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Abstract: We investigate the chiral phase transition in the soft-wall model of AdS/QCD

at zero chemical potential for two-flavor and three-flavor cases, respectively. We show that

there is no spontaneous chiral symmetry breaking in the original soft-wall model. After

detailed analysis, we find that in order to realize chiral symmetry breaking and restoration,

both profiles for the scalar potential and the dilaton field are essential. The scalar potential

determines the possible solution structure of the chiral condensate, except the mass term,

it takes another quartic term for the two-flavor case, and for the three-flavor case, one

has to take into account an extra cubic term due to the t’Hooft determinant interaction.

The profile of the dilaton field reflects the gluodynamics, which is negative at a certain

ultraviolet scale and approaches positive quadratic behavior at far infrared region. With

this set-up, the spontaneous chiral symmetry breaking in the vacuum and its restoration

at finite temperature can be realized perfectly. In the two-flavor case, it gives a second

order chiral phase transition in the chiral limit, while the transition turns to be a crossover

for any finite quark mass. In the case of three-flavor, the phase transition becomes a

first order one in the chiral limit, while above sufficient large quark mass it turns to be

a crossover again. This scenario agrees exactly with the current understanding on chiral

phase transition from lattice QCD and other effective model studies.
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1 Introduction

The vacuum of Quantum Chromodynamics(QCD), which is well known as the theory of

Strong Interactions, is characterized by spontaneous chiral symmetry breaking and color

charge confinement. And it is widely believed that at sufficient high temperature and/or

density phase transition would happen in the system: chiral symmetry could be restored

and color degrees of freedom can be freed. At present, to understand the phase structure

of these two phase transitions is an important topic in both non-perturbative QCD study

and cosmology [1].

The properties of QCD phase transition depend sensitively on the inertial quantities

of the system, such as the number(Nf ) of flavors and the mass of quarks(mu,md and

ms). The chiral phase transition and confinement/deconfinement phase transition are well

defined as a true phase transition only in the chiral limit and in the infinite quark mass limit

respectively, when the chiral symmetry and Z3 centre symmetry are the exact symmetries

of QCD. In these cases, chiral condensate 〈ψ̄ψ〉 and Polyakov loop 〈L〉 are well defined

order parameters for chiral restoration and color charge deconfinement respectively. In the

physical quark mass region, there are no known exact symmetries and the phase transitions

are widely accepted as a continual transition, called crossover.

Based on theoretical consideration and lattice QCD simulation [2–4], the expected

three flavor phase diagram in the quark mass plane can be summarized in the sketch plot

(sometimes called “Columbia Plot”) shown in figure 1 (taken from [2]). Both near vanishing
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Figure 1. The expected phase diagram in the quark mass mu = md,ms space (taken from [2]).

current quark mass region mu = md = ms = 0 and near the infinite current quark mass

region mu = md = ms = ∞, the phase transitions are widely accepted to be of first order,

while in the intermediate region it becomes crossover. The boundaries between different

regions are second order lines. In this paper, we will first focus on the two light flavor region

with mu = md ≃ O(MeV) and ms = ∞ and the SU(3) diagonal line with mu = md = ms.

For the SU(2) case the phase transition starts from a second order one in the chiral limit

mu = md = 0 (in analogy to O(4) σ model [5] noting that SU(2)L×SU(2)R ≃ O(4)). Then

it is expected that even very small quark mass would drive the second order transition to

a crossover one, as shown in figure 1. For the SU(3) case, the phase transition would start

from a first order one in chiral limit and turn to crossover one at sufficient large quark mass.

The dominant physics for QCD phase transition is non-perturbative, hence perturba-

tive methods become invalid in this region. Lattice QCD simulations are widely accepted

as the most reliable method to study non-perturbative properties of QCD. However, de-

spite the significant improvements which have been done in lattice QCD studies, it is still

unable to get full understanding on QCD phase diagram from this ab initial approach.

For example, the serious difficulty called sign problem prevents direct lattice simulations

of QCD at finite chemical potential. Therefore, it is quite necessary to develop other non-

perturbative methods to study the non-perturbative dynamics of QCD. In recent decades,

the discovery of the anti-de Sitter/conformal field theory (AdS/CFT) correspondence and

the conjecture of the gravity/gauge duality [6–8] provides a new powerful tool to solve the

strong coupling problem of gauge theory, and shed lights on the full understanding of QCD

phase transitions.

By breaking the conformal symmetry in different ways, many efforts have been made

towards more realistic holographical description of QCD in non-perturbative region, such

as hadron physics [9–26] and hot/dense QCD matter [27–42], both in top-down approaches
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and in bottom-up approaches (see [43–47] for reviews). For QCD phase transitions, most

of the bottom-up studies [48–72] focus only on confinement/deconfinement phase transi-

tion. In these studies, in some sense, the geometric phases are distinguished by whether

the expectation value of Polyakov Loop 〈L〉 calculated in the dual gravity background is

vanishing or not. However, lattice simulations [73, 74] have shown that the extracted phase

transition temperatures from chiral condensate 〈ψ̄ψ〉 and Polyakov Loop 〈L〉 are different

for physical quark mass. For chiral restoration in u, d sectors, the transition temperature

is around T
χ,(u,d)
c = 151MeV while for confinement/deconfinement the transition tem-

perature is around T d
c = 176MeV. Therefore, it is necessary to study the temperature

dependent chiral condensate and try to get the information of chiral phase transition in

holographic framework.

In bottom-up approaches, hard-wall model [9] and soft-wall model [10] are successful in

describing hadron physics. Their extended models [19–26] can describe the hadron spectra

and the related quantities in very good accuracy. In these models, the chiral condensate

is introduced to realize chiral symmetry breaking at zero temperature. However, unlike

in Nambu-Jona-Lasinio(NJL) model [75, 76], the value of the chiral condensate is not

self-consistently solved from the models themselves. Instead, it is often taken as a free

parameter to fit the hadron spectra at zero temperature. The authors of [77] note that the

IR boundary condition may require the dependence of chiral condensate on quark mass and

try to solve chiral condensate self-consistently. By introducing black hole background and

U(1) gauge field, they extended the calculation to finite temperature and density, in such

region they get the phase diagram for chiral phase transition which agrees with the previous

approaches(see e.g. [78]). However, since their studies based on the simplest assumption

on the gravity background as the original soft-wall model, the quark mass dependence of

the chiral condensate and chiral phase transition is not analysed in their work which is our

main case in our paper. Noting that the dilaton profile is in the central place to generate

correct quark mass dependence behavior of chiral condensate, we try to study the effects

of dilaton profile on the chiral phase transition in [79]. This work is an extension of [79],

and we will study the dilaton and scalar potential effects in details.

