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Abst r act

CHORDAL CUBI L SYSTEMS

MARC CARBONELL AND JAUME LLI BRE

We cl assi f y t he phase por t r ai t s of t he cubi c syst ems i n t he pl ane such

t hat t hey do not have f i ni t e cr i t i cal poi nt s, and t he cr i t i cal poi nt s on t he
equat or of t he Poi ncar é spher e ar e i sol at ed and have l i near par t non-

i dent i cal l y zer o .

1. I nt r oduct i on

We consi der cubi c syst ems ( CS, f or abbr evi at i on) , i . e .
t onomous syst ems of di f f er ent i al equat i ons of t he f or m

x = P( x, y)

	

,

	

y = Q( x, y) ,

t wo- di mensi onal au-

wher e P and Qar e r eal pol ynomi al s such t hat max { degr ee P, degr ee Q} = 3 . I f
a CS has no f i ni t e cr i t i cal poi nt s, t hen i t wi l l be cal l ed chor dal cubi c syst em. We
shal l denot e by CCSt he chor dal cubi c syst ems such t hat t hey onl y have i sol at ed
cr i t i cal poi nt s on t he equat or of t he Poi ncar é spher e ( see [ 8] , [ 16] or Appendi x
A of [ 6] ) and t he l i near par t of t hese cr i t i cal poi nt s ar e not i dent i cal l y zer o .
The chor dal syst ems wer e st udi ed by Kapl an [ 10] , [ 111 . The nar r e of chor dal
syst em i s due t o t he f act t hat a such syst em has al l i t s sol ut i ons st ar t i ng and
enddi ng at t he equat or of t he Poi ncar é spher e .

I n t hi s paper we gi ve a cl assi f i cat i on of t he phase por t r ai t s ( on t he Poi ncar é
di sk) of CCS. A compl et e st udy f or t he chor dal quadr at i c syst ems has been
done by Gasul l , Sheng Li - Ren and Ll i br e i n [ 7] .

Our mai n r esul t i s t he f ol l owi ng one .

Theor em. The phase por i r ai t of a CCS i s homeomor phi c ( except , per haps
t he or i ent at i on) t o one of t he separ at r i x conf i gur at i ons shown i n Fi gur e 1 . Fur -
t her mor e, al l t he separ at r i x conf i gur at i ons of Fi gur e 1 ar e r eal i zabl e f or chor dal

cubi c syst ems .

The second aut hor has been par t i al l y suppor t ed by a gr ant of t he CI CYT no . PB86- 0351
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Fi gur e 1 . The phase por t r ai t s of a CCS ( except , per haps t he or i ent at i on) .

uses i nf i ni t e cr i t i cal poi nt s wi t h l i near par t i dent i cal l y zer o .

I n what f ol l ows, when we r ef er t o t hé phase por t r ai t i of Fi gur e 1, 1 <_ i _< 38,
we shal l onl y say t he phase por t r ai t i .

We not e t hat t he r eal i zat i ons of phase por t r ai t s 12, 13, 14, 31, 32 and 33

A non si ngul ar di f er ent i al equat i on i n t wo r eal var i abl es def i nes a f ol i at i on
of t he pl ane . I t i s wel l known t hat t he t opol ogi cal cl assi f i cat i on of such f ol i a-
t i ons depends onl y of t he number of i nsepar abl e l eaves and t he way t hey ar e
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di st r i but ed i n t he pl ane ( see [ 10] or [ 9] ) . Two l eaves ( or t r aj ect or i es) Ll and
L2 ar e sai d t o be i nsepar abl e i f f or any ar cs Tl and T2 r espect i vel y t r ansver sal
t o Ll and L2 t her e ar e l eaves whi ch i nt er sect bot h Tl and T2 ( see Fi gur e 2) .

For pol ynomi al f ol i at i ons of degr ee n, i . e . def i ned by a pol ynomi al vect or
f i el d ( P, Q) , wher e max { degr ee P, degr ee Q} = n, i t i s known t hat t he number
of i nsepar abl e l eaves i s at most 2n ( see [ 13] or [ 15] ) . Act ual l y, a const r uct i on
l eadi ng t o exampl es wi t h 2n - 4 i nsepar abl e l eaves f or al l n >_ 4 can be al r eady
f ound i n [ 14] . I n [ 3] i t i s cl ai med t hat t he case n = 2 has at most 2 i nsepar abl e
l eaves . Thi s cl ai m i s not t r ue because i n [ 7] t he quadr at i c syst em x = 1 + xy,

y = m- 1 y 2 , wi t h mG - 1 has 3 i nsepar abl e l eaves : y = 0 and t he t wo br anches
of t he hyper bol a xy = - m/ ( m+ 1) . Al so f r om [ 7] i t f ol l ows t hat 3 i s t he
maxi mum number of i nsepar abl e l eaves when n = 2 . I n [ 5] i t i s pr oved t hat 3
i s agai n t he maxi mum number of i nsepar abl e l eaves when n = 3 .

Not e t hat our chor dal cubi c syst ems pr ovi de exampl es of pol ynomi al f ol i a-
t i ons of . degr ee 3 i n t he pl ane wi t h 3 i nsepar abl e l eaves, see f or i nst ance phase
por t r ai t 5 .

T1

L,

Fi gur e 2 .

2 . Cl assi f i cat i on of cubi c syst ems

I n t hi s sect i on we wi l l st at e t he mai n r esul t s on t he cl assi f i cat i on of CS due
t o Ci ma and Ll i br e [ 3] .

Def i ni t i on . A bi nar y quar t i c f or mf ( x, y) i s a r eal homogeneous pol ynomi al
of degr ee 4 i n t he var i abl es x and y .

Theor em 2 . 1 . Any bi nar y quar t i c f or m by means of a l i near change of

var i abl es, can be wr i t i en as one of t he t en bi nar y quar t i c f or ms cont ai ned i n

Tabl e 1 .
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Let g( x, y) be t he bi nar y quar t i c f or m XQ3( x, y) - yP3 ( x, y) associ at ed t o
cubi c syst em ( 1 . 1) , wher e P3 and Q3 ar e t he homogeneous pol ynomi al s of degr ee
3 of P and Q, r espect i vel y . Fr om Appendi x A of [ 6] t he zer os of g( x, y) gi ve
us t he i nf i ni t e cr i t i cal poi nt s of t hi s CS. Then f r om Theor em2. 1 we obt ai n t he
next r esul t .

Cor ol l ar y 2 . 2 . By usi ng a l i near change of var i abl es, any bi nar y quar t i c
f or m g associ at ed t o a CS i s one of t he bi nar y quar t i c f or ms of Tabl e 1 .

Fr om t he cor r espondance bet ween cubi c syst ems and bi nar y quar t i c f or ms,
and f r om Theor em 2. 1 we have t he f ol l owi ng r esul t .

Theor em 2 . 3 . Any CS, by means of a l i near change of var i abl es, can be
wr i t t en as one of t he t en CS cont ai ned i n Tabl e 2 .

I n what f ol l ows we wi l l denot e by CCS( J) t o any CCS of t ype ( J) of Theor em
2 . 3, wher e J E { I , I I , . . . , x} .

I .

	

f =6 / í 2 x 4 - 6( 1 + P4) xl y2
+ 6¡ c 2y4 ,

	

l 2 > 1 ;
I I .

	

f = ay
2

( y
2

- x2) ,

	

C¿ = f l ;
I I I .

	

f = u( x
4 - Y, ) ,

	

1154 0;
I V.

	

f = 6ax 2 y 2 ,

	

a = f l ;
V.

	

f =4x' y ;
VI .

	

f = cey 2 ( 6x 2 + y 2 ) ,

	

a =

VI I .

	

f = ax 4 ,

	

a = f l ;
VI I I .

	

f = ce( x 4 +6px2y2 +y 4 ) ,

	

a = f l , p > - 1/ 3, t , : ~ 1/ 3 ;
I X.

	

f = a( x 2 + y2 ) 2 ,

	

a = ±l ;
X. f =o .

Tabl e 1 . Cl assi f i cat i on of t he bi nar y quar t i c f or ms .

x =q, - 3 ( 1 +

	

4) x2
y +61c 2 y 3 + xp ,

y = q2 -
6¿2x3

+3( 1 + [t
4
) xy

2
+ yp,> 1 ;

x = qi + a[ ( - 1 / 2 ) x 2 y + y 3 1 + xp,

( I I )

	

y = q2 + a( 1/ 2) xy
2 + yp,

a=f 1 ;



258

	

M. CARBONELL, J . LLI BRE

x = qt - hy3 + xP,

( I I I )

	

Y = q2 -
Px3

+ YP,

h 0 ;

( I V)

( I X)

( X)

wher e

x = qi + 3ax 2 y + xp,

y=q2 - 3axy 2 +yp,

a=f 1 ;

x = qi + 2x 3 + xp,

y=q2 - 2x 2 y+yp,

x = qi + ca( 3x 2 y +
y s)

+ XP,

( VI )

	

y = q2 - 3axy 2 + yp,

a=f 1 ;

y=q2 - ax 3 +yp,

a=f 1 ;

x = qi + a( 3 ux 2 y - f -
ya)

+ xp,

y = q2 - a( x 3 + 3pxy 2 ) + yP,

a = f l , p > - 1/ 3, M. : ~ 1/ 3 ;

x = qi + a( x 2 y + y 3 ) + xP,

y = q2 - a( x3 + x 2 y) + yP,

a=f 1 ;

= qi + xp,

y=q2+YP ;

P =
Pi x2

+ P2xy + P3y 2 , and

qk = dk + akx + bky + l kx? + mkxy + nky 2 , f or k = 1, 2 .

Tabl e 2 . Cl assi f i cat i on of t he cubi c syst ems .
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3 . Cr i t i ca¡ poi nt s

To obt ai n t he possi bl e phase por t r ai t s of chor dal cubi c syst ems we need t o
know t he l ocal behavi our of t her r i nf i ni t e cr i t i cal poi nt s . To st udy t hi s i nf i ni t e
cr i t i cal poi nt s, we use t he f ol l owi ng cl assi f i cat i on : I f p i s an i sol at ed cr i t i cal
poi nt of a vect or f i el d X, we say t hat p i s of t ype

E i f det DX( p) : ~ 0, ( non- degener at e and el ement ar y) ;
DE i f det DX( p) = 0 and t r DX( p) qÉ 0, ( degener at e and el ement ar y) ;
NE i f det DX( p) = t r DX( p) = 0 and DX( p) ~É 0, ( non- el ement ar y) ;
Z i f DX( p) - 0,

wher e DX( p) denot es t he l i near par t of X at p .

Thus t o st udy t he i nf i ni t e cr i t i cal poi nt s of a CCS we shal l use t he Theor ems
E, DE, NE and t he Poi ncar é- Hopf t heor em ( see Appendi x) .

3 . 1 . Degener at e and el ement ar y cr i t i cal poi nt s .

Thi s subsect i on deal s wi t h t he l ocal behavi our of t he or i gi n of syst ems U1
and U2 ( see Appendi x A of [ 6] ) when i t i s a degener at e and el ement ar y cr i t i cal
poi nt ( DE) .

Fr omnow on we shal l denot e by ( y, z) t he coor di nat es ( z1, z2) = F1 ( y1, y2, y3)
wher e ( y1, y2, y3) E U1 and by ( x, z) t he coor di nat es ( z1, z2) = F2( y1, y2, y3)
wher e ( y1, y2, y3) E U2 .

Pr oposi t i on 3 . 1 . 1 . Assume t hat p1 qÉ 0.

	

Then t he or i gi n of syst em U1
associ at ed t o syst ems ( I I ) , ( I V) and ( VI ) i s a saddl e- pode of t ype DE. Fur t -
her mor e, i t s l ocal behavi our i s shown i n Fi gur e 3 f or syst em ( I I ) and i n Fi gur e
4 f or syst ems ( I V) and ( VI ) .

Pr oo£ The expr essi on of syst em U1 associ at ed t o syst ems ( I I ) , ( I V) and ( VI )
i s t he f ol l owi ng one,

y = 12 z + Y( y, z) ,

( 3 . 1 . 1)

	

z = - Pi z - F Z( y, z) ,

wher e Y and Z ar e pol ynomi al s i n y and z of degr ee at l east t wo . I t i s cl ear
t hat i f p1 : ~ 0 t hen t he or i gi n of syst em ( 3 . 1 . 1) i s a cr i t i cal poi nt of t ype DE.
To anal yse i t s l ocal behavi our we shal l use t he Theor em DE ( see Appendi x) .
Fi r st , we need t o consi der t he change of var i abl es, y1 = y + ( 1 2/ P1) z, z 1 = z
and t 1 = - p1 t ( of cour se, when p1 > 0 t her e i s a change i n t he or i ent at i on of
t he or bi t s) . Then syst em ( 3 . 1 . 1) wr i t es ( we omi t t he subi ndex 1) ,

y = Y( y, z) ,

z = z + Z( y, z) ,
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wher e agai n Y and Z ar e pol ynomi al s i n y and z of degr ee at most t wo . Let

z = f ( y) be t he sol ut i on of t he equat i on z + Z( y, z) = 0 i n a nei ghbour hood of

( 0, 0) . Then i f we consi der g( y) = Y( y, f ( y) ) we have

Ther ef or e by Theor emDE t he pr oposi t i on f ol l ows .

Pr oposi t i on 3 . 1 . 2 . Assume t hat P3 : ~ 0. Then t he or i gi n of syst em U2 f or

syst ems ( I V) and ( VI I ) i s a DE saddl e- node, and f or syst em ( V) i s a DEsaddl e

when P3 > 0 and a DE node when P3 < 0 . Fur t her mor e ¡ he l ocal behavi our f or

syst ems ( I V) and ( VI I ) i s shown i n Fi gur e 5.

Pr oof .. The expr esi on of syst em U2 associ at ed t o syst ems ( I V) , ( V) and ( VI I )
i s t he f ol l owi ng one

( 3 . 1 . 2)

	

z = - P3z + Z( x, Z) ,

wher e X and Z ar e pol ynomi al s i n x and z of degr ee at l east t wo . I t i s cl ear
t hat i f P3 : ~ 0 t hen t he or i gi n of syst em ( 3 . 1 . 2) i s a cr i t i cal poi nt of t ype DE.

By usi ng si mi l ar ar gument s t hat i n t he pr oof of Pr oposi t i on 3 . 1 . 1 we have

Ther ef or e by Theor em DE t he pr oposi t i on f ol l ows

g( y) = ( - 1 / pi ) y2 + . . .

g( y) = ( 6/ Pi ) y 2 + . . .

g( y) = ( 1/ P1) y 2 + . . .

x = nl z+X( x, z) ,

f or syst em ( I I ) ;
f or syst em ( I V) ;
f or syst em ( VI ) .

g( x) = ( - 61P3) x 2 + . . .

