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ABSTRACT: This paper develops tools for analyzing properties of stochastic
objective functions that take the form V(x,q) °© qu(x,s)dF(s;q) . The paper analyzes

the relationship between properties of the primitive functions, such as the utility
functions u and probability distributions F, and properties of the stochastic objective.
The methods are designed to address problems where the utility function is restricted
to lie in a set of functions which is a “closed convex cone” (examples of such sets
include increasing functions, concave functions, or supermodular functions). It is
shown that approaches previously applied to characterize monotonicity of V (that is,
stochastic dominance theorems) can be used to establish other properties of V as well.
The first part of the paper establishes necessary and sufficient conditions for V to
satisfy “closed convex cone properties’ such as monotonicity, supermodularity, and
concavity, in the parameter g. Then, we consider necessary and sufficient conditions
for monotone comparative statics predictions, building on the results of Milgrom and
Shannon (1994). A new property of payoff functions is introduced, called |-
supermodularity, which is shown to be necessary and sufficient for V(x,q) to be quasi-
supermodular in x (a property which is, in turn, necessary for comparative statics
predictions). The results are illustrated with applications.
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1 INTRODUCTION

This paper studies optimization problems where the objective function can be written in the form
V(x,9) ° Qu(x,s)dF(s;q) , where u is a payoff function, F is a probability distribution, and q and s
are real vectors. For example, the payoff function u might represent an agent’s utility or a firm's
profits, the vector s might represent features of the current state of the world, and the elements of x
and g might represent an agent’s investments, effort decisions, other agent’s choices, or the nature of
the exogenous uncertainty in the agent’ s environment.

Problems that take this form arise in many contexts in economics. For example, the theory of the
firm often considers firm choices about investments that have uncertain returns. And strategic
interaction between firms often takes place in an environment of incomplete information, where each
firm has private information about its costs or inventory. Examples include signaling games and
pricing games. In another example, there is a large literature concerning the comparative statics of
portfolio investment decisions and decision-making under uncertainty, where the central questions
concern how investment responds to changes in risk preferences, initia wealth, characteristics of the
distributions over asset returns, and background risks.!

The goa of this paper is to add to the set of methods that can be used to derive comparative
statics predictions in such problems. To that end, the paper develops theorems to characterize
properties of the objective function, V(x,q), based on properties of the payoff function, u. Economic
problems often place some structure on the payoff function; for example, a utility function might be
assumed to be nondecreasing and concave, while a multivariate profit function might have sign
restrictions on cross-partial derivatives. These assumptions then determine a set U of admissible
payoff functions. This paper derives theorems that, for a given set U, establish conditions on
probability distributions which are equivalent to properties of V(x,q). The paper focuses on sets of
payoff functions, U, which are restricted to satisfy “closed convex cone” properties, that is, properties
which are preserved under affine transformations and limits, examples include the properties
nondecreasing or concave.

We proceed to analyze properties of V in two steps. The first step is to characterize conditions
under which V satisfies “convex cone’ properties. For example, we characterize how restrictions on
sets of payoff functions, U, correspond to necessary and sufficient conditions on probability
distributions such that V is supermodular in g, so that investments g and g are mutualy

1 For examples, see Rothschild and Stiglitz (1970, 1971), Diamond and Stiglitz (1974), Eeckhoudt and Gollier (1995),
Gollier (1995), Jewitt (1986, 1987, 1989), Kimball (1990, 1993), Landsberger and Meilijson (1990), Meyer and
Ormiston (1983, 1985, 1989), Ormiston (1992), Ormiston and Schlee (1992, 1993), Ross (1981).



complementary for i j. Building on these results, the second part of the paper then focuses on

characterizing the conditions (single crossing properties and quasi-supermodularity?) which are
necessary and sufficient for comparative statics predictions (Milgrom and Shannon, 1994). Although
single crossing properties and quasi-supermodul arity are not closed convex cone properties, we show
that the techniques developed for closed convex cones can be generalized to analyze comparative
statics properties.

Consider first the analysis of closed convex cone properties of V. Since such properties are
preserved by arbitrary sums, closed convex cone properties of u(x,s) in x are inherited by V. It is
somewhat more subtle to analyze properties of V in g, while exploiting restrictions on the set of
admissible payoff functions, U. If the desired property of V is monotonicity, we can build on the
existing theory of stochastic dominance. A stochastic dominance theorem gives necessary and
sufficient conditions on F(s,q) such that V(x,q) is nondecreasing in q, for all payoff functions u in
some set U. Thus, each set of payoffs U induces a partial order over probability distributions. This
paper begins by introducing some abstract definitions which formalize an approach to stochastic
dominance that has been used implicitly, and less often explicitly, in the literature.

An initial result in this paper is that stochastic dominance orders can be completely characterized
in the following way. Instead of checking that V(x,q) is nondecreasing in q for al u in U, it is
necessary and sufficient to check that V(x,q) is nondecreasing in g for al u in some other set T. Such
atheorem isuseful if T is smaller and easier to check than U, so that the set T can be thought of as a
set of “test functions.” We characterize exactly how small T can be: in order to be avalid set of test
functions for U, the closed convex cone of T must be equal to the closed convex cone of U. In
particular, T might be a set of “extreme points’ for U. For example, when U is the set of univariate,
nondecreasing functions, we can use a set of test functions T which contains al indicator functions for
upper intervals, and the constant functions 1 and - 1. Applying this approach yields the familiar First
Order Stochastic Dominance Order, which requires that F(s;q) is nonincreasing in q for al s.

The approach to stochastic dominance based on convex cones has been applied in previous
studies (for example, Brumelle and Vickson, 1975) to characterize monotonicity of V(x,q) in q for a
few commonly encountered classes of payoff functions on a case by case basis3 This paper
formulates and proves general theorems about the approach, and establishes that it can be also be
used to check other properties of V in q. In particular, building directly from our results about

2 Formal definitions are given in Section 3.1.

3 Independently, Gollier and Kimball (1995a, 1995b) have advocated a more abstract approach to stochastic dominance
theorems analogous to the one in this paper. In contrast to Gollier and Kimball, this paper focuses on characterizing a
wide variety of properties of Vin q. Further, we provide necessary conditions for a set of functions T to be avalid set of
test functions for U, an exercise which requires us to identify the “right” topology of closure for this purpose.



stochastic dominance, we show that if the property we desire for V (call it property P) in q is a closed
convex cone property, the “test functions’ approach described above is also applicable. Further, for a
subset of these closed convex cone properties, we show that the approach cannot be improved upon.

Thus, the paper establishes several potentially interesting new classes of theorems, such as
“stochastic supermodularity theorems’ and “stochastic concavity theorems.”  The stochastic
supermodularity theorems can be used to derive comparative statics predictions in decision problems
and games. For example, they can be used to show when two risky investments are complementary in
afirm’s profit function, or when investments by two firms are strategic substitutes or complements.

In Section 3, we build on this approach to characterize comparative statics properties of V. We
begin with the case where x and q are scalars, and study conditions under which the optimal choice of
x i1s nondecreasing in g. A sufficient condition for comparative statics predictions is that V is
supermodular; but if supermodularity is the desired property, we can smply take the first difference of
V in x, and apply the theory of stochastic dominance described above, based on the properties of
u(xt,9)-u(x-,s). However, it will also be useful to characterize the necessary and sufficient condition
for comparative statics, the single crossing property (which requires that the incremental returns to x
cross zero, at most once and from below, as a function of q). We establish that the conditions
required for single crossing are in general weaker than those required for supermodularity. But, a
surprising result is that if our set of admissible payoff functions U is convex and further, it is large
enough to include at least two functions u and v, where u(x",s)-u(x",5)° 1 and v(x",9)-v(x-,5)° - 1, then
no weakening of the conditions on F can be obtained by considering single crossing as opposed to
supermodularity. In other words, if U is large enough in the sense just described, then the optimal
choice of x is nondecreasing in q for al ul U, if and only if V(x,q) is supermodular for al ul U. This
result is useful because supermodularity is much easier to check than single crossing in this context (in
particular, existing stochastic dominance theorems may be applied). To see a simple example, an
agent’s choice of investment x will be nondecreasing in q for al payoff functions u(x,s) such that the
marginal returns to x are non-decreasing in s, if and only if q shifts F(s;q) according to First-Order
Stochastic Dominance.

Our final goa is to characterize comparative statics properties of the function V in x or Q.
Milgrom and Shannon (1994) identify a necessary condition for the optimal choices of x; and x. to
jointly increase in response to an exogenous change in some parameter g: V must be quas-
supermodular in (X;,%2). However, this property is not preserved by convex combinations, and thus
guasi-supermodularity of u(x,s) in x is not sufficient to establish that V is quasi-supermodular. This

4 Thus, we have uncovered the general principle underlying the results of Ormiston and Schlee (1992), who establish
essentially this result for afew specific classes of payoff functions.



paper identifies a new property, which we call |-supermodularity, that is in fact necessary and
sufficient to guarantee that V is quasi-supermodular. This property is closely related to quasi-
supermodularity, yet it is preserved by convex combinations. Unfortunately, like quasi-
supermodularity, it may be difficult to check.

The paper proceeds as follows. Section 2 considers properties of V in q based on the set of
admissible payoff functions U. Section 3 considers comparative statics properties of V. Section 4
concludes.

