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Helical magnetic structures and their responses to external magnetic fields in Yb(Ni1−xCux)3Al9 with a chiral crystal
structure of the space group R32 have been investigated by resonant X-ray diffraction. It is shown that the crystal chi-
rality is reflected in the helicity of the magnetic structure by a one-to-one relationship, indicating that an antisymmetric
exchange interaction mediated via the conduction electrons exists. When a magnetic field is applied perpendicular to the
helical axis (c axis), the second-harmonic peak of (0, 0, 2q) develops with increasing field. The third-harmonic peak of
(0, 0, 3q) has also been observed for the x=0.06 sample. This result provides strong evidence for the formation of a chiral
magnetic soliton lattice state, a periodic array of chiral twist of spins, which has been suggested by the characteristic
magnetization curve. The helical ordering of magnetic octupole moments accompanying the magnetic dipole order has
also been detected.
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1. Introduction

Chirality is one of the most fundamental elements of sym-
metry in nature. It plays an important role in various phenom-
ena ranging from biological functions to the physical proper-
ties of inorganic substances.1) In magnetic materials lacking
the local inversion center for the two-ion exchange interac-
tion, a spiral magnetic order is often stabilized by the antisym-
metric Dzyaloshinskii–Moriya (DM) interaction, giving rise
to distinct physical properties.2, 3) The simultaneous appear-
ance of electric polarization with the spiral magnetic order
is a typical manifestation of such effects.4) In chiral magnetic
materials without both inversion and mirror symmetries, a he-
lical magnetic order with a fixed sense of spin rotation can be
stabilized. When a magnetic field is applied to such a system,
a characteristic arrangement of the topological spin structure
is often stabilized through competition between the Zeeman
energy and the twisting force from the DM interaction. In cu-
bic B20-type compounds such as MnSi with the space group
P213, for example, the helical spin structure transforms into a
hexagonal lattice condensate of magnetic skyrmions.5–7) The
skyrmion state is a long-range pattern of twisted spin arrange-
ments realized in magnetic fields, which become more stable
in two-dimensional configurations in thin films.8, 9)

In monoaxial chiral helimagnets such as CrNb3S6 (space
group P6322), when a magnetic field is applied perpendic-
ular to the helical axis, the helical ground state transforms
into a periodic array of incommensurate chiral spin twists,
which separates the ferromagnetically aligned commensurate

region.10–14) This is a nonlinear order of topological spin
structure and is called a chiral soliton lattice (CSL). These
materials are expected to provide a new functionality that is
operated by tuning the number of skyrmions or solitons in the
sample.15, 16)

In the present paper, we report on the new monoaxial chi-
ral helimagnet system of Yb(Ni1−xCux)3Al9, in which the
CSL state is expected to be realized. The rare-earth com-
pound YbNi3Al9 has a chiral crystal structure with the space
group R32 (No. 155), which lacks both space inversion and
mirror symmetries.17, 18) The main block of the crystal struc-
ture is shown in Fig. 1 (drawn with VESTA19)). The physical
properties of YbNi3Al9 have been studied as those of an Yb-
based heavy-fermion compound.20–25) Yb ions form a two-
dimensional honeycomb lattice in the c plane, which is sep-
arated by c/3=9.121 Å from the neighbouring Yb layer by
five Al and two Ni layers. Since this is much larger than the
nearest-neighbor distance of a/

√
3=4.199 Å within a layer,

the relation between the two-dimensionality and the heavy-
fermion state has also been of interest. The detailed study of
this compound from the viewpoint of its chirality started with
the discovery of a characteristic magnetization process that is
reminiscent of a CSL state.26) By substituting Ni with Cu, it
was discovered that the M(H) curve behaves similarly to that
of CrNb3S6,27) in which the CSL state has clearly been iden-
tified.12–14)

The exchange interaction in metallic YbNi3Al9 is consid-
ered to be of the Ruderman–Kittel–Kasuya–Yosida (RKKY)
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Fig. 1. (Color online) Crystal structure of YbNi3Al9 with the space group
R32.17, 18) We call the structure with x=0.3332, y=0.0056, z=0.08517 for the
18 f site of Ni the right (R) crystal and its mirror-reflected structure the left
(L) crystal. Only the Yb2(6c)+Al3(9e)+2Ni3(18 f )+2Al3(18 f ) block layer at
the bottom of the unit cell is shown. This block is shifted by (2/3, 1/3, 1/3)
and (1/3, 2/3, 2/3). The other Al layers at the 6c and 9d sites are omitted.
VESTA was used to draw the figure.19)

type. Since the crystal is chiral, there must be some antisym-
metric contribution to the RKKY mechanism in the form of
Di j · Si × S j, which is generally called the DM interaction.2, 3)

Since the microscopic mechanism given by Moriya is based
on the superexchange interaction in insulators, the mechanism
of the RKKY-type DM interaction is an important subject to
be studied. The question is how the crystal chirality is trans-
ferred to the spin system of f electrons and conduction elec-
trons.

YbNi3Al9 is a metallic compound which orders at TN=3.5
K. It is reported that the magnetic structure of YbNi3Al9 is
helical with propagation vector (0, 0,∼0.8) and the moments
lying in the c plane. By applying a magnetic field perpendicu-
lar to the c axis, the helimagnetic order jumps to a ferromag-
netic state at a critical field of Hc=1 kOe.22, 23) By substituting
Ni with Cu, both TN and Hc increase. An anomalous M(H)
curve reminiscent of a CSL state is observed for x=0.06.26)

However, the relationship between the crystal chirality and
the magnetic helicity, the Cu concentration dependence of the
helimagnetic structure, and detailed dependences on the tem-
perature and magnetic field have not yet been studied. The
aim of the present study is to clarify these properties experi-
mentally by using resonant X-ray diffraction (RXD).

Experimentally, how to observe a chiral state has long been
a subject of interest. Recent progress in the transmission elec-
tron microscopy method has made it possible to capture real-
space images of skyrmions and CSLs.5–8, 12) It is also of fun-
damental importance to capture the spatially averaged struc-
ture as a Fourier transform of a real-space image by neutron
and X-ray diffraction methods. Polarized neutron diffraction
is a powerful method for observing the helical magnetic struc-
ture and for determining the helicity.28, 29) One drawback of
this method is that it is difficult to perform an experiment
in magnetic fields because the neutron spin state is affected
by the magnetic field. X-ray diffraction, on the other hand,
can be used both at zero field and in magnetic fields with-
out any differences. The helicity of a magnetic spiral can be
studied by using circularly polarized X-rays.30–32) By utiliz-
ing resonance at an absorption edge of the magnetic element,
the scattering cross section is enhanced, making it possible
to detect signals from an ordered structure more efficiently.33)

The magnetic skyrmion state in a chiral magnet has been de-
tected by RXD.34) Furthermore, resonant scattering has sensi-
tivity to higher-order anisotropy (multipole moments) of both
magnetic and nonmagnetic nature.35–37) This sensitivity can
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Fig. 2. (Color online) Scattering configuration of the experiment with a
phase retarder system inserted in the incident beam. The inset figure shows
the ∆θPR = θPR − θB dependence of the polarization state using the Stokes
parameters P2 and P3. The vertical dotted lines represent the positions of LCP
and RCP states. The beam is depolarized in the region around ∆θPR ≈ 0.

sometimes be applied to determine crystal chirality by using
a circularly polarized beam.38–40)

This paper is organized as follows. In Sect. 2, the experi-
mental procedure is described, including the details of the cir-
cularly polarized X-ray beam. The experimental results and
the analyses are described in Sect. 3. First, in Sect. 3.1, the
one-to-one relationship between the crystal chirality and the
helimagnetic structure is described. Comparison of the exper-
imental results with the helimagnetic structure model is per-
formed in Sect. 3.2. In Sects. 3.3 and 3.4, the temperature
and magnetic field dependences of the helimagnetic order are
presented. The resonant nature of the signal is described in
Sect. 3.5. We show that the E2 resonance involves a signal
from a magnetic octupole, which accompanies the helical or-
der of the magnetic dipole. In Sect. 4, we discuss the origin
of the octupole moment, the temperature-dependent pitch of
the helical structure, and the possibility of the CSL state in
Yb(Ni1−xCux)3Al9. The present study is summarized in Sect.
5.