	

f or t he syst em ( I V) ;
g( x) = ( - 41P3) x 3 + . . .

	

f or syst em ( v) ;
g( x) = ( - 1/ P3) x 2 + . . .

	

f or syst em ( VI I ) ;

Pi > 0

	

Pi < 0
Fi gur e 3 .



p3 > 0
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Fi gur e 5 .

pi > 0

	

pl < 0
Fi gur e 4.

p3 < 0
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3 . 2 . Non- el ement ar y cr i t i cal poi nt s i n syst em U, .

I n t hi s subsect i on we st udy t he l ocal behavi our of t he or i gi n of syst em Ul
when i t i s a non- el ement ar y cr i t i cal poi nt ( NE) .

Pr oposi t i on 3 . 2 . 1 . Assume t hat pl = 0 and 12 : ~ 0 . Then ¡ he or i gi n of

syst em Ul associ at ed t o syst ems ( I I ) , ( I V) and ( VI ) i s a cr i t i cal poi nt of t ype

NE such t hat

( a) f or syst em ( I I ) t he or i gi n i s, a saddl e i f p2 > 1/ 2, ¡ he uni on of a

hyper bol i c and el l i pt i c sect or i f P2 < 1/ 2, and a saddl e- node i f p2 . = 1/ 2 and

p3 - ( 11/ 12) : ~ 0;
( b) f or syst ems ( I V) and ( VI ) ¡ he or i gi n i s a saddl e i f p2 < - 3, t he uni on

of a hyper bol i c and el l i pt i c sect or ¡ f P2 > - 3 and a saddl e- node i f p2 = - 3 and

p3 + ( 611/ 12) : ~ 0 .

Pr oo£ Fr om syst me ( 3 . 1 . 1) ( see t he pr oof of Pr oposi t i on 3. 1 . 1) i t i s cl ear

t hat i f pl = 0 and 1 2 : ~ 0 t hen t he or i gi n i s a cr i t i cal poi nt of t ype NE. t o

anal yse i t s l ocal behavi our we use Theor emNE ( see Appendi x) . Fi r st , we need

t o consi der t he change of t i me t l = 1 2 t . Now syst em ( 3 . 1 . 1) becomes

wher e Y and Z ar e pol ynomi al s i n y and z of degr ee at l east t wo . Let z = f ( y)

be a sol ut i on of equat i on z+Y( y, z) = 0 i n t he nei ghbour hood of ( 0, 0) . Then i f

we consi der F( y) = Z( y, f ( y) ) and ~¿( y) = ( áY/ óy + aZ/ az) ( y, f ( y) ) we have

f or

f or

y = z + Y( y, z) ,
z = Z( y, z) ,

12 - 1 / 2 s

	

¡ ( m2 - 11) ( 9 / 2 - p2)

	

_ps _ 1 1 1
F( y) =

	

122

	

y +

	

1z	 + 122

	

123

5/ 2 - P2

12

syst em ( I I ) ;

F( y) - -
- 6 ( p2 +3) y3 + 6 [

( r n2 -
11) ( p2 +3) - _p3

1 2 2

	

1 2 3

	

12 2

~( Y) _
- ( 1

l a
p2)

syst ems ( I V) and ( VI ) .

So f r om Theor em NE t he pr oposi t i on f ol l ows .

_611

1 2 3

I n t he next r esul t s we l ook at t he l ocal i zat i on of t he separ at r i ces of t he
cr i t i cal poi nt of Pr oposi t i on 3. 2 . 1 wi t h r espect t o t he i nf i ni t y ( t he equat or of

t he Poi ncar é spher e) .



Lemma 3 . 2 . 2 . Assume t hat t he or i gi n of syst em Ul associ at ed t o syst ems
( I I ) , ( I V) and ( VI ) i s a saddl e of í ype NE. Then i t s l ocal behavi our i s shown
i n Fi gur e 6 .

Pr oo£ We know t hat t he equat or of t he Poi ncaxé spher e cor r esponds t o y-
axi s i n syst em U, . So, on z = 0 t he syst em goes over t o

Then by consi der i ng t he di st i nct possi bi l i t i es of a saddl e of t ype NE we ar e
done .

Pr oposi t i on 3 . 2 . 3 . Assume t hat t he or i gi n of syst em Ul associ at ed t o sys-
t ems ( I I ) , ( I V) and ( VI ) i s t he uni on of a hyper bol i c and el l i pt i c sect or of t ype

NE.

( b) For syst ems ( I V) and ( VI ) i t s l ocal behavi our i s shown ( r ever si ng t he
or i ent at i on of t he or bi t s) i n

Pr oo£ To st udy t he di f f er ent l ocal i zat i ons of t he separ at r i ces of t he cr i t i cal
poi nt ( 0, 0) os syst em U, , we appl y t o t hi s syst em t wo successi ve changes of
var i abl es of t he f or m y = y, z = w1 y and y = y, w1 = wy ; i . e . t wo successi ve
bl ow up' s . Ther ef or e, syst em Ul i s equi val ent ( omi t t i ng a common f act or y) t o

f or syst em ( I I ) , and t o

( 3 . 2 . 2)
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y
= y 2 - y1,

	

z = 0

	

f or syst em ( I I ) ;

y = _6y2,

	

z =, 0

	

f or syst em ( I V) ;

y = - y 2 ( 6 + y 2 ) ,

	

z = 0

	

f or syst em ( VI ) .

( a) For syst em ( I I ) i t s l ocal behavi our i s shown i n

y = y + 12yw + y2 Y( y, w) '

w = [ ( - 3 / 2 ) - P2] w - 212 w2 + ywW( y, w) ,

y = - 6y + 12yw + y2Y' ( y,
W) ,

w = ( 9 - p2) w - 212 w2 + ywW' ( y, w) ,

f or syst ems ( I V) and ( VI ) , wher e Y, W, Y' and W' ar e pol ynomi al s i n y and
w of degr ee at l east one .

Fi gur e 7. ( 1) i f - 3/ 2 <_ P2 < 1/ 2 and 12 > 0 ;
Fi gur e 7( 2) i f - 3/ 2 <_ P2 < 1/ 2 and 12 < 0 ;
Fi gur e 7( 3) i f P2 < - 3/ 2 and 12 > 0 ;
Fi gur e 7( 4) i f P2 < - 3/ 2 and 12 < 0 .

Fi gur e 7. ( 2) i f . - 3 < P2 < 9 and 12 > 0 ;

Fi gur e 7. ( 1) i f - 3 _< P2 < 9 and 12 < 0 ;
Fi gur e 7. ( 4) i f P2 > 9 and 12 > 0 ;
Fi gur e 7. ( 3) i f P2 > 9 and 12 <0 .
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E

w

v

Fi gur e 9 .

Fi gur e 10 .

~-9

Pr oposi t i on 3. 2 . 4 . Assume t hat t he or i gi n of syst emU1 associ at ed t o sys-

t ems ( I I ) , ( I V) and ( VI ) i s a saddl e- node of t ype NE. Then i t s l ocal behavi our

i s such t hat t wo separ at r i ces of t he same hyper bol i c sect or ar e at i nf i ni t y ( see
Fi gur e 11 . ( 1) , f or exampl e) . Mor eover , suf ci ent condi t i ons f or al l t he possi bi -
l i t i es f or syst em ( I I ) ar e shown i n

and f or syst ems ( I V) and ( VI ) ar e shown ( r ever si ng t he or i ent at i on of t he
or bi t s) i n

Fi gur e 12 . ( 2) i f P2 = - 3, P3 + ( 611/ 12) < 0 and 12 > 0 ;

Fi gur e 12 . ( 1) i f P2 = - 3, P3 + ( 61 1/ 1 2) < 0 and 12 < 0 ;

Fi gur e 11( 4) i f P2 = - 3, P3 + ( 611/ 12) > 0 and 12 > 0 ;

Fi gur e 12 . ( 3) i f P2 = - 3, P3 + ( 611/ 12) > 0 and 12 < 0 .

Fi gur e 12 . ( 1) i f P2 = 1/ 2, ( 11/ 12) - P3 < 0 and 12 > 0 ;
Fi gur e 12 . ( 2) i f P2 = 1/ 2, ( 11/ 12) - P3 < 0 and 12 < 0 ;

Fi gur e 12 . ( , 4) i f P2 = 1/ 2, ( 11/ 12) - P3 > 0 and 12 > 0 ;

Fi gur e 12 . ( 4) i f P2 = 1/ 2, ( l 1/ 12) - P3 > 0 and 12 < 0 ;



Pr oof . Fr om t he pr oof of Lemma 3 . 2 . 2 we know t hat onl y t he Fi gur es 11 . ( 1)
and 11 . ( 2) can occur . Fur t her mor e, f r om Pr oposi t i on 3 . 2 . 1 i f t he or i gi n i s a
saddl e- node of t ype NE i t i s necessar y t hat p2 = 1/ 2 ( r esp . p2 = - 3) f or
syst em ( I I ) ( r esp . syst ems ( I V) and ( VI ) ) . Then syst ems ( 3 . 2 . 1) and ( 3 . 2 . 2) of
t he pr oof of Pr oposi t i on 3 . 2 . 3 wr i t e now i n t he f or m

y = y + 12yw + y2Y( y,
W) ,

( 3 . 2 . 1' )

	

zi s = - 2w - 212 w2 + yw W( y, w) ,

and

y = - 6y + 1 2 yw + y2Y1( y, w) ,

( 3 . 2 . 2' )

	

zi w = 12w - 212w2 - f - yw W' ( y, w) ,

r espect i vel y .

Syst em( 3 . 2 . 1' ) has exact l y t wo cr i t i cal poi nt s on t he w- axi s . Fr omTheor ems
E and DE ( 0, 0) i s a saddl e and M= ( 0, - 1/ 12) i s a cr i t i cal poi nt of t ype E or
DE. By si mi l ar ar gument s t hat i n Case 2 of t he pr oof of Pr oposi t i on 3 . 2 . 3 we
have f or syst em ( I I ) t hat onl y Fi gur e 11 . ( 1) can occur . Agai n, by usi ng si mi l ar
ar gument s t o t he pr oof of Pr oposi t i on 3 . 2 . 3, we can obt ai n al l t he possi bi l i t i es
f or syst em ( I I ) .

The pr oof f or syst em ( 3 . 2 . 2' ) f ol l ows si mi l ar y .

3 . 3 . Non- el ement ar y cr i t i cal poi nt s i n syst em U2 .

Thi s subsect i on deal s wi t h t he l ocal behavi our of t he or i gi n of syst em U2
when i t i s a non- el ement ar y cr i t i cal poi nt ( NE) .
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( 3)

	

( 4 )
Fi gur e 11 . The possi bl e saddl e- nodes of t ype NE on t he equat or of S2 .

I n f act , onl y conf i gur at i on ( 1) i s possi bl e

( we can r ever se t he or i ent at i on of t he or bi t s) .

0o

Fi gur e 12 .

z
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Pr oposi t i on 3 . 3 . 1 . Assume t hat P3 = 0 and ni : ~ 0. Then t he or i gi n of
syst em U2 associ at ed t o syst ems ( I V) , ( V) and ( VI I ) i s a cr i t i cal poi nt of t ype
NE such t hat

( a) f or syst em ( I V) ( r esp . syst em ( VI I ) ) t he or i gi n i s a saddl e i f P2 > 3
( r esp . P2 > 0) , t he uni on of a hyper bol i c and el l i pt i c sect or i f P2 < 3 ( r esp .

P2 < 0 or P2 = Pl = 0) , and a saddl e- node i f P2 = 3 and pl - ( 6n2/ n1) r ~ 0
( r esp . P2 = 0 and pl : ~ 0»-

( b) f or syst em ( V) t he or i gi n i s a saddl e- node ¡ f P2 qÉ 0, a saddl e i f P2- =
0 and pl > 2, and a node i f P2 = 0 and pl < 2 ( whi ch i s at t r act or when
( 14 - p i ) / n, < 0 and r epel l or when ( 14 - p, ) / ni > 0) .

Pr oof - Fr om syst em ( 3 . 1 . 2) ( see t he pr oof of Pr oposi t i on 3. 1 . 2) i t i s cl ear
t hat i f P3 = 0 and ni qÉ 0 t hen t he or i gi n i s a cr i t i cal poi nt of t ype NE. To
anal yse i t s l ocal behavi our we use Theor em NE.

Now as i n t he pr oof of Pr oposi t i on 3. 2 . 1 we consi der t he f unct i ons :

6( P2 - 3)

	

3

	

[ ( mi - n2) ( 3 - P2)

	

pl

	

6n2

n12

	

nl a

	

n12 nl a

f or syst em ( I V) ;

f or syst em ( V) ;

F( x)
= 4P2

x4
+ 4

	

P2( n2 i ml ) + pl - 2xs + . . . ,
n j 2

	

1

	

n J

F( x ) =- P2
x s +

AP2n1+Pl x6 + BP2 n1+Cp , n l - 1 x 7 + . . . ,
n12 n12

	

n12

wher e A, B and C ar e const ant s,

, p( x) =
- P2

x _ Pl
x 2 + 5 x 3 + . . . ,

ni ni ni

f or syst em ( VI I ) .

Then by Theor em NE t he pr oposi t i on f ol l ows .

I n t he next r esul t s we st udy t he l ocal i aat i on of t he separ at r i ces of t he cr i t i cal
poi nt of Pr oposi t i on 3. 3 . 1 wi t h r espect t o t he i nf i ni t y .
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Lemma 3 . 3 . 2 . Assume t hat ¡ he or i gi n of syst em U2 associ at ed t o syst ems

( I V) , ( V) and ( VI I ) i s a saddl e of t ype NE. Then i t s l ocal behavi our i s shown

i n Fi gur e 6 f or syst ems ( I V) and ( VI I ) , and i n Fi gur e 13 f or syst em ( V) .

Pr oof . As i n t he pr oof of Lemma 3. 2 . 2 syst em U2 on z = 0 becomes

i = 6x 2 ,

	

z = 0

	

f or syst em ( I V) ;
x = 4x 3 ,

	

z = 0

	

f or syst em ( V) ;
i = x4 ,

	

z = 0

	

f or syst em ( VI I ) ;

I n shor t , by consi der i ng t he di st i nct possi bi l i t i es of a saddl e of t ype NE we ar e
done .

Fi gur e 13 ( we can r ever se t he or i ent at i on of t he or bi t s) .

