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Introduction. Let K be an algebraic number field, R its ring of integers
and G its ideal class group. Every non-zero non-unit of R is a product of
(finitely many) irreducible elements of R, but this factorization need not be
unique (unless G is trivial). The deviation of R from being a unique factor-
ization domain is measured by G. In recent years, several papers appeared
describing the connection between phenomena of non-unique factorization
and the structure of G; see [6], [8], [11] and the literature cited there.

Quantitative aspects of non-unique factorizations in algebraic number
fields were first considered by E. Fogels [2], and then studied in detail by
W. Narkiewicz, J. Sliwa, A. Geroldinger, J. Kaczorowski and the author. For
a non-zero non-unit & € R, let f(a) be the number of essentially distinct
factorizations of @ in R and 1(«) the number of lengths of such factorizations.
Consider the functions

Fy(z) = #{(a) |« € R, [N(a)| < =, f(a) <k},
Fi(z)=#{neN|n <z f(n) <k},
Gr(z) = #{(a) |a € R, [N(a)| <z, lo) <k},
Gi(2) = #{n € N|n <z, 1(n) < k};
all these functions have, as * — 0o, an asymptotic behaviour of the form
(C +o(1))x(log z)~'*(loglog z),
where C >0, 0 < ¢ <1 and d € Ny. This was shown

— for Fj, by W. Narkiewicz [28]; he showed that ¢ = 1/#G and gave a
combinatorial description of d [29], [33];

— for FJ by J. Sliwa [37] (using a method of R. W. K. Odoni [34] who dealt
with the case k = 1); here ¢ does not depend on k;

— for G}, and G/, by J. Sliwa [38]; in both cases the exponents were inves-
tigated by A. Geroldinger [5], [7].
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For quadratic number fields, W. Narkiewicz [24], [26], [27] proved substan-
tially stronger results: He determined C' explicitly and considered the func-
tions Fj, and G}, for residue classes of an arbitrary rational modulus. Several

other functions connected with non-unique factorizations were studied in [9],
[14], [15].

In this paper we give a common generalization of all these results. We
consider an arbitrary finite extension K /K of algebraic number fields, a cycle
f of K, and we investigate factorization properties in K of integers o € K
from a given residue class modulo f. To do this, we proceed axiomatically;
we introduce the concept of a Chebotarev formation which turns out to
be the appropriate setting for problems of this kind. The results proved
in this abstract setting apply not only to algebraic number fields, but also
to algebraic function fields and, even more generally, to generalized Hilbert
semigroups in holomorphy rings of global fields.

In Section 1 we introduce Chebotarev formations and discuss the relevant
examples which are built from the above-mentioned Hilbert semigroups. In
Section 2 we develop the combinatorial and analytical machinery used later
on. The main results of this paper are contained in Sections 3 and 4: In
Section 3 we deal with functions connected with the number of distinct
factorizations, which fall into the category of so-called type-dependent fac-
torization properties. In Section 4 we deal with functions connected with
the number of different lengths of factorizations, which fall into the category
of so-called valuation-dependent factorization properties.

Since our basic results are of abstract nature, their applications to num-
ber fields and function fields do not give as precise asymptotic results as
could be obtained in the special context; this fact will be discussed in Sec-
tion 5.

1. Formations. By a semigroup H we always mean a commutative
multiplicative monoid with unit element 1 € H satisfying the cancellation
law; in such a semigroup we have the usual notions of divisibility theory
as developed in [19; Ch. 2.14]. H is called atomic if every non-unit a € H
has a factorization of the form a = w; ...u,, where u; € H are irreducible
elements. 7 is called the length of that factorization. In this paper, we shall
study among others the following quantities:

157 (a), the number of different lengths of factorizations of a;

fr(a), the number of essentially different factorizations of a (two factor-
izations which agree up to the order of their factors and up to associated
irreducible elements are not essentially different).

For a set P, we denote by F(P) the free abelian monoid with basis P;
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every a € F(P) has a unique representation in the form

a = H pvp(a) ,

peP

where vy(a) € Ny, vp(a) = 0 for almost all p € P. Every submonoid
H C F(P) is atomic, and for 1 # a € H the quantities 1y (a) and fy(a) are
finite [13].

If D is a semigroup and H C D a subsemigroup, we define congruence
modulo H by

a=bmod H ifand onlyif aH NbH # 0;

this is a congruence relation on D, and we denote the quotient monoid
(consisting of all congruence classes ¢ C D) by D/H. A subsemigroup
H C D is called saturated it H = {a € D | a = 1 mod H} (equivalently:
a,b€ H and a|bin D implies a | b in H).

DEFINITION 1. A formation [D, H] consists of a free abelian monoid
D = F(P), together with a saturated subsemigroup H C D such that
G = D/H is a finite abelian group, and g N P # () for every g € G. The
elements of P are called primes, the elements of g are called (divisor) classes,
and G is called the (divisor) class group.

We write G additively, and for a € D we denote by [a] € G the class
containing a; the principal class H = [1] is the zero of G.

The notion of a formation is closely connected with the notion of a divisor
theory (cf. [11]): If 0 : H — D is a divisor theory with finite divisor class
group, and every class contains at least one prime divisor, then [D,0H] is
a formation. As to the converse, we have the following simple result.

LEMMA 1. Let [D, H] be a formation, D = F(P) and G = D/H. If
#G = 2 we assume that the non-principal class g # H of G contains at
least two primes. Then every p € P is a g.c.d. of two elements of H. In
particular, H — D is a divisor theory.

Proof. We may assume that p € P\ H. If #G =2, G = {H, g}, then
there exists p’ € PN g such that p # p’, and p = ged(p?, pp’). If #G > 3,
let g € G\ {[p], H} and let p1,p2,ps € P be such that p; € —[p], p2 € —g
and p3 € g — [p]; then p = ged(pp1, ppaps). =

Usually the concept of a formation is accompanied by a norm function
giving rise to abstract analytic number theory (cf. [17], [22]); we introduce
this as an additional structure and call the corresponding objects arithmeti-
cal formations.

We denote by A the algebra of all complex functions which are regular
in the half-plane s > 1 and also in some neighbourhood of s = 1. We shall
always denote by log that branch of the complex logarithm which is real for
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positive arguments. As usual, we set z° = exp(zlogs). We write f < g for
f=0(g),and f < g for f < gand g < f.

DEFINITION 2. Let [D, H] be a formation, D = F(P) and G = D/H.

(a) A norm|-|: D — Nis a completely multiplicative function satisfying
la| > 1 for all a € D\ {1}.
(b) Let | - | : D — N be a norm. A subset ) C P is called regular (for

| - ) if the Dirichlet series > . [p|™* converges in the half-plane #ts > 1,
and if we have

S bl = olog —— + h(s),

s—1

peQ
where h € A, p € [0,1] and @Q is finite if o = 0; o = p(Q) is called the density
of Q.

(¢c) Let | - | : D — N be a norm. The triple [D, H,| - |] is called an

arithmetical formation if for every g € G the set P N g is regular with
density 1/#G.

PROPOSITION 1 (Abstract Prime Number Theorem). Let [D, H,| - |] be
an arithmetical formation, D = F(P), and let Q C P be a regular subset
with density o > 0. Then @ is infinite and, as x — oo,

T

#HpeQl|lpl <a} = :

log

Proof. Apply the Tauberian Theorem of Tkehara—Delange (cf. [1],
Theorem IV and Remark 4.2). m

Basic ExaMpLEs. 1. Hilbert semigroups: For f € N, f > 2, and a
subgroup I' < (Z/f7)*, we set

Hir={aeN|a+ fZeT%}.

If N() denotes the set of all positive integers relatively prime to f, and
la| = a, then [N() H; | - |] is an arithmetical formation with class group
(Z/fZ)* ] I; this follows from Dirichlet’s Theorem (cf. [31; Th. 3.17]).

2. Algebraic integers: Let R be the ring of integers in an algebraic number
field K of finite degree, H the semigroup of non-zero principal ideals of R and
D the semigroup of all non-zero ideals of R. For a € D, we set |a] = (R : a);
then [D, H,| - |] is an arithmetical formation by [32; Ch. VII, §2] whose class
group is just the ordinary ideal class group of R. Note that H is isomorphic
to the multiplicative semigroup R \ {0} modulo units, and thus H reflects
the arithmetic of R.

In the sequel we introduce Hilbert semigroups in holomorphy rings of
global fields; these form a common generalization of the above-mentioned
two basic examples.
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A global field K is either an algebraic number field or an algebraic func-
tion field in one variable over a finite field. Let S(K') denote the set of
all non-archimedean places of K. For v € S(K), let R, be the valuation
ring, B, the valuation ideal, k, the residue field and |v| = #k, the norm
of v; we shall identify v with the associated normalized additive valuation
v: K — ZU{x}. If K/K is a finite Galois extension with Galois group G,

if v € S(K) is unramified in K, and o € S(K) lies above v, then {@} eqd

denotes the Frobenius automorphism for v | v, and <M> C G its conju-

gacy class, the Artin symbol; see [3; Ch. 5]. If G is abelian, we identify
K/K) — KéK} We make use of Chebotarev’s density theorem in the

following form.

