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CHEBYSHEV’S BIAS FOR COMPOSITE NUMBERS
WITH RESTRICTED PRIME DIVISORS

PIETER MOREE

ABSTRACT. Let 7(z;d,a) denote the number of primes p < z with p =
a(modd). Chebyshev’s bias is the phenomenon for which “more often”
w(z;d,n) > w(z;d, ), than the other way around, where n is a quadratic non-
residue mod d and r is a quadratic residue mod d. If 7(z;d,n) > n(x;d,r) for
every x up to some large number, then one expects that N(z;d,n) > N(z;d,r)
for every x. Here N(z;d,a) denotes the number of integers n < x such that
every prime divisor p of n satisfies p = a(modd). In this paper we develop
some tools to deal with this type of problem and apply them to show that, for
example, N(z;4,3) > N(z;4,1) for every x.

In the process we express the so-called second order Landau-Ramanujan
constant as an infinite series and show that the same type of formula holds for
a much larger class of constants.

1. INTRODUCTION

Especially for small moduli d primes seem to have a preference for nonquadratic
residue classes mod d over quadratic residue classes mod d. This phenomenon is
called Chebysev’s bias [4] (the term used in the older literature in this connection
is the Shanks-Rényi primes race problem). For example, 7(z;3,1) does not ex-
ceed m(x;3,2) for the first time until = 608981813029, as was shown by Bays
and Hudson [1]. On the other hand Littlewood [2I] has shown that the func-
tion 7(z;3,2) — 7(x;3,1) has infinitely many sign changes. The comparison of
the behaviour of primes lying in various arithmetic progressions is the subject of
comparative prime number theory, which was systematically developed in a se-
ries of papers by Knapowski and Turdn; cf. [I7, 40} 47]. Knapowski and Turdn
quantified Chebyshev’s vague formulation by conjecturing that if N(z) denotes the
number of integers m < x such that 7w(m;4,1) > w(m;4,3), then N(z) = o(x).
After Knapowski and Turén’s work a period of relative silence followed, until Kac-
zorowski revived this topic in a series of papers (for a recent survey see [16]). In
[15] he showed that we cannot have N(x) = o(x) under the Generalized Riemann
Hypothesis (GRH).

Rubinstein and Sarnak [34] were the first to quantify some biases under GRH
and the assumption that the nonnegative imaginary parts of the nontrivial zeros of
all Dirichlet L-functions are linearly independent over the rationals. Define 64,4, a,
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to be the logarithmic density of the set of real numbers x such that the inequality
m(x;q,a1) > m(x; q, az) holds, where the logarithmic density of a set S is

. 1 dt
lim / —,
e—oolog® Jig gns ¢

assuming the limit exists. Under the aforementioned assumptions and assuming
that (Z/qZ)* is cyclic, Rubinstein and Sarnak showed that d4 4, 4, always exists and
is strictly positive and, moreover, that d4,, > 0.5 if and only if n is a nonsquare
mod ¢ and r is a square mod ¢. They calculated, amongst others, that ds31 =
0.9959 - -+ and 43,21 = 0.9990---. Thus Chebyshev’s bias is not only an initial
interval phenomenon. An important ingredient in their approach is a formula for
the Fourier transform of a distribution function, which turns out to be an infinite
product involving Bessel functions. This formula, however, was first derived by
Wintner 43| (a simpler proof was given later by Bochner and Jessen [3]).

Let gq.o(n) = 0 if n has a prime divisor p satisfying p # a(mod d) and g4 4(n) =
1 otherwise (note that gqq(1) = 1). We let N(x;d,a) = >, ., gd,a(n). The
contribution of the small primes to the growth of N(z;d,a) is much bigger than
to m(z;d,a) and hence we might expect that if n(z;d,a) > 7(x;d,b) up to some
reasonable z, then actually N(x;d,a) > N(x;d,b) for every x. In general, given
two nonnegative multiplicative functions f and g such that f and g are equal in the
primes on average to a positive constant 7 and such that there is a bias towards f
in the sense that Zpg;c flp) > Zpg;c g(p) for all z up to some rather large number,
is it true that > _ f(n) > > .. g(n) for every x ? The asymptotic behaviour
of the latter type of sums is well understood and so proving that these types of
results are true asymptotically is usually not difficult. We can, for example, invoke
the following classical result due to Wirsing [44].

Theorem 1 (Wirsing [44]). Let f be a multiplicative function satisfying 0 <
f") S acy, e1 21, 1 < e <2, and ) o, f(p) = (7 +o(1))x/logz, where
T,c1 and co are constants. Then, as x — 00,

e T 2 3
Zf(n)wﬁ H<1+f;p)+f(};)+f(1;)+"'>a

r'(r logxpgm P P

n<z
where v is Euler’s constant and T'(T) denotes the gamma-function.

(Here and in the sequel the letter p is used to indicate primes.) We thus see
that, for i =1 and i = 2,

e V2 g !
) Ve~ C T (-0
V7 logz o P
p=i(mod 3)

showing clearly the strong influence of the smaller primes. By [42, Theorem 2| we
deduce from the latter formula that N(z;3,4) ~ Cs;2/+/logz, with

o ot 0 F 05

p=1(mod 3) p=2(mod 3)

where in the derivation of (&) we used Euler’s identity 72/6 = [1,(1- p~2)7! (an-
other, self-contained, derivation of (Z)) is given in Section [B). Using Mertens’ theo-
rem or [42, Theorem 2] again, we easily infer that C5 o = 2/(37C5 1). Restricting to
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the primes p < 29, we compute that C5 1 < 0.302 and C3 2 > 0.703 (for more precise
numerical evaluations see Section ). We thus infer that N(z;3,2) > N(x;3,1) for
every sufficiently large z. If we want to make this effective, the extensive literature
(cf. [30]) on multiplicative functions satisfying conditions as in Wirsing’s theorem
appears to offer no help as nobody seems to have been concerned with proving
effective results in this area, which is precisely what the Chebyshev bias problem
for composites challenges us to do. In this paper we develop some tools for this and
apply them to prove:

Theorem 2. The inequalities N(x;3,2) > N(x;3,1), N(z;4,3) > N(x;3,1),
N(x;3,2) > N(x;4,1) and N(z;4,3) > N(x;4,1) hold for every x.

Not surprisingly the Chebyshev bias problem for composites is rather computa-
tional in nature and this appears to prohibit one from proving more general results.

