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Choreographed entangle dances: topological states of quantum matter

Xiao-Gang Wen
Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

For a long time, we thought that only symmetry breaking can give rise to different phases of
matter. If there was no symmetry breaking, there would be no pattern and it would be featureless.
But now we realize that, for quantum matter at zero temperature, even symmetric disordered liquids
can have features, which give rise to topological phases of quantum matter. Some of the topological
phases are highly entangled (i.e. have topological order), while others are weakly entangled (i.e. have
SPT order). In this article, we will briefly introduce those new zero-temperature states of matter
and their amazing emergent properties. We will also discuss their significance in unifying some most
basic concepts in nature.
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I. CONDENSED MATTER GOES
TOPOLOGICAL

Since the 1980’s, the study of topological phases of
quantum matter slowly became more and more active. It
now becomes a main stream in condensed matter physics.
But what are topological phases? Why people are inter-
ested in topological phases? We know that quantum mat-
ter refers to states of matter at zero temperature, which
can have many different kinds of phases. Topological
phases are one class of those zero-temperature phases,
that appear featureless and have non-zero energy gaps.
The energy gap implies that, like inert gases, topologi-
cal phases hardly respond to any external perturbations.
Featureless and inert, that sounds really boring.

But in fact, topological phases of quantum matter
represent a new unexplored world in condensed matter
physics. Many amazing new phenomena, such as emer-
gent gauge interaction, emergent Fermi and non-Abelian
statistics, are discovered. Some of those new phenomena
are beyond wildest imaginations and were thought to be
impossible. Those new topological phenomena have a
deep impact on different fields of physics and mathemat-
ics, such as condensed matter physics, quantum infor-
mation science, high energy particle physics, algebraic
topology and tensor category theory. In my opinion, the
topological phases of quantum matter and the associ-
ated many-body entanglement represent a second quan-
tum revolution in physics.

II. THE ERA OF BROKEN SYMMETRY

Our world is very rich. One aspect of its richness is re-
flected in the existence of many different phases of mat-
ter. It turns out that those rich phases of matter can be
understood from a symmetry point of view. For example,
a liquid has randomly distributed atoms. It has all the
symmetries, since it remains the same after we displace
and/or rotate it arbitrarily. Having all the symmetry,
liquids are featureless. In contrast, a crystal does not
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FIG. 1. (a,c,e) Disordered liquid states that do not break any
symmetry. (b,d,f) Ordered states that spontaneously break
some symmetries. For example, the energy function εg(φ) has
a symmetry φ→ −φ: εg(φ) = εg(−φ). However, as we change
the parameter g, the minimal energy state (the ground state)
some times respects the symmetry (a,c,e), and other times
have to settle into one that does not respect the symmetry
(b,d,f). (d) is a ferromagnetic spin order and (f) is a crystal
order.
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have all the symmetry. It remains unchanged only when
we displace it by a particular set of distances (integer
times of lattice constant). So a crystal has only discrete
translation symmetry. The phase transition between a
liquid and a crystal is a transition that reduces the con-
tinuous translation symmetry to the discrete symmetry.
Such a change in symmetry is called “spontaneous sym-
metry breaking” (see Fig. 1). The rich beautiful crystal
structures actually come from the partial breaking of the
translation and rotation symmetries.

Landau theory generalizes the above picture to de-
scribe any phases and any phase transitions [1]. It points
out that different phases are different only because they
have different symmetries in the organizations of the con-
stituent particles (such organizations are called orders).
As a material changes from one phase to another, what
happens is that the symmetry of the organization of the
particles changes. Having such a comprehensive theory
that describes all phases of matter, one started have a
feeling that the condensed matter theory had come to its
mature end.

III. NEW WORLD BEYOND SYMMETRY
BREAKING

A. Disordered liquids are not featureless

According to the Landau symmetry breaking theory,
the rich beautiful patterns in phases of matter actually
come from symmetry breaking. If there was no symme-
try breaking, such as in disordered liquids, then there
would be no pattern and the state would be featureless.
But, in late 1980s, it became clear that even disordered
liquids can have features. In a study of high Tc supercon-
ductors [2, 3] of a 2-dimensional disordered spin liquid –
“chiral spin liquid” – was discovered. Chiral spin liquid
is characterized by its absence of any spin order (see Fig.
1c) and its perfect heat conducting edge (since all edge
excitations move in the same direction). It was quickly
realized that there can be many different chiral spin liq-
uids with exactly the same symmetry [4] but different
numbers of heat conducting edge modes [5]. So symme-
try alone is not enough to characterize and distinguish
different chiral spin liquids. This means that the chiral
spin liquids must contain a new kind of order that is be-
yond the usual symmetry description. The proposed new
kind of order was named “topological1 order”[4]

Unfortunately, the chiral spin liquid has not been real-
ized in experiments2. But, people have discovered many

1 The term “topological” was motivated by the low energy effective
theory of the chiral spin liquids which is a Chern-Simons (CS)
gauge theory [3] – a topological quantum field theory (TQFT)[6].

