of talweg
lines —a concept linked to the location of the less steepest points at the level
sets of f— and integrability conditions are given. In the convex case these re-
sults are significantly reinforced, allowing us in particular to establish a kind of
asymptotic equivalence for discrete gradient methods and continuous gradient
curves. On the other hand, a counterexample of a convex C? function in R2
is constructed to illustrate the fact that, contrary to our intuition, and unless
a specific growth condition is satisfied, convex functions may fail to fulfill the
Kurdyka-Lojasiewicz inequality.
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1. INTRODUCTION

The Lojasiewicz inequality is a powerful tool to analyze convergence of gradient-
like methods and related problems. Roughly speaking, this inequality is satisfied
by a C! function f if for some p € [%, 1) the quantity

|f = F@P IV

remains bounded around any (possibly critical) point z. This result is named after
S. Lojasiewicz (see [42], [43]), who was the first to establish its validity for the class
of real-analytic functions. We refer to [38] for an extension of this result to the
class of C! subanalytic functions and to [8] for a further extension to (nonsmooth)
lower semicontinuous subanalytic functions. At the same time it is known that the
Lojasiewicz inequality fails for C'*° functions in general (see the classical example
of the function x — exp(—1/z?) if x # 0, and 0 if z = 0 around the point z = 0).

A generalized form of this inequality has been introduced by Kurdyka in [37]. In
the framework of a C'! function f defined on a real Hilbert space [H, (-,-)], and as-
suming for simplicity that f = 0 is a critical value, this generalized inequality (that
we hereby call the Kurdyka—Lojasiewicz inequality, or in short, the KE-inequality)
states that

(1) IV(po f)@)l =1,

for some continuous function ¢ : [0,7) — R, C! on (0,r) with ¢’ > 0 and all z in
0< f<r]:={yeH:0< f(y) <r}. The class of such functions ¢ will be further
denoted by K(0,7); see (8). Note that the Lojasiewicz inequality corresponds to
the case o(t) = t1=°.

In finite-dimensional spaces it has been shown in [37] that () is satisfied by a
much larger class of functions, namely, by those that are definable in an o-minimal
structure [I7], or even more generally by functions belonging to analytic-geometric
categories [25]. In the meantime the original Lojasiewicz result was used to derive
new results in the asymptotic analysis of nonlinear heat equations [51], [35] and
damped wave equations [30]. Many results related to partial differential equations
followed; see the monograph of Huang [31] for an insight. Other fields of appli-
cation of ({l) are nonconvex optimization and nonsmooth analysis. This was one
of the motivations for the nonsmooth KEL-inequalities developed in [8, ©]. Due to
its considerable impact on several fields of applied mathematics: minimization and
algorithms [I1, Bl [8] [39], asymptotic theory of differential inclusions [48], neural net-
works [28], complexity theory [47] (see [47) Definition 3|, where functions satisfying
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a KL-type inequality are called gradient dominated functions), and partial differ-
ential equations [511, 35, B0, [B1], we hereby tackle the problem of characterizing
such inequalities in a nonsmooth infinite-dimensional setting and provide further
clarifications for several application aspects. Our framework is rather broad (infi-
nite dimensions, nonsmooth functions); nevertheless, to the best of our knowledge,
most of the present results are also new in a smooth finite-dimensional framework:
readers who feel unfamiliar with notions of nonsmooth and variational analysis
may, as a first stage, consider that all functions involved are differentiable, replace
subdifferentials by usual derivatives and subgradient systems by smooth ones.

A first part of this work (Section 2) is devoted to the analysis of metric versions
of the KEL—-inequality. The underlying space H is only assumed to be a complete
metric space (without any linear structure), the function f : H — RU{+o00} is lower
semicontinuous and possibly real-extended valued and the notion of a gradient is
replaced by the variational notion of a strong-slope [22] [6]. Indeed, introducing the
multivalued mapping F(x) = [f(x),+00) (whose graph is the epigraph of f), the
KL-inequality (Il) appears to be equivalent to the metric regularity of ' : H = R on
an adequate set, where R is endowed with the metric dy(r, s) = [¢(r) — ¢(s)|. This
fact is strongly connected to famous classical results in this area (see |23} [45] [32], [19]
for example) and in particular to the notion of p-metric regularity introduced in
[32] by Ioffe. Using results on global error-bounds of Ioffe [32] [33] [34] (see also
Azé-Corvellec [6]) we show that some global forms of the KL-inequality, as well as
metric regularity, are both equivalent to the “Lipschitz continuity” of the sublevel
mapping

R = H
{ ro= [f<ri={zeH: f(z) <r},

where (0,7) C (0,400) is endowed with d, and the collection of subsets of H
with the “Hausdorff distance”. As is shown in a section devoted to applications
(Section 3.4), this reformulation is particularly adapted for the analysis of proximal
methods involving nonconvex criteria: these results are in the line of [I5] [3].

In the second part of this work (Section 3), H is a real Hilbert space and f is
assumed to be a semiconvex function; i.e., f is the difference of a proper lower semi-
continuous convex function and a function proportional to the canonical quadratic
form. Although this assumption is not particularly restrictive, it does not aim at
full generality. Semiconvexity is used here to provide a convenient framework in
which the formulation and the study of subdifferential evolution equations are sim-
ple and elegant ([2, 13| 21]). Using the Fréchet subdifferential (see Definition []),
the corresponding subgradient dynamical system indeed reads

) z(t) + 0f(x(t)) 0, a.e. on (0, +00),
@) { x(0) € dom f,

where 2(-) is an absolutely continuous curve called a subgradient curve. Relying
on several works [21] [44] [T1]), if f is semiconvex, such curves exist and are unique.
The asymptotic properties of the semiflow associated to this evolution equation are
strongly connected to the KE-inequality. This can be made precise by introducing
the following notion: for T € (0,4oc], a piecewise absolutely continuous curve
v : [0,T) — H (with countable pieces) is called a piecewise subgradient curve
if v is a solution to (@) where in addition ¢ — (f o 7)(¢) is nonincreasing (see
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Definition [[5] for details). Consider all piecewise subgradient curves lying in a “KE-
neighborhood”, e.g. a slice of level sets. Under a compactness assumption and a
condition of Sard type (automatically satisfied in finite dimensions if f belongs to
an o-minimal class), their lengths are uniformly bounded if and only if f satisfies
the KL-inequality in its nonsmooth form (see [9]); that is, for all € [0 < f < r],

0@ o f)(@)l|- := inf{||pl[ : p € O(p o f)} = 1,

where ¢ : (0,7) — R is a C'! function bounded from below such that ¢’ > 0 (see
@)). A byproduct of this result (though not an equivalent statement, as we show
in Section 4.3; see Remark [B7] (¢)) is the fact that bounded subgradient curves have
finite lengths and hence converge to a generalized critical point.

Further characterizations are given involving several aspects among which, an
integrability condition in terms of the inverse function of the minimal subgradient
norm associated to each level set [f = r] of f, as well as connections to the following
talweg selection problem: given R > 1, find a piecewise absolutely continuous curve
0 :(0,7) — H with finite length such that

b € {a e lf =rl: otoo N@l- < & int [06eo NI-

The curve 6 is called a talweg. Early connections between the KL-inequality and
this old concept can be found in [19], [37], and even more clearly in the Ph.D.
Thesis of D’Acunto [I§]. Indeed, under mild assumptions, the existence of such a
selection curve # characterizes the KL-inequality. The proof relies strongly on the
property of the semiflow associated to —df. Recent developments of the metric
theory of a “gradient” curve ([3]) open the way to a more general approach of these
characterizations, and hopefully to new applications in the line of [3, 22].

The analysis of the convex case (that is, f is a convex function) in Section 4,
reveals interesting phenomena. In this case, the KL-inequality, whenever true on a
slice of level sets, will be true on the whole space H (globalization) and, in addition,
the involved function ¢ can be taken to be concave (Theorem [29). This is always
the case if a specific growth assumption near the set of minimizers of f is assumed.
On the other hand, arbitrary convex functions do not satisfy the KL-inequality:
this is a straightforward consequence of a classical counterexample, due to Baillon
[7], of the existence of a convex function f in a Hilbert space, having a subgradient
curve which is not strongly converging to 0 € argmin f. However, surprisingly,
even smooth finite-dimensional coercive convex functions may fail to satisfy the
KL-inequality, and this even in the case that the lengths of their gradient curves
are uniformly bounded. Indeed, using the above-mentioned characterizations and
results from [36] and [52], we construct a counterexample of a C? convex function
whose set of minimizers is compact and has a nonempty interior (Section 4.3).

As another application we consider abstract explicit gradient schemes for convex
functions with a Lipschitz continuous gradient. A common belief is that the analysis
of gradient curves and their explicit discretization used in numerical optimization
are somehow disconnected problems. We hereby show that this is not always the
case by establishing that the piecewise gradient iterations are uniformly bounded if
and only if the piecewise subgradient curves are so (¢f. Theorem B9). This aspect
sheds further light on the (theoretical) stability of convex gradient-like methods
(see also [50, Chapter 8]) and the interest of exploring the connections of the KL-
inequality with the asymptotic study of subgradient-type methods.
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Notation (Multivalued mappings). Let X, Y be two metric spaces and F': X =Y
be a multivalued mapping from X to Y, that is, a function from X to 2Y, associating
to each point of X a subset of Y. We denote by

(3) Graph F := {(z,y) e X XY : y € F(x)}
the graph of the multivalued mapping F (subset of X x Y) and by
(4) domF:={reX:3JyeY, (z,y) € Graph F'}

its domain (subset of X).
(Single-valued functions) Given a function f : X — R U {400} we define its
epigraph by

(5) epi f = {(z.8) € X x R: f(x) < B},

We say that the function f is proper (respectively, lower semicontinuous) if the
above set is nonempty (respectively, closed). Let us recall that the domain of the
function f is defined by

dom f:={z € X : f(z) < +o0}.
(Level sets) Given 11 < 19 in [—00, +00] we set
M <f<r]={reX:r<f(z)<rs}

When r; = ro (respectively 1 = —o0), the above set will be simply denoted by

[f = 1] (respectively [f < r2])
(Strong slope) Let us recall from [22] (see also [32], [6]) the notion of a strong
slope defined for every x € dom f as follows:

_ +
(6) Vfl(x) = lirynj;lp %,

where for every a € R we set a™ = max {a,0} and we use the convention 0/0 = 0.
If [X,]| - ||]] is a Banach space with (topological) dual space [X*, || - ||«] and f is
a C' finite-valued function, then

IV fI(x) = [IDf ()]

for all x in X, where Df(+) is the differential map of f.
(Hausdorff distance) We define the distance of a point x € X to a subset S of X
by
dist (¢, S) := inf d
ist (2, 5) inf (2,9),

where d denotes the distance on X. The Hausdorff distance Dist(Sy,S2) of two
subsets S7 and S of X is given by

(7) Dist(S1, S2) := max {sup dist (z,S2), sup dist (1:,51)} )

€S €S2
Let us denote by P(X) the collection of all subsets of X. In general Dist(-,-) can
take infinite values and does not define a distance on P(X). However if K(X)
denotes the collection of nonempty compact subsets of X, then Dist(-,-) defines
a proper notion of distance on K(X). In the sequel we deal with multivalued
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mappings F': X = Y enjoying the following property:
Dist (F(x), F(y)) <k d(z,y),

where k is a positive constant. For simplicity such functions are called Lipschitz
continuous, although [P(Y), Dist] is not a metric space in general.
(Desingularization functions) Given 7 € (0, 00|, we set

(8) K(0,7):={p e C([0,7)NC"(0,7) : ¢(0)=0, and ¢'(r) >0,Vr € (0,7)},

where C([0,7]) (respectively, C'*(0,7)) denotes the set of continuous functions on
[0,7] (respectively, C! functions on (0,7)). The introduction of this class, as well
as the employed terminology (desingularization) are justified by (). Indeed, com-
posing a function f, which typically has 0 as a critical value, with an appropriate
element ¢ of K(0,7) consists in relabeling its level sets in order to “straighten up
all derivatives” of f in [0 < f < 7].

Finally throughout this work, B(z, ) denotes the open ball of center « and radius
r > 0 and B(z,r) denotes its closure. If H is a Hilbert space, its inner product will
be denoted by (-,-) and the corresponding norm by || - ||.

2. KL-INEQUALITY IS A METRIC REGULARITY CONDITION

Let X,Y be two complete metric spaces, F' : X = Y a multivalued mapping and
(Z,7) € Graph F. Let us recall from [32] Definition 1 (loc)] the following definition.

Definition 1 (Metric regularity of multifunctions). Let k& € [0,+00). (i) The
multivalued mapping F' is called k-metrically regular at (z,y) € Graph F if there
exist €, > 0 such that for all (x,y) € B(Z,¢) x B(y,d) we have

9) dist (x, F~(y)) < kdist (y, F(2)).

(ii) Let V' be a nonempty subset of X x Y. The multivalued mapping F' is called
k-metrically regular on V if F is metrically regular at (Z,7y) for every (Z,y) €
Graph FNV.

We refer to Ioffe [32] B3], Mordukhovich [45], Penot [49], Dontchev-Lewis-
Rockafellar [23], Dontchev-Quincampoix-Zlateva [24] and the references therein for
historical comments, examples, other characterizations and applications of the no-
tion of metric regularity.

2.1. Metric regularity and global error bounds. The following result reveals
that the Kurdyka-Lojasiewicz inequality and metric regularity are equivalent con-
cepts (see Corollary M and Remark [B]). The equivalence [(ii)<(iii)] can be found
in [0, Theorem 2.1] and can also be deduced by previous works of Ioffe (see [32]
Theorem 2b], [33] and [34]). Recently J.-N. Corvellec informed us that Theorem [2
below can be obtained using an alternative much simpler argument, avoiding in
particular the implication (i)=-(ii) and the use of Zorn’s lemma. However, a direct
proof of this implication as well as a similar argument used in the construction of
the talweg (c¢f. Definition [[7)) in Theorem [I§] (ii)=-(iv) seem to require the Zorn
lemma.