The paper is organized as follows. In section 2, we explain why in the previous set-up

the quark mass dependence behavior is not correct, and why a quartic potential term of

the scalar field is necessary. Then in section 3, we study the effects of scalar potential

and dilaton profile on chiral condensate, and we show that under the negative quadratic

dilaton model and quartic scalar potential the quark-mass dependence behavior of chiral

phase transition is realized correctly, though there is massless scalar meson state in this

model. In section 4, to get rid of the massless scalar mode, we propose a dilaton profile

negative at certain ultraviolet scale and positive at far infrared scale, and we show that

chiral phase transition could be well described in this model. In section 5, a short summary

and discussion are listed. We also describe the numerical process we used to extract chiral

condensate in appendix A.
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2 Chiral symmetry breaking in original soft-wall model

As we mentioned in the above, soft-wall model provides a start point to study linear confine-

ment and chiral symmetry breaking of QCD in bottom-up approach, and the prediction

of meson spectrum in its extended models is in good agreement with the experimental

data [19–25]. Therefore it is interesting to investigate the spontaneous chiral symmetry

breaking of QCD and its restoration in this model. In this section we will give a brief

review of this model and then try to study the temperature dependent behavior of chiral

condensate, which is the order parameter of chiral phase transition. It should be noted

that the similar study in this section has been studied in [77]. However there the authors

have not studied the quark mass dependence of chiral condensate, which is of the main

interest of this manuscript.

2.1 General setup

In the original paper of soft-wall model [10], the authors promote the 4D global chiral

symmetry SU(2)L × SU(2)R of QCD to 5D, and consider the following action

S = −
∫

d5x
√−ge−ΦTr

(

DmX
+DmX +M2

5X
+X +

1

4g25
(F 2

L + F 2
R)

)

, (2.1)

with AL/R the left/right hand gauge field, Dm the covariant derivative defined as DmX =

∂mX− iAL
mX+ iXAR

m, Fmnthe field strength defined as Fmn = ∂mAn−∂nAm− i[Am, An],

g the determinant of metric, and Φ the dilaton field. The mass of the complex scalar field

X M2
5 can be determined as M2

5 = −3(we take the AdS radius L = 1 in this work) from

the AdS/CFT prescription M2
5 = (∆− p)(∆ + p− 4) [8] by taking ∆ = 3, p = 0.

If the scalar field X gets a non-vanishing vacuum expectation value X0, then the

SU(2)L × SU(2)R symmetry would be broken, in which the soft-wall model can mimic

chiral symmetry breaking of QCD. If one assumes that mu = md, the symmetry should be

broken to SU(2) and X0 would have the form χ(z)
2 I2. Here I2 is the 2× 2 identity matrix

and χ(z) is assumed to depend only on the fifth coordinate z. It should be noted that by

considering X as an Nf × Nf matrix and taking the generators from SU(Nf ), it is easy

to extend this model to SU(Nf )L × SU(Nf )R case. The same procedure can be done by

replacing X0 = χ(z)√
2Nf

INf
. Here the factor

√

2Nf is chosen to keep the kinetic term of χ

canonical. After these assumptions, the effective description of the vacuum expectation

value of X in terms of χ reads

Sχ = −
∫

d5x
√−ge−Φ

(

1

2
gzzχ

′2 +
1

2
M2

5χ
2

)

, (2.2)

where ′ denotes the derivative with respect to z.

Under the metric ansatz

ds2 = e2As(z)(−dt2 + dz2 + dxidx
i), (2.3)

χ(z) could be solved from the following equation

χ
′′

+ (3A
′

s − Φ
′

)χ
′

+ 3e2Asχ = 0. (2.4)
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From this equation, the ultraviolet(UV,z → 0) asymptotic behavior could be solved as

χ(z) = c1z + c3z
3 + . . . , (2.5)

with c1, c3 two integral constants of the second order ordinary derivative equation (ODE).

From the assumption, X is dual to q̄q operator, so one can related c1, c3 to the quark mass

and chiral condensate as

c1 = mqζ, c3 = σ/ζ (2.6)

with the normalization factor ζ =
√
Nc

2π [80].Then, the meson spectral in this model can be

read from poles in corresponding Green functions, or equivalent by solving the following

Schrodinger-like equations (for details, see [10], and also [24, 25])

−s′′n + Vs(z)sn = m2
nsn, (2.7)

−π′′n + Vπ,ϕπn = m2
n(πn − eAsχϕn), (2.8)

−ϕ′′
n + Vϕϕn = g25e

Asχ(πn − eAsχϕn), (2.9)

−v′′

n + Vv(z)vn = m2
n,vvn, (2.10)

−a′′

n + Vaan = m2
nan, (2.11)

with the schrodinger-like potentials

Vs =
3A

′′

s − φ
′′

2
+

(3A
′

s − φ
′

)2

4
+ 3e2As , (2.12)

Vπ,ϕ =
3A

′′

s − φ
′′

+ 2χ
′′

/χ− 2χ
′2/χ2

2
+

(3A
′

s − φ
′

+ 2χ
′

/χ)2

4
, (2.13)

Vϕ =
A

′′

s − φ
′′

2
+

(A
′

s − φ
′

)2

4
, (2.14)

Vv =
A

′′

s − φ
′′

2
+

(A
′

s − φ
′

)2

4
, (2.15)

Va =
A

′

s − φ
′

2
+

(A
′

s − φ
′

)2

4
+ g25e

2Asχ2. (2.16)

Here, sn, πn, vn, an are the 5D wave function of scalar, pseudoscalar, vector and axial-vector

meson respectively.

In the original model, the authors took the AdS5 metric, i.e. As = − log(z) in eq. (2.3),

and one can check that if Φ(z) increases as z2 in Infrared(IR) region(z → ∞), the mass

square of the highly excited meson states would be proportional to the radial quantum

number n, i.e. m2
n ∝ n when n ≫ 1. Therefore, in the original model, the authors simply

took Φ ∝ z2 to realize the linear spectral. Furthermore, one can read from eqs. (2.15), (2.16)

that if χ 6= 0, the equations of motion are different for vector and axial-vector mesons, which

shows the possibility to realize chiral symmetry breaking in this model.

In this section, we have seen that the quadratic dilaton at IR and the non-vanishing

scalar χ are important for linear confinement and chiral symmetry breaking of QCD vacuum

respectively. The linear confinement has already been studied widely in the extended
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models of the original soft-wall model, and it turns out that soft-wall model does give

success description in this topic. However, the chiral symmetry breaking and its restoration

are much less studied in this framework. Therefore, in the next section we will focus on

this topic.

2.2 Quark mass and temperature dependence of chiral condensate

In this section, we would like to study the quark mass and temperature dependence of

chiral condensate in the original soft-wall model. The main purpose is to check whether

the symmetry breaking is a spontaneous one as that in real QCD or not.