The counting functions appearing in Theorem [2 can be shown to satisfy more
precise asymptotic estimates than (). Theorem [ together with the prime num-
ber theorem for arithmetic progressions, show there exist constants Cy 4, Cq,q(1),
Ca,4(2), ... such that for each integer m > 0 we have

Cq,aT ( 1 )
N(z;d,a — 1+ - - ,
( )= log!™ 1e(d) o Z log x log™ ™ &

where the implied constant may depend on m,a,d and Cq, > 0. Thus N(z;d, a)
satisfies an asymptotic expansion in the sense of Poincaré in terms of logz. The
most famous example of such an expression states that for B(xz), the counting
function of the integers that can be represented as a sum of two integer squares,
we have

Kz K 1
3 B(z) = 1+ I +O( )
(3) (z) Viog ]Z::llogjx log™ ™ &

where K is the Landau-Ramanujan constant and Ky the second order Landau-
Ramanujan constant. The Landau-Ramanujan constant is named after Landau
[T9], who proved in 1908, using contour integration, that B(x) ~ Kz/\/logz and
Ramanujan, who in his first letter to Hardy claimed he could prove that

(4) B(z) =K/; _fgt + O(z/?te);

cf. [25]. Ramanujan’s claim implies Ko = 1/2 by partial integration, which was
shown to be false by Shanks [38]. Indeed, we have

—1/2
1
K= 7_ H (1 - —2) = 0.76422365358922066299069873125 - - -

p=3(mod 4)
and
1 ~ 1L log2 1 log p
Ko=-_1_=32 “(1.v_ — = 0.58194865931729 - - -
e R b S ACE SO b S Dl ’

p=3(mod 4)

where for any fundamental discriminant D, xp denotes Kronecker’s extension
(D/n) of the Legendre symbol [10, Chapter 5]. In his “unpublished” manuscript
on the partition and tau-functions Ramanujan [2] made claims similar to (@), for
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various primes p, regarding the functions counting the integers 1 < n < x with
p 1 7(n), where T denotes Ramanujan’s tau-function. Here again the asymptotics
turn out to be correct, but the second order constants are not conforming to reality
[24].

It was a folklore result that B(x) should satisfy (Bl), which was written down by
Serre [37], who gave some nice applications to Fourier coefficients of modular forms
as well.

Let f be a nonnegative multiplicative function. Suppose there exists a positive
constant 7 such that

Zf(n)—Al(f)xlogT_lx<1+(1+0(1))>1\02T(f33> , T — 00

n<x

We then define \2(f) to be the generalized second order Landau-Ramanujan con-
stant. In Theorem[d we will identify a subclass of multiplicative functions for which
this constant exists and express it as an infinite series.

The second order generalized Landau-Ramanujan constant Ao(f) is closely re-
lated to the constant By appearing in the proof of Lemma [I] (the key lemma in the
proof of Theorem [2). (I suggest reading the next section first before going further.)
Lemma [I] yields an effective estimate for my(z), provided we can find constants
7,0_ and Cy satisfying (8). For the functions f associated to the quantities in
Theorem [2 we find admissible values of these constants in Section[§], which requires
effective estimates for counting functions of squarefree numbers of a certain type
(Section[7). (At the end of Section[§ we show that under GRH finding C_ and Cy
is much easier.) In Section H] we show how to obtain effective estimates for My (x)
from effective estimates for mys(x). In Section [0] we show how to prove certain
subcases of Theorem P] for every x up to some large zy using existing numerical
work on the associated Chebyshev prime biases. All these ingredients then come
together in Section [[0, where a proof of Theorem [2 is given.

In Section Bl we find an infinite series expansion for the constant By appearing
in Lemma 2l (we have C_ < B r < C4) and relate it to the generalized second order
Landau-Ramanujan constant. Section [0l contains a numerical study of some of the
constants appearing in this paper.

In [26] the methods developed in this paper are somewhat refined and then are
used to prove Schmutz Schaller’s conjecture (see [35, p. 201] or the introduction of
[¥]) that the hexagonal lattice is “better” than the square lattice. More precisely, let
0 < hy < hg < --- be the positive integers, listed in ascending order, which can be
written as h; = 22 + 3y? for integers z and y. Let 0 < ¢, < g2 < --- be the positive
integers, listed in ascending order, which can be written as ¢; = x? +y? for integers
x and y. Then Schmutz Schaller’s conjecture is that ¢; < h; for i =1,2,3,....

2. NOTATION

Let f be a nonnegative real-valued multiplicative function. We define M(x) =

Donee f(), mp(x) =, -, f(n)/nand Ag(x) = >, -, f(n)logn. We denote the
formal Dirichlet series > | f(n)n™* associated to f by Ls(s). If f(p) equals 7 > 0
on average at primes p, it can be shown that lims_149(s — 1)"Ly(s) exists, under
some mild additional conditions on f. In that case we let

1 .
Cy = e Jim (s —1)"Ly(s).
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We have Cy > 0. We define Af(n) by

Ly(s) _ S~ As(n)
Ly(s) _nz::l ns

Notice that
(5) Fm)logn =3~ F(d)A(Z).

d|n

The notation suggests that Ay(n) is an analogue of the von Mangoldt function.
Indeed, if f = 1, then L¢(s) = ((s) and Af(n) = A(n). From (B) we infer by
Moébius inversion the well-known formula

(6) A(n) = 3" pld)log .
d|n

In general, on writing L¢(s) as an Euler product, one easily sees that Af(n) is zero
if n is not a prime power. If f is the characteristic function of a subsemigroup of
the natural integers with (1 <)g1 < ¢2 < --- as generators, then it can be shown
that Af(n) = logg; if n equals a positive power of a generator ¢; and Ag(n) =0
otherwise. Thus, for example, if f = g4, then Ay, ,(n) =logpifn =p", r > 1
and p = a(modd), and Ay, ,(n) = 0 otherwise.

From property (@) of Af(n), we easily infer that

(7) A (@) = 3 F)s(5),

where ¢¢(xz) = >, .. Ag(n). For some further properties of Ay(n) the reader is
referred to [25, §2.2]. Our usage of A¢(n) is inspired by the work of Levin and
Fainleib; cf. [20].

The notation zg,a and ( is used to indicate inessential local constants; their
values might be different in different contexts.

3. EFFECTIVE ESTIMATES FOR m ()

The following result will play a crucial role. It uses some ideas from the proof of
Theorem A in [39].