PROPOSITION 2. Let K /K be a finite Galois extension of global fields with
Galois group G and ¢ C G a conjugacy class. Then we have, for Rs > 1,

1
S o= e £

for some f € A.

Proof. See [3; Ch. 5]; there they have O(1) instead of f(s), but going
through the proofs gives the result as asserted. A proof using L-series is
sketched in [36]. Note that in the function field case f(s) has infinitely
many poles on the line Rs =1. =

Let now K be a global field and S C S(K) a finite set, S # ) in function
field case. Then
R=Rs= ()| R,CK
veES(K)\S
is called the holomorphy ring associated with S. The ring R is a Dedekind
domain with quotient field K and finite ideal class group. The set of maximal
ideals of R is given by

Pr={B,NR|veSK)\S}

We denote by Zr the semigroup of all non-zero ideals and by Hg the semi-
group of all non-zero principal ideals of R. For a € Zg, we set |a| = (R : a);
then we have |8, N R| = |v| for all v € S(K) \ S. Proofs of these facts may
be found in [39; Ch. 4] for the number field case and in [3; Ch. 2.7] for the
function field case.

Next we introduce S-ray class groups. Let R = Rg be a holomorphy
ring in a global field K as above. By a cycle of R we mean a formal product
f = fovi...vm, where fo € Zr, m > 0 and vy,...,v,, : K — R are real
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embeddings (m = 0 in the function field case). Associated with such a cycle
f, we introduce the following semigroups:

Ig), the semigroup of all @ € Zr which are relatively prime to fo; in
particular, 74) = Tp. I PY = Pr 0T, then 7V = F(PP) 5.

Hg) =HrN Ig); in particular Hg) = Hg. Hg) - Z},{) is a saturated

(1)
R

subsemigroup, and Ig) /Hz =Zr/Hp is the ideal class group of R.

Sg) ={(a) € Hg) | @ € R, @ =1 mod f}, the principal ray modulo f in
R; here o = 1 mod f means as usual v(a—1) > v(f) for all v € S(K) \ S and
v,(a) > 0 for all p e {1,...,m}. Sg) - Ig) is a saturated subsemigroup,

and Ig) /Sg) is a finite abelian group, called the S-ray class group modulo
f (cf. [12]). It gives rise to the following exact sequence of finite abelian

roups:
BIOTP 0—HP /P - 1P /8W - Tp/Hr — 0.

By a generalized Hilbert semigroup in R defined modulo f we mean a
saturated subsemigroup H C H%) such that Sg) C H. Obviously, H = Hg
is the simplest example of a Hilbert semigroup in R.

If K =Q, R=27Z and {f = foo for some f € N, then we recover the
classical Hilbert semigroups by means of the identifications Ig ) = N
and 8> = Hy 1 sz.

PROPOSITION 3. Let H be a generalized Hilbert semigroup in a holomor-
phy ring R of a global field defined modulo a cycle § of R. Then [Ig), H,| -]
is an arithmetical formation.

Proof. Obviously, H C Ig) = f(Pg)) is a saturated subsemigroup.
Since Ig)/Sg) is a group, Ig)/H and H/Sg) are also groups, and every
class gg € Ig)/H is the union of #H/Sg) ordinary ray classes g € Ig)/Sg).
Therefore it is sufficient to prove that, for every g € Ig) /Sg), there exists
hg € A such that

1 1
> b= 2D ) log “—7 + hy(s)
]:legﬁ’PI%f> R R

for Rs > 1.

Let K be the quotient field of R and S C S(K) a finite subset such that
R = Rg. Let KT be the S-ray class field modulo § of K as introduced in
[12]. K%/K is abelian, unramified outside S, and the Artin symbol induces
an isomorphism

0:79/sW = Gal (K5 /K),

KSvf/K> _

given by

v

o(ep, i) = (
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If g € Ig)/Sg) and Rs > 1, then

Sobelr= > T,

0 vES(K)\S
peGNPY Ks’f/(K N
(K25 ) =0(g)

and the assertion follows from Proposition 2. =

DEFINITION 3. Let [D, H,| - |] be an arithmetical formation, D = F(P)
and G = D/H. Let [D, H] be a formation, D = F(P), G = D/H, and let
¢ : D — D be a semigroup homomorphism satisfying ¢(H) C H.

Two primes p,p’ € P are called p-equivalent if [p] = [p/] € G, and a
factorization of the form

T
vp) =] pS
i=1
with r € Ny, distinct py,...,p, € P and e; € N implies
T
o) =]]»"
i=1

with distinct p{,...,p. € P such that [p;] = [p/] € G for alli € {1,...,r}.
The triple ([D, H,| - |],[D, H|, ) is called a Chebotarev formation (with
base formation [D, H,| - |], top formation [D, H] and embedding ) if there

are only finitely many @p-equivalence classes in P, and these are regular
subsets of P.

There is a trivial example: If [D, H,| - |] is an arithmetical formation,
then ([D, H, |- |], [D, H],id) is a Chebotarev formation. Less trivial examples
of arithmetical importance are furnished by the following proposition which
generalizes the method of Odoni [34].

PROPOSITION 4. Let K/K be a finite separable extension of global fields.
Let R C K and R C K be holomorphy rings such that R C R, and let H C R
(resp. H C R) be generalized Hilbert semigroups defined modulo a cycle f
of R (resp. f of R). Define o : Ip — Iy by p(a) = aR and suppose that
©(H) C H. Then we also have ga(Ig)) C Ig), and ([Ig), H,|-], [I]%f), H], )
is a Chebotarev formation.

Proof. Let S C S(K),S C S(K) be finite sets such that R = Rg and
R=Rg Ifac Ig) then a™ € H for some m € N, whence p(a)™ € H C Ig)

and therefore ¢(a) € Ig).

Therefore it remains to show that the (p-equivalence classes in Pg) are

finitely many regular sets. Let K be the S-ray class field modulo § of
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K, K°7 the S-ray class field modulo § of K, L = KSTE™ and N/K the
normal hull of L/K (inside a fixed algebraic closure of K). The primes
pe Pg) are of the form p = P, N R, where v € S(K) \ S. Let P* be the

set of all p =P, N R € Pg) for which either v ramifies in N or there exists
some w € S satisfying w|v. The set P* is finite and therefore it splits into
finitely many regular gp-equivalence classes.

We claim that two primes p =B, "R, p’ =P, NR € Pg) \ P* (where
v,v" € S(K)\ S) are p-equivalent if (%) = (N/,K>; then the assertion

v

follows from Proposition 2. Solet p =B, NRand p’ =P, NR € Pg) \ P*
be primes satisfying <N{)—K) = (N/K)’ by [18; §23], v and v’ have the

v’ ’

same splitting type in every intermediate field K C M C N. In particular,

(KS’;/K) = (%), and therefore p and p’ lie in the same S-ray class

g € Ig)/Sg). This implies [p] = [p'] € Ig)/H, since every class of Ig)/H
is a union of classes g € Ig)/Sg). Now let v1,...,0, (resp. v1,...,7,) be
the places of K above v (resp. v'); by assumption, they do not lie in S, and
therefore

o) =B o) =]]%:
=1 =1

where B; = Py, N R and P, = Par N R e Pg). Since every divisor class of
[Z g), H] is a union of S-ray classes g € Ig) / Sg), it is sufficient to prove that

the S-ray classes g; € Ig) / Sg) containing I3; coincide with those containing

the primes 7. By Artin reciprocity, the g—raX classes modulo i containing
/ . . KK KK

P; (resp. P;) are uniquely determined by { =%~ ) (resp. = ) and

therefore it is sufficient to prove that

() mnd = { () o)

igy? —
In fact, we shall prove that the set {(KT/K> ‘ 1 = 1,...,7“}C

i

Gal (K 57 /K) is uniquely determined by the conjugacy class (N/ K) C
Gal (N/K). To do this, let w; € S(N) be a place above v;; then

R N/K1| -5 N/K N/K1"
(=) -l e (S5 -15)

Ui Wy wy wy
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where f; is the residue class degree of v; | v;. Since (JV{}—K> consists of the

elements []\Z—K} and its conjugates in Gal(N/K), and since Gal([?s’f/l?) is
abelian, the assertion follows. m

2. Combinatorial and analytical tools. We start by generalizing
the concept of types as introduced in [28] and [37] (cf. [14]).

DEFINITION 4. Let ©® = [D, H, |- |] be an arithmetical formation, D =
F(P)and G=D/H.