2. Experiment

Single crystals of Yb(Ni1−xCux)3Al9 were prepared by an
Al-flux method following the procedure described in the liter-
ature.26) The starting composition x′ of Cu sealed in a quartz
ampoule was set to five times the target composition x. The
actual Cu concentration x in the obtained crystal was verified
by electron probe microanalysis and was confirmed to follow
the relation x ∼ 0.2x′, as reported previously.26) We also ver-
ified the sample quality by magnetic susceptibility, magneti-
zation, and electrical resistivity measurements and obtained
consistent results with those reported in the literature.22, 26)

RXD experiments were performed at BL22XU at SPring-
8. The c-plane surfaces of the samples were mirror-polished,
and the samples were mounted in a vertical-field 8 T super-
conducting cryomagnet equipped with a 3He cryostat insert
so that the c axis was perpendicular to the magnetic field and
coincided with the scattering vector k′ − k ∥ Ẑ. The scattering
geometry is shown in Fig. 2. The incident X-ray energy was
tuned to the L3 edge of Yb.

We used a diamond phase retarder system to tune the hor-
izontally polarized incident beam to a circularly polarized
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state.41) By rotating the angle of the diamond phase plate θPR

about the 220 Bragg angle θB, where the scattering plane is
tilted by 45◦, a phase difference arises between the σ and π
components of the transmitted beam. The phase difference is
approximately proportional to 1/(θPR − θB). This allows us
to tune the incident linear polarization to right-handed circu-
lar polarization (RCP) and left-handed circular polarization
(LCP) by changing ∆θPR = θPR − θB. The polarization state
of the incident beam as a function of ∆θPR is shown in Fig. 2
using the Stokes parameters P2 (+1 for RCP and −1 for LCP)
and P3 (+1 for σ and −1 for π linear polarization).42) In the
horizontal scattering plane configuration in the present exper-
iment, the incident linear polarization is π when ∆θPR is large.
P1 (+1 for 45◦ and −1 for −45◦ linear polarization) is zero in
the present setup.

We define RCP as εR = (εσ + iεπ)ei(k·r−ωt) and LCP as
εL = (εσ − iεπ)ei(k·r−ωt). We verified the helicity of the in-
cident photon after transmitting the phase retarder by measur-
ing the resonant scattering intensity of a forbidden reflection
from P6122-type CsCuCl3, where the intensity ratio between
RCP and LCP X-rays depends on the reflection index and is
exactly determined by the P6122 space group.38)

The crystal chirality of the sample was determined by using
a laboratory-based X-ray diffraction system (Bruker APEX-
II) and it was also verified in the RXD experiment at the
beamline. In the former method, using a Mo Kα X-ray beam,
the Flack parameter was deduced by analyzing the intensi-
ties of many reflections, which resulted in either 0 (R) or 1
(L). Our definition of the crystal chirality is shown in Fig. 1.
Then, R and L samples were selected for each Cu concentra-
tion for use with the RXD experiment. At the beamline, the
energy dependences of the (1, 1, 24) and (1̄, 1̄, 24) fundamen-
tal Bragg peak intensities were measured around the absorp-
tion edge of Yb, which is shown in Fig. A·1 in Appendix A.
The spectrum exhibited a contrasting energy dependence at
the edge depending on the chirality of the crystal. It was con-
sistent with the calculated spectrum assuming the predeter-
mined crystal chirality, confirming that the irradiated spot of
the sample in the RXD experiment has exactly the same chi-
rality as that determined in the laboratory X-ray diffraction. It
was also confirmed at the beamline that the (1, 0, 3n + 1) re-
flections are allowed and the (1, 0, 3n) and (1, 0, 3n−1) reflec-
tions are forbidden as shown in Fig. A·2. This fact guarantees
the threefold symmetry of the sample about the c axis. If the
forbidden reflections were observed, it would have meant that
the [1 1 0] axis was mixed with the a axis due to the stacking
fault of 60◦.

3. Results and Analysis

3.1 Crystal chirality and the helical magnetic structure

First, we demonstrate that the crystal chirality and the he-
licity of the helical magnetic structure have a one-to-one rela-
tionship. A typical example is shown in Fig. 3 for the R and
L crystals with x=0.06. The reciprocal scans along (0, 0, L)
around the (0, 0, 27) fundamental Bragg peak using RCP and
LCP X-rays exhibit opposite behavior for the R and L crystals
as well as those for the (0, 0, 27−q) and (0, 0, 27+q) peaks. In
the R(L) crystal at (0, 0, 27− q), the intensity is strong (weak)
for LCP and weak (strong) for RCP. This relation is reversed
at (0, 0, 27+q). The X-ray energy of 8.944 keV corresponds to
the E1 (2p ↔ 5d) resonance. The energy dependence of the
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Fig. 3. (Color online) Reciprocal space scan along (0, 0, L) around the
(0, 0, 27) fundamental peak for the x=0.06 sample with right and left chirality
using RCP and LCP X-rays. Solid lines are the fits with Gaussian functions.

intensity demonstrating the resonance feature will be shown
later. In Fig. 3, the peaks are observed at an incommensurate
wave vector of q=0.445 for the L crystal and q=0.425 for the
R crystal. This difference in the q value is due to the differ-
ence in the sample quality, i.e., a slight difference in the Cu
concentration, and is unrelated to the chirality.

More detailed information can be extracted from the ∆θPR

scans, which are shown in Fig. 4. This figure shows not
only the intensity relations for the RCP and LCP X-rays at
(0, 0, 27 ± q) but also the overall feature of the incident polar-
ization dependence as a function of ∆θPR. The incident polar-
ization state varies with ∆θPR as shown in the inset of Fig. 2.
We again observe from this measurement that the crystal chi-
rality and the helicity of the magnetic structure have a one-to-
one relationship. In addition, the relationship does not change
with the Cu concentration between x=0 and x=0.06. The solid
lines in the figures represent the calculated curves expected
from the helical magnetic structure with the moments lying
in the c plane and propagating along the c axis. Next, we de-
scribe the analysis of the above experimental results.

