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Résumé. 2014 Dans des processus réalistes de croissance, les facteurs cinétiques et chimiques détermi-
nent la structure des agrégats. Nous proposons un modèle qui tient compte de ces deux facteurs.
Nous déterminons l’exposant fractal de l’agrégation chimique D = 1,55 ± 0,05 (D = 2,00 ± 0,08)
en deux (trois) dimensions. On étudie le comportement de crossover entre les régimes d’agrégations
chimique et diffusive.

Abstract. 2014 In realistic growth processes, both kinetic and chemical factors determine the structure
of the aggregates. Here, a model is proposed which interpolates between a purely diffusive and a
purely chemical situation. There is crossover from a new, chemically limited growth model, with
fractal exponents D = 1.55 ± 0.05 (2.00 ± 0.08) in two (three) dimensions, to diffusive cluster aggre-
gation.
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Geometrical properties of clusters observed in aggregation have been investigated intensively
in recent years, both experimentally and theoretically. Simple descriptions in terms of scaling
have lead to a characterization of these clusters in terms of fractal objects, whereby the growth
mechanism is instrumental in determining the fractal exponent.
A situation, which is of particular interest, is the growth in aerosols (smoke formation) and

in colloids, where diffusion plays an important role. Direct measurements [1-4] have produced
evidence that the aggregates are quite ramified and do have scaling properties. Theoretically,
a description in terms of an irreversible, purely kinetic process has been proposed [5, 6].

In realistic situations, a number of different effects compete to determine the characteristics
of the clusters grown. Besides the influence of the kinetic motion, the chemical properties such
as the number of active molecules will have to be considered. Furthermore, the aggregates tend
to restructure during the growth, which certainly modifies their appearance. An example, where
all these effects blend together is the macroscopic experiment of wax balls floating on a water
surface [7].
When comparing the fractal exponents of the kinetic clustering of clusters model (D ~ 1.78

in three dimensions) with experiments, one finds that the model may explain some experiments
(D ~ 1.75 in Ref [2]) but differs clearly in other cases (D ~ 2.12, 2.52 in Refs. [3, 4]). This moti-
vates us to generalize the diffusive growth model to allow for chemical effects. To do this, we
introduce a sticking probability p as an extra parameter into the diffusion limited model [5, 6].

(*) Laboratoire associe au C.N.R.S.
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As p -+ 0, a new chemically limited model, with a different fractal exponent characterizes the
clusters. For finite p, there is crossover from the chemically limited to the diffusion limited model
(Fig. 1).
The model, which we wish to investigate numerically, is the following : a number of clusters

diffuse randomly in a periodically bounded box. Two clusters which touch each other during
their motion, can form a permanent bond at the point of contact with probability p. If they do
form a bond, they form a new, larger cluster, which also diffuses through the box. If the bond is
not formed, the two clusters continue to diffuse independently, but without overlapping each
other. As the growth is irreversible, the remaining clusters gradually become bigger and bigger.
The mobility of the clusters is assumed to depend on their mass as

where the exponent a is characteristic of the kinetic mechanism. This model is a generalization
of clustering of clusters [5, 6] with p as an additional parameter. The actual study has been per-
formed under similar conditions as in reference [6] : the clusters are placed on a hypercubic
lattice, jump one lattice spacing at a time and « touch » when they are nearest neighbours. The
initial configuration is a collection of randomly distributed single particles, and one is inte-
rested in the regime of low particle concentration. ·

The parameter p in our model determines to what extent diffusive resp. chemical bonding
dominates the aggregation process. The two limits p = 1 and p = 0 correspond to diffusion
limited and chemically limited aggregation. For p = 1, as studied in references [5, 6], the growth
is controlled effectively by the screening of the outer tips of the clusters, which prevents them
from penetrating each other beyond a characteristic length ~ and leads to very ramified struc-
tures ; see table I. In the limit when p -~ 0, two clusters touch each other many times before

they form a bond. Hence, the outer portions no longer prevent them from penetrating each
other. As in cluster aggregation the clusters have typically the same size, there is nevertheless a
steric constraint on how far they can penetrate. This suggests that the resulting structures are
more compact than in the diffusive case but still have a non trivial fractal dimension (D  d).
Thus, we define purely chemically limited aggregation as the process, where two coalescing
clusters have the same probability to form a chemical bond between any molecule of the first
cluster and any molecule of the second cluster, but respecting the steric constraint, that the
clusters cannot overlap. We have calculated the fractal dimension of this model by directly
applying this procedure to a collection of clusters (initially each of one particle). The role of a