Pr oposi t i on 3 . 3 . 3 .
( a) Assume t hat t he or i gi n of syst em U2 associ at ed t o syst em ( I V) i s t he

uni on of a hyper bol i c and el l i pt i c sect or of t ype NE. Then i t s l ocal behavi our i s

shown i n

( b) I f P2 < 0 t hen t he or i gi n of syst em U2 associ at ed t o syst em

t he uni on of a hyper bol i c and el l i pt i c sect or of t ype NE. I n t hi s case,

behavi our i s shown i n

Fi gur e 7. ( 3)

	

i f

	

P2 < 0

	

and

	

n1 > 0 ;

Fi gur e 7. ( 4)

	

i f P2 < 0

	

and

	

ni < 0 .

x = 6x - } - nl xw+ x 2 X( x, w) ,

( 3 . 3 . 1)

	

w = - ( 9 + P2) w - 2n i w2 + xzo W( x, w) ,

( VI I ) i s
i t s l ocal

Pr oo£ By usi ng si mi l ar ar gument s t o t he pr oof of Pr oposi t i on 3. 2 . 3, we appl y
t o syst em U2 t wo successi ve changes of var i abl es x = x, z = wl x and x = x,
wl = wx . Ther ef or e, syst em U2 i s equi val ent ( omi t t i ng a common f act or x) t o

Fi gur e 7. ( 1) i f - 9 <_ P2 < 3 and ni > 0 ;

Fi gur e 7. ( 2) i f - 9 <_ P2 < 3 and ni < 0 ;

Fi gur e 7. ( 3) i f P2 < - 9 and ni > 0 ;

Fi gur e 7. ( 4) i f P2 < - 9 and ni < 0 .
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x = nl xw + x 2 X' ( x, W) ,

( 3 . 3 . 2)

	

w= - p2w - 2n 1 w2 + xw W' ( x, w) ,

f or syst em ( VI I ) , wher e X, W, X' and W' ar e pol ynomi al s i n x and z of degr ee
at l east one .

The st udy of syst em ( 3 . 3 . 1) f ol l ows i n a si mi l ar way t o t he st udy of syst em
( 3 . 2 . 1) i n t he pr oof of Pr oposi t i on 3. 2 . 3 . I n shor t , ( a) f ol l ows .

I f P2 < 0 syst em ( 3 . 3 . 2) has exact l y t wo cr i t i cal poi nt s on t he w- axi s . Fr om
Theor ems E and DE, ( 0, 0) i s an unst abl e node and M= ( 0, - P2/ ( 2n1) ) i s a
saddl e . So, f r om Fi gur e 8, ( b) f ol l ows .

We know f r om t he pr oof of Pr oposi t i on 3. 3 . 1 t hat t he or i gi n of syst em U2
f or syst em ( I V) can be t he uni on of a hyper bol i c and el l i pt i c sect or i f P2 = 3
pl us ot her condi t i ons . I t f ol l ows f r omt he above pr oof t hat t hi s si t uat i on i s al so
cont ai ned i n Pr oposi t i on 3. 3 . 3 . Mor eover , f r omPr oposi t i on 3. 3 . 1, i f P2 = P1 = 0
t hen t he or i gi n of syst em U2 f or syst em ( VI I ) i s t he uni on of a hyper bol i c and
el l i pt i c sect or . Thi s case wi l l be st udi ed i n Sect i on 10 .

Pr oposi t i on 3 . 3 . 4 .
( a) Assume t hat t he or i gi n of syst em U2 associ at ed t o syst em ( I V) i s a

saddl e- node of t ype NE. Then i t s l ocal behavi our i s such t hat t wo separ at r i ces

of t he same hyper bol i c sect or ar e at i nf i ni t y ( see Fi gur e 11 . ( 1) , f or exampl e) .

Mor eover , suf ci ent condi t i ons f or al l t he possi bi l i t i es ar e shown i n

( b) I f P2 : , ~ 0 t hen t he or i gi n of syst em U2 associ at ed t o syst em ( V) i s a

saddl e- node . I n Chi s case i t s l ocal behavi our i s shown i n

Pr oof - St at ement ( a) f ol l ows anal ogousl y t o t he pr oof of Pr oposi t i on 3. 2 . 4.

Fr om t he pr oof of Lemma 3. 3 . 2 we know t hat onl y t he Fi gur es 11 . ( 3) and
11 . ( 4) can occur . Now we appl y t o syst em U2 t he same change of var i abl es t hat
i n t he pr oof of Pr oposi t i on 3. 3 . 3 and we obt ai n

i = 4x 2 + nl xw + x 2X( x, w) ,

( 3 . 3 . 3)

	

i o = - p2 w - 2n 1w2 - 6xw+ xw W( x, w) ,

Fi gur e 12 . ( 1) i f P2 = 3, ( 6n2/ n1) - p1 < 0 and n1 > 0 ;

Fi gur e 12 . ( 2) i f P2 = 3, ( 6n2/ n 1) - p1 < 0 and n1 < 0 ;
Fi gur e 12 . ( 3) i f P2 = 3, ( 6n2 / n 1) - p1 > 0 and n1 > 0 ;
Fi gur e 12 . ( 4) i f P2 = 3, ( 6n2/ n 1) - p1 > 0 and n1 < 0 .

Fi gur e 14 . ( 1) i f P2 < 0 and n1 > 0 ;

Fi gur e 14 . ( 2) i f P2 < 0 and n1 < 0 ;

Fi gur e 14 . ( 3) i f P2 > 0 and n1 > 0 ;

Fi gur e 14 . ( 4) i f P2 > 0 and n1 < 0 .
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f or syst em ( V) , wher e X, War e pol ynomi al s i n x and w of degr ee at l east one .

Syst em ( 3 . 3 . 3) has exact l y t wo cr i t i cal poi nt s on t he w- axi s i f P2 : ~ 0 . Fr om
Theor ems E and DE, ( 0, 0) i s a saddl e- node and M= ( 0, - p2/ ( 2n1) ) i s a
saddl e . Fur t her mor e, t he saddl e- node has t he t wo hyper bol i c sect or s ei t her t o

t he r i ght or t o t he l ef t of t he i nvar i ant w- axi s . So, f r om Fi gur e 15 ( wher e we
suppose P2 < 0 and n1 > 0) st at ement ( b) f ol l ows .

We know f r omt he pr oof of Pr oposi t i on 3 . 3 . 1 t hat t he or i gi n of syst emU2 f or
syst em ( V) coul d be a saddl e- node i f P2 = 0 pl us ot her s condi t i ons . Thi s case
wi l l be st udi ed i n Sect i on 8 .

Not e t hat we do not consi der t he case t hat t he or i gi n of syst em U2 associ at ed
t o syst em ( VI I ) i s a NE saddl e- node . We shal l pr ove i n Sect i on 10 t hat t hi s

case cannot occur f or chor dal cubi c syst ems .

00

Fi gur e 14 .
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Fi gur e 15 .

4 . Syst em ( 1)

I n t hi s sect i on we det er mi ne al l t he possi bl e phase por t r ai t s of CCS( I ) . Al so
we r eal i ze t hese phase por t r ai t s .

4 . 1 . Cr i t i cal poi nt s .

Fi r st we st udy t he cr i t i cal poi nt s at i nf i ni t y of syst em ( I ) .

Remar k . 4 . 1 . 1 . Fi om Appeni x A of [ 6] , t o st udy t he cr i t i cal poi nt s at
i nf i ni t y i t i s enough t o st udy syst ems Ul and U2 . Mor eover , si nce t he i nf i ni t y
cr i t i cal poi nt s of a CS appear i n di amet r i cal l y opposi t e pai r s ( each cr i t i cal poi nt
of t he same pai r has t he ser me l ocal behavi our ) , we onl y l ook at t he cr i t i cal
poi nt s of syst em Ul wi t h z = 0, and at t he or i gi n of syst em U2 .

An easy comput at i on al l ows t o pr ove t he next r esul t ( see Appendi x A of [ 6] ) .

Lemma 4 . 1 . 1 . Syst em Ul associ at ed t o syst em ( I ) has f our cr i t i cal poi ní s
on z = 0: ( p, 0) , ( - p, 0) , ( 1/ p, 0) and ( - 1/ p, 0) .

We denot e by y 1 , y2, y3 and y4 t he val ues p, 1/ M, - M and - 1/ p, r espect i vel y .

The next t wo l emmas f ol l ow f r om Appendi x A of [ 6] and Appendi x I .

Lemma 4 . 1 . 2 . The cr i t i cal poi nt ( yk, 0) of syst em Ul associ at ed í o syst em
( I ) i s of t ype E i f P3 ( 1, yk) qÉ 0 and of t ype DE i f P3( 1, yk) = 0 . I n t hi s second
case, i f t he cr i t i cal poi nt i s a saddl e- node, t hen i t i s of t ype DEl ( see Appendi x
I ) .

Lemma 4 . 1 . 3 . The vect or f i el d on t he equat or of t he Poi ncar é spher e of
syst em ( I ) i s shown i n Fi gur e 16 .
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Fi gur e 16 .

We shal l say t hat syst em ( I ) has í ndex conf i gur at i on, ( i , j , k, l ) i f t he f our pai r s
of i nf i ni t e cr i t i cal poi nt s have i ndi ces i , j , k and 1 .

Fr om Theor ems E, DE and Poi ncaxé- Hopf Theor em ( see Appendi x I ) we
have t hat a CCS( I ) has onl y t wo possi bl e i ndex conf i gur at i ons, ( 1, 1, - 1, 0) and
( 1, 0, 0, 0) .

4 . 2 . Topol ogi cal phase por t r ai t s .

I n t hi s subsect i on we st udy al l t he possi bl e t opol ogi cal phase por t r ai t s of a
CCS( I ) . To do t hat we anal yse al l t he di st i nct i ndex conf i gur at i ons .

Conf i gur at i on ( 1, 1, - 1, 0) .

Fr om Lemma 4 . 1 . 2 and Theor ems E and DE, i t f ol l ows t hat t he i nf i ni t e
cr i t i cal poi nt s ar e t wo nodes, one saddl e and one saddl e- node of t ype DEL

Pr oposi t i on 4 . 2 . 1 . The phase por t r ai t of a CCS( I ) wi t h í ndex conf i gur at i on
( 1, 1, - 1, 0) i s homeomor phi c ( except , per haps t he or i ent at i on) t o one of phase
por t r ai t s 1, 2, 3 or 4 .

Pr oof . . By usi ng symmet r i es, r ot at i ons and changes of si gn i n t he var i abl e t
( i f i t i s necessar y) , we obt ai n t hat any CCS( I ) wi t h i ndex conf i gur at i on ( 1, 1,
- 1, 0) has a behavi our at i nf i ni t y equi val ent t o one of t he behavi our s t hat ar e
shown i n Fi gur e 17 .

By l ooki ng at Fi gur e 17 . ( 1) we have t hat t her e ar e t hr ee possi bl e phase
por t r ai t s wi t h t hi s behavi our i n a nei ghbour hood of t he i nf i ni t y, phase por t r ai t s
1, 2 and 3 . Mor eover f r omFi gur e 17 . ( 2) we have t hat t her e i s onl y one possi bl e
phase por t r ai t wi t h t hi s behavi our i n a nei ghbour hood of t he i nf i ni t y, t he phase
por t r ai t 4.
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Fi gur e 17 .

( 2)

Fi gur e 18 .

Conf i gur at i on ( 1, 0, 0, 0) .

Fr omTheor ems E and DE and Lemma 4 . 1 . 2 i t f ol l ows t hat t he i nf i ni t e cr i t i cal
poi nt s ar e one node and t hr ee saddl e- nodes of t ype DEL

Pr oposi t i on 4 . 2 . 2 . The phase por t r ai t of a CCS( I ) wi t h í ndex conf i gur at í on
( 1, 0, 0, 0) i s homeomor phi c ( excepi , per haps t he or i ent at i on) t o one of phas e
por t r ai t s 5, 6, 7, 8, and 9.

Pr oof :: By usi ng si mi l ar ar gument s t o t hose of t he pr oof of Pr oposi t i on 4 . 2 . 1
we obt ai n t hat any CCS( I ) wi t h i ndex conf i gur at i on ( 1, 0, 0, 0) has a behavi our
at i nf i ni t y as i n Fi gur e 18 .

Fi gur es 18 . ( 1) and 18 . ( 2) det er mi ne phase por t r ai t s 5 and 6 ; r espect i vel y .
Fi gur e 18 . ( 3) det er mi nes phase por t r ai t s 7, 8 and 9 .
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4 . 3 . Real i zat i ons .

I n t hi s subsect i on we shal l gi ve CCS( I ) t hat r eal i ze each phase por t r ai t f ound
i n Subsect i on 4 . 2 .

Phase por t r ai t s 1, 2 and 3 .

Fr omt he pr oof of Pr oposi t i on 4 . 2 . 1 we know t hat phase por t r ai t s 1, 2 and 3
have t he same behavi our at i nf i ni t y . Now we consi der t he f ol l owi ng f ami l y of

CS :

i = 6 ( y + ( 1/ 2) x) ( 4
y2

- 2 xy + x 2 ) ,

( 4 . 3 . 1 . d)

y = d - 2x - 4y + ( 53/ 4) x 2 - 16xy + 5y 2 + 6x( y + ( 1/ 2) x) ( 17y - 8x) ,

wi t h d > 0. Al l t he syst ems of t hi s f ami l y ar e of t ype ( I ) of Theor em2 . 3 wi t h
p=2 .

The next r esul t i s easy t o pr ove .

Lemma 4 . 3 . 1 . I f d > 0 t hen syst em ( 4 . 3 . 1 . d) i s a CCS( I ) .

Now we st udy t he i nf i ni t y cr i t i cal poi nt s of t hi s f ami l y of syst ems .

Lemma 4 . 3 . 2 .

( a) Syst em Ul associ at ed t o syst em ( 4 . 3 . 1 . d) has f our cr i t i car poi nt s on

z = 0, ( 2, 0) i s an at t r act or node, ( 1/ 2, 0) i s a saddl e, ( - 1/ 2, 0) i s a saddl e-

node of t ype DEI and ( - 2, 0) i s a r epel l or node .

( b) The behavi our at i nf i ni t y of syst ems ( 4 . 3 . 1 . d) i s shown i n Fi gur e 19.

Pr oof - By Lemma 4 . 1 . 1 we know t hat ( 2, 0) , ( 1/ 2, 0) , ( - 1/ 2, 0) and ( - 2, 0)
ar e t he cr i t i cal poi nt s of §yst em Ul on z = 0 . Fr om Appendi x A of [ 6] and

Appendi x I we obt ai n t hat ( 2, 0) i s an at t r act or node, ( 1/ 2, 0) i s a saddl e, ( - 2, 0)
i s a r epel l or node and ( - 1/ 2, 0) i s of t ype DE. Si nce syst em ( 4 . 3 . 1A) i s chor dal
( see Lemma 4 . 3 . 1) , f r om Poi ncar é- Hopf Theor em we have t hat ( - 1 / 2, 0) has
i ndex zer o . so, f r omTheor emDE ( - 1/ 2, 0) i s a saddl e- node and f r omLemma
4 . 1 . 2 i t i s of t ype DEL Hence we obt ai n ( a) .