Lemma 1. Let f be a nonnegative multiplicative arithmetic function. Suppose that
there exist constants (> 0),C_ and Cy such that

(8) CfﬁzAf—(n)—Tlogxﬁch for every x > 1.
n

n<z

Then, for x > exp(Cy), we have

(1 c )T—i-l (1 c_ )T+1
O Doge L <) < Do
~ logz ~ logz
where
1 T
(10) Cr= e) Jim (s —1)7Ly(s)
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Remark. An alternative expression for C is given by

Cf—%sgﬂoﬂ( 1y 2 )( -2)

Proof of Lemmal. Let By be an arbitrary constant and write

(11) ZAfT(m:rlogx+Bf+Ef(x).

n<z

(This is unnecessary for this proof, but it is needed in the proof of Lemmal[3] so we
do this now to save some space later.) We have

Zf(n)logn _ sz Af n/d Zf Z (k)

n<lx n<z dln d<z k<%
= Zf log )+ Brmys(x +Zf )Ef( ).
n<x n<lx

We write this equality in the form

n<x n<lx n<x

This inequality in turn can be written, using that

n T n) [*dt T mg(t
R Py B B

n<z

as

(12)  my(x)logz — (7 +1) /x mfv(v)dv = Bymy(z) + ) @E

1 n<x

Let of(z) = [/ mfv(v dv. By assumption C_ < By + Ef(z) < Cj for z > 1.

Using ([12) we then deduce that mys(z) = (1 + 1)of(x)/logz + mys(x)ef(x), where
C_ <e¢s(x)logz < C4. Solving this for my(z), we find that

1 T+1
]-3 = —-—m—
(13) my (@) 1—¢s(x) logz
where zg = exp((1 + 0)CL), and 6 > 0 is arbitrary and fixed. In the rest of the
proof we assume that > xg. Let

T+1
Rs(t) =1 —0y(1) ] .
110 = o8 (o)

O'f(il,'), x> Zo,

Note that, for ¢t > g,

+1  er(t)
14 R.(t :T_fi
(14) 7 tlogt [1—es(t)]

and hence R(t) = O(t~'log ?t). Thus e R (t)dt converges absolutely, and
therefore [° R (t)dt = Ay — Ry(z), for some constant Ay not depending on z. On
writing Dy = exp(Ay), we obtain

T+1

(15) maf(x) = exp(Rys(x)) = Dyexp (— /OO R}(t)dt) .
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Using ([4) and C_ < ¢p(z)logz < C4, we see that

© O (r+1) o /°° Ci(r+1)
dt < t)dt < dt.
/z tlogtflogt — C_] */I Ry (1) . tlogtflogt — C4]

Thus

C_ Cy
—(r+ - )< ! < —(r+ — .
( 1) log <1 ] 1:) /z R (t)dt (t+1)log <1 1 x>

On combining () with (I4), we deduce that
C+ T+1 T+ 1 C, T7+1

16 Df(1— < — <D¢|1-— .

(16) ! < 10gx> - logHTfo(x) = log z
We will now show that Dy = Cy/7. The inequalities ([6) in combination with (I3)
imply in particular that

(17) my(x) = Dylog” x4+ O(log™ ' z).
By partial integration and using the well-known integral expression for the gamma
function, we find that

> my(t > Dylog"t + O(log” 't
Li(s) = (s—1) mf()dtz(s—l)/ slog’ t 4 Olog” ),
1 ts 1 ts
I'(r+1) s—1
= D O
oo o (e
and thus Dy = Cy/7. The inequalities ([[6)) together with (I3) yield (@), on using
that Dy = Cy/7 and C_ < es(x)logz < C4. O

The convolutional nature of > E(x/n)f(n)/n forces us to require that x > 1
in ) (whereas we would like to replace it with > x). Nevertheless we can invoke
the following easy lemma to improve ().

Lemma 2. Suppose that there exist constants D_ and Dy such that for every

X Z Zo,
f(n x
(18) D_my(x) < Bymg() + 3 L ,(D) < Dy ()
n<x
Then we have, for x > max{xzg, exp(D4)},
o (1_ D )T—i-l o ( D )T+1
b r log x b r log x
1 =L N %Y < < 2L A o)
(19) . log" x — D <my(x) < . log" x — b
log x log x
Proof. Follows easily on closer scrutiny of the previous proof. O

We now give an example of how Lemma 2lcan be used. By assumption we have
E¢(xz) < Cy — By for every & > 1. Suppose that E¢(z) < Cg_ — By for > ny,
where C', < C. An upper bound for the inner term in () is then given by

T
Comy(@) = (C4 = Clyms ().
Using the explicit bounds in (¥), we can then find an xy and Dy < Cy such that
the conditions of Lemma [2] are satisfied (note that D > C’ ). By applying (I9)
instead of (), a better value for D can then be obtained. Then iterate.
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By making an assumption on Ey(z), we will, not surprisingly, be able to do
better than both Lemma [[]and Lemma

Lemma 3. Let f be a nonnegative multiplicative arithmetic function and suppose

that (D) holds with

(20) |Ep(z)] < max{1, log 2}

Co

for every x > 1, where ¢y is some explicit constant. Then there exist effectively
computable constants a, B and xg such that

C
my(x) = “Llog™ x - C¢Brlog™ 'x + & (),
T
where alog” Y%z < Er(z) < Blog™ Y% for every x > xy.

Proof. We denote the right-hand side of 20) by h(x) and let s(z) = x/eV!°8%. Let
2o > e. Using Lemmal[T] it is not difficult to see that

Br(xo) = sup Viogw {1 N mT];L(fS(%)) (1 - \/13@)}

and that it is finite and can be effectively computed (note that 8(zo) > 7+ 1).
Clearly

E Q] 3 D 3 LG
()

n<wz n<s(x s(z)<n<z

Denote the latter two sums by I; and Ir. We have I1 < comy(s(x))/v/logz and
I < co(my(z) —mys(s(z))). We thus find that (I3)) holds with

By < coBs(xo)

- logx log3/ 2y
Proceeding as in the proof of Lemma [[] but with this improved error estimate, the
result then easily follows. O

les(z) , x > xo.

4. RELATING my(z) TO My(x)

Given an effective estimate for my(t), we can derive an effective estimate for
M¢{(t) on using that

x

(21) My(z) = My(ao) = [t dmy(0)

Zo

Suppose that

C
_flogTJ,‘<1+ a
T

logz logz

) <my(x) < %bng (1 +
for some constants o and 8 and every x > wo (if the conditions of Lemma [I] are
met, such a, 8 and zg can certainly be determined). This leads to an upper bound
for My(z) that is asymptotically equal to C¢(1+ 8/7)zlog” ' z and a lower bound
that is asymptotically equal to max{0, C;(1—3/7)zlog” ' 2}. These estimates are
too weak for our purposes.