(a) A partition of P (with respect to ®) is a finite sequence
P:(Po,Pl,...,Pm) (mGN)
of mutually disjoint subsets P; C P possessing the following properties:
(Pl) P=PyUP,U...UP,.
(P2) For every g € G, the set Py N g is regular.
(P3) For every j € {1,...,m}, P; is regular, and there exists g; € G
such that P; C g;.
For a € D, we call

0P(a)= Y #{pePilula)=1}
=1
Q(gpj)>0
the P-depth of a.

(b) Let P = (Py, P1,...,Py) be a partition of P. A P-type is a se-
quence t = ((tju)ven)j=1,....m of integers t;, € Ny such that ¢;, = 0 for all
but finitely many pairs (j,v). Let 7(P) be the set of all P-types. Under
componentwise addition, 7 (P) is a free abelian monoid.

(c) A P-type t = ((tjn)ven)j=1,...m is called normalized if for every
€ {1,...,m} there exists \;(t) € Ny such that ¢;,, = 0 if v > A\;(¢),
nd 1 < 51 < tjo < .0 <t if Aj(t) > 1; in this case we write
t= ((tj,V)VSAj(t))jzlym’m. Let 7*(P) be the set of all normalized P-types.

For every t = ((tj»)ven)j=1,...,m € 7 (P) there is a family of bijective
maps (¢; : N — N);—1 _,, such that the P-type t* = ((tjij(,,)),,eN)j:me
is normalized; t* € 7*(P) is uniquely determined by ¢; it is called the
normalization of t.

(d) Fort = ((tj,0)v<x,(t))j=1,...m € T*(P)and j € {1,...,m}, we denote
by #;(t) the number of permutations o € &,y satisfying t; ,(,) = t;,, for

J

I
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all v e {1,...,\;(t)}, and we set
r(t) =[] ri®)".
j=1

(e) For t = ((tj,0)ven)j=1,..m € T*(P) and j € {1,...,m}, we denote
by ¢;(t) the number of v € N for which ¢;, = 1, and we call

sty=Y &)
j=1
o(Pj)>0
the depth of t (depending on © and P).

(f) For a € D and t = ((tj )<, )j=1,...m € T*(P), we say that a has
the P-type t, 7" (a) = t, if

m Aj
_ tiv
a=ao- [T []w

j=1lv=1
where ag € F(P), and p;,, € P; are distinct. Obviously, 7" (a) = t implies
6% (a) = §(t).

THEOREM 1. Let [D, H,| - |] be an arithmetical formation, D = F(P)
and P = (Py, Py, ..., Py) a partition of P. Let ) # % C T*(P) and suppose
that

d=max{d(t) |t €T} < 0.
Lety € G and let a; € y satisfy 7°(a1) € T and 67 (a1) = d. If 0o = o(P)
and o9 + d > 0, then we have, as T — 00,
#acy||a <z, 7(a) €T} = x(logx)*prgo(loglogx)d/ ,

where

d—1 ifQOZO.

If oo =d =0, then
#acy||a <z, 7(a) €T} < 2"
for some 0 <n < 1.

Proof. 1. We first show that it is sufficient to prove Theorem 1 under
the additional assumption

(+) If geG and PoybNg+#0, then o(PhNg)>0.

Assume that Theorem 1 is true whenever (4) holds. We set {g1,...,gx} =
{9€ G Png#0, o(PoNg) =0}, Pg=Po\(91U...Ugk), Prti = PoNyi
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fori=1,...,kand P = (P}, P1,...,Pn,Pn+1,..., Pmtk). Then P’ is a
partition of P satisfying (+). We define 6 : 7*(P’) — T*(P) by

O((],)v<n;)i=t,omtk = (t50)v<; )j=1,m »
and we set
T={t'eT"(P)|0{)e%}.
For a € D, we have 77 (a) = 0(7" (a)), and therefore 77 (a) € ¥ if and only

if 77" (a) € ¥'. Since moreover §(t') = §(8(t')) for all ' € T, the assertion
of the theorem follows with P’ and ¥’ instead of P and ¥.

2. The proof of Theorem 1 uses a Tauberian theorem for Dirichlet series,
essentially due to H. Delange [1]. For convenience, we state it as the following
lemma.

LEMMA 2. Let

0o
29

fo(s) =

n=1
be a Dirichlet series with real coefficients a,, > 0, converging for s > 1,
and suppose that

fols) = é(s L 1)% igj,y(s) <10g : ! 1>" T go(s),

where m € N, dj € No, gj € A, g1.4,(1) >0, go € A, w1 €R, wa,...,wy
€ C and either m =1, wy =0 orm > 2, wy > Rw; >0 for2 < j < m.

Then the function
A(z) = Z an,

n<zx

nS

behaves as follows (for x — 00):
(i) If wy =dy =0, then A(x) = O(x") for some 0 <n < 1.
(ii) If w1 +di > 0, then
Alz) = z(log )~ (loglog )™ if wy > 0,
“ | z(log )" t(loglogx)®—t  if wy = 0.

Proof. (i) If w; = d; = 0, then fy is regular at s = 1, and therefore
the defining Dirichlet series has an abscissa of absolute convergence o¢ < 1.
For o9 < < 1, we have

whence the assertion.
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(ii) See [1] (Theorem IV and Remark 4.2); there the arguments are given
for w; € R, but they remain valid in the general case. m

3. The following proposition embodies the crucial point in the proof of
Theorem 1. We denote by G* = Hom (G,C*) the character group of G
and by xo € G* the principal character. For y € G*, we denote by ¥ the
conjugate character, and for a € D we set x(a) = x([a]). We denote by
G*(Py) the set of all x € G* satisfying x(p) = 1 for all p € P;. We set
Go = ([p] | p € Py), and we identify G*(P) with (G/Gy)*.

PROPOSITION 5. Under the hypothesis of Theorem 1 and the assumption
(+) we have, for x € G* and Rs > 1,

x(a) LA™ 1
= == 1
Sx la|® (3—1) B Cs-1)

a€D
7P (a)ex

where

ox = Y_x(g)e(PoNyg),

geqG
and R, € A[X] is a polynomial of degree deg R, < d. The coefficient of X¢
in Ry is of the form
Ax(s) = Z Ay (s),
Y€G/Go

where A, o € A are functions with the following property:

If there exists g € G such that v = g + Gy, and a1 € g such that " (ay)
€ T and 6" (a1) = d, then

X(9)Ax Ay (1) = Ayg 4 (1) >0

for all x € G*(Py); otherwise Ay =0 for all x € G*.

Proof of Theorem 1 (by means of Proposition 5 and Lemma 2).
The orthogonality relations for characters imply

)DITRED DEE-=D DR (VLT EEel) (LN

acy a€D xeG* xX€G*
77 (a)eX 77 (a)ex

1\ 1
= 1
(1) mles )

* oz (1) e (et)

XEG*\G*(Py)
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where
-~ X()
Ro= ) %Rx e A[X].
XEG*(Po)

By Proposition 5, all R, (and hence also Ry) are polynomials of degree at
most d, and the coefficient of X¢ in Ry is given by

INCEND DR S SEN NG
XEG*(Po) Y€G/Go

If I'={v € G/Gy | Ay, (1) > 0}, then yo + G € I' by assumption, and
Proposition 5 implies

A= Y WS ya,0)

XEG*(Py) #G yer
A 1 _
=Y feall S ) >0,
yerl XEG*(Po)

by the orthogonality relations. For x € G*\ G*(Fy), we have o, < g9, and
therefore the assertion follows from Lemma 2. =

4. Proof of Proposition 5. Every a € D has a unique decom-
position a = agai, where a9 € F(Fp) and a; € F(P \ P), and we have

P(a) = 77 (ay). This implies
>< 3 X(a)>
€F(P\Py) lal* /)
a 0

’
0)
77 (a)e%

S - x(a
X |aol
aoE]:(Po)

and Proposition 5 is a consequence of the following two lemmata dealing
with the two factors.

LEMMA 3. Under the assumptions of Proposition 5 we have, for every

X € G* and Rs > 1,
x(ao) 1 \®
— F
‘ao‘s (S—l) X(S)v

aQEF(P())
where Fy, € A. If x € G*(Fy), then F\ = F,, and F\, (1) > 0.

LEMMA 4. Under the assumptions of Proposition 5 we have, for every
X € G* and Rs > 1,

X(a) / 1
S, = =R (1
X Z ‘a|s X<0g8_1>’
a€F(P\Poy)
Tp(a)ef




186 F. Halter-Koch

where R, € A[X] and deg R} < d. The coefficient A’ (s) of X4 in R, is of

the form
DL Al
v€G/Go
where A . € A are functions with the following property:

If there exist g € G and a1 € g such that v = g+ Go,7"°(a1) € T and
6% (ay) = d, then

X(9)Ax A (1) = Ay, (1) >0
for every x € G*(Py); otherwise A, =0 for all x € G*.