3.2 Magnetic structure

There are two Yb atoms for the 6c site of the R32 space
group: Yb-1 at d1 = (0, 0, z) and Yb-2 at d2 = (0, 0, z̄),
where z=0.167∼ 1/6. In the present single-q magnetic struc-
ture, the magnetic moments µ1, j and µ2, j of Yb-1 and Yb-
2, respectively, on the jth lattice point at r j = (n1, n2, n3),
(n1+2/3, n2+1/3, n3+1/3), and (n1+1/3, n2+2/3, n3+2/3),
where n1, n2, and n3 are integers, are generally expressed as

µ1, j = m1eiq·r j + m∗1e−iq·r j , (1a)

µ2, j = m2eiq·r j + m∗2e−iq·r j , (1b)

where m1 and m2 are the magnetic amplitude vectors
of Yb-1 and Yb-2, respectively. In the present case of
Yb(Ni1−xCux)3Al9, since the moments are expected to be or-
dered within the c plane, m1 and m2 can generally be written
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Table I. Relation among the phase ϕ, Fourier component m, scattering
vector Q, magnetic structure factor Z

(1)
dip, sign of C2, and crystal chirality.

ϕ m Q Z
(1)
dip C2 Crsytal

π/2 x̂ + iŷ (0, 0, 3n ± q) (1,±i, 0) ± R
−π/2 x̂ − iŷ (0, 0, 3n ± q) (1,∓i, 0) ∓ L
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Fig. 4. (Color online) Incident polarization (∆θPR) dependence of the in-
tensities at (0, 0, 27 ± q) for x=0 and x=0.06 crystals with right and left chi-
rality. The background has been subtracted. Solid lines are the calculations
described in the text.

as m1 = m1(x̂+ eiϕ ŷ) and m2 = m2eiδ(x̂+ eiϕ ŷ), where x̂ and ŷ

represent the unit vectors along the x and y axis, respectively,
which are taken perpendicular to the c (z) axis. The irreducible
representation of the m-vector for q = (0, 0, q), where q is an
incommensurate value, is written as x̂± iŷ. Therefore, ϕ is ei-
ther π/2 or −π/2. The phase difference between µ1, j and µ2, j
is represented by δ. The above expression for the magnetic
structure can be reduced to

µ1, j = m1
{

x̂ cos q · r j + ŷ cos(q · r j + ϕ)
}

, (2a)

µ2, j = m2
{

x̂ cos(q · r j + δ) + ŷ cos(q · r j + ϕ + δ)
}

. (2b)

Since ϕ = ±π/2, the above expression describes a perfect he-
lical structure with helicity ±1 in which the adjacent Yb-1 (or
Yb-2) moments on the neighboring layers along the c axis
make a fixed angle of 2πq/3. On the other hand, the angle be-
tween the Yb-1 and Yb-2 moments within a layer, the former
at (0, 0, z) and the latter at (2/3, 1/3, 1/3) + (0, 0, z̄) in Fig. 1,
is described by the parameter δ. This angle is reported to be
20.5◦ for x=0.43) Note that our experimental results presented
in this paper, which were collected only along the (0, 0, L)
line, are not sufficiently sensitive to determine the δ value.

The E1 resonant scattering amplitude from the magnetic
dipole order is proportional to i(ε′ × ε) · Z(1)

dip,33, 35) where

Z
(1)
dip =

∑

j,d

µ j,de−iQ·(r j+d) (3)

Fig. 5. (Color online) Magnetic structure of Yb(Ni1−xCux)3Al9 for
x=0.06. Only the moments on the Yb-1 sites are shown.

represents the magnetic structure factor at Q = k′ − k. At
Q = (0, 0, 3n ± q), Z

(1)
dip = (1,±i, 0) when ϕ = π/2, and Z

(1)
dip =

(1,∓i, 0) when ϕ = −π/2. The scattering amplitude matrix,
as defined in Appendix B, for the magnetic structure factor
(1,±i, 0) is expressed as

F̂E1 =

(

0 i cos θ
−i cos θ ∓ sin 2θ

)

. (4)

Then, following the method described in Appendix B, we can
calculate the coefficients Cn (n=0–3) defined in Eq. (B·5),
which express the scattering cross sections. The parameters
C2/C0 and C3/C0, as normalized by the total cross section
C0, correspond to the intensity terms proportional to P2 and
P3, respectively. When C2 > 0, the intensity is stronger for
the RCP (∆θPR > 0). For Q = (0, 0, 27 ± q), when ϕ = π/2,
C2/C0 = ±0.71 and C3/C0 = −0.47 are obtained. The ob-
served intensity is a superposition of the P2 and P3 terms.
The experimental data in Fig. 4 show that at Q = (0, 0, 27+q)
C2 > 0 in the R-crystal and C2 < 0 in the L-crystal. This
means that ϕ = π/2 (m = x̂+iŷ) in the R-crystal and ϕ = −π/2
(m = x̂ − iŷ) in the L-crystal. These relations are summa-
rized in Table I. The magnetic structure is shown in Fig. 5 for
x=0.06. The Yb-2 moment is not shown because the relative
angle with the Yb-1 moment is unknown. The solid lines in
Fig. 4 are the calculations using the C2/C0 and C3/C0 val-
ues calculated above, which agree well with the experimental
data.

3.3 Temperature dependence

Figure 6 shows the (0, 0, L) peak profile for x=0 (L) and
x=0.06 (L) samples. With increasing T , the intensity de-
creases and vanishes at TN, indicating that the resonant signal
is of magnetic origin. In addition, the peak position shifts with
the temperature. It is also noteworthy that the direction of the
peak shift for x=0.06 is opposite to that for x=0. It depends
on the Cu concentration x but does not depend on the chirality
of the crystal.

The parameters obtained from the (0, 0, L) scans are sum-
marized in Fig. 7. For x=0, the q value decreases with de-
creasing T and saturates at ∼ 0.818 at the lowest temperature,
indicating that the helical structure is incommensurate with
the lattice. The T dependence of the q value becomes weak
for x=0.02. Surprisingly, at x=0.04, the direction of the T de-
pendence is reversed and the q value increases with decreas-
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ing T . At x=0.06, the T dependence becomes strong again. It
seems that the direction of the shift in the q value is reversed
at around x=0.03, where q ∼ 0.6.

Figure 7(e) shows the T dependence of the integrated inten-
sity for all the Cu concentrations. TN increases roughly pro-
portionally to x, which is consistent with the literature.26, 44)
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Fig. 8. (Color online) Magnetic field dependence of the peak profile for
x=0.06 measured with the RCP photon at the E2 resonance energy. (a) First
harmonic peak at (0, 0, 21 − q). (b) Second harmonic peak at (0, 0, 21 − 2q).
The field is applied perpendicular to the c axis (∥ b∗).

In addition, the shift of the q value mentioned above, regard-
less of its direction, is almost proportional to the intensity,
which reflects the development of the ordered moment. This
suggests that the q-shift is associated with the magnitude of
the ordered moment. In Fig. 7(f), we show the x dependence
of the q value and the pitch L0 = c/q at the lowest temper-
ature. L0 should be compared with the interlayer distance of
c/3 ∼ 9.1 Å. The angle between the moments on neighbor-
ing layers is calculated as 2πq/3, i.e., 98.2, 74.0, 66.4, and
53.4◦ for x=0, 0.02, 0.04, and 0.06, respectively, at the lowest
temperature.

