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Abstract

In this note two characterizations of the exponential distribution are
discussed, based on a generalization of the lack of memory property. These
results were motivated by the notion of "relevation of distributions"

introduced by Krakowski (1973).
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1. Definitions
If the random variables Y,,Y, with survival distribution functions (SDF's)
Pr[Yi>t] =5;(t)  (1=1,2)

(with Si(O) = 1) are mutually independent, then the SDF of T = Y1+Y2 is



t
Pr(T>t] = S;(t) - é S, (t-x)dS; (x) . (1)

This is the convolution of Sl(t) and Sz(t).

If, now, we think of Sl(t) as the SDF of an item placed in service at time
t =0, and Sz(t) as the SDF of an item placed in storage at time t = 0 and
chosen independently from survivors in storage to replace the first item when
it fails, then the SDF of the time of failure (T') in service of the second
item is

t
Pr(1'>e) = §)(6) - [ [8,(6)/5,001d8,(x) - @

The first term on the right-hand side corresponds to survival in service
of the first item; the second, to failure of the first, followed by survival
of the replacement till time t. Formula (2) was given by Krakowski (1973)
who termed it the relevation of Sl(t) and Sz(t). Note that, in general, the
relevation of Sl(t) and Sz(t) differs from that of Sz(t) and Sl(t). For
convolution, however, there is no difference.

We can write T' = Y1 + Yé where Y1 is the failure time of the first item,

and Y. is the time in service of the second item (from replacement to failure).
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2. Relevation and Convolution

If Yé were independent of Yl’ then the relevation of Sl(t) and Sz(t) would
be identical with their convolution. This will certainly be so, whatever
Sl(t) be, if Sz(t) = exp(-At) with X > 0. It will also be so, if Sl(t) corre-

sponds to a discrete distribution taking only positive integer values, and

Sz(t) corresponds to a geometric distribution with

Pr[Y2=n] = (1-9) en-l (n=1,2,... ) .



This is because this distribution has a 'lack of memory' property

1

P(Y,~t+n|Y,>t) = (1-0)"" 6"1 = P(Y,m) (t,n=1,2,...)

-1 et+n-1)

(since P(Y,>t) = (1-0)71 0%(1+0+.) = 0¥ and P(Y,=tsn) = (1-6)
analogous to that of the exponential distribution.

We will show that if Sz(t) is not only continuous but can be expressed in
the form of a power series

S,(t) =1+ .E a, tJ (3)
j=1

then relevation and convolution of Sl(t) and Sz(t) are identical only if
Sz(t) = exp(-At). We do this by taking the special case Sl(t) = Sz(t).

We first note that since Sz(t) is monotonic and bounded, (3) implies that

(i) the probability density function (PDF) is

8
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and (ii) inversion of summation and integration over [0,t] with t finite is
justified.
Identity of relevation and convolution requires that the right hand sides

of (1) and (2) be identical, that is
JE 5, (t-x)dS; (x) = S,(8) [§ {5,001 " ds; (). @)
In the special case Sl(t) = Sz(t) = S(t), say, this implies
J§ s(t-x)dS(x) = S(t)1ogS(t). (5)
If (3) is valid, then

1< J a.t)<ofort>0
=1



‘ and (with a0=1)

S(t)logs(t) = { ] -t= (I

The left hand side of (5) equals

N ot oo j oo . h
IO S(t-x)dS(x) = fO {1+ jzl a (t-x)7} hZO (h+Da, ,, xdx
ps s . h+j+1

hzo j;o (h+l)a, 4 a B(h+1,j+1)t (7

oo g-l o g
7 8] (wl)a, a . ,B(h+l,g-h) = § t& Jyuaa B(ug-u+l).
g=1  h=0 “hel %g-h-1 ’ g=1 =1 W&

(B(m,n) = fé Ll (1-x)n_1 dx is the beta function.)
’ . The coefficients of t8 in (6) and (7) must coincide. For g=1 we obtain only

the trivial condition a; = a; and we are free to select this coefficient

arbitrarily. By equating the coefficients of t2, we obtain a, *+ l/zai =

L a2 + a,, which is identically satisfied for all choices of a, and a,. For
1 2 a2 1 2
g=3 we obtain a, = —71— . In general, for g>3, the equality of the coefficients

of t® in (6) and (7) yields

(a - 4 a a + ...)+a(a_;-% ) a a_  +...) +...+a__.(ay)
B " mpmymg M ™2 el Tmpig=g1 M1 T gl
mizl mizl
=83, B(g,1) +‘ (g—l)ag_1 a; B(g-1,2) +...+ a; a1 B(1,g) . (8)

Here the dots stand for terms that contain only coefficients with subscripts
less than g-1. By using also the identities gB(g,1) = gB(1,g) = g(g-1)B(g-1,2)=1,

. the second member of (8) reduces to a, + (sztl/g)ag_1 + h(al,az,...,ag_z).