2 The chiral spin liquid is realized numerically in Heisenberg model
on Kagome lattice with J1-J2-J3 coupling [7, 8].

different fractional quantum Hall (FQH) phases at semi-
conductor interface under strong magnetic field. FQH
liquids have a property that an electric field will induce a
current density in the transverse direction: jy = σxyEx.
It is an amazing discovery that the Hall conductance σxy
of a FQH liquid is precisely quantized as a rational num-

ber ν = p
q if we measure it in unit of e2

h : σxy = ν e
2

h

[9, 10]. Different quantized σxy correspond to different
FQH phases. Just like the chiral spin liquids, those differ-
ent FQH phases all have the same symmetry and cannot
be distinguished by symmetry-breaking. This suggests
that FQH liquids may also contain the new topological
orders.

B. What is the essence of FQH liquids?

C. N. Yang once pointed out that the BCS theory
of fermionic superfluid and superconductor capture the
essence of the superfluid and superconductor, but what
is this essence? To address this question, he developed
the theory of off-diagonal long range order [11] which
reveal the essence of superfluid and superconductor. In
fact long range correlation of local order parameter is the
essence of any symmetry breaking order.

Similarly, Laughlin’s theory [12] captures the essence
of the FQH effect, but what is this essence? It turns out
that the essence is not long range order. Actually, the
essence hidden in chiral spin liquids and FQH effect is
so new that it does not even have a name. So we are
free to call it “topological order”. In last 20 some years,
the theory of topological order was developed trying to
understand what is this hidden essence. Our exploration
is a journey into an unknown world, which is surprisingly
rich and fascinating.

C. What is topological order?

In the above discussion, we only refer topological or-
der by what it is not: it is not symmetry breaking order.
But this is not enough, we must define it by what it is.
In physics, to propose a new concept, we must define it
via physical properties that can be measured in experi-
ments and/or numerical calculations. Furthermore, those
measurable properties must be robust against any small
perturbations that can break any symmetries, in order to
define new orders beyond symmetry. As a comparison,
we note that superfluid order is defined/characterized
by zero viscosity and vortex quantization, that are ro-
bust against any small perturbations that do not break
the particle-number-conservation symmetry. Thus, su-
perfluid order is an order protected by particle-number-
conservation symmetry.

How to define/characterize topological order? Influ-
enced by Landau symmetry breaking theory, people still
try to use order parameter and long range correlation to
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(a) ferromagnetic order (b) stripe order

(c) FQH liquid (d) String liquid (spin liquid)

FIG. 2. (a,b) The static patterns for the symmetry breaking
orders (i.e. product states). (c,d) The dancing patterns for
the topological orders: global correlated group dances.

characterize the essence of FQH liquids [13–15], which re-
sult in the Ginzburg-Landau-Chern-Simons effective the-
ory of quantum Hall states. But the order parameter
and long range correlation used in the characterization
are not physical. In fact, all the local physical operators
have a short-ranged correlations in FQH liquids. So to
reveal the essence of FQH liquids, we must think in a
new direction.

Motivated by research in chiral spin state [4], we identi-
fied new topological properties that can reveal the essence
of FQH liquids: (1) the ground state degeneracy [4, 16]
on torus (and other spaces with non-trivial topology);
(2) the non-Abelian geometric phase3 of those degenerate
ground states [4] (which form a representation of modular
group SL(2,Z)); (3) the gapless edge modes [18, 19]. We
showed that all those properties are robust against any
small perturbations (even those that break all the sym-
metries) [16, 19]. Thus those robust topological proper-
ties play the role of order parameter which allow us to
define the notion of topological order macroscopically.