We start from the soft-wall action eq. (2.2), and under the usual metric ansatz at finite

temperature

ds2 = e2As(z)

(

−f(z)dt2 + 1

f(z)
dz2 + dxidx

i

)

, (2.17)

the equation of motion for χ(z) can be derived as

χ
′′

+

(

3A
′

s − Φ
′

+
f

′

f

)

χ
′

+ 3
e2As

f
χ = 0. (2.18)

As in the original soft-wall model, we take the dilaton field of the simple quadratic form

Φ(z) = µ2z2, (2.19)

and the background metric as the AdS-Schwarzchild black hole solution

As(z) = − log(z), (2.20)

f(z) = 1− z4

z4h
. (2.21)

Here zh is the horizon of the black hole defined at f(zh) = 0 and related to the temperature

T of the system by the Hawking temperature formula

T =

∣

∣

∣

∣

f
′

(zh)

4π

∣

∣

∣

∣

=
1

πzh
. (2.22)

At zero temperature, we have f(z) ≡ 1, eq. (2.18) could be analytically solved as

χ(z) = c2G
2,0
1,2

(

−µ2z2| 1
1
2 ,

3
2

)

+ c1e
µ2z2

2 µ3z3
(

I0

(

µ2z2

2

)

+ I1

(

µ2z2

2

))

. (2.23)

with In(z) the modified Bessel function of the first kind and Gmn
pq

(

z

∣

∣

∣

∣

a1, . . . , ap
b1, . . . , bq

)

the Mei-

jerG function.1 The z → ∞ asymptotic behavior of eq. (2.23) is either exponentially

blowing up or approaching a constant, which can be seen by taking two limits: χ
′′ ≪ χ,

then −2µ2zχ
′

+ 3χ/z2 = 0 and χ1 → e−3/(4µ2z2) → 1; χ
′ ≫ χ, then χ

′′ − 2µ2zχ
′

= 0 and

1For details, please refer to Mathematica 10.
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χ2 → eµ
2z2/(µz). The exponentially growing branch is unacceptable, since it breaks the

Regge behavior of axial vector in soft-wall model. Then because both the two independent

solutions in eq. (2.23) blow up in the IR region, we will require c1 ∝ c2 to cancel the expo-

nential growing part. Finally, we can get the ultraviolet(UV) z → 0 asymptotic behavior

of the solution of eq. (2.23) as

χ(z) = c

(

µz + µ3z3
(

− 1

2
+ γE +

ψ
(

−1
2

)

2
+ log(µz)

)

)

+O(z4) (2.24)

= c(µz + µ3z3(0.095 + log(µz))) (2.25)

with γE = 0.577 the Euler’s constant and ψ(z) the digamma function with ψ(−1
2) = 0.036.

Comparing eq. (2.6) and eq. (2.24), one gets c = mqζ/µ and

σ(T = 0)

mqµ2ζ2
= 0.095. (2.26)

From this result, we can see that the chiral condensate in the original soft-wall model is

induced by the quark mass, and in the chiral limit mq → 0 it tends to vanish. In this sense,

the original soft-wall model can not describe the spontaneous chiral symmetry breaking of

QCD vacuum. The symmetry breaking is actually an explicit one.

At finite temperature, eq. (2.18) can not be solved analytically. By requiring χ(z)

taking the asymptotic behavior as eq. (2.5) at UV and all the quantities being regular at

horizon zh, the authors of ref. [77] get the numerical result as shown in the dashed line

in figure 2(a) in case mq = µ. In the plot, we scaled all the quantities with dimension to

dimensionless quantities using the only mass scale µ in the model. In figure 2(a), we also

show the mq dependence of σ(T ) explicitly. From figure 2(b) we see that the σ/mq results

do not depend on mq, which shows that σ(T ) = mqg(T ) with g(T ) being independent of

mq. One can also find that the near T = 0 value of σ/(mqζ
2µ2) is just the same value

0.095 as extracted analytically, which can be seen as a consistent check of the numerical

method we used(We leave this part in appendix A).

In fact, it is also easy to show this conclusion analytically: since eq. (2.18) is linear,

the solution would be of the general form χ(z)T = c1(T )g1(z) + c2(T )g2(z). In general,

since f(zh) = 0 appears in the denominator of eq. (2.18), one might expect that at least

one of g1(z) and g2(z) is singular at z = zh.
2 If both g1(z) and g2(z) are singular, then

one could expect that by linear combining the two functions the singularity at zh should

be canceled and one gets one singular and one regular new function (if not, both the two

functions could not be considered as physical one). Without loss of generality, we can

assume that g1(z) is the singular one and g2(z) is regular at zh. Then, we could expect

that the solution of χ(z) = c2(T )g2(z), in which case σ(T ) ∝ c2(T ) ∝ mq. Thus, we

see that non-linear terms in the scalar potential might be necessary to realize the correct

2Probably, there might be some extreme cases when both g1(z) and g2(z) are non-singular. In these

cases, σ and mq would be independent on each other, since we can not find a natural boundary condition

to get rid of one of the two independent solutions. Thus, we did not consider this case.
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(a) (b)

Figure 2. σ(T ) as a function of temperature T in quadratic dilaton background eq. (2.19). Panel

(a) gives the results of σ/(ζµ3). The blue dotted, red dotdashed,and black dashed lines represent

mqζ/µ = 0.1, 0.5, 1 respectively. Panel (b) gives the mq rescaled dimensionless results σ/(mqζ
2µ2)

of the three lines. All the three lines overlap and become the same curve, which shows that σ/mq

does not depend on mq.

behavior of chiral condensate (though it might be insufficient to only consider the non-

linear potential, since to induce the instability one might need to make the effective mass

term violate the Breitenlohner-Freedman bound [81–83]).

In summary, the chiral condensate in the original model is induced by the quark mass,

which is unreasonable from real QCD point of view. In addition, from the analysis, we

could see that to add a non-linear term in the scalar potential might be necessary to get

the correct spontaneous symmetry breaking behavior. Therefore, in the next section we

will add non-linear terms in the potential of scalar field X and try to solve this problem.

3 Quartic potential effects

In the previous section, we have seen that the model in section 2.2 can not give the correct

chiral symmetry breaking mechanism at both zero and finite temperature. In order to

modify the linear quark mass dependence behavior of chiral condensate σ(T ), it is necessary

to add non-linear term in the potential of scalar field X, which has also been pointed out

in [10] and has been studied in [19–25]. Here, we assume that the potential of scalar field

X takes a general form VX(|X|) in terms of |X| and the action becomes

S = −
∫

d5x
√−ge−ΦTr(DmX

+DmX + VX(|X|)). (3.1)

Inserting the expectation value of X, we get the the effective description in terms of

χ of the following form

Sχ = −
∫

d5x
√−ge−Φ

(

1

2
gzzχ

′2 + V (χ)

)

, (3.2)

– 8 –
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Figure 3. V (χ) as a function of χ with v3 = 0, v4 = 8. The two non-trivial solutions χ = ±0.306

of ∂χV (χ) = 0 are labeled.

where V (χ) ≡ Tr(VX(|X|)). The leading term of V (χ) comes from the mass term and it is

fixed to be −3
2χ

2 from AdS/CFT dictionary. To keep χ ↔ −χ symmetry, the next power

term is the quartic term v4χ
4. If one considers the Nf = 3 case, there would be χ3 term

coming from the t’Hooft determinant term Re[det(X)]. For later convenience, here we will

consider

V (χ) = −3

2
χ2 + v3χ

3 + v4χ
4. (3.3)

In this section, we will only consider the Nf = 2 case and only study the corrections from

the quartic term when v3 = 0, v4 6= 0. Since in [19–22], v4 ≃ 10 gives a better prediction

of meson spectral, in our work we will choose the parameter v4 in this region. In figure 3,

we plot the potential of v4 = 8, and we see that as in spontaneously broken of φ4 theory,

∂χV (χ) = 0 has three solutions: χ = 0 and χ = ±
√

3
4v4

≃ ±0.306. We would see later that

this structure plays an important role to realize the spontaneous symmetry breaking in 5D.