Theorem 2. Let X be a complete metric space, f : X — R U {+o0} a lower
semicontinuous function and ro > 0. Assume that [0 < f < ro| # 0. The following
assertions are equivalent and imply the nonemptiness of the sublevel set [f < 0].
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(i) The multivalued mapping

X = R
F{ v [f(@),+00)

is k-metrically reqular on [0 < f < ro] x (0,79) ;
(i1) for all v € (0,70) and z € [0 < f < ro],

(10) dist (z,[f <7]) < k(f(z) —7)";
(iii) for all x € [0 < f < 1o,

IV f](z) =

el

Proof. According to [I6] Theorem 2.2] the sublevel set [f < 0] is nonempty when-
ever (iii) holds. For the equivalence of (ii) and (iii), see [0, Theorem 2.1]. We give
below a direct proof of the equivalence [(i)<(ii)]. Definition [l (metric regularity of
multifunctions) yields the following restatement for (i):

(i)1 For every (Z,7) € Graph F with Z € [0 < f < ro] and 7 € (0, r(), there exist
€,0 > 0 such that

(11)

x € B(Z,e) N[0 < f <o)

r € [(F—0,7+3)N(0,70)] } = dist(@[f <1]) < k(@) =)

Clearly (7) = (¢)1. Now, in order to prove (i); = (i), consider (Z,7) € Graph F'N
[0 < f < ro] x (0,79). Take ¢ and § positive given by (i); such that 0 < 7 —0 <
7420 < 19, e < k(ro—7—20) and f is positive on B(Z, ) (f is lower semicontinuous,
so [f > 0] is open). For any (z,7) € B(Z,¢e) x (F — d,7 + J), we have r € (0,79) and
f(z) > 0. Thus if f(z) < ro, by (i)1 we have

dist (z,[f < 7)) < k(f(x) —r)T = kdist (r, F(x)).
If f(z) > rp, then
dist (z, [f < 7)) < dist (z,7) + dist (7, [f < 7)) <e+k(f(@)—7)T <e+ kS
<k(rg—7—20) <k(ro—7) < k(f(z) —r)" = kdist (r, F(z)).
Thus (¢); = (7).

It is now straightforward to see that (i¢) == (¢); thus it remains to prove that
(i) = (#). To this end, fix any ¥ >k, r1 € (0,79) and x1 € [f = r1]. We shall
prove that

dist (z1, [f < s]) < K'(r1 — 39), for all s € (0,7].

Claim 1. Let r € (0,r9) and « € [f = r]. Then thereexist r~ < randz~ € [f =r7]
such that

(12) d(z,z7) < K(r—r")

with dist (z, [f < s]) <K' (r—s), forallse[r ,r].

Proof of Claim 1. Apply (i); at (x,r) € Graph F to obtain the existence of p €
(0,7) such that dist (z, [f < s]) < k(r—s) for all s € [p,r]. Since k&’ > k there exists
x~ € [f < p] satistying

/

d(z,xz7) < %dist (x,[f < pl]),

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3326 JEROME BOLTE, ARIS DANIILIDIS, OLIVIER LEY, AND LAURENT MAZET

which in view of ([[II) yields
d(z,x”) < K (r—p).
To conclude, set r~ = f(z~) < p and observe that for any s € [r—, p] we have
dist (z, [f < 8]) < d(z,27) < K'(r—p) <K (r—s)=K(f(z)—s).
This completes the proof of the claim. O

Let A be the set of all families {(z;,7;)}ier C [f < r1] X R containing (z1,71)
such that

~(P1) f(z;)=mriforallielandr; #r;, fori#j;

—(Pg) 1ifi,j eI and r; <rj, then d(z;,z;) < k' (rj —r;);

— (P3) for r* =inf{r; : i € I'} and for s € (r*, 1] we have:

dist (z1, [f < s]) <K' (r1 — ).

The set A is nonempty (it contains the one-element family {(x1,71)}) and can
be ordered by the inclusion relation (that is, 713 < Js if, and only if, 713 C J2).
Under this relation 4 becomes a totally ordered set: every totally ordered chain in
A has an upper bound in A (its union). Thus, by the Zorn lemma, there exists a
maximal element M = {(z;,7;) }ier in A.

Claim 2. Any maximal element M = {(xz;, ;) }ies of A satisfies

(13) r* =infr; <O0.
iel

Proof of Claim 2. Let us assume, towards a contradiction, that ([3]) is not true,
i.e. ¥ > 0. Let us first assume that there exists j € I such that »* = r;. Define
r~:=r; <rjand x; =2~ € [f =r7] as specified in Claim 1 and consider the
family My = MU {(z~,77)}. Then M; clearly complies with (P;). To see that

M; satisfies (P2), simply observe that for each i € I,

dx™,z;) <d(z™,x;) +d(xj,a) <K (ri—r7).
Let s € [r~,r;]. By using the properties of the couple (z~,r ), one obtains
dist(z1, [f < s]) < dist(zy, ;) +dist(z;, [f < s]) < K (r1—rj)+E (rj—s) < K (r1—s).
This means that M; € A, which contradicts the maximality of M.

Thus it remains to treat the case when the infimum r* is not attained. Let us
take any decreasing sequence {r;, }n>1, i, € I satisfying r;, = 1 and r;, \, 7*.
For simplicity the sequences {r;, },>1 and {z;, },>1 will be denoted, respectively,
by {rn}n>1 and {z,},>1. Applying (P2) we obtain

(14) ATy Tppm) <K (10 = Tngm)-

It follows that {z,},>1 is a Cauchy sequence; thus it converges to some z*. Taking
the limit as m — +o0 in ([l we deduce that d(z,,x*) < K (r,, —1*), for all n € N*.
For any ¢ € I, there exists n such that r,, < r; and therefore

(15) dist (2%, 2;) < d(2*,2,) + d(wp, ;) < K (ry — %) <K (r; — f(27)),

where the last inequality follows from the lower semicontinuity of f. Set f(z*) =
p* <r*and M; = MU{(z*, p*)}. Since the infimum is not attained in inf{r; : ¢ €
I} the family M; satisfies (P1). Further by using (&), we see that M; complies
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also with (P3). Take s € [p*,7*]. Since z* € [f < ], we have
dist (21, [f < s]) < dist (z1,27) <K (rp —r7) <K' (11— 5).

Hence M belongs to A, which contradicts the maximality of M.
The desired implication follows by letting k' — k. This completes the proof. [

Remark 3 (Sublevel mapping and Lipschitz continuity). It is straightforward to see
that statement (ii) above is equivalent to the “Lipschitz continuity” (see ([)) of the
sublevel set mapping

{(o,ro) = X
r — [f < 7]

for the Hausdorff “metric” given in (7). Note that F~! is exactly the sublevel
mapping given above, and thus in this context the Lipschitz continuity of F~! is
equivalent to the Aubin property of F~1; see [24] 32].

2.2. Metric regularity and KL-inequality. As a consequence of Theorem
and Remark [3 we have the following result.

Corollary 4 (KL-inequality and sublevel set mapping). Let f: X — RU {+o0}
be a lower semicontinuous function defined on a complete metric space X and ¢ €
K(0,79) (see @)). Assume that [0 < f < ro] # 0. Then the following assertions
are equivalent:

(i) the multivalued mapping

{ X = R
z = [(po f)@),+00)

is k-metrically regular on [0 < f < ro] x (0,¢(ro));

(1) for all r1,72 € (0,70),

Dist ([f <7, [f <r2]) < klo(r1) — @(r2)]
(1) for all x € [0 < f < 1],

1
V(oo fl) = 4
If any of the above assertions holds, the sublevel set [f < 0] is nonempty.
It might be useful to observe the following:

Remark 5 (Change of metric). Shrinking r( if necessary, we can assume that any
» € K(0,79) can be extended continuously to an increasing function still denoted
v : Ry — Ry. Set dy(r,s) = |p(r) — @(s)| for any r,s € Ry and assume that R
is endowed with the metric d,,. (The interested reader might want to compare this
change of metric with the one given in [I6, Theorem 3.1].) Endowing R with this
new metric, assertions (i), (ii) and (iii) can be reformulated very simply:

(i) The multivalued mapping

{X = R4
z = [f(z),+o0)

is k-metrically regular on [0 < f < ro] x (0,79).
(ii") The sublevel mapping

Rysrw—[f <r]

is k-Lipschitz continuous on (0, rg).
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(iii") For all x € [0 < f < 7],

Ve fl(z) =

where |V, f| denotes the strong slope of the restricted function f : [0 < f] —
Ry, d,]. A function satisfying this last property may be called essentially metrically
regular.

Eol

Given a lower semicontinuous function f : X — R U {+oco} we say that f is
strongly slope-regular if for each point x in its domain dom f one has

(16) IVII(x) = [V(=f)l(z).
Note that, according to the above definition, all C'' functions in a Banach space
are strongly slope-regular.

Proposition 6 (Level mapping and Lipschitz continuity). Let X be a complete
metric space with connected balls. Assume that f: X — R is continuous, strongly
slope-regqular and (0,79) C f(X). Then any of the assertions (i)—(iii) of Theorem [2
is equivalent to the fact that the level set application

R = X

ro— [f=7]
is Lipschitz continuous on (0,7¢) with respect to the Hausdorff metric and implies
that the level sets [f = 0] and [f = 1] are nonempty.

Proof. For any r € (0,79) and x € [f > r] we have dist (z,[f < r]) = dist («, [f =
r]). To see this, note that for every connected set B, such that BN[f <] # ) and
x € B we have BN [f = r] # (. The result now follows by applying Theorem
twice. (The details are left to the reader.) O

Let us finally state the following important corollary.

Corollary 7 (KL-inequality and level set mapping). Let f : X — R be as in Propo-
sition [0, and ¢ € K(0,79) (recall {)). The following assumptions are equivalent
and imply the nonemptiness of the level set [f = 0]:

(i) @ o f is k-metrically regular on [0 < f < 1] x (0,¢(r0));

(1) for all r1,72 € (0,79),

Dist ([f = 71], [f = 72]) < klo(r1) — @(r2)];
(13) for all x € [0 < f < 1¢],
Vo Nlw) > 7.

Proof. The corollary follows easily by combining Theorem 2lwith Proposition[@ [

3. KL-INEQUALITY IN HILBERT SPACES

From now on, we shall work on a real Hilbert space [H, (-,-)]. Given a vector x
in H, the norm of x is defined by [|z|| = \/(z,z) while for any subset C' of H, we

set
(17) [|IC]|- = dist (0,C) = inf{||z|| : x € C} € RU{+o0}.
Note that C = () implies ||C]|- = +oc.
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3.1. Elements of nonsmooth analysis. Let us first recall the notion of Fréchet
subdifferential (see [14] [46]).

Definition 8 (Fréchet subdifferential). Let f : H — RU{+o0} be a real-extended-
valued function. We say that p € H is a (Fréchet) subgradient of f at x € dom f

if
liminf 1)~ @) = by —z)
y—z, y#e lly — ]|
We denote by df(z) the set of Fréchet subgradients of f at « and set df(x) = ()

for x ¢ dom f. Let us now define the notion of a critical point in variational
analysis.

> 0.

Definition 9 (Critical point/values). (i) A point 2o € H is called critical for the
function f if 0 € 0f (xo).

(ii) The value r € f(domf) is called a critical value if [f = 7] contains at least
one critical point.

In this section we mainly deal with semiconver functions. (The reader should
be aware that the terminology is not yet completely fixed in this area, so that the
notion of semiconvex function may vary slightly from one author to another.)

Definition 10 (Semiconvexity). A proper lower semicontinuous function f is called
semiconvez (or convex up to a square) if for some o > 0 the function

«
2 f(2)+ Gzl
is convex.

Remark 11. (i) For each € H, df(x) is a (possibly empty) closed convex subset
of H and Of(x) is nonempty for = € int dom f.
(ii) Tt is straightforward from the above definition that the multivalued operator
x +— Of (x)+ax is (maximal) monotone (see [53], Definition 12.5] for the definition).
(iii) For general properties of semiconvex functions, see [2, [[3]. Let us mention
that Definition [I0] is equivalent to the fact that

(18) fly) = f(@) > (p,y — z) — oz — yl|?,

for all ,y € H and all p € 9f(x) (where a > 0).

(iv) According to Definition [[0 semiconvex functions are contained in several im-
portant classes of (nonsmooth) functions, as for instance ¢-convex functions ([21]),
weakly convex functions ([4]) and primal-lower-nice functions ([44]). Although an
important part of the forthcoming results is extendable to more general classes, we
have decided to avoid full generality for the sake of simplicity of the presentation.

(v) It is easily seen that every C? function f with bounded second derivative is
semiconvex. In this case df is simply reduced to the derivative of f.

Given a real-extended-valued function f on H, we define the remoteness (i.e.,
distance to zero) of its subdifferential df at x € H as follows:

(remoteness) [|0f()||= = inf ||p|| = dist (0,9f(z)).
p€EIf ()

Remark 12 (Minimal norm). (i) If 8f(z) # 0, the infimum in the above definition
is achieved since df(z) is a nonempty closed convex set. If we define 9° f(z) as the
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projection of 0 on the closed convex set df(z) we of course have

(19) 10f (@)l = [18°f ()II-
Some properties of H > x +— ||0f(x)||— are given in Section [l (Annex).