Write m(z) = Cflog” 2/7 — CyBylog” ' o+ &s(z) (cf. Lemmal[3) and suppose
that & (z) < &f(z) < E;{(x) for every x > xy, where E;I(x) and & (z) are effec-
tively computable. (This supposition is certainly true if the conditions of Lemma

a—l—ﬁ)
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Bl are satisfied.) Let Cy(zo) = My(zo) — x0€f(x0) — Crxolog” zp. Then an easy
computation shows that for every = > x,

My(z) < Cpxlog” ' o+ (1 —7)Cp(1 + Bf)/ log” %t dt + Cy(x0) + Ry (),

Zo

where . .
x€; () —L EF(t) dt < Ry(t) < a&f(x) —L £ (t) at.

There are various problems with this approach, one of the major ones being getting
a good estimate for ¢y in Lemma 3]

An alternative approach starts with the observation that, for x > 2,
(22) Mf(x) :/ dl)‘f(t) _ Af(x) +/ )‘f(l;) dt

5 logt log x o tlogt

and that if we have explicit bounds of the type ax < ¢7(z) < Sz, then Af(x) can
be related to amy(x) by (@. Note in particular that if Af(x) > Ag(x) for every
x > 2, then My (z) > M,(z) for every x (the reverse implication is not always true in
general). The disadvantage of proving something stronger is hopefully compensated
for by the fact that As(z) can be easily related to ms(x).

5. THE GENERALIZED SECOND ORDER RAMANUJAN-LANDAU CONSTANT

In Theorem M we will identify a subclass of multiplicative functions for which the
generalized Landau-Ramanujan constant (defined in Section 1) exists and relate it
to an infinite series involving A ;(n). The following result will play an essential réle
in this.

Theorem 3. [25, Theorem 6] Let f be a multiplicative function satisfying
(23) 0< f(p") < 163, c1>1, 1<e <2,

and ) ., f(p) = 7Li(z) + O (z log=27* ), where T and p are positive real fized
numbers and Li(x) denotes the logarithmic integral. Then there exists a constant
By such that ([[0) holds with Ef(x) = O(log™ " z). Moreover, for every e > 0,

(24) Z @ = Z aylog” "z + O(log" 1Pt ),

n<x 0<v<p+1
where the implied constant depends at most on f and €. In case f is completely
multiplicative, condition (23)) can be weakened to 3, ~o v, (f(p)/p) logp =
O(log™ " x).
Proof. This result is just Theorem 6 of [25], except for the claim regarding E;(x),

the truth of which is, however, established in the course of the proof of Theorem 6
of [25]. O
The next result shows that the second order Landau-Ramanujan constant is

closely related to the constant By appearing in .

Theorem 4. Let f be a multiplicative function satisfying the conditions of Theo-
rem (@) with p > 1. Then \o(f), the generalized second order Landau-Ramanujan
constant, equals

Ya(f) = (1-7) <1+W+ZM>,

n
n=1

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



434 PIETER MOREE

or alternatively Mo(f) = (1 — 7)(1 + By), where

A
By = lim Z # —7logx

T—00
n<z

Proof. Since by assumption p > 1, we have by 4]
my(x) = aglog” x + ay log" 'z + aslog” 2 x + O(logT—2—<S ),

for some 6 > 0. Theorem B implies that By exists. Using that logz =", . 1/n—
v+ o(1), we see that it suffices to prove that A2(f) = (1 — 7)(1 + By). Theorem
Bl yields that E;(z) = O(log™ ' z), hence the conditions of Lemma [3 are satisfied
and it follows that ag = 7Cy and a1 = —C¢By. On using that My(z) = amys(z) —
f1 my(t)dt, it follows by partial integration that M\ (f) = Cy and \o(f) =
(1- T)(l + By), as required. O

Example. Let b; be the characteristic function of the set of natural numbers that
can be written as a sum of two integer squares. This is a subsemigroup of the
natural numbers that is generated by the primes p with p = 1(mod4), p = 2 and
the squares of the remaining prime numbers (this result goes back to Fermat). From
what has been said in Section 2, it then follows that

2logp if n=p?", r > 1 and p = 3(mod4);

Ap,(n)=<qlogp ifn=p", r>1and p=1(mod4) or p=2;
0 otherwise.

Application of Theorem Ml yields the following two formulae for the second order
Landau-Ramanujan constant Ky (cf. Section 1):

Ab1 -3 Ap,(n) 1
R M R L o
6. NUMERICAL EVALUATION OF CERTAIN CONSTANTS

In order to prove Theorem 2 we need to evaluate certain constants with enough
precision. For some of them this has been done before; cf. [13].
We first consider the evaluation of C3; and Cso. We have, for R(s) > 1

Lgo.(s) = HpEl(mod3)(1 —p~*)~ L. Note that
(25) L, (s = ((s)L(s.x-5)(1-37%)  [[ (-p72).

p=2(mod 3)
From this, (I0), lims—140(s — 1)((s) = 1 and the fact that I'(}) = /7, we obtain

s 2L(1,x_3) 1
C3’1 — T H ]. - _2 .

p=2(mod 3) p

?

If  is a real primitive character modulo k and x(—1) = —1, then

L1 =~ o)

by Dirichlet’s celebrated class number formula (cf. equation (17) of Chapter 6 of
[10]). We infer that L(1,x_3) = m/v/27. Using that C,,, > 0 and ((2) = 72/6,
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we then deduce (2). Using that Lg, ,(s)Lg,,(s)(1 —37%)~! = ((s), we infer that
0372 = 2/(37‘(’0371).

In order to compute C39 and Cs; with many decimal places of accuracy, we
proceed as in Shanks [38, p. 78]. We note that, for R(s) > 1/2,

(26) [ a-p2p= 2o T oy,

__ 2—2s
p=2(mod 3) C(ZS)(l 3 ) p=2(mod 3)
from which we infer by recursion that
1
2 L(2", x— T
5y = V2 I (#) ,
37 U \T=52 e

Because of the lacunary character of this expression, it can be calculated quickly
up to high precision, which yields Cs; = 0.3012165544749342124 --- and C35 =
0.7044984335 - - -. Similarly one can show that Cy 3 = 1/(27C4 1) and

1/2 —1/2
1 1 1 1

Cp1 = —— (1——2> == I (1——2) :
2\/5 p=3(mod 4) p T p=1(mod 4) p

Using Shanks’ trick, we then infer that C4; = 0.3271293669410263824002328 - - -
and Cy 3 = 0.4865198883 - - -.
On noting that, for R(s) > 1,

= A(n) -1 (s
Y

and using that ((s) = 1/(s—1) + v+ O(s — 1) is the Taylor series for ((s) around
s =1 (see, e.g., [28, pp. 162-164]), one infers that

(27) Z#zZ%—ZW—FO(I):logJ;—'y—i—o(l).

n<z n<z

Taking the logarithmic derivative of (25), one obtains that

L, ¢ L log 3 logp
_9 93,1 _ 5 = B _ —9
PR = - L ) - gy -2 Y S
p=2(mod 3)