The equation of motion for χ with respect to the action eq. (3.2) can be derived as

χ
′′

+

(

3A
′

s − Φ
′

+
f

′

f

)

χ
′ − e2As

f
∂χV (χ) = 0. (3.4)

and we checked that the leading UV expansion of this equation is still of the form

mqζz +
σ
ζ z

3 [80].3

For later convenience in comparing the stability of different solutions, we would like to

derive the free energy of the solutions here. One can use the equivalence of the partition

3Here and later, we only list the UV expansions with care and omit other possible expansion terms of

orders in between z and z
3, e.g. z2 and z

3 log(z). The coefficients of these terms are functions of mq, and

can be calculated order by order from eq. (3.4).
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function conjecture ZQCD = Zgravity ≃ e−SE . Using the thermodynamical equality Z =

e−βF (β ≡ 1/T ), we have the relation between free energy F and the on-shell Euclidean

action of gravity F = SE . Inserting eq. (3.4) into eq. (3.2), and notice the negative sign

while doing the wick rotation, we have

F ≡ F

V3
=

∫ zh

0
dz

√−ge−Φ

(

1

2
gzzχ

′2 + V (χ)

)

=

∫ zh

0
dz

√−ge−Φ

(

1

2
v3χ

3 + v4χ
4

)

+
1

2
(χe3As−Φfχ

′

)|zhǫ

= −
∫ zh

0
dze5As−Φ

(

1

2
v3χ

3 + v4χ
4

)

− 1

2
(χe3As−Φfχ

′

)|ǫ, (3.5)

where we have introduced the free energy density F to get rid of the infinite spatial volume

V3 in the integral of SE .

When mq = 0, from the UV asymptotic behavior of χ, it is easy to see that the last

equation is regular at ǫ = 0 and the second term vanishes. In this case, χ ≡ 0 is always

a solution of eq. (3.4), since it satisfies mq = 0 and is regular everywhere. This solution

stands for the chiral symmetry restored phase, for σ = 0. When Nf = 2, v3 = 0, if v4 > 0,

we could easily see that F < 0 if χ 6= 0, which means in chiral limit if there are non-trivial

solutions of χ, it is always thermodynamically more favored than the symmetry restored

solution χ ≡ 0. When mq 6= 0, F is divergent near ǫ = 0, and in principle one has to

add counter term to cancel the divergence. Since there could be scheme dependence when

introducing the counter term, the exact value of chiral condensate would also be scheme

dependent. Fortunately, focusing on the qualitative behavior of chiral phase transition,

later we do not really need to deal with this case, so here we do not try to work out the

explicit form of the counter terms. After all this preparation, in the following subsections,

we will try to analyze the quark mass and temperature dependent behavior of σ(T ) under

the quatric corrections in the potential.

3.1 Chiral condensate in positive quadratic dilaton background

Firstly, we work in the positive dilaton background as in the last section. We take v4 = 8

and solve eq. (3.4) with the boundary condition χ(z → 0) → mqz, χ(z → zh) < ∞. We

take mqζ/µ = 0.003, 0.015, 0.03, 0.1 and show the results in figure 4. Since there is only

one parameter with mass dimension, we plot the dimensionless combination σ/(ζµ3) and

σ/(mqζ
2µ2) in terms of T/µ. It is very clear to see that those plots will not depend on µ.

From panel (a), we can see chiral condensate at low temperature decrease with the

decreasing of quark mass. From the plots of σ/(mqζ
2µ2) in panel (b), we could see that

σ is no longer simply proportional to mq due to the non-linear potential. In the large

mq region, the non-linear potential would affect the result of σ significantly. It increases

the value of σ/(mqζ
2µ2) from 0.095 to around 0.2 at T ≃ 0 region. However, when mq

approaching the chiral limit, it can be seen that σ/(mqµ
2ζ2) will approach a limit, which

is just the results without the quartic potential term. Therefore, we see that in the small

mq region, σ ∝ mq is approximately true, which again shows that no chiral condensate in

chiral limit and the symmetry breaking is still an explicit one induced by quark mass.
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(a) (b)

Figure 4. σ(T ) as a function of temperature T in quadratic dilaton background eq. (2.19) with

v3 = 0, v4 = 8. Panel (a) gives the results of σ/(ζµ3). The blue dotted, cyan dotdashed, red

dashed and black solid lines represent mqζ/µ = 0.003, 0.015, 0.03, 0.1 respectively. Panel (b) gives

the mq rescaled dimensionless results σ/(mqζ
2µ3) of the three lines. When mq → 0, the results of

σ/(mqζ
2µ3) tend to be independent of mq and approach the lines in figure 2(b).

From the above discussion, unlike the 4D field theory, it is insufficient to get sponta-

neously symmetry breaking with only the φ4 like potential. Modification on the dilaton

field or the metric background is necessary.

3.2 Chiral condensate in negative dilaton model

The positive dilaton model does not give the correct spontaneous symmetry breaking be-

havior in chiral limit. In this section, as a test, we will work in the negative dilaton

background

Φ(z) = −µ2z2, (3.6)

though as pointed out in [10, 24, 84] it might cause an un-physical massless scalar me-

son state.

Firstly, we take v4 = 8 and consider the chiral limit case. Taking mq = 0 in the UV

expansion χ(z) = mqζz + σ/ζz3 + . . . and requiring |χ(zh)| < ∞ at horizon, we could

solve σ(T ) from eq. (3.4) using the method described in appendix A. The results are shown

in figure 5, in which we have scaled all the quantities with dimension into dimensionless

combination using µ. From figure 5(a), we could see that below T = 0.198µ there are two

non-trivial σ 6= 0 solutions labeled by red and blue solid lines together with the trivial

χ ≡ 0 solution labeled by cyan solid line. In fact, the red and blue solutions are just the

σ ↔ −σ reflection of each other, which is the manifestation of the χ ↔ −χ Z2 symmetry

of the scalar potential eq. (3.3) when v3 = 0. Thermodynamically, the non-trivial solutions

are more stable than the trivial σ = 0 solution when v3 = 0, as has been explained at

the beginning of this section. Furthermore, the non-trivial solutions of σ approach a finite
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Figure 5. Panel (a) shows µ3 scaled dimensionless chiral condensate σ(T )/µ3 as a function of µ

scaled temperature T/µ in negative quadratic dilaton background eq. (3.6) when v3 = 0, v4 = 8 and

mq = 0. Panel (b) shows the corresponding χ solutions when T = 0.050, 0.175, 0.197µ. We only

plot the part outside the black hole 0 < z < zh = 1/(πT ) in each temperature and cut the long

constant tail in the region 3.5 < µz < 20/π when T = 0.05µ for compactness of the plots.

constant value σ0 ≡ σ(T = 0) ≃ 0.08µ3 = (0.43µ)3 at low temperature, representing the

spontaneous chiral symmetry breaking in the vacuum. Then, when T increasing, σ(T )

decreases slowly from 0.08µ3 to around 0.07µ3 in the temperature region 0 < T < 0.140µ.