(i) If f is a semiconvex function, then ||0f(z)||- coincides with the notion of
strong slope |V f|(x) introduced in (@); see Lemma 3] (Annex).

3.2. Subgradient curves: Basic properties. We recall that f : H — R U
{+o0} is a proper lower semicontinuous semiconvex function. The purpose of this
subsection is to recall the main properties of the trajectories (subgradient curves)
of the corresponding differential inclusion:

Xz(t) € =0f(xz(t)) a.e. on (0,+00),

Xz(0) =2 € dom f.

The following statement aggregates useful results concerning existence and
uniqueness of solutions. These results are essentially known even for a more gen-
eral class of functions (see [44, Theorem 2.1, Proposition 2.14, Theorem 3.3] for
instance for the class of primal-lower-nice functions). It should also be noticed
that the integration of measurable curves (and thus, of the forthcoming absolutely
continuous curves) of the form R 3 ¢t — ~(t) € H relies on the Bochner integra-
tion/measurability theory (basic properties can be found in [I1]).

Theorem 13 (Subgradient curves). For every x € dom f there exists a unique
absolutely continuous curve (called a subgradient curve) x, : [0,4+00) — H that
satisfies

Xa(t) € =0f(x2(t)) a.e. on (0,400),
(20)

Xz(0) =z € dom f.
Moreover the curve satisfies:

(1) xz(t) € dom @f for all t € (0,+00).
(ii) For all t > 0, the right derivative X(tT) of x. is well defined and satisfies

Xz(t+) = _aof(X:L’(t))'
In particular x.(t) = —0°f(x.(t)), for almost all t.
(iii) The mapping t — ||0f (x=(t))||- is right-continuous at each t € (0,+00).

(iv) The function t — f(xx(t)) is nonincreasing and continuous on [0, +00).
Moreover, for all t,T € [0, +00) with t < 7, we have

T

FO(t) = Fox(r) > / e ()2 d

and equality holds if t > 0.
(v) The function t — f(x«(t)) is Lipschitz continuous on [n,+00) for any
n > 0. Moreover

ST () = IOl ac on (1, +00).

Proof. We recall that the subgradient curves of a semiconvex function f are defined
for all ¢ > 0. The only assertion that does not appear explicitly in [44] is the
continuity of the function f o x, at ¢t = 0 when = € dom fN\domdf, but this is
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an easy consequence of the fact that f is lower semicontinuous, x, is (absolutely)
continuous and f o y, is decreasing. For the rest of the assertions we refer to

). O

The following result asserts that the semiflow mapping associated with the dif-
ferential inclusion (20)) is continuous. This type of result can be established by
standard techniques and therefore is essentially known (see [T} [44] for example).
We give here an outline of the proof (in the case that f is semiconvex) for the
reader’s convenience.

Theorem 14 (Continuity of the semiflow). For any semiconvex function f, the
semiflow mapping
{ Ry xdomf — H
(t,x) = Xa(t)
is (norm) continuous on each subset of the form [0,T] x (B(0,R) N [f < r]), where
T,R>0 andr e R.

Proof. Let us fix z,y € dom f and T' > 0. Then for almost all ¢ € [0, T], there exist
P(xa()) € OF (2 (1)) and q(xy(1)) € OF (xy(¢)) such that
d
2 Xa(t) = Xy (DI = 206 (1) = Xy (8), Xa () — Xy (1)
= —2(Xa(t) = Xy (1), P(X2(t)) — a(xy(1)))-
It follows by (I8]) that

%HXx(t) = xyI* < 20xa(t) — xy (@)%,

which implies (using the Gronwall lemma) that for all 0 <t < T we have

(21) X2 (t) = Xy (1)]1* < exp(2aT)[z — y[>.

For any 0 <t < s < T, using the Cauchy—Schwarz inequality and Theorem [I3] we
deduce that

(22)
s t
s =0l < [ alr)llar < Va1 [ atmldr < Vs =/FG@)
t s
The result follows by combining (2I]) and (22)). O

Let us introduce the notions of a piecewise absolutely continuous curve and of a
piecewise subgradient curve. This latter notion, due to its robustness, will play a
central role in our study.

Definition 15. Let a,b € [—o0, +00] with a < b.

(Piecewise absolutely continuous curve) A curve v : (a,b) — H is said to be
piecewise absolutely continuous if there exists a countable partition of (a,b) into
intervals I, such that the restriction of v to each Iy is absolutely continuous. (Note
that a piecewise absolutely continuous curve is not necessarily continuous.)

(Length of a curve) Let v : (a,b) — H be a piecewise absolutely continuous
curve. The length of 7 is defined by

b
length [y] = / ()] dt.
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(Piecewise subgradient curve) Let T € (0,400]. A curve v : [0,T) — H is called
a piecewise subgradient curve for (20) if there exists a countable partition of [0, T]]
into (nontrivial) intervals I} such that:

— the restriction 7|z, of v to each interval I is a subgradient curve ;

— for each disjoint pair of intervals Iy, I;, the intervals f(y(Ix)) and f(y(I;)) have
at most one point in common.

Note that piecewise subgradient curves are piecewise absolutely continuous. Ob-
serve also that subgradient curves satisfy the above definition in a trivial way.

3.3. Characterizations of the KL-inequality. In this section we state and
prove one of the main results of this work. Let f: H — RU{+o00} and z € [f = 0].
Throughout this section the following assumptions are used:

— There exist 7, € > 0 such that

(23) zeB@E,N0< f<7] = 0¢f(x) (noncriticality assumption).
— There exist 7, € > 0 such that

(24) B(z,e)N[f < 7] is (norm) compact (local sublevel compactness).

Remark 16. (i) When 0 is a critical value (for instance when Z is critical) (23] can
be seen as a Sard-type condition.

(ii) Assumption ([24)) is always satisfied in finite-dimensional spaces, but is also
satisfied in several interesting cases involving infinite-dimensional spaces. Here are

two elementary examples.
(ii); The (convex) function f : £2(N) — R defined by

flo) =) n’x}

n>1

has compact lower level sets.
(ii)2 Let ¢ : R — R U {+o0} be a proper lower semicontinuous semiconvex
function and let ® : L2(Q2) — R U {+o00} be as follows ([10]):

L lIVall? + fpg(e)  if z € HY(Q),
O(x) = .
+00, otherwise.

The above function is a lower semicontinuous semiconvex function and the sets
of the form [® < r] N B(Z, R) are relatively compact in L?(Q2) (use the compact
embedding theorem of H'(Q) — L?(Q)).

As the forthcoming Theorem [I§] shows, the Kurdyka-FLojasiewicz inequality can
be characterized by the finiteness of the length of a “talweg” curve, that is, a
piecewise absolutely continuous curve that passes through the points of less steepest

descent (compare with [I8| [19] 37]).

Definition 17 (Talweg/Valley). Let Z € [f = 0] (which may or may not be a
critical point of f) and assume that (23] holds for some 7,€ > 0. Let D be any
closed bounded set that contains B(Z,€) N[0 < f < 7]. For any R > 1 the R-valley
VE(.) of f around Z is defined as follows:

(25)

Vg(r):{xe[f:r]ﬁD: [|0f(z)||- <R inf |8f(y)||} for all r € (0, 7.
yE[f=rIND
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A selection 0 : (0,7] — H of V£ i.e. a curve such that 6(r) € VE(r),vr € (0,7], is
called an R-talweg or simply a talweg.

We are ready to state the main result of this work.

Theorem 18 (Subgradient inequality — local characterization). Let f: H — R U
{400} be a lower semicontinuous semiconvex function, let T € [f = 0] and assume
@3), @4) hold for some € >0 and 7 > 0. The following statements are equivalent:

(i) [Kurdyka-Eojasiewicz inequality] There exist ro € (0,7), € € (0,€) and
p € K(0,r9) such that

(26) l|0(p o f)(x)]|- > 1, for all x € B(z,e)N[0 < f <rg.

(ii) [Length boundedness of subgradient curves] There exist rg € (0,7), € €
(0,€) and a strictly increasing continuous function o : [0,7¢] — [0, +00) with o(0) =
0 such that for all subgradient curves x,. of @Q) satisfying x.([0,T)) C B(Z,€)N[0 <
f <ol (T € (0,+00]) we have

/O e (O]t < o(£(x)) — o (f (xa(T)))-

(iii) [Piecewise subgradient curves have finite length] There exist ro €
(0,7), € € (0,€) and M > 0 such that for all piecewise subgradient curves =y :
[0,T) = H (T € (0,+00]) of 20) we have

T
A(O.T) € BEOnD< f<m] = length[rlon] = [ IF)dr < .

(iv) [Talwege of finite length] For every R > 1, there exist ro € (0,7), € €
(0,€), a closed bounded subset D containing B(Z,e) N[0 < f < rg] and a piecewise
absolutely continuous curve 6 : (0,79] — H of finite length which is a selection of
the valley VE (r), that is,

0(r) € VE(r), for all v € (0,70).

(v) [Integrability condition| There exist o € (0,7) and € € (0,€) such that the

function

u(r) = !

- , T (S (0, ’I"()}
inf of (x)||-
TN ]

is finite-valued and belongs to L'(0,7¢). (We recall that inf ) = +o00 and 1/0c =
0.)

Remark 19. (i) As it clearly appears from the proof, statement (iv) can be replaced
by the following equivalent assertion:

(iv') There exist R > 1, 1o € (0,7), € € (0,€), a closed bounded subset D
containing B(Z,e) N[0 < f < rg] and a piecewise absolutely continuous curve
6 :(0,79] — H of finite length which is a selection of the valley VE (r).

(ii) The compactness assumption (24) is only used in the proofs of (iii) = (i4)
and (i) = (iv). Hence if this assumption is removed, we still have

(iv) = (V') = (v) <= (i) = (i1) = (144).

(iii) Note that (i) implies condition ([Z3]). This follows immediately from the
chain rule (see Annex, Lemma [44)).
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(iv) The interesting case in Theorem [I8 (and thus in Definition [[7)) is when Z
is a critical point. In this case (26) can be interpreted as a desingularization of f
around Z.

Proof of Theorem [I8. [(i)=(ii)] Let €, 79, % be as in (i) such that (26) holds. Fur-
ther let x, be a subgradient curve of 0) for x € [0 < f < rg] and assume that
Xz([0,T)) C B(Z,e) N[0 < f <] for some T > 0.

Let us first assume that 2 € dom df. Since ¢ is C'*! on (0, 7¢), by Theorem [I3(v)
and Lemma 4] (Annex) we deduce that the curve ¢t — o(f(x=(¢))) is absolutely
continuous with derivative

d .
Z(@efoxa)(t) = = (f(xaO)IXa®II* ae. on (0, 7).
Integrating both terms on the interval (0,7") and recalling (26]), x,(0) = z we get

Td
P@) =TT = = [ oo Foxa)b

T T
=/’wﬂmwMMwWﬁ2/nmth
0 0

Thus (ii) holds true for o := ¢ and for all subgradient curves starting from points
in domdf. Now let € dom f\domdf and fix any § € (0,T). Since x.([0,T]) C
dom 0f we deduce from the above that

T
élmﬁmﬁﬁdﬂmwadﬂm@m~

Thus the result follows by taking § \, 0T and using the continuity of the mapping
t — f(xz(t)) at 0 (Theorem [I3(ii)).

[(ii)=-(iii)] Let v be a piecewise subgradient curve as in (iii) and let I be an
associated partition of [0, T] (¢f. Definition[IH). Let {ax} and {b;} be two sequences
of real numbers such that int I, = (a,by). Since the restriction |, of v onto Iy
is a subgradient curve, applying (ii) on (ag, by) we get

length [v]r,] < o(f(v(ar))) — o (f(7(br)))-

Let m be an integer and I, ..., I, a finite subfamily of the partition. We may
assume that these intervals are ordered as follows: 0 < ap, < by, < --- < ag,, <
by,,. Hence

m

> lo(f(an,) = o (f (v (b)) < o (f((ar,))) < a(ro).

1

Thus the family {o(f(y(ax)))—o(f(7(bk)))} is summable; hence using the definition
of the Bochner integral (see [11])

length [y] = Zlength V] < o(ro).
keN

[(iii)=(ii)] Let €, 7 be as in (iil), pick any r,7’ such that 0 < ' < r < ry and
denote by I, - the (nonempty) set of piecewise subgradient curves v : [0,7) — H
(where T' € (0, 4+o0]) such that

Y([0,7) C Bz, e) N[’ < f <1
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Note that, by Theorem [[3iv) and Proposition @2(iii), 7' = +oo is possible only
when 0 is a critical value and " = 0. Set further
P(r',r) ;== sup length[y] and  o(r):=¢(0,7).
yeL .

Note that (iii) guarantees that ¢ and o have finite values. We can easily deduce
from Definition [[H] that

(27) P(0,7") + (') = (0, 7).

Thus for each z € B(z,e) N[0 < f < ro] and T > 0 such that y.([0,T]) C
B(Z,e) N[0 < f <rgl, we have

T
(28) A|@AﬂWﬁ+auuAﬂ>sdﬂ@»

Since the function ¢ is nonnegative and increasing it can be extended continuously
at 0 by setting o(0) = lim¢ o o(t) > 0. Since the property (28) remains valid if we
replace o(-) by o(-) — (0), there is no loss of generality to assume o(0) = 0.

To conclude it suffices to establish the continuity of o on (0, rg]. Fix 7 in (0,7¢)
and take a subgradient curve x : [0,7) — H satisfying x([0,T)) C B(z,e)N[f < 7o),
where T' € (0,4+c0]. Set f(x(0)) = r and lim;_,7 f(x(¢t)) = " and assume that
r<r' <r<rp.

