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Charge sensitivity of radio frequency single-electron transistor
Alexander N. Korotkova)

Department of Physics, State University of New York, Stony Brook, New York 11794-3800

Mikko A. Paalanen
Low Temperature Laboratory, Helsinki University of Technology, FIN-02015 HUT, Finland

~Received 23 November 1998; accepted for publication 4 May 1999!

A theoretical analysis of the charge sensitivity of the radio frequency single-electron transistor
~rf-SET! is presented. We use the ‘‘orthodox’’ approach and consider the case when the carrier
frequency is much less thanI /e where I is the typical current through rf-SET. The optimized
noise-limited sensitivity is determined by the temperatureT, and at lowT it is only 1.4 times worse
than the sensitivity of conventional single-electron transistor. ©1999 American Institute of
Physics.@S0003-6951~99!03026-0#
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Single-electron devices1 are gradually becoming usefu
in real applications.2 Despite the wide variety of studied cir
cuits, the single-electron transistor~SET!1,3,4 remains the
most important device in applied single electronics~in this
letter we will discuss the new version5 of the SET setup!. At
present the best reported charge sensitivity of the SET a
Hz is6 2.531025 e/AHz ~the previous record figure was7 7
31025 e/AHz). The low-frequency sensitivity of the SET
limited by 1/f noise, so it improves as the frequency
creases. The best achieved figure so far8 of ;1025e/AHz
was measured at 4.4 kHz. This is still an order of magnitu
worse than the limit determined by the thermal/shot noise
the SET.9–14

The difficulty of further frequency increase is due to t
relatively large output resistanceRd of the SET. For the typi-
cal figureRd;105 V and wiring capacitanceCL;1029 F the
correspondingRdCL time limits the bandwidth by a few kHz
~the use of filters can make it even lower!. The importance of
potential high-frequency applications makes urgent a sign
cant increase of the bandwidth. This can be done in sev
ways.

The output resistance can be reduced in superconduc
~Bloch! SET based on supercurrent modulation1,15,16~the use
of the quasiparticle tunneling threshold does not help m
becauseRd is limited by the quantum resistance even at
threshold13,17!. The load capacitanceCL can be decrease
placing the next amplifier close to the SET.18,19 However,
while bandwidth up to 700 kHz was demonstrated18 using
this idea, the charge sensitivity was relatively poor beca
of extra heating and extra noise produced by the prea
lifier. Finally, a bandwidth over 100 MHz has recently be
demonstrated5 in the so-called radio frequency~rf! SET in
which the SET controlled the dissipation of the tank circ
which in turn affected the reflection of the carrier wave w
frequency v/2p51.7 GHz. A sensitivity of 1.2
31025 e/AHz has been achieved5 at 1.1 MHz. The theoret-
ical analysis of the ultimate sensitivity of the rf-SET is th
subject of the present letter.

In principle a wide bandwidth could be achieved simp
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by illuminating the SET with microwaves and measuring t
wave reflection. The gate voltage would change the S
differential resistanceRd and thus affect the reflection coe
ficient a5(Z2R0)/(Z1R0), whereZ215 ivCs1Rd

21 , R0

.50V is the cable wave resistance, andCs is the stray ca-
pacitance. However, because of the large ratioRd /R0

;103, the signal would be extremely small. To estimate t
signal powerP.A2R0/2Rd

2@11(vCsR0)2#, let us useRd

5105 V and the amplitude of the SET bias voltage oscil
tion A51 mV (A is limited by the Coulomb blockade
threshold!; thenP;10215 W. This figure corresponds to th
noise power of the amplifier with noise temperature of 10
within 107 Hz bandwidth and clearly makes such an expe
ment quite difficult.

To increase the signal, the authors of Ref. 5 inserted
SET into the tank circuit~see Fig. 1!. Then at resonant fre
quency v5(LCs)

21/2 the circuit impedance is small,Z
.L/CsRd!R0 ~we assumeQSET@Q@1 whereQSET5Rd /
AL/Cs and Q5AL/Cs/R0), so a.2112L/CsRdR0 . The
signal powerP5@Vin(a11)#2/2R0 (Vin is the amplitude of
the incoming wave! can be expressed via the SET bias a
plitude A.2QVin as P5Q 2A2R0/2Rd