5. Proof of Lemma 3. For x € G* and Rs > 1, we make use of the

identity
-1
X(aos) . < (10)> _ exp{ Z —log<1 B X(ps))}
weriry 1301 2h pl® ey Pl
_ X X
-eo{ SRR SR}
peP, peEPyv=2

By assumption, we have

1
ZX { Poﬂg)log 1+h970(8)}
geG
5+ xlah

geG

S
oyt Ip!

= Oy log

where hy o € A; the assertion follows with

_ exp{ 3 Z XWS g%;;x(g)hg,g(s)}. .

pEPy v=2

6. Proof of Lemma 4. Let 1 <[ < m be such that o; = o(F;)
>0forl <j<land gj =0forl < j < m. Fort e T*(P), we set
5(t) = (61(t),...,6(t)) € N}, and for d = (dy,...,d;) € N}, we set |d| =
dy + ...+ dy; this implies 6(t) = |6(¢)].

We proceed by induction on d and suppose that the assertion is true for
all sets of types with depths less than d. We consider the decomposition

T= [ T(A)wT (disjoint union),

deN}
d|=d

where T(d) ={t € T| d(t) =d} and ' = {t € T | 4(t) < d}. By additivity
and induction hypothesis, we may suppose that ¥ = T(d) for some d € N.
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Under this assumption, every t € T is of the form ¢ = ((t;. )<, t))j=1,....m>
where t;, =1 for v <d; and tj, > 2 for d; < v < \;(t), and we obtain

I ()

-S| (I ) o 3 (I I )

(p) =1v=1 WV tex (q,p,t) j=1v=d;+1
m o Aj(t)
< (IL I R%e))
(a,t)* Nj=i4+1 v=1 Y
where (p) denotes the sum over all (pj1, ..., pj.d,)j=1,..; With distinct p;, €
Pj; if dj = 0, the corresponding factor has to be given the value 1. The
symbol (q,p,t) denotes the sum over all (gja;+1,---,x,())j=1,..... With

distinct g;,, € Pj such that {pj1,...,pja;} N {qja;+1,-->Gx, ) = 0 for
all j; again, if d; = A;(¢), the corresponding factor has to be given the value
1. The symbol (q,?)* denotes the sum over all (gj1,--.,qx,(t))j=1+1,...m
with distinct g;, € Pj; again, if A;(t) = 0, the corresponding factor has to
be given the value 1.

For every (p) and t € ¥, we consider the decomposition

DC)=D 00> >

(a,p,t) (a,t) (E) (a,p,t,E)

where (q,?) denotes the sum over all (gj.d,+1,---5qjx;(t))j=1,.... With dis-
tinct ¢;, € Pj. The symbol (E) denotes the sum over all sequences E =
(Ev,....E;) #(0,...,0) of subsets E; C {1,...,d;}, and for any such E,
the symbol (q, p,t, E) denotes the sum over all (qj 4, +1,---,9jx,(t))i=1,...1
with distinct ¢;,, € P; such that {gja;+1,---,¢x,)} V{Pj1, -+, Pja,} =
{pj.v | v € E;} for all j. For each E, we apply the induction hypothesis for

the sum
E;:Z[(...)Zm(t) 3 (...)Z(...)}

(p) tet (a,p,t,E) (aq,t)*
which is in fact a sum over types t' with 6(¢') < d; this implies E; =
R(log ~15) for some polynomial R € A[X] with deg R < d, and we are left

with the sum
SU=> (0D kD () D),

(p) te¥ (a,t) (a,t)*

where the second factor is independent of (p). We must prove that S} has
the properties asserted for S;(.
The first factor of S;C’ is investigated by means of the decomposition

D= 00-2> (.0,

(p) (p)* (F) (p,F)
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where (p)* denotes the sum over all (pj1,...,pjq;)j=1,... With p;, € P;.
The symbol (F) denotes the sum over all sequences F = (Fi,...,F}) of
subsets F; C {1,...,d;} such that #(F; x ... x F}) > 2; for any such F, the
symbol (p, F) denotes the sum over all (pj1,...,Pjd,)j=1,..0 With p;, € P;
satisfying p;, = pj . for some j and p # v if and only if {u, v} C Fj. For
each F, the induction hypothesis applies for the sum

—=
Se=> > (I k®D (D (),
(F) (p,F) te¥ (at) (a,t)*
and we must prove that the sum
Se=> ()Y kB> ) > ()
(p)* tex (a,t) (a,t)*
has the properties asserted for S;(.

The first factor of S; is evaluated in the form

= jljl[x(gj) <Qj log s_% + hj(S))] N = Rox <10g 5 i 1) ,

where h; € A and Ry, € A[X] is a polynomial of degree d and leading

coefficient
!

Aoy = H[X(gj)Qj]dj .

j=1
For the calculation of the second factor of S;, we set Py U...UP, =
{r1,...,rm} (for some M € Np) and find

M 1
| Z(---)\SHHW,

(qzt)* Jj=1
whence
’ZKJ(t)Z(...) Z(...)(<< 3 ol < oo,
te¥ (a,t) (q,t)* a€ D>

uniformly for Rs > 1, where Dy = {a € D | v,(a) # 1 forall p € P}
(observe that the Dirichlet series ) . |a|™* converges for fs > 1). We

thus conclude that the second factor of S;é belongs to A.
Putting all together, we have proved that

1
S;:R;{(logs_1>,
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where R € A[X],deg R < d, and the coefficient of X4 in R is given by

I 2

-5 e ¥ 0 X (T 11 42

denN} j=1 tez(d) (q,t) Nj=lv= d+1
|d|=d

(I

(q,t)* Nj=i+1 v=1

For t = ((tju)v<x;(t))i=1,...m € T*(P), we set

if a € F(P\ Py) and 7°(a) = t, then [a] = «(t). Now we consider the
decomposition

Alls)= Y A8,

where

ZH X(gei™ ST w0 D).

den) j=1 te(d) (a,t) (a,t)"
\d|:d t(t)+Go=v

If Al # 0, then there exist some d € Ny with |[d| = d, ¢ € T(d) such
that «(t) + Go = v and a; € F(P\ P,) such that 77 (a;) = ¢; this implies
6% (a1) = d and [a1] + Go = 7.

Now let v = g + Go € G/Gy and a1 € g be such that 77°(a;) =t € T
and 67 (a;) = d. We set a; = apa), where ag € F(Py) and a} € F(P\ P);
then 77 (a}) = t and [a}] + Go = [a1] + Go = 7. If d = &(¢), then |d| =
d, t € T(d), v(t) +Go = and x(a})Ay (1) = Ay, ~(1) > 0 for all x € G*.
If moreover x € G*(F), then x(a}) = x(a1), and the assertion follows. m

3. Type-dependent factorization properties. The nature of type-
dependent factorization properties is described by the following (rather for-
mal) Theorem 2. The subsequent arithmetical applications are partitioned
into three groups dealt with in subsections 3.1-3.3. These latter results
should be regarded as examples. It is of course possible to derive dozens of
similar statements.

THEOREM 2. Let ([D, H,|-|],[D, H], ) be a Chebotarev formation, D =
F(P), M=A{Py,...,Pn,Pni1,..., Py} the set of p-equivalence classes
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(for some m € N and l € Ny), Py = Ppy1U...U Py, 00 = 0(Pp) and
P = (Py,Pr,...,Pp). Let O # Z C D have the following two properties:

(1) Ifa,be€ D, a € Z and 7 (a) = 77 (b), then b€ Z.

(2) d =sup{6”(a) |a € Z} < <.
Lety € G = D/H and let a1 € ZNy be such that 67 (ay) =d. If d+ 0o > 0,
then we have, as T — 00,

#{ac Zny|lal <z} = z(logz) % (loglog z)*

where

d—1 Zf QOZO.

Proof. Apply Theorem 1 with ¥ = {7"(a) |a € Z} CT*(P). =

3.1. Elements with a given number of distinct factorizations

PROPOSITION 6. Let ([D, H,| - |],[D, H], ) be a Chebotarev formation,
D = F(P), D = F(P) # H, and suppose that there is a finite subset
P* C P such that p € P\ P* implies ¢(p) = Py ...ps with s > 1 distinct
primes p; € P and p,q € P\ P*,p # q implies ged(¢(p),p(q)) = 1. Let
e € D be such that ged(p(a),e) = 1 for alla € D. Let y € G = D/H,
k € N, and suppose that there exists a; € y satisfying ¢(a1)e € H and
f7(p(a1)e) < k. Let Py be the set of all p € P satisfying vp(¢(p)) = 0 for
allp € P\ H and assume that oo = o(Py) > 0. Then we have, as x — oo,

#{aey|lal <z, f7(p(a)e) <k} < x(loga) '+ (loglogz)?;
the exponent d is given by
d =max{d(a) | a €y, fz(p(a)e) <k},
where §(a) is the number of p € P\ Py lying in a -equivalence class of
positive density and satisfying vy(a) = 1.