From Theorem [[3{iv) and Proposition @2(iii) (Annex), we deduce that T' < +o00
so that x([0,T]) C B(z,e) N[r' < f < r]. Using assumption (23] together with
Theorem [3] (i),(v), we deduce that the absolutely continuous function f o y :
[0,T] — [r,r] is invertible and

%Uon*m>

~1 ~1
R RCES inf ]Haf(:v)llg_ -

z€B(z,e)N[F< f<ro

(29)

for almost all p € (r,7’). By Proposition @2{(iii) (Annex) we get that K < +oo and
therefore the function p — [f o x]7(p) is Lipschitz continuous with constant K
on [r’,r]. Using the Cauchy-Schwarz inequality and Theorem [[3[iv) we obtain

T T
1mmM=AHWS¢TAHW2

T
= VIFox 1) — [fox () A|mw

< VK —r)Wr—1r =VK(r—1).
This last inequality implies that each piecewise subgradient curve - : 0, T) — H
such that v([0,T)) C B(z,e) N [r' < f < r| satisfies
length [y] < VK (r —1');

thus using @7) we obtain o(r) — o(r') < VK(r — 1), which yields the continuity
of 0.

[(ii))=(iv)] Let us assume that (ii) holds true for e and 7. In a first step we
establish the existence of a closed bounded subset D of [0 < f < rg] satisfying

(30) z€D, t>0, f(xo(t)) >0 = xa(t) € D.
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Let rg > r1 > 0 be such that o(r;) < ¢/3 and let us set
D:={ye Bz, e)N[0< f<r]:3re€B(z,¢3)N[0< f<r)],
3t > 0 such that x.(t) = y}.
Let us first show that D complies with property [B0). It suffices to establish that
r€B(Z,¢/3)N[0< f<m], t>0, f(xz(t) > 0= x.(t) € D.

To this end, fix z € B(z,¢/3) N[0 < f < r1]. By continuity of the flow, we
observe that for small ¢ > 0 we have x.(t) € B(Z,¢) while for all £ > 0 such that
Xz([0,t]) C B(Z,€) with f(x.(t)) > 0, assumption (ii) yields

(31)

IX2(t) =2l < [Ixe(t)—2[| + [[z—2|| < /0 X (T)lldT+€/3 < o(r1)+€/3 < 2¢/3.

Thus D satisfies 30) and B(z,¢/3)N[f <] C D.

Let us now prove that D is (relatively) closed in [0 < f < r]. Let {yx}r>1 be a
sequence in D converging to some y with f(y) € (0,r1]. Then there exist sequences
{xn}n C B(Z,¢/3)N[0 < f < 7] and {t,}, C Ry such that x,, (t,) = yn,. Since f
is lower semicontinuous, there exists ng € N and 7 > 0 such that f(y,) > n for all
n > ng. By Theorem [[3(ii),(iv), 23]) and Proposition @2(iii) (Annex), we obtain
for all n > ny,

tn
0<ty it RGN < [ e (1P < o) <
2€[N<f<ri]NB(Z,¢) 0

The above inequality shows that the sequence {t,}, is bounded. Using a standard
compactness argument we therefore deduce that, up to an extraction, x,, — & and
t, — t for some & € B(Z,¢/3)N[f < r1] and £ € R,. Theorem [l (continuity of the
semiflow) implies that y = yz(f) and consequently that f(Z) > f(y) > 0, yielding
that y € D. This shows that D is (relatively) closed in [0 < f < r¢].

Now we build a piecewise absolutely continuous curve in the valley. Following

the notation of Proposition [12 (Annex) we set
sp(r) == mf{||0f(2)||- : 2 € DO[f = 7]},
so that for any R > 1 the R-valley around Z (cf. Definition [I7)) is given by
Vi (r)={z€[f=rIND: |[0f(@)|l- < Rsp(r)}.

If B(z,¢/3)N[f =7r] =0 for all 0 < r < ry, there is nothing to prove. Otherwise,
there exists 0 < ro < 71 and 79 € B(Z,¢/3) N [f = r2] C D. From Theorem [[3 and
Proposition B2(iii) (Annex), we deduce that x4, (t) € [f = f(xw, (t))] N D Ndomdf
for all t > 0 such that [f o x,,](t) > 0 and that the inverse function [f o xu,] 71 (-)
is defined on an interval containing (0,r2). In other words the set [f = r]N DN
dom df is nonempty for each r € (0,72), which in turn implies that the valley VX
is nonempty for small positive values of r, i.e. VE(r) # () for all » € (0,72). With
no loss of generality we assume that VF (rg) # (.

Further let R’ € (1, R) and = € [f = r2]N D be such that ||0f(z)||- < R sp(ra)
(therefore, in particular, x € VE(r2)). Take p € (R/,R). Since the mapping
t — [|0f (x=(t)|]- is right-continuous (¢f. Theorem[I3|(iii)), there exists ¢y > 0 such
that ||0f (xz(t)||-= < psp(re) forallt € (0,ty). On the other hand t — sp(f(x(t))
is lower semicontinuous (c¢f. Proposition @2}-Annex); hence there exists t; € (0, o)
such that Rsp(f(xz(t)) > psp(ra), for all t € (0,%2). Using the continuity of the
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mapping x.(-) and the stability property ([B0), we obtain the existence of to > 0
such that

(32) X2 (t) € VE(f(z(t))) for all t € [0,15).

By using arguments similar to those of [(iii)=-(ii)] we define the following absolutely
continuous curve:

(f oXa(t2),r2] 37— 0(r) = xa([f o xa] 7' (r)) € DN [f =7].
By Proposition l7 based on the Zorn lemma (see Annex), we obtain a piecewise
subgradient curve that we still denote by 0, defined on (0, 73], satisfying 0(r) €
VE(r) for all r € (0,72]. Assumption (iii) now yields

length [0] < M < 400,

which completes the proof of the assertion.
[(iv)=(v)] Fix R > 1 and let €,79 and 6 : (0,79] — H be as in (iv). Applying
Lemma 4] (Annex), we get

d .
%(f 00)(r)=1=(0(r),p(r)) a.e. on (0,7g], for all p(r) € Of(6(r)).
Using the Cauchy-Schwarz inequality together with the fact that D N [f = r] D
B(z,e) N[f = r], we obtain

1
infxEB(i:,e)ﬁ[f:r] ||8f(l')”7 7
for almost all r € (0, rg]. Since € has finite length and u is measurable we deduce
that u € L((0,79).

[(v)=(1)] Let €, ro and u be as in (v). From Proposition @2 (Annex) we deduce
that w is finite-valued and upper semicontinuous. Applying Lemma @5 (Annex) we
obtain a continuous function @ : (0,r9] — (0,+00) such that @(r) > wu(r) for all
r € (0,rg]. Set

R|l6(r)]| = u(r) =

p(r) = / u(s)ds.
0
It follows directly that ¢(0) = 0, ¢ € C([0,7]) N C'(0,70) and ¢'(r) > 0 for all
r € (0,79). Let x € B(Z,e)N[f =r] and ¢ € O(¢o f)(z). From Lemma 4] (Annex)
we deduce p := @,%T) € 0f(x), and therefore
q
¢'(r)
The proof is complete. O

llall = ¢'(r) |l = u(r)[lpll = 1.

Under a stronger compactness assumption, Theorem [I§ can be reformulated as
follows.

Theorem 20 (Subgradient inequality — global characterization). Let f : H —
R U {400} be a lower semicontinuous semiconvex function. Assume that there
exists ro > 0 such that

[f <ol is (nonempty) compact and 0 ¢ Of (x), Yz € [0 < f < rg].

The following propositions are equivalent.
(1) [Kurdyka-Eojasiewicz inequality] There exists ¢ € K(0,79) such that

[10(po f)x)]]- >1, forallz € [0 < f <o)
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(i1) [Length boundedness of subgradient curves| There exists an increasing
continuous function o : [0,79) — [0, 400) with 0(0) = 0 such that for all subgradient
curves Xz(+) (where x € [0 < f < 1g]) we have

T
/0 a®lldt < o(f(x)) — o(f(x(T))),

whenever f(x,(T)) > 0.
(ii1) [ Piecewise subgradient curves have bounded length| There exists M >
0 such that for all piecewise subgradient curves v : [0,T) — H such that v([0,T)) C
[0 < f < ro] we have
length[y] < M.

(iv) [ Talwege of finite length| For all R > 1, there exists a piecewise absolutely
continuous curve (with countable pieces) 0 : (0,79) — R™ with finite length such

that
0(r) e {x elf=r]:|lof(x)]- < Ryei[rflf:r] |(9f(y)||}7 for all r € (0,79).
(v) [Integrability condition] The function u : (0,79) — [0, 400] defined by
1
u(r) = — , re0,r
W= S st O

zE€[f=r

is finite-valued and belongs to L'(0, 7).
(vi) [Lipschitz continuity of the sublevel mapping| There exists p € K(0,r)
such that

Dist([f <7}, [f <s]) <lp(r) —w(s)]  forallr,s € (0,r0).

Proof. The proof is similar to the proof of Theorem [I8 and will be omitted. The
equivalence between (i) and (vi) is a consequence of Corollary Hl O

3.4. Application: Convergence of the proximal algorithm. Let us recall the
definition of the proximal mapping (see [63, Definition 1.22], for example).

Definition 21 (Proximal mapping). Let A € (0,a~!). Then the proximal mapping
prox, : H — H is defined by

1
prox, (z) := argmin {f(y) + ﬁ”y - x||2} , Vo e H.

Remark 22. The assumption that f is semiconvex (¢f. Definition [0 ensures that
prox, is well-defined and single-valued: indeed, it implies that the auxiliary function
appearing in the aforementioned definition is strictly convex and coercive (see [53],
[15] for instance).

Lemma 23 (Subgradient inequality and proximal mapping). Assume that f : H —
R U {400} is a semiconver function that satisfies the condition (i) of Theorem 201
Let x € [0 < f < ro] be such that f(prox,z) > 0. Then

(33) [Iproxyz — zf| < o(f(2)) — @(f(prox,z)).

Proof. Set o™ = prox, (z), r = f(x), and r+ = f(a™). It follows from the definition
of T that 0 < r* <r < rg. In particular, for every u € [f < rT] we have

la® —a|* < llu— 2| + 2A[f (u) = r*] < [Ju — 2|
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Therefore by Corollary @] (Lipschitz continuity of the sublevel mapping) we obtain
[l = al| = dist (z, [f < r7]) < Dist ([f <7, [f <77]) < o(r) = (r"),

The proof is complete. O

The above result has an important impact in the asymptotic analysis of the

prozimal algorithm (see forthcoming Theorem [24)). Let us first recall that, given

a sequence of positive parameters {\;}r>1 C (0,a™!) and € H the proximal
algorithm is defined as follows:

(34) Yt = prox, Y, Y0 =z,

x T

or in other words
. 1
(V) = anguin {7(0) + gl - VAP, V2=
If we assume in addition that inf f > —oo, then for any initial point x the sequence
{f(YF)} is decreasing and converges to a real number [.

Theorem 24 (Strong convergence of the proximal algorithm). Let f: H — R U
{+o0} be a semiconvex function which is bounded from below. Let x € dom f,
{1 € (0,07,

yp =Y, for k>0 (recall (34)) and l:= klim fyg) -
— 00
Assume that there exists ko > 0 and ¢ € K(0, f(yr,) — 1) such that

(35) NO(p o [f() —@)l[- =21, forallz e[l <f< flyw)l-
Then the sequence {yy >0 converges strongly to Yoo and
(36) Yoo = wrll < ©(f(ye) =1),  for all k > k.

Proof. Since the sequence {yx }x>k, evolves in I < f < f(yx,), Lemma 23] applies.
This yields
q

> ks — uill < o(F(War1) — 1) — o(f(yp) — 1),

k=p
for all integers ky < p < ¢. This implies that y; converges strongly to y., and that
inequality (B6]) holds. O

Remark 25 (Step-size). “Surprisingly” enough the step-size sequence {\;} does not
appear explicitly in the estimate (B@l), but it is instead hidden in the sequence of
values {f(yr)}. In practice the choice of the step-size parameters \; is however
crucial to obtain the convergence of {f(y*)} to a critical value; standard choices
are for example sequences satisfying > A\p = +o0o or \x € [n,a™ 1) for all k > 0,
where 7 € (0,a1); see [15] for more details.

4. CONVEXITY AND KL-INEQUALITY

In this section, we assume that f : H — R U {+oo} is a lower semicontinuous
proper convex function which is bounded from below (i.e. inf f > —oc0). Changing
f to f —inf f, we may assume that inf f = 0. There is also no loss of generality
to assume that the set of minimizers argmin f (= [f = 0]) contains 0 whenever it is
nonempty.

In this convex setting, Theorem can be considerably reinforced; related re-
sults are gathered in Section LIl We also recall well-known facts ensuring that
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subgradient curves have finite length and provide a new result in that direction
(see Theorem 28). In Section 2] we give some conditions which ensure that f
satisfies the KL-inequality and we show that the conclusions of Theorem 20| can
somehow be globalized. In Section 3] we build a counterexample of a C? con-
vex function in R? which does not satisfy the KL-inequality. This counterexample
also reveals that the uniform boundedness of the lengths of subgradient curves is a
strictly weaker condition than condition (iii) of Theorem 20} which gives a further
justification for the study of piecewise subgradient curves.

4.1. Lengths of subgradient curves for convex functions. The following
lemma gathers well-known complements to Theorem [I3 when f is convex.