Nextly, when the temperature continues to increase from 0.140µ to 0.198µ, σ(T ) decreases

rapidly from 0.07µ to zero. Above T = 0.198µ, we can not find non-trivial solutions, which

shows the restoration of chiral symmetry at high temperature. From this picture, we have

realized the spontaneous chiral symmetry breaking in the vacuum T = 0 and its restoration

above the critical temperature T negative
C = 0.198µ. The phase transition is a second order

one in chiral limit, consistent with the ‘Columbia sketch plot’ in two flavor chiral limit.

We also note that if we take µ = 0.75GeV, then vacuum value of chiral condensate and

the critical temperature would be σ0 ≃ (323MeV)3 and T negative
C ≃ 150MeV, which is

comparable with the lattice results [73, 74].

In order to show the effects of the two non-trivial vacua in scalar potential eq. (3.3)

and figure 3, we also plot the corresponding solutions of χ(z) at temperature T =

0.05, 0.175, 0.197µ in figure 5(b). From this figure, we could see that at low tempera-

ture T = 0.05µ, χ(z) would increase from 0 to a finite constant value near the horizon.

Actually, we find that even when T is around 0.1µ, the configuration of χ(z) does not

change too much. We extract the near horizon value and find that it equals to 0.306, which

is just the too non-trivial vacuum labeled in figure 3. Then when temperature increases,

we see that the solution of χ(z) falls towards the x axis, and when T = 0.197µ χ(z) become

very close to χ = 0. It is easy to imagine that when T = T negative
C , the solution of χ(z)

become exactly χ(z) = 0 at range of 0 < µz < 1/(πT ). Therefore, we see that the near

T = 0 solutions of χ(z) is just the interpolation between the trivial vacuum χ = 0 and
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Figure 6. Panel (a) shows µ3 scaled dimensionless chiral condensate σ(T )/µ3 as a function of µ

scaled temperature T/µ in negative quadratic dilaton background eq. (3.6) when v3 = 0, v4 = 8

and mq = 0.007µ. Panel (b) shows the corresponding χ solutions when T = 0.050, 0.192, 0.220µ.

We only plot the part outside the black hole 0 < z < zh = 1/(πT ) in each temperature and cut the

long constant tail in the region 3.5 < µz < 20/π when T = 0.05µ for compactness of the plots.

the two non-trivial vacuum χ = ±0.306, which in some sense shows the necessity of the

positive quartic term in the scalar potential.

Now that the chiral phase transition in chiral limit is described quite well in this

model, we would go further and try to investigate its finite quark mass behavior. We take

mq = 0.007µ as an example and plot the results in figure 6. We would emphasize that

the qualitative results for any finite quark mass are the same, though for simplicity we

only show only one of them here. From figure 6(a), we see that the positive quark mass

mq = 0.007µ would break the σ ↔ −σ symmetry of the solution. As a result, the trivial

χ ≡ 0 would not be a solution any more, since it does not satisfy the boundary condition

χ(z) = mqζz + . . . at UV. Comparing to the chiral limit result figure 5, we could see

that near T = 0 the results do not change too much and the vacuum value of σ is still

around 0.08µ3. However, when T > 0.15µ, the low T cyan part and the high T red part

of the trivial solution χ ≡ 0 in figure 5(a) would be seperated when mq > 0 in figure 6(a).

The cyan part is dragged down from the x axis and bent towards the negative σ branch,

while the red part would be dragged up and bent towards the positive σ branch. The blue

non-trivial solution and the quark mass induced cyan part would join together at around

T = 0.195µ, while the quark mass induced red part would join the red non-trivial solution

and become a continuous line.

In figure 6(b), we also plot the solutions of χ(z) at different temperature T =

0.05, 0.192, 0.22µ. From the figure, we could also see the same qualitative picture from

the evolution of χ. At low temperature like T = 0.05, the three solutions do not change

too much, and the cyan line almost equals to 0. Then the increasing of temperature would

drag the cyan lines down towards the blue negative σ solutions, and it could be imag-

– 13 –



J
H
E
P
0
4
(
2
0
1
6
)
0
3
6

Figure 7. µ2 scaled dσ(T )
dT

as a function of T in negative quadratic dilaton background eq. (3.6)

when v3 = 0, v4 = 8 and mq = 0.007µ.

ined that at temperature above T = 0.192µ they would merge to be the same solution.

Meanwhile, the red lines are dragged down towards the x axis continuously.

From the red dashed line in figure 6(a), we see that at finite quark mass the phase

transition would become a crossover one, since the finite quark mass would destroy the

σ ↔ −σ symmetry in the 5D theory. The crossover transition is not a real phase transition,

and we would define the transition point as the location of largest dσ
dT . We plot the results

of dσ
dT in figure 7, and there we can see that since the quark mass we take are quite small, the

transition temperature is almost the same as that in chiral limit, i.e. T negative,m
C ≃ 0.198µ.

Thus, the negative dilaton plus the quartic scalar potential do give a very good real-

ization of spontaneous chiral symmetry breaking in the vacuum and its restoration at high

temperature. The transition is of second order type in chiral limit and it would turn to

be a crossover one in any finite quark mass. However, as pointed out in [10, 24, 84], the

large z negative dilaton would cause an un-physical massless scalar meson state. Therefore,

we will modify the large z behavior of dilaton field and try to cure this problem in the

next section.