The notion of topological order can also be defined mi-
croscopically. First, we reminder readers that a product
state is a many-body state formed by a fixed pattern
of local quantum state on each site, such as the anti-
ferromagnetic state: | ↓↑↓↑↓↑↓〉. Product states are un-
entangled states. A spin flip | ↓↑↓ ↓ ↓↑↓〉 represents an
excitation above the anti-ferromagnetic ground state. If
such an excitation costs a finite energy, then we say the
ground state have a finite energy gap. The notion of
product state is opposite to that of topological order in
the sense that a gapped product state has no topological
order. More generally: a topologically ordered state is
a gapped ground state4 that cannot be continuously de-

3 For an explanation of non-Abelian geometric phase, see Ref. 17.
4 More precisely, a topologically ordered state is a gapped liquid
state, a notion introduced in Ref. 20 and 21.

formed into a product state smoothly without closing the
energy gap (i.e. without phase transition). Two topolog-
ically ordered states belong to the same phase (i.e. have
the same topological order) if they can deform into each
other smoothly without phase transition. From the above
definition, one can show that all the states with no topo-
logical order actually belong to the same phase, since the
deformation mentioned above can deform any product
state into any other product state.

We note that the deformations that do not close en-
ergy gap can only modify the entanglement over a short
distance. Thus we can also call the states with no topo-
logical order as short-range entangled states, and states
with topological order as long-range entangled states [22].
We see that topological order is nothing but pattern of
long range entanglement. Long range entanglement is
the essence of topological order, as well as the essence of
FQH liquids and chiral spin liquids.

IV. TOPOLOGICAL ORDERS AS
CHOREOGRAPHED QUANTUM DANCES

Topological order is a very new concept that actually
describes quantum entanglement in many-body systems.
Such a concept is very remote from our daily experiences
and it is hard to have an intuition about it. Here we
would like describe topological order through some intu-
itive pictures.

A. Static pattern versus dancing pattern

The product states (which correspond to symmetry
breaking states) are characterized by their fixed static
patterns, such as | ↓↑↓↑↓↑↓〉 (see Fig. IV Aa,b). In con-
trast, topologically ordered ground states are superposi-
tions of many different configurations, such as different
spin configurations | ↓↑↓↑↓↑↓〉 + | ↓↑↑↑↓↓↓〉 + · · · . Such
kind of states are also referred as having strong quantum
fluctuations. In the following, we will use dancing to gain
an intuitive picture of topological order (i.e. pattern of
quantum fluctuation or quantum entanglement).

A topological order is described by a global dance (see
Fig. IV Ac,d), where every particle (or spin) is dancing
with every other particle (or spin) in a very organized
way: (a) all spins/particles dance following a set of lo-
cal dancing “rules” trying to lower the energy of a lo-
cal Hamiltonian. (b) the local dancing “rules” enforce a
global dancing pattern, which corresponds to the topo-
logical order (i.e. long-range entanglement).

For example in FQH liquid, the electrons dance ac-
cording to the following local dancing rules:
(a) electron always dances anti-clockwise which implies
that the electron wave function only depend on the elec-
tron coordinates (x, y) via z = x+ iy.
(b) each electron always takes exactly “three steps” to
dance around any other electron, which implies that the
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FIG. 3. The strings in a spin-1/2 model. In the background
of up-spins, the down-spins form closed strings.

phase of the wave function changes by 6π as we move an
electron around any other electron.
The above two local dancing rules enforce a global danc-
ing pattern which corresponds to the Laughlin wave func-
tion [12] ΦFQH =

∏
(zi − zj)3. Such a collective dancing

gives rise to the topological order (or long range entangle-
ment) in the filling fraction ν = 1/3 FQH liquid (i.e. with

Hall conductance σxy = ν e
2

h ).

In additional to FQH liquids, some spin liquids5 also
contain topological orders [23, 24], where the spins dance
according to the follow local dancing rules:
(a) Down spins form closed strings with no open ends
(see Fig. 3).
(b) Strings can otherwise move and reconnect freely.
The global dance formed by the spins following the above
dancing rules gives us a quantum spin liquid which is
a superposition of all closed string configurations:[25]

|Φstring〉 =
∑

all string pattern

∣∣∣ 〉
. Such a state is a

string condensed state [26], which gives rise to the sim-
plest topological order – Z2 topological order [23, 24].

B. Topological orders in flat land

After having an intuitive picture of topological order
in terms of quantum dances, we like to ask, which topo-
logical orders have been observed in experiments? Which
topological orders are possible? What properties do they
have?

