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Chebyshev Expansions for the Bessel Function Jn( z)
in the Complex Plane

By J. P. Coleman and A. J. Monaghan

Abstract. Polynomial-based approximations for J0(z) and 7,(z) are presented. The first
quadrant of the complex plane is divided into six sectors, and separate approximations are
given for | z | < 8 and for | z | » 8 on each sector. Each approximation is based on a Chebyshev
expansion in which the argument of the Chebyshev polynomials is real on the central ray of
the sector. The errors involved in extrapolation off the central ray are discussed. The
approximation obtained for \z\> 8 can also be used to evaluate the Bessel functions Y0(z)
and Y^z) and the Hankel functions of the first and second kinds.

1. Introduction. Many polynomial and rational approximations are available for
mathematical functions of real argument [1], [10], [11]. Practical approximation in
the complex plane is less well developed. Our main concern here is the Bessel
function of the first kind of integer order, but the ideas used can also be applied to
other functions.

For the Bessel function J„iz) it is possible in principle to use the Taylor expansion
within a disc |z|<Ä and an asymptotic expansion for \z\>R. This approach
suffers from cancellation errors and from the need for an increasingly large number
of terms in the Taylor series as | z | increases, as well as from the limitation on the
accuracy achievable from an asymptotic expansion for a given value of R.

By truncating a Chebyshev series for a function on the real interval [-1,1] we
obtain, in many cases, a close approximation to the minimax polynomial of the same
degree. The error in truncating a rapidly convergent Chebyshev series 2^=0 akTk(x)
after (n + 1) terms is dominated by the first neglected term; this, being proportional
to Tn+X(x), has the equioscillation property characteristic of the error in the
minimax polynomial approximation of degree n. Approximations, based on
Chebyshev series, for Bessel functions of real argument have been obtained by
Clenshaw [3], Luke [10], and Coleman [4].

For a domain D of the complex plane we can ask what monic polynomial of
degree n will minimize

max|z" + an_xz"~l + ■ ■ ■ +axz + a0\ .
ze£>

The polynomial %D(z) which satisfies this condition is called the Chebyshev
polynomial of degree n for the domain D. The success of Chebyshev expansions on
the real axis suggests that by truncating an expansion of the form

00

(1) f(z) =  2 bk<5kD(z)
k = 0
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we could hope to obtain a near-best polynomial approximation for a function / in
the domain D. When D is the real interval [-1,1], %D is 21 " times the classical
Chebyshev polynomial Tn, whereas if D is the unit disc, %D(z) = z", in which case
the right-hand side of (1) is simply the Taylor series for/. For other domains the
properties of the polynomials %D(z) are not in general known. Explicit expressions
for a few polynomials %Diz) of low degree for specific domains have been found [8],
and algorithms exist [7], [13] which will produce numerical values of the coefficients
for a given domain D and degree n, but without a better understanding of the
properties of the polynomials %°iz) it is not feasible to obtain the coefficients of the
expansion (1).

Our approach in this paper is to divide the complex plane into a number of
sectors and, in the absence of an expansion of the form (1), we use in each sector an
approximation

/(*) - 2 akTk(z/y),
k = 0

the complex constant y being chosen so that z/y is real on the central ray of the
sector. Our expansions for J„(z) and the generation of their coefficients are de-
scribed in Section 2. The study, in Section 3, of the truncation error requires an
upper bound for | Tn(z) | on a sector; such a bound is established in Appendix 1.
Section 4 describes the coefficient tables and provides a guide to the accuracy
achievable.

2. Expansions for /„(z). Throughout this work we shall concentrate on values of z
in the first quadrant, 0 < arg z < m/2, only, since symmetry relations can be used to
deduce the values of J„(z) elsewhere. It is convenient to consider separately two
regions of the complex plane, an inner region | z |< R and an outer region | z \> R,
each of which will be mapped into the unit disc. It will be assumed that n is a
positive integer but the extension to nonintegral orders is straightforward.