3,1
from which one easily infers that

9 Z Ags;;(n) _ Z AgLn) - %(1,X—3) - 1053 -2 Z logipl +o(1),

p2
n<z n<z p=2(mod 3)

which yields, on invoking (1),
!/

2Bg,, = =7 — I(LX—3) -

log 3 logp
2 —2 Z 2 1’

p=2(mod 3) p
Similarly we deduce that

L log p
g =7 T (Lx-a) —log2-2 Y =

p=3(mod 4) p*—1

2B
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As to the numerical evaluation of By, , and B we note that

94,1
logp d 1
2 —= —_ ] )
>t T () |
p=2(mod 3) p=2(mod 3)

Then, applying (26)) m times, we obtain
log p
Z 2 _1
p=2(mod 3)

logp I~ (L, . ¢ o log 3
= ) 2m+71_1+52{f(2 ,xfs)—E(Q )= g1 (-

p=2(mod 3) p

Now L-functions and their derivatives can be computed with high accuracy using,
for example, PARI (cf. [5 Section 10.3]). On doing so, we find that the prime sum
in the left-hand side of the latter formula equals 0.3516478132638087560157790 - - -.
Similarly we have

log p
Z 2 _1
p=3(mod4)

logp I~ (L, . ¢ o log 2
= > 2”"*71—1+§Z{f(2 ,X74)—E(2 )= 51 (-

p=3(mod 4) n=1

We thus find that the sum on the left-hand side equals 0.2287363531940324576 - - -.
For more on evaluating infinite sums or products involving primes, we refer to [6]

and [23].
For the logarithmic derivative (L'/L)(1, xp) we find, for D = =3 and D = —4,
L/
f(l’ X—3) = 0.36828161597014784263323790407578664254876430999 - - - ,
L/

f(l’ X—4) = 0.2456095847773141723888166261790625184335337829549 - - - .

An alternative way of evaluating the latter two logarithmic derivatives is by relating
them to the gamma function or the arithmetic-geometric-mean (AGM). We have
(Berger (1883), Lerch (1897), de Séguier (1899) and Landau [I8]),

T =tog (M01,vEP ).

where M (1,+/2) denotes the limiting value of Lagrange’s AGM algorithm a,,; =
(an + b,)/2, bpy1 = Vanb, with starting values ap = 1 and by = /2. It can be

shown that M(1,/2) = \/EF(%)Q. Gauss showed (in his diary) (cf. [9]) that

12 /1 dx
M(1,v2) wJo VI—at
The total arclength of the lemniscate r? = cos(26) is given by 2L, where L =
7/M(1,4/2) is the so-called lemniscate constant. If x = x_3, we have similarly,

. - T V3-1
with z = sin({5) = ( 7 ),
L 25 M(1+2,1— 2)2 25 172
~(1,x_3) =1 ’ M(+2,1—2)= —
L( » X 3) Og( 3 ) ( +Zv Z) 3%F(%)3’
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and
1 31 /1 da
M(1+z1-2) 7 Jo Jz(dl—2%)

The values of L'(1,x—4) and L’(1,x_3) can also be determined using generalized
Euler constants for arithmetical progressions; see Examples 1 and 2 of [11]. For
general nontrivial real x the quotients (L'/L)(1, x) “feel” the zeroes of L(s, x) close
to 1 (see [10, pp. 80-83] for a quantitative version) and a study of their average
behaviour might throw some light on the (non)-existence of the Landau-Siegel zeros;
cf. [22].

Putting our subcomputations together, we find that

B = —1.09904952586667653048446536830561 - - - .

g3,1

On noting that for 3 { n we have A(n) = Ay, (n) + Ay, ,(n), it is easily deduced
that By, , = —y — %3 — B

By, , = —.02747228336891117581966934023805 - - - .
Similarly, we find By, , = —0.9867225683134286288516284 - - - and

By, , = —log2 —~ — By, , = —0.2836402771480495411721157 - - - .

93,0, and using this we compute

94,3
The constant B, , can be alternatively calculated by invoking the formula
A(n) logp L
pld) Y, L =logr—y-) e > x(@F(1.x) +o(1),

n<w pld XF#X0
n=a(mod d)

where a and d are coprime integers, the last sum is over the characters mod d
different from the principal character and a is any integer such that aa = 1(mod d).
The latter formula is derived by elementary means in [29].

Using Theorem Bl we are now in the position to compute some second order
Landau-Ramanujan constants. They are simply given by A2(f) = (1 + By)/2 for

fed{931,932:941,943}.

7. EFFECTIVE ESTIMATES FOR SQUAREFREE INTEGERS

In the sequel we will establish some effective estimates for certain number theo-
retic functions of a real variable. The general procedure is to establish the estimates
for every x > x for some xy. The following lemma can then often be used to show
that there exists a number x; < x( such that the estimates in fact hold for every
x > x1. It reduces a seemingly continuous problem to a discrete one.

Lemma 4. Let y; > yo be arbitrary real numbers. Let F' and r be nondecreasing
real-valued functions such that, moreover, F' changes its value only at integers. Let
X1,Ta,...,T, be the integers in (yo, y1) where F changes its value. Let xg = yo and
Tpt1 =y1. Then

sup {F(z) —r(z)} = max {F(z;) — r(x;)}

Yo<z<y1 0<i<n

and
inf {F(z)—r(x)} = min {F(x;) —r(zit1)}.

yo<z<y1 0<i<n
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In our proof of Theorem Blwe need effective estimates for @, _,(z) and Q,_,(z),
where @, (z) denotes the number of integers n < z such that u(n)x(n) # 0. Note
that @, _, merely counts the odd squarefree numbers and hence we will use the
more suggestive notation QQ,qq for it. There are two obvious approaches in esti-
mating these functions: relating them to Q(x), where Q(z) denotes the number of
squarefree integers not exceeding x, and an ab initio approach. We demonstrate
both.

Let R(z) = Q(x) — 6z/m%. Tt was shown by Moser and MacLeod [27] that
|R(x)] < v/x for all x and that |R(z)| < +/z/2 for x > 8. Cohen and Dress []
showed that |R(z)| < 0.1333y/x for & > 1664.

