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CHUNG-TYPE LAW OF THE ITERATED LOGARITHM AND EXACT
MODULI OF CONTINUITY FOR A CLASS OF ANISOTROPIC GAUSSIAN
RANDOM FIELDS

CHEUK YIN LEE AND YIMIN XTAO

ABSTRACT. We establish a Chung-type law of the iterated logarithm and the exact local and
uniform moduli of continuity for a large class of anisotropic Gaussian random fields with a
harmonizable-type integral representation and the property of strong local nondeterminism.
Compared with the existing results in the literature, our results do not require the assumption
of stationary increments and provide more precise upper and lower bounds for the limiting
constants. The results are applicable to the solutions of a class of linear stochastic partial
differential equations driven by a fractional-colored Gaussian noise, including the stochastic
heat equation.

1. INTRODUCTION

The purpose of this paper is to establish a general framework that is useful for studying
the regularity properties of sample functions of anisotropic Gaussian random fields and can be
directly applied to the solutions of linear SPDEs. This is mainly motivated by [6] and [27].
We consider a class of Gaussian random fields {v(x),z € RF} that satisfy Assumption 2.1 in
[6] (see Assumption [ZT] below) and the property of strong local nondeterminism, or strong
LND for short, with respect to an anisotropic metric (see Assumption below). For these
Gaussian random fields, we prove some limit theorems that provide precise information about
the oscillation behavior of the sample function = — v(x).

The main results of this paper are as follows. We prove a Chung-type law of the iterated
logarithm (LIL) in Theorem (4] the exact local and uniform moduli of continuity in Theorems
and [6.T] respectively. Our strategy is to first prove a zero—one law for each of the limit
theorems (see Lemma [3.]), showing that the limit is equal to a constant in [0, co| almost surely.
Then, we prove that the constant is in fact positive and finite by establishing a finite upper bound
and positive lower bound for the limit, and therefore, the corresponding modulus function in
the limit theorem is sharp. We give an application of the main results to the solutions of a class
of linear SPDEs

5 .
ot 2) = Lu(t,x) + W(t,)

driven by a fractional-colored Gaussian noise, including the stochastic heat equation [3| [7]. It
is also a notable result of this paper that u(¢, ) satisfies the strong LND property (see Lemma
[73]), which strengthens a result of [7].

In general, there are different ways to describe the sample path variation of random fields. The
Chung-type LIL characterizes the lower envelope (lim inf) for the local oscillations of the sample
functions at a fixed point. The local modulus of continuity at a fixed point is, for many Gaussian
random fields, given by the ordinary Khinchin-type LIL, which complements the Chung-type
LIL by characterizing the upper envelope (limsup) for the local oscillations at a fixed point.
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On the other hand, the uniform modulus of continuity specifies the maximum oscillation of the
sample functions over certain sets such as a compact interval.

The Chung-type LIL for a class of isotropic and anisotropic Gaussian random fields with
stationary increments has been studied by Li and Shao [14] (see also [I8, 25]) and Luan and
Xiao [15]. The exact local and uniform moduli of continuity for a class of anisotropic Gaussian
random fields have been studied by Meerschaert et al. [I9]. The novelty of the present paper is a
general framework based on a harmonizable-type representation and the strong LND property of
a Gaussian random field that may not have stationary increments, which is employed to extend
and improve some of the results of [14] [I5 19], and can be directly applied to the solutions
of SPDEs. In particular, with a harmonizable-type representation, we are able to decompose
the random field and create independence, making it possible to establish general zero—one laws
(Lemma [B.1]) which can be strengthened to prove the Chung-type LIL as well as the exact local
and uniform moduli of continuity. The independence structure from the harmonizable-type
representation also allows the use of the second Borel-Cantelli lemma, which facilitates a simple
proof of one of the bounds for the Chung-type LIL and the exact local modulus of continuity.

Let us summarize the major differences and improvements in our results compared to the
existing results in the literature. The Chung-type LIL results in [14], [I§], [25] and [I5] were
proved for Gaussian random fields with stationary increments, meaning that for any h € R¥,

{v(z + ) —v(h),z € RF} £ {u(z) — v(0),2 € R¥},

and, in particular, it is enough for them to consider the Chung-type LIL at the origin. Our
Theorem 4] applies to a wider class of Gaussian random fields that may not necessarily have
stationary increments, and we prove a Chung-type LIL at any fixed point zy. Moreover, our
Theorem [£4] gives explicit upper and lower bounds for the constant in Chung’s LIL in terms of
the constants that appear in the small ball probability estimates. This implies that the limiting
constant in Chung’s LIL is given in terms of the small ball constant provided it exists, see (AJ])
below. We remark that the connection between the bounds on the limiting constant in Chung’s
LIL and the small ball estimates is also given in Theorem 7.1 of [I4], but not explicitly stated
in Theorem 1.1 of [15].

For exact local and uniform moduli of continuity of Gaussian processes with stationary incre-
ments, some general theory has been established by Marcus and Rosen [I7]. Also, Meerschaert
et al. [I9] have used the sectorial LND property and the Fernique-type inequalities to prove the
exact uniform modulus of continuity of anisotropic Gaussian random fields. Especially, [19] pro-
vides an effective way to prove the lower bound for the uniform modulus of continuity, which is
usually a more difficult task than proving the upper bound. Our Theorems and improve
the results in [I9]. We prove exact local and uniform moduli of continuity under two metrics
respectively: one is the canonical metric d defined in (24]), and the other one is the metric A
defined in (2.3)), which is comparable to d under Assumptions2.Iland 2.3l For the local modulus
of continuity in Theorem [5.2] under the canonical metric d, we are able to prove that the exact
constant in the LIL is /2. This is an improvement to Theorem 5.6 of [19], which only shows
that the constant is at least v/2 (see Remark [5.3 below). We achieve this sharper result by using
a tail probability estimate due to Talagrand [22], which is stated in Lemma [5.1] below.

For the uniform modulus of continuity, the strong LND assumption in our Theorem is
stronger than the condition in Theorem 4.1 of [19], but we obtain better upper and lower
bounds for the limiting constant (see Remark [6.2 below). Our approach is to start with a crude
upper bound and then optimize it using an approximation argument based on anisotropic lattice
points. We also refine the the proof in [19] based on the strong LND property and a conditioning
argument to get a sharper lower bound.



CHUNG-TYPE LIL AND EXACT MODULI OF CONTINUITY 3

The rest of the paper is organized as follows. In Section 2, we state the assumptions for
the Gaussian random fields to be considered in this paper and give some remarks about the
assumptions. We also briefly discuss the difference in the LND properties between stochastic heat
and wave equations. In Section 3, we prove zero—one laws which will be useful for establishing
the Chung-type LIL and the exact local and uniform moduli of continuity. In Section 4, we
establish small ball probability estimates and Chung’s LIL. In Sections 5 and 6, we prove the
exact local and uniform moduli of continuity, respectively. In Section 7, we consider as an
application a class of linear SPDEs driven by a fractional-colored Gaussian noise [3], [7]. We
establish harmonizable-type representations and strong LND property for the solutions, and
apply our results to obtain Chung’s LIL and exact local and uniform moduli of continuity.
These results improve significantly those in [7, 24]. Finally, in Section 8, we provide another
example of anisotropic Gaussian random fields that do not have stationary increments and satisfy
Assumptions 2.1] and of the present paper.

2. ASSUMPTIONS

Consider a real-valued continuous centered Gaussian random field v = {v(z),z € R¥}. Let T
be a compact rectangle in R¥. We introduce some assumptions for v. Notice that Assumption
21lis from [6] and Assumption 22]is from [27].

Assumption 2.1. There exists a centered Gaussian random field {v(4,z), A € B(Ry),z € T},
where Z(R,.) is the Borel o-algebra on R, := [0, 00), such that the following properties hold:
(a) For every x € T, A — v(A,x) is an independently scattered Gaussian noise such that
v(Ry,x) = v(x) and the processes v(A,-) and v(B,-) are independent whenever A and B are
disjoint.
(b) There exist constants ¢ > 0, ap > 0, and v; >0, j = 1,...,k, such that for all ap <a <
b<ooand z,y€eT,

k
[v([a,b),2) —v(z) —v([a,b),y) +v(y)|| . < 60<Za”\w]’ —y;l + b_1> (2.1)
j=1
and
k
[0(0, a0), ) — v([0,a0), )| ;2 < c0 Y lj — yjl- (2:2)
j=1

In the above, || X|z2 := [E(X?)]'/? for a random variable X.

Define o (j = 1,...,k) by the relation v; = aj_l — 1, that is, a; = (7 + 1)~%. Note that
0 < aj < 1. The parameters a; characterize the Holder regularity of v (see Lemma [2.4] below).
Let Q = Z?:l ozj_l and define the metric A by

k
Az, y) == Z x5 —y;|%,  x,y € R (2.3)
i=1

We will also use the canonical metric d = d, associated with v. It is defined by

d(z,y) = dy(z,y) = |[v(@) —v(y)|| 2, 9y € RV (2.4)
Assumption 2.2. There exists a constant c¢o > 0 such that for all integers n > 1, for all
xz,xt, . . a2 eT,

1 n A2 i
Var (v(z)v(z'), ..., v(@")) = ¢ OI%lilélnA (x,2"),

where 20 = 0.
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Assumption 2.3. There exists a constant ¢g > 0 such that for all z,y € T,
|v(z) —v(y)|| ;2 > esA(z,y).