Proof. We set G = D/H = {H,gs,...,gn}, where N = #G > 2
and consider the partition P = (PN H,PNga,...,PNgn). Ifa,b € H,
then 77 (a) = 77 (b) implies fz(a) = fz(b) by [14; Satz 6], and ax(G) =
sup{6(7"(a)) | a € H, fz(a) < k} < oo by [14; Satz 9].

Let M = {P1,..., Pn, Prt1,..., Py} be the set of all g-equivalence
classes (m € N, [ € Ng), and suppose that Py = P11 U...U Py,4 consists
of all p € P satisfying vs(p(p)) = 0 for all p € P\ H (ie., p(p) € D is a
product of principal primes). If P = (Fy, P, ..., Py), then 7" (a) = 77 (b)
implies 77 (¢(a)e) = 77 (¢(b)e) and hence fz(p(a)e) = f5z(p(b)e) for all
a,b € o ' (H) C D. We apply Theorem 2, setting

Z ={ac o ' (H) | fz(p(a)e) < k}.
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We have just proved that Z has property (1) of Theorem 2. For the proof
of property (2), set M = #P*; then, for any a € Z, we obtain

(77 (a)) < 8( (p(a))) + M < 6( (p(a)e)) + M < a(G) + M,
and the assertion follows. m

PROPOSITION 6A. Let R be a holomorphy ring in a global field, G its
ideal class group, N = #G > 2 and k € N. Let § be a cycle of R and ag € R
such that ged(aw, f) = 1. Then we have, as x — o0,

#{(a) e Hr | @ € R, |(a)| <z, a = ap mod §, £, ((a)) < k}

)71+1/N( ar(G) ,

= z(log loglog x)

where ar(G) € N is the constant introduced by W. Narkiewicz in [29]; it
depends only on k and G.

Proof. We apply Proposition 6 with the Chebotarev formation
(2. S| - |1, [Zr, Hal ), where o = (T} — Zg), y = {(a) € M} |
a € R, a=apmod f} € Ig)/Sg) and € = 1. Then we have Py = 731(:;) NHr
and gp = 1/N; Proposition 6 implies

#{...} = z(logz) "N (loglog )¢,

where d = max{d(a) | a € y, fy,(a) <k}, and d(a) is the number of prime
ideals p € Pg) \ Hr satisfying vp(a) = 1. It was proved in [14; Satz 9] that
ax(G) = max{d(a) | a € Hg, fr,(a) < k}. Now let a* = (a*) € Hp satisfy
f1,(a*) < k and §(a*) = ax(G). If a* = p7™ ...pI"raf where py,...,p, €
Pr are distinct prime ideals dividing f and afj € Ig), choose distinct prime
ideals Py, ..., P € PV such that [p;] = [p;] € Zr/Hng, consider the principal
ideal p7™ ...p"ral = (a) € Hg), and let (7) € Pg)ﬁHR be a principal prime
ideal satisfying am = ap mod f. Then the ideal a = (am) has the desired
properties: a € y, fy,(a) <k and 6(a) = ax(G). =

Remark. If R is the ring of integers of an algebraic number field and
f = 1, the assertion of Proposition 6A was proved in [28]; for more general
cases with f =1 see [17].

PROPOSITION 6B. Let K/K be a finite extension of algebraic number
fields, R, R their rings of integers, § a cycle of R and oy € R such that
fHE(aOE) < k for some k € N. If R is not a principal ideal domain, then
we have, as T — 00,

#{(a) e Hr | a € R, |(a)| <z, a = ag mod f, fHE(aﬁ) <k}
= z(log z) ~¢(loglog z)?
for some 0 < p <1 and d € Ny.
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Proof. Suppose that f = fow; ...w,, where fo € Zp and wq,...,w, :
K — R are distinct real imbeddings. We set ap = ged(agR, fo) € Zr and
f = ag'f; ¥ is a cycle of R, and ged(ag'aoR,f) = 1. Let y € Ig/)/Sg/)
be the ray class modulo ' containing the ideal aalaoR. If a € Hp, then we
have a = («) for some a € R satisfying a@ = a9 mod § if and only if a = agc
for some ¢ € y. This implies

#{(a) e Hr |a € R, |(a)| <z, a = ap mod f, fHE(aE) <k}
= #{c € ylle| < x/lagl, fr(aocR) <k},
and therefore it is sufficient to prove that
#{ccyl| | <z, fr_(acR) < k} < z(logz)~?(log log )¢

for some 0 < p < 1 and d € Ny. We apply Proposition 6 with the Chebotarev
formation ([Z0), 8" | - | ], [Tz, Hzl,¢), €= aoR and a1 = a; 'aoR. The
set Py consists of all p € Pg,) for which pR is a product of principal prime
ideals. In particular, Py contains all p splitting completely in the Hilbert
class field of K, and therefore o(Py) > 0. If § is a non-principal ideal class
of R, then the set of prime ideals p € Pr having a prime factor in g has
positive density, and therefore o(FPy) < 1. On putting ¢ = 1 — o(Fp), the
assertion follows. m

Remarks. The special case K = K and ged(ag,f) = 1 of Proposi-
tion 6B is contained in Proposition 6A; the case K = Q and f = 1 was
settled in [37]. In general, it seems to be very complicated to determine p
and d. If K = Q, K/Q is cyclic of prime degree [,f = 1 and h is the class
number of K, we have o = 1/l —1/(lh) [32; Theorem 9.7]. If K = Q and K
is a quadratic number field, there are precise results due to W. Narkiewicz

[24], [25], [26].

The following Proposition 6C is a variant of Proposition 6B in the case
K = Q which avoids the hypothesis f_(aoR) < k.

PropPosITION 6C. Let L be an algebraic number field whose ring of in-
tegers R is not a principal ideal domain. Let f > 2 and ag > 1 be coprime
integers, and suppose that either f is relatively prime to the discriminant of
L, or L/Q is cyclic of prime degree. Then we have, as x — oo,

#{a€N|a<z, a=apmod f, fy,(aR) <k} =< z(logz) (loglog z)?
for some 0 < o <1 and d € Ny.

Proof. We apply Proposition 6B with K = Q, K = L and | = foo;
it is sufficient to prove that there exists an integer a; > 2 such that a; =
ag mod f, and a1 R is a product of principal prime ideals of R.



Chebotarev formations 193

Suppose first that f is relatively prime to the discriminant of L, let L
be the Hilbert class field of L and ¢ a primitive fth root of unity. Since
Q(¢)NL = Q, it follows from Chebotarev’s theorem that every residue class
g € (Z/fZ)* contains a prime p splitting completely in L, whence pR is a
product of principal prime ideals of R.

Now suppose that L/Q is cyclic of prime degree, and let m be the con-
ductor of L. Assume first that m| f; then L is defined by a character
X : (Z/fZ)* — C*. Let L be the Hilbert class field of L and L* its abso-
lute genus field [23], i.e., L* is the maximal absolutely abelian subfield of
L. If x = x1...X, is the decomposition of y into characters x; of prime
power conductor, then L* is defined by x1,...,Xxr, and therefore a class
g € (Z/fZ)* contains a prime p splitting completely in L if and only if
xi(g) =1forallie{1,...,r}

Let g1,...,9- € (Z/fZ)* be classes satisfying

xilao + fZ) if v=r,

for all i,v € {1,...,7}, and let g9 € (Z/fZ)* be such that ag + fZ =
9091 - .- gr. Then, for any i € {0,1,...,r}, either x(g;) # 1 or x,(g:) = 1
for all v € {1,...,r}. If x(g;) # 1, take any prime p; € g;; it is inert in
L, whence p;R € Pr. If x,(g;) =1 for all v € {1,...,r}, then there exists
a prime p; € g; splitting completely in L, and then, by class field theory,
piR is a product of principal prime ideals of R. Setting a1 = pgp1 ... pr,
we obtain a; = ag mod f, and a; R is a product of principal prime ideals
of R.

If mtf, we set f = lem(f,m) and determine integers a(()l), ey a(()r) > 2
such that

ap + f2 = [H)(a’ + FZ),
=1

and gcd(a(()i), f) = 1. Then the result follows by applying the above argu-

ments for f and a(()i) instead of f and ag. =

Remark. Proposition 6 and its followers have their counterparts for
sets defined by the property f(...) = k instead of f(...) < k; for classical
cases see [14].

