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Abstract. The validity of the Born series expansion for the charge transfer reactions is studied
in the case of a proton-helium collision. Three different channels are considered, namely the
charge transfer, transfer excitation and transfer ionization. The differential cross sections and
the contributions from different charge transfer mechanisms within various Born approximations
are compared with experimental data. The role of the electron-electron correlations in the initial
helium state is discussed in detail. It is shown that the first Born approximation is valid in the
case of reactions under consideration, provided very small scattering angles are involved and
the proton energy is >500 keV. It is also shown that the electron-electron correlations in the
initial helium state are important only in transfer excitation and transfer ionization reactions.

1. Introduction

The Born series expansion is a powerful tool for studying a wide range of fast scattering
processes in atomic physics. There is a common belief that the first Born approximation is
not valid in the case of charge transfer processes [1]. This is because the major contribution
comes from the second- and higher-order terms of the series. However, it seems strange that
the approximation perfectly applicable for other scattering problems completely fails when
describing charge transfer.

Charge transfer reactions, at impact energies ranging from eVs in microbiology to MeVs, or
even GeVs, in astrophysics, are a very common channel of energy deposition. One of the most
simple charge transfer reactions is the proton impinging on a helium atom. This problem is not
fully studied even after hundred years since the quantum mechanics formulation emerged. It
can end up with three different channels:

• Charge transfer (CT)
p + He→ H + He+
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• Transfer excitation (TE)
p + He→ H + He+∗

• Transfer ionization (TI)
p + He→ H + e− + He++

All these channels are considered in the present contribution.
In the plane wave first Born approximation (PWFBA) these reactions can be considered from

the viewpoint of two main mechanisms, namely the shake-off (SO) and binary encounter (BE)
mechanisms [2]. Contributions of these different mechanisms can be treated separately even
within the PWFBA.

Another, still open question is the role of electron-electron correlations. Many publications
are devoted to this problem (see, for example, the classical textbook [3]), but some powerful
details of the influence of electron-electron correlations in the initial state on different channels
of charge transfer reactions remain still not well understood.

In this short contribution we show that the first Born approximation appears to be still
applicable in the case of CT processes. However, its use implies limitations on the kinematical
conditions, namely scattering angles and impact energies. Furthermore, we show that the
influence of the electron-electron correlation in the initial helium state plays an important role
in the cases of TI and TE reactions, and seems to be subsidiary in the CT case.

2. Theory

The Hamiltonian for the CT reaction can be written either in the prior-, either in the post-form.
In the prior-form it looks like

Hi = [HHe + hp] + Vp1 + Vp2 + VpN , (1)

and its post-form is
Hf = [HH +HHe+ ] + Vp2 + VpN + VN1 + V12 (2)

Here “1” and “2” label electrons, “p” the incident proton, “H” the final moving atomic hydrogen
in its ground state (the experiment [4] allows to distinguish its ground and excited states), “He”
the helium atom in its ground state, “He+” the final helium ion in an arbitrary quantum state
including the continuum state (N + e), “N” the helium nucleus. The operators in the square
brackets define the asymptotics of the in (out) channel of this reaction, the potential terms∑

Vi are the corresponding perturbations. More details and the integral representation of the
corresponding Schrödinger equations for (1) and (2) can be found in [4].

The matrix element in the prior -form follows from (1):

Tfi = 〈Ψ−
f |Vp1 + Vp2 + VpN |Ψas

i 〉. (3)

The PWFBA (also known as the Jackson-Schiff approximation [5]) can be deduced from (3) if
one uses the initial and final states in their asymptotic forms, that is,

|Ψas
i 〉 = |ΦHe > |~p0〉

and
〈Ψ−

f | = 〈ϕH , ~pf |〈φHe+ |.

Here |~p0〉 describes the plane wave of the incident proton, 〈ϕH , ~pf | corresponds to the hydrogen
atom, whose center-of-mass moves with the momentum ~pf , and 〈φHe+ | describes the wave
function of the final helium ion, which can be in any bound or even continuum state with
the momentum of an ejected electron ~k. The PWFBA diagrams of the scattering process for
the last case (transfer ionization) are presented in Fig. 1.