3.4 Magnetic field dependence

Figure 8(a) shows the magnetic field dependence of the
peak profile of (0, 0, 21 − q) for the x=0.06 (L) sample, mea-
sured at the E2 (2p ↔ 4 f ) resonance energy of 8.934 keV,
where the signal-to-noise ratio was much higher than that at
the E1 resonance. The energy dependence of the resonant sig-
nal will be shown later. We used the RCP photon with stronger
scattering intensity for the L-crystal than the LCP photon. The
result for the second-harmonic peak measured at (0, 0, 21−2q)
is shown in Fig. 8(b). With increasing H, the peak position
shifts to the fundamental Bragg peak at (0, 0, 21) and the
intensity of the first-harmonic (q) peak gradually decreases.
On the other hand, the intensity of the second-harmonic (2q)
peak, which does not exist at zero field, gradually increases
with increasing H.

The magnetic field dependence of the q values and the in-
tegrated intensities of the q and 2q peaks for x=0.02, 0.04,
and 0.06 are summarized in Fig. 9. Although all these mea-
surements were performed using the L-crystals, the results do
not depend on the crystal chirality. For all the Cu concentra-
tions, it is commonly observed that the q value decreases with
increasing H, which becomes more rapid at higher fields on
approaching the critical field Hc. Note that q does not decrease
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continuously to zero but jumps to zero at Hc. The integrated
intensity of the q peak gradually decreases with increasing H

and also jumps to zero at Hc. These results show that the tran-
sition at Hc is of first-order. It is also a common characteristic
that the 2q peak is gradually induced with increasing H. This
is observed even for the x=0.02 sample with µ0Hc=3 kG.

Another noteworthy result is the locking-in behavior of the
helical magnetic propagation vector at q=0.375=3/8 between
9 and 9.5 kG for x=0.06. As observed in Fig. 8, the peak po-
sition does not change in this field region. The 2q peak is also
fixed at 2q=3/4. This result shows that some coupling exists
between the helimagnetic structure and the lattice, although
the magnetic anisotropy in the c plane is considered to be very
small. There is no hysteresis in this behavior, which can be
observed in both field-increasing and -decreasing processes.
It is also interesting that the lock-in does not seem to exist at
q=3/7=0.4286 at around 5 kG. This suggests that the lock-in
is more associated with the 2q peak, which develops at high
fields, than the q peak existing from zero field to high fields.

At 9.5 kG, slightly below the critical field of 10 kG for the
ferromagnetic state in the x=0.06 (L) sample, we searched for
more higher-order harmonics and successfully detected the
third-harmonic peak. The result is shown in Fig. 10. For all
the harmonics, the scattering intensity for the RCP photon is
stronger than that for the LCP photon, indicating that the mag-
netic helicity of the modulated structure giving the higher har-
monic is the same as that of the original helical structure of
the first harmonic. The fourth-harmonic peak was too weak to
be recognized above the background. The integrated intensi-
ties of the 2q and 3q peaks are approximately 6 and 50 times
weaker, respectively, than that of the q peak.

The H dependence of the q value directly shows that the
pitch of the helimagnetic structure increases with increasing
H. In addition, the appearance of the higher-harmonic peaks
shows that some additional structure is superimposed with in-
creasing H. It is noteworthy that the H dependence of the q
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Fig. 10. (Color online) L-scan profiles for the higher-harmonic peaks of
(0, 0, 21 − nq) (n = 1, 2, 3) observed at 9.5 kG for x=0.06 (L).

and 2q peak intensities shown in Fig. 9 is very similar to the
calculation for the chiral sine-Gordon model (see Fig. 25 of
Ref. 10 or Fig. 13 of Ref. 11). This result, as well as the H

dependence of q which is associated with L0/LCSL (Fig. 13 of
Ref. 10 or Fig. 38 of Ref. 11), strongly indicates that a CSL
state is formed in Yb(Ni1−xCux)3Al9, especially for x=0.06.

3.5 Energy spectrum

Figure 11 shows the energy dependence of the (0, 0, 27−q)
peak at 0 kG and the (0, 0, 27 − 2q) peak at 9 kG measured
for x=0.06 (L). The two resonant peaks are well separated at
8.934 and 8.944 keV. The former can be assigned to the E2
resonance (2p ↔ 4 f ) peak and the latter to the E1 resonance
(2p ↔ 5d) peak. In the tail on the lower-energy side of the
(0, 0, 27−q) peak we can see weak nonresonant magnetic scat-
tering. The energy dependence for the second-harmonic peak
also exhibits resonances at the E2 and E1 energies. No non-
resonant signal was observed. This shows that the resonant
signal of the second harmonic can be ascribed to the helical
magnetic order itself and not to a possible lattice deformation
induced by the magnetic order. These features of the energy
dependence were commonly observed for other Cu concen-
trations.

3.6 Contribution of magnetic octupole to the E2 resonance

Figure 12 shows the ∆θPR dependence of the (0, 0, 27 − q)
peak intensity at zero field and the (0, 0, 27 − 2q) peak inten-
sity at 9.9 kG at the E2 resonance energy. We notice that the
∆θPR dependence appears to be different from that in Fig. 4
for the E1 resonance. The E2 intensity is strongly enhanced
when ∆θPR is tuned to the LCP or RCP position. The result
that the two ∆θPR dependences are very similar shows that
the structure factors for the q and 2q peaks are almost the
same. By fitting these ∆θPR dependences using Eq. (B·5), we
obtain three parameters, C0, C2, and C3. The parameters ob-
tained for various Q vectors for the first harmonic peak from
(0, 0, 6 ± q) to (0, 0, 30 ± q) for the x=0.06 (R) sample are
shown in Fig. 13. The parameters C2 and C3 are normalized
by C0. Note that the sign of C2 in Fig. 13 is opposite to the one
deduced from Fig. 12 because the crystal chirality is opposite.
With respect to the E1 resonance, the Q-dependence data in
Fig. 13(a) can be well reproduced by the scattering amplitude
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of the magnetic dipole, i(ε′ × ε) · Z
(1)
dip, as explained in §3.2.

The calculated Q-dependences of the parameters are shown
by the lines in Fig. 13(a).

The problem is that the results of the E2 resonance in
Figs. 12(a) and 13(b) cannot be reproduced by the scattering
from the magnetic dipole moment. Using Eq. (B·10), the E2
scattering-amplitude matrix for the magnetic dipole with the
structure factor (1,±i, 0) is expressed as

F̂E2 =

(

∓ sin 2θ i cos 3θ
−i cos 3θ ∓2 sin 4θ

)

. (5)

For Q = (0, 0, 27 ± q), when ϕ = π/2 for the R-crystal in
the present case, C2/C0 = ∓0.79 and C3/C0 = 0.51 are ob-
tained by calculation. However, the sign of C2 is opposite to
the experimental result. In addition, since the cos 3θ in F̂πσ′

and F̂σπ′ changes sign at θ = π/6, C2 in Fig. 13(b) should
change sign around L=20, which clearly disagrees with the
experimental result.45) Therefore, we cannot explain the E2
resonance by only the scattering from the magnetic dipole.

The Q-dependence of C2 and C3 for E2 can be reproduced
by considering the scattering from the magnetic octupole. We
use the following model. First, the structure factor of the mag-

3020100

L  (r.l.u.)

8.934 keV (E2)

C2 (+q)

C2 (Ð q)

C3 (Ð q,+q)

(b)

-1.0

-0.5

0.0

0.5

1.0

C
2
/C

0
, 
 C

3
/C

0

3020100

L  (r.l.u.)