Lemma 26. Let f: H — RU {+0c} be a lower semicontinuous convex function
such that min f = f(0) = 0. Let zy € dom f.
(i) If a € argmin f, then

e (t) = al” < <20 (1)) <0 2. on (0, +00),

and therefore t — ||\, (t) — al| is nonincreasing.
(ii) The functiont — f(xa,(t)) is nonincreasing and converges to 0 ast — +oc.
(iii) The function t € [0, +00) — ||0f (X, (t)||— is nonincreasing.
(iv) The function t — f(Xu,(t)) is convex and belongs to L*([0,+00)); namely,

1 1
) 0t = Jloll ~ S DI < ikl for ot 70,
(v) For allT > 0,
T 400 1/2
(38) [ tetiae < ([ stconar) - osm,
0 0
Proof. The proofs of these classical properties can be found in [I1] [12]. O

Bruck established in [12] that subgradient trajectories of convex functions are
always weakly converging to some point (minimizer) in argmin f whenever the latter
is nonempty. However, as shown later on by Baillon [7], strong convergence does
not hold in general.

To the best of our knowledge, the problem of the characterization of length
boundedness of subgradient curves for convex coercive functions is still open (see
[ITl, Open problems, p. 167]). It has been recently established in [20] that subgradi-
ent trajectories of convex coercive functions defined on R? have uniformly bounded
lengths, but the same assertion in R™ with n > 2 is an open question. In this
framework, the following result of Brézis [10, [T1] is of particular interest.

Theorem 27 (Uniform boundedness of trajectory lengths [10]). Let f : H —
R U {400} be a lower semicontinuous convex function such that min f = f(0) = 0.
For any zo € dom f, the subgradient curve xu,(-) has finite length, provided

int (argmin f) # 0.
More precisely, for all p >0 and T > 0 we have

T 1
B(0,p) C argmin f = /O [[Xao (8))[|dt < % ([lzoll* = IIxao (T)II7) -
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Proof. We assume that B(0,p) C argmin f for some p > 0 and consider zy €
dom f\argmin f (otherwise there is nothing to prove). Let ¢ > 0 such that x,,(t) ¢
argmin f and x,,(t) exists. By convexity, we get

(=(Xao () =p), Xag (£)) = f (Xao (1)) = f(pu) >0
for all u in the unit sphere of H. As a consequence — (X, (%), Xz, (£)) > pl|Xzo (1)]]-
T . _
Therefore [ [[Xa, (t)lldt < (20)7" ([Jzol[? = [[xao (T)]I*)- 0

The following result is an extension of Theorem 27] under the assumption that
the vector subspace span(C) generated by C' := argmin f has codimension one in
H. We denote by ri(C) the relative interior of C' in span(C').

Theorem 28. Let f: H — RU {400} be a lower semicontinuous convex function
satisfying min f = f(0) = 0. Let C := argmin f, assume the subspace span(C')
has codimension 1 and the relative interior ri(C) of C' with respect to span(C) is
not empty. If xo € dom f is such that x4, (t) converges (strongly) to a € ri(C) as
t — +oo, then length [x,,] < +o0.

Proof. Let us denote by a the limit point of x(¢) := x4, (t) as ¢t goes to infinity.
By assumption a belongs to ri(C), so that there exists § > 0 such that B(a,§) N
span(C) C C. Let T" > 0 be such that x(¢) € B(a,d) for all ¢ > T. Write
span(C) = {& € H : (z,z*) = 0} with 2 € H. We claim that the function
[T, +00) >t — h(t) = (x*, x(t)) has a constant sign. Let us argue by contradiction
and assume that there exist T < t; < t5 such that h(t1) < 0 < h(t2). Hence there
exists t3 € (t1,t2) such that h(t3) = 0. Since x(t) € B(a,d), this implies x(t3) € C
and thus by the uniqueness theorem for subgradient curves (Theorem [I3]), we have
X(t) = x(t3) for all t > 5, which is a contradiction. Note also that if h(tg) = 0 for
some tq > T, then x has finite length. Indeed applying Theorem [[3] once more, we
deduce that x(t) = x(to) for all t > tg; hence

+oo to to
/ ||>'<||=/ Kl < Vi / X2 < +oo.
0 0 0

Assume that h is positive (the case h negative can be treated similarly) and define
the following function:

. 0, if (@, a™) <Oaundx65(a,5)7
flx)=4q f(z), if(z,2*)>0andz e B(a,o),
400,  otherwise.

One can easily check that the function f is proper, lower semicontinuous and convex
and that argmin f has nonempty interior. Note also that df(z) = df(x) for all
x € B(a,0) satisfying (x,2*) > 0. The conclusion follows from Theorem [Z1] since
X(t) +0f(x(t)) 30 a.e. on (T, +00). O

4.2. KL-inequality for convex functions. We now prove that for convex func-
tions f, the desingularizing function ¢ of Theorem [I§|(i) can be taken to be concave
with domain [0, 00).

Theorem 29 (Subgradient inequality — convex case). Let f : H — R U {+o0}
be a lower semicontinuous proper convex function with inf f = 0. The following
statements are equivalent and imply the existence of a minimizer.
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(i) There exist ro > 0 and ¢ € K(0,rg) such that
[10(po f)(z)]|- >1, forall x € [0 < f <rg).
(ii) There exists a concave function ¢ € K(0,00) such that

(39) oo f(@)ll- =1,  forallz &[f=0]

Proof. The nonemptiness of [f = 0] under any of the assumptions (i) or (ii) follows
from Corollary [ while the implication (ii)==(i) is obvious. To prove (i)==(ii),
let us first establish that the function

1

inf |0f ()]

zelf=r]

r € (0,400) — u(r) =

is finite-valued and nonincreasing. Let 0 < ro < 71 and let us show that w(ry) >
u(r1). To this end we may assume with no loss of generality that u(r;) > 0 (and
therefore that [f = r;]JNdom df is nonempty). Take ¢ > 0 and let z; € [f = r1] and
p1 € Of (x1) such that u(r) < m +e. Since the continuous function ¢ — f(xg, (£))

tends to inff = 0 as ¢t goes to infinity (see [4I] for instance), there exists to > 0
such that f(xg, (t2)) = re. From Lemma 26 (iii), we obtain

L > ! >
[10F 06, (E)11= = Tleall =

which yields w(rz) > wu(r1). By (i) the function w is finite-valued on (0,7¢); thus,
since u is nonincreasing, it is also finite-valued on (0, +00).

It is easy to see that [(i)=-(v)] of Theorem [I8 holds without the compactness
assumption (24) (see Remark [). It follows that u € L1(0,7) and by Lemma 5]
(Annex) that there exists a decreasing continuous function @ € L'(0,7g) such that
@ > u. Reproducing the proof of (v) = (i) of Theorem [I§ we obtain a strictly
increasing, concave, C'! function

B(r) = /0 Ci(s)ds

for which ([B9) holds for all z € [0 < f < 19]. Fix 7 € (0,79) and take 1 as above.
Applying (39) and using the fact that u(r) is decreasing we obtain

1</ (Pu(m) =" < @' (Pu(r) ™ < '(7)[pll;

forall p € Of(z), x € [F < f] and r € (T, +00) such that u(r) > 0. This shows that
the function ¥ : Ry — R, defined by

(), if r <7,
U(r) = { (7)) + ' (F)(r — 7), otherwise,

u(ry) — €,

satisfies the required properties. O

A natural question arises: when does a convex function f satisfy the Kb-
inequality? In finite dimensions a positive answer can be given whenever f belongs
to an o-minimal structure (convexity then becomes superfluous). The following
result gives an alternative criterion when f is not extremely “flat” around its set of
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minimizers. More precisely, we assume the following growth condition with respect
to a subset S of H.
(40)

There exists m : [0, +00) — [0, +00) and S C H such that

m is continuous, increasing, m(0) =0, f > m(dist(-, argmin f)) on S Ndom f

r

p -1
and / L(T)dr < o0 (for some p > 0).
0

Theorem 30 (Growth assumptions and Kurdyka-FLojasiewicz inequality). Let f :
H — RU{+o0} be a lower semicontinuous proper convex function satisfying (40)
and let us assume f(0) = min f. Then the KEL-inequality holds; i.e.

[10(po (@)= >1, for all z € S\ argmin f,

o(r) = /OT %1(8)078.

Proof. Set C' := argmin f. Let x € SNdomdf and a be the projection of x onto
the convex subset C. Using the convex inequality we have

f(x) = fla) <(0°f(x),z — a) < dist (0,0f(x)) dist (x,C)
< dist (0,0f(x)) m™(f(x)
)

).
Using the chain rule (see Lemma [F4) and the fact that f(a) = 0, we obtain
dist (0,0(p o f)(x)) > 1, where ¢ is as above (note that ¢ € K(0, p)). O

with

Remark 31. Assume that H is finite-dimensional, and let S be a compact con-
vex subset of H which satisfies S N argmin f # (. Then there exists a con-
vex continuous increasing function m : Ry — Ry with m(0) = 0 such that
f(x) > m(dist(z, argmin f)) for all z € S.

Sketch of the proof. Set C' := argmin f. With no loss of generality we assume that
0 € SNC. Using the Moreau-Yosida regularization (see [I1] for instance), we obtain
the existence of a finite-valued convex continuous function g : H — R such that
f > g and argmin f = argming. Set a = max{dist (z,C) : x € S} and mg(s) =
min{g(x) : € S, dist (x,C) > s} € Ry for all s € [0,a]. Let 0 < 51 < s2 < a,
and let o € S be such that dist (z2,C) > s9 and 0 < g(z2) = m(s2). Using the
convexity of g and the fact that 0 € argmin gN S, we see that there exists A € (0,1)
such that g(Azg) < g(x2), Azg € S (recall that S is convex and contains 0), and
dist (Axa,C) > s1. This shows that the function mg is finite-valued increasing
on [0,a] and satisfies mo(dist (x,C)) < g(x) < f(z) for any = € S. Applying
Lemma HG] (Annex) to mg, we obtain a smooth increasing finite-valued function m
such that 0 < m(s) < mg(s) for s € [0,a] with m(0) = 0. The conclusion follows
by extending m to an increasing continuous function on R .

Example 32. Take 0 < a < 1. If m(r) = exp(—1/r%*) and m(0) = 0, then for
0<s<p<1wehave m~!(s) = 1/(—logs)*/* and

/pwds<—|—oo
0 S .

Therefore any convex function which is minorized by the function z — exp(—1/
dist(z, C')*) in some neighborhood of C' = argmin f satisfies the KL-inequality.
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4.3. A smooth convex counterexample to the KL-inequality. In this section
we construct a C? convex function on R? with compact level sets that fails to satisfy
the KL-inequality. This counterexample is constructed as follows:

- we first note that any sequence of sublevel sets of a convex function that satisfies
the KL-inequality must comply with a specific property ;

- we build a sequence T} of nested convex sets for which this property fails;

- we show that there exists a smooth convex function which admits T}, as sublevel
sets.

The last part relies on the use of support functions and a result of Kannai [36]
(see also the Ph.D. Thesis of Torralba [52]). For any closed convex subset T' of
R", we define its support function by or(z*) = sup,cp(z,z*) for all * € R™. Let
f+R™ = R be a convex function and z* € R". Fenchel observed that the function
A+ opp<pj(2¥) is concave and nondecreasing ([27]). The following result asserts
that this fact somehow provides a sufficient condition to rebuild a convex function
starting from a countable family of nested convex sets. (We denote by int S the
interior of S in R™.)

Theorem 33 (Convex functions with prescribed level sets [36, 62]). Let {T} }ren
be a sequence of convexr compact subsets of R™ such that

Ty Cint T, forall k> 0.
For every k € N set

K, — O-Tk—l(x*) _UTk(x*)
k= 1IN
le*ll=1 o7, (2*) — o1, (%)
Then for every decreasing sequence {\g }ren satisfying Ao > 0 and
0 < KAk — Apa1) < Ai—1 — Mg, for each k > 0,
there exists a continuous convex function f such that
Te=1[f < M), for every k € N.

Remark 34. (1) If {\;} is as in the above theorem and x* € R™\{0}, we have
Ao — A1

0Ty (LL‘*) — o (.’L‘*

Since the sum ) (o7, (2*) — o7, (z*)) converges, so does the sum » (Ax — Apy1),

yielding the existence of the limit lim Ag. Since f is the greatest function admitting

{Tx} as prescribed sublevel sets, we obtain min f = lim A;. (ii) Let £ > 0 and
A € [Ak41, k). The function f further satisfies

(41) [f<Al= (m) Ty + (M) Tht1;

>\k — )\k—i-l )\k - )\k+1

€ (0, +00).

Ak — >‘k+1 < )(ng ($*) — 0T (1‘*))

see |52l Remark 5.9].

The following lemma provides a decreasing sequence of convex compact subsets
in R? which cannot be a sequence of prescribed sublevel sets of a function satisfying
the KL-inequality (see the last part (Conclusion) of the proof of Theorem [B6]).

Lemma 35. There exists a decreasing sequence of convex compact subsets {Tk }
of R? such that:

(i) To is the unit disk D := B(0,1) ;

(1i) Tkq1 C int Ty for every k € N ;
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(#it) m Ty is the disk D, :== B(0,r) for somer >0 ;

keN
—+oo

(iv) > Dist(Th, Tpp1) = +00.
k=0
Proof. We proceed by constructing the boundaries 9T} of T} for each positive
integer k. Let Cy3 denote the circle of radius 1 and let us define recursively a
sequence of closed convex curves C), ,, for n > 3 and 1 < m < n + 1. For each
n > 3, let C,—1, be the circle of radius R,, > 0. Let {u,}, be a sequence in
(0,1) (which will be defined later in order to comply with property (¢ii)). Then,
for 1 < m < n, let us define C,, ,,, to be the union of the segments:

— [ur R, exp(2im(L)), p Ry exp(2im(ZEL))] for 0 < j < m—1 (here i stands
for the imaginary unit) and the circle-arc:
— iy Ry exp(if)) for 27 <0 < 27.
In other words, C), ,,, consists of the first m edges of a regular convex n-polygon
inscribed in a circle of radius p;" R,, and a circle-arc of the same radius to close the
curve. We then set

77
Ry = u" 'R, cos(ﬁ)

and define C), ,+1 to be the circle of radius R,,11. Figure [Iillustrates the curves
Cy5 and Cs , for m=1,...,6.