The following are some remarks about these assumptions. Assumption 21l above is the same
as Assumption 2.1 in [6] and [5], and is satisfied by many Gaussian random fields that have
a spectral or harmonizable-type representation, or more generally, a stochastic integral repre-
sentation. For example, it is shown in [6] that the solutions of linear stochastic heat and wave
equations admit harmonizable-type representations and satisfy Assumption 21 The same is
true for fractional Brownian sheets [5]. Assumption 2] implies an upper bound for the incre-
ments of v in L?-norm in terms of the metric A:

Lemma 2.4. Under Assumption [21], there exist constants €1 > 0 and c¢1 such that for all
x,y € T with A(z,y) < &1,

[o(x) —v(¥)lL2 < c1A(z,y). (2.5)
Proof. This is a consequence of Proposition 2.2 of [6] where e; = min{ay’, 1} and ¢; = 4¢y. O

Assumption is known as the property of strong local nondeterminism (strong LND) with
respect to the metric A, which has found various applications in studying probabilistic, analytic
and fractal properties of Gaussian random fields (cf. [26], 27]). For Gaussian random fields with
stationary increments, [16] provides sufficient conditions in terms of their spectral measures for
them to have the property of strong LND. In Sections 7 and 8, we will show that the solutions
of a class of linear SPDEs driven by a fractional-colored Gaussian noise and a class of Gaussian
random fields with non-stationary increments also have the property of strong LND.

Assumption 22 implies the lower bound in Assumption 23]if T C R*\{0} is compact: for all
z,y € T C RM\{0},

[o(@) = v(W)llze = Ve Az, y). (2.6)

The strong LND property (Assumption [2.2)) will be used to prove optimal bounds for the
small ball probability, which is the main ingredient of the proof of Chung’s LIL (Theorem [£1.4]).
This property will also be needed in the proof of the lower bound for the exact uniform modulus
of continuity (Theorem [6.1]). Assumption [2:3]is much weaker than Assumption To establish
the exact local modulus of continuity, or the ordinary LIL (Theorem [5.2]), we will use Assumption
23] but not Assumption

In Lemma [T.3] of this paper, we will prove that the solutions of a class of linear SPDEs with a
fractional-colored Gaussian noise, including the stochastic heat equation, satisfy the strong LND
property. We remark that, on the other hand, the solution of the linear stochastic wave equation
does not satisfy the strong LND property, but satisfies a different form of LND [13, 12]. For
this reason, the Chung-type LIL for the stochastic wave equation has a different form than the
stochastic heat equation; see [II]. The uniform modulus of continuity for the stochastic wave
equation is also established in [13] 12]. For the local modulus of continuity, our Theorem [5.2]still
applies to the stochastic wave equation because it does not require the strong LND property. It
also applies to fractional Brownian sheets.

3. ZERO—ONE LAWS

In Lemma B.J] below, we establish zero—one laws for the Chung-type LIL and the local and
uniform moduli of continuity, showing that the limit in each of these laws is equal to a constant
almost surely. At this stage, we do not rule out the possibility that the constant could be zero
or infinity. Later in our main theorems, we will strengthen these zero—one laws and prove that
the limiting constants are indeed positive and finite.
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Lemma 3.1. The following statements hold under Assumption 21l

(i) For any fized xoy € T, there exists a constant 0 < k1 < 0o which may depend on xy such
that

lim inf sup [v(z) — v(zo)| =
=0+ e A(z,zo)<r T(lOg IOg(l/T))_l/Q
(ii) For any fized xog € T, there exists a constant 0 < ky < 0o which may depend on xy such
that
lim sup [v() = v(o)| =Ky @.S. (3.2)
P04 T 02A (o)< A, 70) /108 108 (A (¢, 70) 1)
(i) There exists a constant 0 < k3 < oo such that

lim sup [v(@) = v(y)| =K3 Q.8 (3.3)

r=0+ 5 yeT: 0<Ae,y)<r Az, y)\/log(A(z,y)~1)

Moreover, under Assumptions 2] and 2.3, B2) and B3) also hold when A is replaced by the
canonical metric d, with possibly different constants.

K1 a.s. (3.1)

Proof. By Assumption 2], v(z) can be represented as the infinite sum
o0
o(@) = vne), (3.4
n=0

where vy, (z) = v([n,n+1),z) and v, = {v,(z),z € T} (n = 0,1,...) is asequence of independent
Gaussian random fields. Let ., be the o-algebra generated by the processes {v,,,m > n} and
the null events, and let Zo = (,_,%n be the o-algebra of all tail events. By Kolmogorov’s
zero—one law, P(A) =0or 1 for A € Z.

To prove (i), we will show that for any fixed z¢ € T, the random variable

. [v(z) — v(zo)|
X := liminf sup
=0+ zer A(z,zo)<r r(log log(l/r))_l/Q

is measurable with respect to the o-algebra .%... For any n > 1 and x € T, let

Y, (x) = Z_: vm(z) and  Z,(x) = Z U ().
m=0 m=n

Note that v(z) = Y, (z) + Z,(x) and Y, (z) = v([0,n),z). Consider n > ag, where ag is the
constant in Assumption 21l Then by (21]) with a =n and b = oo, for all z,y € T', we have

k
1Yo (@) = Ya()llzz < oy n¥]a; — yl.
j=1

Since Y;, is Gaussian, this implies that for any p > 2, there is a finite constant C' which depends
on n such that for all z,y € T,

E([Yn(z) = Ya(y)lP) < Clo -y’

Then, by Kolmogorov’s continuity theorem, for any 0 < 8 < 1, with probability one, z — Y, (z)
is B-Holder continuous on 7T'. If we choose [ such that max{ay,...,ar} < 8 < 1, then for a.e. w,
there exists C' = C'(w,n) < oo such that for all z,y € T,

k
Vo(z) = Vo) < CD |z —y;° (3.5)
j=1
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This implies that for any xg € T,
Yo (2) — Ya(2o)|

lim sup =0 as.
=0+ e A(z,x0)<r T(lOg lOg(l/T))_l/Q

Since v =Y, + Z,,, we have
Zn(x) — Z,,
X = liminf sup |Zn(2) (11701)| a.s.
r—=0+ Lo A(z,zo)<r T(lOg lOg(l/T))_ /@

This means that X is an .%#,-measurable random variable, and this is true for arbitrary n > ag.
Therefore, X is .Z,.-measurable. By Kolmogorov’s zero—one law, this implies (i).
For (ii) and (iii), notice that the limits on the left-hand side of ([B.2]) and ([B.3]) both exist by
monotonicity. Moreover, similarly to the above arguments, for any n > ag, by ([B.1]), we have
Yo () = Ya(2o)|

lim sup =0 as. (3.6)
70+ 2o T 0< Az z0)<r A, 70)/log log(A(z, )~ 1)

and

lim sup [Yn() = Yo ()| =0 as. (3.7)
0t 2 yeT: 0<Awy)<r Az, y)/1og(Az,y)~1)

It follows that the left-hand side of ([B.2]) and (B3] are % -measurable random variables and
therefore are constants a.s. by Kolmogorov’s zero—one law.

Finally, to see that ([B.2)) and (33]) also hold when A is replaced by d, note that for each
n > ag, by (335]) and Assumption [Z3] for a.e. w, there exists C = C'(w,n) < oo such that for all
x,y € T with d(x,y) < r, we have

Yo () = Ya(y)| < CrP=d(,y),

where o = max{ay,...,a;}. Therefore, (B.0) and (B7) hold with A being replaced by d, and
the desired result follows from the fact that v =Y,, + Z,, and Kolmogorov’s zero-one law.  [J

4. CHUNG-TYPE LAW OF THE ITERATED LOGARITHM

This section is devoted to proving the Chung-type LIL. It is well known that the small ball
probability is a key step in establishing Chung’s LIL ([I8] [I4]). The following lemma is a
reformulation of Talagrand’s lower bound for small ball probabilities of Gaussian processes [23]
Lemma 2.2]. See Ledoux [9] p.257] for a proof.