2 PROPERTIES OF V(x,q) IN g

This section begins by studying monotonicity of V in . In this context, we develop the main
mathematical constructs and lemmas required for what we call the “closed convex cone’ or “test
functions’ approach to characterizing properties of stochastic objective functions. We then proceed
to apply the techniques to characterize other “closed convex cone’ properties of V in q, and we
identify a set of properties for which this approach cannot be improved upon.

2.1 Preliminary Definitions

Let MM be the set of finite signed measures on A". Any finite signed measure m has a Jordan
decomposition (Royden (1968), pp. 235-236), so that m=m"- m , where each component is a

positive, finite measure. We will be especiadly interested in finite signed measures which have the
property that gdm=0, so that dm" = dm . Denote the set of al non-zero finite signed measures

which have this property by Z"; we are interested in this set because elements of this set can always be
written as m=a [F'- F?], where a is a positive scalar, and F* and F? are probability distributions;
likewise, for any two probability distributions F* and F?, the measure F*- F?1 2,

Let P" be the set of bounded, measurable payoff functions on A". Define the bilinear functional
b:P"" M"® A by b(u,m)=gudm.58 Unless otherwise noted, for P", we will use the coarsest

topology such that the set of all continuous linear functionals on P" is exactly the set

5Then b(P",M") is a separated duality. That is, for any mi* my, thereisaul P" such that b(u,m)* b(u,m,), and for
any Ut Uy, there isaml M" such that b(u,,m)* b(u,,m). Our choice of (P",M") is somewhat arbitrary: all of our

results hold if we let A" be a subset of measurable payoff functionson A" and we let B" be any subset of M", so long as
b(A",B") is a separated duality.

6The boundedness assumption guarantees that the integral of the payoff function exists. It is possible to place other
restrictions on the payoff functions and the space of finite signed measures so that the pair is a separated duality, in
which case the arguments below would be unchanged; for example, it is possible to restrict the payoff functions and the
signed measures using a “bounding function.” For more discussions of separated dualities, see Bourbaki (1987, p.
11.41).



{b(>,<m)|mT M”}; this is the weak topology s(P",M") on P".7 Likewise, for M", we will use

s(MN,PM), the coarsest topology such that the set of al continuous linear functionals on M" is exactly
the set {b(u,>)|uT P”} .

2.2 A Unified Framework for Sochastic Dominance

This section introduces the framework that we will use to discuss stochastic dominance theorems as
an abstract class of theorems, and to draw precise paralels between stochastic dominance theorems
and other types of theorems.

We dlow for multidimensional payoff functions and probability distributions, using the following

notation: the set of probability distributions on A" is denoted D", with typica element
F:A"® [0,1]. Further, for agiven parameter space Q, we will use the notation Dy to represent the

set of parameterized probability distributions F:A"" Q® [0,1] such that such that F(xq)T D" for
dl g Q. With this notation, we formally define a stochastic dominance pair.

Definition 1 Consider a pair of sets of payoff functions (U,T), with typical elements u:A"® A .
The pair (U,T) isa stochastic dominance pair if for all parameter spaces Q with a partial order and
all F1 DY,

Qu(s)dF (s,q) isnondecreasing for all ul U, if and only if

Qt(s)dF (s;q) isnondecreasing for all ti T.

Definition 1 clarifies the structure of stochastic dominance theorems. These theorems identify
pairs of sets of payoff functions which have the following property: given a parameterized probability
distribution F, checking that all of the functions in the set {Qu(s)dF (s q)|uT U} are nondecreasing is

equivalent to checking that all of the functions in the set {Qt(s)dF (s q)|tT T} are nondecreasing.
Stochastic dominance theorems are useful because, in general, the set T is smaller than the set U.

Definition 1 differs from the existing literature (i.e., Brumelle and Vickson, 1975), in that the

existing literature generally compares the expected value of two probability distributions, say F and
G, viewing qu(s)dF(s) and Qu(s)dG(s) astwo different linear functionals mapping payoff functions

to A. In contrast, by parameterizing the probability distribution and viewing QuU(9dF(sqg) as a
bilinear functional mapping payoff functions and (parameterized) probability distributions to the real

7 This topology uses as a basis neighborhoods of the form N(ue,(m,...m)) ={G‘max|b(u- G,m)| <e} , where
i=1,..k

there is a neighborhood corresponding to each finite set (ml, ey mk) I M"andeache>0 (Bourbaki (1987, p. 11.43).



line, we are able to create an analogy between stochastic dominance theorems and stochastic
supermodularity theorems, an analogy which would not be obvious using the standard constructions,
where the formalization emphasizes a relationship between sets of payoff functions and orders over
probability distributions. The utility of this definition will become clearer when we formalize the
relationship between stochastic dominance and stochastic P theorems, for other properties P (such as
supermodularity). The common theme for the different types of theorems is the use of test sets to
characterize the relevant properties.

The first goal of this section is to identify necessary and sufficient conditions for the pair (U,T) to
be a stochastic dominance pair. We will build on the concept of a closed convex cone, where a set G
is a closed convex cone if ¢*, g T G impliesag* + bg? T G for a and b positive, and further G is

closed in the appropriate topology. Thus, an example is the set of nondecreasing functions. The set
cce(G) is defined to be the smallest closed convex cone which contains G. Let {1,- 1} denote the set

containing the two constant functions, {u(s)® L} E {u(s)® -1 . Then:

Theorem 1 Consider U, T sets of bounded, measurable functions. Then (U,T) is a stochastic
dominance pair if and only if

cccU E{1,- ) =ccc(TE{L-1}) (2.1)

Remark: If we eliminate the requirement that F is a probability distribution in Definition 1,
condition (2.1) can be replace by ccc(U) =ccc(T) .

We begin by interpreting Theorem 1; the following subsection establishes the proof in some
detail 8 First, observe that unless T is a subset of U, there is no guarantee that stochastic dominance
theorems provide conditions which are easier to check than qu(s)dF(s;q) nondecreasing in q for all
ul U. For example, U might be a set that is not a closed convex cone (such as the set of single
crossing functions, that is, functions which cross zero once from below). Its closed convex cone
might be much larger (for the case of single crossing functions, the closed convex coneis the set of all
functions). In that case, it might be difficult to find a subset, T, of that closed convex cone for which
is easier to check that expected payoffs are nondecreasing in . Thus, (2.1) indicates that stochastic
dominance theorems are most likely to be useful when U isitself aclosed convex cone.

When U contains the constant functions and is a closed convex cone, (2.1) becomes:

8 In the context of specific sets of payoff functions U, the existing literature identifies similar conditions for the
corresponding stochastic dominance theorems, though a different topology is used. For example, Brumelle and
Vickson (1975) argue that (2.1) is sufficient for several examples, using the topology of monotone convergence. In
this paper, using the abstract definition we have developed for a “stochastic dominance pair,” we are able to formally
prove that the sufficient conditions hypothesized by Brumelle and Vickson (1975) are in fact sufficient for any
stochastic dominance theorem, not just particular examples. Further, the result that (2.1) is also necessary for (U,T) to
be a stochastic dominance pair is new here.



U=ccc(TE{1,- 1}) (2.2

In principle, the most useful T is the smallest set whose closed convex cone is U. However, in
general, there will not be a unique smallest set. A set E(U) is a set of extreme points of U if, for al
u,v in E(U), no convex combination of u and v isin E(U). For smplicity, we will also consider only
sets of extreme points that are closed. For example, if U is the set of nondecreasing functions on A,
E(U) is the set of indicator functions { 1.4, a1 A}.9 Finally, because (2.2) is necessary and sufficient
for (U, T) to be a stochastic dominance pair when U=ccc(TE{1,- 1}, we know that we cannot do any
better than letting T be a set of extreme points of U.

Of course, even though the approach to establishing stochastic dominance theorems is the same
for many different sets of payoff function U, the stochastic dominance orderings themselves (that is,
the properties required of the distributions to satisfy the second condition in the Definition) will be
quite different for different U.

Table | summarizes the main stochastic dominance theorems which have appeared in the
economics or statistics literature to date. There are potentially many other univariate stochastic
dominance theorems as well (for example, theorems where the set of payoff functions imposes
restrictions on the third derivative of the payoff function); our analysis will indicate how these can be
generated.

TABLEI

STOCHASTIC DOMINANCE THEOREM S

Sets of Payoff Functions, U Sets of Test Functions, T Condition on Distribution
for Stochastic Dominance
@M |u™° {ulu:A® A, nondecr} T o {t|t(s) =1,,(9), al K} -F(zq)- inq" a
i) |U®°{uju:A® A, concave} T o {tjt(s) =- ¢ -8, F(sq)ds,

E{t/t(s) =min(a,s), al A} 3, F(s.q)ds- inq" a

u:A® A, nondecr., i | T ° {t|t(s) =min(a,s), al A} -0, F(sa)dt - ing" a.

(iii) Usomo‘:,u
7 |concave %

9 Notice that there are many possible sets of extreme points. We could consider, for example, only indicator functions
of sets bounded by rational numbers. And we could multiply the indicator functions by a positive constant.




(V) i’u u:A®® A, nondecreasing, U It 1(8,8) = 100 (84, (S)§ F(a,a,;0)
T [supermodular b |tlaala b -F(a;a)- F(a,;a) - in
q; - F(a;0), - F(a,;;0)
- inq" (a,a).
(v) {U|U:A2® A, SUpermoduIar} "[t 1(s,8) = 1) (8) X ) (S).40 F(a,a,;q) - inq;
1laalA V| Fai), Faa) cons

E{tls.s) = -1,,,(s). a1 A} ng" (aa).
3

E{tj(s.s)= -1,.(s). a1 A}

t(s,s,) = 1,(s,s), whereAi A0 | QdF(sig) - ing" Ast.