Two important remarks.
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Figure 1. PWFBA diagrams for transfer ionization. The diagram A1 (Vp1 in (3)) is the well
known Oppenheimer-Brinkman-Kramers approximation. The diagram A3 (VpN in (3)) describes
the interaction of heavy particles. Both A1 and A3 correspond to the shake-off mechanism of
emission. The diagram A2 (Vp2 in (3)) describes the successive emission mechanism (BE).

(i) We consider a fast projectile proton with the energy higher than 0.5 MeV and very small
scattering angles θp, less than 1 mrad (the momentum transfer ~q = ~pf − ~p0 is about a few
atomic units). These kinematical conditions allow to consider the nucleus as being at rest
because of huge masses of the proton and nucleus. In other words, we neglect in calculations
such ratios as K2

ion/MN , q2/2mp.

(ii) The first Born approximation (FBA) form (3) is valid only if the initial and final asymptotic
channels of the transfer reactions are not charged (see details in [6, 7]). This is realized in
the present case because the He atom and the final hydrogen atoms are neutral.

For the initial state of the helium atom we use the following trial wave functions:

• The strongly correlated wave function (named as Ch) from [8]. ECh
0 = −2.9037 a.u.

• The configuration interaction (CI) wave function of Mitroy et al. [9] with ECI
0 = −2.9031

a.u.

• A simple correlated wave function SPM from [10] with ESPM
0 = −2.8952 a.u.

• 1s2 Roothan-Hartree-Fock [11] wave function RHF describing two independent electrons in
an averaged core electromagnetic field. ERHF

0 = −2.8617 a.u..

The experimental value of the He ground-state energy is Eexp
0 = −2.9037... a.u. Let us remind

that the outgoing hydrogen atom is in its ground state.
We also calculate for comparison the eikonal wave Born approximation (EWBA), which

includes the phase-factor in the matrix element (3) (see details in [4]), and the plane wave
second Born approximation (PWSBA) in the CT case

TPWSBA
fi = TPWFBA

fi + 〈ϕH , ~pf ;φHe+ |(Vp1 + Vp2 + VpN ) ×

(E −HH +HHe+ + i0)−1(Vp2 + VpN + VN1 + V12)|ΦHe; ~p0〉. (4)

In the PWSBA calculations we involved the so-called closure approximation (CA), which is
usually valid for high impact energies.
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Figure 2. SDCS vs the scattering angle θp. Solid line is PWFBA with the RHF wave function,

dashed line is PWSBA with the RHF (long dash, Ẽ = 0.1; short dash, Ẽ = 0.5; dots, Ẽ = 1).
The hydrogen atom and helium ion are in their ground states. On the lhs, the incident proton
energy is 630 keV, in the centre 1000 keV, on the rhs 1200 keV.

3. Results and discussion

3.1. Charge transfer

In the CT case we consider the single differential cross section (SDCS)

dσ

dθp
= 2

m2
pθp

(2π)
|Tfi|

2. (5)

One can see in Fig. 2 that the experimental angular distribution can be split into two parts: (i)
the peak structure around θp ≈ 0.1 mrad and (ii) the plateau at θp ≥ 0.4 mrad. The PWFBA
calculation behaves similarly, but the main peak is more sharp and the magnitude of the cross
section at larger angles, after the minimum, is ten times larger than the experimental one. Also
it is worth mentioning that the shape and the magnitude of the PWFBA cross section practically
does not depend on the electron correlations in He. The single differential cross section (SDCS)
is mainly determined by the 1s2 part of the wave function.