1. Fractionalization without fragmentation

In addition to the filling fraction ν = 1/3 FQH liq-
uid, many other FQH liquids with ν = 2/5, 2/3, 3/7, · · ·
were also discovered in experiments. Those FQH states
are described by more complicated dancing pattern. For
example, the electrons in ν = 2/5 FQH liquid have
the following dancing pattern: (1) First, the electrons
spontaneously separate into two components; (2) all the
electrons dances anti-clockwise; (3) each electron always

5 Spin liquids refer to ground states of quantum spin systems that
do not spontaneously break any symmetry.

takes exactly three steps to dance around any other elec-
tron in the same component, but takes exactly two steps
to dance around any other electron in the other compo-
nent. We can use a symmetric integer matrix to encode
such a dancing rule: K =

(
3 2
2 3

)
. Similarly, the ν = 2/3

FQH liquid is described by K =
(
1 2
2 1

)
, while the ν = 3/7

FQH liquid is described by a 3-by-3 K-matrix since its
electrons separate into three components.

Knowing the dance pattern encoded by K-matrix, we
can calculate all the topological properties of the FQH
state from K. For example the quantized Hall con-

ductance is given by σxy = qTK−1q e
2

h , where qT =
(1, 1, · · · , 1) describes the charge of the electron in each
component. As if the precisely quantized Hall conduc-
tance is not amazing enough, the FQH liquids (and other
topologically ordered states) also have particle-like exci-
tations above the ground state, that may carry fractional
charges [12] and fraction statistics [27, 28]. We know that
FQH liquids are formed by electrons, which all carry in-
teger charge. It is hard to believe the appearance of frac-
tionally charged excitations without the electrons getting
fragmented into smaller pieces. But this unbelievable
prediction has been confirmed by noise measurement in
experiments [29, 30].

The fractional charge is hard to imagine, but the frac-
tion statistics is even more exotic. We know that ex-
changing two identical particles will change their quan-
tum amplitude by a phase factor e iθ. If the particles
are bosons, then θ = 0. If the particles are fermions,
then θ = π. In nature, bosons and fermions are the only
two types of elementary particles, and their compositions
are always bosons or fermions. However, the excitations
in FQH liquids can give us totally new types of particles
where θ is not zero nor π [31, 32]. Such new type of parti-
cles is said to have Abelian fractional statistics, or simply
fractional statistics. All those fractionalization phenom-
ena are not due to the fragmentation of electrons, but
due to the long range entanglement between electrons in
topologically ordered states.

As a result, the fractionalization is determined by the
K-matrix that describes the dancing pattern (i.e. the
pattern of long range entanglement) [16, 33]. First, let us
view each column of the K-matrix as a vector, and those
vectors span a lattice. The unit cell of such lattice contain
det(K) number of integer vectors l. Those integer vectors
l happen to label det(K) distinct types of fractionalized
excitations. The fractional charge of the excitation is
then given by Q = qTK−1l, and the fractional statistical
angle by θ = πlTK−1l.

It turns out that our simple dancing-step picture of
topological order and long range entanglement is very
powerful and comprehensive: all 2+1D Abelian topo-
logical orders (i.e. with only Abelian fractional statis-
tics) can be described by such kind of dance. In other
words, all 2+1D Abelian topological orders are classified
by symmetric integer K-matrices [33]. This dancing-step
picture can be generalized even further which leads to a
pattern-of-zeros theory for FQH liquids [34–36], that can
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even describe non-Abelian FQH liquids with non-Abelian
statistics.

2. Even degrees of freedom can be fractionalized

But what is non-Abelian statistics? We know that the
Abelian statistics is determined by the phase as we ex-
change two identical particles. However, if two particles
have internal degrees of freedom, which leads to a degen-
eracy D, then exchanging the two particles while leads to
a D×D unitary matrix. In this case, we say the particles
have a non-Abelian statistics [6, 37–39].

We see that the key to have non-Abelian statistics is
the degeneracy from the internal degrees of freedom of
the particles. If the total degeneracy is DN for N iden-
tical particles, then internal degrees of freedom of each

particle is given by d = D
1/N
N in N → ∞ limit. For ex-

ample, for spin-1/2 electron, DN = 2N and d = 2. Thus
the internal degrees of freedom of an electron is 2, which
corresponds to a 2-dimensional vector space in quantum
theory. We will call d the quantum dimension of the par-
ticle. But for particle with non-Abelian statistics, d may
not even be an integer,6 as if the internal degrees of free-
dom of the particle are described by a vector space with
a non-integer dimension d. In this case, we say that the
particle has a fractional degrees of freedom!

Non-Abelian statistics, in particular its fractional de-
grees of freedom, is so strange, it hard to imagine such
a thing can appear in condensed matter systems formed
by simple electrons and atoms. But the quantum entan-
glement between electrons is a very powerful “creator”,
it can even make such an impossibility to happen.