Lemma 5. For x > 0 we have

9
‘Qx_s(x) — 537 < 0.3154v/z + 17.2
s

and
(28) \@“(x) - el <lmen
Proof. We clearly have Q(z) = Qy_,(z) + Qy_,(x/3), from which we infer that
(29) Quos@) = D (-1 Q(57).
=0

Let zp = 1664. On applying Lemma Ml with yo = 2¢/3 and y; = xo, we find that
|R(x)| < 0.15y/z in the interval (z0/3,z0]. Similarly we compute that |R(x)| <
0.294/z in the interval (x0/27,20/3]. These estimates yield when combined with
identity (29) and the quoted bounds for |R(z)|:

i ﬁ + (015 — a) /a0 + (029 - a) <\/7 \/“TO)

\QH@) -2

+(0.5 -« (\/% \/?0) (1—a)( f+xf+1+\/§+3+ s

where o = 0.1333. The latter bound does not exceed 0.31544/x + 17.2. From this
bound we then infer that (28) holds for every x > 10000. We now apply Lemma
H with yo = 0 and y; = 10000 to establish the validity of (28) in the remaining
range. ]

Using that |R(z)| < 0.15y/z in the interval (zo/2,z0] and |R(z)| < 0.29y/z in
the interval (x0/32, z/2], we deduce, proceeding as in the proof of Lemmal[f, that
|Qoda(z)—4z /72| < 0.4552/2+26.5. Although the latter bound is sharp enough for
our purposes, we present a self-contained proof of a slightly sharper bound (which
uses ideas from [27]).

Lemma 6. For x > 0 we have

1 4 2
< 5\/5—1— 1  and ‘Qodd(x) -5

,( )\/_+ x4+2

‘Qodd(x) - %x

Proof. We have

Qo) = X il = X Y utd) = X ule) |55z + 5.

n<x n<xz d?|n d<z
n odd n odd d odd
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Let Roqd(z) = Qoda(z) — 4z/72. On noting that >, 44 #(d)/d* = 8/72, we find
that

Roaa(@) < | 3 u(d) <%— [ﬁg]) ol 3 D)

d*>zx
d odd d odd

Since |z — [x + 1/2]| < 1/2 for every z, we deduce that

Qoaa(v/2) (d)
(30) |Rodda(z)] < — +a SE |

d odd
Suppose that > 4, then

1 1 1 1 1
Zﬁg 2 Cm+1)(2m—1) Zl[4m—2_4m+2}g2\/_—4'

fas >

On using this and the trivial estimate Qo4d(z) < (x + 1)/2, we deduce that
|Rodga(z)] < /& + 1 on applying Lemma B with yo = 0 and y; = 36. Using
the latter bound for Q,qq(z) in ([B0), one then easily obtains the second stated
bound in the formulation of the lemma on applying Lemma Ml with yo = 0 and
Y1 = 9. O

Ay(n)
n<zr n

8. ON THE DIFFERENCE Y —rlogx

In order to use Lemma [I, we need to find finite constants C; and C_ such that

A
C’_Szy—rlogxgcq_

n<z
for every > 1. Recall that ¢y(z) = >, ., Ay(n). Suppose that ¢y(z) = T2 +
Es(x), where |Ef(x)| < cclog™ ™ for 2 > zy. Then

Z Ag(n) _ Tlogx + By + &(@) —/ gf(t)dt,
n x R 2

n<z

and thus, for x > xg,

(31) ZAfT(n)—Tlogx—Bf< G <1+ = )

T log°z \e logx

n<x
Let f =1, ¢(2) = ¢1(z) and 0(z) = > logp. It is known that [0(z) — z| <
3.965z/ log® x for = > 1 [12, p.14]. Using this with the bound ¢ (z) —0(z) < 1.43/z
[33, Theorem 13], we can compute C; and C_ in case f = 1. Instead of carrying

this out along these lines, we proceed slightly differently as this will result in a
sharper bound for the difference in (BI)).

Lemma 7. For x > 97 we have

Lt <ZA(”)—10 Py S
2logz 2\ ~ n & 7*\/5 2logz’

The upper bound holds even for every x > 1.

n<z
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Proof. By [33, Theorem 6] we have, for x > 319,

1 1
Z ng—logx—E <

Y
oot 2logx

where £ = —vy — Zp log p ZkZQ p~*. Notice that

Aln) log p log p log p
ZT—Z » +>.2 o - o

n<a p<a kK>2 p P >a

By partial integration we find that

(32) Z l(;gkp _ (=) ;w(w) n /:O w(t); o(t) it

pF>x

k>2
Suppose that av/t < P(t) —6(t) < B/t for t > x¢. Then, for © > zo the sum in
([B2) is in the interval (2(\’/_E , 2[\3/_50‘). By Theorems 13 and 14 of [33] we can take
a = 0.98 and g = 1.4262 when z¢y = 319. On combining the various estimates, the
result follows after some numerical analysis in the interval (1, 319). O

From Lemma [[land Lemma B with yo = 1 and y; = 215 it is easily deduced that

A log 2
sup{ S AP oge b = 1982 567350
z>1 n<x n 2
and
) A(n) log 2
%gfl > —— —logz p = —= —log3 = —0.75203869 - - .
n<x
Other than for f = 1, the author is unaware of cases where an unconditional
—1—€

effective upper bound for £f(x) of order log x is known. Thus in order to
obtain admissible values for Cy and C_ in the case f € {g3.1,93,2,94,1,943}, we
have to follow another approach. To this end notice that

Ag, . (n) (1+x-3(n))A(n) logp log 3
(83) 2 o= =) p —2 3 o > o
n<x n<x p"<VzT 1<37<z
p=2(mod 3)

The latter two sums are easily explicitly estimated and we already explicitly es-
timated >, .. A(n)/n. If we can explicitly estimate > __x—_3(n)A(n)/n, we are
done. In order to do so, we need a few lemmas. B

Lemma 8. Let h be a completely multiplicative function with h(1) = 1. Then if
g(z) = anx h(n)f(%) for every x, it follows that f(x) = anx h(n)u(n)g(%)

Proof. Substitute the expression . h(m)f(z/mn) for g(z/n) in the sum
> <z R()p(n)g(z/n). The resulting expression simplifies to f(z). O
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Lemma 9. Let x be a nonprincipal character and mg > 1 be the smallest integer
> 1 such that x(mg) #0. Then

/

27’(("?(")+%(1,x)=0(%(1,x)%62x(mi0))+0% > 10%3

n<lx d<z/mg
p(d)x(d)#0

Proof. On using (@) and writing n= dcl17 we obtain, for an arbitrary character x,
x(n X x (dy) 1og d1
(34) > = 2D
n<wx d<z/myg di<z/d

On inserting

x(di)logdy log(z/d)
dlg/d = = ~L'(1,x)+0 <7x/d )

in this, we obtain

(35) ZW:—L’(LX) 3 MJrO i 3 10g§

n<z d<z/mg d<z/mg
w(d)x(d)#0
We apply Lemma | with h(n) = T) and f(n) = 1 together with >° _ x(n)/n =
L(1,x) + O(1/z) and obtain

p= 3 M (g, + o)

n<z/mg
_ x(n)u(n) mo T
- L 3 M £ (M05)).