St at ement ( b) f ol l ows by appl yi ng Theor em DE t o det er mi ne t he l ocal i za-

t i on of t he separ at r i x of t he saddl e- node not cont ai ned at i nf i ni t y, and usi ng
st at ement ( a) .
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Fi gur e 19 .

Pr oposi t i on 4 . 3 . 3 .
( a) Syst em ( 4 . S. 1 . d) wi t h d = 1/ 2 r eal i zes phase por t r ai t 3 .

( b) Syst em ( 4 . 3. 1 . d) wi t h d = 21 r eal i zes phase por t r ai t 1 .
( c) Syst em ( 4 . 3. 1 . d) f or some d E ( 1/ 2, 21) r eal i zes phase por t r ai t 2 .

Pr oof . . Fr om Fi gur e 19, t o r eal i ze phase por t r ai t 3 i t i s enough t o f i nd a
val ue d, such t hat syst em ( 4 . 3 . 1A) ver i f i es t hat t he separ at r i x not cont ai ned at
i nf i ni t y of t he saddl e- node p ( see Fi gur e 19) goes t o t he cr i t i cal poi nt
( - 1/ 2, 0) . To do t hat we consi der t he st r ai ght l i ne f ( x, y) = y + x/ 2 - 1/ 4 = 0
and we t r y t o i mpose t hat i t i s a sol ut i on . Thi s i s equi val ent t o show t hat gr ad
f ( x, y) - ( x, y) = y + x/ 2 = 0 on f ( x, y) = 0 . Si nce y + . ¡ / 2 = d - 1/ 2, syst em
( 4 . 3 . 1 . d) wi t h d = 1/ 2 has f ( x, y) = 0 as a sol ut i on . Then, f r om Lemmas 4 . 3 . 1
and 4 . 3 . 2 st at ement ( a) f ol l ows .

To r eal i ze phase por t r ai t 1 we l ook at t he vect or f i el d of syst em ( 4 . 3 . 1A) on
t he st r ai ght l i ne g( x, y) = y - 2x = 0 . Si nce gr ad g( x, y) - ( x, y) = ( 5/ 4) x2 -
l Ox + d on g( x, y) = 0, i f d = 21 t he st r ai ght l i ne i s wi t hout cont act poi nt s
and t he or bi t s cr osses i t f r om t he hal f - pl ane y - 2x < 0 t o t he ot her one i n
f or war d t i me . Ther ef or e, f r om Fi gur e 19 t he separ at r i x of t he saddl e ( 1/ 2, 0)
must come f r om t he node ( - 2, 0) . So f r om Lemmas 4 . 3 . 1 and 4 . 3 . 2 st at ement
( b) i s pr oved .

Now we shal l r eal i ze t he phase por t r ai t 2 . Any syst em of t he f ami l y ( 4 . 3 . 1 . d)
i s a CCS( I ) wi t h t he behavi our at i nf i ni t y shown i n Fi gur e 19 ( see Lemma
4 . 3 . 2) . Mor eover i f d = 1/ 2 and d = 21 t he cor r espondi ng syst ems r eal i ze
phase por t r ai t s 3 and 1, r espect i vel y . So, f r om t he cont i nui t y of t he sol ut i ons
wi t h r espect t o par amet er s t her e exi st s an i nt er medi at e val ue of d t hat r eal i zes
phase por t r ai t 2 .

Mor e exact l y, we consi der t he i nt er val [ a, b] wi t h 0 < a < 1/ 2 and b > 21 .
Si nce ( 2 . 0) i s an at t r act or node of syst em ( 4 . 3 . 1A) f or al l d E [ a, b] ( see Lemma
4 . 3 . 2) we cl ai m t hat t her e exi st s a nei ghbour hood U of ( 2, 0) such t hat any
or bi t i n U goes t o t he cr i t i cal poi nt ( 2, 0) . Nowwe consi der t he set Mof val ues
d E [ a, b] such t hat f or t he cor r espondi ng syst em ( 4 . 3 . I . d) t he separ at r i x of t he
saddl e- node p goes t o ( 2, 0) . We shal l pr ove t hat Mi s an open set .
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Fr om t he t heor ems of cont i nuous dependency of t he sol ut i ons wi t h r espect

t o par amet er s and i ni t i al condi t i ons, i f do E M, t hen t her e i s an i nt er val V =

( do- e, do+e) such t hat , f or each syst em ( 4 . 3 . 1A) wi t h d E V, t he cor r espondi ng

separ at r i x of t he saddl e- node p ( out of a nei ghbour hood - i ndependent on d -

of t hi s cr i t i cal poi nt p) goes i nt o t he nei ghbour hood U i n a f i ni t e t i me . . Hence

Mi s open .

Si mi l ar l y, we have t hat t he set N, of val ues d E [ a, b] such t hat f or t he

cor r espondi ng syst em ( 4 . 3 . 1 . d) t he separ at r i x of t he saddl e- node p goes t o

( - 1/ 2, 0) , i s an open set .

Si nce 1/ 2 E N, 21 E M, Mf l N=

	

and [ a, b] i s connect ed, t her e exi st s a

d* E [ 1/ 2, 211 such t hat d* 1 MUN. That i s, f or syst em ( 4 . 3 . 1A) wi t h d = d*

t he separ at r i x of t he saddl e- node p cannot go nei t her ( 2, 0) nor ( - 1/ 2, 0) . So, i t

must go t o t he cr i t i cal poi nt ( 1/ 2, 0) and t her ef or e syst em ( 4 . 3 . 1 . d) . wi t h d = d*

r eal i zes phase por t r ai t 2 .

Phase por t r ai t s 4, 5 and 6 .

Fr omt he pr oof s of Pr oposi t i ons 4 . 2 . 1 and 4 . 2 . 2 i t f ol l ows t hat t he phase por -

t r ai t s 4, 5 and 6 ar e such t hat t he behavi our at i nf i ni t y det er mi nes compl et el y
t he phase por t r ai t .

Pr oposi t i on 4 . 3 . 4 . Syst em

( 4 . 3 . 2)

i = 6psx3
+

6pzy3

y = 1 + x2 - 6 p, 2 x 3 + 6FL
5
x

2
y +6( 1+p4) xy2

,

wi t h Fe > 1 i s a CCS( I ) and r eal i zes phase por t r ai t 4 .

Pr oof . . By easy comput at i ons i t f ol l ows t hat syst em ( 4 . 3 . 2) i s a CCS( I ) .

Fr om Appendi ces A of [ 6] and 1 we obt ai n t hat t he f our cr i t i cal poi nt s at

i nf i ni t y ( see Lemma 4 . 1 . 1) ar e t wo at t r act or nodes ( p, 0) and ( - 1/ h, 0) , a saddl e

( 1/ M, 0) and a cr i t i cal poi nt ( - p, 0) of t ype DE. By usi ng si mi l ar ar gument s t o

t he pr oof of Lemma 4 . 3 . 2 i t f ol l ows t hat ( - / . i , 0) i s a saddl e- node of t ype DEL

Ther ef or e, we have t hat t he behavi our at i nf i ni t y of syst em ( 4 . 3 . 2) i s gi ven by
Fi gur e 17 . ( 2) r ever si ng t he or i ent at i on of t he or bi t s . Hence t he pr oposi t i on

f ol l ows .

Pr oposi t i on 4 . 3 . 5 . Syst em

i = - ( 7/ 4) x - 2y + 24( y - x/ 2) ( y + x/ 2) ( y + 2x) ,

( 4 . 3 . 3. )

y = - 1/ 4 - ( 7/ 2) x - 4y + x 2 + 4xy +
4y2

+ 48( y - x/ 2) ( y + x/ 2) ( y + 2x) ,

i s a CCS( I ) and r eal i zes phase por t r ai t 5.
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Pr oof .. I t i s cl ear t hat syst em ( 4 . 3 . 3) i s a CS of t ype ( I ) wi t h / c = 2 . To show
t hat t hi s syst em has no f i ni t e cr i t i cal poi nt s, we wr i t e i t i n t he f or m

x = A( x, y) + P3 ( x, y) = 0,

y = B( x, y) + Q3( x, y) = 0,

wher e P3( x, y) = 24( y - x/ 2) ( y - } - x/ 2) ( y - f - 2x) . Then i t s f i ni t e cr i t i cal poi nt s
ar e sol ut i ons of t he syst em

A( x, y) + P3 ( x, y) = 0,

B( x, y) - 2A( x, y) = 0 .

Fr omdi r ect comput at i ons B( x, y) - 2A( x, y) = 4( y+x/ 2+1/ 4) ( y+x/ 2- 1/ 4) .
So, i f we denot e y l = - x/ 2 - 1/ 4, y2 = - x/ 2 + 1/ 4 and subst i t ut e t hese
expr essi ons i n t he f i r st equat i on we obt ai n t hat A( x, yl ) +P3( x, yl ) = 9x 2 +1/ 8
and t hat A( x, y2) + P3 ( x, y2) = - 9x 2 - 1/ 8 . Hence syst em ( 4 . 3 . 3) i s a CCS( I ) .

Fr om Appendi ces A of [ 6] and I we have t hat t he f our cr i t i cal poi nt s at
i nf i ni t y ( see Lemma 4 . 1 . 1) ar e an at t r act or node ( 2, 0) and t hr ee cr i t i cal poi nt s
( 1/ 2, 0) , ( - 1/ 2, 0) and ( - 2, 0) of t ype DE. To st udy t he l ocal behavi our of t hese
t hr ee cr i t i cal poi nt s we appl y Theor em DE. By usi ng si mi l ar ar gument s t o t he
pr oof of Pr oposi t i on 3 . 1 . 1 we obt ai n

g( z) = ( 4/ 135) x 2 + . . .

	

f or ( 1/ 2, 0) ,
g( z) = x 4 / 900 + . . .

	

f or ( - 1 / 2, 0) , and
g( z) = x 2 / 160+ . . .

	

f or ( - 2, 0) .

So, by Theor em DE t hey ar e saddl e- nodes of t ype DE1 and t he behavi our at
i nf i ni t y i s gi ven by Fi gur e 18 . ( 1) , and we ar e done .

i = - ( 21/ 4) x - { - 24( y - x/ 2) ( y - f - x/ 2) ( y + 2x) ,

( 4 . 3 . 4)

J = - 1/ 4 - ( 21/ 2) x - I - x2 - 4xy +
4y2

+ 48( y - x/ 2) ( y + x/ 2) ( y + 2x) ,

i s a CCS( I ) and r eal i zes phase por i r ai t 6.

Pr oof .. As i n t he pr oof of Pr oposi t i on 4 . 3 . 5, we obt ai n t hat syst em ( 4 . 3 . 4) i s
a CCS( I ) . The cr i t i cal poi nt s at i nf i ni t y ar e an at t r act or node ( 2, 0) , and t hr ee
cr i t i cal poi nt s ( 1/ 2, 0) , ( - 1/ 2, 0) and ( - 2, 0) of t ype DE. Fr om Theor em DE
we have t hat

g( z) = - x 4 / 540 + . . .

	

f or ( 1/ 2, 0) ,
g( z) = - ( 4/ 225 ) x2 + . . .

	

f or ( - 1/ 2, 0) , and
g( z) = ( 5/ 288) x 2 + . . .

	

f or ( - 2, 0) .
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Lemma 5 . 1 . 1 . Syst emUl associ at ed t o syst em ( I I ) has t hr ee cr i t i cal poi nt s

on z = 0, ( 1, 0) , ( 0, 0) and ( - 1, 0) .

The next t wo l emmas f ol l ow f r omt he Poi ncar é compact i f i cat i on ( see Appen-
di x A of [ 6] and Pr oposi t i on 3 . 1 . 1)

Lemma 5 . 1 . 2 .
( a) The cr i t i cal poi nt ( k, 0) of syst em Ui associ at ed t o syst em ( I I ) i s of

t ype E i f P3( 1, k) : ~ 0, and of t ype DE i f P3( 1, k) = 0, wher e k E { - 1, 1} .

Fur t her mor e i f t he cr i t i cal poi nt i s a DE saddl e- node, t hen i t wi l l be of t ype

DEl ( see Appendi x I ) .

( b) The cr i t i cal poi nt ( 0, 0) of syst em Ul associ at ed t o syst em ( I I ) i s, of

t ype DE i f pl q¿ 0; of t ype NE i f pi = 0, 12 : , ~ 0, and of t ype Z i f pl = 12 = 0 .
I f i t i s of t ype DE t hen i t i s a saddl e- node of t ype DE2 ( see Appendi x I ) .

Lemma 5 . 1 . 3 . The vect or f i el d on t he equat or of t he Poi ncar é spher e of

syst em ( I I ) i s shown i n Fi gur e 22 .

Fi gur e 22 .

We shal l say t hat syst em ( I I ) has í ndex conf i gur at i on ( i , j , k) i f i t s t hr ee pai r s
of i nf i ni t e cr i t i cal poi nt s have i ndi ces i , j and k .

Fr om Theor ems E, DE, NE and Poi ncar é- Hopf Theor em ( see Appendi x I )
we have t hat a CCS( I I ) has onl y t wo possi bl e i ndex conf i gur at i ons, ( 1, 1, - 1)
and ( 1, 0, 0) .

5 . 2 . Topol ogi cal phase por t r ai t s .

I n t hi s subsect i on we st udy al l t he possi bl e t opol ogi cal phase por t r ai t s of a
CCS( I I ) . Fi r st , we anal yse t he di st i nct i ndex conf i gur at i ons .

Conf i gur at i on ( 1, 1, - 1) .

Fr omLemma 5. 1 . 2 and Theor ems E, DEand NE, t he cr i t i cal poi nt s at i nf i ni t y
have t wo opt i ons, ei t her t hey ar e t wo nodes and one saddl e ( Opt i on 1) , or
t hey ar e one node, one saddl e and t he uni on of a hyper bol i c and el l i pt i c sect or
( Opt i on 2) .



Pr oposi t i on 5. 2 . 1 .

( a) The phase por t r ai t of a CCS( I I ) sat i sf yi ng Opt i on 1 i s homeomor phi c

( except , per haps ¡ he or i ent at i on) t o phase por t r ai t 10 .

( b) The phase por t r ai t of a CCS( I I ) sat i sf yi ng Opt i on 2 i s homeomor phi c

( except , per haps t he or i ent at i on) l o one of phase por t r ai t s 11, 12, 13 and 11, .