A concrete realization of non-Abelian statistics in FQH
liquids was first proposed in Ref. 40 and 41. One of the
proposed FQH liquid at ν = 2/3 is given by the wave
function [40] Ψν= 2

3
({zi}) = [χ2({zi})]3, where χn({zi}) is

the many-electron wave function with n filled Landau lev-
els. It has a type SU(3)2 non-Abelian statistics (i.e. Fi-

bonacci anyon), with quantum dimension d = 1+
√
5

2
(i.e. log2d = 0.694 qubits). Such SU(3)2 non-Abelian
statistics also appear in Z3 parafermion FQH state [42].

The degeneracy from non-integer quantum dimension
d cannot be viewed as local degrees of freedom associ-
ated with each particle, despite we call it “the internal
degrees of freedom” of the particle. Such a name, in
this aspect, is a little misleading. In fact, those degrees
of freedom are distributed between well separated non-
Abelian particles and are intrinsically non-local. As a
result, the quantum information carried by those degen-
erate states is immune from the decoherence by environ-
ment which interact locally with each particle. The de-
generacy from non-Abelian particles is the same type of

6 Even though N and DN are integers, d = lim
N→∞D

1/N
N may not

be integer.

FIG. 4. The color represents different types of string, which
can join in a certain way to form a string-net. A sting-net
liquid is a superposition of the above string-nets. It can give
rise to emergent (non-Abelian) gauge theory, emergent non-
Abelian statistics (in 2+1D) and emergent fermions (in 3D).
It unifies gauge interaction and Fermi statistics. It provides
an unified origin for light and electrons, as well as other ele-
mentary particles.

topological degeneracy as the ground state degeneracy of
topological order on torus. They both are robust against
any local perturbations, including any perturbations act-
ing on the particles. So we can use non-Abelian topolog-
ical order to perform topological quantum computation
[25, 39, 43, 44]. In particular, SU(3)2 non-Abelian topo-
logical order can perform universal topological quantum
computation [44].

A simpler non-Abelian FQH liquid at ν = 1/2 is
given by Ψν= 1

2
({zi}) = χ1({zi})[χ2({zi})]2 [40] or by

Ψν= 1
2

= A( 1
z1−z2

1
z2−z3 · · · )

∏
(zi − zj)2 [41]. They both

have type SU(2)2 non-Abelian statistics, with quantum

dimension d =
√

2 (a half qubit!). Such non-Abelian par-
ticle is incorrectly called Majorana fermion by some. The
experimentally realized ν = 5/2 FQH state is likely to be
such SU(2)2 non-Abelian FQH state [45–47]. But unfor-
tunately, SU(2)2 non-Abelian topological order cannot
perform universal topological quantum computation [44].

3. String liquid in spin liquid: emergence of gauge theory

FQH liquids and chiral spin liquids discussed above
can not have time-reversal symmetry. However, there are
topological orders with time-reversal symmetry, such as
the Z2 topological order defined by its emergent Z2-gauge
theory at low energy. The Z2 topological order (and the
emergent Z2-gauge theory) was first proposed to exist
in 2+1D spin liquid with frustrations [23, 24]. Later, a
numerical calculation confirmed its existence in a closely
related quantum dimmer model on triangular lattice [48].
If we break the spin rotation symmetry, the Z2 topologi-
cal order can be realized by an exactly soluble model – the
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toric code model [25]. The toric code model reveals that
the Z2 topological order happen to be the topological or-
der in the string dance of non-oriented loops described in
section IV A. Unlike FQH states whose boundary is al-
ways gapless, those time-reversal symmetric topological
orders can have boundaries that are gapped [49].

In addition to the above theoretical realizations, the
Z2-topological order [23, 24] may be realized by Herbert-
smithite (spin-1/2 on Kagome lattice) [50], as suggested
by recent experiments [51, 52]. The early numerical cal-
culation of Ref. 53 suggested the spin-1/2 Heisenberg
model on Kagome lattice to be gapped, but the details
of the results are inconsistent with Z2-topological order,
which led people to suspect that the model is gapless. A
more recent numerical calculation suggests the model to
have a Z2-topological order with long correlation length
(10 unit cell length) [54], while several other calculations
suggest gapless U(1) spin liquid ground states [55–57].