3.2. Elements with a given factorization scheme. We recall the concept
of a factorization scheme from [14]: Let H be an atomic semigroup and
E = (€ij)i=1,..,rj=1,..,m & matrix of non-negative integers. We say that
a € H allows the factorization scheme E if there exist irreducible elements
ui,...,u, € H such that a ~u{" ... uy"” for all j € {1,...,m}.
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PROPOSITION 7. Let ([D, H,| - |],[D, H],¢) be a Chebotarev formation,
D = F(P), and suppose that the set P* = {p € P | ¢(p) = 1} is finite.
Let e € D satisfy ged(p(a),€) = 1 for all a € D. Let E be a matriz of
non-negative integers, and let y € G = D/H and a; € y have the following
properties: p(ay)e € H,p(ay)e allows the factorization scheme E, and there
exists p € P lying in a p-equivalence class of positive density and satisfying
vp(ar) = 1. Then we have, as x — oo,

#{acy| |a| < z,0(a)é allows E} =< z(logz) ' (loglog z)?
for some d € Ny.

Proof. Weset G=D/H ={H = g1,3>,...,Jn}, where N = #G and
consider the partition P = (}, PNgy,...,PNgn}. If a,b € H and Tf(d) =
77 (b), then @ and b allow the same factorization schemes by [14; Satz 5).
Let M = {Py,..., Py} be the set of all y-equivalence classes and P =
0, P1,...,Py). Ifa,b € Dand 77 (a) = 77 (b), then 77 (¢(a)é) = 77 (p(b)é),
and therefore p(a)ée and p(b)e allow the same factorization schemes if they
lie in H.

There is an integer r = r(E) such that every a € H allowing the factor-
ization scheme E is a product of at most r irreducible elements of H, and
therefore

§(7"(a)) < rD(G) < >
by [14; Satz 7] (where D(G) is Davenport’s constant) Ifa€ D, pla)e € H
and ¢(a)e allows the factorization scheme F, then (5( P(a))<8(77 (p(a)e)) +
#P* <rD(G) + #P* < co. By assumption, §(7" (a;)) > 1, and therefore
the assertion follows from Theorem 2. m

PROPOSITION TA. Let K be an algebraic number field, R its ring of
integers and E a matriz of non-negative integers. Let f > 2 and ag be
integers, and suppose that there exists an integer a; > 2 with the following
properties: a1 R allows the factorization scheme E in Hg, a1 = ag mod f,
and there exists a prime p such that p|ay, p*ta1, ptf, and p is unramified
i K. Then we have, as x — 00,

#{aeN|a<z, a=ao mod f, aR allows E} =< x(logz) ' (loglog z)?
for some d € Ny.

Proof. We set ¢ = ged(ag, f), f' = ¢ Lf, al, = ¢ tag, and we must
prove that

#{a e N|a<z, a=a)mod f, acR allows E} =< z(logz) ' (loglogz)?

for some d € Ny.
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We observe that [N(f/),Hf/7{1+f/Z},\ ] = [Igloo),sg/oo),| -], and we
consider the Chebotarev formation ([N(f,),Hf/’{Hf/Z}J |1, 1Zr, HR], ¥),
where ¢(a) = aR. We apply Proposition 7 with € = ¢R. Since unramified
primes fall into p-equivalence classes of positive density, the result follows. =

3.3. Elements with prime factors in a given class. In this subsection we
content ourselves with one characteristic example.

PROPOSITION 8. Let R be a holomorphy ring in a global field, G its ideal
class group and N = #G. Fora € I and y € G, we set

wy(a) = #{p € PrNy | vp(a) > 0}.

Let y € G, f a cycle of R, ¢ € Ig)/Sg), ¢ € G the absolute class containing
c and k € N. Then we have, as x — o0,

#lacc| |al <z, wy(a) =k} =< z(logz) N (loglog )",
where

k/:{k—l if either N=1o0r N =2 y#0, ky #¢,

k otherwise.

Proof. We consider the Chebotarev formation ([Ig),Sg),\ -,
[Zr,HRg|,¢), where ¢ is the inclusion map. Then M = {PrNb | b €
Ig) /Sg)} is the set of -equivalence classes, and we set M = {PFi,...
oo s P, Prity o, Pt} where Py = Ppyq U...U Py = PY\ y, and
P = (P, Py,...,Py). Then o(Py) = 1—1/N, and if a,b € I\ satisfy
77 (a) = 77 (b), then wy(a) = w,(b). We set

Z={aeIP |w,(a) =k},

and we are going to apply Theorem 2; for a € Ig), we have a € Z if and
only if a = pi"* ... p. " ag, where p1,...,pr € PrNy are distinct, m; € N and
ag € Ig), wy(ag) = 0; obviously, §(77(a)) = #{1 < i < k| m; =1} < k,
and [a] = (m1+ ...+ my)y + [ag] € G. We must prove that there exists
an ideal a; € Z N ¢ such that §(7"(a;)) = k except in the special case
N =2, y# 0, ky # ¢, in this special case we must prove that there exists
an ideal ay € Z N ¢ such that 6(77(az)) = k — 1, but no ideal a; € Z N ¢
such that (77 (a1)) = k.

Case 1: ¢ = ky. Let p1,...,prx—1 € y be arbitrary distinct prime ideals,
and choose a further prime ideal pi € y such that a; =p1...px € c.

Case 2: ¢ # ky, ¢ # (k+ 1)y. Let p1,...,px € y be arbitrary
distinct prime ideals, and choose a prime ideal prpy1 € Pg) such that
a3 =P1...PkPr+1 € ¢; since ¢ — ky # y, we infer pr1 € y.
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Case3: ¢# ky, c=(k+ 1)y, N > 3. Let p1,...,px € y be arbitrary

distinct prime ideals. Since N > 3, there exist y/,y” € G \ {y} such that

y =1 +1y"; we choose distinct prime ideals p’ € 7/ ﬂPg) and p” € y” ﬂpg)

such that a; = py...prp'p" € c.

Case4: ¢ # ky, ¢ = (k+ 1)y, N = 2. This is exactly the exceptional
case N =2, y # 0, ky # ¢. Suppose that a; = p1...prap € Z N ¢, where
P1,..., Pk € PrNy are distinct and wy (ap) = 0; then ay € Hp, and therefore

¢ = [a1] = ky, a contradiction. If p1,...,px € PrNy are distinct, there exists

a principal prime ideal py € Pg) N'Hg such that as = p; .. .pk,lpiao €c. =

4. Valuation-dependent factorization properties. The methods
developed so far are not suitable for the study of the functions Gy and
related functions. We are now going to describe a formalism which is able to
produce very general quantitative results concerning lengths. We start with
a description of the combinatorial setting (Definition 5 and Proposition 9)
and a very general analytical result. After that we recall the formalism of
block semigroups and give several arithmetical applications.

The combinatorial formalism has its prototype in [9].

DEFINITION 5. Let [D, H] be a formation, D = F(P) and G = D/H.

(a) By a decomposition of P we mean a finite set R = {Py,..., Py}
of mutually disjoint subsets P; C P such that P = P, U...U F,,. For
je{l,...,m}, we define

vj=vp,: D —Ny by wvja)= Z vp(a).
pEP;

For a subset I C {1,...,m}, we set I® = {1,...,m} \ [; for a function
o:1°— Ng and | € Ny, we set

QR (1,0)(1) = {a €D

vj(a) =0o(j) forje IC}
vj(a) >1 forjel |’

and
QR (I,0) = Q™(I,0)(0).

(b) Let R = {Pi,..., Py} be adecomposition of P. A subset ) # Z C D
is called R-valuation-dependent if there exists y € G such that

(V) Z C y, and if a,c € Z, b € y and v;(a) < vj(b) < v;(c) for all
je{l,...,m}, thenb e Z.

(c) Let R ={P,..., Py} be a decomposition of P,y € G and Z C y an
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R-valuation-dependent subset; we set

# there exists ¢ € Z such that
Z#F =qa€y D Z.

vj(a) <wj(c) foralll <j<m
By a Z-system (I,o) we mean a subset I C {1,...,m} together with a
function o : I¢ — Ny such that () # y N Q2R(I,0) C Z# A Z-system (I,0)
is called a mazimal Z-system if there is no Z-system (I,) such that I & I
and & = o|I¢. A subset I C {1,...,m} is called a Z-set if there exists
o :1¢ — Ny such that (I,0) is a Z—system.

If I is a maximal Z-set and o : I° — Ny is such that (1, 0) is a Z-system,
then (I, 0) is a maximal Z-system; on the other hand, if (I, 0) is a maximal
Z-system, then I need not be a maximal Z-set.

The following simple lemma will be useful.

LEMMA 5. Let [D, H] be a formation, D = F(P) andy € G = D/H. Let
R =A{P1,...,P,} be a decomposition of P, I C {1,...,m}, o:1°— Ny
and yN QR (I,0) # 0. Then yN QR (I, 0)(1) #0 for alll € Ny.