Pr oof .

( a) Fr om Fi gur e 22 and Theor ems E and DE, ( 0, 0) must be a saddl e of

t ype NE. Then, f r om Lemma 3 . 2 . 2 our CCS( I I ) has a behavi our at i nf i ni t y

gi ven by Fi gur e 23 . Thi s behavi our at i nf i ni t y det er mi nes phase por t r ai t 10 .
( b) Fr om Lemma 5 . 1 . 2 and Theor ems E, DE and NE, ( 0, 0) must be t he

uni on of a hyper bol i c and el l i pt i c sect or . Then, f r om Pr oposi t i on 3 . 2 . 3 ar i d

by usi ng symmet r i es and r ot at i ons, our CCS( I I ) has a behavi our at i nf i ni t y

gi ven by ( 1) or ( 2) of Fi gur e 24 . Fi gur e 24 . ( 1) det er mi nes phase por t r ai t 11 .
However , Fi gur e 24 . ( 2) det er mi nes phase por t r ai t s 12, 13 and 14 .
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Fi gur e 23 .

Fi gur e 24 .
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Conf i gur at i on ( 1, 0, 0) .

Fr omLemma 5 . 1 . 2 and Theor ems E, DEand NE, t he cr i t i cal poi nt s at i nf i ni t y

have t wo opt i ons, ei t her t hey ar e one node and t wo saddl e- nodes ( Opt i on 1) ,

or t wo saddl e- nodes and t he uni on of a hyper bol i c and el l i pt i c sect or ( Opt i on2) .

Pr oposi t i on 5 . 2 . 2 .
( a) The phase por t r ai t of a CCS( I I ) sat i sf yi ng Opt i on 1 i s homeomor phi c

( except , per haps t he or i ent at i on) t o one of phase por t r ai t s 15, 16, 17, 18, 19,

20, 21, 22, 23 and 24-
( b) . The phase por t r ai t of a CCS( I I ) sat i sf yi ng Opt i on 2 i s homeomor phi c

( except , per haps t he or i ent at i on) t o one of phase por t r ai t s 25, 26, 27 and 28.

Pr oof :

( a) . Fr om Fi gur e 22, ( 0, 0) must be a saddl e- node, ei t her of t ype DE or

NE. I n t he f i r st case, f r om Lemma 5. 1 . 2 an by usi ng symmet r i es and r ot at i ons,

our CCS( I I ) has a behavi our at i nf i ni t y gi ven by Fi gur e 25 . I n t he second case,
f r omPr oposi t i on 3 . 2 . 4 and by usi ng symmet r i es an r ot at i ons, our CCS( I I ) has
a behavi our at i nf i ni t y l i ke i n Fi gur e 26 . Then Fi gur es 25 . ( 1) , 26 . ( 1) , 26 . ( 2) and

26 . ( 4) det er mi ne phase por t r ai t s 15, 19, 20 and 24, r espect i vel y . Fi gur es 25 . ( 2)
and 26 . ( 3) det er mi ne phase por t r ai t s 16, 17, 18, and 21, 22, 23 ; r espect i vel y .

( b) Si nce P3 ( x, y) = p, x 3 - f - ( P2 - 1/ 2) x 2 y +P3xy 2 +y 3 f or syst em ( I I ) , by
Lemma 5 . 1 . 2 we have t hat p1 = 0, p2 = - 1/ 2, P3 = 0 and 12 : ~ 0 . So, f r om
Pr oposi t i on 3 . 2 . 3 and by usi ng symmet r i es and r ot at i ons, our CCS( I I ) has t he
behavi our at i nf i ni t y shown i n Fi gur e 27. Fi gur es 27 . ( 1) and 27 . ( 2) yi el d phase

por t r ai t s 25 and 26, r espect i vel y ; and Fi gur e 27 . ( 3) yi el ds phase por t r ai t s 27

and 28 . a

M. CARBONELL, J . LLI BRE

Fi gur e 25 .



CHORDAL CUBI C SYSTEMS

	

285

Fi gur e 26 .

Fi gur e 27 .
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5 . 3 . Real i zat i ons .

I n t hi s subsect i on we shal l gi ve chor dal cubi c syst ems of t ype ( I I ) t hat r eal i ze
al l t he possi bl e t opol ogi cal phase por t r ai t s of Subsect i on 5 . 2 .

Phase por t r ai t s 10, 15, 19, 20 and 24 .

Fr omt he pr oof of Pr oposi t i ons 5 . 2 . 1 and 5 . 2. 2, t hese phase por t r ai t s ar e such
t hat t he behavi our at i nf i ni t y det er mi nes compl et el y t he phase por t r ai t .

Pr oposi t i on 5 . 3 . 1 . Syst em

=x 2y+y 3 ,

( 5 . 3 . 1)

	

y = 1 + x2 - I - 2xy 2 ,

i s a CCS( I I ) whi ch r eal i zes phase por t r ai t l o .

Pr oof . By easy comput at i ons i t f ol l ows t hat syst em ( 5 . 3 . 1) i s a CCS( I I ) .
Fr om Appendi ces A of [ 6] and I , and Lemma 5 . 1 . 2 i t f ol l ows t hat : ( 1, 0) i s an
at t r act or node, ( - 1, 0) i s a r epel l or node and ( 0, 0) i s a cr i t i cal poi nt of t ype
NE. By Pr oposi t i on 3 . 2 . 1, ( 0, 0) i s a saddl e . So t he behavi our at i nf i ni t y of
syst em ( 5 . 3 . 1) i s shown i n Fi gur e 23 and we ar e done .

Pr oposi t i on 5 . 3 . 2 . Syst em

x = ( x +
y) 3

( 5 . 3 . 2)

	

y = 1+ y( x + y) ( x + 3y) ,

i s a CCS( I I ) whi ch r eal i zes phase por t r ai t 15 .

Pr oof . Cl ear l y, syst em ( 5. 3 . 2) i s a CCS( I I ) . Fr omLemma 5 . 1 . 2 and Appen-
di ces A of [ 61 and I ( see al so Lemma 5 . 1 . 1) , we have t hat ( 1, 0) i s an at t r act or
node, ( 0, 0) i s a saddl e- node of t ype DE2, and ( - 1, 0) i s a cr i t i car poi nt of t ype
DE. As i n t he pr oof of Lemma 4 . 3 . 2, ( - 1, 0) i s a saddl e- node of t ype DEL
Then, by Pr oposi t i on 3 . 1 . 1 t he behavi our at i nf i ni t y of syst em ( 5 . 3 . 2) i s l i ke i n
Fi gur e 25 . ( 1) . So t he pr oposi t i on f ol l ows .

Pr oposi t i on 5 . 3 . 3 . Syst em

i =( 1+x+y) ( 1+y2) ,

( 5 . 3 . 3)

	

. y = ( x + y) ( 2 + x + y2) ,

i s a CCS( I I ) whi ch r eal i zes phase por t r ai t 19 .

Pr oof .. By easy comput at i ons i t f ol l ows t hat syst em ( 5 . 3 . 3) i s a CCS( I I ) .
Fr om Appendi ces A of [ 6] and I and Lemma 5 . 1 . 2, ( 1, 0) i s an at t r act or node,
( 0, 0) and ( - 1, 0) ar e cr i t i cal poi nt s of t ype NE and DE, r espect i vel y . Then,
si nce h = 0, 12 = 1, p l = 0, P2 = 1/ 2 and P3 = 1, by Theor em DE and
Pr oposi t i on 3 . 2 . 4, t he behavi our at i nf i ni t y of syst em ( 5 . 3 . 3) i s shown i n Fi gur e
26 . ( 1) and so t he pr oposi t i on f ol l ows .



Pr oposi t i on 5 . 3 . 4 . Syst em

( 5 . 3 . 4)

Pr oof :: I t i s cl ear t hat syst em ( 5 . 3 . 4) i s a CCS( I I ) . As i n t he pr oof of Pr o-

posi t i on 5 . 3 . 3, ( 1, 0) i s an at t r act or node, ( 0, 0) and ( - 1, 0) ar e cr i t i cal poi nt s

of t ype NE and DE, r espect i vel y . Si nce 1 1 = 0, 12 . _ - 1, P1 = 0, P2 = 1/ 2
and

P3
= 1, by Theor em DE and Pr oposi t i on 3 . 2 . 4, t he behavi our at i nf i ni t y of

syst em ( 5 . 3 . 4) i s gi ven i n Fi gur e 26 . ( 2) . Hence, t he pr oposi t i on f ol l ows .

Pr oposi t i on 5 . 3 . 5 . Syst em

( 5 . 3 . 5)

=xy 2
+y

3
,

y= - 1 - x 2
+xy 2 +y 3 ~

i s a CCS( I I ) whi ch r eal i zes phase por í r ai t 20 .

=( 1+x+y) ( 1 - 2x - 2y+y 2 ) ,

y=( x+y) ( 1- x- y+y2) ,

i s a CCS( I I ) whi ch r eal i zes phase por t r ai t 2l , .
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Pr oof - By di r ect comput at i ons i t f ol l ows t hat syst em ( 5 . 3 . 5) i s a CCS( I I ) . As
i n t he pr oof of Pr oposi t i on 5 . 3 . 3, ( 1, 0) i s an at t r act or node, ( 0, 0) and ( - 1, 0)
ar e cr i t i cal poi nt s of t ype NE and DE, r espect i vel y . Si nce 11 = - 2, 12 = - 1,

p1 = 0, P2 = 1/ 2 and
P3

= 1, by Theor em DE and Pr oposi t i on 3 . 2 . 4, t he
pr oposi t i on f ol l ows as i n t he pr oof of Pr oposi t i on 5 . 3 . 3 .

Phase por t r ai t s 16, 17 and 18 .

Fr om t he pr oof of Pr oposi t i on 5 . 2 . 2, t hese phase por t r ai t s have t he same
behavi our at i nf i ni t y . We consi der t he f ami l y of CS

i = ( - 1 + x - { - y) ( - 5/ 2 + ( 3/ 2) x + ( 3/ 2) y - 2x 2 + xy + y 2 ) ,

( 5 . 3 . 6 . a)

y= ( x+y) ( 9- } - ax+( 2- a) y- 2xy- F2y2) ,

wi t h a E [ - 4, 8] . Al l t he syst mes of t hi s f ami l y ar e of t ype ( I I ) .

Lemma 5 . 3 . 6 . I f a E [ - 4, 8] t hen syst em ( 5 . 3 . 6 . a) i s a CCS( I I ) .

Pr oof . . We need t o anal yse t he t hese syst ems :

- 1+x+y=0, 9+ax+( 2- a) y- 2xy+2 y
2 =0 ;

x + y = 0, - 5/ 2 + ( 3/ 2) x + ( 3/ 2) y - 2x 2 + xy + y2 = 0 ;

9+ax+( 2- a) y- 2xy+2y 2 =0,

- 5/ 2 + ( 3/ 2) x + ( 3/ 2) y - 2x 2 + xy + y2 = 0 ;
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I n t he f i r st one, subst i t ut i ng t he f i r st equat i on i nt o t he second one, we have

t hat i t has no r eal sol ut i ons i f a E ( - 4 . 3, 8 . 3) . Si mi l ar l y, t he second syst em has

no r eal sol ut i ons .

I n t he l ast syst em, af t er some cal cul at i ons we obt ai n t hat i t has no r eal

sol ut i ons i f a E ( - 6 . 5, 8 . 5) . Hence t he Lemma f ol l ows .

Now we st udy t he i nf i ni t y cr i t i cal poi nt s of t hi s f ami l y of syst ems .

Lemma 5 . 3 . 7 .

( a) Syst em Ul associ at ed t o syst em ( 5 . 3 . 6. a) i s such t hat , ( 1, 0) i s an at -

t r act or node, ( 0, 0) i s a saddl e- node of t ype DE2 and ( - 1, 0) i s a saddl e- node

of t ype DEL.

( b) The behavi our at i nf i ni t y of syst ems ( 5 . 3 . 6 . x) i s shown i n Fi gur e 25 . ( 2) .

Pr oof . By Lemma 5 . 1 . 1 and Appendi ces A of [ 6] and I , ( 1, 0) , ( 0, 0) and
( - 1, 0) ar e t he cr i t i cal poi nt s of syst em U, , associ at ed t o syst em ( 5 . 3 . 6 . a) , on
z = 0, al l t hem of t ype DE. By Theor em DE and Pr oposi t i on 3 . 1 . 1, ( 0, 0) and
- 1, 0) ar e saddl e- nodes and t hei r sepaxat r i ces ar e si t uat ed as i t i s i ndi cat ed

i n Fi gur e 25 . ( 2) : As i n t he pr oof of Lemma 4 . 3 . 2, we have t hat ( 1, 0) i s an
at t r act or node . So we have pr oved t he Lemma .

Pr oposi t i on 5 . 3 . 8 .
( a) Syst em ( 5 . 3 . 6 . a) wi t h a = - 3 r eal i xes phase por t r ai t 16.

( b) Syst em ( 5. 3 . 6. a) wi t h a = 7 r eal i xes phase por t r ai t 18.
( e) Syst em ( 5 . 3 . 6 . a) f or some a E ( - 3, 7) r eal i xes phase por t r ai t 17.

Pr oof .. Fr om Fi gur e 25 . ( 2) , t o r eal i ze phase por t r ai t 16 i t i s enough t o pr ove
t hat t he st r ai ght l i ne f ( x, y) = y + x + 1 = 0 i s a sol ut i on of syst em ( 5 . 3 . 6 . a)
f or some a . Mor e pr eci sel y, we i mpose t hat gr ad f ( x, y) - ( i , y) = i + y = 0 on

f ( x, y) = 0 . Si nce i + y = - ( a + 3) ( 1 + 2x) on f ( x, y) = 0, syst em ( 5 . 3 . 6 . a)
wi t h a = - 3 has f ( x, y) = 0 as a sol ut i on . Then, f r omLemmas 5 . 3 . 6 and 5 . 3 . 7
i t f ol l ows ( a) .

To r eal i ze phase por t r ai t 18 we l ook at t he vect or f i el d of syst em ( 5 . 3 . 6 . a) on
t he st r ai ght l i ne g( x, y) = y - 3/ 2 = 0 . We have t hat gr ad g( x, y) - ( i , y) = y =

( 3/ 2 + x) [ ( 3/ 2) ( 11 - a) + ( a - 3) x] on g( x, y) = 0. Si nce y = ( 3 + 2x) 2 i f a = 7,
f r om Fi gur e 25 . ( 2) and Lemmas 5 . 3 . 6 and 5 . 3 . 7, ( b) i s pr oved .