A

5,1

N

C

45

FI1GURE 1. The curves Cy5,C51 to Cs 6

Ordering {(n,m) : n > 3,1 < m < n+1} lexicographically we define successively
the convex subsets T}, as the convex envelopes of the sets C, ,,,. By construction (7)
and (i) are satisfied. Item (¢4¢) holds if lim R,, > 0, which is equivalent to the fact
that the infinite product IT725 """ cos(m/n) does not converge to 0. This can be
achieved by taking j,, = 1—1/n3. Let r > 0 be the limit of {R,,}. The intersection
of the convex sets T;, is the disk of radius 7.
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91
Take n > 3. Considering the middle of the segment {,uan, tn Ry exp(m)] in
n

Cp1 and the point R, exp(i—n’r) € Cp_1,n, we obtain Dist(Cp1,Cho1,n) =
R, (1 — pypcos(m/n)). If 2 < m < n, considering the middle of

2im(m —1
toy R em(%,unﬂf p(

2imm

)

in Cy, ,,, and the point p™ 1R, exp(m) € Cpom—1, we get Dist(Ch, m, Cm—1)
= um 'R, (1 — py, cos(m/n)). Finally considering the points u"R, € C,, and
puittcos(m/n) Ry, € Cponi1, we obtain

Dist(Cp o, Crnt1) = pig R (1 — py, cos(m/n)).

Thus
n+1 n+1 -
Dist(Ch.,1, Crn—1n +mZ:2D15t n.ms Crom—1) Zum R.( 1—,uncosﬁ)
w2 w2r
nr = —
2n2 2n
Hence (iv) holds. O

For 6 € R/27Z, set n(f) = (cosf,sinf) and 7(0) = (—sind, cos§). We say that a
closed C? curve C in R? is convex if its curvature has constant sign. If moreover the
curvature never vanishes, then there exists a C! parametrization c : R/27Z — C of
C, called parametrization of C' by its normal, such that the unit tangent vector at
¢(0) is 7(6). In this case n(f) is the outward normal to the convex envelope of C
at ¢(6). Moreover, ¢ is C°°, whenever C' is so. In this case, we denote by p.(0) the
curvature radius of ¢ at ¢(f) and we have

¢(0) = pe(0)7(0).
Let us denote by T' the convex envelope of C'. Using the fact that n defines the
outward normals to T', we get

(c(0),n(0)) = rglea%(@, n(0)) = or(n(d)), V0 € R/2nZ.

Theorem 36 (Convex counterexample). There exists a C? convex function f :
R? — R with min f = 0 which does not satisfy the KL-inequality and whose set of
minimaizers is compact with nonempty interior. More precisely, for each r > 0 and
for each desingularization function ¢ € K(0,7) we have

inf |V (g0 f)(@)] :x € [0 < f <r]}=0.

Remark 37. (i) It can be seen from the forthcoming proof that argmin f is the
closed disk centered at 0 of radius r, and that f is actually C'*° on the complement
of the circle of radius 7.

(ii) The fact that f is C? shows that the KL-inequality is not related to the
smoothness of f. Besides, it seems clear from the proof that a C* (k arbitrary)
counterexample could be obtained.

(iii) Since argmin f has nonempty interior, Theorem [27] shows that the lengths
of subgradient curves are uniformly bounded. Using the notation and the results of
Theorem 20 we see that the counterexample also shows that the uniform bound-
edness of the lengths of the subgradient curves (starting from a prescribed level set
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[f = ro]) does not imply the uniform boundedness of the lengths of the piecewise
subgradient curves v lying in [min f < f < rg].

Proof of Theorem BBl Let M, N be two topological finite-dimensional manifolds.
In this proof, a mapping F': M — N is said to be proper if for each compact subset
K of N, F71(K) is a compact subset of M. Given two nonempty subsets A and
B of a metric space X we denote by Dist(A4, B) their Hausdorff distance (see ()
and we define

(42) D(A,B) = inf{d(a,b): a€ A,be B}.

The forthcoming proof is constructive. We start by considering a sequence of
convex compact sets {7 } of R? having the properties described in Lemma[35 Such
a sequence cannot belong to the family of the sublevel sets of a smooth function f,
unless the boundaries of T} are smooth manifolds. In the next step, we smoothen
this sequence, conserving however its characteristic properties.

Smoothing the sequence Tj. Set Cy = 0T} and consider a positive sequence €
such that Y ep < +oo with e + €x11 < D(Ck,Cry1) for each integer k. The
ep-neighborhood of Cj can be seen to be disjoint from the ej/-neighborhood of
Cyr whenever k # Ek’. We can deform C} into a C convex closed curve Cj
whose curvature never vanishes, lying in the €;-neighborhood of C. This smooth
deformation can be achieved by letting C} evolve under the mean-curvature flow
during a very short time; see [26] for the smoothing aspects and [29] [54] for the
positive curvature results. Let Tk be the closed convex envelope of ék. This
process provides a decreasing sequence of compact convex sets {fk} that satisfies
the conditions of Lemma [35l Note that the circle of radius 1 has nonzero curvature
and we set Cy = Cpy. Since Dist(Tx, Ti+1) > Dist(Tk, Tpt1) — (ex + €x+1) and
> €r < 400, condition (iv) holds. With no loss of generality we may therefore
assume that for each k& > 0 the curve 9T} is smooth and can be parameterized by
its normal.

Let Kj be as in Theorem B3] and let A\g and A\ be such that \g > A\;. We define
A recursively by

(43) KO — Aig1) = %(A,H — \p).

Thanks to ([@3]), Theorem provides a continuous convex function f : Ty — R
such that Tj, = [f < A\g]. Since f is the greatest function with this property, we
deduce that min f = lim A, and argmin f = (), o Tk-

Smoothness of the function f on R?\ (|, Cx). We can extend f outside T
into a smooth convex function. Let us examine the restriction of f to Ty. Since
C) = 0T}, can be parameterized by its normal, we denote by ¢ : R/27Z — R? this
parametrization. Fix k in N and take 6 in R/27Z. Using Remark B4 (ii), we obtain

max {2, n(0)) (m) max(z, n(6)) + (M) max (z,n(0))

ze[f<A] )\kf>\k+1 xz€Ty, )\kf>\k+1 2€T)41
A—AkH) ( A — A >
= — ) {c(0),n(0)+ | ———— | (¢ 0),n(0
(523 ) crt@rm) + (552 ) e (9).n(6)

— <<;;_7);5:1) cr(0) + ()\:ki;\:;l) Ck+1(9)a”(9)>-
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Using (#Il) once more, we obtain

(14) (=3 Yo+ (5252 Jen® e 17 < 0

Ak — A1 Ak — Akg1

Since the above maximum is attained in [f = A], it follows that

(45) f ((M) ex(6) + (M) Ck.H(a)) Y

Let us define G : R x R/27Z — R? by
A—A A — A
G\, 0) = <¢> cn(6) + <’“7> cri(0).

>\k — )\k—i-l )\k - )\k+1

The map G is clearly C°. Since (g—f = W, we have
oG ck(0) — cey1(0) (cx(6),n(0)) — (ck+1(8),n(0))
9% ) = (= kn1l0) gy
(ox™0) = (= v (6)) N — e
maxqeTy, <x’ n(9)> — MaXzeTy <.’L‘, n(9)>
= > 0.
Ak — Akt1

On the other hand
(46) Z—C; = ((ﬂ) Pey (0) + (M) pcw(@)) ().

Ak — A1 Ak — Akt

Since pe, > 0 and pc,,, > 0, G is a local diffeomorphism on (Ag41 — 0, A +6) X
R/27Z for any ¢ > 0 sufficiently small. In view of [{), we have G(A,0) € [Agp11 <
< )\k] for Agr1 < A< g and G(\, 6) € [)\k+1 <f< )\k] for Agr1 < A < Ag. Since
the map G : [Meg1, Ae] X R/27Z — [Aey1 < f < Mg defined by G(\,0) = G(\, 0) is
proper, G is a covering map from [Ag41, Ax] X R/27Z to [Ag+1 < f < Ai]. The set
Met1 < f < A is connected; thus G is onto. Using @) and G(\g, ) = c(6), one
sees that (A, 0) is the only antecedent of ¢ () by G and, since [Agy1, Ax] X R/27Z
is connected, G is injective. Thus G is a C* diffeomorphism (see [40, Proposition
2.19]). By (#4), this implies that the restriction of f to A1 < f < A is C.
Using (@), we know that the level line [f = A] (for each A\py1 < A < Ag) is
parameterized by G(\,0) for § € R/27Z; if ¢y denotes this parametrization, then
¢ = cy,. Besides, by ({f), c) is a parametrization by the normal and p., is a
convex combination of p., and p,,,; hence p., > 0.
oG

Let us compute Vf at ¢)(6). Equation @) yields 1 = (Vf(G(A,0)), m()\, 0)).
Besides, we also know that the normal to [f = A] at ¢, () is n(). Since the gradient
Vf(G(A,0)) and the normal n(#) are linearly dependent, we obtain

Ak — Akt1
(exe(0) — cxyy (0),0(0))

Note that this expression does not depend on A € [Ar11 — Ax].

(Smoothing f around [f = A].) We have seen that the function f is C'* on the
complement of the union of the level lines [f = Aj] for k € N. In order to go further
we need to modify f around each [f = A;]. To this end, let us observe/recall two
facts.

(47) Vi(ea(8)) = n(0).
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— First using the aforementioned result of Fenchel [27], we deduce from the
convexity of f that the function
(48) A= (ea(0),n(0)) = opr<x(n(f)) is concave and increasing.
— Let A and X\ be such that A1 < A <N < A\p. We have

(19) @ = (33 Y ev®+ (30 ) o0

— )\k+1 - )\k+1
(50) x® = (25 ) en®) + (323 ) o

Consider now a positive sequence {e;} such that ). e; < 400 and € + €441 <
D(Ck, Cry1) = D([f = Ag), [f = Ak41]) for each integer k. Let us assume that there
exists a sequence

fr:R? =R
of convex functions such that:

( ) fO - f )
(P2) fr = fr—1 outside an eg-neighborhood of [f = ] ;

2)
(P3) fris C> on [f > Apya] 5
(P4) ||V fx|l is bounded in [f < Ag] by the maximum of ||V f|| in A\ < f < Ap_q].
Let us choose k > 1 and A\, ) such that A1 < A < A <N < A\p_1. Then by

[@3)) and @) we have:

A = Ak41
[V f(ex(@)Il = (ex(0) — crpiy (0),1(0))
1 Ak—1— Mg 1
< o) ey~ 3V e @l
Hence
(51) e IVEls g max VAL

Combining with (P4), the above implies that the sequence {fx}ren is uniformly
Lipschitz continuous. Applying the Ascoli compactness theorem, we obtain that
the fi converge to a continuous function f which is convex. From (P2) and (P3),
we obtain successively that f has the same set of minimizers as f, f is C° outside
argmin f, [f = Ax] is in the e;-neighborhood of [f = A]. Moreover (GI)) and (P4)
imply that HVf( )|| goes to zero as x approaches argmin f; hence f is globally C.
Note also that the sequence of level sets [f < A;| satisfies the hypothesis (iv) of
Lemma As shown in the conclusion, f provides a C! counterexample to the
KL-inequality.

Let us define such a sequence {fi} by induction. Assume that fi_; is defined.
In order to construct f, it suffices to proceed in the eg-neighborhood of [f = Ag].
Let € > 0 such that [\ — 2e < f < A + 2¢€] is in the e;-neighborhood of [f = Ag].

Let us consider a C* function pu_ : [—2¢,2¢] — R which satisfies the following
properties:

1. p_ is nonincreasing, 2.1 >0,

3. u—(A) = —A/eon [—2¢, —¢/2], 4. p_(X) =0 on [¢/2, 2¢].
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Let us then define pi () :== Ae+ p_(N\) and puo =1 — (u— + ps). The function
1 satisfies

1’. g is nondecreasing, 2l =p” >0,
3. py(N) =0 on [—2¢ —€/2], 4. py(N) = N/e on [€/2, 2€].
Set c_ = cx,—e, C0 = Cr,s C+ = Cxp4e and

M_ 0 - — 0 9 0 - a. ’ 9 )
O)= (000 = _mas_{rn(0)

M 0 - 0 9 9 - a. ) 0 )

0(0) = {eo(@).n(0) = _max (zn(®)
M (0) = (er(6)n(6) = max (,n(0))

TE[f<Ak+e]

For (X, 0) € [—2¢,2¢] x R/27Z, we define:
H(A0) = i (Ve (0) + oW eol0) + s (Ve (0).

Then H is a C* map and for any A € [—¢, ¢, the real numbers p_(X), po(A) and
t4(A) are in [0, 1]. Since H(\, ) is a convex combination of points in [f < Ay + €],
we deduce that H(\, 0) € [f < A\ + €] and H(\, 0) € [f < A + €] whenever \ < €
and p4(A) < 1. Since

(H(X0),n(0)) = - (\)M_(8) + jo(\) Mo(8) + 4 (\) M (6) > M_(6),

we get H(X,0) € [f > A\p—e¢], and H(A, 0) € [f > A, —¢] whenever A > ¢, p_ () < L.
It follows that

L 1N (0) + iy N)eo0) + 4 (e 0).
Since py = —p’. — p!, items 1 and 1’ entail
0H /
(I () = Wy (e (6) — co(6),m(6)) — 1 (N (eo(8) — - (0), m(0))

a

= py (N (M4(0) — Mo(0)) — (N (Mo(0) — M_(9))
> 0.