Lemma 4.1. Let {X(t),t € S} be a separable, real-valued, mean-zero Gaussian process indexed
by a bounded set S with canonical metric dx (s, t) = || X (s)—X(t)||z2. Let N(S,dx,¢e) denote the
smallest number of dx-balls of radius € needed to cover the set S. Suppose there is a decreasing
function 1 : (0,0) — (0,00) such that N(S,dx,e) < (e) for all ¢ € (0,0) and there are
constants as > ay > 1 such that for all € € (0,0),

a1p(e) < P(e/2) < azyp(e). (4.1)
Then, there is a finite constant K depending only on a1 and as such that for all u € (0,9),

IP’{ sup | X(s) — X(¢)| < u} > exp (—K(u)) . (4.2)
s,tesS

Recall the metric A defined in (Z3). Let Ba(x,r) = {y € R* : A(z,y) < r} be the closed
A-ball centered at x of radius r. In the proposition below, we prove optimal bounds for the

small ball probability of v around a fixed point xy, which generalizes Theorem 5.1 in [27] (or
Lemma 2.2 of [I5]), where the case of g = 0 and » = 1 was considered.
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Proposition 4.2. Under Assumptions 21 and [2.3, there exist positive finite constants Cq,Co
and rg > 0 small such that for any 0 < u <r <rg and xg € T with Ba(xo,r) C T, we have

exp (—Cy (r/u)Q) < IP’{ sup  |v(x) —v(zg)| < u} < exp (—C’g(r/u)Q) . (4.3)
xE€BA (zo,r)

Proof. We first prove the lower bound in ([A3]). Consider the Gaussian random field {v(z),z € T}
and the canonical metric d,(x,y) = ||[v(z) — v(y)|| ;2. By Assumption [Z1] and Lemma 2.4] we
can find some small o > 0 such that d,(x,y) < c1A(x,y) for all z,y € T with A(z,y) < r and
0 < 7 < ro. This implies N(Ba(xg,7),dy,c) < Co(r/e)? for all £ > 0 small, where Cy does
not depend on r or e. Take S = Ba(wg,7) and ¢(g) = Co(r/e)?. Then 1 satisfies [@I)) with
ay = ag = 29 > 1. Hence, the lower bound in (&3] follows from Lemma EI1

The proof of the upper bound in (43)) is based on Assumption and a conditioning argu-
ment. Suppose 0 < u < 7 < g and Ba(zg,7) C T. Notice that, for z9 = (zo,1,...,20%), the
rectangle [ := H?Zl[x07j, o ;+ (k~1r)!/%] is contained in Ba (wo, ). For simplicity, we consider
the case where g lies in the orthant [0, 00)¥, so that the interior of I does not contain the origin
(otherwise, in order to retain this latter property for I, we can modify the definition of I by
using the interval [zq; — (k~1r)Y/%, 20 ;] for 2o ; < 0 and the rest of the proof is similar). Tt
suffices to prove that

IP’{ sup |v(z) —v(xg)| < u} < exp (—C’g(r/u)Q) . (4.4)
xel

Since r/u > 1, we can find an integer n > 2 such that n—1 < r/u < n (in particular, n/2 < r/u).
Divide I into sub-rectangles of side lengths (r/(k:n))l/aj (j = 1,...,k). The number of sub-
rectangles is N ~ n?. Let z; (1 <i < N) denote the upper-right vertices of the sub-rectangles
in any order. For each 1 < j < N, let

Aj = {flgl?gx] |v(x;) — v(zo)| < u}

Then by conditioning,
P(A4;)) = E[lAjl P{|v(:17j) —v(xo)| <u ‘ v(z;):0<i<j— 1}] (4.5)

By Assumption 2:2] the property that the x;’s are separated by a A-distance of at least r/(kn)
and that the interior of I does not contain the origin, we have
) A ; s ; 200 o, 2
Var (v(z;)|v(z;) :0<i<j—1) >c Ogrg;a_lA (xj, i) > co(r/(kn))”. (4.6)
Since the random field v is Gaussian, the conditional distribution of v(x;) given all the v(x;), with
0 <i < j—1, is a Gaussian distribution with conditional variance Var(v(z;)|v(z;) : 0 <14 < j—1).
Then, ([@0) and Anderson’s inequality [2, Theorem 2] imply that

P{Ju;) — vlwo)] < ulv(e) 0<i<j-1} <P{|7] < )} <exp(~C),  (4.7)

u
Vea(r/(kn)
where Z is a standard Gaussian random variable and the last inequality holds for some constant
C > 0 since k < knu/r < 2k. Then, based on (L5 and (LT, we can use induction to deduce
that

P{ max fo(e) —v(zo)] < u} _ P(Ay) < exp(~CN).

Since N ~n% and n — 1 < r/u < n, this implies (&4)) and completes the proof. O
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The next lemma is an isoperimetric inequality for general Gaussian processes.

Lemma 4.3. [I0, p.302] There is a universal constant Ky such that the following statement
holds. Let S be a bounded set and {X(s),s € S} be a separable Gaussian process. Let D =
sup{dx(s,t) : s,t € S} be the diameter of S in metric dx. Then for any u > 0,

{ s 1X0) X012 Ko (u+ | Vg NS dx.21ie) | < e ()

Now, we are ready to prove the Chung-type LIL.

Theorem 4.4. Under Assumptions 21 and [23, for any fized xo € T, there exists a positive
finite constant k which may depend on xqy such that

lim inf sup [v(z) — v(a:o)]l/Q = k'@
r—0+ z€T:A(z,20)<r T(lOg lOg(l/T))_
and Cy < k < (4, where Cy and Cy are the constants in Proposition [{.3 In particular, k

coincides with the following limit, which is called the small ball constant of v on {x € T :
Az, o) <71}, if it exists:

k=— lim (E>Q log]P’{ sup lv(z) — v(zo)| < u} (4.8)

r—0,u/r—0 \T z€T:A(x,x0)<r

a.s.

Proof of Theorem [J.4) Fix zo € T. To simplify notations, define h(r) := r(loglog(1/r))~/@

and
L(r):=  sup [v(z) — v(zo)|
x€T:A(x,z0)<r h(?‘)
By Lemma Bl liminf, o4 L(r) = k1 a.s. for some constant 0 < k3 < oco. To prove the theorem,
we will show that

o 1/Q
> .S. .
ligtl)&f L(r) > C, a.s (4.9)
and
liminf L(r) < C’ll/Q a.s. (4.10)
r—0+

We first prove the lower bound ([@.9). Let a > 1 be a constant. For each n > 1, let r,, = a™".
Consider a constant K such that 0 < K < a_1021 /Q and consider the event

A, = { sup lv(x) —v(xg)] < Kh(rn_l)}.
€T :A(z,x0)<rpn
By the small ball probability estimates in Proposition 4.2]
P(A,) < exp (—Cg(aK)_Q loglog(1/ry-1))
= ((n — 1) log a)~ 2@~
Then > °° | P(A,) < oo since Cy(aK)~% > 1. By using the Borel-Cantelli lemma and letting
K7 a_lC’Ql /Q along a rational sequence, we get that

lim inf sup M > a_1021/Q

a.s. (4.11)
n—ro0 z€T:A(x,x0)<rpn h(rn—l)

Note that h is increasing for > 0 small. For any » > 0 small, we can find n large enough such
that r,, <r <r,_1 and h(r) < h(r,—1). Then, by (&II]), we have

liminf L(r) > a_1C21/Q a.s.,
r—0+
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which implies (4.9) since a > 1 is arbitrary.

Now, we turn to the proof of the upper bound (4.I0]). It relies on Assumption 2. Ilwhich allows
us to create independence. Fix § > 0 small. For any n > 1, let p, = exp(—(n’ + n'*%)) and
b, = exp(n'*?). For any x € T, let v, () = v([bn, bnr1), ) and Ty () = v(Ry \ [bn, byt1), ) 50
that v(x) = v, (z) + Uy (x). By Assumption 21J(a), the processes v, ve,... are independent, and
for each n > 1, v, and v,, are also independent.

Let K := ((146)Cy)Y®. Since v(z) = vn(z) + U (z) and v, and , are independent, we can
apply Anderson’s inequality [2] Theorem 2] to get that

Pl s o) -l < Kn) b 2Pl s o) - o] < Khip) .
z€T:A(z,z0)<pn 2€T:A(z,z0)<pn
Then, by Proposition [£2] the right-hand side is at least

exp (—C1K~loglog(1/py)) = (n® 4+ n'*+9)~C1K™7
> (2n1+6)—ClK*Q.

Since (14 6)C1 K9 = 1, we have

iﬁ”{ sup [un () — vp(0)| < Kh(pn)} = 0.

n— €T A(z,z0)<pn

Since v, v9,... are independent, the second Borel-Cantelli lemma implies

o |[vn (%) — vn (o) 1/Q
lim inf sup <((1+6)C a.s. 4.12
N0 peT:Az,20)<pn h(pn) (( ) ) ( )

To complete the proof of ([LI0), we claim that

lim sup sup [Un(2) — On(0)|
n—00 zeT:A(z,z0)<pn h(pn)

=0 as. (4.13)

We prove this by using Lemma [£.3] Consider the process v, on the set S, := Ba(xg,pp). By
@) of Assumption 2] for all z,y € Sy,

k

(@) = By < co(z b Le; — sl + b;il). (4.14)
j=1

Recall that ~; = ozj_l — 1. Let D,, be the diameter of S,, in the metric dy,. Then

k
D, < Cpn<z<bnpn>% -1y <bn+1pn>—1>. (1.15)
j=1

Note that b,p, = exp(—n?). Also, by the mean value theorem, (n + 1)'9 — nl+% > (1 + §)nf,
which implies b,,11p, > exp(6n°®). Provided § < min{al_l -1,... ,a,;l — 1}, we have

D,, < Cppexp(—on®). (4.16)
Also, by the independence of v, and v, and Lemma 2.4 for n large, for all z,y € S,

[on(2) = Un(y)l[L2 < flv(z) —v(W)llL2 < 1Az, y).
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This implies N(Sy,ds,,¢) < C(pn/e)? for € > 0 small. Then for n large,
D, Cpn exp(—én‘s)
/ VIog N(S,. ds, . €) de < 0/ V10g(pnfe) de
0 0
C exp(—on?)
= Cpn/ V1og(1/e) de
0

< Cppexp(—on®)Von?.