St at ement ( c) f ol l ows consi der i ng si mi l ar ar gument s t o t hese used i n t he
pr oof of Pr oposi t i on 4 . 3 . 3 . ( c) .

Phase por t r ai t s 21, 22 and 23 .

Fr om t he pr oof of Pr oposi t i on 5 . 2 . 2, t hese phase por t r ai t s have t he same
behavi our at i nf i ni t y . We consi der t he f ami l y of CS

i =1+2x 2 +xy2 +y
3 ,

( 5 . 3 . 7 . d)

	

y = d + x2 - 3 y2
+

xy2
+

y3

wi t h d G1 . Al l t he syst ems of t hi s f ami l y ar e of t ype ( I I ) .



Lemma 5 . 3 . 9 . I f d < 1 t hen syst em ( 5 . 3 . 7. d) i s a CCS( I I ) .

Pr oof :: The cr i t i cal poi nt s of syst em ( 5 . 3 . 7A) ar e sol ut i on of t he syst em

or equi val ent l y
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A( x, y) + P3( x, y) = 0,

B( x, y) + P3 ( x, y) = 0,

A( x, y) + P3( x, y) = 0, .

B( x, y) - A( x, y) = 0,

wher e P3 ( x, y) = xy2 + y 3 . Si nce B( x, y) - A( x, y) = ( d - 1) - x2
- 3y

2
, t he

l emma f ol l ows .

Now we st udy t he i nf i ni t e cr i t i cal poi nt s of t hi s f ami l y of syst ems .

Lemma 5. 3 . 10.
( a) Syst em Ul associ at ed t o syst em ( 5 . 3 . 7. d) i s such t hat ( 1, 0) i s an at -

t r act or node, ( 0, 0) i s a saddl e- node of t ype NE and ( - 1, 0) i s a saddl e- node
of t ype DEl .

( b) The behavi our at i nf i ni t y of syst ems ( 5. 3 . 7 . d) i s shown i n Fi gur e 26. ( 3) .

Pr oof .. By Lemma 5 . 1 . 1, ( 1, 0) , ( 0, 0) and ( - 1, 0) ar e t he cr i t i cal poi nt s of
syst em Ul on z = 0 . Fr om Appendi ces A of [ 6] and 1 ( 1, 0) i s an at t r act or
node, ( 0, 0) i s of t ype NE and ( - 1, 0) i s of t ype DE. Si nce pl = 0, P2 = 1/ 2,
P3 = 1, l r = 2 and 12 = 1, by Theor em DE and Pr oposi t i on 3 . 2 . 4, ( 0, 0) and
( - 1, 0) ar e saddl e- nodes and t hei r separ at r i ces ar e si t uat ed as i t i s shown i n
Fi gur e 26 . ( 3) .

Pr oposi t i on 5. 3 . 11.
( a) Syst em ( 5 . 3 . 7. d) wi t h d = - 1 r eal i zes phase por t r ai t 21 .
( b) Syst em ( 5 . 3 . 7. d) wi t h d = 1/ 2 r eal i zes phase por t r ai t 23 .
( c) Syst em ( 5 . 3 . 7. d) f or some d E ( - 1, 1/ 2) r eal i zes phase por t r ai t 22 .

Pr oof . . Fr om Fi gur e 26 . ( 3) t o r eal i ze phase por t r ai t 21 i t i s enough t o pr ove
t hat t he st r ai ght l i ne f ( x, y) = x + y = 0 i s a sol ut i on of syst em ( 5 . 3 . 7 . d) f or
some d. Mor e pr eci sel y, we i mpose t hat gr ad f ( x, y) - ( i , J) = i + y = 0 on
f ( x, y) = 0 . Si nce i + j = 1 + d on f ( x, y) = 0 ; syst em ( 5 . 3 . 7A) wi t h d = - 1
has f ( x, y) = 0 as a sol ut i on . Then, f r om Lemmas 5 . 3 . 9 and 5 . 3 . 10 i t f ol l ows
( a ) .

To r eal i ze phase por t r ai t 23 we l ook at t he vect or f i el d of syst em ( 5 . 3 . 7A)
on t he st r ai ght l i ne g( x, y) = y = 0 . Si nce gr ad g( x, y) - ( i , TJy ) = d + x2 on
g( x, y) = 0, i f d = 1/ 2 g( x, y) = 0 i s a cur ve wi t hout cont act poi nt s f or syst em
( 5 . 3 . 7 . d) . Then, f r om Fi gur e 26 . ( 3) and Lemmas 5 . 3 . 9 and 5 . 3 . 10 ( b) i s pr oved .
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St at ement ( c) f ol l ows as i n t he pr oof of Pr oposi t i on 4 . 3 . 3 . ( c) .

Phase por t r ai t s 11, 25 and 26 .

Fr omt he pr oof of Pr oposi t i ons 5 . 2 . 1 and 5 . 2 . 2, t hese phase por t r ai t s ar e such

t hat t he behavi our at i nf i ni t y det er mi nes t he phase por t r ai t .

Pr oposi t i on 5 . 3 . 12 . Syst em

( 5 . 3 . 8)

	

J = x 2 + ys >

Pr oposi t i on 5 . 3 . 13 . Syst em

( 5 . 3 . 9)

x = ( - 1 + y) ( - 20 - x 2 + xy + y 2 ) ,

i s a CCS( I I ) whi ch r eal i zes phase por t r ai t 11 .

Pr oof . Looki ng at t he f l ow on t he st r ai ght l i ne y - 1 = 0, on t he hyper bol a

y 2 + xy - x 2 = 20 and on t he cubi c x 2 + y 3 = 0, i t f ol l ows t hat syst em ( 5 . 3 . 8)

i s chor dal .

Fr omLemma 5 . 1 . 2 and Appendi ces A of [ 6] and I ( see al so Lemma 5 . 1 . 1) we

have t hat ( 1, 0) i s an at t r act or node, ( 0, 0) i s a cr i t i cal poi nt of t ype NE and

( - 1, 0) i s a saddl e . Then, si nce p l = 0, P2 = - 1/ 2, P3 = 1 and 12 = 1, f r om

Pr oposi t i on 3 . 2 . 1, ( 0, 0) i s t he uni on of a hyper bol i c and el l i pt i c sect or . Fr om

Pr oposi t i on 3 . 2 . 3 t he behavi our at i nf i ni t y of syst em ( 5 . 3 . 8) i s shown i n Fi gur e

24 . ( 1) . So t he pr oposi t i on f ol l ows .

x= - 2y - x 2y+y 3 ,

J=1+x
2
- 4

y2,

i s a CCS( I I ) whi ch r eal i zes phase por t r ai t , 25.

Pr oof . By easy comput at i ons i t f ol l ows t hat syst em ( 5 . 3 . 9) i s a CCS( I I ) . As

i n t he pr oof of Pr oposi t i on 5 . 3 . 12, ( 1, 0) and ( - 1, 0) ar e cr i t i cal poi nt s of t ype

DE and ( 0, 0) i s a cr i t i cal poi nt of t ype NE. Si nce pl = 0, P2 = - 1/ 2, P3 = 0

and 12 = 1, f r omTheor em DE, Lemma 5 . 1 . 2 and Pr oposi t i ons 3 . 2 . 1 and 3 . 2 . 3,

( 1, 0) and ( - 1, 0) ar e saddl e- nodes of t ype DEl and ( 0, 0) i s t he uni on of a

hyper bol i c and el l i pt i c sect or . Ther ef or e t he behavi our at i nf i ni t y of syst em

( 5 . 3 . 9) i s shown i n Fi gur e 27 . ( 1) . Hence t he pr oposi t i on f ol l ows .

Pr oposi t i on 5 . 3 . 14 . Syst em

i =x+y- x 2y+y 3 ,

( 5 . 3 . 10)

	

y = - 1 + x 2 + ( 3/ 2) xy

i s a CCS( I I ) whi ch r eal i zes phase por t r ai t , 26 .

y 2

Pr oof . . St udyi ng t he f l ow on t he st r ai ght l i ne x +y = 0 and on t he hyper bol as

y 2 - xy = - 1 and x 2 +( 3/ 2) xy- y 2 = 1, i t f ol l ows t hat syst em ( 5 . 3 . 10) , i s chor dal .

Now, t he pr oposi t i on f ol l ows as i n t he pr oof of Pr oposi t i on 5 . 3 . 13 .



Phase por t r ai t s 12, 13 and 14 .

Fr om t he pr oof of Pr oposi t i on 5 . 2 . 1, t hese phase por t r ai t s have t he same
behavi our at i nf i ni t y . We consi der t he f ami l y of CS

( 5 . 3 . 11 . b)
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i =2b- x+( b- 4) y+x2/ 2- x2y+xy2+
y3,

y=( 1+y) ( 1+by+y2) ,

wi t h b E [ - 2, 21 . Al l t he syst ems of t hi s f ami l y ar e of t ype ( I I ) .

Lemma 5 . 2 . 15 . I f b E [ - 2, 2] t hen syst em ( 5 . 3. 11 . b) i s a chor dal cubi c

syst em.

Pr oof .. Fi r st we consi der b E [ - 2, 2] . Then y = 0 i f and onl y i f y = - 1 .
Mor eover , x = b + 3 + ( 3/ 2) x 2 on y = - 1 .

Now, we assume t hat - b = - 2 . Cl ear l y y = 0 i f and onl y i f y = 1 or y = - 1 .
Si nce x = - 9 - x 2 / 2 on y = 1 and i = 1 + ( 3/ 2) x 2 on y = - 1, t he l emma
f ol l ows .

Now we st udy t he i nf i ni t y cr i t i cal poi nt s of t hi s f ami l y of syst ems .

Lemma 5 . 3 . 16 .
( a) Syst em Ul associ at ed t o syst em ( 5 . 3 . 11. b) i s such t hat ( 1, 0) i s an

at t r act or node, ( 0, 0) i s ¡ he uni on of a hyper bol i c and el l i pt i c sect or of t ype Z

and ( - 1, 0) i s a saddl e .
( b) The behavi our at i nf i ni t y of syst ems ( 5 . 3 . 11 . b) i s shown i n Fi gur e

21, . ( 2) .

Pr oof .. - By Lemma 5 . 1 . 1, ( 1, 0) , ( 0, 0) and ( - 1, 0) ar e t he cr i t i cal poi nt s of
syst em Ul on z = 0 . Fr om Appendi ces A of [ 6] and I ( 1, 0) i s an at t r act or
node, ( 0, 0) i s a cr i t i cal poi nt of t ype Z and ( - 1, 0) i s a saddl e . To anal yse t he
behavi our at ( 0, 0) we consi der t he bl ow up y = y, z = wy . Ther ef or e, syst em
Ul i s equi val ent ( af t er omi t t i ng a common f act or y2) t o

y = 1 - w/ 2 + y Y( y, w) ,

w=- w( 1+w) ( 1+bw+w2) ,

wher e Y i s a pol ynomi al i n y and w. Looki ng at t he vect or f i el d of t hi s syst em
on t he w- axi s and unmaki ng t he change of var i abl es we obt ai n t he Fi gur e 28 .
Hence, t he l emma f ol l ows .
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Remar k 5 . 3 . 17 . Not e t hat syst em ( 5 . 3 . 111) i s not a CCS( I I ) si nce t he

or i gi n of syst em Ul has l i near par t i dent i cal l y zer o .

Pr oposi t i on 5 . 3 . 18 .
( a) Syst em ( 5. 3 . 11. b) wi t h b = - 2 r eal i zes phase por t r ai t 14 .

( b) Syst em ( 5 . 3 . 11 . b) wi t h b E ( 1, 2] r eal i zes phase por t r ai t 12 .

( e) Syst em ( 5 . 3 . 11 . b) f or some b E ( - 2, 1) r eal i zes phase por t r ai t 13 .

Pr oof . I t i s easy t o pr ove t hat t he st r ai ght l i ne y + 1 = 0 i s a sol ut i on of

t he syst em ( 5 . 3 . 111) f or any b E [ - 2, 21 . Al so t he st r ai ght l i ne y - 1 = 0 i s a

sol ut i on- of syst em ( 5 . 3 . 11 . b) when b = - 2 . Looki ng at t he vect or f i el d of t hi s

syst em on t he y- axi s we have

on x = 0. Fr omFi gur e 29 and Lemmas 5 . 3 . 15 and 5 . 3 . 16, ( a) and ( b) f ol l ows .

St at ement ( c) f ol l ows as i n t he pr oof of Pr oposi t i on 4 . 3 . 3 . ( c) .
a

x = ( 2 + y) ( b - 2y
+

y2) ,

J=( 1+y) ( 1+by+y2) .

Fi gur e 28 .

b = - 2

	

b E ( - 2, 1)

X



Phase por t r ai t s 27 and 28 .

( 5 . 3 . 12 . a)
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x= 1 +ax+y - x 2 +2xy+y 2- x 2 y+y3 ,

b=1

	

bE( 1, 21
Fi gur e 29 .

bow

Fr om t he pr oof of Pr oposi t i on 5 . 2 . 2, t hese phase por t r ai t s have t he same
behavi our at i nf i ni t y . We consi der t he f ami l y of CS

I t i s cl ear t hat syst em ( 5 . 3 . 12 . a) i s a CCS( I I ) f or al l a E R. I n t he next
l emma we st udy t hei r i nf i ni t e cr i t i cal poi nt s .

Lemma 5 . 3 . 19 .
( a) Syst em Ul associ at ed t o syst ems ( 5. 3 . 12 . a) i s such t hat ( 1, 0) and

( - 1, 0) ar e saddl e- nodes of t ype DEI and ( 0, 0) i s t he uni on of a hyper bool c
and el l i pt i c sect or .

( b) The behavi our at i nf i ni t y of syst ems ( 5. 3 . 12. a) i s shown i n Fi gur e
27( 3) .

The pr oof f ol l ows as i n t he pr oof of Pr oposi t i ons 5 . 3 . 13 and 5 . 3 . 14 .

Pr oposi t i on 5 . 3 . 20 .
( a) Syst em ( 5 . 8 . 12 . a) wi t h a = 0 r eal i zes phase por t r ai t 27.
( b) Syst em ( 5. 8 . 12 . a) wi t h a

	

0 r eal i zes phase por t r ai t 28.

Pr oof . We l ook at t he vect or f i el d of syst em ( 5 . 3 . 12 . a) on t he hyper bol a

AX5 y) = y2 - x 2 + 1 = 0 . Si nce gr ad f ( x, y) - ( x, y) = - ax 2 on f ( x, y) = 0,

f r omFi gur e 27 . ( 3) and Lemma 5 . 3 . 19, t he pr oposi t i on f ol l ows .
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6 . Syst em ( I I I )

I n t hi s sect i on we det er mi ne al l t he possi bl e phase por t r ai t s of a CCS( I I I ) .
Al so we r eal i ze t hese phase por t r ai t s .