2.1. The Inner Region. Clenshaw [3] tabulated coefficients for expansions of the
form

(2) Jnix) = ^(j)nî'a2rT2r(x/i)
"■      L r=0

on the interval [-8,8], for n = 0 and 1. The prime on the summation sign indicates
that the first term is to be halved. Coefficients of the corresponding expansions for
n = 2,3,..., 10 were calculated by Coleman [4] and are incorporated in a subroutine
which calculates J„(x) to a specified accuracy.

If x is replaced by the complex variable z the expansion (2) still converges. Since
z~"Jn(z) is a regular function of z it can be shown [14, p. 143] that, for any p > 1,

i      i^2m(p)
l«arl< —.

where M(p) is an upper bound on | 2"n\z~"Jn(z) | for | z | = 8p. Furthermore,

i^(ni^(i + \/2)2r + (i-/2)2r
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CHEBYSHEV EXPANSIONS FOR BESSEL FUNCTIONS 345

for | f |< 1, the bound being attained when f = ±i. It follows that

2M(p)(l + fi)2r
\a2rT2riz/m< \r       '   ,

P

and since we may take p > (1 + -J2), the convergence of the series is established.
There is nevertheless a substantial deterioration in the rate of convergence as arg z
increases. For example, if the series is truncated to give a polynomial of degree 20,
the first neglected term increases by a factor of 1.3 X 108 as arg z increases from 0°
to 90°, while | z|= 8.

It is shown in Appendix 1 that in the sector | f | < 1, | arg f | < 0

\Tnit)\<\TmieM)\.

The right-hand side of this inequality is a monotonically increasing function of 0 for
0° < 0 < 90° so the smaller the angular range about the real axis in which we use a
given number of terms of the expansion (2) the less significant the loss of accuracy.

The advantages of a Chebyshev expansion on the real interval [-1,1] may be
retained for any particular ray in the complex plane by writing

1 °° 1
(3) jn{z)=      {z/1y 2'a2rT2riz/y)=Mz/2)nviz/y),

r = 0 "

where y is a complex number having the same argument as z, and such that
0 < z/y < 1. The function v in Eq. (3) satisfies the differential equation

(4) fa" + (2n + l)v' + y2tv = 0,

with t>(0) = 1 and u'(0) = 0, where the prime denotes differentiation with respect to
t = z/y. Clenshaw's method [2] applied to this equation yields recurrence relations
for the coefficients of the Chebyshev expansions for vit) and v'(t); these may be
solved by backward recurrence. Since

T2rit) = Tri2t2 - 1) = Tr*it2),

where T* is a shifted Chebyshev polynomial, Eq. (3) may be expressed as

Jniz) = Uz/2)n2'a2rTr(z2/y2).
r=0

We have used this method for | y |= 8 and arg y = 7.5° (15°) 82.5°, thus provid-
ing a separate expansion for each 15° sector in the first quadrant. The accuracy of
these expansions is discussed in Section 3.

The general theory of the expansion of generalized hypergeometric functions in
series of functions of the same kind is described by Luke [9]. From this he obtains, in
[11], recurrence relations for the Chebyshev coefficients a2r which are equivalent to
those given by Clenshaw's method for this problem (see [10, p. 501]).

2.2. The Outer Region. The Bessel function /„(z) may be expressed as

y„(z) = i[//<"(z) + //<2>(z)],
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346 J. P. COLEMAN AND A. J. MONAGHAN

in terms of the Hankel functions of the first and second kinds which have the
asymptotic forms

#n(,)(¿)~(¿)     e«*-"/2-'^,

as z -» oo. Any ray in the region |z|>|y| may be mapped onto [0,1] by the
transformation t = y/z and the function

«(2>(0 = (f )1/2exp[,(z-^->)]//f>(z)

satisfies the differential equation

(5) t2u"+ 2it + iy)u'+ (\-n2)u = 0,

where the prime denotes differentiation with respect to the real variable t, and
h(2)(0) = 1. Similarly, extraction of the asymptotically dominant term in Hi\x\z)
yields a function w(1)(r) which satisfies a differential equation differing from (5) only
in the sign of iy.