The last inequality can be verified using the change of variable ¢ = e~ and the elementary

inequality f;o u?e="" du < Cze=" for x large. Let ¢ > 0. Then for n large, we have

Dy
2KoGh(pn) = Ko(Ch(p) + [ \log N(Sods, ) ).
0
where Kj is the universal constant in Lemma Then, by that lemma and ([&I6]), we have

IP’{ sup U () — Tn(20)] > 2K0gh(pn)} < exp < B %ﬁ;ﬁ)

2€T:A(z,20)<pn
¢ exp(20m°)
<exp| — .
02(log(n5 +n1+6))2/Q

Hence

IP’{ sup [Un(2) — Up(x0)] > 2K0Ch(pn)} < 0.

n—1 2€T:A(x,20)<pn

By the Borel-Cantelli lemma,
lim sup sup [n (@) = Tn(@0)]
n—oo zeT:A(z,z0)<pn h(pn)
Since ¢ > 0 is arbitrary, we get (4I3)).
Finally, recall that v(z) = vy, (z) + Uy (z). Combining (£12) and [@I3) yields

imi 1
11»n—1>él}rfL(T) < ((1+9)C) a.s.

<2Kp( as.

Since 6 > 0 is arbitrary, we get (@I0). The proof of Theorem [£4]is complete. O

5. THE EXACT LOCAL MODULUS OF CONTINUITY

In this section, we are going to prove the exact local modulus of continuity, which takes the
form of the ordinary LIL. First, let us recall the following result of Talagrand [22, Theorem 2.4].

Lemma 5.1. Let {X(t),t € S} be a mean-zero continuous Gaussian process. Let

o? :=sup | X (t)3..
tesS

Consider the canonical metric dx on S defined by dx (s,t) = || X (s) — X (t)|| 2. Assume that for
some constant M > o, some p > 0 and some 0 < g9 < o, we have

N(S,dx,e) < (M/e)P  for all e < e.
Then for u > o?[(1+ /D) /0], we have

x>} < (55) o ()

where ®(x) = (2m)~1/2 = e V2 dy and K is a universal constant.
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The following Gaussian estimate is standard:
1 1
2V 2mx V2

Recall that d(z,y) = ||[v(x) — v(y)||z2 is the canonical metric of v. The following theorem gives
the exact local modulus of continuity under the metrics d and A, respectively. Note that the
strong LND property (Assumption 2.2)) is not required for this result.

e /2 < Bz) < —e /2 forall z > 1. (5.1)

Theorem 5.2. Under Assumptions 2.1 and[2.3, for any fixred xo € T, we have

lim sup [v(z) = v(o)| =2 as. (5.2)
70+ 2T 0<d(w,a0)<r d(z, T0)+/log log(d(z, z0) 1)

and

lim sup [v(z) — v(@o)] =K as. (5.3)
70+ 2eT: 0<A(z,z0)<r A, 20)+/log log(A(z, z0) 1)

for some positive finite constant k satisfying
V2e3 <Kk <V2ey,

where ¢y is the constant in (Z5]) and cg is the constant in Assumption [Z.3

Remark 5.3. Meerschaert et al. [19] have considered Gaussian random fields that have station-
ary increments and satisfy d(x,y) =< A(x,y), but only proved that the limit in (B.2) is equal to
some finite constant ki > V2. Our theorem does not require stationarity of increments and we
obtain the exact constant k1 = \/2. Meerschaert et al. [19] also proved another form of LIL:
limsup sup [v(zo +5) — v(wo)| =Ko @.S.
le[—=0+ s:]s;<le;| d(s, 0)\/10g log(1 + Hle |s|77)

Proof of Theorem[5.2. Fix xy € T. For r > 0, define

L= s [o(2) — v(ay)|

z€T: 0<d(z,x0)<r d(a:, xO) \/log log(d(az, xO)_l) .

By Lemma B] lim, o+ L(r) = & a.s. for some constant 0 < k < co. To prove (B.2]), we claim
that

limsup L(r) < V2 as. (5.4)
r—0+
and
limsup L(r) > V2 as. (5.5)
r—0+

We first prove the upper bound (B.4]). Let a > 1 and ¢ > 0 be constants. For each n > 1, let

rp=a"" and u, = (1+()r,\/2loglog(1/ry).

Consider the event
A={ s o) = vl > -
z€T:d(z,x0)<rn
We are going to use Lemma [5.] to derive an upper bound for P(4,,). Fix a large n. Consider
S:={zxeT:d(x,z9) <rp} and X (z) := v(x) — v(xg) for x € S. Then,

0% = sup | X(z)[|72 = 7
zesS
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and by Lemma [2.4] for all z,y € S,
k

dx(w,y) <c1 Y |y — ™.
j=1

Then N(S,dyx,e) < Co(r,/e)? for 0 < e < o, where Cj is a constant independent of € or n, and

can be chosen such that M := C’S/an > 0. For n large enough, u, > 7,(1 + v/Q). Take g = o
and p = Q. Then by Lemma [5.1] we have

KC’S/anun

N >Q<I>(un/rn).

P(A,) < 2(
Using the estimate (5.10), we get that
P(A,) < C(logn)@/?n=0+07,
Hence, Y 2 | P(A4,) < co. By the Borel-Cantelli lemma,

lim sup sup [v(z) — v(zo) <(14+0OV2 as.
n—00 z€T:0<d(z,z0)<rn Tny/l0glog(1/ry)

and thus
lim sup sup [v() = v(o)| <a(l+V2 as.

n—00 zeT:r,41<d(z,z0)<rn rn+1\/log IOg(l/T‘n) o

This implies that

limsup L(r) < a(1+¢)V2 as.
r—0+

Letting a | 1 and ¢ | 0 along rational sequences, we get (G.4]).
We turn to the proof of the lower bound (5.5). Fix 0 < e < 1. Let 0 < § < 1 be a small fixed
number (depending on ¢) to be determined. Write zg = (zo,1,...,%x). For each n > 1, let

—1 —1
(03 [e%
xn:($0,1+pn1 ,...,$O’k+pnk ),

where p,, = exp(—(n® +n'*?)). With Assumption 2] we can write v(x) = v, (x) + 0, (z), where
U”(‘T) = U([bn7 bn+1)7‘r)7 17n($) - U(R-i- \ [brn bn+1)7x)7
and b, = exp(n'*?). We aim to prove that

. |'Un($n) - 'Un($0)|
s o) oz loa e D) G 56)

and _ -
lim sup [Pn(Zn) = n(o)| <e as. (5.7)
n—oo  d(Tn,x0)\/loglog(d(xy, o)1)

To prove (B.6]), we consider for each n > 1 the event

B, = {]vn(azn) —vp(z0)| > (1 — E)d(mn,mo)\/2 loglog(d(mn,xo)_l)} .

Similarly to (EI4])-([@IG]) in the proof of Theorem [£4] we can deduce from Assumption 21] that,
provided § < min{al_l —-1,... ,a,;l -1},

k
[ n) = Fn(@o)llze < co( D 0% an — w0l + bty )
j=1

< Kipy, exp(—on?).

(5.8)
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Note that A(z,,z¢) = kpp. By Assumption 23] and Lemma 2.4]

csA(z,x0) < d(x, o) < 1Az, x0) (5.9)
for all x in a neighbourhood of xg. Then, for n large,
cskpn < d(xp,x0) < c1kpp. (5.10)

Therefore, by the triangle inequality, (5.8)) and (5.10), we have
[on(2n) — vn(@o)l|L2 = [[v(zn) — v(@o)llL2 — [[Un(@n) — Un(@o)| L2
> (1 — Ky exp(—6n°))d(x,, o).
Now, (511)) and (5.I0) imply that for n large,
By > {lvn(n) = va(w0)| = (1= /2)[[va(@a) — va(20)l|12 /2108 108(C/pn) |

where C'is a suitable constant. Then, by the standard Gaussian estimate (5.I]), we get that, for
n large,

P(B,) > K (logn)~/2p~(1-e/270+9),

By choosing § small enough such that (1 —¢/2)?(1+d) < 1, we have > oo, P(B,,) = co. Hence,
by the independence among vy, vs, ... and the second Borel-Cantelli lemma, we get (5.0)).