(vi) {u|u:A2 ® A, nondecreasing} ]
and 1,(s,s,) nondecreasing E 1,(s,s,) isnondecr.

it

The next section introduces the details of the mathematical results underlying Theorem 1, and
further proves two lemmas that will be used throughout the paper.

2.3 Mathematical Underpinnings and a Proof of Theorem 1

The results in this section are variations on theorems from the theories of linear functional analysis,
topologica vector spaces, and linear algebra; the main contribution of this section is to define the
appropriate function spaces and topology and restate the problem in such a way that we can adapt
these theorems to solve the stochastic dominance problem. These results will be applied throughout
the paper.

This section analyzes inequalities of the form ¢u dm3 0, where ml Z". Recalling our discussion of

Section 2.1, we observe that since positive scalar multiples will not affect this inequality, and because

the integral operator is linear, we can without loss of generdity interpret this inequality as
QU(s)dF(s) ® qu(s)dF?(s) for the pair of probability distributions F* and F? such that m=

a[F*- F?] for some a>0. However, the former notation will be easier to work with in terms of
proving our main results, and further it will be useful in proving results in Section 4 about stochastic
P theorems for properties P other than * nondecreasing.”

Given a set Ul P, the dual cone of the set U, denoted U, is defined by U™ {m: gu(s)dm(s)30
for dl ul U}. Likewise, for a set M of measures, the dua cone is M {u: ¢u(s)dm(s)30 for all

ml M}. If M=U", we refer to M'=U"" as the second dual of U. Dual cones can be characterized in
the following way (for example, see Bourbaki (1987)):




Lemma 1 Consider (P",M") with the weak topology. Suppose Ul P"and Mi M". Then U is a closed
convex cone. Further, U™ =ccc(U) and M~ =ccc(M).

Lemma 1 can be related to our condition (2.1) in the following way.
Lemma 2 ccc(T)=ccc(U), if and only if U'=T .

Proof: Suppose ccc(T)= ccc(U). By Lemmal, T =cce(T)= cec(U). Also by Lemmal, U and
T areclosed convex cones, andthus U™ =U" and T =T . Taking the dual of

T =ccc(U)=U"" yidds T =U"". Now suppose T =U". Thenit followsthat T =U"", which
by Lemma 1 implies ccc(T)= ccc(U).

Lemma 2 refers to a condition that is close, but not exactly the same as, (2.1): the constant
functions are not included. The following Lemma specializes Lemma 2 to the case where we restrict
attention to measures ml Z", and states the result in a way which will map most closely into our
stochastic dominance formulation. The proof of this Lemma is based directly on the Hahn-Banach
theorem, rather than relying on Lemma 2, in order to clarify the structure of the result and the role of
the constant functions in the analysis.

Lemma 3 Consider apair of sets of payoff functions (U, T), where U and T are subsets of P". Then
the following two conditions are equivalent:

(@) {mi z'|oudm2 0 " ul U} = {mi Z'

(ii) ccc(U E{1,- })=ccc(TE{L1,-1}).

gudm3 0 "ul T}.

Proof: First consider (ii) implies (i). We begin by establishing that:

{mi z"|grdm= 0 " ul U} ={mi z"|gudm= 0 " uT cecU E{L- 1)} . (23)

Since Ul ccc(U E{1,- 1}), it suffices to show that misin the RHS set of (2.3) whenever it is
inthe LHS set of (2.3). It follows for the constant functions because gdm=- gdm=0. This

follows for positive combinations of functionsin U E{1,- 1} because 3u, dm3 0 and
oOu, dm3 0 implies pla,y, +a,u,] dm=a,py, dm+a,pu, dms 0 whena,a,® 0. It
follows for the closure of the set because we have chosen the weakest topology such that
Audm s continuous in u, and for a continuous function f, f(A) I f(A).

Under the hypothesis that ccc(U E {1,- 1}) = cec(T E {1,- 1}), we can apply (2.3) replacing U
with T to get the result.
Now we prove that (i) implies (ii). Define U © ccc(U E{1,-1}) and T © ccc(T E{1,- 1}) .

Suppose (without loss of generality) that thereexistsa G1 U suchthat 1 T. We know that
the s (P",M") topology is generated from afamily of open, convex neighborhoods. Recall



from above that the set of continuous linear functionals on P" is exactly the set
{ b (xm) |mT M ”} . Using these facts, a corollary to the Hahn-Banach theorem implies that

since T isclosed and convex, there exists a constant c and an m 1 M1 (a separating
hyperplane)-so that b(u,m)2 ¢ foral ul T,and b(G,m)<c.

Since {1,- 11 T andis T convex, 01 T aswell. Thus, b(0,m) =03 c. Now wewill
argue we can take ¢ = 0 without loss of generality. Suppose not. Then thereexistsa (1 T

suchthat c£ b(G,m)=¢<0. Choose any positive scalar r such that r >%3 1 (which

impliesthat r €<c). Since T isacone, r (i T. But, b(r G,m)=r é<c, contradicting the
hypothesisthat b(u,m)3 c foral ul U. So, welet c=0.

Because {1,- 31 T, and b(u,m)3 0 foral ul T, we conclude that
b(Lm)=-b@m)=0,andthus g@dm =0.20 So, m1 Z", and we have shown that
gudm 3 0foradl ul T,but gidm <O, which violates condition (i).

The proof uses a separating hyperplane argument, and thus the topology, which determines the
meaning of closure, is critical for determining the form of the hyperplane. By appropriately choosing
the topology and the two spaces of functions, Lemma 3 has produced the following result: if (ii) fails,
there exists a measure mi Z" such that ¢y dm 3 0 for al ul cco(T E{1,- 1), but ¢idm <O for

some G1 ccc(U E{1,- 1}). Thism isthe separating hyperplane.11

The key consequence of our construction is that mi Z", which implies that there exists F* and

F2such that am=F"- F? for some a>0. Thus, this separating hyperplane can be used to generate a
counterexample to a stochastic dominance theorem, by letting Q={q+,q.}, and letting F(%q.)=F* and
F(xq)=F%. Then, we have Qu(s)dF (s g) nondecreasing in q " ul T, but QuU(9dF(sq) is

decreasing for (1 U. This counter-example establishes the proof of Theorem 1.

Theorem 1 makes use of the weak topology, which might be less familiar than some others; in
particular, some existing stochastic dominance theorems have been proved by showing that the
closure under monotone convergence of the convex cones of the two sets are equa (Brumelle and
Vickson, 1975; Topkis, 1968). However, recall that s (P",M") is the coarsest topology that makes the
bilinear functional continuous. Sinceit islocally convex, and since any two locally convex topologies

10see also McAfee and Reny (1992) for a related application of the Hahn-Banach theorem, where the separating
hyperplane also takes the form of an element of Z".

11 Notice that if F is not restricted to be a probability distribution, it is not important that m1 Z", and thus Lemma 2
establishes the remark following Theorem 1.
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that are compatible with s (P",M") have the same closed convex sets, results obtained elsewhere using
other topologies are no different that those obtained here.

24  Other Closed Convex Cone Properties of V(x,q) in q.

This subsection derives necessary and sufficient conditions for the objective function, gqu(s)dF(s q),

to satisfy properties P other than “nondecreasing in g,” for example, the properties supermodular or
concave in . We ask two questions: (i) For what properties P is the closed convex cone method of
proving stochastic P theorems valid? (ii) For what properties P can we establish that the closed
convex cone approach is exactly the right one, asin the case of stochastic dominance?

To begin, we introduce a construct that we will call stochastic P theorems, which are precisaly

analogous to stochastic dominance theorems. We are interested in properties P together with
parameter spaces Q, that are defined so that, given a function h:Q, ® A, the statement “h(q)

satisfies property P on Q. ” is well-defined and takes on the following values: “true” or “false.” Let
Q, denote the set of all such parameter spaces Q.. When P represents concavity, Q, can be any
convex set, while for supermodularity, it must be a lattice. Further, for a given property P, we will
define the set of admissible parameter spaces together with probability distributions parameterized on
those spaces:

D ° {(F.Q.)|QeT Qn andFT D }.
Definition 2 Consider a pair of sets of payoff functions (U,T), with typical elements u:A"® A .
The pair (U,T) isa stochastic P pair if for all (F,Q,)l Dp:
Qu(s)dF (s q) satisfies property P on Q, for all ul U, if and only if
Qu(s)dF (s q) satisfiesproperty Pon , for all ul T.

With this definition in place, it will be straightforward to show that the closed convex cone
method of proving stochastic dominance theorems can be extended to al stochastic P theorems, if P
isaclosed convex cone property, or a“CCC property,” defined as follows:

Definition 3 A property P isa CCC property if the set of functions g .

Note that we are using closure under the topology of pointwise convergence for properties P,
while we are using closure under the weak topology (as defined in Section 2.1) for sets of payoff
functions, U and T.

The properties nondecreasing, concave, and supermodular are al CCC properties, as is the
property “constant.” Further, any property that places a sign restriction on a mixed partial derivative
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isCCC. Findly, since the intersection of two closed convex conesis itself a closed convex cone, any
of these properties can be combined to yield another CCC property. For example, the property
“nondecreasing and convex” isa CCC property.