4 Interpolated dilaton: two different scales

From the above discussion, we find that the negative dilaton gives a prediction on chiral

phase transition agreeing perfectly well with the Columbia sketch plot whereas the positive

dilaton background can not generate correct results in chiral limit. However, as pointed

out in [10, 24, 84], the negative dilaton background predicts an un-physical massless scalar

meson state which is unacceptable. The results from spectra analysis and thermodynamical

analysis seem in contradiction. To solve this issue, one has to note that the dominating

energy scale of chiral symmetry breaking is around 1GeV and that of confinement is around
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200 ∼ 300MeV [85]. In the Regge behavior analysis, the confinement is the dominating

effect while in chiral symmetry breaking mechanism new scale should be introduced. Taking

into account the latter, we expect that the negative dilaton dominates at small z and at

large z positive dilaton would dominate. In between the two, we take the following simple

interpolation as a test

Φ(z) = −µ21z2 + (µ21 + µ20)z
2 tanh(µ22z

2), (4.1)

where µ0 would be fixed to around 0.43GeV as the extended soft-wall models [19–26]

to produce the correct Regge slope in the highly excited states, and µ1, µ2 are two free

parameters. At UV, Φ(z) → −µ21z2, and at IR the above interpolation form goes to

Φ(z) → µ20z
2, which is responsible for the linear confinement. In this section, we will focus

on solving the structure of chiral condensate under the dilaton profile eq. (4.1) and the

scalar potential eq. (3.3).

4.1 SU(2) case: v3 = 0, v4 6= 0

Since we fix µ0 = 0.43GeV for the Regge slope, there are 4 free parameters µ1, µ2, v3, v4
under the simple selection of dilaton profile eq. (4.1) and the scalar potential eq. (3.3).

As we mentioned in section 3, the t’Hooft determinant term would only appear in SU(3)

case, since det[X] is a χ2 term in SU(2) case. In this section, we would focus on SU(2)

case first, so we will take v3 = 0. Thus, the only free parameters left are µ1, µ2 and v4. In

principle, we could fix these parameters by comparing the predicted meson spectral to the

experimental data. However, considering that to get a better fitting of the experimental

data quantitatively, the metric as well as the 5D M2
5 could be modified as a more general

z dependent function like in [23, 69]. Here we would like to focus on the qualitative results

and leave the careful quantitative study to the future. Since qualitatively, the model we

are considering could well describe the linear confinement behavior at zero temperature,

we would like to investigate the qualitative behavior of the chiral dynamics in this model.

Firstly, we would study the µ1, µ2 dependence of the model results in chiral limit.

We take v4 = 8 as in the negative dilaton case and mq = 0. As an example, we fix

µ2 = 0.176GeV, then we tune µ1 and try to solve σ(T ) from eq. (3.4). We plot the

results in figure 8. From figure 8(a), the negative part of dilaton field would be shifted

up when one decrease µ1, while the large z quadratic tails stay in the same limit µ20z
2.

From figure 8(b), we can see that as in the negative dilaton model, the chiral condensate

only appears in low temperature region. The transition temperature where the non-trivial

solution start disappearing would increase with the increasing of µ1, i.e. the increasing of

the negative area in dilaton profile. When µ1 = 0.75, 0.83GeV, chiral condensate would

decrease monotonous from a finite value to zero, while for µ1 = 0.606, 0.65GeV chiral

condensate would increase with temperature first and then decrease rapidly to zero.

Next, we fix µ1 = 0.83GeV, take v4 = 8,mq = 0 and turn to study the µ2 effects. The

results are shown in figure 9. Similarly, from the figure we see that when we increase µ2
the negative part of dilaton would be smaller and the transition temperature and chiral

condensate would decrease. Moreover, when the negative part of dilaton profile becomes
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(a) (b)

Figure 8. µ1 dependence of Φ(z) in eq. (4.1) and the corresponding results of σ(T ) as a function

of temperature T when v3 = 0, v4 = 8 and µ0 = 0.43GeV, µ2 = 0.176GeV. In panel (a), the

black solid, red dashed, cyan dotdashed, and blue dotted lines give the plots of Φ(z) when µ1 =

0.83, 0.75, 0.65, 0.606GeV respectively. Here we only plot the σ > 0 part, and the σ < 0 part can

be easily got by reflecting the results along T axis. In panel (b) σ(T ) in chiral limit are shown in

lines with the same symbols correspondingly.

small, chiral condensate starts to increase at low temperature region and decrease fast to

zero near the transition temperature.

From the above dependence behavior of µ1, µ2, we could see that a larger negative

part of dilaton would favor a larger σ in the vacuum and low temperature region. This

is consistent with our previous study on the positive and negative quadratic models, in

which no negative part of dilaton field is corresponding to zero chiral condensate and full

negative part gives finite condensate in chiral limit. In addition, this also shows that it

is the intermediate part of the dilaton dominating in chiral dynamics, since the large z

behavior of the model is universal for different parameter values.

Finally, we take µ1 = 0.83GeV, µ2 = 0.176GeV and study the model dependence of v4.

The results are presented in figure 10. From figure 10(a), we can see that increasing v4 would

decrease the non-trivial vacuum χ0 = ±
√

3
4v4

. Correspondingly, the chiral condensate

would decrease, as can be seen from figure 10(b). However, unlike decreasing µ1 and

increasing µ2, the transition temperature would stay the same when increase v4.

Based on the above studies, we take µ1 = 0.83GeV, µ2 = 0.176GeV, v4 = 8 and

turn to study the effects of quark mass. As before, we plot the results of chiral limit in

figure 11 first. From figure 11(a), we can read that the vacuum value of chiral condensate

σ0 is around 0.035GeV3 ≃ (327MeV)3 and the transition temperature T
SU(2),0
C is around

151MeV. Both of them are comparable with the lattice results. Furthermore, since in

chiral limit the free energy formula eq. (3.5) is finite near the boundary z = 0, we insert

the χ(z) solutions into this formula and get the free energy results as shown in figure 11(b).
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Figure 9. µ2 dependence of Φ(z) in eq. (4.1) and the corresponding results of σ(T ) as a function

of temperature T when v3 = 0, v4 = 8 and µ0 = 0.43GeV, µ1 = 0.83GeV. In panel (a), the

black solid, red dashed, cyan dotdashed, and blue dotted lines give the plots of Φ(z) when µ2 =

0.176, 0.22, 0.26, 0.266GeV respectively. In panel (b) σ(T ) in chiral limit are shown in lines with

the same symbols correspondingly.

(a) (b)

Figure 10. v4 dependence of the scalar potential V (χ) in eq. (3.3) and the corresponding results

of σ(T ) as a function of temperature T when v3 = 0 and µ0 = 0.43GeV, µ1 = 0.83GeV, µ2 =

0.176GeV. In panel (a), the black solid, red dashed and blue dotdashed lines give the plots of V (χ)

when v4 = 8, 16, 100 respectively. In panel (b) σ(T ) in chiral limit are shown in lines with the same

symbols correspondingly.
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Figure 11. The results of chiral condensate σ(T ) and the corresponding free energy density F
as a function of temperature T in dilaton background eq. (4.1) when v3 = 0, v4 = 8 and µ0 =

0.43GeV, µ1 = 0.83GeV, µ2 = 0.176GeV. Panel (a) shows the result of σ(T ) in chiral limit and

panel (b) compares the free energy density F of different solutions.

From this figure, we could see that the free energy of the non-trivial solutions are always

smaller than the trivial solutions. Besides, near the transition point, we find that the curve

of non-trivial solutions is tangent to the trivial solution curve. This fact confirms that the

phase transition in chiral limit is a second order one.