Fig. 1. - Sketch of diffusion process. Two clusters diffuse (dotted line, one cluster held fixed) until they
touch (A -+ A’). A bond is formed with probability p. If not, the diffusion continues (no overlap of the clus-
ters) until the clusters touch again (A’ -+ A"), etc...
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(Eq. (1)), is now played by D in

where Kmlm2 is the probability that a cluster with m, particles links up with a cluster, with m2
particles. Thus we pick a pair of clusters with ml resp. m2 particles with probability Kmlm2 out
of our collection and then bond them with the same probability in one of the sterically allowed
ways. The alternative, hierarchical version of this model is treated in detail in reference [8],
where additionally the number of chemically active points is considered.
Guided by the results for p = 1 [6, 9], one expects that the fractal exponent varies with the

dimension, but - to within numerical errors - is the same for the simulations in the box
(a it 0, p ~ 0), for the collection of clusters (co Z 0) and for the hierarchical version (both
clusters have the same mass). The following slight differences between the models also do not
appear to have an influence on the fractal properties : 1) holes and bottlenecks are chemically
inactive in the box, they are not excluded in the case of the collection of clusters; 2) when two
clusters simultaneously touch at two (or more) points, the probability to bind can be either
taken to be p or 2 p.

In analogy with particle aggregation, this p-dependent model interpolates between a model
with kinetic dimension dw = 2 and dw = 0 [10]. The limits p = 1 and p = 0 for particle aggre-
gation correspond to the diffusion limited aggregation model and the Eden model.
The intermediate situation where 0  p  1 can be viewed qualitatively as follows. Before

two clusters form a chemical bond, they have a number ( ~ 1 /p) of contacts. We separate the
process in two parts : first there is a diffusion limited motion until the clusters touch for the
first time. The characteristic interpenetration length ~ of the two clusters grows with their radius
R (the simplest scaling theory predicts that these two lengths are proportional). After the first
contact, the aggregation can be formulated differently: how far do two ramified clusters that
initially touch each other penetrate before touching 1 /p - 1 more times ? This is determined

by the local diffusion around the initial point of contact for ramified objects. The characteristic
distance ~o (~ p-1~2) then does not depend on R. For large clusters ç - Ço ~ ç and there is
effectively still diffusion limited screening. Thus one expects for small p and large R a crossover
from chemical to diffusive aggregation.
We have numerically investigated the model with and without a box and varying a resp. co

( ~ 0). In figure 2 clusters with p = 1 and p = 0 are compared. The latter is clearly more compact
than the former, but still ramified. In table I the exponents for chemically limited aggregation
are presented and compared with diffusive aggregation. Above the upper critical dimension,
where the clusters become transparent (de = 2 D~ + dw, D~ = 3.4 [1]) there is no distinction
between the two models. The results for chemical aggregation are found to be independent of
OJ to within the numerical errors for w ~ 0 similar to diffusive aggregation [6, 9]. The exponents

Table I. - Fractal exponent D for chemical aggregation. The values are obtained for purely
chemical aggregation and are insensitive to co (:5 0). For comparison, the corresponding values for
dif, f usive aggregation [6, 9] are added. The error bars (statistical error) are - :t 0.06.



L-980 JOURNAL DE PHYSIQUE - LETTRES

che mica’

Fig. 2. - Diffusion limited cluster (p = 1) and chemically limited cluster (p = 0). The latter is more com-
pact than the former, but still ramified.

were calculated from the data for the radius of gyration m ~ RD. Deff = In (R(2 ~)/~(~))/ln (2)
for successive (average) values of m are extrapolated to m -+ oo to estimate D. In d = 2, for
example, Deff = 1.32(02), 1.48(04), 1.50(05), 1.51(05), 1.53(05) for m = 4, 8,16, 32, 64 and simi-
larly in higher dimensions.

To illustrate the crossover, we have calculated 
""’ 1) vs. m logarithmically for a number
~(~ 

g Y

of values of p in two dimensions. Figure 3 is consistent with a crossover from the chemical to
the diffusive case.

In experimental situations, the exact nature of the kinetic mechanism and the chemical bonding
relevant for the aggregation are not known. This may explain, why the experiments [1-4] yield
different exponents for the aggregates. Nevertheless it is suggestive to compare the three dimen-
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Fig. 3. - The ratio of the radii R(p = 1)/R(p) versus mass m is plotted (log-log) for simulations in a box
of length L = 128 with 1 024 particles and with a = 0. The slope drawn represents an estimate of the dif-
ference between the exponents v(p = 1) - v(p), v IID (see table I). Despite the strong fluctuations one
observes a trend that for small p (·, +,0 correspond to p = 0.2, 0.06, 0.02 respectively) the clusters grow
chemically (slope 0.05) before crossing over to the diffusive regime (slope = 0). Crossover implies that
m(R) can be written as 7!~/(~/~o), ~ = p-l/2. The numerical accuracy is not sufficient to determine f(x).

sional experiments by Weitz (D = 1.75) and Schaefer et al. (D = 2.12) with the models discussed
here. Of course, other factors may play a role, notably more complicated kinetics and restructur-
ing.
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