On the other hand

62 = (- Wpe(0) + 1oW)pa (6) + i Wpe, (6)) 7(6),

H H
so that <68—9,n(9)> =0and (%—0,7(9» > 0for A €]—¢,¢'[withe >e Thus H is a

local diffeomorphism on | —¢, ¢/[xR/2xZ. The map H : [—¢, €] xR/27Z — [\, —e <
f < Ak + €] defined by ﬁ()\, 0) = H(\,0) is proper; therefore His a covering map
from [—e,e] x R/27Z to Ay —€ < f < A +¢]. Since [\, —€ < f < A\, + ¢ is
connected, H is onto. Besides, since ¢4 (6) € [f = Aye], (¢, ) is the only antecedent
of c.(8) by H, H is injective by connectedness of [—¢, €] x R/2rZ. H is therefore
a C'> diffeomorphism from [—¢, €] x R/27Z into [A\y —e < f < A\, + ¢].

We then define f, to be fr_1 outside of [A\y—€ < f < Ap+¢€] and by fr.(H(A,0)) =
A+ AIn Ay —e < f < Ag+¢€]. When X € [\ — ¢, \p, — €/2], Properties 3, 3’ and
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equation [J) yield

H(A—)\k,ﬁ):—)\Z)\kC,(Q)—F(l—&-A_Ak)CQ(Q)
IEPYED A\-0-d)
M — (A —e) 7(9)+)\k_(>‘k_€) ol6)
ZC)\(Q).

Thus fr, = f = fr—1in M\ — € < f < A\ — €/2] and, for similar reasons, fi = fi—1
in [Ap +¢/2 < f < A +¢]. The “gluing” of fr—1 and fi is therefore C*° along
[f = A — €] and [f = A\, + ¢]. Hence, fj satisfies (P3).
Let us compute Vf in [A\y — e < f < A\ + €. By definition of f, 1 =
OH
(Ve (H(X0)), m) Besides H(A — \g, 0) is a parametrization of the level line

[frx = A] by its normal (see (52)); hence Vfi(H(A,0)) = an(f) with a > 0. Using
both formulae, we finally get
1

VIHO0) = e @)~ e @)@ — 7 (N (eo() — e (@) n (o)) """

From the definition of py, p/, (A) — p'_(X) = 1/e. Besides, for X\ € [—¢, —€/2] we
have

€

{co(0) = c-(0),n(0))

while for A € [¢/2, €] we get

= IV (exsn (O],

€

{e1(0) = co(6),n(0)

) = ||V f(eaxa ()]

Hence by ([@8):
IVfe(HA, )] < IV fexe+e(0))]]-
Item (P4) is therefore satisfied.

The last assertion we need to establish is the convexity of fi. By construction,
it suffices to prove that the Hessian Qy, of f is nonnegative in [\ —e < f < A\ +¢].
Let us denote by Qg the Hessian of H (observe that Qg takes its values in R?).
For —e < A <'¢, we have A + A\, = fi(H (A, 0)); thus

where DH denotes the differential map of H. To prove that Q)¢, is nonnegative, it
suffices to prove that (V fi(H(\,0)), Qu (A, 0)(-,-)) < 0. We have

0’H
ON?

1 (N)e—(0) + pg(Neo(0) + pf (A)eq-(0)
— 1 () (6) — co8)) + LN (e (8) — ()
= 1L (N[ (e () = co(6)) — (co(6) — c—(0)) ] ,
where the last equality is due to item 2’. On the other hand
0’H

<ka(H()\, 9))7 W

) = LNV fr(H X, 0)[((e4-(8) — co(6), n(0))
= {co(6) — c—(0),n(0))),

which is nonpositive because of ([{8]). Besides, we have

0*H / / / .
angg = H=Npee (N) + 15 (N)pes(A) + 4 (N)pe, (X)) 7(0);
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thus (V fx(H(),0)), %>
2
O = (- OWpe_(0) + oM ey (0) + s e (6)) (=n(8)) + (-~ )(0);

hence the quantity

2
(Vi (HO0)), Ty =~ (1 (N (0)0(N)pea (015 N, )V HOL )]

is negative since all the p and p are nonnegative. Hence @), is nonnegative and
the function fj is convex. -
C? smoothing. For X\ € (min f, \o], define

h(A) = (A —min f)(1+ max [|Qz)~"
A<F<A]

= 0. Finally

Since f is C™ in [min f< f], h is a continuous, positive, increasing function. Then
there exists ¢ € C°°(R, R, ) which vanishes on (—oco, min f], increases on (0, +0c)
and for A € (minf Ao, 0 < (X)) < h(N) (see Lemmalgl). Let g be the primitive of
¥ with g(min f f) = 0. The function g is a strictly increasing convex '™ function on
[min 1, +00). The function f = go f is therefore a C'! convex function. Moreover f
is C* at each point outside the boundary of argmin f. For x € argmin f, we have

Vi@+h) Vi) _ g(fz+n)V(z+h)

L
' (F(a) + olll)o(V) _ olIbl) _
2 [

Thus Qf(z) = 0. On the other hand
1Qf(x + 1)l < ¢ (f(z+ m)IQs(x + B)|| + g" (f(x + W)V f(z + h)|?
< h(f(z+m)Qj(z + h)l| +o(1)
< (f(x+h) = f(z)) +0(1) = o(1).
Thus Q7 is continuous at x and thus f is C2. O

Conclusion. Let us prove finally that f does not satisfy the KL-inequality. Towards
a contradiction, let us assume that there exist R > inf f = min f, a continuous
function ¢ : [min f, R) — R, which satisfies p(min f) = 0, ¢ is C! on (min f, R)
with ¢’ > 0, such that we have

[V(po f)(z)||>1, Vz € [min f < f < R].
Applying Theorem 20 [(1)<>(vi)], we obtain

Dist([f < g(Ak)], [f < g(Ar1)]) < @(9(Ar)) = 0(9(Ner1)),

and as a consequence,

+oo
Z Dist([f < MJ, [f < Aeaa]) = D Dist([f < gw)), [f < 9nr1)]) < 0(9(Mo)).

ThlS contradicts the fact that > Dist(Ty, Tg41) = +00.

A careful glance of the previous proof reveals in particular the following result
of independent interest. (Recall ([#2) for the definition of the distance D.)
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Proposition 38 (Construction of a C? convex function with almost prescribed
level sets). Let {ex}ren C (0,4+00) and {Ti}ren be a sequence of convex compact
sets in R? such that

Tir1 Cint Ty, and  D(OTg, 0Tky1) > € + €xr1, forall ke N.

Then there exists a strictly decreasing sequence { )\ }xen converging to 0 and a C*
conver function f : R? — [0, +00) such that for all k € N,

[fz)\k] C@Tk—FB(O,Gk) and [f:()] = ﬂTk'
keN

Moreover, f is C* on R?\ argmin f.

4.4. Asymptotic equivalence for discrete and continuous dynamics. In this
part we assume that f : H — R is a C%! convexr function, that is, continuously
differentiable with gradient V f Lipschitz continuous. Let L be a Lipschitz constant
of Vf.

Fix 8 > 0 and x € R™ and consider any sequence {Y,*} satisfying

BIVFYIINYE = YH| < f(VF) - ), k=12,
(53)
Yxo =x.

This condition has been considered in [I] for nonconvex functions defined in finite-
dimensional spaces. It is easily seen that (53)) is a descent sequence, that is, f(Y,*) >
F(YE+L)which implies in particular that {f(Y*)} converges as k goes to infinity.

Condition (B3)) is fulfilled by several explicit gradient-like methods, including
trust region methods, line-search gradient methods and some Riemannian variants;
see [I] for examples and references.

The following theorem establishes connections between length boundedness prop-
erties of continuous gradient methods and length boundedness of discrete gradient
iterations. It would be interesting to compare the forthcoming result with the
results of the Ph.D. Thesis of Peypouquet [50, Chapter 8].

Theorem 39 (Discrete vs. continuous). Let f be a Ct' convexr function with
compact sublevel sets such that min f = 0. Let us denote by L a Lipschitz constant
of Vf. Then the following statements are equivalent:

(i) [Kurdyka-Eojasiewicz inequality] There exist ro > 0 and ¢ € K(0,ro)
such that

(54) [[V(po f)(=) >1, for all z € [0 < f < ).

(i1) [Length boundedness of piecewise gradient iterates| For all 8 > 0 and
all R > 0, there exists L(B) > 0 such that for any sequence of gradient iterates of
the form

YO Yl Yko YO Ykl

xor Ty xo o Layr o Lay s e
with f(z0) < B, F(V2,.) = f(ris1) < F(VE) and {Yi :j = 0,....k} satisfying
E3) for alli € N we have

+

oo k;

Z Yl+1

=0

< L(P).

.
Il
<
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(i1i) [Length boundedness of piecewise gradient curves| For every R > 0
there exists L > 0 such that
length (v) < £,
for all piecewise subgradient curves vy : [0, +00) — H with f(v(0)) < R.
Proof. Let us first prove that (i)=(ii). By Theorem [(1)=(ii)] (subgradient
inequality — convex case) we may assume that ¢ is concave, defined on (0,400)
and (B4)) holds for all 2z € [0 < f]. We now proceed in the spirit of [I]. Let 8 > 0,
r €[0 < f] and let Y2,.... Y be a (finite) sequence of gradient—type iterations
that satisfy (B3). For snnph(nty set Y7 =Y7 for all j € {0,...,k}, so that
FOY9) = fY7T) > BV Y Iy —Y]\|~
Multiplying both parts with ¢’(f(Y7)) and applying (i) we get
CFEYNFET) = Y] = Bl =Y.
Since ¢ is concave we have
(fOYT) < p(F(Y) + ¢ (F(Y) [F(YIH) = F(Y7)],
and therefore _ _ _ 4
P(fF(Y7) = o(f(Y7h) = BV —Y7|.
Adding the above inequalities for j =0, ..., k we obtain

k
(55) P(fY) = @(FY") = 8D Il =Y.
=0

Let us now consider a sequence of the form {Y), Y .. Yw’?, onv YR
as in (ii). Then applying (B5) to each subsequence {Y; , j =0,...,k;} we deduce

X 1 1

DD IV =Y < e(f(Ya) < Ze(R),

i=0 =0 A 2

which proves the assertion.

The equivalence (i)<=>(iii) follows from Theorem [I8 and Theorem To com-
plete the proof it suffices to establish that (ii) implies the assertion (iv) of Theo-
rem [I§] (existence of a talweg of finite length). (In fact we prove (iv') with R = 2;
see Remark [I9 (i).) So let us assume that (ii) holds and let ro > m. We aim to
construct a piecewise absolutely continuous curve 6 : (0,79] — R™ of finite length
that satisfies

b Vi) ={w e [f =r1: VS| <2 it IV vre Ol

We shall use the explicit gradient method described in Subsection Let z¢ €
Vo(rg) be such that

3
IVf(zo)ll < 5 lnf IIVf( e
and consider the C! curve
1
—) Dt x0(t) := z0 — tV f(20).

[0, "3L
Set tg = sup Ag, where

Ay = { € (0, 3_L) { fomxg strictly decreasing on [0, ], } .

xo(1) € Va(f(xo(1)) for 7 €[0,¢].
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Clearly Ag is nonempty and 0 < to < (3L)~1. Set 71 = f(z0(to)) < 70 and take
x1 € Va(r1) such that

3 .
IVf(z)l] < 5 inf [Vl
2ye[f=r]
Proceeding by induction we obtain a sequence {(tx, 7, zx)}, where {ry} C [0, 7] is
decreasing, x,(t) := x, — tV f(z,) with f(z,) =r, and
3 .
IVf@@n)ll < 5 inf [[VF(y)]]-
QQE[J‘.—TWJ
Let us denote by 7 the limit of {r;} and let us assume, towards a contradiction,
that roo > 0. Set

= inf ||0f(x)||- and se = liminfs(r,) = lim s(r,
s(r) xe}rgl(r)II f(@)l|- and s iminf s(ry,) = Tim s(ry)

(note that the convexity of f guarantees that s(r;) < s(r2) whenever 1y < r3) and
observe that ro, > 0 implies that so, > 0 (use the compactness of the sublevel set
[f < ro]). Let ng € N be such that s(r,) < %soo for all n > ng. For n > ng and
t € [0,t,), Proposition @9 (Annex) yields

IV f(@n (O] < (Lt + 1[IV f(n)ll;

which implies

V7@ < T+ DIVAE] < 5T+ 1)s(r) < 2 (L8 + s

A sufficient condition to have z,,(t) € Va(f(zn(t))) is therefore
15

(56) g(Lt+1)soo < 255 <= 0<t<(150)7 1.

Similarly we can estimate the rate of decrease of f(x,(t)). Since

d
@ (1)) = (V) T a(t)),
the condition £ f(z,(t)) < 0 is satisfied whenever

IV f(@a)l? > IV f(@n)l| IV f(@n(t) = Vf(za)ll.
But since V f is Lipschitz continuous, ||V f(z,(t)) = V f(xn)|| < Lt||Vf(zy)]]. Thus
the condition is satisfied if

IV£(@n)* > LIV f () |2

This last inequality is equivalent to ¢ < L', which implies in particular that for
all n € N such that s(r,) < 2s.,, we have

1
t, > (150)~*.
In this case Proposition 9(Annex) yields
Lt? 9 Lt
Flan(tn)) < flan) + (5 = ta)IVF@n)l[® < 7ot 2(5" = ta)s(ra)?
9 Lt? 5
<r,+ Z( 2” - tn)(zsoo)z.