Combining the latter equation with (B3] and using that L(1, x) # 0 (a well-known
fact), the result then follows. O

Remark. By using more refined elementary methods [29] one can show that actually,
as x tends to infinity,
x(mA@) L _
> XL 210 = o).

n<x

Let us consider the case where xy = x_3 or x = x—4. Then, for x > 0,

(36) S M) < L

n<x

where we use the fact that the nonzero terms in the sum are alternating in sign and
monotonically decreasing. The function logx/x is only decreasing for x > e and a
similar argument then shows that, for = > e,

x(n logn , log x
37 L'(1 < .
(37) ; + L)) = —
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A numerical analysis shows, however, that (B7) is still valid for every = > 2. The
implication of these estimates is that for these characters and x > 1 all the implied
constants in the latter lemma and its proof are < 1. Note that for x > 1

3 1og§= Z /dt /Qx

d<zx
x(d)p(d)#0 d)u(d

and thus, for z > my,

Z loggz/lmQ (>dt+QX( 0)logm0

d<z/mg
x(d) u(d)#0

We thus find that, for x > myg,

S W + %(1,;@ < (%(LX)WO +logmo> Qul) + " QXT@)C”

n<x 1
For x = x_3 we see, using (28], that the right-hand side is bounded by

r log2 1\ 9 1 r log 2
(f(laX—B) + 9 + 5) Gy} + NGTS (f(LX—S) + - + 1)

I 2 1 L
+M+ (2_(1 X 3)+10g2)
x x L

For x = x—_4 we see, using that Q,_, () < 4t/7% + v/t/2 + 1 (Lemma @), that the
right-hand side is bounded by

L log3 1)\ 4 1 3L log 3
<f(1,X4)+T+§)§+—,3—x <§f(17X4)+ 5 +1>

1 3 1 L
+M + = (3—(1,)(4) + log?)) .
T T L

In the case where x = x_3s, it remains to explicitly estimate the latter two sums in

B3). We have

I 1
S ey mEro M, U
p=r D e
P>z P>\
p=a(mod d)
Using that 0.8¢ < ¢ (t) < 1.04¢ for ¢ > 17 (this easily follows from Theorem 10 and

Theorem 12 from [33]), we find that

1 1.3
(38) Yy Bl T foraz 28,
T
p">\/T p
p=a(mod d)

Furthermore, for every fixed v > 1 and every = > 0,

logv logv _ logw
1--)< — <
v—l( a:) - Z vt T u—1

)
l<vr <z

where the sum is over the integral powers of v not exceeding x. (These two estimates
can also be used in the case where x = x_4.)
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Let us define

A
C4(f) = sup Z —f(n) —r1loga | = By +sup E¢(x),
x>1 n<ax n z>1
and let C_(f) be similarly defined, with sup replaced by inf. Let ¢ > 0 be fixed.
Note that the sharpest result the method we followed here allows us to prove, with
enough numerical computation, is
r log2 1 ) 9

. _( [ N9
xILI&|Ef(x)|<L(1,X3)+ 5 T3 ) 3 e = 0-2760537767-

and

log3 1Y\ 2
08 ) £ e —0.1915268284 - - + ¢,
3 3) w2
where f € {g31,932} and g € {ga,1, 943}
On putting the various effective bounds together, we arrive at the following
result, after numerical calculations not going beyond the interval [1,10°].

Theorem 5. We have

(a) C_(ga1) > —1.202 and C1(ga1) = 0.

(b) C_(ga3) = 82 187 — _0.606750 - and C4(ga3) = 0.

(c) C (931)>—14andc+(931)70
)

(d) C_(g32) = — %2 = —0.34657 - and C(gs,2) < 0.2764.

On GRH it is much easier to find the Cy and C_ satisfying (8), which is what
will be demonstrated now. By RH(d) we indicate the hypothesis that for every
character y mod d every nontrivial zero of L(s,x) is on the critical line. Let

1
H(x;d,a) = Z ogrp and ¢¥(x;d,a) = Z A(n).
1<p"<z n<x
p=a(mod d) n=a(mod d)

39 tm |E, ()] < (7 (L) +

r—00

Lemma 10. For d < 432 and (a,d) = 1, there exists a constant cq,q such that for
x > 224 we have, on RH(d), that

A(n)  logz 1 9
4 — = - < 1 1 16}.
(40) Z Cd - {3log” x + 8logx + 16}

n<x
n=a(mod d)

Proof. In [12] it is proved that for d < 432 and = > 224 we have, on RH(d), that
x
(41) Y(x;d,a) — —| < —\/_log T.
[W(eid.a) = —| <
Using the latter estimate and partial integration, the lemma follows. O
Using the latter lemma, the exact values of C_(g4,1),C+(gs,1) and Cy(gs,2) can
be computed under GRH.

Theorem 6. We have
(a) C—(ga1) = H(197;4,1) — 98229 — _0.99076124051235- - -, on RH(4).
(b) C_(gs.1) = H(3121;3, 1) M 1.100304022673-~, on RH(3).
(c) Ci(g32) = H(5;3,2) — _3 2log2 — 2 log5 = 0.03702---, on RH(3).
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-0.2

FIGURE 1. H(%;3,2)— 1"% (topline) versus H(x;3,1)— 10%. The

line is at —1.10031; the x-range is [1, 100].

Proof. (a) Note that c4,1 = By, ;. On applying Lemma [I0 with d = 4 and a = 1,
Lemmaf, (B8) and using the numerical value for By, , given in Section [, we deduce
that C_(ga,1) = ming, <1 79x100 (H (v:;4, 1) — log(vi+1)/2), where 5 = vy <wp < -+
are the consecutive prime powers p” with p = 1(mod 4).

(b) In this case we have C_(gs,1) = ming, <2 935x1010 (H(gi;3,1) — log(gi+1)/2),

where 7= ¢1 < g2 < --- are the consecutive prime powers p” with p = 1(mod 3).
(c) Now Cy(g3,2) = maxy,<iss2079(H (wi; 3,2) — log(w;)/2), where 2 = w; <
wg < --- are the consecutive prime powers p” with p = 2(mod 3). (I

9. CONNECTIONS WITH CHEBYSHEV’S BIAS FOR PRIMES

In this section we make some observations that allow us to prove, for exam-
ple, that N(z;3,2) > N(x;3,1) for every & < xzq for some large xg, using known
numerical observations regarding 7 (x; 3,2) and m(z;3,1).