We used Clenshaw's method to calculate the coefficients of the expansions
00

(6) «(0(0 = 2'«W(0,    ' = i>2,
r=0

from which we can evaluate the Bessel functions of the first and second kinds, since

(7) Jn(z) = (2Wz)-,/2[M<1)(0exp{/«(z)} + M<2>(0exp{-/«(z)}]

and

(8) Ya(z) = -/(2Wz)-,/2[M<1>(i)exp{m(z)} - M<2>(0exp{-m(z)}],

where

aiz) = z — \nm — \ir.

The expansions in (6) are particular cases of a series discussed by Luke [11, p. 88].
When z is real the differential equation (5) has only one solution of the required

form and the coefficients can be found by backward recurrence from an arbitrary
starting point and use of the initial condition for the differential equation. When
Im y > 0 there is no longer just one solution since (5) is also satisfied by

w(t) = e2iy/'u(-t)    forr>0.

It follows that any solution of the recurrence relations corresponds to a linear
combination of u(t) and w(t). The unwanted solution w(t) may be removed by
solving a boundary-value problem; the recurrence relations are solved twice with
independent initial values, and the known value of Jn(y) is used in addition to the
condition w(0) = 1 to obtain the desired solution. In practice the extent to which the
unwanted solution w(t) enters will depend on the value of Imy. In producing the
tables we solved the recurrence systems with two different starting values and
decided by comparison of the results whether to solve an initial- or boundary-value
problem.
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CHEBYSHEV EXPANSIONS FOR BESSEL FUNCTIONS 347

3. Error Bounds. A real- or complex-valued function / of a real variable x may,
under suitable conditions, be expressed on the interval [-1,1] as a Chebyshev series

00

fix) = 2'brTr(x),
r = 0

where

In particular, if/is differentiable to all orders on [-1,1] and |/<r)(*) |< Qr on that
interval, the work of Elliott [6] shows that

To apply this result it is convenient to write Eq. (3) as
00

2"n\z-"Jniz)=f(x)=2'a2rTr(x),
r=0

where

Then

x = 2t2-l =2(z/y)  - 1.

(see [15, p. 18]). Watson [15, p. 49] establishes the bound
\z r

(9) |ym(z)|<^-exp|Imz|.

Thus if | z | < | y | and arg z = arg y = <p, then

2/j'l y \2r
(10) \°2r\<.4r .;     '    m exp(|Y|sin<>).

2   r!(n + r)\

An alternative bound on the coefficients is obtained by noting that, for r 3= 1,

a2,=   2y)yrnl    Ar + \;n + r+l,2r+l;4
2r     24V! (n + r)\ x  2\        2 ' '4

(see [11, p. 77]) so

2h!|y|2'        S (« + A-)!r!(2r+2^)!|Y|2A:
a->, <■

24rr\in + r)\ k% (r + k)\ (r + n + k)\ (2r + k)\k\16k

The ratio of successive terms in this series is

i2r + 2k)i2r + 2k- l)\y\2 \y\2
16(r + k)(r + n + k)i2r + k)k     4(2r + k)k
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since n > -j, and therefore

(H) «2rl<
2h!|y a,

24/> !(« + /•)!

2«!| -y |2r

¿, {4(2, + 1)|  k\

exp
1

24rr\ (« + /■)!     K\42r+1

Note that this bound, unlike (10), is independent of the angle <}>. Table 1 gives some
comparisons of these bounds with the values of | a2r | when n = I.

Table 1
Values of\a2r\ for 7,(z) when y = 8exp( ;'</>),

and the upper bounds (10) and (11).