The following result shows that the closed convex cone approach applies to CCC properties.12

Theorem 2 Suppose property P isa CCC property. If (U,T) isa stochastic dominance pair, then
(U,T) isa stochastic P pair. Equivalently, if ccc(U E{1,- 1}) =ccc(T E{1,- 1}), then (U,T)isa
stochastic P pair.

Proof: We establish a series of implications, referring to the following condition:

QU(9)dF (s q) satisfiesP (2.4)

First, (i) (2.4) holds " ul T implies (i) (2.4) holds " ul T E{1,- 1}, because Q dF(sq) =1,
and constant functions satisfy P by definition.

Second, (ii) implies (iii) (2.4) holds " ul cc(T E{1,- 1} ), because the integral is alinear
functional and P isa CCC property.

Third, (iii) implies (iv) (2.4) holds " ul ccc(T E{1,- 1} ). To seethis, recall that a subset of a
topological spaceisclosed if and only if it contains the limits of all the convergent nets of
elementsin that set. Since the linear functional b (Xm) is continuous for al m, for any net u,
inTE{L-1} suchthat u, ® u,thengiven q,, Qu, (s) dF(s,g,) ® Qu(s) dF(s,q,) . Since
PisaCCC property, and qu(s)dF(sq) isthe pointwise limit of a net of functions which
satisfy P, then qu(s)dF(sq) satisfies P aswell.

Finaly, (iv) implies (2.4) holds " ul U, by the hypothesis of the theorem and since
Ul ccc(U E{1,-1}). Precisaly analogous arguments establish the symmetric implication.

This theorem generates many new classes of stochastic P theorems, where the (U,T) pairs which have
been identified in the large literature on stochastic dominance are also stochastic P pairs. As a special
case, this theorem generalizes a result by Topkis (1968), who proves that the (U,T) pair
corresponding to nondecreasing functions and indicator functions of nondecreasing sets, respectively,
isastochastic P pair when P isa CCC property.

12 |t should be noted that the following is critical for the result: constant functions satisfy property P, whenever P is a
CCC property. Without that assumption, (U,T) is a stochastic P pair if and only if ccc(U)=ccc(T). If U does not
contain constant functions (an example, single crossing at a point, will be discussed below in Section 3), this distinction
is substantive.
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2.4.1 Some Simple Examples

Using Theorem 2, we can apply the results of Table | to problems of stochastic supermodularity.
Consider the following optimization problem:

max, Qu(s)dF(s; zt)- c(2)

In our first example, the optimizer is a firm making investments in research and development (2)
to improve its production process, and in particular it searches for ways to reduce its unit production
costs (s). The returnsto research and development are uncertain, and the probability distribution over
the firm's future production costs is parameterized by t. Suppose that the firm's payoffs are
nonincreasing in its production costs, and that the firm’s investment has a cost, ¢(z). Then, Theorem
2 (together with a comparative statics theorem of Milgrom and Shannon (1994)) implies that
investment (2) is nondecreasing in t for al ¢ and al u nonincreasing, if and only if F(s;zt) is
supermodular in (zt). Intuitively, the goal of the firm’'s investment in research is to shift probability
weight towards lower realizations of its unit cost. When F is supermodular, the parameter t indexes
the “sengtivity” of the probability distribution to investments in research: higher values of t
correspond to probability distributions where research is more effective at lowering unit costs.

In the second example, we consider a risk-averse worker’s choice of effort (2), as in the classic
formulation of the principal-agent problem (Holmstrom, 1979). Let s represent the agent’s wealth
(which might be determined by a sharing rule, though we will not model that here), let z be the choice
of effort, let c(2) be the cost of effort, and let t be a parameter which describes the job assignment or
production technology. Then expected utility (ignoring c(2) for the moment) is nondecreasing in z for
al u nondecreasing and concave, if and only if z shifts F according to second order monotonic
stochastic dominance, that is, (‘i¥ F(s; z,t)ds nonincreasing in zfor dl a.

Next, observe that the optimal choice of effort is nondecreasing for al c(2), if and only if
- (‘i¥ F(s,zt)ds is supermodular in (zt) for al a. Findly, consider the analogous *“stochastic

concavity” result: expected utility is concave in z if and only if - (‘i¥ F(s; z,t)ds is concave for al a.

The latter result is particularly useful, since it can be used to establish that the First-Order Approach
isvaid in the analysis of principal-agent problems. In fact, Jewitt (1988) establishes just this result,
applying the more standard approach of integration by parts.

2.4.2 Necessary and Sufficient Conditions for “Stochastic P Theorems”

This section considers the question of whether the “test functions’ approach can be improved

upon for “stochastic P theorems,” when P is a property other than nondecreasing. To be more
precise, it will be helpful to introduce some additional notation. We let Sy, be the set of (U,T) pairs

13



that are stochastic dominance pairs, and we let Sg,; be the set of al stochastic P pairs for some
property P. Then, observe that we have not established that So., = Sq,; for arbitrary closed convex

cone properties P. This opens the door for the possibility that one could check a stochastic P
theorem for a set U without necessarily checking al of the extreme points of U, E(U). Our final
endeavor in this section is to identify which properties P are such that (U, T) satisfies a stochastic P
theorem if and only if (2.1) holds.

To see an example where (2.1) is too strong, consider a ssimpler example of a CCC property, the
property “constant in q.” Take the case of U, the set of al univariate, nondecreasing payoff
functions, and the set T =-UF°. The pair (U, T) satisfies a “stochastic constant theorem,” since
ou(s)dr(s,q) isconstant in q if and only if - gu(s)dF(s;q) is constant in g. However, (U™ ,T)
clearly is not a stochastic dominance pair.

In generdl, the result that Sg.; = Sq,; 1S useful because it may be easier to verify whether or not

(U,T) is a stochastic P pair by drawing from the existing literature on stochastic dominance. For
example, if the characteristics of a set U are determined by an economic problem, and this set U has
been analyzed in the stochastic dominance literature, then the corresponding stochastic
supermodularity theorem isimmediate. This alows us to bypass the step of checking whether U and
T have the same closed convex cone directly (further, most of the stochastic dominance literature
does not make such a statement explicitly).

Thus motivated, we begin by giving an example of a second property, supermodular, for which
(U,T) are a stochastic P pair if and only if ccc(U E{1,- 1}) =ccc(T E{1,- 1}). Before proceeding,
we formally define supermodularity and some related concepts from lattice theory. Given a set X and
a partial order 3, the operations “meet” (U) and “join” (U) are defined as follows:
xUy =inf{z|z® x,z* y} and x Uy =sup{z|z£x,z£y}. A latticeis aset X together with a partial
order, such that the set is closed under meet and join. A function h:X® A is supermodular if, for all
xyl X, h(xUy)+h(xUy) 3 h(x)+h(y). If hissmooth and X=A", supermodularity corresponds to
the restriction that ﬂﬂ% h(x)30for all x and dl it (Topkis, 1978).

Recall that, in Lemma 3, we showed that if ccc(U E{1,-1})* ccc(T E{1,-1}), there exists a
m1 Z" (normaized so that ¢dm"=1) such that gudm 3 0 for al ul ccc(TE{L-1), but
&fdm <0 for some Gl ccc(U E{1,-1}). This m, our separating hyperplane, can be expressed as
the difference between two probability distributions. But, observe that it can also be expressed as
follows:

4+

m=3im-m-[m-mT7].
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Now, let Q = {q'Ud? q',q' Uq’,q’} . Define a parameterized distribution, G(%q), as follows:

G(xq" Uq?) =G(xq' Uq?) =—, and G(xq') = G(x¢?) = \mm+

\m+’

. Then, ¢pydm 2 0 if and only if
oM dG(%q) issupermodular, since the latter entails
Q(s)dG(s, g Ug*) - 3u(s)dG(s ') - 3(s)dG(s a°) - M(s)dG(s, g  Ug®)2 O.

Thus, we can conclude that for this G, ¢u dG(xq) is supermodular for al ul ccc(T E{1,- 1}), yet
v dG(xq) fails to be supermodular, and we contradict the definition of a “stochastic P theorem.”

The critical feature of supermodularity in this example is that the separating hyperplane, an element of
Z", can be used to generate the needed counterexample to the stochastic supermodularity theorem.

Another way to understand this result is to recognize that supermodularity is checked by looking
at differences of differences of functions (evaluated at different parameter vectors). Since differences
of differences of probability distributions live in the same space as differences of probability
distributions, namely Z", we can use the same approach to characterize the property supermodularity

that we used to characterize monotonicity.

We can formalize this requirement with the following definition:

Definition 4 A property P satisfies the single inequality condition if, for any mi Z" and any ul P",
there exists (F, Q)1 Dy such that udm3 0 if and only if ¢u(s)dF(s,q) satisfiesP on Q.

The single inequality is a strong condition. We have aready established that nondecreasing and
supermodular satisfy it. Consider some additiona examples. First, observe that any discrete
generdization of a (single) sign restriction on a mixed partial derivative is a difference of differences:
if TLf(X)=f(x)- f(x-ex,), then TLo---oT qu(S)dF(s;q)2 0 if and only if ¢udms3 O for
m(s) =T, o---oT*F(s;,q) T Z". Finally, we consider concavity.

Example 1 “ Concave” satisfies the single inequality condition.