For (5.7), we use (B.8) and (5I0) above to get that
P { [ (wn) = Bu(w0)| > ed(zy, o)/ Ioglog(d(wa, 20) 1) }

< P{[in(@n) = Tn(@0)| = Kel|in(2n) — Fn(wo) |2 exp(9n°) v/ 10g Tog(Cpa) | -

This probability, by standard Gaussian estimate, is bounded above by

1
C' exp <—§K252 exp(20n?) log log(C’/,on)> <C'n~?

for n large. Thus, the Borel-Cantelli lemma implies (B.7)). Since v(z) = vy, (z)+vy(z), combining

B6) and ([B71) yields

imsu [v(@n) — v(2o)| 3 o as
1n—>oop d(xy, 10)+/loglog(d(zn, x0) 1) = E)ﬂ °onE

Since d(zy,x0) — 0, this implies limsup, o, L(r) > (1 —€)v/2 — € a.s. Letting £ | 0 along
a rational sequence, we get (B.5]). This completes the proof of (B.2]). Finally, (3] is a direct
consequence of Lemma Bl (52) and (G9). O

6. THE EXACT UNIFORM MODULUS OF CONTINUITY

The following theorem establishes the exact uniform modulus of continuity for v.

Theorem 6.1. Under Assumptions[21], (2.3, and 2.3, we have
[v(z) — v(y)|

lim sup =K a.s. (6.1)
=0t s yeri0<a(y)<r Ale,y)v/1og(A(z,y) ™)

and

lim sup V(@) = v(y)] =x  as. (6.2)
=0t g et 0<d(ey)<r d(z,y)y/log(d(z,y) ")

for some positive finite constants k and k' satisfying

V2Qc <k <\2Qc1 and +/2Qco 01_1 <K <4/20Q, (6.3)



14 CHEUK YIN LEE AND YIMIN XIAO

where QQ = Z?:l ozj_l, ¢y is the constant in (2) and co is the constant in Assumption [22.

Remark 6.2. Our Assumption[Z2 of strong LND is stronger than condition (A2) in Theorem
4.1 of Meerschaert et al. [19], which is known as the sectorial LND property. But our estimates
&3) for the constants are sharper than the estimates (4.3) in [19].

Proof of Theorem [61]. For any r > 0, let
L(T) — sup ”U(ﬂ:) — U(y)‘ ]
z.yeT:0<A(zy)<r A, y)/log(A(z,y) 1)

By Lemma BT lim, o4+ L(r) = & a.s. for some constant 0 < k < co. To prove (6.1]), we aim to
show that

Tl_1)%1+L(r) <V2Qc as. (6.4)
and
l_i>r61+L(r) > \/2Qca  a.s. (6.5)

For the upper bound (6.4), we first prove that there is a finite constant C such that for any

fixed b > 1,
; [v(z) — v(y)|
lim sup sup ———= < (Cy as. (6.6)
n—00 ayeT: Adwy)<zkb-—n b7"V10g "

Indeed, by Theorem 1.3.5 in [I], there exists a universal constant Ky such that for a.e. w, there
exists g = ro(w) such that for all 0 < r < 7o,

sup [u(x) — vl(y)| < Ko / Vg N(T, d,e) de,
z,yeT: d(z,y)<r 0

where d is the canonical metric of v. By Lemma 24l N(T,d,s) < Ce~% for all € > 0 small, thus

for > 0 small,
/ Viog N(T',d,e) de < Cr+/log(1/r).
0

Also, by Lemma 24 if A(z,y) < 2kb~™ and if n > ng(w) is large enough, then d(z,y) would be
less than ro(w). Hence, (G.6]) follows immediately.

Of course, (6.6 implies limsup,_,o, L(r) < & for some finite constant . In order to improve
this and get the sharper bound (6.4]), we use an approximation argument based on anisotropic
lattice points. Let e > 0 and 1 < a < 2. Choose b such that a < b < a't¢/2Q) Let n > 1 be

an integer. For each i = (iy,...,i) € 7ZF and m = (my,...,mg) € 7ZF, define the anisotropic
lattice points z,; and hy, , in H?:l b—"/% 7 by

2 = (D) and By = (mabT L g,
Let

k
In={icZF 2,;, €T} and M, = {m AR Z |m;|*b™" < a_”}.
j=1
Consider the event
A, = { max max |v(zn,; + Rnm) — 0(2ni)| > c1a”™ "/ 2(Q + €) log a"}.
ieln mEMn
By Lemma 2.4, for i € I,, m € M,, and n large,
k
lo(zni + hnm) — v(zni)lle < a Z |m;|%b™" < cra™".
j=1
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Also, the cardinality of I,, is < Cb®" and that of M, is < C(b/a)?". Tt follows that

Qn ) _ )
P(A,) < Cb" <9> max max ]P’{ [0(zni & inm) = (i) > \/2(Q +¢)log a"}.

a icl, meM, lv(2n,i + hnm) — v(2n0)| 12

Then by the standard Gaussian estimate (5.1]), for n large,

2

a

Qn b2 Qn
P(A,) <C < > exp(—(Q +¢)loga™) =C (W) .
The choice of b implies that > > P(A,) < co. By the Borel-Cantelli lemma,

lim sup max max ‘U(zn’i + hn’m) _ U(Z"’i)’
n—oo 1€In meMy, a—”\/log7
To prove (6.4), we consider x,y € T such that a "1 < A(x,y) < a™", and approximate
them by lattice points. Write = (z1,...,2,) and y = (y1,...,yx). Choose i € I,, such that
Zni = Zni(T) = (ilb_”/al, . ,z’kb_”/ak) is the lattice point that is closest to x. In particular,
for all j € {1,...,k}, we have |z; —i;b~"/%| < b="/%. Since A(x,y) < a™", we can also find
m € M, such that for all j € {1,...,k},

<cV2(Q +¢) as. (6.7)

mjb_”/af <y;—x; < (m; + Db~ if y;j —xj >0,
(mj — D)b™™% <yj —x; <mb™™%  if y; — x5 < 0.
Let hypm = hpm(z,y) = (mlb_"/o‘l, e ,mkb_"/o‘k) and write
v(y) —v(x) = [v(Yy) — v(zni + ham)] + [V(zn + ham) = v(2n0)] + [V(2n) — v(@)].
Note that

k
Alzng,x) <D |y —igh™/ % < kb
j=1

and

A(y, Zn,i + hn,m) S A(% T+ hn,m) + A(‘Ta 2n,i)

IN

k k
Dy — @y —mgb 9% > = igb "9
j=1 j=1

< 2kb ™.
Then, since b > a, (6.0 implies that
lv(y) — U(Zn,i + hn,m)|

lim sup sup =0 a.s.
n—00 g yeT:a " 1<A(z,y)<a=" a‘"vloga”
and
v(zni) —v(z
lim sup sup [v(zn.q) (=) =0 as

n—o00 ac,yeT: a—n—1 SA(m,y)Sa*" a—n, /log an
Therefore, together with (6.7), we have
; [v(y) —v(2)]
lim sup sup <cv2(Q+¢) as.
n—o00 x,yeT; a—n—1 SA(m,y)Sa*" a—TL /log an
This implies that

lim sup sup [v(y) — v(@)] <ac\/2(Q +¢) as.
r—=0+ zyeT:0<A(z,y)<r A($a y) 10g(A($7 y)_l)
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Letting € | 0 and a | 1 along rational sequences, we get the upper bound (6.4).

Next, we prove the lower bound (6.5]) using the strong LND property from Assumption
Let T = H?:l[tj — sj,tj + s;]. For simplicity, we consider the case where (t1,...,t) € [0,00)*
(the proof is similar for other cases). In this case, it is enough to prove (G.5) with 7" being
replaced by T = H?Zl[tj,tj + s;], whose interior does not contain the origin. For each n > 1,
let r, = 27", For each i = (iy,...,i) € ZF, denote

i— 1% = (i1 — 1,iz...,ip).
Define the lattice points x, ; by
Tpg = (12727,
Let
Lh={icZ;F:z;cTanda; 1+ €T} and I, ={icZ;:z T}

Note that A(zy, i, Ty i—1+) = 1 and the function r — r4/log(1/r) is increasing for r > 0 small.
Then

lim L(r) > lim sup wle) — vly)
r—0+ "0 4 yEeT 0< Az, ) <rn Az, y) IOg(A( ’y)_l)
> lini)inf L,,

where
[v(ni) — v(@n,i-1+)|

el rny/log(1/ry)

To prove ([G.1)), it suffices to prove that
linnl}i£f L, > \/2Qcy a.s. (6.8)
To this end, let 0 < K < 1/2Qcp. Fix a large integer n and write x; = x,,; for simplicity. We
claim that there is a constant C' independent of n or ¢ such that for all ¢ € I,,,
]P){ "U(.Z'Z) — U(.Z'i_l*)’ C2_”K2/(2C2))

rny/log(1/ry) NG

Indeed, for all i € I,,, by Assumption 22 and the property that the interior of 7' does not contain
the origin,

<K |v(zj):jel\ {Z}} < exp (— (6.9)

Var (v(z;)|v(x;) : 5 € I\ {i}) > ¢ min  A%(z,z;) = cpr2. 6.10
(vlwlviey) 5 € LAY 2 e min  Awiy) = o (6.10)

The conditional distribution of v(x;) given {v(x;) : j € I}, \ {i}} is Gaussian with conditional
variance Var(v(z;)[v(z;) : j € I, \ {i}), and v(z;_1~) is constant given {v(z;) : j € I \ {i}}.
Then, by Anderson’s inequality [2] and (G.I0), we have

]%wggﬁ%%%NSKU@QJG%\U%SP“m§K¢Eq&;;H’

where Z is a standard Gaussian random variable. Hence, we can derive (6.9) using the Gaussian
estimate (5.1]) and the elementary inequality 1 — 2 < exp(—x).