From Fig. 2 it can be seen that the PWFBA well describes experiment in a narrow vicinity of
the main peak. The PWSBA amplitude contains summation (integration) over all intermediate
states of the hydrogen atom and He+ ion. To simplify this summation we employed the CA.
Here Ẽ is the closure parameter. The PWSBA-CA calculations using the RHF wave function are
shown in Fig. 2 with dashed lines. PWSBA calculations approach the PWFBA ones near the
peak maximum, considerably exceeding them at larger angles, and describe the plateau much
better. We must note that the experiment [4] is normalized to the PWFBA peak, which in turn
gives a reasonable total cross section [12].

3.2. Transfer excitation

The single differential cross section for TE reactions is the same, but involves summation over
possible final excited shells:

dσ

dθp
= 2

m2
pθp

(2π)

∑
n=2

n−1∑
l=0

l∑
m=−l

|Tnlm|2. (6)

In this infinite sum we keep only two states, namely with n = 2, 3. As shown in [13], it is
sufficient to describe ≈ 90% of all He+ excited states contributions.

In Figs. 3 and 4, the experimental data and theoretical PWFBA calculations for TE are
presented [13]. The absolute SDCS for TE reactions is about 5% of those for CT reactions. The
PWFBA profile for the CH wave function that includes electron-electron correlations, is similar
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Figure 3. Experimental [13] and theoretical PWFBA data for the TE reaction. Ep = 300 keV
on the lhs, Ep = 630 keV on the rhs. The hydrogen atom is in its ground state. Black squares
represent experimental data, dashed red line the SDCS using the RHF helium wave function,
dash-dotted blue line the SPM wave function, dotted black and solid green lines correspond
to the strongly correlated helium wave functions (Ch and CI correspondingly) and practically
coincide.
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Figure 4. The same as in Fig. 3, but Ep = 1000 keV on the lhs and Ep = 1200 keV on the rhs.

to that for the CT reaction, but has the finite non-zero minimum. The calculation using the
RHF wave function without angular correlations completely fails to explain the experimental
data. However, as was shown earlier [4], any helium wave function describes quite well the main
scattering peak for CT reactions (even the simple 1s2 wave function).

One can see from Fig. 4 that Ep ∼ 500 keV is the boundary when PWFBA still satisfactorily
explains the main peak at small θp. Also, for all impact energies, PWFBA does not describe
the minimum and the plateau following this minimum at larger angles. To explain this we need
SBA or EWBA calculations.

In Fig. 5, the EWBA calculations using the 9D code [13] and the SPM wave function are
presented for the energies Ep = 630 and 1200 keV. The main peak, as compared to PWFBA, is
closer in width to the experimental one, however approaches it very slowly with the change of
the incident proton energy. The use of EWBA (for more details see [13]) does not change the
picture for the minimum and for the plateau. Here we need SBA calculations.

3.3. Transfer ionization

In the first series of the TI experiments the scattering plane was fixed by the velocity vectors
of the incident proton and the final hydrogen atom. Its azimuthal angle was φ = 0. The cross
section was integrated over the perpendicular component of the electron momentum. Integration
over the scattering angle was performed within the fixed experimental windows.
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Figure 5. SDCS vs θp. The calculation is performed with the eikonal approximation using a
9D code [13] and the SPM wave function. PWFBA is shown with dashed line, EWBA with solid
line, experiment [13] with black squares. n ≤ 3. On the lhs Ep = 630 keV, on the rhs Ep = 1200
keV.

Figure 6. Experimental data (a) and the PWFBA theoretical calculations for TI reactions.
The RHF (b, non correlated) and Ch (c, strongly correlated) wave functions are used. Ep = 630
keV. On the left panel 0 ≤ θp ≤ 0.25, on the right panel 0.25 ≤ θp ≤ 0.45. [14]

Triple differential cross section (TDCS) for this kinematical situation is of the form

d3σ

dkxdkzdφ
= 2

m2

(2π)5

∫ θi+1

θi

θpdθp

∫ ∞

−∞
dky|A1 +A2 +A3|

2. (7)

In Fig. 6, left panel, (a) the experimental data for θp ≤ 0.25 mrad are presented [14]. It is
clear that the electron is ejected opposite to the incident proton momentum (kz < 0). It is an
indication of the role of the electron-electron correlations. In Fig. 6, left panel, (b) the calculation
for the 1s2 wave function is shown. For small θp the shape of the momentum distribution has
the same direct and backward scattering peaks as the (e, 2e) ionization experiments [15]. The
comparison of distributions (a) and (b) shows that the helium wave function with no electron-
electron correlations does not explain well the experiment. At the same time, the calculation
with strong electron-electron correlations, which is presented in Fig. 6, left panel, (c), agrees
with experiment much better, but the peak along the incident proton direction kz > 0 is larger.