Proof: Let Q = [0,1]. Consider m 1 Z"and ul P". Define G(x0) = G(x1) = Oglm |
m m’ m m’
G(xg)=(1- 2 +2 for 0<g£1/2, and G(xq) =(29- 1 +(2- 2
(x9) =(1- 29) it q St q (x9)=(29- 1) it (2- 2q) St

for 1/2£q<1. Since Gislinearingon[0,1/2] and (1/2,1], Qu(s)dG(s;q) isconcaveif and
only if Qu(s)dG(s;3) 3 5Qu(s)dG(s;0) +3 Qu(s)dG(s,1) . But, with the above definition, this
isequivalent to gu(s)dm’ 3 Qu(s)dm +3qu(s)dm , or gu(s)dm 2 0.
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It is interesting to note that in general, the intersection of two properties that satisfy the single
inequality condition does not necessarily satisfy the single inequality condition. For example, consider
the property nondecreasing and concave. Let Q=[0,2], and let F(s,q) be linear in g on [0,1/2) and
(/2,1]. Then, ¢u(s)dF(s,q) is nondecreasing and concave if and only if gudm 3 0, @udm, 3 0, and
cudm, 2 0, where m =F(1) - F(x1/2), m, = F(x1/2) - F(x0), and
m, = F(x1/2)- F(x0)- [F(x) - F(x1/2)].

However, since the intersection of two CCC properties is a CCC property, we can aways apply
the closed convex cone approach for the intersection of two properties that satisfy the single
inequality condition. Given this, it is interesting to note that supermodularity, which for a suitably

differentiable function f(x) can be defined as requiring that ﬂﬂﬁ f(x)2 0 for dl i j, satisfies the

single inequality condition. This is true because supermodularity is a property which (i) can be
defined on an arbitrary lattice and (ii) when the lattice has four or fewer points, supermodularity of a
function on that lattice can be expressed in terms of a single inequality, so that the single inequality
condition can be satisfied.

We now state the final result of this section, which is that if P is an LDP and satisfies the single
inequality condition, then the same mathematical structure underlies the stochastic P theorem as a
stochastic dominance theorem.

Theorem 3 If P isa CCC and the single inequality condition holds, then conditions (i)-(iii) are
equivalent:

M) (U,T) isa stochastic P pair.
(i) (U,T) isa stochastic dominance pair.
(iii)  ccc(U E{1,-1})=ccc(TE{L-1).

Proof: Theorem 1 establishes the equivalence of (ii) and (iii), and Theorem 2 gives (iii) implies
(). Soit remainsto show that (i) implies (iii). Suppose (iii) fails, and there existsa G1 U
suchthat GI T (the sets are short-hand for the closed convex cones, asin Lemma3). Then
by the proof of Lemma 3, thereexists m T Z" such that ¢udm 3 0 for al ul T, but
fddm <0. By the singleinequality condition, thisimplies that there exists (F,Q)T Dj such
that ¢yi(s)dF(s,q) failsP on Q, but ¢u(s)dF (s;q) satisfiesP foral ul T.
The consequence of Theorem 3 can be stated as follows: if P satisfies the single inequality
condition, then Sy, =Sg,;. This result establishes that the closed convex approach to stochastic P

theorems exactly the right one for this class of properties. Note that Theorem 3 holds without any
assumptions about continuity, differentiability, or other such properties. Linearity of the functional
b(u,m) in m, however, iscritical.
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25  Applications. Sochastic Supermodularity Theorems with Supermodular Payoffs

This section explores applications of the new stochastic supermodularity theorems that follow
from Theorem 3. By Theorem 3, each of the (existing) stochastic dominance results corresponds to a
(new) stochastic supermodularity result, which may then be applied to solve comparative statics
problems. The following example is derived by applying Theorem 3 to the stochastic dominance
theorem described in Table |l (v):

Example 2 Qu(s)dF(s;q) issupermodular for all u:A’*® A supermodular, if and only if (i) for all
s, F(s,q) issupermodular in q; and (ii) for i=1,2, and for all s, both Fi(s;q) and - Fi(s;q) are
supermodular ing.

Part (i) requires the parameters are complements in increasing the joint distribution. When Q isa
product set, part (ii) requires that the margina distributions are additively separable in the
components of . To understand this result, it is helpful to consider the intuition for the stochastic
dominance theorem for bivariate, supermodular payoff functions. The conditions in Table | (v)
require that the marginal distribution of each random variable is unchanged by the parameter g. To
see why, observe that a supermodular function might be additively separable, and either monotone
decreasing or monotone increasing. Then, a FOSD shift in a marginal distribution will raise expected
profits for some supermodular payoff functions, and lower expected payoffs for others.

Now, consider a partition of the space (s,s,)T A? into four quadrants, delineated by the axes
s =a and s,=3a,. Then the requirement that the function @‘QLYSZJMAQ)(SD Ao, v (S)dF (s, S5 0)

must be nondecreasing in q specifies that q shifts probability mass into the northeast quadrant. When
the marginal distributions are constant in g, that is equivaent to requiring that F(a,a;q) is
nondecreasing in 4. We will refer to this type of shift as an increase in the “interdependence” of the
random variables, such a shift is beneficiad when the random variables are complementary in
increasing the payoff function.

The intuition for the stochastic supermodularity theorem for the set of supermodular payoffs
builds directly from the stochastic dominance intuition. For two parameters to be complementary in
increasing the expected value of a supermodular payoff function, they must not interact in the
marginal distribution functions, and further they must be complementary in increasing the
interdependence of the random variables.

To see a specid case of how Table | (v) might be used, consider the following example. A firm
engages in product design for a product with two components, and the random variables, s and s,,

represent the qualities of the two components. The components fit together in such a way that
increasing the quality of one component increases the returns to quality in the other component. The
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two product design teams work to develop the two different components. Each team’s output is
stochastic, but the outputs of the two teams are correlated (perhaps due to realizations of random
events that affect the whole firm, or due to communication between the two teams). The firm wishes
to set target qualities (or incentive contracts) for each group, where an increase in the target quality
increases the expected quality the group will produce.

The above example gives necessary and sufficient conditions for supermodularity of the firm's
objective. This result would be have the following implications: increasing the target quality for one
group increases the returns to increasing the target quality of the second group. Further, in response
to an exogenous decrease in the cost of producing quality for team one, the firm would find it optimal
to raise the targets for both teams.

The conditions for “stochastic supermodularity” can be verified in a specific functional form
example. Suppose that the random variables have a bivariate normal distribution with a positive
covariance ((s,s,) ~BVN(m,m,s/,s5,5,,); S, 3 0). Then checking the conditions given in
Table | (v) establishes that if u is supermodular, the expected profits are supermodular in the means of
each marginal distribution. Theét is, qszu(sﬁ,sz)dF(sﬂ,sz;n],n;,slz) Is supermodular in (m, m,), for
al u supermodular, if s,, 3 0. Intuitively, when the payoff function is such that under certainty, one
random variable increases the returns to the other, then in a stochastic environment, raising the mean
of one random variable increases the returns to raising the mean of the other. Further, since the
random variables have a positive covariance, increasing the mean of one does not decrease the
effectiveness of the other in terms of shifting probability weight into regions where the random
variables realize high or low values together. Of course, the requirement that the parameters do not
interact in the marginal distribution functions is satisfied in this example. Thus, in the product design
example, we conclude that if the outputs of the product design teams are joint normal with positive
correlation, the target qualities of the two teams will be complements in the firm'’s profit function.

Now we turn briefly to multivariate, supermodular payoff functions. Multivariate payoff functions
pose a particularly complicated problem because changes in the joint probability distribution can
potentially affect the co-movements of many random variables simultaneously; thus, the high-order
mixed partial derivatives between all of the arguments of the payoff function are relevant for
stochastic dominance results. However, it is often difficult to place economic interpretations on such
derivatives. One approach, followed by Meyer (1990) in the context of an application to income
inequality, is to consider objective functions where higher-order derivatives are assumed to be zero.
Meyer (1990) considered supermodular objectives where interactions between three or more variables
are ruled out. Supermodular payoffs of this form can be used to represent a socia welfare function
that is averse to inequality. Our results could be used in that context as well; a stochastic
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supermodularity theorem could be used to check when two policies are complementary in increasing
expected socia welfare.

The following result takes an aternative approach, studying the case where the random variables
are independent.

Theorem 4 Let s be a vector of independent random variables. Further, suppose that q is a vector
of parameters such that for i=1,...,n, the marginal distribution of s isgiven by F.(s;q,). Then the

following two conditions are equivalent:
(i) For all supermodular payoff functions u:A" ® A, qu(s)dF(sq) is supermodular in g.
(i1) Either (a) or (b) istrue:
(@ For i=1.,n, F(s;q")® F(s:af) "a/"*qf, "sTA.
(b) For i=1.,n, F(s;q")£F(s:a") "q"3qf, "sTA.

~

Proof: For dl (i,j) pairs, rewrite the expectation as

0 ou(Sn\ij 'S S )an\ij (Sn\ij s O )>dF(s;q,)>dF (Sj ;qj) :

S Sj Shij
Note that the inner integral is supermodular in (S,S;) since supermodularity is preserved by

sums. Apply Tablel (v) and check that the supermodularity condition on the distributions
reducesto (ii) (a) or (b).

This result says that parameters that induce FOSD shifts in independent random variables are
complementary in increasing the expected value of supermodular payoff functions.13 Thus, if a payoff
function is supermodular in a group of random variables, increasing one variable in the stochastic
sense (of FOSD) is complementary with increasing the others stochastically as well. Returning to the
joint normal distribution, if the random variables are independent, the conditions are satisfied when g
represents the mean of random variable s.