24

11
24'

5
10
20
30
35
5

10
20
30
35
5

10
20
30
35

I "2

7.3 (-3)
7.4 (-9)
1.2 (-26)
8.2 (-49)
4.9 (-61)
7.6 (-3)
7.6 (-9)
1.2 (-26)
8.2 (-49)
5.0 (-61)
6.9 (-2)
2.7 (-8)
2.5 (-26)
1.4 (-48)
7.6 (-61)

Bounds
from (10) from (11)

2.4 (-2)
1.4 (-8)
1.8 (-26)
1.1 (-48)
6.1 (-61)
6.7 (-2)
4.1 (-8)
5.0 (-26)
3.0 (-48)
1.7 (-60)

66
4.0 (-5)
4.9 (-23)
2.9 (-45)
1.7 (-57)

1.0(-1)
3.1 (-8)
2.6 (-26)
1.4 (-48)
7.7 (-61)
1.0 (-1)
3.1 (-8)
2.6 (-26)
1.4 (-48)
7.7 (-61)
1.0 (-1)
3.1 (-8)
2.6 (-26)
1.4 (-48)
7.7 (-61)

Suppose that the Chebyshev series for 2"«!z""/„(z) on the ray argY = <#> is
truncated to give a polynomial of degree 2m and the resulting approximation is used
in the domain

D = (z; | z |<| y | , 4> - 0 < arg z « <¡> + 0},

where 0 is given. Then the truncation error is
00

Em.niz) =     2    a2rT2riz/y),
r=m+\

and its magnitude is bounded by

00      / I v I \2r I T <Vei I^\a   2     lJr)  1It^-^-,

with

/ 1      I Y I2A = exp(| y |sin¿>)    or    exp  — 2m + 3   '
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Since (see Appendix 1)

I T2rie,s)\<L2(p2m+2 + p-a*+9ye*-«-i>,

with

p=|exp(/0) + /exp(2/0) - 1 | ,

and

jm +l)\jn + m+ l)\ 1
(m + 1 + *)!(« + m + 1 + k)\      (w + 2)k(n + m + 2)k '

it follows that

(12)     \EmJz)\

where

n\A
im + !)!(« + m + l)\ \   4

2 m + 2(P2 ,-(2m + 2)>

1 - R.

R      = I y IV
16(w + 2)(m + « + 2) '

When Äm „ « 1 the truncation error is dominated by the first neglected term. For
example, when | y | = 8 and 0 = 7.5°, R22,0 0.014 and R32,0 0.007.

The dependence of the rate of convergence on | y | is evident from the inequality
(12). By decreasing | y | the rate of convergence in the inner region is increased, but
at the expense of a slower rate of convergence in the outer region. Thus a
compromise is necessary. We experimented with a number of different values of | y |
and eventually chose | y | = 8, as Clenshaw [3] did in the real case, having found no
compelling reason to make a different choice.

The bound (12) applies to the inner region where For y I we do
not have useful bounds for the coefficients of the expansions (6) but their asymptotic
forms have been investigated by Miller [12] and by Luke [11]. The latter reference
gives two slightly different asymptotic estimates. Tables 2 and 3 contain some
comparisons of our calculated coefficients with these estimates; in every case to
which we have applied them the estimate Ex is better than E2, but both are
remarkably accurate.

Table 2
Values of | a{X) \ for the Hankel function H§x, and estimates £, and

E2 obtained from Eqs. (2) and (3) on pp. 88-89 of [11].

7.5°

82.5°

20
30
40

20
30
40

3.39 (-22)
5.11 (-29)
4.49 (-35)

1.67 (-23)
4.80 (-31)
8.88 (-38)

3.43 (-22)
5.13 (-29)
4.50 (-35)
1.71 (-23)
4.88 (-31)
8.99 (-38)

E,

3.85 (-22)
5.49 (-29)
4.72 (-35)
1.53 (-
4.57 (-
8.60 (-

23)
31)
38)
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350 J. P. COLEMAN AND A. J. MONAGHAN

Table 3
Values of | ap' | for the Hankel function H^2), and estimates

Ex and E2 obtained as in Table 1.