After turning on the mass source, we find that any finite quark mass would change the

phase transition order. As an explicit example, we take mq = 7MeV and show the results

in figure 12. As can be seen from figure 12, the qualitative results are totally the same as in

the negative dilaton model described in section 3.2. A positive quark mass would shift up

the high temperature trivial solutions, join the positive branches of non-trivial solutions

and merge to be one continuous line. The low temperature trivial solutions would be

shift down. It would join the negative non-trivial solutions and merge to be a semi-circle

appearing only at temperature below 147MeV. Therefore, the physical line should be

the continuous red line in figure 12. To extract the pseudo-transition temperature, we

calculate dσ
dT and read the transition temperature from the peak of figure 12(b), which

gives T
SU(2),m
C ≃ 150GeV, almost the same as the chiral limit.

As a short summary of this section, the interpolating dilaton model does give correct

behavior of chiral phase transition. In chiral limit, it does give spontaneous chiral symmetry

breaking in the vacuum and its restoration at high temperature. We also confirm that the

transition order is of second order. At any finite quark mass the transition turns to be

a crossover one. From the current study, the negative part in the intermediate scale is

important for spontaneous chiral symmetry breaking and the positive quadratic part is

important for linear confinement. Qualitatively, this is consistent with the studies in [85],

though we do not know how to map the exact value of the energy scales. It should also
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Figure 12. The results of chiral condensate σ(T ) and its temperature derivative dσ(T )
dT

as a function

of temperature T in dilaton background eq. (4.1) when v3 = 0, v4 = 8 and µ0 = 0.43GeV, µ1 =

0.83GeV, µ2 = 0.176GeV. Panel (a) shows the results of σ(T ) when mq ≃ 7MeV . Panel (b) gives

the plot of dσ(T )
dT

, the local maximum of which gives the pesudo transition temperature.

be noted that, here we choose a simple interpolating form of the dilaton field, which could

be carefully tuned to accommodate the meson spectra also. In this work, we focus only on

producing the correct qualitative behavior of chiral phase transition.

4.2 SU(3) case: v3, v4 6= 0

In the previous section, we have realized the top line of the phase diagram in mass plane,

which is shown in figure 1. In this section, we would like to test this model in the SU(3)

case, i.e. the diagonal line in figure 1.

In the SU(3) case, if we only consider the quartic termX4, then it is easy to understand

that the results would not be different from the SU(2) case. Fortunately, it is possible to

introduce the t’Hooft determinant term det[X]. If we consider a more general Nf = 2 + 1

case, the vacuum expectation value of X should be written as X = diag{χl, χl, χs}. Then
the mass term and the quartic term would be proportional to 2χ2

l + χ2
s and 2χ4

l + χ4
s

respectively. There is no coupling term in between χl and χs. It is different for the

determinant term, which reduces to χ2
l χs and cause the mixing of light flavor and heavy

one. In principle, we can study the whole plane in figure 1. However, it is much more

complicated to solve the two coupled equations. So, we would leave this calculation to

the future and focus on the SU(3) case only. When mu = md = ms, one can expect that

χl = χs, then the above settings would reduce to the model described in previous section

with finite v3.

Since we are more interested in the qualitative result, instead of fixing v3, v4 from meson

spectra, we would only take v3 = −3, v4 = 8 as an example to show the qualitative behavior.

The potential are shown in figure 13. In the figure, we find that the χ ↔ −χ symmetry

is broken explicitly by the cubic potential. The right vacuum is around χ(+) = 0.477 and
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Figure 13. V (χ) as a function of χ with v3 = −3, v4 = 8.

the left vacuum is around χ(−) = −0.196. From the potential level, we could see that the

right vacuum is more stable due to the lower value of potential energy.

Inserting the potential into the equation of motion eq. (3.4), we solved the chiral

condensate in chiral limit as shown in figure 14. From figure 14(a), we find that at low

temperature there are still two branches of non-trivial solutions together with the trivial

χ ≡ 0 solution, while above T = 0.151MeV the non-trivial solutions disappears. Due to

the cubic term, we could see that the positive(the red solid line plus the purple dashed line)

and negative non-trivial branches(the blue dashed line) are no longer σ ↔ −σ reflection of

each other. As we read from figure 13, the potential energy of the right vacuum is lower.

Therefore, we might expect that the positive sigma solutions would be more stable even

in the chiral limit. To confirm this, we insert the χ(z) solution to the free energy formula

eq. (3.5) and calculate the free energy density. The results are plotted in figure 14(b). From

this plot, we do find that the free energy of the positive branch is smaller than the negative

branch. As a result, the lower temperature region is dominated by the right vacuum. Then

from the zooming out zone of figure 14(b), we find that the free energy density of the

positive branch would start to be larger than zero, which shows that a phase transition

would happen. The real physical path when increasing temperature would be the red solid

line. The chiral condensate decrease from the finite vacuum value monotonously and at

around T = 173MeV it suddenly drop to zero, which gives a first order picture of the chiral

restoration phase transition. This chiral limit result is just the same as expected from the

diagonal line in figure 1.

Now we turn the quark mass on. We find the low temperature χ ≡ 0 would join the

negative non-trivial branch to form a semi-circle again, while the high temperature χ ≡ 0

branch would join the positive non-trivial branch and form a continuous line extend to

high temperature. However, when mq is small, for example mq = 7MeV as shown in the
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Figure 14. The results of chiral condensate σ(T ) in chiral limit and the corresponding free energy

density F as a function of temperature T in dilaton background eq. (4.1) when v3 = −3, v4 = 8

and µ0 = 0.43GeV, µ1 = 0.83GeV, µ2 = 0.176GeV. Panel (a) shows the result of σ(T ) in chiral

limit. Panel (b) compares the free energy density F of different solutions. The points representing

the same solutions are labeled with the same colors and styles in panel (a) and panel (b).

dashed line of figure 15, the positive branch would be multivalued in the temperature range

167MeV < T < 175MeV, which implies the first order property of the phase transition. In

addition, when mq is large enough, for example mq = 55MeV as shown in the dotdashed

line in figure 15, the positive branch would decrease monotonously and continuously, which

implies a crossover transition. In between these two types, it is not difficult to imagine

that with certain value of mq the derivative
dσ
dT would be divergent at certain temperature,

just as shown in the solid line in figure 15 (around T = 195MeV). This mass would be the

critical mass, which gives a second order phase transition. With the current parameter, we

find that the critical mass is around mq = 37MeV.

In a short summary, when we turn on a negative cubic scalar potential, the model

eq. (4.1) gives a first order chiral phase transition in chiral limit and in small quark mass

region, while in sufficient large quark mass area, the phase transition would turn to be a

crossover one. We summarize the results for SU(2) and SU(3) in figure 16. This agrees

well with the picture shown in figure 1 (the top line and the diagonal line). Combining the

results in SU(2) case and SU(3) case, we might expect that when extend to Nf = 2+1 case,

the model could produce phase diagram in mass plane similar to figure 1 qualitatively. We

will leave this calculation in the future.