Thus in order to have f(x,(t)) < roo, it suffices to require

Lt2 64 (1, — Too 2
fo— 2> (T
2 225 Soo
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Using the fact that (3L)~* > ¢, > (15L)~!, we see that
Lt?

2
Since (7o — 7n)/Soo tends to zero, we have that f(z,(t,)) < 7 for n sufficiently
large, which is a contradiction.

We thus conclude that {r;} = ro = 0 and (0,7¢] = U,,(Tn+1,7n]. We define
0 :(0,79] — H as follows: 0(r) := x,([fox,] 1 (r)) whenever r € (r,41,7,]. Clearly
0 defines a piecewise absolutely continuous curve. To see that 6 has finite length it
suffices to observe that the sequence {z,}, is a sequence of gradient iterates that
satisfies (53). Using Remark 50l and the fact that the step-sizes in the construction
of the z,,’s do not exceed (3L)~! we infer that

tn — > (150) ' — (18L) ™' = (90L) L.

5
g llnsr = 2l [V (@n)l] < f(2n) = f(2n41).
Hence the curve 0 has a finite length. This completes the proof. O

Remark 40. The assumption that f is convex has been used to apply Theorem [29]
(¢f. concavity of ¢, which seems crucial for the proof of the implication (i)=-(ii)) and
to assert f(YJ) — inf f. For this reason we have been unable to state Theorem B3 in
a more general context (i.e. for general semiconvex functions in a local version). Tt
would therefore be interesting to figure out under which type of conditions (other
than convexity or o-minimality of f) the function ¢ of (B4]) can be taken to be
concave.

5. ANNEX
This section contains several technical results which are needed in the text.
5.1. Technical results.

Proposition 41 (Closed graph of the subdifferential). Let f : H — RU {+oco} be
a lower semicontinuous semiconvex function. Let {xy} and {px} be two sequences
in H such that p;, € 0f(xy), xx converges strongly to x and py converges weakly to
p. Then as k — +00 we obtain

{ flar) = f(w),

p € 0f(x).
Proof. This is a standard property. For a proof (in the more general setting of
primer-lower-nice functions) we refer the reader to [44]. O

Proposition 42 (Slope functions and semicontinuity). Let f: H — RU {400} be
a lower semicontinuous semiconvex function.

(i) The extended-real-valued function
(slope at x) H>z— ||0f(x)||=:= inf |lp||

pedf(x)

is lower semicontinuous.

(ii) Take ro € R and let D be a nonempty compact subset of [f < ro|. Then the
function
(minimal slope of the r level-line)

(—oo,ro] 2r+——sp(r):= inf ||0f(2)]|-
z€[f=r]ND

is lower semicontinuous.
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(iti) Assume that 23) and @24) hold for some 7€ > 0. If 0 <1y < ry <F, then

there exists 1y, r, > 0 such that
inf 1Of (@)= = 1y ry > 0.
z€[r1 <f<r2]NB(7,€)

Proof. (ii) Take r € (—o0,79] and let {ry} C (—o0,79] be a sequence such that
rr — 7 and liminfy sp(ry) < +oo. Fix > 0 and let (zg,pr) € graphdf be
such that f(xzx) = 1k, pr € Of(xx) and ||px|| < sp(ry) —n. Using a standard
compactness argument together with the fact that liminfy sp(ry) < 400 we can
assume, with no loss of generality, that z; converges (strongly) to € D and that
pr converges weakly to p. Using Proposition Il we obtain that (z,p) € graphdf
and f(z) = r. The conclusion follows from the (weak) lower semicontinuity of the
norm. Indeed

lim inf — 7 > liminf ||pg|| > ||p]| > .
lim inf sp (1) — 1 2 lim inf [[pg[| > [p|| = sp(r)

The proofs of (i) and (iii) involve similar arguments. O

Lemma 43 (Strong slope). Let f be a proper lower semicontinuous semiconvex
function. Then for all x in H,

10f (@) = [V f](z).

Proof. Let x € H and p = 0° f(x) be the projection of 0 on df(x). By (), for any
y € H, we have

(f(x) — fly)* y—x 2\+ 2\+
I (—(p, |\y—x\|>+a”y 2|57 < (llpll + ally — [[*)™.
By taking the limsup as y — =, we get |Vf|(z) < ||p|| = [|0f(x)||-. To prove
the opposite inequality, we consider the subgradient curve y,. If z is a critical
point of f, then 0 = ||0f(z)||= > |V f|(z). Otherwise, x,(t) # x for all ¢ > 0. By
Theorem [[3(iv), we have

(f(x) = fFx=(®))*F 1 t
|z — xz(1)]| = ||$—Xm(t)||/0 10 (xa (1))|]2dr.

Taking the limsup as ¢ | 0 and using the continuity of the semiflow and Theorem
[I3Kii),(iii) we obtain the desired result. O

Lemma 44 (Chain rules). Let f : H — R U {400} be an extended-real-valued
function.
(i) Let ¢ : (0,1) = R be a C' function. Then

Apof)(x) = ¢'(f(2)0f(z), for allz € [0 < f <1].
(ii) Let v : (0,1) — H be a C* curve. For allt € (0,1), we have
A(f o)) > {(¥(t),p(t)) : p(t) € Df(7(1))}-
Proof. For the proof, see [53] for example. O

Lemma 45 (Continuous integrable majorant). Let u : (0,79] — Ry be an upper
semicontinuous function such that u € L'(0,70). Then there exists a continuous
function w : (0,79] — Ry such that w > u and w € L*(0,7r0). If moreover u is
assumed to be nonincreasing, w can be chosen to be decreasing.
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Proof. With no loss of generality we assume ro = 1. Replacing u(+) if necessary
by the function u(-) + 1 we may also assume that u > 1. Let a; > 0 be a strictly
decreasing sequence such that ag = 1 and (0, 1] = (J, cylars1,ax]. Let us assume
that there exists a sequence of continuous functions wy, : [agy1, ax] — R such that
wk > u on [agy1,ax] and f::ﬂ wy, < ;:+1 u+ m To establish the existence of
w, we proceed by induction on k. Fix k > 1 and assume that w is defined on [ay, 1]
with w > u, w continuous and

1 1 k 9
w < U —.
/a —/ L
k @k i=1

There is no loss of generality to assume wy(ax) < w(ay) (the case wg(ag) > w(ax)
can be treated analogously). Let us define

wi(ag)(ar — apq1)

0 = _
< (k+1)? w(ar) maxp,,, a,] Wk < Gk Gkt 1,
and let us consider the functions
w(ax)
A o lag — ex, ax] — [1,
Kt lak — €x, ar] = [ wk(ak)]
defined by
1 w(ag)
A = — — — _ )
k(r) o ((ak )+ (r — (ak Ek))wk(ak))
The function w can now be extended to [ax11, 1] by setting
wi(r), if r € [agy1,ap — €r),
w(r) =< Mp(r)wg(r), ifr € ap — ex,ar],
w(r), if r € (ag, 1].

It is easily seen that the function w is continuous (by definition of \y), it satisfies
w > won [agt1,ar] (thus on (aky1,1]) and moreover

1 ap—€g ag 1
/ w :/ W, +/ AW —I—/ w
Ak+1 Ap+1 ap —€g ag

k
ah 1 w(ag) /1 2
< u—+ +e€ max wg + u—+ =,
_\/ak+1 (k+1)2 kwk(ak) l[agt1,ak] g ak ;Z2
1 k
2 2
[ ey
A TR AP

This proves the existence of a continuous function w that satisfies the required
properties.

To complete the proof it suffices to prove the existence of such a sequence {wy}.
To this end, fix k € N* and set

|Ir — plI?
w)= sw {ulp) - 2L,
pElars1,ar) €
It is easily seen that u® is continuous, u(r) < u®(r) < max,e(q, ., q;) % := My < +00
and limc o uf(r) = u(r) for all r € [ari1,ax] (see [B3], for example). Note that
the upper semicontinuity of « on the compact set [axt1,ar] guarantees that My, is
finite. Applying the Lebesgue domination convergence theorem we conclude that
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u¢ converges to u in the norm topology of L!(ayy1,ax). Thus there exists ey > 0

such that
1
u® < / U+ —.
/[alc+1sak] l[ags1,ak] (k + 1)2

Thus the function wy := u° satisfies the requirements stated above. This completes
the proof of the first part of the statement. The case where v is assumed decreasing
can be treated with similar (and occasionally simpler) arguments. O

Lemma 46. Let h € C°((0,7¢],R% ) be an increasing function. Then there exists a
function i € C°(R,R4) such thaty =0 onR_, 0 < 1(s) < h(s) forall s € (0,79),
and v is increasing on (0,rg).

Proof. Let us extend the definition of h by 0 on R_ and h(rg) for s > ry. Consider
¢ € C*(R,Ry) with [0, 1] as support and [, ¢ = 1. Then we define ¢ by 1) = ¢ h;
i.e. P(s) = [p@(t)h(s —t)dt. Tt is then straightforward to verify that ¢ satisfies
the expected properties. O

Proposition 47 (Piecewise absolutely continuous selections). Let 1o > 0 and V :
(0,79] = H be a set-valued mapping with nonempty values. Assume that for each
r € (0,79] there exists €, € (0,r) and an absolutely continuous curve 0, : (r—e,,r] —
H such that

0,(s) € V(s) for all s in (r — €, 7).
Then there exist a countable partition {I,}nen of (0,79] into intervals I,, of non-

empty interior and a selection 0 : (0,79] — R™ of V such that 0 is absolutely
continuous on each I,,.

Proof. Let Q be the set of couples (a : I, C (0,79] = R”, {Ia;}jes,), where
{Ia,j}jes, is a countable partition of I, into (disjoint) intervals I, ;, j € Jo with
nonempty interior such that:

(a) for each j € J,, «a is absolutely continuous on I, ;,

(b) for each r € I, a(r) € V(r).

We define a partial order < on € by

a1 S ag & V)€ Joy, Tk € Jay, Iayj C oy, and aq(r) = ag(r) for all r € I, .

Note that (2, <) is nonempty partially ordered. Let us check that each totally
ordered subset of 2 has an upper bound in 2. To this end, let

w = {(au, {{a,j}jera, ) hiec
be a totally ordered subset of Q. For each r € | J;c, I, define a(r) by
a(r) = al(r),

whenever r € [}, and set I, = J;c; [o,- Since w is totally ordered, the mapping
a: I, — R™ is well defined and (b) is clearly satisfied. For [ € L and j € J, set
Jy =y, In,j = I1j and D := {(m,k) :m € L, k € J,}. For each (I,j) € D, let
us define

(57) M, ;= U I -
(m,k:)ED, I ;Clm k

Observe that I, = U(l’j)eD M, ; and that each M; ; is an interval with nonempty
interior.
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Let us prove that for all (,j),(l',5') € D, we have either My j = M;; or
My j N M ; = (). In order to establish this result, let us show beforehand that
for all (1,7), (I,j") in D such that I; ; N I j # (), we have M; ; = My ;. Indeed,
since w is totally ordered, we have for instance I j» C I;; and so M;; C My ;.
Conversely, take (m,k) € D such that I, D Iy . Since L, N1 ; # 0, we
have either I,,, , C I;; or I, ,; D I ;; in any case, we see (cf. definition (57)) that
Ly C M and thus My jo C My ;.

If M; ;N My j» # 0, take r in the intersection, and observe that by definition there
exist (m, k) and (m/, k") in D such that I, D I j with r € I, and Ly 0 D Iy 5o
with r € I, . Using the previous remark, we obtain that M, = M;; and
M,y k0 = My jr. But since Ly, jy N Ly i # 0, we also have M, , = My, and thus
Ml,] - Ml/,j/.

Let us define an equivalence relation ~ on D by

(7)) =J") & My =My

This equivalence relation defines a partition of D into equivalence classes. By
the axiom of choice we can pick one and only one element in each equivalence
class and this defines a nonempty subset D’ of D. By construction we have I, =
U jyep Mi,; and My ;0 My j = ( for each (I,7) # (I',j') in D’. Besides, since
each M, ; (for (l,j) € D’) has a nonempty interior, we see that D’ is a countable
set. This shows that («,{M; ;, (I,j) € D'}) is in © with in addition o > o for all
lel.

Applying Zorn’s lemma to €2, we obtain the existence of a maximal element
(0:Ip — R" {Ip;, j € Jg}). Arguing by contradiction, we see immediately that
Ig = (O,To]. 1

5.2. Explicit gradient method. We recall the following useful result.

Lemma 48 (Descent lemma). Let f be a C1! function (that is, V f is L-Lipschitz
continuous). Then

F) < F(&) + (V()y —a) + lly ]

Proof. Set x(t) = x + t(y — x) and notice that
1

) = @) = [ GOt = (VS @Ly—a) + [ (VFa(®) = i)y = o

0
The assertion follows easily. O

Given = € H, let us consider the following recursion rule:
(58) T = X(t,z) =z —tVf(z), t > 0.
Choosing a starting point z° in H, and A, > 0 a sequence of step-sizes, the explicit
gradient method is written
2R = X (g, 2P).
A part of the convergence analysis of this method (and some of its variants) is based
on the following elementary results.

Proposition 49. Let f be a CY! function, x € H, t € [0,2L~") and 2t be given
by ES). Then

(i) (1= 5) lat = 2| [[Vf(@)l| < f(z) - fla*) ;

(i) IVf @)l < (Lt + D[V f(2)]]-
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Proof. Assertion (i) follows directly from Lemma (8 while assertion (ii) is a conse-
quence of the fact that V f is Lipschitz continuous on [z, z(t)] of constant L. [

Remark 50. Condition (B3) of Section FA] corresponds of course to the inequality
(i) above.
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