2 , indicatingQ 2 gain
in comparison with the nonresonant case.5

The linear analysis above can be used only as an e
mate because of the considerable nonlinearity of the S
current–voltage (I –V) curve. For a more exact analysis l
us write the differential equation~see Fig. 1! for the voltage
v(t) at the end of the cable~the static componentV0 is
subtracted!:

v̈LCs1 v̇R0Cs1v52~12v2LCs!Vin cosvt2R0I ~ t !,

whereVin cosvt is the incoming wave at the end of cab
and I (t) is the current through the SET while the SET bi

FIG. 1. The schematic of the rf-SET.
2 © 1999 American Institute of Physics
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voltage is Vb(t)5V01v1(2Vinv sinvt1v̇)L/R0. The re-
flected wave can be written~at the end of cable! as v(t)
2Vin cosvt 52Vin cosvt1X1 cosvt1Y1 sinvt1X2 cos 2vt
1Y2 sin 2vt1... , where the coefficientsXk andYk should be
calculated self-consistently@an obvious way is the iterative
updating ofVb(t) and Xk ,Yk]. While the analysis of the
higher harmonics is important for the possible versions
rf-SET in which the signal is measured at the double~or
triple! frequency, we will limit ourselves by the reflecte
wave at the basic harmonic. For simplicity we assume ex
resonance,v5(LCs)

21/2, then

X152AL/Cs ^I ~ t !sinvt&,
~1!

Y152AL/Cs ^I ~ t !cosvt&,

where^ & denotes averaging over time. In the first appro
mation ~if QSET@Q@1) the SET bias voltage isVb(t)5V0

1A sinvt whereA52QVin .
The coefficientsX1 andY1 ~we omit index 1 below! can

be measured separately using homodyne detection and
can carry information about the low frequency signal appl
to the SET gate~as usual,1 we will describe it in terms of the
background chargeQ0 induced into the SET island!. If the
amplifier noise and other fluctuations are negligible, then
sensitivity of the rf-SET is determined by the intrinsic noi
of the SET. The minimal detectable chargedQ can be ex-
pressed as

dQX5ASX~ f s!D f /~dX/dQ0!,
~2!

dQY5ASY~ f s!D f /~dY/dQ0!,

while the simultaneous measurement ofX and Y can give
dQ5@(12K2)/(dQX

221dQY
2222K/dQXdQY)#1/2, where

K5(ReSXY /ASXSY) sign@(dX/dQ0)(dY/dQ0)# is the cor-
relation between two noises. HereSX( f s) is the spectral den
sity of X(t) fluctuations at signal frequencyf s ~which should
be within the tank circuit bandwidth, 2p f s&v/Q), SXY is
the mutual spectral density, andD f is the measuremen
bandwidth~inverse ‘‘accumulation’’ time!.

In this letter we consider only the case of sufficien
low carrier frequencyv!I /e ~whereI is the typical current
through the SET!, so that the quasistationary state is reach

FIG. 2. The reflected wave amplitudeX1 @in units 2(L/Cs)
1/2e/RSCS], its

noiseSX1 ~in units 4L/Cse
2/RSCS), and minimal detectable chargedQ @in

units e(RSCSD f )1/2] as functions of the background chargeQ0 for the
symmetric SET atT50.01e2/CS for zero dc bias voltageV0 and its rf
amplitudeA50.7e/CS .
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at any moment during the period of oscillations. In this ca
the spectral density does not depend onf s ~which is even
lower thanv) and

SX54~L/Cs! ^SI~ t ! sin2 vt&, ~3!

where SI(t) is the low frequency spectral density of th
thermal/shot noise of the current through the SET, which
the time dependence because of oscillating bias voltageVb .
There is no need to considerY output in this case becaus
Y50 ~so dQY5`) and the noise correlation is absent,K
50 ~nonzeroY andK would appear at higherv due to delay
of tunneling events!.