5 Conclusion and discussion

In this work, we investigate the chiral phase transition within the soft-wall holographic

framework. By imposing proper UV and IR boundary conditions, we could solve chiral

condensate as a function of quark mass and temperature. We first try in the original soft-
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Figure 15. The results of chiral condensate σ(T ) as a function of temperature T in dilaton

background eq. (4.1) when v3 = −3, v4 = 8 and µ0 = 0.43GeV, µ1 = 0.83GeV, µ2 = 0.176GeV.

The red, cyan and blue dashed lines give the results of mq = 7MeV and the solid and dotdashed

lines give the results of mq = 37MeV,mq = 55MeV respectively.

Figure 16. The SU(2) and SU(3) mass diagram in dilaton background eq. (4.1) when v3 = −3, v4 =

8 and µ0 = 0.43GeV, µ1 = 0.83GeV, µ2 = 0.176GeV. The red solid line represents first order phase

transition and the green dashed lines stand for crossover. The blue dots are second order points.

wall model with a pure positive quadratic dilaton and a mass term in the scalar potential.

The results shown that in chiral limit there is no chiral condensate in the original soft-wall

model, which implies that the chiral condensate in the original soft-wall model is induced

by quark mass and the symmetry breaking is an explicit one. After introducing a quartic
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term in scalar potential to break the linear property of the equation of motion, we still find

that in chiral limit the pure quadratic dilaton model can not realize the spontaneous chiral

symmetry breaking.

Then, we consider the pure negative quadratic dilaton case with a positive quartic

potential. We show that in this model, both the spontaneous chiral symmetry breaking

in the vacuum and its restoration are realized correctly. The phase transition is a second

order one in chiral limit and it turns to be a crossover one at any finite quark mass.

However, the negative part of dilaton field at large z region would cause an massless

scalar meson state, which has never been detected experimentally and is unacceptable. To

cure this problem, we propose a dilaton model, which tends to be negative quadratic at

small z region and positive quadratic at large z region. The intermediate interpolating

configuration is controlled by two mass parameters. We find that in a large parameter

region, the model can realize chiral phase transition well. In SU(2) case with positive value

of the quartic scalar coefficient, it gives a second order phase transition in chiral limit

and a crossover one at any finite quark mass. In SU(3) case with a negative cubic and

positive quartic potential term, it gives a first order phase transition in chiral limit and

small quark mass region, while in sufficient quark mass case, the phase transition turns

out to be crossover again. Qualitatively, the results agrees perfectly with the Colombia

sketch plot as shown in figure 1. We also note that the interaction structures of the 5D

soft-wall model discussed here is the same as the linear σ model [5]. The 3 + 1 dimension

linear σ model shows a first order phase transition with three or more massless flavors [5],

which is similar to the results presented here. For two flavor case, it gives a second order

phase transition when the coefficient of the determinant term is absent, which is also the

same as our results. But in [5], the authors also consider the possibility of adding the

determinant term in two flavor case, which could be a first order phase transition when

properly tuning the temperature dependent coefficient of the determinant term. In our

calculation, we have not considered the determinant term in two flavor case since in the

5D model the determinant term in two flavor case will change the coefficient of the mass

term. Furthermore, quantitatively, we also show that if one take the proper value of the

parameters, then the vacuum value of σ would be around (320MeV)3 and the transition

temperature is around 150MeV, which are consistent with the lattice results. The studies

here also show that the dominant scales for chiral dynamics and confinement are different,

which is consistent with the previous studies in [85].

Finally, we would like to emphasize that we have not considered the meson spectra in a

quantitative way. Instead, we only focus on the linear confinement, i.e. the Regge behavior

in highly excited state. To generate meson spectra comparable to the experiment data,

the simple interpolation selected in this work might be over simplified. We might need to

modify the IR behavior of several quantities together. In general, such an IR modification

could be imposing on metric, quartic term, dilaton and conformal mass as in [23, 69] to

accommodate meson spectra simultaneously. Furthermore, we expect when extending to

Nf = 2+1 case, our model could generate the same qualitative results as shown in figure 1.

We will leave these work to the future.
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A Numerical method

In this section, we will describe how to determine chiral condensate numerically in the soft-

wall model. Without loss of generality, we will take the simple negative dilaton Φ(z) =

−µ2z2 in the quartic potential model as an example. In this case, eq. (3.4) becomes

χ
′′ −

(

3

z
− 2µ2z +

4π4T 4z3

1− π4T 4z4

)

χ
′

+
1

z2(1− π4T 4z4)
(3χ− 4v4χ

3) = 0. (A.1)

In principle, the above second order ordinary differential equation has two integral

constants, which should be fixed by two boundary conditions. However, as easily can be

read, there is an apparent singular point z = zh = 1/(πT ) in the equation. This fact would

lead one of the two solutions singular at this point. Therefore, if one requires the physical

solution to be regular at the black hole horizon, then we can determine one of the two

boundary coefficients from the other.

As mentioned in the previous sections, the boundary expansion of eq. (A.1) is of the

following form

χ(z) = mqζz +
σ

ζ
z3 + . . . , (A.2)

where mq is mapped to the current quark mass and σ is mapped to chiral condensate.

As an example, here we take mq = 0. Isolating the apparent singular part of second

order eqaution, we get
f
′

χ
′

−e2As∂χV (χ)
f . Noting that to get a regular solution is equivalent

to get a solution satisfying
f
′

χ
′

−e2As∂χV (χ)
f = 0, one can take the test function test ≡

−z2(f
′

χ
′

−e2As∂χV (χ)
f ) as a signal and tune σ towards the correct value. In figure 17(a), we

take T = 0.175GeV as an example and show this process explicitly. At the beginning,

when we take σ = 0.050, we see that at the horizon the test function blows up towards

positive infinity (see the black dashed line). Then, we decrease σ to 0.049, and find that the

test function blows up towards negative infinity (see the purple dashed line). This means

that the physical value of σ is between 0.050 and 0.049. Therefore, we then try σ to be

the middle value of 0.050 and 0.049. Repeating the process for several times, we find that

when σ = 0.0494742 . . ., the test function can go smoothly through horizon (see the red

dashed line), and we take this value as the physical value. In figure 17(b), we show that

when σ = 0.0494742, the numerical solution of χ can go smoothly through the horizon also.
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(a) (b)

Figure 17. test(z) as a function of z in negative quadratic dilaton background eq. (3.6) when

v3 = 0, v4 = 8 and mq = 0, µ = 1GeV,T = 0.175GeV. Panel (a): the blue solid line

represents f(z) and the black, red, purple dashed lines represent for test(z) solutions when

σ = 0.050, 0.0494742 . . . , 0.049 respectively. Panel (b): the blue solid line represents f(z) and

the red dashed line represents χ(z) when σ = 0.0494742.
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