Let Q1 = {q1,42,¢s3,...} and Q2 = {v1,v2,vs,...} be sets of pairwise coprime
prime powers that satisfy g1 < g2 < g3 < --- and v; < vy < v3 < ---. Let Sy denote
the set of integers of the form ¢f* --- ¢S with ¢; € Q1 and e; € Zsg for 1 < i < s.
Let Sy be similarly defined, but with Q; replaced by Q2. Let m1(z), m2(x) count
the number of elements in @1, respectively Q2, up to . If n = ¢7* - - - ¢ € S, then
m = v7' - - v is said to be its associate in Sy. Let b : N — R>q be a nonincreasing

function. Let Vi(z) = > g h(n) and Va(x) = > g h(n). In the rest of this
section zo denotes some arbitrary number.

Lemma 11. We have
(a) If mi(x) > mo(x) for x > 0, then Vi(z) > Va(x) for x > 0.
(b) If m(z) > ma(x) for x < xq, then Vi(x) > Va(x) for z < xq.
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Proof. (a) The assumption implies that if m € Sy, then its associate n € Sy satisfies
n < m and h(n) > h(m). Thus clearly Vi(x) > Va(z). The proof of part (b) will
be obvious to the reader now. (]

Corollary 1. If w(z;d,a) > w(x;d,b) for x < xq, then for x < xy we have both
N(:L’; d, a) > N({E; d, b) and Mgq.q (:L‘) > mgd,b(x)'

The hypothesis in the corollary is in general not strong enough to infer that
Agao (@) > Ag, () if 2 < 29. However, we have the following easy result.

Lemma 12. If My (z) > My(x) and y(z) > 4(x) for every x < xo, then As(z) >
Ag(z) for x < .

Proof. Use (7). O

Corollary 2. If

m(x;d,a) > w(x;d,b)  and Z logp > Z log p
1<p"<z 1<p"<z
p=a(mod d) p=b(mod d)

for every x < xq, then Ay, ,(x) > Ay, , (x) for x < xq.

9d,b

In the proof of Theorem [7] we will use Corollary P] a few times.

10. THE PROOF OF THEOREM [2]

The proof of Theorem Rlwill easily follow from the following theorem.

Theorem 7. For every x we have Ay, ,(x) > Mg, (7)), Agy,(x) > Ag, , (x) and
Agas(T) > Ngy (). For x > 7 we have Ay, ,(x) > Ay, , (2).

Note that

etvaa(®) = H n.

n<x
pln=p=a(mod d)

In the proof of Theorem [l we will make use of the following lemma.

Lemma 13. We have 1)y, , () < 0.50456x for x > 0, 1y, ,(x) > 0.335z for v > 5,
Vg, (1) <0.504562 for x > 0 and 1)y, ,(x) > 0.48508x for x > 127.

Proof. Let d < 13 and (a,d) = 1. Then |¢(x;d,a) — z/p(d)| < /x for 224 < z <
10'° by [32, Theorem 1] and |¢(z;d, a) — S| < 0.00456075 for > 100 by [32]
Theorem 5.2.1]. From these inequalities the lemma follows after some computation.

O

In our proof we consider inequalities of the form

T+1 o \THL
1 G+ 1 <=
(42) logT(E)( 1%(/)) chlogT(x)( 13;(/))

r c s C’ ’

(1~ mem) (1~ mem)
where all variables and constants are real numbers with 7,7, s and c¢; positive,
C_<C4, C. <C and z > xg = max{exp(C’,)s,exp(C4)r}. This inequality can
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be rewritten as

c! T
(13) - C’ —Cy +log(s/r) . (1 + W)
log(z/s) — C_ 1+ C_ —Cilog(x/r) —
Note that for x > =z the right-hand side is a nonincreasing function of x. If
C’ +logs < Cy +logr, the left-hand side is nondecreasing, whereas if the latter
inequality is not satisfied, the left-hand side asymptotically decreases to 1. We thus
arrive at the following conclusion.

Lemma 14. Iflogs+C” < Cy +logr and [@2) is satisfied for some x1 > xq, then
#2) is satisfied for every x > x1. Iflogs + C" > Cy + logr, and the right-hand
side of @3) does not exceed 1 for some w1 > xg, then [AD) is satisfied for every
x> T.

Proof of Theorem [l Ay, ,(x) versus Ay, , (x). Using Lemma [[3] we infer that

X X
93 2 Z 93, 2 wgs 2 (ﬁ) 2> 0'335m93,2 (g) )

n<”

and that

Agar (1) = Y g3.1(n)g, , (—) 3" g3a(n)iy,, (%) < 0.50456m, , (%) .

n<z n<Z

With d = 3, a = 2 and b = 1 the conditions of Corollary [ are satisfied for every
x < 196699 (but not for x = 196699 as 14, ,(196699) > g, ,(196699)). Thus
we certainly may assume that = > 1900. Using the estimates Cs1 < 0.302 and
C32 > 0.703, we then deduce from Lemma [ Theorem [ and Lemma [I4 that
0.335mg, ,(x/7) > 0.50456m, , (/7).

Agso () versus Ag,  (x). The conditions of Corollary 2 are now satisfied for
every z < 107 (the smallest = for which the conditions are not satisfied is not
known, but must be less than 10%? by [14]). Thus we certainly may assume that
x > 4600. Then reasoning as before, we infer that Ay, ,(x) > 0.335myg, ,(2/5) >
0.50456my, , (2/5) > Ay, , ().

Ags., () versus Ag, | (z). The conditions of Corollary Blare now satisfied for every
x <107 (the smallest « for which the conditions are not satisfied is not known, but
must be less than 10%2 by [I4]). Thus we may assume that z > 199000. Then it is
seen that Ay, ;(x) > 0.4594my, ,(x/59) > 0.50456m,, ,(2/5) > Ag, , ().

Agas(z) versus Ag, , (z). For 7 < z < 1.1 x 10° one directly verifies the in-
equality (note, however, that Corollary [2] cannot be used this time). For z >
1.1 x 10° one deduces, proceeding as before, that g, ,(z) > 0.48508my, ,(x/127) >
0.50456my, , (2/5) > Ay, , (). O

It remains to establish Theorem

Proof of Theorem [2 We only deal with N (z;4,3) versus N(xz;4,1), the other cases
following at once from Theorem [f] and (Z2). Let d(x) = )\g“( ) — Agur(2). By
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Theorem [l we have §(z) > 0 for > 7. Using this and (22) we infer that

) T o(t)dt T S(t)dt
Nt 3) - Nasd 1) = pod oy [FOU, [7 AU
log x o tlog“t 7 tlog“t
7
o(t)dt  logh —log3
/ ( )2 _logb-logd
o tlog”t log 7
for z > 7. For z < 7 the result is clearly true. O
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