Let N = N(n) be the cardinality of I,,. Order the members of I, by i(1),...,i(N) in a way
such that the value of the first coordinate of i is nondecreasing. For each m € {1,..., N}, let
I,(m) ={i(1),...,i(m)} and consider the event

[v(2i) — v(w;—1+) }
B, = < K ;.
{ igﬁ}?;) rny/log(1/ry)
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Notice that, for each 2 < m < N, the event B,,_1 depends on the value of process v at points
among {xi(l)_l*,xi(l), e ,xi(m_l)_l*,a:i(m_l)}, none of which coincides with z;(,,) because of
the way we order the members of I,,. Therefore, By,—1 € o{v(z;) : j € I}, \ {i(m)}}. Tt follows
from (G9) that

[0(Zi(m)) — V(Ti(m)—1+)] <K
rn/log(1/r,
CQ—TLKZ/@CQ)

i)

Note that N ~ C2"?. By induction, we get that

P(B,,) =E [1Bm1 ]P’{

vle) 5 € 1\ Lim) |

< ]P)(Bm—l) exp <_

—nK?/(2c2)
P(L, < K) = P(By) < exp (—02"6927) :

Since @ — K?2/(2¢c3) > 0, we have Y > | P(L,, < K) < co. Hence, by the Borel-Cantelli lemma,
liminf L,, > K a.s.

n—oo

Now, we let K 1 /2Qcs along a rational sequence to get ([6.8]). This proves (G.1).
We turn to the proof of (6.2). Let
Z(T) — sup |U(l‘) — U(y)| ]
2.yeT: 0<d(zy)<r d(2,y)/log(d(z,y)~")

By Lemma B lim, o4 L(r) = ' a.s. for some constant 0 < &’ < oo. Moreover, (G.I) and

Lemma 2.4] imply that
lim L(r) > /2Qcac;'  as.
r—0+

It remains to prove that

lim L(r) < /2Q as. (6.11)

r—0+
This can be proved by a similar argument that led to (64]) above. In fact, the proof of (6.6
above shows that for any fixed b > 1,

. [v(z) —v(y)|
lim sup sup ————= < (C as. (6.12)
n—o0 g yeT:d(z,y)<b—" b= \% log b™
Let € > 0,1 < a < 2 and b be such that a < b < a'+</(2Q) We modify the above approximation
argument as follows. For fixed n, choose any minimal cover {Bg(z,;,b"")}; of T consisting of
d-balls with centers z,; € T, and define I, = {z,;};. For each z,;, define M, ; = {hpnim}tm
such that {Bg(zn,i+ hnim,b ™) }m is a minimal cover of By(zp i, (1+¢)a™™). Consider the event
A, = { max  max  |v(Zn; + Anim) — 0(2ni)| > (14+¢)a™"/2(Q +¢€) log a"}.
Zn,ieln hn,i,meMn,i
Since d is comparable to A by Assumption and Lemma 4] the cardinality of I,, is < Cb"<
and that of M, ; is < C(b/a)"?. Also, |v(2n; + hnim) — v(2ni)|lz2 < (1 4+ €)a™™. Then, as
before, we can show that » 2 P(A,) < oo and

n,l hnim - n,l
limsup max  max [Veni & Finiom) = 0(zn.)| <(1+e)v2(Q+¢) as. (6.13)

n—oo Zn,ieln hn,i,mEMn,i a_n\/ 10g a™

Consider z,y € T such that a="~! < d(z,y) < a~™. Then, we can find z,; = z,:(x) € I,, such
that d(zy,;,x) < b~". Since d(zpi,y) < d(zn,i, ) +d(z,y) <b"+a™" < (1+¢)a" for n large,
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we can also find hy, ;m = hpim(z,y) € M, ; such that d(z,; + hnim,y) < b~ Then, by (GI12)
and b > a, we get

lim sup sup ————— =0 as
n—oo gyeT:a " 1<d(z,y)<a™" a~"y/loga”
" v ) —v(y)]
: V(Zni + Mnim — oy
lim sup sup : = =0 as
n—00 gyeT:a "1 <d(x,y)<a™" a~"/log a™

Combining this with (613]), we get

1+e)V2(Q +¢e) as.
n—00 gyeT:a "1 <d(z,y)<a™™ a~"y/loga™ ~ ( ) (Q )

which implies that
lim sup sup [v(y) = v(@)] < (1+¢8)ay/2(Q+¢) as.
r—0+ zyeT:0<d(z,y)<r d(z,y)/log(d(z,y)~1)
Letting € | 0 and a | 1 yields (6I1]). This completes the proof of Theorem O

7. LINEAR SPDES DRIVEN BY FRACTIONAL-COLORED NOISE

In this section, we give an application of our main results to a class of linear SPDEs. Consider
the equation

0 .

Eu(t,x) = ZLu(t,x) + W(t,x), t>0, zecR% (7.1)

with zero initial condition u(0,2) = 0. Here, . is the infinitesimal generator of a symmetric

Lévy process X = {X(t),t > 0} taking values in R? and W is a fractional-colored (or white-

colored) centered Gaussian noise with Hurst index 1/2 < H < 1 in time and spatial covariance

f, e, . .

E[W (t, 2)W (s,y)] = pu(t — s)f(z —y),

where

5(t — s) if H =1/2,

and where ay = H(2H — 1) and ¢ is the delta function. When X is a Brownian motion, .Z is
the Laplace operator and (1)) is the stochastic heat equation. Furthermore, when H = 1/2,
(1) is the stochastic heat equation considered in [6].

The existence of the solution to (1) has been studied in [3, [7] (and in [4] for H = 1/2), and
the space-time regularity of the solution has been studied in [24] [7]. Herrell et al. [7] used the
the idea of string processes of Mueller and Tribe [20] and showed that {u(t,z),t > 0,z € R*}
admits the decomposition

aglt —s|?H=2 if1/2 < H < 1,
pute )= {0

u(t,z) =U(t,z) = Y(t,x), (7.2)
where {U(t,z),t > 0,2 € RF} has stationary increments and satisfies the property of strong
LND, while {Y(¢,z),t > 0,2 € R*} has smooth sample paths. Consequently, certain regularity
properties of u(t,x) can be deduced from those of U(t,z). Now we can deal with {u(t,z),t >
0,2 € R} directly.

We assume that f is the Fourier transform of a tempered measure p which is absolutely
continuous with respect to the Lebesgue measure with density h, i.e., u(d€) = h(£)d¢. A typical
example is h(€) = [£]77, 0 < B < d. In this case, f is called the Riesz kernel: f(z) = C|z|?~,
where C' is some suitable constant depending on § and d; see [21], §V].
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Let ¥(&) be the characteristic exponent of X given by
E[eX®] = ¢E >0, ¢ e R

Note that W(¢) = U(—¢£) > 0 for all £ € R since X is assumed to be symmetric. Assume that
X (t) has a probability density function given by

ﬁ/ e 8T ge >0, x € RL (7.3)
Rd

Let Tp > 0. Recall that the Gaussian noise W defines a linear isometry from the Hilbert
space completion HP of the space C2°((0,Tp) x R?) of compactly supported smooth functions
with respect to the inner product (-,-)%p into the Gaussian space in L?(P):

To
v Wi(p / / (s,y)W(ds,dy), (7.4)
EW = (o, Y)up-

For test functions ¢, on (0,Tp) X Rd the inner product (¢, is defined by

To To
(0, Bhagp —/ / dsdr/Rd/Rddydws W) (s — )y — 2)p(r, 2)
:bH/UhrﬂF”{/ /‘dwkfﬁr—@f@dwwlmnﬂdﬂﬂfﬂﬂwﬁlmﬁﬂdﬂﬂ (7.5)
— e / dr |72 / de h(€)FlpLio.zy)) (r, ) F 0L 1) (7. 6),

where by = ag (2201 /1) T (H —1/2)/T(1 — H) and cg g = by (2m)~%, for 1/2 < H < 1; see
[3,[7]. In fact, the equalities in (Z5) also hold for H = 1/2 with by, = (2r)~!. In the above, F
denotes the Fourier transform defined, for any functions g : R — C and ¢ : R"*¢ — C, by

Folr) = [ e mgeyds, Foro = [ e dsdy

If follows from [7] and [4] (for 1/2 < H < 1 and H = 1/2 respectively) that if

p(d§)
/Rd e < (7.6)

then (7)) has a random field solution on [0, Tp] which is given by

ult, 7) //ptsx— W (ds, dy).