If we assume that, for a given choice of a; # 0, we have already determined

a

2,...,ag_2 then (8) yields

ag + ag_1 s ap = a, + (2a1/g)ag_1 + h(al,...,ag_z),

where h(al,...,a _2) is a certain polynomial in the known quantities

g
al""’ag-Z' It follows that

al ag-l (1'(2/g)) = h(als'--,ag_z) (9)

and (9) (with g=3,4...) yields unique values for the coefficients ag, g>2.
In fact, once we know that, given a; # 0, (9) leads to unique values for all

coefficients of (3), we do not have to determine these coefficients recur-
n
al

T+ » S(t) becomes eat and satisfies (5),

sively by (9). Indeed, with a, =

=

as well as S(0) = 1. Finally, the conditions -§'(t) = £(t) >0 and

At

fg £(t)dt = 1 require that a = -\ < 0, so that S(t) = e "~ is the unique

solution with a; = S'(0) = -

3. Remarks
Although we have established that the exponential distribution

Sz(t) = exp(-At) is the only SDF which makes (1) and (2) identical for all
Sl(t), among SDF's which can be expressed in power series, there are at least
two more éeneral results which, one feels should be valid.

(i) The power series expansion condition could be weakened to require only
that Sz(t) is continuous (and perhaps with a continuous derivative).

(ii) It should be possible to show that under the conditions in (i), if
Sz(t) is not exponential, there is no Sl(t) for which relevation and convo-
lution are identical. We defer a discussion of these matters to a future

paper.



. 4. Averaged lack of memory property

In a number of papers devoted to characterization of exponential distri-
bution by spacings and order statistics, Ahsannulah (1976-8) investigated

variants and extensions of the following equation:
o) BEEEL - s(z)1dx = 0 for all z > 0 (10)
0 S(x) Z Ve

One interpretation of this equation is in terms of a weighted (or averaged)
lack of memory property, the weight function being the underlying PDF £(-).

Another interpretation (in terms of relevations) is that the time in
service of the second item (i.e. from replacement of the first item to
failure of the second) has the same distribution as the lifetime of individ-
ual items chosen at random at time zero. It does not ensure that time in
service is independent of time of starting in service (i.e. of failure of the
) . first component). Of course, if the latter is true it is obvious that this
ensures that distribution of time in service is the same as distribution of
individual lifetimes (and indeed it ensures exponentiality).

Ahsannulah derives an exponential solution for these types of equations
under the restriction that the underlying density possesses a monotone hazard
rate. We shall prove the existence of a unique exponential solution for (10)
without any assumptions except the existence of a density f(:) for the SDF S(-).

In fact the following result is valid:
Theorem 4.1. If
' S(x+z
[ £00 2 - s@ax = o an

then S(x) = e ™ for some A > 0, and £(x) = re X,



e-Ax, then the large bracket in (11) vanishes so that

Proof. a) If S(x)

e ™ are solutions.

the functions S(x)

b) To prove the converse, let S(x) be any solution and let X be an arbitrary

AX -AX

S(x), so that S(x) = e g(x). By substi-

positive number. Set g(x) = e

tution in (11), we obtain, after routine simplifications

[y a2y 0 - By e ax = g2 (12)

The right hand member can be written as A f; g(z) e ™ ax and (12) is

equivalent to

f5 0glea) - g2) - EEEL g0y e ax = 0. (12)"
Set
¥(x,2) = ff)( éu;z) g' (uw)du . (13)

We observe that: (i) ¢(0,z) = 0 for every z.

(ii) since 1lim S(x) = 0, g(x) = o(exx) .
X >0

(i1i) from the monotonicity of S(x),

(utz) _ eAz S(u+z) < eAz
g(x) S(u) :

From this it follows, in particular, that

fg gé%sél g' (uW)du < A(z) fg g' (udu

A(z)-(g(x) - g(0)) < A(z)g(x)

W(x,z)

with A(z) = lim sup 882 )z
weo 82
and
lim e X ¥(x,2) < lim LA(z)g(x)e—Ax} = A(z) 1lim S(x) = 0. (14)



From (12)' we now obtain, by integration by parts and by use of (13) and

(14,
A [ {g0e2) - g(2)) ¢ M dx = 4 7 wix,2)e ™ ax.