We like to point out that the string dancing picture for
the Z2 topological order and emergent Z2 gauge theory
can be generalized by allowing strings to have more types
and by allowing three strings to join in a certain way (see
Fig. 4). This gives rise to string-net condensed state
[26], which can leads to non-Abelian topological orders
and emergent non-Abelian gauge theory. In fact, the
strings behave like the “electric” flux of the gauge theory
and the string density wave corresponds to non-Abelian
gauge field that gives rise to gauge bosons. The ends of
strings correspond gauge charges, which may carry non-
Abelian statistics in 2+1D or Fermi statistics in 3+1D..

Such a string-net construction is also very powerful and
comprehensive: it can give rise to all 2+1D topological
orders with gappable boundaries [26, 58]. Such a con-
struction has a mathematical root in unitary fusion cate-
gory theory [59] and is closely related to the Turaev-Viro
invariant of 3-dimensional manifolds [60]. To be more
precise, unitary fusion categories classify 2+1D topolog-
ical orders with gappable boundaries.

V. EVEN DISORDERED PRODUCT STATES
ARE NOT FEATURELESS

For a long time, we thought that the symmetry break-
ing in the product states describes all possible phases of
matter. Now we realize the existence of long-range en-
tangled states, which leads to rich topologically ordered
phases. If we consider only product states and assume
no symmetry breaking, we would expect the correspond-
ing symmetric product states to be trivial. However, this
naive guess turns out to be wrong. If the Hamiltonian
has a symmetry, even when its ground state is a product
state that does not spontaneously break any symmetry,
such ground state can still be non-trivial. This is the
most “trivial” non-trivial state of quantum matter.

(c)

(a)

(d)

(b)
Rep.

pRep.

τ

spin−singletspin−1/2 spin−1/2eff. site

eff. site

spin−1

spin−singlet cluster

FIG. 5. (a) Corner-double-line tensor obtained after coarse-
graining the space-time tensor network and its correspond-
ing coarse-grained wave function. (b,c,d) The coarse-graining
process in terms of ground state wave function. The entan-
glement structure is described by the blue lines. The coarse-
grained wave functions have the same entanglement structure
in (a) and (d).

A. Haldane phase for integer spin chain

Due to quantum fluctuations, the ground state of an-
tiferromagnetic spin-1/2 chain does not break the SO(3)
spin-rotation symmetry. However, it almost breaks the
symmetry in the sense that spin-spin correlation has a
slow algebraic decay (similar non-decaying long-range or-
der) and the chain is gapless (as if having a Goldstone
mode). For spin-S chain with S > 1/2, the quantum fluc-
tuations are weaker than the spin-1/2 chain. So people
believe that a spin-S chain also almost breaks the SO(3)
symmetry, which is also gapless and have an algebraic
decaying spin-spin correlation.

But in 1983, Haldane pointed [61] out that the spin
chain is actually gapped and the spin-spin correlation
has an exponential decay when the spin is integer. The
gapped ground state of integer spin chain is called Hal-
dane phase. At that time, people did not distinguish
even-integer-spin chain from odd-integer-spin chain, and
believed the Haldane phase for both even- and odd-
integer spin chain to be a trivial disordered phase, just
like the product state formed by spin-0 on each site.

B. Odd-integer and even-integer are different: the
essence of odd-integer Haldane phases

In fact, only even-integer spin chains behave like the
product states formed by spin-0 on each site. The odd-
integer spin chains actually give rise to a non-trivial state!

What is the essence of Haldane phase for odd-integer
spins? In Ref. 62, the spin-1 chain was studied using a
tensor network renormalization approach. It was found
that the tensor network, describing the space-time spin
fluctuations, flows to a so called corner-double-line tensor
under the coarse graining of the network (see Fig. 5a).
To understand the physical meaning of corner-double-
line structure, let us describe the coarse-graining process
from the point of view of ground state wave function.

The ground state of spin-1 chain (see Fig. 5b) is formed
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by spin-1’s on each site. We may group a number of
sites into an effective site. When the effective site is
large enough, the direct entanglement between two spin-
1’s (represented by the blue curves) can only appear be-
tween the neighboring effective sites. Then we can use an
unitary transformation acting within an effective site to
simplify the entanglement within each effective site (see
Fig. 5c). After removing the degrees of freedom that are
entangled only within each effective site, we obtain a sim-
plified coarse-grained wave function (see Fig. 5d) which
corresponds to the corner-double-line structure. We note
that, in the coarse-grained wave function, each effective
site has four states: spin-0 ⊕ spin-1, which can be viewed
as two spin-1/2’s: spin-1/2 ⊗ spin-1/2. We also see that
the coarse-grained wave function is a product state of
spin-singlets (see Fig. 5a,d). This seems confirm that
the Haldane phase is a trivial product state formed by
spin-0’s.