Denote Gt 4(s,y) = pi—s(z — y)1jo4(s). It follows from (Z3]) that for any ai,...,a, € R, for
any t!,...,t" € [0,7p) and z',... 2" € RY, we have

n 2
E[(;aju(t],x])> ] :CH’d/RdT|T|1_2H /R de h(€) | FG(r )2, (7.7)

where G = Z?Zl a;jGyi .. Note that p(+) is equal to the inverse Fourier transform of £ etV
since W(&) = U(—¢). Hence, it can be verified that the Fourier transform of G ,(-, ) is

T (omiTt _ omtU())
V() —ir ’

pi(x) =

FGia(1,6) = r€R, £ eR% (7.8)
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Dalang et al. [6] have established a harmonizable representation for the solution of the sto-
chastic heat equation
0 .
Eu(t x) = Au(t,z) + W(t,z),
where W is a spatially homogeneous Gaussian noise that is white in time and colored in space. In
the following, we follow the approach of [6] to establish a similar representation for the solution
of equation (IE]) driven by the fractional-colored Gaussian noise.

Let Wl, W2 be independent space-time Gaussian white noise on R x R?. Let W = W1 + 1W2
For each (t,z) € [0,Tp] x R%, define

1 (&)W (dr, dE). (7.9)

v(t,x) —c}{/iRe /R y FGiq(1,6)
X

The following lemma verifies that v(¢,z) has the same law as the solution u(t, z) of equation
[@I). We will call (Z9) the harmonizable representation of u(t,z).

Lemma 7.1. The Gaussian random field v = {v(t,z), (t,x) € [0, Ty] x R%} has the same law as
the solution u = {u(t,z), (t,x) € [0, Ty] x R} of equation (Z1)).

Proof. Tt is clear that v is Gaussian. By (Z3), for any (¢,z), (s,y) € [0,Ty] x R?,

E[o(t, z)o(s, )] = / [ P TG (m 8 ) dr dg

= <Gt,x7 Gs,y>7-l73
= Elu(t, z)u(s,y)].

Hence v and « have the same law. O

From now on, suppose that there exist positive finite constants ¢y and C'y such that

cylE]® < W(E) < Oyl€]® for all € € RY,  where 0 < o < 2, (7.10)
and there exist positive finite constants ¢, and (), such that
cnlél7P < h(€) < Cle| 7P for all € € RY, where 0 < § < d. (7.11)
Define
d—p d—p

91—H—T and 62—0591—05H—T

These are the Holder exponents of u(t, x) in time and space respectively. By (7.0), if 8 > d—2aH,
or equivalently, #; > 0, then (ZI)) has a solution. Consider the following metric on R x R%:

d

A((t,2), (5,9)) = [t = s+ |z — y5|™. (7.12)
j=1

We always have 01 < 1 since H < 1 and 8 < d. Furthermore, we assume the following condition:
fr >0 and 6y < 1. (713)

The condition #s < 1 is equivalent to 8 < d — 2aH + 2.
We now verify Assumptions 2.1] and for the solution of () using the harmonizable
representation (7.9)).
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Lemma 7.2. Suppose U and h satisfy conditions (LI0) and (LI respectively. Suppose 61 and
0y satisfy condition (TI3). Let T be a compact rectangle in (0,00) x R, Then the Gaussian
random field {v(A,t,xz),A € B(Ry),(t,x) € T} defined by

v(A,t,x) = ¢ Re // FGi(1,8) |7 =
7 {(7,€):max(|7|%1,|¢|%2)e A}

satisfies Assumption[Z1)(a). Moreover, there exists a finite constant ¢y such that for all 0 < a <
b < oo and all (tg,x0), (t,x) € T,

h2 (€)W (dr, d€) (7.14)

[o([a,b),t,2) = v(t, x) = v([a, b), to, x0) + v(to, o)l 2

d

7.15

§60<a71|t—7f0| +a722|$j—$0,j|+b_1>, ( )
j=1

where y1 = 07" — 1 and yo = 05 — 1. In particular, Assumption[Z1(b) is satisfied for ag = 0.

Proof. Tt is obvious that v(A,t,x) satisfies part (a) of Assumption 21l For part (b), the proof
is similar to that of Lemma 7.3 in [6]: First,

v([a,b),t, ) — v(t,x) — v([a,b),to, z0) + v(to, To)
=v([0,a),ty,x0) — v([0,a),t,z) + v([b,00), o, zo) — v([b, 00), t, x).

By (1) and (Z3),
E[(v( ) ([0, a), to, 0))?]
it _ e—t\If(g)) _ e—ig-(mo—x)(e—mo N e—toqz(g)) 2 o
- C//D TiE) —ir TR drde 7 4
t x,T, 5) +902(t7$77—7 6)2 1-2H
_0//171 S (7127 h(¢) dr de
and
E[(v( ;) — v([b, 00), o, 20))?]
(2, 7,62 + ot 7,62 | oy (7.17)
- C//m(b weETpp 1 e
where

Di(a) = {(1,€) € R x R : max(|7|™*, |¢|*%) < a},

Da(b) = {(r,€) € R x R : max(|7|™, |¢|*%) > b},

o1(t, x,7,&) = cos(rt) — e &) — cos(€ - (xg — ) + Tto) + e 70V E cos(€ - (xg — ),
( §)

©a(t,z,7,€) = —sin(7t) + sin(€ - (xg — ) + 7o) — e 0V E gin(€ - (xg — 2)).

Consider (T.I6). Note that ¢1(to, zo, 7,&) = 0 = wa(to, o, 7, &), and

0cpj| < I+ (&) and [Oeps] <2l J=1,2.
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Then, by the mean value theorem,
E[(v([0, a), t,2) — v([0, a), to, 20))?]
el

2 — 4412 — LI b B
<O [ (M0 Wt Sl ol ) G de

2 1—-2H B 2 |7'|1 2H|f|2 A
=4C|t — to| |7 |€]7Pdr d€ 4 8C|x — x| — 5o dr dé
D1 a 1((1 +| |

=: 40|t — to|* I + 8Clz — o[>
Using polar coordinates r = ||,

L = C// \r |12 H =B dy
{(7,r)ERXR 1 :max(|7|%1 ,rP2)<a}

-1 -1
a91

a 2
<C 1 dr |T|1_2H/ drr¢=P-1
0

—a’'1l

_ Og2-2H)07 +(d=5)0;

Since 6 = afy and v, = 91_1 — 1, we get that I; < Ca®".
For I, we use the condition c|{|* < U(§) < C|¢|¥, polar coordinates r = £, and symmetry
of the integrand in 7 to get that

1 2H7,d B—1
h=¢ // dr dr.
: {(r,r)eR% :max(r91 r92)<a} (2 A1)(r2e + 72)

Putting p = 7® and |z| the Euclidean norm of z = (7, p) in R?, we get that

’7'1_2Hp0‘71(d_5+2)—1
I2 S 0// -1 P 2 dr dp
{(T,P)GRiimaX(T,p)<a91 1 pe+T

< C// ) ‘Z’—2H+a*1(d—ﬁ+2)—2dz
B {zeR%. '\z\<\[a0; }

_ C’a “H(—2H+a~ 1 (d—B+2)) _ CCL%Q-

Therefore, we have
E[(v([0,a),t,z) — v([0,a), ty, z0))?] < C (az'“ It — o> + a®|z — x0|?) . (7.18)
or (C.I7), we can use the bounds |¢1] < 4 and |¢2] < 3 to deduce that

il

E[(v([b, 00, £, ) — v([b, 0, to, 70))2 <0//D RS

To estimate the above integral, we split Dy(b) into two parts:

Dy(b) = {I71" < |¢%, €1 = b} U {|r|™ > [¢]”, |7 > b}
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Passing to polar coordinates, we have

1-2H | ¢ |-
[[
Do) ClEP* + |7

1-2H ,.d—8—-1 1-2H ,.d—8—-1
T r T r
{7191 <rb2 702 >} cr {I7|°1>7%,|r|%1 >b} 7]

00 ro | |O‘71
=C - dr Td_ﬁ_l_%‘/ dr ]T\l 20 C/ dr |7|™ 1= 2H/ dr r@—p8-1
b2 —ra 0
=COb 2.
We have shown that
E[(v([b, ), t,2) — v([b, ), to, x0))*] < Cb2. (7.19)
Therefore, (ZI3) follows immediately from (ZI8) and (Z19). O

The following result shows that wu(t,z) satisfies strong LND with respect to the metric A
defined in (ZI2]) above, thus verifies Assumption

Lemma 7.3. Suppose VU and h satisfy conditions (TI0) and (CII)) respectively. Suppose 61
and 0y satisfy (TI3). Let T be a compact rectangle in (0,00) x R%. Then there exists a constant
ca > 0 such that for any n > 1, for any (t,z), (t',2'),..., (", 2") € T, we have

Var(u(t, 2)lut', 2). .. u(t". ") > e min AX((t.2).(t,27))
<j<n
In particular, this implies that ||u(t, z) —u(s,y)| 2 > /2 A((t, x), (s,y)) for all (t,x),(s,y) € T