7.5°

82.5°

20
30
40
20
30
40

,<2)

1.22 (-21)
3.69 (-28)
6.10 (-34)
1.24 (-16)
8.79 (-21)
1.84 (-24)

1.21 (-21)
3.64 (-28)
6.07 (-34)
1.20 (-16)
8.65 (-21)
1.82 (-24)

1.33 (-21)
3.84 (-28)
6.29 (-34)
1.08 (-16)
8.14 (-21)
1.75 (-24)

Since the functions of interest for | z | > | y | have a singularity at infinity the
expansions (6) converge only for 0 < t < 1. Thus, when polynomial approximations
obtained by truncating these expansions are used for complex values of y/z, the
technique used to bound the truncation error when | z | < | y | is not applicable.
Empirical evidence of the accuracy of the resulting approximation is mentioned in
Section 4, where it is used in constructing Table 5.

4. The Coefficient Tables. The coefficients of the Chebyshev expansions (3) and
(6), for n = 0 and 1 with | y | = 8, which are tabulated in Appendix 2, were
calculated in quadruple precision on an IBM 370 computer, and the results were
rounded to double-precision form. For each value of n, the order of the Bessel
function, there are six tables, one corresponding to each of the rays arg y = 7.5°
(15°) 82.5°. In each table the top set of figures corresponds to the expansion (3) and
the two lower sets are the coefficients a^1' and a*2) to be used for | z | > 8.

The number of coefficients tabulated in each case, and the number of decimal
digits to which they are quoted, were determined by the requirement that a certain
accuracy be achievable in the calculation of the corresponding Bessel function in
double-precision arithmetic. In the inner region the Chebyshev series converges
rapidly, and the accuracy is limited only by rounding error. Table 4 shows the
accuracy achievable for | z | < 8 with the tabulated coefficients. As arg y increases the
low-order coefficients increase in magnitude but

00

2'(-1)^=1
r = 0

in all cases; the resulting loss of significant figures reduces the achievable accuracy
as shown in the table.

Table 4
Maximum absolute error in using (3) with the tabulated

coefficients for \ z |< 8
argz

0° - 15°
15° - 30°
30° - 45°
45° - 60°
60° - 75°
75° - 90°

n = 0
0.5,-14
1.0,-14
0.5,-13
1.0,-13
0.5,-12
0.5,-12

n = 1
0.5,-14
1.0,-14
0.5,-13
2.0,-13
0.5,-12
0.5,-12
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In the outer region the number of terms needed to calculate the Hankel function
#„(1)(z) to a given accuracy is not sensitive to the value of arg y in the first quadrant,
but the number required in the expansion of Hj,2\z) increases markedly as arg y is
increased. Table 5, which is based on a comparison with accurate values of J0(z) and
7,(z), shows the accuracy achievable with the tabulated coefficients. For 75° < arg z
< 90° we have accepted a lower level of accuracy than elsewhere since the rate of
decrease of | a<2) | has then become very slow; greater accuracy could be obtained in
the evaluation of H^x\z) alone.

Table 5
Maximum relative error in using (11) with the tabulated

coefficients for | z | > 8
arg z n = 0 « = 1

0° - 15° 0.25,-14 0.25,-14
15°-30° 0.25,-14 0.25,-14
30°-45° 0.25,-14 0.25,-14
45° - 60° 0.5,-14 0.5,-14
60° - 75° 0.5,-14 0.5,-14
75° -90° 0.1,-13 0.1,-13

The relative errors quoted in Table 5 are not applicable in the vicinity of the zeros
of J0 and /,, all of which lie on the real axis. The tabulated coefficients are
sufficiently accurate to permit calculations with absolute error no greater than
5 X 10"15 near the zeros.