Proof. For any i € I, fix p; € P;, and set ¢ = [[,c;pi. If a €
yNO2R(I,0) and N = #G, then we clearly obtain ag™' € y N 2R(I,0)(1
foralll € Ng. m

PROPOSITION 9. Let [D, H] be a formation, D = F(P) and y € G =
D/H. Let R ={Py,...,P,} be a decomposition of P, and let Z C y be an
R-valuation-dependent subset.

i) There exist onl nitely many mazximal Z-s stems; if these are
Y Y Y Y
9
(Il 0'1), ey (Im, (Tm), then

(*) 7% = OmeR(Ij,o—j).

j=1
(ii) If (I,0) is a Z-system, then either 2™ (I,0)NZ = 0, or there exists
some | € Ngy such that y N 2%(I,0)(l) C Z.
(iii) There exist finitely many Z-systems (I1,51), . .., (I, 5,) and integers
l1,..., 1, € Ng such that

(xx) Z = UyﬂQR(fi,&i)(li).
i=1
(iv) Let (1,0),(I1,01),...,(In,0n) be Z-systems, | € Ny and
y M QR I O' U IV,OV

Then there ezists some v € {1,...,n} such that I C I, and o, = o|I}.
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In particular, the representation (x) above is unique. If the representa-
tion (x*) is incontractible, i.e., if there are no inclusions y N Q% (I;,5;) C
y N QR (I, 6) fori # k, then (xx) is also unique.

Proof. (i) Ifa € Z# and o : {1,...,m} — Ny is defined by o(j) =
vj(a), then (0,0) is a Z-system and a € y N 2%(0,0). For every Z-
system (I,0), there exists a maximal Z-system (I, &) such that Q7 (I, o) C
QR(I,5); therefore it remains to prove that there are only finitely many
maximal Z-systems. If not, then there exists a Z-set I C {1,...,m} and
there exist infinitely many functions o : I — Ny such that (I,0) is a Z-
system. In particular, there exists a sequence of functions (o, : I° — Ny), >0
such that all (I, 0,) are Z-systems, and lim,,_, o, 0,,(i1) = oo for some i; € I°€.
By extracting subsequences of (0, ),>0 we arrive, in a finite number of steps,
at the following situation: there exists a subset ) # [; C I€, an integer
M € N and a sequence of functions (o, : I® — Ny),>¢ such that all (I,0,)
are Z-systems, lim, ., 0,,(i) = oo for all i € I;, and 0, (i) < M forallv > 0
and ¢ € I¢\ I;. Therefore there exists o : I¢\ I; — Ny and a subsequence
(o, )k>0 of (0,),>0 such that o,, (i) = o(i) for all k > 0 and i € I°\ ;.
We assert that (I U Iy, 0) is a Z-system, contrary to the maximality of the
Z-systems (I,0,). Indeed, ) # y N QR (1,0,,) C yN Q2RI U I,0), and
if a € yN QR(IUI,0), then there exists k € N such that o, (i) > v;(a)
for all i € I; obviously, 0,,(i) = o(i) = v;(a) for all ¢ € I°\ I;. If
| = max{v;(a) | i € I}, then yN Q= (I,0,,) # 0 implies yN 2= (I,0,,)(l) # 0
by Lemma 5; if b € yN 2R (1,0,,)(1), then we infer b € Z#, and v;(a) < v;(b)
for all i € {1,...,m} implies a € Z#.

(ii) Suppose that there exists some ¢ € Q%(I,0) N Z, and set | =
max{v;(c) | i € I}. If a € yN QR(I,0)(l), then v;(a) > v;(c) for all
i €{1,...,m}. Since a € Z#, there exists b € Z such that v;(a) < v;(b) for
all i € {1,...,m}, and therefore (V) implies a € Z.

(iii) By (i), we have
m
j=1

therefore it is sufficient to prove the following statement:
Given a Z-system such that 27(I,0) N Z # (), there exist finitely many
Z-systems (I,,0,) (v=1,...,n) and ly,...,l, € Ny such that

QR(I,0)NZ = LnJ yNQR(I,,0,)(1,).

v=1

We do this by induction on #I. For I = (), there is nothing to prove;
thus we suppose I # (. By (ii), there exists some [ € Ny such that y N
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OR(I,0)(l) C Z, and

QR(I,0) = Q%1 0)()u | ] QT o)
(I',0")

where the union is taken over all proper subsets I’ & I and all functions
o' : I'* — Ny satisfying o’|I° = 0 and ¢’(i) < [ for all i € I\I’. This implies

OR(Io)nZ=ynQ2®(IL,o))u | J 2%(I',d)nZ,
(I',0")

and the assertion follows by induction hypothesis.

(iv) Since y N PR(I,0) # 0, Lemma 5 implies the existence of a €
y N 2R(1,0)(1) satisfying v;(a) > max{o,(j) | j € I,,1 < v < n} for all
i€l Ifve{l,...,n}issuch that a € 2%(I,,0,), then we obtain I C I,
and 0, = o|I¢. The uniqueness assertions are now obvious. m

The following proposition is fundamental for a quantitative investigation
of valuation-dependent sets (cf. Theorem 3 below).

PRrROPOSITION 10. Let [D,H,| - |] be an arithmetical formation, D =
F(P), G = D/H and R = {Py,...,P,} a decomposition of P with the
property that for every j € {1,...,m}, there exists g; € G such that P; C g;,
and Pj is regular with density o;. Let I C {1,...,m}, 0 = > ;0
o:1°— Ny,

d:Za(j) and o+d>0.
JEI®
2;>0

Lety € G, yn QR(I,0) # 0 and | € Ng. Then we have, as x — oo,
#{acynQ2®(1,0)(1)| |a| <z} =< z(logz) '+ (loglog z)* ,

where
d—1 if o=0.
Proof. It suffices to consider the case | = 0; then the general case
follows by means of the identity

QR(I,0)(1) = QR(1,0)\ L—d {a € QR(I,0) | vi(a) = ¢; forall icT}.
(ei)ier
0<e; <l
We may suppose that I = {n + 1,...,m} and I° = {1,...,n} for some
0<n<m Weset Ph = P41 U...UP,, and we consider the parti-
tion P = (Py, P1,...,Py) of P. Let ¥ C T*(P) be the set of all P-types
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((tjw)v<a;)j=1,...,n satisfying
Aj
> tiy=o0(j) foralljel
v=1

For a € D, we have a € 2%(I,0) if and only if 77 (a) € T. Now the assertion
follows from Theorem 1. =

THEOREM 3. Let [D,H,| - |] be an arithmetical formation, D = F(P),
G =D/H and R = {P,..., Py} a decomposition of P with the property
that for every j € {1,...,m}, there exists a class g; € G such that P; C g;,
and P; is reqular with density o;. Let Z C D be R-valuation-dependent.

(i) If
o= max{S

Ic{1,...,m} z'saZ—set},

icl

d= rnax{ Z o(7) ‘ (I,0) is a Z-system, Zgi = Q}
jer® iel
2;>0

and o+ d > 0, then we have, as T — 00,
#{a € Z# | |a| < 2} = z(logz) " T(loglog z)?,

where
J — d if 0>0,
d—1 if o=0.
(i) If
Ic{l,...,m} is a Z-set such that
7= max{ Y| b
el yNQI,o)(l) C Z for some o :1I°— Ny and | € Ny
_ 1,0) is a Z-system such that
d= max{z O'(j)‘( ) }
iere yN2(1,0)(l) C Z for somel € Ng and ), ;0i = 0
2;>0

and o+ d > 0, then we have, as x — o0,
#{a € Z|a| <2} < z(logz) ' T°(loglog x)(zl,
where B
Jl — Cg Zf @ > 07
d—1 if 5=0.
Proof. By Proposition 9(i),

7% = U yn QR(I;L:UM)7

=1
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where the union is taken over all maximal Z-systems (1,0, ), and Proposi-
tion 9(iv) implies

Q:max{Zgi ,uzl,...,m}
i€l
and
dZmaX{ > ouli) ‘ pedl,...,m}, ZQi:Q}-
JEIS i€l

2;>0
Similarly, again by Proposition 9,

Z=\JynQ*1,,5,)1)
v=1
where the union is taken over all Z-systems (I,,5,) and l,, € Ny such that
y N 02R(1,,5,)(l,) C Z which are maximal with this property (then the
representation is incontractible and thus unique). Therefore

@:max{ZQi 1/:1,...,7"}

i€l

J:max{z a,(J) ‘ 1/6{1,...,1"},291-25}.

jeIs iel,
2;>0

and

Now the assertion follows from Proposition 10 and the observation that, for
any Z-systems (I1,01), (Iz,02) and I1,ly € Ny we have either Q7 (I, 01)(1;)
N QR(IQ, O'Q)(lQ) == @, or QR(Il, 0'1)(l1) N QR(IZ, O'Q)(lg) == QR(Il OIQ, O')(l),
where o|I{ = 01, 0|I§ = 03 and | = max(ly,[3). m

For subsequent arithmetical applications of Theorem 3 we recall the con-
cept of block semigroups (cf. [11; Beispiel 6]). For an additive finite abelian
group G, let F(G) be the (multiplicative) free abelian monoid with basis G.
For B =[] ¢ g"s(B) ¢ F(G), the element

UB) =) wy(B)geq

gelG
is called the content of B, and
B(G)={B € F(G) | «(B) =0} C F(G)

is called the block semigroup over G. If #G > 3, then [F(G), B(G)] is a for-
mation, and ¢ : F(G)—G induces a group isomorphism * : F(GQ)/B(G)=G.
We identify the class group of [F(G), B(G)] with G by means of ¢*.