For ) # 0, using the uniqueness of the inverse Laplace transform and the

continuity of the functions y(x,z) and g(x),
glx+z) - g(z) = y(x,2) .

Differentiating with respect to x, and using (13):

g (xrz) = z) gx;(z) g' (),

whence

g'lxtz) _ g'(x)
gx+z gx
: t
for every z. It follows that g(ig is constant, equal to c, say, where
log g(x) = cx+d,‘g(x) = ae“X and so the most general function S(x) is of the form

-AX -(A-c)x.

S(x) = e g(x) = ae
Since S(0) = 1, a = 1; and since S(x) 0 as x>, py= X - c > 0. Hence

Sx) =e ™, u>o. 0

5. Concluding Remarks

We conclude by noting that two methods of solving characterizing equations
for an exponential c.d.f. were utilized in this paper. The first is a power
series expansion and the second is a Laplace transform representation. To the
best of our knowledge,'neither one of these methods has been previously utilized
in deriving characterizations of exponential distributions, of the kind considered

in this paper. ‘This fact may lead to some additional characterizations of this



distribution as well as to alternative proofs of existing characterizations,

possibly under milder assumptions.

References

Ahsanullah, M. (1976). On a characterization of the exponential distribution by

order statistics, J. 4ppl. Prob. 13, 818-822.

(1977). A characteristic property of the exponential distribution,

Ann. of Statist., 5, 580-582.
(1978). A characterization of the exponential distribution by

spacings, J. Appl. Prob. 15, 650-653.

Krakowski, M. (1973). The relevation transform and a generalization of the gamma
distribution function, Rev. Frangaise Automat. Informat. Recherche Op. 7,

Séer. v-2, 107-120.

Dr. S. Kotz's research was supported by U.S. Air Force Grant No. 78-3673.
Dr. N.L. Johnson's research was supported by U.S. Army Research Office under

Contract NO. DAAG29-77-C-0035.



UNCLASSIFIED

SECUR!ITY CLASSIFICATION OF THIS PAGE (Whas Dutu‘Enfered).

READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM
. REPORT NUMBER 2. GOVT ACCESSION NOJ 3. RECIPIENT'S CATALOG NUMBER
4 TITLE rand Subtitle) 5. TYPE OF REPORT & PERIOD COVERED
Characterizations of the Exponential TECHNICAL

Distribution by Relevation Type Equations

6. PERFORMING OG. REPORT NUMBER
Mimeo Series No. 1218

7 AUTHOR(Ss) B. CONTRACT OR GRANT NUMBER(s)
E. Grosswald, Samuel Kotz, and N.L. Johnson DAAG-29-77-C-0035
3. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT,. PROJECT. TASK

. . AREA & WORK UNIT NUMBERS
Department of Statistics

University of North Carolina
Chapel Hill, North Carolina 27514

Y CONTROLLING OFFICE NAME AND ADDRESS 12. REﬁ;RThDA_ITQE_]g
U.S. Army Research Office re
Research Triangle Park, NC 13~NUMBER%;PAGES
By MONITORING AGENCY NAMFE & ADDRESS(If different from Controlling Office) 15. SECURITY CL ASS. (of this report}
UNCLASSIFIED

(1Sa.” DECL ASSIFICATION. DOWNNGRADING
SCHEDULE

16. DISTRIBUT!ON ST2TEMENT (of this Report)

Approved for Public Release: Distribution Unlimited

17. DISTRIBUTION STATEMENT (of the ahstract entered in Block 20, if different from Report)

18. SUPPLEMENTARY NOTES

19 KEY WORDS (Contlnué on reverso side if necessary and identity by block number)

Exponential distribution, characterization, relevation, convolution,

power series expansion, Laplace transform, non-negative random variables,
replacement procedures.

20. ABSTRACT (Continue on reverse side if necessary and identity by block number)

In this note two characterizations of the exponential distribution are
discussed, based on a generalization of the lack of memory property. These
results were motivated by the notion of "relevation of distributions"
introduced by Krakowski (1973).

DD , %%%, 1473  eoimion oF 1 Nov 65 15 OBSOLETE

UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)