Acknowledgements. A. J. Monaghan is supported by a research studentship
awarded by the Science Research Council. We are grateful to the referee, whose
comments encouraged us to improve parts of the paper.

Appendix 1. A Bound for | 2"„(f ) | on a Sector. Here we establish a bound for the
modulus of the Chebyshev polynomial T„(f ) on a sector D of the unit disc in which
| arg f | < 0 < tr/2 radians, and we show that the bound is attained. Since | T„(f ) | =
| r„(f *) | , it is only necessary to consider the upper half OAB of this sector, where O
is the origin and A and B are the points f = 1 and f = exp(/0), respectively.
Furthermore the maximum modulus theorem shows that the maximum occurs on the
boundary, i.e. on the radius OB or on the arc AB.

The polynomial T2JX) of even degree is an even function, and its zeros, all of
which Hein [-1,1], may be labelled as ±\kik = 1,2,...,m). Then

T2M) = 22m~l n(t2-xi)
k = \
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and on the unit circle

I T2m(e") |2 = 24"-2 n (1 + Xi - 2XÎCOS26).
k=\

Clearly this expression is a monotonically increasing function of 6 for 0 < 0 < it/2.
The maximum value on the arc AB therefore occurs at B and

\T2miei6)\>'1    for O*S0< ff/2-

On the ray OB f = re'e and

I T2m(rei%) I2 = 24m"2 fi {r* + xt ~ 2r2x2kcos2@).
k=\

If tr/4 < 0 < 7t/2 each term in the product is positive and monotonically increasing
with r. On the other hand, if 0 < 0 < 7r/4, the A:th term in the product decreases,
from the value xt when r = 0 to a positive minimum at r = x/t(cos20),'/2 and
thereafter increases with r. It follows that the product must take its maximum value
at r = 0 or 1. Since

|r2m(o)|=i<|r2m(Ve)|,

we have, for the sector D, the bound

\T2M)\^\T2m(eifi)\.

The Chebyshev polynomial T2m+xiÇ) of odd degree has a zero at the origin and may
be written as

m

T2m+M) = *mS n (S2-y2k),
k=\

where ±yk (k = l,2,...,m) are the other zeros. Arguments analogous to those used
above show that once again the maximum modulus on the sector D is attained at the
point B.

We have therefore shown that on the sector D = (f ; | f | < 1, | arg f | *£ 0}, where
0 < 0 < -n/2,

\Tn(n\<\Ta(eiB)\.

The Chebyshev polynomial of degree n may be expressed as

r.(f ) = i(w" + W-),
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where w(f ) = f + (f2 — 1)1/2. Therefore, on the sector D,

(Al) \Tn(t)\<Hp" + p-n),

where p = | e's + (e2,e — 1)1/2 | . Alternatively, it may be noted that the ellipse

£ = {(pe>* + p-V-'*)

intersects the unit circle | f | = 1 at the points f = exp(±/0). On this elhpse (see [5,
p. 83]), and therefore throughout the sector D, the inequality (Al) holds.

It is also useful to note that since p > 1, for 0 < 0 < w/2,

\T„+kin\<2-ipn + p-")pk

in the sector O AB.

Appendix 2. Tables of Coefficients for the Chebyshev Expansions.
A: For|z|<8,

'■(*) = ¿(f)" f'^rlUO.
r=0

with a2r = fe2r + ;c2r, where fc2r and c2r are real,

t= (|)exp(-i*),       <i> = 7.5°(15°)82.5°.

B: For|z|>8,

Jn(z) = l[HP(z) + H?(z)],

where

fl2,)(*) = (è),/2«p{/«(*)}f,fli,)2?(0
V WZ 7 r=0

and

//<2>(z) =    ¿        exp{-ia(z)} 2'a?l?it),
V WZ ' r = 0

with a\m) = b(rm) + /c<m), where b(rm) and c<m) are real, c*iz) = z - \n-n - \m and

t = 11) expi»,       * = 7.5°(15°)82.5°.
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