6 . 1 . Cr i t i cal poi nt s .

Nowwe st udy t he cr i t i cal poi nt s at i nf i ni t y of syst em ( I I I ) ( see Remar k 4 . 1 . 1) .
An easy comput at i on ( see Appendi x A of [ 6] ) al l ows t o pr ove t he next r esul t .

Lemma 6 . 1 . 1 . Syst em Ul associ at ed t o syst em ( I I I ) has t wo cr i t i cal poi nt s

on z = 0: ( 1, 0) and ( - 1, 0) .

The next l emma f ol l ows f r om Apendi ces A of [ 6] and I .

Lemma 6 . 1 . 2 .
( a) The cr i t i cal poi nt ( 1, 0) of syst em Ui associ at ed t o syst em ( I I I ) i s of

t ype E i f pi + p2 - } - p3 7~ p, and of t ype DE i f pi +p2 + p3 = P.

( b) The cr i t i cal poi nt ( - 1, 0) of syst em UI associ at ed t o syst em ( I I I ) i s of

t ype E i f - p l + P2 - p3 : ~ M, and of t ype DE i f - p l + P2 - p3 = p.

I n bot h cases, i f ¡ he DE cr i t i cal poi nt i s a saddl e- node, t hen i t i s of t ype DEL

6 . 2 . Topol ogi cal phase por t r ai t s and r eal i zat i ons .

I n t hi s subsect i on we st udy al l t he possi bl e t opol ogi cal phase por t r ai t s of a

CCS( I I I ) and we r eal i ze t hem.

Pr oposi t i on 6 . 2 . 1 .
( a) The phase por t r ai t of a CCS( I I I ) i s homeomor phi c ( except , per haps t he

or i ent at i on) t o phase por t r ai t 29.

( b) Syst em

x =
px3

- py 3 ,

y= 1-
I x 3

+F, x 1
y>

wi t h p > 0, i s a CCS( I I I ) whi ch r eal i zes phase por t r ai t 29 .

Pr oof .. Fr om Lemma 6. 1 . 2 and Theor ems E, DE and Poi ncar é- Hopf Theo-
r em, t he cr i t i cal poi nt s at i nf i ni t y ar e ( see Lemma 6. 1 . 1) one node and one
saddl e- node of t ype DEL

By usi ng symmet r i es, r ot at i ons or changes of si gn i n t he var i abl e t ( i f i t i s
necessar y) we obt ai n t hat any CCS( I I I ) has a behavi our at i nf i ni t y as i n Fi gur e
30 . Thi s f i gur e, det er mi nes phase por t r ai t 29 . Hence ( a) f ol l ows .

By easy comput at i ons we have t hat syst em ( 6 . 2 . 1) i s a CCS( I I I ) . Fr om
Appendi ces A of [ 6] and 1 ( 1, 0) i s a cr i t i cal poi nt of t ype DE and ( - 1, 0)
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i s an at t r act or node . As i n t he pr oof of Pr oposi t i on 4 . 3 . 2 i t f ol l ows t hat ( 1, 0)
i s a saddl e- node of t ype DEL Then f r om ( a) i t f ol l ows ( b) .

7 . 1 . Cr i t i cal poi nt s .

Fi gur e 30 .

7 . Syst em ( I V)

I n t hi s sect i on we det er mi ne al l t he possi bl e phase por t r ai t s of a CCS( I V) .
Al so we r eal i ze t hese phase por t r ai t s .

Nowwe st udy t he cr i t i cal poi nt s at i nf i ni t y of syst em ( I V) ( see Remar k 4 . 1 . 1) .
An easy comput at i on ( see Appendi x A of [ 6] ) al l ows t o pr ove t he next r esul t .

Lemma 7 . 1 . 1 .
( a) Syst em Ul associ at ed t o syst em ( I V) has onl y t he cr i t i cal poi nt ( 0, 0)

onz=0 .

( b) Syst em U2 associ at ed t o syst em ( I V) has onl y t he cr i t i cal poi nt ( 0, 0)
onz=0 .

The next t wo l emmas f ol l ow f r omAppendi ces A of [ 6] and I , see al so Pr opo-
si t i ons 3 . 1 . 1 and 3 . 1 . 2 .

Lemma 7 . 1 . 2 .

( a) The cr i t i cal poi nt ( 0, 0) of syst em Ul associ at ed t o syst em ( I V) i s of
t ype DE i f pl qÉ 0, of t ype NE i f pl = 0, 12 : ~ 0, and of t ype Z i f pl = 12 = 0-

( b) The cr i t i cal poi nt ( 0, 0) of syst em U2 associ at ed t o syst em ( I V) i s of
i ype DE i f p3 : ~ 0, of t ype NE i f p3 = 0, nl : ~ 0, and of t ype Z i f p3 = nl = 0 .

I n bot h cases, i f t he cr i t i cal poi nt i s a DE saddl e- node, i t i s of t ype DE2.

Lemma 7 . 1 . 3 . The veét or f i el d on t he equat or of ¡ he Poi ncar é spher e of
syst em ( I V) i s shown i n Fi gur e 31 .
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Fi gur e 31 .

7 . 2 . Topol ogi cal phase por t r ai t s .

I n t hi s subsect i on we st udy al l t he possi bl e t opol ogi cal . phase por t r ai t s of a
CCS( I V) .

Pr oposi t i on 7 . 2 . 1 .

( a) The cr i t i cal poi nt s at i nf i ni t y of a CCS( I V) ar e a saddl e- node and t he

uni on of a hyper bol i c and el l i pt i c sect or .

( b) The phase por t r ai t of a M( I V) i s homeomor phi c ( except , per haps t he

or i ent at i on) t o one of phase por t r ai t s 30, 31, 32, 33, 34 and 35.

Pr oof .. Fr omLemma 7 . 1 . 2 and Theor ems DE, NE and Poi ncar é- Hopf Theo-

r emt he t wo cr i t i cal poi nt s at i nf i ni t y ( see Lemma 7 . 1 . 1) have i ndi ces 1 and 0 .
Agai n f r om Theor ems DE and NE and Lemma 7. 1 . 3, ( a) f ol l ows :

Wi t hout l oss of gener al i t y we can suppose t hat ( 0, 0) of syst em Ul i s t he
uni on of a hyper bol i c and el l i pt i c sect or . Ther ef or e f r om Lemma 7 . 1 . 2 and

( a) we consi der t wo cases . Case 1 ( r esp . Case 2) : ( 0, 0) of syst em Uz i s a
saddl e- node of t ype DE2 ( r esp . of t ype NE) .

I n t he f i r st case, f r om Pr oposi t i ons 3 . 1 . 2 and 3 . 2 . 3 and by usi ng symmet r i es,

r ot at i ons and changes of si gn i f i t i s necessar y, i t f ol l ows t hat any CCS( I V) has
a behavi our at i nf i ni t y as i n Fi gur e 32 . I n t he second case, f r om Pr oposi t i ons
3 . 2 . 3, 3 . 3 . 1 and 3 . 3 . 4 any CCS( I V) has a behavi our at i nf i ni t y l i ke i n Fi gur e 33 .

Fi gur es 32 . ( 1) , 33 . ( 1) and 33 . ( 2) det er mi ne phase por t r ai t s 30, 34 and 35 ;
r espect i vel y . Fi gur e 32 . ( 2) det er mi nes phase por t r ai t s 31, 32 and 33 . Hence

( b) f ol l ows .



7 . 3 . Real i zat i ons .

I n t hi s subsect i on we shal l gi ve chor dal cubi c syst ems of t ype ( I V) t hat r eal i ze
al l t he possi bl e t opol ogi cal phase por t r ai t s of Subsect i on 7 . 2 .

Phase por t r ai t s 30, 34 and 35 .

Fr om t he pr oof of Pr oposi t i on 7 . 2 . 1, t hese phase por t r ai t s ar e such t hat t he
behavi our at i nf i ni t y det er mi nes t he phase por t r ai t .

Pr oposi t i on 7 . 3 . 1 . Syst em

Fi gur e 32 .

Fi gur e 33 .

i = - 9 + 6x 2 y +
xy 2 ,

y=x 2 +y s ,

i s a CCS( I V) whi ch r eal i zes phase por t r ai t 30 .
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Pr oof .. Fr om t he f l ow on t he cubi cs x 2 + y 3 = 0 and xy( 6x + y) = 9 we can
pr ove t hat syst em ( 7 . 3 . 1) i s chor dal .
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8 . 1 . Cr i t i cal poi nt s .

Fi gur e 34 .

b = - 2

	

b E ( - 2, 2)

	

b = 2

Fi gur e 35 .

8 . Syst em ( V)

I n t hi s sect i on we det er mi ne al l t he possi bl e phase por t r ai t s of a CCS( V) and

we r eal i ze t hem.

Now we st udy t he cr i t i cal poi nt s at i nf i ni t y of syst em ( V) ( see Remar k 4 . 1 . 1) .

An easy comput at i on ( see Appendi x A of [ 6] ) al l ows t o pr ove t he next r esul t .

Lemma 8 . 1 . 1 .

( a) Syst em Ul associ at ed t o syst em ( V) has onl y one cr i t i cal poi nt on

z = 0, t he or i gi n.

( b) Syst emUZ associ at ed t o syst em ( V) has onl y one cr i t i cal poi ni on z = 0,

t he or i gi n .

The next t wo l emmas f ol l ow f r om Appendi ces A of [ 6] and I .



8 . 2 Topol ogi cal phase por t r ai t s .
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Lemma 8 . 1 . 2 .
( a) The cr i t i cal poi ni ( 0, 0) of syst em Ul associ at ed t o syst em ( V) i s of

t ype E i f pl : ~ - 2, and of t ype DE i f pl = - 2 . Mor eover , i f ¡ he cr i t i cal poi nt
i s a DE saddl e- node, i t i s of t ype DEL

( b) The cr i t i cal poi nt ( 0, 0) of syst em U2 associ at ed t o syst em ( V) i s of
t ype DE i f p3 : ~ 0, of t ype NE i f p3 = 0, ni q¿ 0, and of t ype Z i f p3 = ni = 0 .

Lemma 8 . 1 . 3 . The vect or f i el d on t he equat or of t he Poi ncar é spher e of
syst em ( V) i s shown i n Fi gur e 36.

Fi gur e 36 .

I n t hi s subsect i on we st udy al l t he possi bl e t opol ogi cal phase por t r ai t s of a
CCS( V) .

Pr oposi t i on 8 . 2 . 1 .
( a) The cr i t i cal poi nt s at i nf i ni t y of a CCS( V) ar e a saddl e- node and a

node .

( b) The phase por t r ai t of a CCS( V) i s homeomor phi c ( except , per haps t he
or i ent at i on) t o one of phase por t r ai t s 29 and 36 .

Pr oof - Fr om Lemma 8. 1 . 2 and Theor ems E, DE, NE and Poi ncar é- Hopf
Theor em, t he t wo cr i t i cal poi nt s at i nf i ni t y ( see Lemma 8 . 1 . 1) have i ndi ces 1
and 0 . Agai n, f r omTheor ems E, DE, and NE and Pr oposi t i ons 3 . 1 . 2 and 3 . 3 . 1,
( a) f ol l ows ; and f ur t her mor e we have t wo cases . Case 1 : t he or i gi n of syst em
Ul i s a node and t he or i gi n of syst em U2 i s a saddl e- node of t ype NE. Case 2 :
t he or i gi n of syst em Ul i s a saddl e- node of t ype DEI and t he or i gi n of syst em
U2 i s a node .

I n t he f i r st case, t o st udy t he saddl e- node of t ype NE, we must anal yse t wo
opt i ons ( see Pr oposi t i on 3 . 3 . 1) .

Opt i on 1 : P2 q¿ 0. Thi s opt i on i s st udi ed i n Pr oposi t i on 3 . 3 . 4, and t he
behavi our at i nf i ni t y i s shown i n Fi gur e 37 .
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Opt i on 2 : P2 = 0 pl us ot her condi t i ons . Fr om Lemma 8 . 1 . 3, onl y Fi gur es

11 . ( 3) and 11 . ( 4) can occur . Fi gur e 11 . ( 3) i s such t hat t he behavi our of t he
saddl e- node i s t opol ogi cal l y equi val ent t o a saddl e- node óf t ype DEL Then
by a r ot at i on we ar e i n Case 2 . Fi gur e 11 . ( 4) gi ves t he same si t uat i on t hat i n
Opt i on 1 .

I n t he second case we have t hat t he behavi our at i nf i ni t y i s shown i n Fi gur e
38 .

Fi gur es 37 and 38 det er mi ne phase por t r ai t s 36 and 29, r espect i vel y . Hence,
( b) f ol l ows .

Fi gur e 37.

	

Fi gur e 38 .

8 . 3 . Real i zat i ons .

I n t hi s subsect i on we shal l gi ve a CCS( V) whi ch r eal i zes phase por t r ai t 36,
because phase por t r ai t 29 i s r eal i zed i n Pr oposi t i on 6 . 2 . 1 .

Phase por t r ai t 36 .

Fr omt he pr oof of Pr oposi t i on 8 . 2 . 1, t he behavi our at i nf i ni t y det er mi nes t he
phase por t r ai t .

Pr oposi t i on 8 . 3 . 1 . Syst em

- _ 1 + y 2 +4x 3 + x2 y ,

( 8 . 3 . 1)

	

y = x + xy 2 ,

i s a CCS( V) whi ch r eal i zes phas e por t r ai t 36.

9 . Syst em( VI )

Pr oo£ Cl ear l y syst em ( 8 . 3 . 1) i s a CCS( V) . For t hi s syst em we have p1 = 2,

P2 = 1, P3 = 0, n 2 = 1 . So, f r om Lemma 8 . 1 . 2, Theor em E and Pr oposi t i on
3 . 3 . 4 t he behavi our at i nf i ni t y of syst em ( 8 . 3 . 1) i s shown i n Fi gur e 37 and we
ar e done .

I n t hi s sect i on we det er mi ne al l t he possi bl e phase por t r ai t s of a CCS( VI ) .
Al so we r eal i ze t hese phase por t r ai t s .
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9 . 1 . Cr i t i cal poi nt s and t opol ogi cal phase por t r ai t s .

Nowwe st udy t he cr i t i cal poi nt s at i nf i ni t y of syst em ( VI ) ( see Remar k 4 . 1 . 1) .
Fr om Appendi ces A of [ 6] and I i t f ol l ows t he next r esul t .