8.944 keV (E1)

x = 0.06 (R)
0 kG

C2 (+q)

C2 (Ð q)

C3 (Ð q,+q)

(a)

(0, 0, L)
L = 3n ± q

Fig. 13. (Color online) L (= 3n ± q) dependence of the parameters C2/C0

and C3/C0 at zero field obtained from the ∆θPR scans for the x=0.06 (R) sam-
ple at (a) E1 resonance and (b) E2 resonance. Solid, dashed, and dot-dashed
curves represent the calculations of C3/C0 (L = 3n± q), C2/C0 (L = 3n− q),
and C2/C0 (L = 3n + q), respectively, for (a) E1 resonant scattering from
helimagnetic dipole order and (b) E2 resonant scattering from helimagnetic
dipole and octupole order.

netic dipole (rank-1) for Q = (0, 0, 3n ± q) for the R-crystal is
represented by

Z
(1)
dip = (1,±i, 0) . (6)

Second, we take into account the Tαx,y,z (T1u) and T
β
x,y,z (T2u)

magnetic octupole (rank-3). The structure factors of these mo-
ments, which are compatible with the helical magnetic dipole
order, should be written as

Z(3)
α =

√
3Aeiφ(1,±i, 0) , (7a)

Z
(3)
β
=
√

5Aeiφ(1,∓i, 0) , (7b)

where A and φ represent the relative amplitude and phase, re-
spectively, of the octupolar structure factor with respect to
those of Z

(1)
dip. By putting A = 0.46 and φ = −0.79π, the

data are well explained as shown by the calculated curves in
Fig. 13(b). The ∆θPR dependence in Fig. 12(a) can also be
reproduced by using these parameters.

The detailed relationship of the coefficients between
Eqs. (7a) and (7b) originates from the irreducible representa-
tion of the order parameter in the D3 point group.46) Although
we use the cubic coordinates for the intensity calculation, we
should analyze the order parameter using the hexagonal co-
ordinates. The in-plane dipole moments, Jx and Jy, for exam-
ple, belong to the two-dimensional Eu representation in the
D3 point group. The octupole moments with the Eu represen-
tation, on the other hand, are expressed as linear combinations
of Tα and T β. They are written as T

γ
x = (−

√
3Tαx −

√
5T
β
x ) and

T
γ
y = (−

√
3Tαy +

√
5T
β
y ). Therefore, the ordered structure of

the octupole moments given by Eqs. (7a) and (7b) is equiv-
alent to the helical octupole ordering expressed by T

γ
x + iT

γ
y ,

which has the same symmetry as the helical magnetic dipole
order expressed by Jx+iJy. Although the opposite sign of Z

(3)
β,y

in Eq. (7b) is a rather tricky result, it is not surprising.
Other representations are given by T δx = (

√
5Tαx −

√
3T
β
x )

(A2u) and T δy = (
√

5Tαy +
√

3T
β
y ) (A1u). Txyz and T

β
z also con-

stitute another Eu representation in the D3 group. Although
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Fig. 14. (Color online) Magnetic charge distributions representing (a) a
magnetic dipole Jx, (b) a magnetic octupole −T

γ
x , (c) the superposition of

Jx and −T
γ
x . (d) Charge and magnetic charge density of the |7/2,±1/2⟩ state

of Yb3+, possessing a magnetic dipole moment ⟨Jx⟩.47)

these moments generally need to be included, the data were
successfully explained without taking them into account.

4. Discussion

4.1 Helical order of octupole moments

The ground multiplet of J = 7/2 for Yb3+ splits into four
Kramers doublets in the crystalline electric field of YbNi3Al9,
represented by the point group D3. Since the magnetic mo-
ments preferentially lie in the c plane, the crystal field ground
state is likely to be composed mainly of | 72 ,±

1
2 ⟩, which is

isotropic in the c plane. In this two-dimensional space of
| 72 ,±

1
2 ⟩, the x-component matrices of Ĵx (Eu dipole) and T̂

γ
x

[x(5z2−r2)-type, Eu octupole] are expressed in the same form
as

Ĵx = 2
(

0 1
1 0

)

, T̂
γ
x = −15

√

3
2

(

0 1
1 0

)

. (8)

Therefore, when a magnetic dipole moment ⟨Jx⟩ is induced,
the ⟨T γx ⟩ octupole arises simultaneously. When a helical mag-
netic dipole order of ⟨Jx+iJy⟩ occurs, the helical magnetic oc-
tupole order of ⟨T γx + iT

γ
y ⟩ with the same helicity also arises.

The matrix elements of the Txyz and T
β
z octupoles (Eu), T δx

(A2u), and T δy (A1u) all vanish in the | 72 ,±
1
2 ⟩ space. This is

the reason we did not need to include these moments in the
analysis in §3.6. Also, there is no degree of freedom for the
quadrupole (rank-2) moments, which guarantees the reason-
ing that the orbital contribution is not included in the second-
harmonic signal.

The T γ-type magnetic octupole reflects an aspherical
charge distribution of the | 72 ,±

1
2 ⟩ states. Figure 14 shows

schematics of the magnetic charge distributions.47) The su-
perposition of the Jx-dipole and the T γ-octupole, shown in
Figs. 14(a) and 14(b), respectively, results in the magnetic
charge distribution shown in Fig. 14(c). We see a lower mag-
netic moment density along the c (z) axis, which is associated
with the lower charge density of the | 72 ,±

1
2 ⟩ state along the c

axis as shown in Fig. 14(d).
At the present stage, it is not clear whether the octupole

moments affect any physical property in Yb(Ni1−xCux)3Al9.
It should be remarked, however, that the strength of the inter-
ionic multipolar interaction is rank-independent in the RKKY
mechanism.48, 49) As a result, the higher-rank multipoles play
important roles in the physical properties and can equally be
a primary order parameter, as is typically realized in the cu-
bic CexLa1−xB6 system, in which the dipole, quadrupole, and
octupole moments are active as independent degrees of free-
dom.50, 51) In Yb(Ni1−xCux)3Al9, by contrast, the active mo-
ments in the doublet ground state are (Jx, Jy) or (T γx ,T

γ
y ),

which both belong to the Eu representation and are not in-
dependent. The issue is how much the physical properties are

affected by the octupolar interaction in comparison with the
dipolar interaction.

4.2 Temperature-dependent helical magnetic structure

As shown in Fig. 7, the propagation vector changes with
temperature by an amount proportional to the magnitude of
the ordered moment. This suggests that the RKKY exchange
interaction itself changes with the evolution of the ordered
moment.52) The magnetic propagation vector generally re-
flects the q vector where the exchange interaction J(q), the
Fourier transform of Ji j, takes a maximum. J(q) for the
RKKY interaction is associated with the local c- f exchange
interaction and χ(q) for the conduction electron system. Un-
fortunately, little is known yet about the Fermi surface of
Yb(Ni1−xCux)3Al9. When a helimagnetic order develops on
the Yb sites, a perturbation of the exchange field to the con-
duction electron system arises, which is also described by the
same q vector. As a result, a gap appears in the region of
the Fermi surface where εk′ = εk+q is satisfied.53) This gap
slightly modifies χ(q) and J(q), resulting in a shift of the q

vector.54) The q-shift from the original value of q0 just below
TN becomes almost proportional to the ordered moment. A
similar T dependence of the q vector has also been reported
for GdSi, GdNi2B2C, and GdPd2Al3.55–58) In any case, con-
cerning the most noteworthy phenomenon that the direction
of the q-shift differs below and above x=0.03, we have no ex-
planation yet. Knowledge of the band structure and the Fermi
surface is required.