However, the coarse-grained wave function is not the
product state formed by spin-singlets on each site, but
the product state formed by spin-singlets between sites
(see Fig. 5). Furthermore, the spin-singlets between sites
are formed by spin-1/2’s [62] which are not representa-
tion of SO(3), but projective representations of SO(3)
[63, 64]. This feature and the associated corner-double-
line structure is robust against any perturbations that
preserve of SO(3) symmetry. In other words, the product
state formed by spin-singlets on each site and the prod-
uct state formed by spin-singlets between sites belong to
two different phases, provided that the spin-singlets are
formed by projective representations of SO(3) (i.e. half-
integer spins). In this case, we cannot deform one into
the other without encounter gap closing phase transi-
tion, if the deformation preserve the SO(3) symmetry.
Thus the Haldane phase of spin-1 chain is actually a new
phase of matter robust against any symmetry preserv-
ing perturbations despite it is a product state that does
not break any symmetry. This new phase of matter was
named SPT phase (which stands for symmetry protected
trivial phase if one stresses its nature of short-range en-
tanglement, or symmetry protected topological phase if
one stresses its nature of beyond symmetry breaking).

We see that an essence of spin-1 Haldane phase is
the corner-double-line structure in coarse-grained ten-
sor network (see Fig. 5a), or entangled clusters between
sites without inter-cluster entanglement in coarse-grained
wave function (see Fig. 5d). Ref. 63 also pointed out that
Haldane phase has degenerate entanglement spectrum
which describes the intra-cluster entanglement. The fact
that the intra-cluster entanglement is between projective
representations of the symmetry is the other essence of
spin-1 Haldane phase (see Fig. 5a,d).

C. SPT phases: the most trivial non-trivial phases

In the presence of symmetry, even product states that
do not spontaneously break the symmetry can be non-

trivial! As unentangled states, SPT phases must be one
of the simplest phases of matter. Strictly speaking, SPT
phases have the following defining properties: (1) differ-
ent SPT phases can all be deformed into the same trivial
product state smoothly without phase transition if the de-
formations break the symmetry, and (2) they cannot be
deformed into each other smoothly without phase transi-
tion if the deformations preserve the symmetry.

Such a point of view of SPT phases (i.e. stressing their
unentangled trivialness) leads to a fast development of
the field. Indeed, only one year later, a classification
[64–66] of all 1+1D SPT phases protected by symmetry
group G was found in terms of the projective represen-
tations of G [63]. This leads to a complete classifica-
tion of all 1+1D gapped phases of matter. In particu-
lar, the classification predicts that all 1+1D SPT states
have symmetry protected boundary degeneracy which is
described by the projective representations of the sym-
metry. Such a measurable character of SPT states agrees
with an earlier result [67] that spin-1 Haldane phase has
a degenerate spin-1/2 degrees of freedom at a chain end.
However, Ref. 67 also predicts degenerate spin-1 degrees
of freedom at a boundary of spin-2 Haldane phase, which
seems to indicate that the spin-2 Haldane phase is also
a non-trivial SPT phase. Now we know that such spin-1
boundary degrees of freedom are not protected by sym-
metry since they can be gapped out by adding several
spin-2 degrees of freedom to the boundary without break-
ing the SO(3) symmetry. Thus the spin-2 Haldane phase
is a trivial SPT phase [68].

Two years later, a systematic theory of bosonic SPT
phases in all d-dimensions was developed based on group
cohomology Hd+1(G,R/Z) [69], and a theory for the
boundary of SPT phases was developed by generaliz-
ing the Wess-Zumino-Witten model [70, 71]. One found
that SPT phases cannot have a trivial gapped bound-
ary [72, 73]: the boundary must be gapless, symmetry
breaking, or topologically ordered (if the boundary is 2-
dimensional or higher). Many new phases of matter were
discovered [72, 74, 75]. Shortly after that, a classification
of all bosonic SPT phases in d-dimensions was obtained
based group cohomology Hd+1(G×SO∞,R/Z) [76], and
based on cobordism [77].