Lemma 9 . 1 . 1 .
( a) Syst em Ul associ at ed t o syst em ( VI ) has onl y one cr i t i cal poi nt on

z = 0, t he or i gi n .
( b) Thi s cr i t i cal poi nt i s of t ype DE i f pl : ~ 0, of t ype NE i f pl = 0, 12 : ~ 0,

and of t ype Z i f pi = 12 = 0.

Now we deduce al l t he possi bl e t opol ogi cal phase por t r ai t s of a CCS( VI ) .

Pr oposi t i on 9 . 1 . 2 .
( a) The cr i t i cal poi nt at i nf i ni t y of a CCS( VI ) i s t he uni on of a hyper bol i c

and el l i pt i c sect or .
( b) The phase por t r ai t of a CCS( VI ) i s homeomor phi c ( except , per haps t he

or i ent at i on) t o one of phase por t r ai t s 37 and 38.

Pr oof .. Fr om Lemma 9. 1 . 1 and Theor ems DE, NE and Poi ncar é- Hopf Theo- -
r emt he cr i t i cal poi nt at i nf i ni t y has i ndex 1 and i t i s of t ype DE or NE. Hence,
f r om Pr oposi t i ons 3. 1 . 1 and 3. 2 . 1, ( a) f ol l ows .

Fr omPr oposi t i on 3 . 2 . 3 and by usi ng r ot at i ons, any CCS( VI ) has a behavi our
at i nf i ni t y as i n Fi gur e 39 . Fi gur es 39 . ( 1) and 39 . ( 2) det er mi ne phase por t r ai t s
37, and 38, r espect i vel y .

Fi gur e 39 .

9 . 2 . Real i zat i ons .

I n t hi s subsect i on we shal l gi ve CCS( VI ) whi ch r eal i ze phase por t r ai t s 37 and
38 .

Phase por t r ai t s 37 and 38 .

Fr om t he pr oof of Pr oposi t i on 9. 1 . 2, t hese phase por t r ai t s ar e such t hat t he
behavi our at i nf i ni t y det er mi nes t he phase por t r ai t .
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. i 6x 2 y + y3 ,

( 9 . 2 . 1)

	

y=1+x 2 ,

and

Pr oposi t i on 9 . 2 . 1 . Syst ems

x = 13x 2 y + y3 ,

( 9 . 2 . 2)

	

y = 1 + x 2 + 7xy 2 ,

ar e CCS( VI ) whi ch r eal i ze phase por t r ai t s 37 and 38, r espect i vel y .

The pr oof f ol l ows easi l y f r omPr oposi t i on 3. 2 . 3 and Fi gur e 39 .

10 . Syst em ( VI I )

I n t hi s sect i on we det er mi ne al l t he possi bl e phase por t r ai t s of a CCS( VI I ) .

10 . 1 . Cr i t i cal poi nt s and t opol ogi cal phase por t r ai t s .

Fr om Appendi ces A of [ 6] and I i t f ol l ows t he next r esul t .

Lemma 10 . 1 . 1 .
( a) Syst em U2 associ at ed t o syst em ( VI I ) has onl y one cr i t i cal poi nt on

z = 0, t he or i gi n .

( b) Thi s cr i t i cal poi nt i s of t ype DE i f p3 : ~ 0, of t ype NE i f p3 = 0, ni : ~ 0,
and of t ype Z i f p3 = ni = 0.

The f ol l owi ng pr oposi t i on gi ves us t he possi bl e t opol ogi cal phase por t r ai t s of
a CCS( VI I ) .

Pr oposi t i on 10 . 1 . 2 .
( a) The cr i t i cal poi nt at i nf i ni t y of a CCS( VI I ) i s t he uni on of a hyper bol i c

and el l i pt i c sect or .
( b) The phase por t r ai t of a CCS( VI I ) i s homeomor phi c ( excepi , per haps

t he or i ent at i on) t o one of phase por t r ai t s 37 and 38.

Pr oof . Fr omPr oposi t i ons 3. 1 . 2 and 3 . 3 . 1, and by usi ng si mi l ar ar gument s t o
t he pr oof of Pr oposi t i on 9. 1 . 2, ( a) f ol l ows .

Fr omt he pr oof of Pr oposi t i on 3. 3 . 1 we have t wo opt i ons f or t he cr i t i cal poi nt
( 0, 0) of syst em U2 associ at ed t o syst em ( VI I ) .

Opt i on 1 : P2 < 0 . Thi s opt i on i s st udi ed i n Pr oposi t i on 3. 3 . 3 and t he
behavi our at i nf i ni t y i s shown i n Fi gur e 39 . ( 2) .

Opt i on 2 : P2 = pl = 0 . To anal yse t he l ocal behavi our at ( 0, 0) we consi der
t he changes of var i abl es x = x, z = xwl ; x = x, wl = xw; x = x, w = xu and
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x = x, u = xv . Ther ef or e, syst em U2 i s equi val ent ( af t er omi t t i ng a common
f act or x 3 ) t o

x=x+nl xv+x 2 X( x, v) ,

v = - 3v - 4n I v 2 + xv V( x, v) ,

wher e X and V ar e pol ynomi al s i n x and v of degr ee at l east one . Thi s syst em
has exact 1y t wo cr i t i cal poi nt s on t he v- axi s, t hey ar e a saddl e at ( 0, 0) and a
r epel l or node at ( 0, - 3/ ( 4n 1 » . So, f r om Fi gur e 40 ( wher e we suppose n 1 > 0) ,
t he behavi our at i nf i ni t y i s shown i n Fi gur e 39 . ( 1) . Then f r om t he pr oof of
Pr oposi t i on 9 . 1 . 2, t he pr oposi t i on f ol l ows .

Remember t hat phase por t r ai t s 37 and 38 ar e r eal i zed i n Pr oposi t i on 9 . 2 . 1 .

V

Fi gur e 40 .

Appendi x I

cko

11 . Syst ems ( VI I I ) , ( I X) and ( X)

By usi ng Appendi x A of [ 6] and Remar k 4 . 1 . 1, syst ems ( VI I I ) and ( I X) has
no i nf i ni t e cr i t i cal poi nt s . Then, f r om Poi ncar é- Hopf Theor em, t hese syst ems
cannot be a CCS . Fur t her mor e, syst em ( X) cannot be a CCS because al l t he
poi nt s on t he equat or of t he Poi ncar é spher e ar e cr i t i cal poi nt s . Hence, t he
Theor em of Sect i on 1 i t i s pr oved .

Thi s appendi x cont ai ns t he t heor ems whi ch we use i n t he st udy concer ni ng
t he l ocal behavi our near a cr i t i cal poi nt of t ype E, DE or NE. Al so i t cont ai ns
ot her r esul t s .

Theor emE.

	

( see [ 21) .

	

Leí ( 0, 0) be an i sol at ed cr i t i cal poi nt of t he vect or
f i el d X( x, y) = ( ax + by + F( x, y) , cx + dy + G( x, y) ) , wher e F and G ar e
anal yt i c i n a nei ghbour hood of t he or i gi n and have expansi ons t hat begi n wi t h
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second degr ee t er ms i n x and y . We say ¡ ha¡ ( 0, 0) i s a nondegener at e cr i t i cal

poi nt i f ad - be : ~ 0 . Le¡ pi and f c2 be t he ei genval ues of DX( 0, 0) . Then t he

f ol l owi ng hol d .

( a) I f Mi , P2 ar e r eal and Pl P2 < 0, t hen ( 0, 0) i s a saddl e ( Fi gur e B. 1 . ( 1»

whose separ at r i ces t end t o ( 0, 0) i n t he di r ect i ons gi ven by t he ei genvect or s

associ at ed wi t h ui and h2 .

( b) I f [ 1 1, P2 ar e r eal and Pl t c 2 > 0, t hen ( 0, 0) i s a node ( Fi gur e B. 1 . ( 2» .
I f ¡ t i > 0 ( r esp . < 0) t hen i t i s a sour ce ( r esp . si nk) .

( c) I f pi = a + f i and M2 = a - , 0i wi t h a, / p : ~ 0, t hen ( 0, 0) i s a f ocos

( Fi gur e B. 1 . ( 3» . I f a > 0 ( r esp . < 0) t hen i t i s r epel l or ( r esp . at t r act or ) .

( d) I f pl = / l i and M2 = - 0i , t hen ( 0, 0) i s a l i near cent er , t opol ogi cal l y a

f ocus or a cent er ( Fi gur e B. 1 . ( 4» .
The cor r epondi ng i ndi ces ar e - 1, +1, +1, +1 .

( 3)

	

( 4)

Fi gur e B. l . The l ocal behavi our near a cr i t i cal poi nt of t ype E
( we can r ever se t he or i ent at i on of t he or bi t s) .
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Fi gur e B . 2 . The saddl e- nodes of t ype DE
( we can r ever se t he or i ent at i on of t he or bi t s) .

x = X( X, y) ,

y = y + Y( x, Y) ,

Theor em DE. ( see Theor em 65 of [ 21) . Let ( 0, 0) be an i sol at ed cr i t i cal
poi ni of t he syst em

	

.

wher e X and Y ar e anal yt i c i n t he nei ghbour hood of t he or i gi n and have ex-
pansi ons t hat begi n wi t h second degr ee t er ms i n x and y . Let y = f ( x) be t he

sol ut i on of t he equat i on y - } - Y( x, y) = 0 i n a nei ghbour hood of ( 0, 0) , and as-

sume t hat t he ser i es expansi on of t he f unct i on g( x) = X( x, f ( x» has t he f or m

g( x) = a, n xm+ . . . , wher e m>_ 2, azyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� , : ~ 0 .
( a) I f mi s odd and a� , > 0, t hen ( 0, 0) i s a t opol ogi cal node .

( b) I f m i s odd and a� , < 0, t hen ( 0, 0) i s a t opol ogi cal saddl e, t wo of

whose separ at r i ces t end t o ( 0, 0) i n t he di r ect i ons 0 and 7r , t he ot her t wo i n t he

di r ect i ons 7r / 2 and 37x/ 2 .
( c) I f mi s even t hen ( 0, 0) i s a saddl e- node, i . e .

	

a cr i t i cal poi nt whose

nei ghbour hood i s t he uni on of one par abol i c and t wo hyper bol i c sect or s, t wo of

whose separ at r i ces t end t o ( 0, 0) i n ¡ he di r ect i ons 7r / 2 and 37x/ 2 and t he ot her
i n t he di r ect i on 0 or n accor di ng t o am< 0 ( Fi gur e B. 2 . ( 1» or a� L > 0 ( Fi gur e

B. 2 . ( 2) ) .

The cor r espondi ng i ndi ces ar e +1, - 1, 0; so t hey may ser ve t o di st i ngui sh t he
t hr ee í ypes .

Fr om Theor ems E and DE, t he st abl e and unst abl e separ at r i ces of a saddl e
p of t ype E or DE f or m an angl e i nt o t he poi nt p . So, t he i nf i ni t y separ at es
t he hyper bol i c sect or s l i ke i n Fi gur e B . 3 . Fr om t he Theor em DE t he i nf i ni t y
separ at es a saddl e- node p l i ke i n Fi gur e B. 4 . We not e t hat t he l i near par t ,



308

	

M. CARBONELL, J . LLI BRE

DX( p) , wi l l be ei t her

or DE2, r espect i vel y .

or

Fi gur e B. 3 . A saddl e of t ype E or DE on t he equat or of S2
( we can r ever se t he or i ent at i on of t he or bi t s) .

0
[ 0

	

9¿ 0,
accor di ng t o p i s of t ype DEl

Fi gur e B. 4 . The saddl e- nodes of t ype DEl or DE2 of p( X) on t he equat or of S2

( we can r ever se t he or i ent at i on of t he or bi t s) .

Theor emNE. ( see [ 11) . Le¡ ( 0, 0) be an i sol at ed cr i t i cal poi nt of t he syst em

i =Y+ X( x, Y) ,

y = Y( x, y) ,

wher e X and Y ar e anal yt i c i n a nei ghbour hood of t he or i gi n and have ex-

pansi ons t hat begi n wi t h second degr ee t er ms i n x and y . Let y = F( x) =

a2x 2 +a3x 3 + . . . be a s. ol ut i on of t he equat i on y+X( x, y) = 0 i n ¡ he nei ghbour -

hood of ( 0, 0) , and assume t hat we have t he ser i es expansi ons f or t he f unct i ons

f ( x) = Y( x, F( x) ) = axa( 1 + . . . ) and ¿( x) = ( áXl ax + aYl a y ) ( x, F( x) ) _

bxa( 1 + . . . ) wher e a : ~ 0, c¿ > 2 and f l > 1 .
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( a) I f a i s even, and
( a . 1) a > 2p + 1, t hen t he or i gi n i s a saddl e- node ( í ndex 0) , see Fi gur e

B. 5. ( 1 ) ;

( a . 2) ei t her a < 2p + 1 or o¿( x) _= 0, t hen t he or i gi n i s a cr i t i cal poi nt

whose nei ghbour hood i s t he uni on of t wo hyper bol i c sect or s ( i ndex 0) , see Fi gur e

B. 5. ( 2) .

( b) I f a i s odd and a > 0, t hen t he or i gi n i s a saddl e ( i ñdex - 1) , see Fi gur e

B. 5. ( 3) .

( c) I f a i s odd, a < 0, and

( c : 1) ei t her a > 2Q+1 and f l even; or a = 2p+1, / l even and b2 +4a( Q+
1) >_ 0, t hen t he or i gi n i s a node ( í ndex +1) , see Fi gur e B. 5. ( 4) . The node i s

st abl e i f b < 0, or unst abl e i f b > 0;

( c . 2) ei t her a > 2/ l +1 and / l odd; or a = 2f i +1, f l odd and b2 +4a( P+1) >_

0, t hen t he or i gi n i s t he uni on of a hyper bol i c and el l i pt i c sect or ( i ndex +1) ,

see Fi gur e B. 5. ( 5) ;
( c . 3) ei t her a = 2p+1 and b2 +4a( f +1) < 0, or a < 20+1 ( or - ¿( x) - 0) ,

t hen t he or i gi n i s ei t her a f ocus, or a cent er , r espect i vel y ( í ndex+1) .

Theor em. ( Poi ncar é- Hopf Theor em, see ( 12] ) . Let X be a vect or f i el d de-

f i ned on a compact connect ed sur f ace . I f X has f i ni t el y many cr i t i cal poi nt s

t hen t he sumof t he i ndi ces of al l t he cr i t i cal poi nt s i s i ndependent of t he vect or

f i el d and equal t o t he Eul er - Poi ncar é char act er i st i c of t he sur f ace .
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( 4)

	

( 5)
Fi gur e B. 5 . The l ocal behavi our near a si ngul ar i t y of t ype NE

( we can r ever se t he or i ent at i on of t he or bi t s) .
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