If there were magnetic anisotropy, the T dependence of the
q vector would be more complicated as observed in rare-earth
metals.52) An anisotropy in the c plane would cause a squaring
up and the appearance of the third-harmonic peak. This effect
also causes the q vector to shift from q0. However, in such
a case, the q-shift becomes proportional to (TN − T )2, which
is different from the present case of Yb(Ni1−xCux)3Al9.52, 59)

Furthermore, the |7/2,±1/2⟩ states in Yb(Ni1−xCux)3Al9 are
almost isotropic in the c plane.

4.3 Formation of chiral soliton lattice

The results at zero field (Figs. 3 and 4) show that the helic-
ity of the helimagnetic structure in Yb(Ni1−xCux)3Al9 has a
one-to-one relation with the crystal chirality. This shows that
a DM exchange interaction indeed exists, lifting the degener-
acy between the left- and right-handed helical magnetic struc-
tures. The situation is similar to the well-investigated com-
pound CrNb3S6, and Yb(Ni1−xCux)3Al9 can also be recog-
nized as a monoaxial chiral helimagnet. The shift of the q-
vector and the appearance of the higher-harmonic peaks in
magnetic fields (Figs. 8–10) suggest the formation of a CSL,
a characteristic outcome of a monoaxial chiral helimagnet.

Theoretical study on the CSL state has been performed us-
ing the chiral sine-Gordon model, which has been success-
fully applied to CrNb3S6.10) For CrNb3S6, the application of
the sine-Gordon model, where continuous variables are intro-
duced to treat the spin arrangement, is justified because the
modulation length of the helimagnetic structure L0 (∼ 480 Å)
is much larger than the interlayer distance c0 =12.1 Å. On the
other hand, in Yb(Ni1−xCux)3Al9, it should be remarked that
the longest L0 of 61 Å for x=0.06 is only 6.7 times larger than
c0=9.1 Å (=c/3), which questions the simple application of
the continuous model. However, without an appropriate the-
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Fig. 16. (Color online) (a)–(c) Magnetic structures of Yb(Ni1−xCux)3Al9
for x=0.06 (L) in magnetic fields expected from the chiral sine-Gordon
model. Only the moments on Yb-1 sites are shown. (a) Helimagnetic ordered
state at zero field with q=0.445 and the helical pitch of L=6.7c0. This is
the same as Fig. 5. (b) CSL state for H/HC0=0.4, corresponding to q=3/7
and L=7c0 at around 5 kG. (c) CSL state for H/HC0=0.8, corresponding to
q=3/8 and L=8c0 between 9.0 and 9.5 kG. (d) CSL state for continuous one-
dimensional spin model corresponding to (c), H/HC0=0.8.

ory at the present stage, it is worth comparing the results with
the sine-Gordon model.

In Fig. 15(a), we compare the H dependence of the nor-
malized propagation vector q(H)/q(0) for x = 0.06 with the
calculation of L0/LCSL for the sine-Gordon model.10, 11) We
introduced a critical field of µ0HC0=11.5 kG so that the data
fit the calculation. The data points closely follow the theoret-
ical curve up to H/HC0 ∼ 0.85, where the first-order tran-
sition to the ferromagnetic state takes place. In Fig. 15(b),
we compare the intensity ratios of I2q/Iq and I3q/Iq with the
theoretical curve by using a slightly different µ0HC0 of 10.5
kG. These intensity ratios also closely follow the theoreti-
cal curve. Although the calculation is for neutron diffraction,

the result can almost equally be applied to the intensity of
RXD. These agreements between the experiment and theory
strongly indicate that the CSL state is actually formed in the
Yb(Ni1−xCux)3Al9 system.

It is a problem, however, that the first-order transition at
H/HC0 ∼ 0.85 is not explained by the theory, probably be-
cause the sine-Gordon model is too simple to describe the ac-
tual magnetic exchange interactions in the Yb(Ni1−xCux)3Al9
system. It may be associated with the short period of the
original helimagnetic structure. It is interesting to compare
the Yb(Ni1−xCux)3Al9 system with the long-period system of
CrNb3S6, in which the CSL state survives against the ferro-
magnetic state up to H/HC0 ∼ 0.97.12) Also, the lock-in phe-
nomenon is not explained because the coupling with the lat-
tice, other than the basal plane anisotropy, is not included in
the theory. At the same time, we need to keep in mind why
the continuous model of the sine-Gordon theory appears to be
so applicable to the short-period system of Yb(Ni1−xCux)3Al9
below H/HC0 ∼ 0.85. This is an important problem to be
studied in future.

Putting aside the applicability of the theory, we show in
Figs. 16(a)–16(c) the theoretically expected magnetic struc-
tures in magnetic fields for x=0.06 (L). Of special inter-
est is the locked-in structure with q=3/8 between 9 and 9.5
kG, which is shown in Fig. 16(c). Another structure with
q=3/7=0.4286, which is expected to appear at around 5 kG,
is shown in Fig. 16(b) for comparison. Since it may be dif-
ficult to understand the CSL structure from these figures be-
cause of the discontinuity in the spin arrangement, we show
for reference in Fig. 16(d) the CSL state for a continuous one-
dimensional spin model corresponding to the CSL state in
Fig. 16(c). The CSL structure in Fig. 16(c) gives rise to all
the harmonics of q, 2q, 3q, · · · . It also reproduces the ∆θPR-
scan data for the 2q peak shown in Fig. 12(b) because the
structure factor is written in the same way as (1,±i, 0). These
consistencies with the data suggest that the CSL structure in
Fig. 16(c) is actually realized. If this is the case, there should
be no reason why the q=3/7 structure of Fig. 16(b) is not stabi-
lized. Experimentally, however, the q=3/7 structure does not
seem to be locked in at around 5 kG as observed in Fig. 9.
This shows that the lock-in behavior is strongly associated
with the CSL formation. The CSL with q=3/8 at 9 kG locks
in the lattice because the CSL is well developed, whereas the
CSL with q=3/7 is not locked in because it is still weak at 5
kG.

4.4 Magnetic exchange and DM interactions

There are many problems concerning the magnetic ex-
change and DM interactions in this system. The sine-Gordon
theory is based on the following one-dimensional model for
a layered monoaxial chiral helimagnet with ferromagnetic
nearest-neighbor exchange and DM interaction:

H = −J1

∑

i

Si · Si+1 − D ·
∑

i

Si × Si+1 −
∑

i

Si · H , (9)

where Si lies in the xy plane, D is along the z axis, and H is
applied in the xy plane. At H = 0, a helimagnetic order with
q0 = c−1

0 arctan(D/J1) is formed, where c0 is the interlayer
distance. If we simply apply this model to Yb(Ni1−xCux)3Al9
to obtain q0 values of 0.42, 0.54, and 0.63 for x=0.06, 0.04,
and 0.02, D/J1 is required to be 1.2, 2.1, and 3.9, respectively,

9
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which are unrealistically large. For x=0, in addition, it is im-
possible to reproduce q0=0.82 from this model because the
angle between spins on neighboring layers is larger than 90◦.
To explain these large q0 values, it is necessary to include
more long-range exchange interactions mediated by the con-
duction electrons. It is more reasonable to consider that q0 is
determined mainly by J1 (> 0), J2 (< 0), and further interac-
tions, with which J(q) takes a maximum at q0. If we consider
J1 and J2, for example, J(q) = J1 cos qc0 + J2 cos 2qc0, and
q0 is given by c−1

0 arccos(−J1/4J2). The degeneracy of ±q0 is
lifted by the DM term.