Theorem 4 result has potential applications in the study of coordination problems in firms (recall
the product design example from above) as well as in general investment problems. Athey and
Schmutzler (1995) apply this result to analyze a firm’'s choices over investments in product and
process innovation.

Theorem 4 can also be applied to investment games. For example, consider a game between n
firms, where each firm i makes an investment q; that shifts the distribution over the firm’'s own state

13since a supermodular function is also supermodular in the negative of all of its arguments, we allow for either case
(ii)(a) or (ii)(b) in Theorem 4.6.
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variable, 5. If ahigher level of an opponent’s state variable (s, j* 1) increases the returns to a firm's
own state variable (that is, afirm’s payoff is supermodular in s), and if firm i’ s investment g; resultsin
an FOSD improvement in the firm's own state variable, the investments will be strategic
complements, and the theory of supermodular games (i.e. Topkis (1979), Milgrom and Roberts
(1990), and Vives (1990)) can be applied.

3. COMPARATIVE STATICSPROPERTIES OF V(x,q) IN (x,q)

This section builds on the analysis of Section 2 to characterize interactions between components
of x and components of q in the function V. Particular emphasis will be placed on properties that are
necessary and sufficient for monotone comparative statics predictions.

3.1 Definitions

Since this section will focus on properties relevant to comparative statics predictions, we begin by
introducing severa relevant definitions. Recall our lattice-theoretic definitions from Section 2.3.2.
Then, consider the following definitions (where we restate the definition of supermodularity for ease
of comparison with the other properties):

Definition 5 Let (X,3) be alattice, and let h:X® A. (i) hissupermodular if, for all Xyl X,
h(xUy)+h(xUy) 3 h(x) +h(y). (ii) hisquasi-supermodular if, for all x,yl X,

h(x Uy) - h(y) 2 (>)0 implies h(xUy) - h(x) 3 (>)0. (iii) If his positive, it is |og-supermodular
(log-spm)4 if, for all x,yl X, h(x Uy)x(x Uy) 3 h(x)*(y). (iv) h hasincreasing differences in
(X ;X ) if h(x',x_,)- h(x;,x_,) isnondecreasingin x_, for all x;' >x; .

We will be particularly interested in the special case where our function of interest is bivariate. In

that case, if h is smooth, supermodularity corresponds to the restriction that ﬂ—xii;—Xz h(x)3 0 (Topkis,

1978); h is log-supermodular if log(h) is supermodular. Equivalently, supermodularity requires that
h(x',%,) - h(x",x,) is nondecreasing in x, for al x >x, and log-supermodularity requires the
same of h(x,%)/h(x,x,). Quasi-supermodularity (Milgrom and Shannon, 1994) requires
something weaker: the incremental returns, h(x",x,)- h(x',%,), must satisfy a single crossing
property. The following definition lays out several variants of single crossing properties that will be
useful in our andysis.

14 Karlin and Rinott (1980) called log-supermodularity multivariate total positivity of order 2.
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Definition 6 Let X and Q be partially ordered sets. (i) g(q) satisfies single crossing (SC1) in q if,
for all g+>q., g(qu)3 (>)0 implies g(g«)3 (>)0. (ii) h(x,q) satisfies single crossing of incremental
returns (SC2) in (x;q) if, for all x43x., g@) =h(x,;0)- h(x_;q) satisfies SC1.

Topkis (1978, 1979) introduced some basic comparative statics theorems based on

supermodularity. Building on his work, Milgrom and Shannon (1994) show that
X (q,B) =arg mlan h(x,q) is nondecreasing in (g,B) in the “strong set order”1> if and only if h is

quasi-supermodular in x and satisfies SC2 in (x;q). If xI A, the result Ssmply requires that h satisfies
SC2in (x;q). Thus, we will focus special attention on necessary and sufficient conditions for V(x,q)
to satisfy SC2 in (x;q).

3.2 Sochastic Sngle Crossing when Primitives Form a Closed Convex Cone

The last subsection motivates the study of necessary and sufficient conditions for V(x,q) to satisfy
SC2 in (x;q). Since this property does not concern interactions between components of X or
components of g, we change notation to consider properties of V(x,q), where the italic variables are

real numbers. In this context, it is clearly equivalent to study when V(x,q) satisfies SC2, and to study
when V(x",q)- V(x,q) = u(x™,s) - u(x",9)ldF(s,q) satisfiesSCLlina.

However, in other contexts, we might wish to study SC2 of V(x,q) in (g;x), or quasi-

supermodularity of V(x,q). Thus, we present a theorem that allows the roles of the utility function
and the probability distribution to be interchanged: we analyze ¢u(s)dK (s,q), but do not restrict K to

be a probability distribution.

Theorem 5 Suppose that ccc(T)=G. Let K(xq) be a finite signed measure. Then the following two
conditions are equivalent:

(1) V(0)° ¢g(s)dK (s,q) satisfies SC1inqfor all gl G.

(i) For all g2 q., there existsa |l >0 such that
Fd()dK(sq,) 3l F(9)dK(sq,) for all ti T (thatis, K(s,au) - | K(sq) T T).

Proof: Observe that (a) V(q.)3 0 implies V(q)3 0 for al gl G, if and only if (b) gl G and

gl K(squ) implies V(qy)3 0, if and only if (c) K(s,qu) T (K(s,q)" € G) = cee(K(s,qu) E G).
(The latter equality follows because (K(s,q.) E G) =K(sq) C G, smply applying
definitions, and G is assumed to be a closed convex cone, so that G=G ). In turn, (c) holds if
and only if (d) K(s,qu) =1 K(s,q.) + a m(s) for somem(s)i G, and somea,| 30. But then,

15 A3 B in the strong set order if, for any al A and bl B, aUbl A and aUbi B.
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odK(sq,)=l og(s)dK(sq,) +a ¢g(s)dm(s). Since T =G by Lemma2, and

Ao (s)dm(s) 2 0 by definition of G, it follows that ¢g(s)dK (s, )31 og(s)dK (s,q,).

Now suppose that | =0, and suppose that V(q.)>0 for some gl G. Then, we can find a K(s,q+)
I T suchthat gg(s)dK(sq,,)=0. But| =0impliesthat K(s,gn)- 1 K(s,au)l T aswell.
Then, we have V(q.)>0 and V(q)=0 for some K(s,g+) where K(s,gn)-1 K(s,au)l T,
contradicting the definition of SC1.

Closely related results have been applied in the economics literature by a few authors, we first
interpret the theorem, and then return to discuss the literature in the next subsection.

Sufficiency in Theorem 5 (that is, (i) implies (i)) is straightforward. If (ii) holds, then whenever
dg(e)dK(sg, )2 (>)0, it will follow that ¢(s)dK(sqgy)3l §(s)dK(sq,)3(>)0. Taking convex

combinations and limits of sequences or nets of these t’s yields the implication required.

Now consider necessity. To recast the result in a more familiar form, consider taking the infimum
of (s)dK(sq,) with respect to g, where g is restricted to lie in G (a closed convex cone), subject

to the constraint that 3g(s)dK(s,q,)20. Then, if the single crossing property holds, the infimum

must be nonnegative. Thisimplies that there must exist a Lagrange multiplier | such that

Ig?!; 09(9dK(sa,)- | pg(s)dK(s,q,) 3 0.

Then it will follow that there exists al such that
0()dK(sq,)- | gg(9dK (sq,)30foral gl G.

Of course, this is equivalent to checking that K(sg,)- | K(sg,)T G. Finally, we can apply Lemma
2, which establishesthat G =T when ccc(T)=G.

Clearly, Theorem 5 and Theorem 1 are very closely related. |f we relax the restriction in Theorem
1 that F is a probability distribution and apply it to the problem above, stochastic monotonicity
requires that K(s,qy) - K(sg) T T. In contrast, Theorem 5 requires that there exists a positive
| such that K(s,gn) - | *K(s,q) T T. The latter condition is less stringent, and yields a weaker
conclusion (single crossing as opposed to monotonicity).

However, if G contains the constant functions and K is a probability distribution, it turns out that
Theorem 1 and Theorem 5 coincide. In particular, we have the following corollary:

Corollary 5.1 Supposethat {1,- 1}1 G and G=ccc(TE{1,- 1}). Suppose further that ¢dK (s,q) is
constant in g. Then the following three conditions are equivalent:
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(i) 0(9)dK (sq) satisfiesSC1inq for all gi G.
(i) o0(9)dK (sq) isnondecreasinginq for all gi G.

(iii)  F(9)dK(sq) isnondecreasinging for all tl T.

Proof: (ii) and (iii) are equivalent by Theorem 1. Clearly, (iii) implies (i), since (iii) implies
that condition (B) of Theorem 5 holdswhen | =1. If {1,- 1}1 G, then condition (B) of
Theorem 5 requires that dK (s,q,,) 31 dK(sq.) and K (say) £l dK(sq.). This
holdsonly if odK(s,q,)=l ¢aK(sq,). If K (s,q) isconstant in g, then it must follow that

[ =1.

This result is potentialy quite powerful, since it implies that in many problems, single crossing
holds for al payoff functions in the desired class if and only if the probability distribution is ordered
according to stochastic dominance. Thus, Corollary 5.1 reduces a potentially more difficult problem
to a well-studied problem. For example, it implies that if F is a probability distribution,
00(s)dF (sq) satisfies SC1 for all g nondecreasing, if and only if F is ordered according to FOSD.

Likewise, gg(s)dF(sq) satisfies SC1 for al g concave, if and only if F is ordered according to
SOSD. Below, we will apply this result to comparative statics problems.