SPT phases can appear in both bosonic and fermionic
systems. Beside the bosonic spin-1 Haldane phase that
has been realized by experiments [78], the other well
known SPT phase is the fermionic topological insula-
tor protected Gf = [Uf (1) o ZT4 ]/Z2 symmetry [79–84]
that is also realized by experiments [85, 86]. Here ZT4
is the symmetry group generated by time reversal sym-
metry, and Uf (1) is the symmetry group for charge con-
servation. The early theories of topological insulators
and topological superconductors [87] are based on non-
interacting fermions , in terms of K-theory [88] or replica
theory [89]. But many topological insulators and topo-
logical superconductors obtained in non-interacting the-
ory are actually not topological insulators and topologi-
cal superconductors in the presence of interactions [90].
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effective Z2 gauge theory
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2B/2F topo. order classified by
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topo. order

2B/2F topo. order
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Z2 topo. order with
effective Z2 gauge theory

Symm. breaking

2B topo. order with
CS effective theory
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Ferromagnet

... ...Z −> 2Z Z2 −> 1
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G−SPT state
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Gapped phases of quantum matter

Short−range entangled (i.e. no topo. order) Long−entange entangled (i.e. topologically ordered)
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Trivial Odd−spin Haldane phase

FIG. 6. Zero temperature phases of matter with energy gap. Only gapped liquids are listed. The black entries are described
by the symmetry breaking. The colored entries are phases beyond symmetry breaking: the red ones have topological order,
while the blue are product states with SPT order. 1B refers to 1+1D bosonic system, 2F 2+1D fermionic system, etc .

With interaction, topological insulators and topological
superconductors are not described by K-theory or replica
theory. In this case, they should be viewed as fermionic
SPT phases protected by a symmetry Gf , which are de-
scribed by group-supercohomology theory of Gf [91, 92],
spin cobordism theory [93], and/or modular extensions
of sRep(Gf ) (only in 2+1D) [94].

VI. FOUR REVOLUTIONS IN PHYSICS AND
THE SECOND QUANTUM REVOLUTION

It happens several times in the history of physics that
a truly new phenomenon requires a new mathematics to
describe it. In fact, the appearance of new mathematics is
a sign of truly new discovery and a revolution in physics.
For example, Newton’s theory of mechanics requires cal-
culus to describe the phenomena of curved motion of
particles that was believed to form all matter. Maxwell
theory of electromagnetism reveals a new form of matter:
“wave-like” matter (the electromagnetic waves and light).
It requires a mathematical theory of fiber bundle to de-
scribe it. Einstein’s theory of general relativity reveals
yet another form of “wave-like” matter – gravitational
wave. It requires Riemannian geometry. Quantum the-
ory unified “particle-like” matter and “wave-like” matter,
which requires linear algebra. Those are four major revo-
lutions in physics. Newton’s and Maxwell’s cases are the
only two times when the physicists are ahead of math-
ematicians, i.e. the related mathematics had not been
invented yet when developing those theories.

Right now, we are facing a similar situation. For a
long time, we thought that different phases of matter
are described by symmetry breaking patterns, which are
classified by group theory. Now we know that there are
many new phases of quantum matter (i.e. phases at zero
temperature) that are beyond symmetry breaking (see
Fig. 6). Those new phases are described by the patterns
of many-body quantum entanglement.

Many-body entanglement is not only the origin of
many new states of quantum matter (such as topolog-
ical orders), it is also the origin of emergent gauge fields,
and emergent Fermi or fractional statistics. Those fun-
damental properties of nature are simply derived emer-
gent properties the simple bosonic qubits that form the
system. Recent work found that our empty space it-
self might be a particular (long-range) entangled qubit
ocean, whose emergent gauge fields and fermions are the
elementary particles in the standard model [95–97]. Such
an emergent picture represents an unification of gauge in-
teraction and Fermi statistics (not just an unification of
different gauge interactions). It resents an unification of
matter and information: it from qubits (see Fig. 4).

Many-body entanglement (i.e. topological order) is a
truly new phenomenon. It requires a new mathematics
to describe it. But what mathematics describes pattern
of many-body entanglement (and classify topological or-
ders and SPT orders)? We have seen that some modern
mathematical theories are required. To classify SPT or-
ders, we need group cohomology [69, 76] or cobordism
[77, 93]. To classify 2+1D bosonic topological orders, we
need unitary modular tensor category [39, 98, 99]. To
classify 2+1D fermionic topological orders, we need uni-

tary braided fusion categories over sRep(Zf2 ) [100]. But
the mathematical theory to classify topological orders in
3D and beyond is yet to be developed.

Many-body entanglement features new topological
states of quantum matter, topological quantum compu-
tation, unification of matter and information, origin of
matter (and even space) from entangled qubits, and new
mathematical foundation of nature. Thus many-body
entanglement (i.e. topological order) represents a second
quantum revolution. Condensed matter physics is not at
its beginning of end. It is just the end of beginning. It is
an exciting time in physics.

This research was supported by NSF Grant No. DMR-
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