In Fig. 6, right panel, the data for larger scattering angles are presented. The PWFBA theory
now reproduces the experimental data very poorly both for correlated and for non-correlated
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Figure 7. Experimental 2D momentum distribution of the emitted electron from [2]. On the
lhs Ep = 300 keV, on the rhs Ep = 630 keV.

wave functions. One can conclude that the PWFBA describes TI reactions quite well only within
the domain of small scattering angles and only in the backward emission direction where the
SO mechanism dominates.

The next series of experiments was performed without fixing the scattering plane. The double
differential cross section is given by (k|| ≡ kz)

d2σ

dk⊥dk||
= 2

m2
pk⊥

(2π)4

∫ θmax

0

θpdθp

∫
2π

0

dφk|A1 +A2 +A3|
2 (8)

The experimental data in Fig. 7 is taken from [2]. Three different helium wave functions
are used in calculations: the non correlated RHF wave function and two strongly correlated
functions Ch and CI.

One can find in the experimental data shown in Fig. 7 two peaks, the larger one in the
backward direction, and the smaller one in the forward direction. Again, the calculation using
the wave function with no correlations (see Fig. 8, left panel, (c) and (d)) does not describe the
backward-emitted electrons. The calculations with strong correlations exhibit both peaks. To
see more clearly the difference between the experiment and calculations, we present the slice of
the 2D distributions in Fig. 8, right panel.

In general, PWFBA calculations with a strongly correlated wave function describes the
backward-emission peak quite well. However, in the forward direction one should use SBA
calculations because the theoretical cross section is much larger than the experimental one.
Worth mentioning that both strongly correlated wave functions gave practically the same result.
Why using SBA? The PWFBA reflects well the SO mechanism of the electron emission. And
this emission is mainly due to the correlations. After colliding with the proton, one electron
moves mainly in the forward direction and then it is captured by the proton. The emitted
electron is repelled by this fast electron and moves predominantly in the backward direction.
The successive mechanism gives another picture, and only a small fraction of it is accounted
for by the PWFBA. One can see from the diagram A2 that a kicked electron is emitted, but it
predominantly moves in the forward direction. And most of the SBA diagrams contribute to
the forward direction.

4. Conclusions

The CT, TE and TI processes were considered using different Born approximations, mainly
PWFBA. The kinematical conditions for the first Born approximation to be valid, namely the
energy of the incident proton higher than 500 Kev and small scattering angles near the main
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Figure 8. Left panel: theoretical 2D momentum PWFBA distribution of the emitted electron.
At the top (a) (Ep = 300 keV) and (b) (Ep = 630 keV), calculations with the strongly correlated
Ch helium initial wave function are presented, at the bottom (c) (Ep = 300 keV) and (d)
(Ep = 630 keV), calculations are performed with the RHF which is non correlated. Right panel:
TDCS vs kz and fixed k⊥ = 0.2 a.u., Ep = 300 keV. Solid line represents PWFBA with use of
the highly correlated wave functions Ch and CI, dots represent the experimental data [14].

peak (fractions of mrad), were determined. If these conditions are fulfilled, even the first Born
approximation describes the experiment satisfactorily.

The electron-electron correlations in the initial state play the most important role in the
cases of TI and TE reactions. However, to describe the domains of forward electron emission
and higher scattering angles, the second Born approximation is needed. Such calculations are
in a progress.
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[13] M. S. Schöffler et al., Phys. Rev. A 89, 032707, (2014).
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