However, there still remains a problem. If q0 is determined
by the maximum of J(q), it is expected that TN ∝ J(q0) and
HC ∝ J(q0) − J(0). When q0 approaches 0 (ferromagnetic
state) with increasing Cu concentration, J(q0) − J(0) should
also become small because J(q) is a symmetric function of
q.60) However, while TN=6.5 K for x=0.06 is twice as large
as that for x =0, µ0HC=10 kG for x=0.06 is ten times as
large as that for x=0. These facts are not explained by the
simplistic model above and show that the situation behind
the helimagnetic order of Yb(Ni1−xCux)3Al9 is not so sim-
ple. Firstly, the interaction between Yb-1 and Yb-2 moments
should be considered. More importantly, the fact that HC sig-
nificantly increases with increasing x, i.e., with decreasing q0

and J(q0)− J(0), suggests that the nonlinear effect of the CSL
formation in magnetic fields plays an important role in keep-
ing the helimagnetic structure and preventing the system from
undergoing a transition to the ferromagnetic state. The pos-
sibility of the DM interaction increasing with increasing Cu
concentration should also be considered.

5. Summary

We performed resonant X-ray diffraction experiments to in-
vestigate the helical magnetic structure of Yb(Ni1−xCux)3Al9
with the space group R32, which lacks both inversion and
mirror symmetries and allows the existence of left- and right-
handed crystal structures.
• We showed that the magnetic structure is described by

an incommensurate propagation vector (0, 0, q), where
q=0.818, 0.617, 0.553, and 0.445 for x=0, 0.02, 0.04,
and 0.06, respectively, at the lowest temperature. The
magnetic moments lie in the c plane.
• We clarified that the helicity of the magnetic structure

has a one-to-one relation with the crystal chirality, indi-
cating that an antisymmetric exchange interaction medi-
ated by the conduction electrons exists, i.e., the RKKY
mechanism. A theoretical study is required to provide
further insight into the physical mechanism.
• When a magnetic field is applied perpendicular to the

helical axis, the q value decreases (the helical pitch in-
creases) and, simultaneously, the higher-harmonic peaks
of 2q and 3q are induced with increasing field. This be-
havior, especially for the x=0.06 case, coincides with
the calculation for the chiral sine-Gordon model, which
describes the formation of the chiral soliton lattice
(CSL) state in a monoaxial helimagnet. This coinci-
dence provides strong evidence for the CSL formation
in Yb(Ni1−xCux)3Al9, which has been suggested by mag-
netization measurement. However, since the helical pitch
is not much longer than the interlayer spacing, it is ques-
tionable if the spin arrangement could be approximated

as a continuous medium. The applicability of the sine-
Gordon model to Yb(Ni1−xCux)3Al9 remains a question.
The lock-in phenomenon at q = 3/8 and the first-order
transition to the ferromagnetic state also are important
issues to be studied.

• We observed an anomalous temperature dependence of
the propagation vector. The q value changes with tem-
perature by an amount almost in proportion to the mag-
netic order parameter, which we ascribed to the change
in the exchange interaction with the development of the
ordered moment. It is not understood, however, why the
q value decreases with decreasing T for x < 0.03, but
this is reversed for x > 0.03.

• The helical ordering of the magnetic octupole moment
was detected, which arises simultaneously with the he-
lical ordering of the magnetic dipole moment, reflecting
the anisotropic charge density of the crystal field ground
state of Yb3+, consisting mainly of |7/2,±1/2⟩.
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Appendix A: Confirmation of the Crystal Structure

A.1 Crystal chirality

The crystal chirality of the sample, especially the spot
where the X-ray beam is irradiated in the RXD experiment,
can be confirmed at the beamline by measuring the energy
dependence of an appropriate fundamental Bragg peak as
shown in Fig. A·1. The structure factor of the (1, 1, 24) fun-
damental reflection for the right-handed crystal is expressed
as FR,(1,1,24)(ω) = AAl fAl(ω) + ANi fNi(ω) + AYb fYb(ω), where
AAl = 0.24 + 24.6i, ANi = −8.6 + 14.9i, and AYb = 6.0.
FL,(1̄,1̄,24) also has the same expression. For FL,(1,1,24) and
FR,(1̄,1̄,24), we take the complex conjugates for AAl and ANi.
When fYb(ω) = f0,Yb + f ′Yb(ω) + i f ′′Yb(ω) exhibits an anoma-
lous dispersion around the absorption edge, the intensity of
the Bragg reflection also exhibits a strong energy dependence.
Since the intensities for the right- and left-handed crystals are
expressed as |FR,(1,1,24)(ω)|2 and |FL,(1,1,24)(ω)|2, respectively,
they exhibit different energy dependences due to the different
interference effect. As shown in Fig. A·1, the relative relation
of the intensity is reversed for the (1̄, 1̄, 24) reflection. The
relationship of the intensity is consistent with the calculated
spectrum assuming the predetermined crystal chirality.

A.2 Threefold symmetry about the c axis

Figure A·2 shows the rocking scans of the (1, 0, L) reflec-
tions for the x=0.06 (L) sample. Only the (1, 0, 3n + 1) re-
flection is allowed in the (1, 0, L) reflections in the R32 space
group. These data guarantee the threefold symmetry of this
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sample about the c axis. If the forbidden reflection is ob-
served, it means that the [1 1 0] axis is mixed with the a axis
due to the stacking fault of 60◦.

Appendix B: Formalism of Resonant X-ray Scattering

We use the scattering-amplitude-operator method to ana-
lyze the experimental results.42) We consider a 2×2 matrix F̂,
consisting of four elements of the scattering amplitudes for
σ-σ′, π-σ′, σ-π′, and π-π′:

F̂ =

(

Fσσ′ Fπσ′

Fσπ′ Fππ′

)

. (B·1)

By using the identity matrix Î and the Pauli matrix σ̂, F̂ can
generally be expressed as

F̂ = βÎ + α · σ̂ =
(

β + α3 α1 − iα2

α1 + iα2 β − α3

)

. (B·2)

Once we know the matrix F̂, the scattering cross section
(dσ/dΩ) can be calculated by

(

dσ

dΩ

)

= Tr{µ̂F̂∗F̂}

= β∗β + α∗ · α + β∗(P · α) + (P · α∗)β
+ iP · (α∗ × α) , (B·3)

150

100

50

0

In
te

n
s
it
y
  

(a
rb

. 
u
n

it
)

9.008.958.908.85

X-ray Energy  (keV)

x = 0.06 (R)

9.008.958.908.85

x = 0.06 (L)

 (Ð1, Ð1, 24)
 (1, 1, 24)

Fig. A·1. (Color online) X-ray energy dependence of the (1, 1, 24) and
(1̄, 1̄, 24) fundamental reflections for the right- and left-handed crystals for
x=0.06 around the L3 absorption edge of Yb. Solid lines are the guides for
the eye.
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Fig. A·2. (Color online) Rocking scans of the (1, 0, 16), (1, 0, 17), and
(1, 0, 18) reflections for the x=0.06 (L) sample.

where µ̂ = (Î + P · σ̂)/2 represents the density matrix and
the Stokes vector P = (P1, P2, P3) represents the polarization
state of the incident photon. P1, P2, and P3 represent the de-
grees of +45◦ (P1 = 1) or −45◦ (P1 = −1) linear polarization,
right (P2 = 1) or left (P2 = −1)-handed circular polarization,
and the σ (P3 = 1) or π (P3 = −1) linear polarization state,
respectively.