If [D, H] is a formation, D = F(P) and G = D/H, then there is a unique
semigroup homomorphism 3 : D — F(G) such that B(p) = [p|] € G for all
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p € P. We have toB(a) = [a] for all € D, and hence H = 87 (B(Q)). Bis
called the block homomorphism of [D, H]; it has the following arithmetical
significance (cf. [4; Prop. 1]):

If a € H, and a = uy...u, is a factorization into irreducible elements
u; € H, then B(a) = B(u1) ... B(u,) is a factorization of B(a) into irreducible
blocks in B(G), and every factorization of 3(a) into irreducible elements of
B(G) arises in this way. In particular, 1y (a) = 1) (B8(a)).

Now let ([D, H,| - |], [D, H],¢) be a Chebotarev formation, G = D/H,
and let 3: D — F(G) be the block homomorphism of [D, H]. If D = F(P)
and p,p’ € P are g-equivalent, then 3o o(p) = Bo p(p). If #G > 3,
then ([D, H,| - |], [F(G), B(G)], Boy) is a Chebotarev formation, and the
(B o p)-equivalence classes coincide with the p-equivalence classes.

As in Section 3, we continue with two subsections dealing with arith-
metical applications.

4.1. Elements with a given block

PROPOSITION 11. Let ([D, H,| - |], [D, H|, ) be a Chebotarev formation,
D=FP), G=D/H, D=F(P), G=D/H, B: D — F(G) the block
homomorphism, and suppose that the set P* = {p € P | p(p) = 1} is finite.
Lete € D and y € G be fized. Let B € F(G) be given, and suppose that
there exists a1 € y having a prime factor in a @-equivalence class of positive
density and satisfying B(p(a1)é) = B. Then we have, as x — oo,

#{a cy|la| <z, Blpla)e) = B} < z(logz) " (loglog )"
for some d € Ny.

Proof. Let R = {Pi,..., Py} be the set of all p-equivalence classes,
and Z = {a € y | B(p(a)e) = B}. If a,b € D, then vj(a) < v;(b) for
all j € {1,...,m} implies B(p(a)e)|B(¢(b)e) in F(G). Therefore Z is R-
valuation dependent. A subset I C {1,...,m} is a Z-set if and only if
UiE 1 P C P*. We apply Theorem 3; obviously, ¢ = 0, and our assumption

on a; guaranteesd=d—1>0. m

Remarks. 1. In Proposition 11, Z# = {a € y | B(p(a)é)| B}, and
Theorem 3 yields a similar asymptotic behaviour of #{a € Z# | |a| < z}.

2. In concrete arithmetical examples the exponent d can be determined
very precisely (cf. [32; Theorem 9.4)).

As an application of Proposition 11, we determine the number of irre-
ducible elements in residue classes of a holomorphy ring.

PROPOSITION 11A. Let R be a holomorphy ring in a global field. Let § be
a cycle of R, ag € R, and suppose that there exists an irreducible element
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u € R such that u = ag mod f and (u) # ged(wao,f). Then we have, as
r — 00,

#{(a) e Hr | a € R, |(a)| <z, a = ag mod f, « is irreducible in R}
= z(log z) " (log log 2)%
for some d' € Ny.

Proof. If 3:Zr — F(G) is the block homomorphism of the formation
[Zr, HRr], then an element o € R is irreducible if and only if () # (1) € Hr,
and B((«)) is irreducible in B(G). Since there exist only finitely many ir-
reducible blocks in B(G), the problem is reduced to that of counting ele-
ments with a given block. Therefore Proposition 11 applies, and the result
is derived by the same methods as used in the proofs of Propositions 6A
and 6B. =

Remarks. 1. Proposition 11A can be strengthened if ged(ayp,f) = 1.
Then the existence of an element u with the indicated properties is obvious;
moreover, we obtain d’ = D(G) — 1, where D(G) is Davenport’s constant of
the ideal class group G of R.

2. The first special case of Proposition 11A was proved in [35]; for
generalizations see [15].

4.2. Elements with a given number of lengths

PROPOSITION 12. Let ([D, H, | - H,lﬁ, E]’f) be a Chebotarev formation,
D=FP), D=F(P), G=D/H, G=D/H and #G > 3. Suppose that
for every g € G there exists p € P, lying in a p-equivalence class of positive

density, such that o(p) has a prime factor in g. We set
Po={p € P |vs(p(p)) =0 for allpe P\ H}

and suppose that oo = o(Py) > 0. Let & € D satisfy gcd(p(a),e) = 1 for all
a€D. Lety € G, k €N, and suppose that there exists a; € y such that
p(ar)e € H and 1z(¢(ar)e) < k. Then we have, as x — oo,

#{acyllal <z, 1z(p(a)e) < k} < z(logz) ™2 (loglog z),
where g9 < o <1 and d € Ny.

Proof. Let R = {Pi,..., Py} be the set of all p-equivalence classes.
Since p(H) C H, we obtain ¢(a)é € H for all a € y, and we consider the set
Z={acyl|lgz(pla)e) <k}. If B: D — F(G) is the block homomorphism,
then 1z(¢(a)e) = IB@)(B(go(a)é)) for all a € y, and vj(a) = v;(b) for all
jeA{l,...,m} implies B(¢(a)e) = B(p(b)e) for all a,b € D. Therefore Z is
valuation-dependent, and even Z = Z#; we shall apply Theorem 3(i).
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If p € Py, then B(p(p)) = (0)* for some k € N, and 13(5)(3(0)’“) =
lsG)(B) for every B € B(G). Consequently, every set I C {1,...,m}
satisfying Uie ;1 P C Py is a Z-set, which implies ¢ > go.

It remains to prove that o < 1. If, on the contrary, ¢ = 1, then there
exists a Z-system (I, o) such that Zie ; 0i = 1 and consequently g; = 0 for
all j € I°. Since #G > 3, there exists B € B(G) such that s (B) >k (see
[4; Lemma 1]). For every g € G there exists (by assumption) p € P; (for some

i € I) such that g[B(¢(p)) in F(G). Therefore there exists a € y N 2(1,0)
such that B|B(¢(a)e) in B(G), whence 1z(¢(a)e) > k, a contradiction. m

PROPOSITION 12A. Let K/K be a finite extension of algebraic number
fields, R, R their rings of integers, f a cycle of R and oy € R such that
IHE(aOR) < k for some k € N. If the class number of K is at least 3, then
we have, as T — 00,

#{(a) e Hr |a € R, |(a)] <z, a = ap mod f, IHE((IR) <k}
= z(log x) ¢ (loglog z)?
for some 0 < p <1 and d € Ny.

Proof. By Proposition 12, similarly to Proposition 6B. =

Remark 1. There are several special cases of Proposition 12A in which
the exponents p and d can be given more precisely (cf. [37], [38], [5], [10]
and [26], [30]).

Remark 2. There are some other properties of non-unique factorization
which have been studied in recent years and which can be handled (and
generalized) using the method of valuation-dependent sets (cf. [20], [9]).

5. More precise asymptotics. All results of this paper are of the
shape

A(z) =< z(log x) ~¢(loglog z)?

for some 0 < p < 1 and d € Ng. The weakness of these results comes from
the weak notion of regularity introduced in Definition 2. If there the algebra
A is replaced by the algebra A of all complex functions which are regular in
the closed half-plane Rs > 1, then all asymptotic results get the form

A(z) ~ Cz(log z)~?(loglog x)?

for some positive constant C, which can be explicitly calculated and has
been determined in several special cases (cf. [32; Ch. 9], [26], [27], [16]). In
particular, in Proposition 1 we obtain C = p.

In the case of algebraic number fields, the methods of J. Kaczorowski
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[21] yield more precise results, namely

A(z) = Z z(logx) =% [Z(log z) 7 P, j(loglog )

+0((logz) "™~ *(loglog z)™)

for every M € N; here N € N is a fixed exponent, P, ; € C[X] are polyno-
mials, 0 < 91 <1, g2,...,0, € C, 0 < Rp, < p; and r =1 in all results of
Section 3 and Subsection 4.1. Moreover, it is even possible not to fix M, but
to take a suitable M = M(z) — oo (z — o0), thereby obtaining asymp-
totics which can be made as precise as zero-free regions of Hecke L-functions
are known.

In the case of algebraic function fields, the L-functions have zeros for
s = 1. Using the methods of [17] it is possible to derive a result which is
formally analogous to that of the number field case, but under the restriction
that x goes to oo through natural powers of ¢, the cardinality of the constant
field.
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