3.2.1 Relation to the Literature

The approach used in our formal proof of Theorem 5 builds on the approach taken in a note by
Jewitt (1986) to characterize the notion of “more risk averse” (Ross (1981)). Gollier and Kimball
(19953, b) also prove this result for the case where sl A or sl A? and s independent. They call the
“diffidence theorem.” The Gallier and Kimball’s diffidence theorem can be stated in our language as
follows (taking h, a density, as given, and assuming that sl A): &(s,q)h(s)ds - &(s,q)f(S)ds satisfies
SC1 in q for dl dendgties f, if and only if there exists a | >0 such that d(s)k(s,gn)ds - k(s,gn) 3 |
[(9)k(s,gL)ds - Kk(s,0.)] ae. We can place their result in the above framework as follows.  If we fix
some probability density h(s) and consider Ghz{Ag:gzh- f for some probability density f}, then we can
let T(Gn) = {g:9(9)=N(9)- 1, ¢ ase)(S) fOr €0, al A}. When we restrict attention to a single random
variable, their result is equivalent to Theorem 6. Their method of proof is different from the one used
here.

Gollier and Kimball show that a wide variety of problems in the theory of investment under
uncertainty can be usefully studied with the diffidence theorem, and their papers provide many
examples and applications. To see the smplest example where the diffidence theorem applies, let g
index preferences. Then SC1 of dh(s)k(s,g)ds - d(s)k(s,gn)ds is interpreted as follows: if an agent
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with preferences g, likes the gamble corresponding to density h better than gamble corresponding to
f, al agents with preferences qy>q. will aso prefer gamble h to gamblef.

The contribution of Theorem 5 thus is to provide a statement and formal proof of the theorem at
the appropriate level of generality for our purposes, using the basic theorems of topological vector
gpaces, and then derive theorems which establish its consequences for comparative statics anaysis.
Thus, we extend the domain of applicability of the tools, and show that these tools can be usefully
connected to Milgrom and Shannon (1994)’ s methods for comparative statics analysis. Of particular
interest is Corollary 5.1, which does not appear in the previous literature; this corollary, which gives
conditions under which stochastic dominance and stochastic single crossing are equivaent, will imply
that in many economic Situations, comparative statics theorems based on supermodularity of a
stochastic objective cannot be improved upon. Thisis taken up in the next section.

3.3  Sngle Choice Problems and Comparative Statics
This section examines conditions under which V(x,q)° ¢u(x,s)dK(s,q) satisfies SC2 in (x;0),

which is necessary and sufficient for comparative statics in univariate choice problems. Since we
alow for K to be a signed measure (not necessarily a probability distribution), our analysis applies to
problems where the choice variable affects either a probability distribution, or a utility function.

Corollary 5.2 Let K be a finite signed measure, and let U,, T be sets of payoff functions mapping
A*® A such that ccc(U)=cee(T), and let U, ={u:X" A*® A: X a partially ordered set, and

U(%,9)- u(x,9)1 U; for all x:>x.}.

(A) X (g)=argmax. 3u(x,5)dK (s,q) isnondecreasinginq for all ul U,, if and only if there exists a
| >0 such that ¢§(s)dK (sq,,) 3! &(9)dK(sq,) for all ti T.

(B) Supposethat F is a probability distribution, and that {1,- 1}1 U,. Then
x*(q):argmaxxdj(x,s)dF(s;q) is nondecreasingin q for all ul U,, if and only if g(s)dF(sq) is
nondecreasing in q for all tl T.

Proof: Follows from Theorem 5 and Milgrom and Shannon (1994), except for the following
caveat: Milgrom and Shannon (1994) show that SC2 is necessary for the conclusion that

X (9,B) is nondecreasing in (x,B). The quantification over B can be dropped in our case
because we are asking that the comparative statics result hold for all ul U,, and thus,
effectively, for al constraint sets B.

To see how this result could be applied, consider first part (B). Three examples illustrate the
result:
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Example 3 X (q)=argmax. 3ji(x,s)dF (s,q) isnondecreasinginq for all w:A’® A supermodular, if
and only if g shifts F according to FOD.

Example 4 x*(q):argmaxxc‘p(x,s)dF (s;q) isnondecreasing in g for all u such that u(xs,s)- u(x.,s)
isconcave in sfor all x.>x, if and only if g shifts F according to SOSD.

Example 5 x*(q):argmaxxc‘p(x, s,S)dF(s,s,;q) isnondecreasinginq for all u(x,s,s,) that
satisfy increasing differencesin (x;s;) and (x;s), if and only if 31,(s;, s,)dF(s,s,;q) is
nondecreasing in g for all A suchthat 1,(s,s,) isnondecreasing.

These results show that not only are stochastic dominance shifts sufficient to generate
comparative statics predictions, they are also necessary, so long as we alow the payoff function to
have constant incremental returns to x (or, more generaly, we ask for the result to hold across a
variety of payoff functions that differ only in the level of the incrementa returns). Ormiston and
Schlee (1992) show, using different techniques, that the stochastic dominance orderings are necessary
for comparative statics in a few specific classes of payoff functions; thus, Corollary 5.2 (B) identifies
the general principle behind the results.

To see how this result might be applied, consider a noisy signaling game, as studied by Maggi
(1996). Suppose that there are two firms, a first mover and a second mover, and each firm chooses
the quantity to produce. The first mover has private information about his own marginal cost, g
After observing g, the first mover chooses a quantity (q.), but the second mover observes only a noisy
signa (2 of the incumbent’s choice. The second mover forms a posterior F(qu.z). Suppose that
P-(01,0) IS the expected profit to the entrant when the quantities chosen are g, and g, and suppose (as
is usua in such models) that p, is submodular (that is, - p, is supermodular). Then the second
mover’s best policy is given by

(29=arg max P, (q, qdF (g, [2).

Then, Corollary 5.2 (B) establishes that g.(2) is nonincreasing in z for al p, submodular, if and only if
F(q.2) is ordered according to FOSD. Now consider the first mover’s problem. Let the first mover’s
profits be given by p.(0:,0.,0), and assume that this function is submodular. Then, the first mover’'s
policy is given by

Ch(9)=argmax ,(0. 6,(2).9)dG(z|0).
Then, by Corollary 5.2(B), a.(g) is nonincreasing for all p, submodular and for al g, nonincreasing, if
and only if and G(Z|q) is ordered by FOSD. By Athey (1997), whenever each player’s best response

function is nondecreasing, a pure strategy Nash equilibrium exists in this game (also see Vives (1990)
for an existence result for supermodular games with incomplete information).
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While it might seem that most economic problems fall under the domain of Corollary 5.2 (B),
Section 3.3.1 below discusses a class of payoffs which does not satisfy the relevant assumptions.

Now, return to part (A). Part (A) can beillustrated with the following examples:

Example 6 X (q)=argmax. ¢g(s;q)dH (s; x) isnondecreasinginq for all H such that x shifts H
according to SOD, if and only if there exists a | >0 and a concave function k(s), such that
g(s,am)=1 >g(s,au)+k(s).

Example 7 x*(q):argmaxxég(g, S,;q)dH (s, s,; X) isnondecreasinginq for all H such that
H(s,s,;x) isnondecreasing in x for all (s,s,) and each marginal distribution is constant in x, if
and only if there exists a | >0 and a supermodular function k(s;,s,) , such that

9(s.8,:04) =1 Xg(s),8,:0,) + k(s s,) -

These examples illustrate problems where agents utility functions are parameterized, and the
agent must choose between two distributions. We wish to characterize how the choice of
distributions changes with a parameter of the agent’s preferences. In Example 6, consider two
agents, corresponding to gy and q., whose payoffs are not globally concave. The agent g4 will
always choose a distribution that is better in the sense of SOSD than that chosen by agent qy, if and
only if agent g has payoffs that are “more concave’ than agent q., in the sense that agent g4's
payoffs are a convex combination of a concave function and agent q,’'s payoffs. The latter result is
due to Ross (1981), and Jewitt (1986) showed how the method used in Theorem 5 could be used to
establish Ross' result. The intuitions for the other examples are similar.

3.3.1 Single Crossing at a Point and the Portfolio Problem

It might at first seem that most sets of payoff functions that arise in economics contain the
constant functions. However, portfolio theory motivates a class of payoff functions, which does not:
the class of functions which cross zero a a fixed point. In particular, consider the following
optimization problem:

max qu(xs+ (- X)r)dF (sa).

This is the standard portfolio problem. In this problem, the marginal returns to investment for a given
realization of s are given by (s r)»ugxs+(1- X)r). When utility is nondecreasing, this function crosses
zero from below, and it always crosses at the same point: s=r. Let us say that a function g satisfies
weak single crossing at & if s>(<)s implies g(s)? (£)0. Notice that, while the set of single crossing
(SC1) functions is not a closed convex cone, the set of functions that satisfy weak single crossing at
S0 is a closed convex cone. Further, observe that a set of “test functions” for this set of functions can
be described as follows (for some b>0):
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T(si;b)°{t: $al A, e,d<b such that t(s)=(1- 2X4{ s<s;} ) X1 min(a- e,s, )EsEmax(a+e,s, )} +d)}

Notice that the constant functions are not in this set of test functions, and thus Corollary 5.1 and
Corollary 5.2(B) do not apply.