Using the elements of Eq. (B·1), the scattering cross section
is expressed as

(

dσ

dΩ

)

=
1
2
( |Fσσ′ |2 + |Fσπ′ |2 + |Fπσ′ |2 + |Fππ′ |2

)

+ P1Re
{

F∗πσ′Fσσ′ + F∗ππ′Fσπ′
}

+ P2Im
{

F∗πσ′Fσσ′ + F∗ππ′Fσπ′
}

(B·4)

+
1
2

P3
( |Fσσ′ |2 + |Fσπ′ |2 − |Fπσ′ |2 − |Fππ′ |2

)

.

Therefore, the cross section for the incident beam described
by (P1, P2, P3) can generally be written as

(

dσ

dΩ

)

= C0 +C1P1 +C2P2 +C3P3 , (B·5)

which can be used as a fitting function for the ∆θPR scan with
the four parameters of Cn (n = 0 ∼ 3).

The four elements of Eq. (B·1) at an X-ray energy E = ℏω

near the resonance energy are expressed as

Fεε′ = FE1,εε′ (ω) + FE2,εε′ (ω) . (B·6)

FE1,εε′ (ω) and FE2,εε′ (ω) for a scattering process from the
photon state (ε, k) to (ε′, k′) are expressed as

FE1,εε′ (ω) =
2

∑

ν=0

α
(ν)
E1(ω)

∑

Γ

X
(ν)
E1,Γ(ε, ε

′) · ⟨Z(ν)
Γ
⟩ , (B·7)

FE2,εε′ (ω) =
4

∑

ν=0

α
(ν)
E2(ω)

∑

Γ

X
(ν)
E2,Γ(ε, ε

′, k̂, k̂
′
) · ⟨Z(ν)

Γ
⟩ .

(B·8)

⟨Z(ν)
Γ
⟩ represents the structure factor of the rank-ν multipole

moment of the irreducible representation Γ in the cubic coor-
dinates. X

(ν)
Γ

is the geometrical factor corresponding to ⟨Z(ν)
Γ
⟩.

For the rank-1 dipole moment with the T1u representation,

X
(1)
E1,dip =

i
√

2
(ε′ × ε) , (B·9)

X
(1)
E2,dip =

i

2
√

10

{

(k′ · k)(ε′ × ε) + (ε′ · ε)(k′ × k)

+ (k′ · ε)(ε′ × k) + (ε′ · k)(k′ × ε)} . (B·10)

See Ref. 36 for X
(3)
E2. The scattering amplitude is obtained by

taking the scalar product of X
(ν)
Γ

and ⟨Z(ν)
Γ
⟩.

The same result is obtained by using the spherical tensor
method.35) By transforming ⟨Z(ν)

Γ
⟩ in the cubic representation

to ⟨T (ν)
q ⟩ in the spherical representation,

FE1,εε′ (ω) =
2

∑

ν=0

α
(ν)
E1(ω)

ν
∑

q=−ν
(−1)qX

(ν)
E1,−q
⟨T (ν)

q ⟩ , (B·11)
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FE2,εε′ (ω) =
4

∑

ν=0

α
(ν)
E2(ω)

ν
∑

q=−ν
(−1)qX

(ν)
E2,−q
⟨T (ν)

q ⟩ , (B·12)

where the geometrical factors of X
(ν)
E1,q and X

(ν)
E2,q are also ex-

pressed in the spherical representation as

X
(ν)
E1,q =

1
∑

p,p′=−1

ε′pεp′⟨1p1p′|νq⟩ , (B·13)

X
(ν)
E2,q =

2
∑

p,p′=−2

h′p′hp⟨2p2p′|νq⟩ , (B·14)

hm =

1
∑

p,p′=−1

εpkp′⟨1p1p′|2m⟩ , (B·15)

h′m =
1

∑

p,p′=−1

ε′pk′p′⟨1p1p′|2m⟩ . (B·16)

It is important that the spectral functions of α(ν)
E1(ω) and

α
(ν)
E2(ω) are rank-dependent.36, 37) In the data analysis, each of

them may be approximated by the form

α(ν)(ω) =
eiφν

ℏω − ∆ + iγ
, (B·17)

where ∆, γ, and φν are the resonance energy, lifetime broad-
ening effect, and phase factor, respectively.
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Fig. S·1. Comparison of the disagreeing calculation with the L (= 3n ± q) dependence data of the parameters C2/C0 and C3/C0 at zero field, which was
obtained from the ∆θPR scans for the x=0.06 (R) sample at the E2 resonance energy. Solid, dashed, and dot-dashed curves represent the calculation of C3/C0

(L = 3n ± q), C2/C0 (L = 3n − q), and C2/C0 (L = 3n + q), respectively, for models of (a) ⟨Jx ± iJy⟩ dipole (rank-1) only and (b) ⟨T γx ± iT
γ
y ⟩ octupole (rank-3)

only. The data can be explained by mixing these two scattering contributions as described in the main text.
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Fig. S·2. A simple calculation of J(q) for one dimensional spin chain with nearest-neighbor exchange J1 and next-nearest-neighbor exchange J2. J1 and
J2 are taken so that q0 = c−1

0 arccos(−J1/4J2), where J(q) = J1 cos qc0 + J2 cos 2qc0 takes the maximum, reproduces the experimental value and J(q0) is
proportional to TN. The degeneracy at ±q0 will be lifted by including the DM term. In this model, without considering any nonlinear effect such as CSL
formation, HC will be proportional to J(q0) − J(0). However, it is contradictory to the experimental result.

Table S·1. Irreducible representation (Irrep.), operator notation, and basis functions of the dipole (rank-1) and octupole (rank-3) moments in the Oh and D3

point groups.

Oh D3

Rank Irrep. Notation Basis Function Irrep. Notation Basis Function

1 T1u Jx x Eu Jx x

Jy y Jy y

Jz z A2u Jz z

3 T1u Tαx x(5x2 − 3r2)/2 Eu T
γ
x = (−

√
3Tαx −

√
5T
β
x )/2
√

2
√

6x(5z2 − r2)/4

Tαy y(5y2 − 3r2)/2 T
γ
y = (−

√
3Tαy +

√
5T
β
y )/2
√

2
√

6y(5z2 − r2)/4

Tαz z(5z2 − 3r2)/2 A2u Tαz z(5z2 − 3r2)/2

T2u T
β
x

√
15x(y2 − z2)/2 A2u T δx = (

√
5Tαx −

√
3T
β
x )/2
√

2
√

10x(x2 − 3y2)/4

T
β
y

√
15y(z2 − x2)/2 A1u T δy = (

√
5Tαy +

√
3T
β
y )/2
√

2
√

10y(y2 − 3x2)/4

T
β
z

√
15z(x2 − y2)/2 Eu T

β
z

√
15z(x2 − y2)/2

A2u Txyz

√
15xyz Txyz

√
15xyz
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