We use the ‘‘orthodox’’ theory1,3 for a normal SET con-
sisting of two tunnel junctions with capacitancesC1 andC2

and resistancesR1 and R2 ~see Fig. 1! assumingRj@RQ

5p\/2e2 ~as usual, the gate capacitance is distributed
tween C1 and C2 in a proper way!. The effects of finite
photon energy\v are neglected. We also neglect the po
sible rf modulation of the SET gate voltage. The low fr
quency thermal/shot noise of the SET current is calculate
the standard way.9,10

Figure 2 shows the dependence ofX, SX , and dQ
5dQX on the background chargeQ0 for a symmetric SET
(C15C2 , R15R2) at T50.01e2/CS (CS5C11C2), V0

50, andA50.7e/CS . One can see that the minimum ofdQ
is achieved near the edge ofQ0 range corresponding to non
zeroX, so that the amplitudeA is only a little larger than the
Coulomb blockade thresholdVt . ForVb close toVt the noise
of the current through the SET obeys Schottky formula,SI

52eI, with a good accuracy at low temperatures,9,10 while
the current I can be approximated asI 5W/eRj@1
2exp(2W/T)# where W5e(Vb2Vt)(C1C2 /CjCS)5

FIG. 3. ~a! The sensitivitydQ optimized overQ0 and correspondingQ0 as
functions of rf amplitudeA for the symmetric SET. Dashed line shows th
analytical result~see the text!. ~b! Dependence ofdQ minimized overA and
Q0 and of the optimal operation point (A,Q0) on the dc bias voltageV0 .
Dashed line is for the asymmetric SET (R2 /R1510).
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(21)je(Q02Q0,t)/CS ( j th junction determines the threshold!
and udI/dQ0u5(dI/dVb)Cj /C1C2 . ~As a consequence o
the Schottky formula, the dashed curve in Fig. 2 is appro
mately twice as high as theX-curve at smallX.)

Using these equations and optimizingQ0 , one can find
the minimum dQ.1.2e (RSCSD f )1/2(TCS /e2)1/2

3(eA/T)1/4 for the symmetric SET atT!eA,e2/CS (RS

5R11R2). This dependence as a function of rf amplitudeA
is shown in Fig. 3~a! by the dashed line while the numeric
result is shown by the solid line. The sensitivity gets wo
(dQ increases! at A.e/CS because ofX and SX increase.
The sensitivity also worsens rapidly whenA is too small and
becomes comparable toT/e, because of the contributio
from the Nyquist noise of the SET atVb close to zero. Be-
fore optimizing the amplitudeA, let us notice that the result
shown in Fig. 3~a! correspond to relatively smallX that can
be difficult to measure experimentally@in the approximation
aboveX.2 (L/Cs)

1/2315 (T/eRS)(T/eA)1/2]. However, as
seen from Fig. 2,X can be significantly increased for th
price of a few ten per cent increase ofdQ.

Figure 3~b! showsdQ minimized over bothA and Q0

and the corresponding optimum values ofA andQ0 as func-
tions of the direct current~dc! bias voltageV0 . One can see
that for a symmetric SET the best sensitivity is achieved
V050 and there is a long plateau ofdQ which ends whenV0

approachese/CS leading to significant worsening of the se
sitivity. For the asymmetric SET~dashed line! the best sen-
sitivity can be achieved in the plateau range. At the plat
dQ can be calculated analytically using the approximatio
above, dQ.3.34e (2RminCSDf)1/2(TCS /e2)1/2 where Rmin

5min(R1 ,R2). This expression can be compared with t
optimized low-temperature sensitivity of the convention
SET which is given9,10 by the same formula with the numer
cal factor 1.90 instead of 3.34. For the symmetric rf-SET
optimized low-temperature sensitivity~at V050) is

dQ.2.65e~RSCSD f !1/2~TCS /e2!1/2, ~4!

only 1.4 times worse than for the conventional SET.
Figure 4 shows numerically minimizeddQ for the sym-

metric SET and corresponding optimalA andQ0 ~while V0

50) as functions of temperature. The result of Eq.~4! is
shown by the dashed line. The sensitivity scales asT1/2 at
low temperatures while it significantly worsens atT
.0.1e2/CS , similar to the result for the conventional SE
~dotted line!. The ‘‘orthodox’’ sensitivity improves with the
decrease of tunnel resistances while the optimum va
~which should be comparable toRQ) could be calculated if
cotunneling1 was taken into account.

To make a comparison with experiment,5 let us take
CS50.45 fF,RS597 kV, andT5100 mK, then after opti-
mization dQ.2.731026 e/AHz in the normal case~neces-
sity of relatively largeX would lead to a factor about 1.5!.
So, there is still an order of magnitude for possible expe
mental improvement. Comparison for the superconduc
case is not straightforward because the sensitivity depe
on the junction quality.13
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In conclusion, we have shown that the price for the wi
bandwidth of the rf-SET is only a little decrease of the nois
limited sensitivity in comparison with conventional SET.
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