Athey (1998) shows that problems where payoffs (or incremental returns) are weak single
crossing about s, can be analyzed using a different, and seemingly unrelated, set of tools. The
approach is based on the fact that single crossing properties are preserved when integrating with
respect to log-supermodular densities. While the satistics literature (for example, see the
introduction to Karlin and Rinott (1980)) has typicaly drawn sharp distinctions between methods
based on convex cones, and methods based on “majorization” (Marshal and Olkin, 1979), we will
now briefly establish a connection between the two approaches.

Consider the following result:

Corollary 5.3 Fix s, and suppose k(s;q) is nonnegative, and suppose further that k is continuous and
strictly positive at s, for all g. Then the following are equivalent:
M) 09(s)k(s;q)ds satisfies SC1 for all g which satisfy weak single crossing about s,.
(i) For all g+>0q., k(s;0u)/k(S;0.)- k(S; gn)/K(so; ) satisfies weak single crossing about S
almost everywhere.

Proof: By Theorem 5 and using the set of test functions T(s;b) for b arbitrarily small,
0d(s)k(s;q)ds satisfies SC1 for al g which satisfy weak single crossing about s, if and only if
there exists | >0 such that k(s;g+)2 | k(s;q.) for dmogt all $* s, and k(s;gx)£l k(s,9.) for amost
dl sf£s. Thisimpliesthat k(s;0+)=1 k(%;q.). Substituting and applying the definition of single
crossing gives the desired conclusion.

To interpret condition (ii) of Corollary 5.3, observe that k(s,qx)/k(s;qu) is a “likelihood ratio” for
the redlization s of the risky asset. Condition (ii) requires that for realizations of s above the crossing
point, the likelihood ratio is greater than it is at the crossing point. Likewise, for realizations of s
below the crossing point, the likelihood ratio is lower than at the crossing point.

To connect this result to results about log-supermodular densities, notice that if we do not specify
the crossng point of g in advance, then we will be forced to check that
K(s;0n)/K(s;01)- K(s0;0n)/k(s0;0.) satisfies weak single crossing about s, for every possible crossing
point, s But that is equivalent to checking that k(s;g.)/k(s;q.) is nondecreasing in s, or that K is log-
supermodular. Equivalently, k satisfies a monotone likelihood ratio property. Thus, despite the fact
that neither single crossing nor log-supermodularity is a closed convex cone property, Theorem 5 can
be used to establish aresult relating the two properties.
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To see how this result can be applied, return to the portfolio problem. We conclude that an agent
will invest more in a risky asset in response to an increase in q, if and only if g shifts the density of
asset returns according to condition (ii) in Corollary 5.3, when s=r.

3.4  Multivariate Choice Problems and I-Supermodularity

This section derives comparative statics properties of stochastic objective functions when the
decision-maker’s choice set is a lattice (for example, a vector of real numbers). Consider first the
guestion of when U(x,q) is quasi-supermodular in X. In order to apply Theorem 5 to this problem, we
need to introduce two new properties.

Definition 7 For agiven| 1 A., consider a function h:X® A (X alattice). Thenhisl- )
supermodular at (x,y) with parameter | if h(xUy)- h(x) 3 | [h(y)- h(xUy)] . 1f h:X ' Q® A, where Q
isa partially ordered set, th(gn h(x,q) satisfj&s I- increasing differences (I- ID) on Y" Gwith
parameter | if, for all xp>x. | Yand g4>q.l G h(Xw,gn)- h(X,ar) 3 | [h(xw,qu)- h(x,,qu)] -

It is clear that |-supermodularity implies quasi-supermodularity. Further, if h is bounded and
guasi-supermodular, then for each (x,y), there exists some | >0 such that h is |-supermodular at (X,y)
with parameter | . But, acritical property of |-supermodularity, as opposed to quasi-supermodularity,
isthat if, for afixed | , two functions are both |-supermodular with parameter | at (x,y), the convex
combination of the two functions will inherit the |-supermodularity property. In other words, the
definition of |-supermodularity gives us a way to make two quasi-supermodular functions
comparable, so that we may take convex combinations without upsetting quasi-supermodul arity.

We will say that the function is |-supermodular on a sublattice Y if, for each x,y 1Y, there exists
some | 2 0 such that the function is I-supermodular at (x,y) with parameter | , and likewise for |-1D.
Clearly, supermodularity is stronger than I-supermodularity, since the definition is satisfied for | =1.
However, |-supermodularity allows for some flexibility in the scaling of a function at different points.
For example, consider the sublattice Y={(0,0),(0,1),(1,0),(1,1)} and a function h(x) which satisfies
increasing differences in (x;;%;) on {0,1} {0,1}. If the function is transformed by taking (the same)
affine transformation of both h(0,0) and h(1,0), increasing differences is not necessarily preserved,
whilel-1.D. in (x;%) will be. Intuitively, taking an affine transformation of h(x0) does not affect the
sign of the incremental returns to x..

When attention is restricted to a four-point sublattice (i.e. {x,y,xUy,xUy}), log-supermodularity is
also stronger than I-supermodularity for positive functions h. To see this, let | =h(x)/h(xUy).
However, since this constant depends on the choice of x and y, we cannot necessarily find a single
| for al (x,y) pairsin agiven sublattice.
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The following result characterizes quasi-supermodularity and the single crossing property in
stochastic problems (where, for a distribution K, mis a measure such that K is absolutely continuous
with respect to mand k is the density).

Theorem 6 Consider alattice X. Let k:X A"® A. Suppose cce(T)=G.
(A) The following conditions are equivalent:
(i) For everyy,zl X, thereexistsal >0 such that, for all tl T, ¢(s)k(x,s)dm(s) isl-
supermodular at (y,z) with parameter | .
(i) V(x)° pg(s)k(x,s)dm(s) is quasi-supermodular in x for all gl G.
(B) Let Q be a partially ordered set, and let k:X” Q" A"® A. The following two conditions are
equivalent:
(iii) For every subset Y={xu,x.}1 X such that x,>x., and every subset G={qgx,0.} I Q such
that g.>q., there existsa | >0 such that, for all tI T, ¢g(s)k(x,q,s)dm(s) satisfies|-increasing
differenceson Y G with parameter | .
(iv) V(x,0)° 3g(9)k(x,q,5)dm(s) satisfies SC2in (x;q) for all gl G.

Proof: Consider part (A). V(X) is quasi-supermodular in x if and only if, for every sublattice
Y={y,zyUz,yUz}1 X, 3g(s)[k(y Uz,s)- k(y,s)]dm(s) 2 (>)0 implies
oa(9)[k(z,9) - k(y Uz,s)]dm(s)2 (>)0. Applying Theorem 5, thisin turn holds if and only if
there exists al >0 such that g(s)[k(y Uz,s) - k(y,9]dm(s) 3| §(9)[k(z,9)- k(y Uz,9)]dm(s)
for al tI T. But thisin turn is equivalent to the requirement that ¢§(s)k(x,s)dm(s) isl-
supermodular with parameter | at (y,2) for al tl T. Part (B) is analogous.
The comparative statics consequence of Theorem 6 is that x (g)° argmaX.a s g (s)k(x,q,s)dm(s) is
nondecreasing in (q,B) for dl gl G, if and only if (i) and (iii) are satisfied.

To interpret this result, consider first the case where G is the set of all probability densties, and
suppose mis Lebesgue. Then (i) requires that for y,zI X, there exists a | 30 such that k(x,s) is I-
supermodular at (y,z) with parameter | for almost all s. The order of the quantifiersis critical: there
must be a single | for dmost al s. As we discussed above, one sufficient condition is that k is

supermodular in x. Since sums of supermodular functions are supermodular, V(x) will clearly be
supermodular in x as well, a stronger result than is required.

Consider an example:

Example 8 X ()° argmaX. e dH(s)dF (s;x,q) isnondecreasing for all u nondecreasing, if and only if

for all x.>x_and g.>q. there existsa | >0 such that F(s;x.,0+)- F(S;%,0x) 3 | XF(s;%,0.)- F(S;%4,9.)]
for all s.
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We can interpret the condition of the example as follows: the effect on the cumulative distribution
of increasing x at gu, F(S%.,04)- F(S%4,04), IS equal to a convex combination of F(s;x.,q.)- F(S,X4,qL)
and a difference Hu(9)- H.(S), where H is ordered by FOSD (Hx(S)EH.(S)). Thus, we can interpret the
result as requiring that the shift in the distribution due to a change in x at g. is “more FOSD” than the
shift dueto achangein x at q.. Itisinteresting to return to the result of Theorem 3 as applied to the
property supermodularity and the set of nondecreasing functions. a necessary condition for V(x,q) to
be supermodular for all g nondecreasing isthat 1- F(s;x,q) is supermodular in (x,q) for al s. Thus, the
necessary condition for comparative statics is a bit weaker. This result could be applied to study how
aworker’s choice of effort (x) varies with different task assignments (q).

4. CONCLUSIONS

This paper develops systematic tools for analyzing properties of stochastic objective functions, in
particular properties that are relevant for deriving comparative statics predictions. The paper
introduces abstract definitions which alow parallels to be drawn between classes of theorems, such as
stochastic dominance theorems and theorems which characterize other properties of stochastic
objective functions, in particular properties which arise in the study of comparative statics analysis
such as supermodularity, single crossing properties, and quasi-supermodularity. The main results are
then stated as mappings between two sets of functions (such as restricted classes payoff functions and
probability distributions), where the mappings provide characterizations of when a stochastic
objective function satisfies desired properties. The results can be applied to many economic
problems, including portfolio theory, investment games, and games of incompl ete information.
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