Proof. We may assume that T = [a,a’] x [~b,b]?, where 0 < a < @’ < 0o and 0 < b < oco. It
suffices to show that there exists a positive constant C such that

n 2
E <u(t,x) - Zaju(tj,:nj)> > Cr?2,
j=1
for any n > 1, any (¢, z), (t5,2!),...,(t" 2") € T, and any ay,...,a, € R, where

r= min (|t — YV |z —27|).
1<j<n

From (71) and (78], we see that

E [(u(t,x) - éaju(tj,xj)>2] (7.20)

2 1-2H | ¢|—f
Zm/m/ 7'~ ¢]
R R4

CIEPe + [
where Ko = cggcp. Let M be a finite constant such that [t — #/|V/* V |z — 2/| < M for all
(t,z),(t',2") € T. Let p = min{a/M*,1}. Choose and fix two nonnegative smooth test functions
f:R = Ry and g : R? = R, which vanish outside [—p, p] and the unit ball respectively, and
satisfy f(0) = g(0) = 1. Let f.(7) = r=2f(r~7), g.(€) = r~g(r~1¢), and denote the Fourier
transforms of f,. and g, by ﬁ and ¢, respectively. Consider the integral

j / " / ¢ [f( —eO) Y gy (e o VO) | T (15, ().
R Rd .
7j=1

n
e—i{-x(e—irt - e—t‘ll(ﬁ)) - Z aje—i§~:(:j (e—irtj - e—tj\I/(f))
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By inverse Fourier transform and (Z.3]), we have

[ = (2m)1+ [fr<0)gr(0>—fr<t)(pt « 91)(0)

~ Z (£r(t = )gelw = 27) = fo(8) D * 91) (@ — xj)ﬂ‘
j=1

By the definition of 7, for every j, either [t—#/| > 7% or |z — 27| > r, thus f.(t—t/)g,(z —27) = 0.
Moreover, since t/r* > a/M* > p, we have f.(t) = 0 and hence

I = (2m)tHdp—a=d, (7.21)
On the other hand, by the Cauchy—-Schwarz inequality and (7.20]),

12<fE[( Zaj @) | [ [ @F ol + e e

Note that fr (r 7') and g, (&) = g(r¢). Then by scaling, we have

=f
/ / 7 (13- ()2 (C2IE[2 + [r[2) 721 |e P de
sresett=sed [ [ Fo@) P (CRleR + Pl elar dg

—2a 200H —[— dC()
)

where C is a finite constant since fand g are rapidly decreasing functions. It follows that

12 < [O(O —2a—2aH—f— dE[( Za] t] x3> ] (7.22)

0

Combining (C21]) and ([Z22]), we conclude that

- 2 )2+2d
E [<u(t,:1:) - Z aju(tﬂ,xj)> ] > (2)070[(0 202
j=1

This completes the proof of Lemma O
Under conditions (ZI0), (ZII) and (ZI3]), Lemmas [2.4] and imply that for any

compact rectangle 7" in (0, 00) X R?, there exist positive finite constants ¢; and ¢ such that for
all (t,), (s,y) € T,
C3A((t7 x)? (37 y)) < ”u(t7 LZ') - u(37 y)”L2 < clA((tv x)? (37 y)) (723)

See also [8, Theorem 4.1].

By applying our results, we obtain the following theorem, which strengthens the regularity
results in Propositions 3.7 and 3.10 of [7] and provides more precise information and bounds for
the limiting constants.

Theorem 7.4. Suppose ¥ and h satisfy conditions (L10) and (1)) respectively. Suppose 6,
and 0y satisfy condition ({13l). Then the following statements hold.
(i) Chung-type law of the iterated logarithm: For any fized (to,zo) € (0,00) x R,

lim inf sup [ut, z) — ulto, 20)l _  1/@

r=0t g gepe;  r(loglog(l/r)) @ 1
A((t,),(to,w0))<r

a.s.,
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where Q) = % + % and K1 is a positive finite constant given by Theorem [{.4)

(ii) The exact local modulus of continuity: For any fized (to,zq) € (0,00) x RY,

e ult, ) — ulto, 7o) v
ro0k g gert:  d((t, @), (to, 0))\/loglog(d((t, x), (to, 0)) 1)
0<d((t,2),(to,0))<r
where d((t,x), (to, o)) = |Ju(t,x) — u(te, zo)| 2, and

i lu(t, z) — u(to, xo)| B

im sup =Ky a.S.

r=0+ g perds A((E @), (to, o))/ loglog(A((t, ), (to, z0)) ")
0<A((t,x),(to,x0))<r

a.s.,

for some positive finite constant ko such that
V2e3 < ka < V20,
where c1,c3 are constants satisfying (L23)), with T being any neighborhood of (ty, xo).
(iii) The exact uniform modulus of continuity: For any compact rectangle T in (0,00) x RY,

Ju(t, x) — U(s y)l

lim sup = K3 a.S.
r=0t ) swer:  d((t, @), (s,9))y/log(d((t, ), (s,))71)
0<d((t,@),(s,y))<r
and
t —
lim sup | (t,z) u(s y)| =Ky a.s.
r=0t () swier: A(( )/ 1og(A((t,2), (s,9))71)

0<A((t,2),(s,9))<r

for some positive finite constants k3, k4 satisfying

V2Qcs et < h3 <1/2Q  and  \/2Qcy < ks <1/2Q ey,

where Q) = % + %, c1 is the constant in (L23) and cy is the constant in Lemma[7.3

Proof. By Lemma [T1], (i)—(iii) hold if and only if they hold for the Gaussian random field
v(t,z) defined in (Z3)). By Lemmas [[L2] and [[3] v(t,z) satisfies Assumptions 2] and
Therefore, the desired results follows from Theorems 4], and O

Remark 7.5. The constants k1 and k2 are independent of the point (to,xo). This is due to
the decomposition ([T2) above and the fact that the random field {U(t,z),t > 0,z € R*} has
stationary increments [1].

In the theorem below, we consider the special case that ¥(£) = [£|%, which corresponds to
the equation (ZI)) with . being the fractional Laplacian —(—A)®2. We are able to obtain
the exact constants for the LIL in time variable and space variable respectively. This result
strengthens Corollaries 3.8 and 3.9 of [7].

Theorem 7.6. Suppose W (€) = €% and h(€) = |€]72, where 0 < a <2, 0 < § < d. Suppose 6,
and By satisfy condition (TI3). Then, for any fived (tg,x0) € (0,00) x RY, almost surely,

B 1—2H |¢|—8 1/2

limsup ’U(to +5 .Z'()) u(to,azo _ < Hd// —7,7' o |2‘T’ > ’5‘2 dr d£> (724)
5—0 |6]11/log log(1/]4]) RxRd |72 + [€]*

and

. u(to, xo +¢€) — u(to, zo) i r1—2H |¢| =8 1/2
lim sup ‘ ( 09 0 ) ( 0201 _ Hd// ’6 1 1’2’ ‘ 21 ‘6’2a dr d€ . (725)
le|—0 le]?2/log log(1/|e|) RxRd T2 + [€]
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Proof. Let k5 and k¢ denote the quantity on the right-hand sides of (T.24]) and ([Z.25]) respectively.
Fix (to,r0) € (0,00) x R%. We claim that
[ (u(to + s,20) — ulto, o)| ;2 = |s|” (k5 +0(1)) as s — 0, (7.26)
and
[ (u(to, zo +y) — u(to, o)l 12 = |y|”* (k6 +0(1)) as [y| — 0. (7.27)

Once the claims are proved to be true, we can consider a sequence of neighborhoods converging
to the point ¢ty and xg respectively, and apply Theorem [5.21to the processes {u(t, x¢),t > 0} and
{u(to, ),z € RY} to obtain (T24) and (T25) respectively.

To prove (.26]), for s > 0, we use (7)) to get that

[u(to + s,20) — u(to, o)| 72

, . , . 1-2H |¢|-B
= CH.d // |(e—”(to+8) — e (toF9)IEl™y _ (gmimto _ o—tolél )‘2 [ il dr d¢
RxR4

7] + [€]2
1-2H | ¢|—B
_ —irto —irs —tole]e [ —sle|e 2 |7 €T
= CH,d e e —1)—e e —1)|" ———=—d7 d§.
[l = ( | e
Then the change of variables 7+ s~ 17 and £ — s~/ leads to
[u(to + s, z0) — ulto, zo)[|7»
1-2H | ¢|—B
_ 1) e Hirto—tolgl®) (o—lelr _ gy 2 ITE IR
cHds e e 1 dr d€.
//W g ( I e
Similarly, for s > 0 small,
[u(to — s,20) — ulto, z0)||72
1-2H|¢|—B
s=1(ir(to—s)—(to—s)[€]%) [ —|¢|e 2 |7 [3
—cHds —e e —1)|" ———=—d7 d§.
/G ( N e

Since 0 <1 — e lI” < min(1, |{|*) and
. 7|1 2H ¢ =P
min(1, |£|2a) —5—a5— dT d{ < o0,
/... P JE

by the dominated convergence theorem, we have [s|~2%[|u(to + s,z0) — u(to,z0)[|2. — K% as
s — 0, which is exactly (7.20).

For (Z27)), we let y € R?\ {0} and use (T7) again to get that

lu(to, zo + y) — ulto, 70|32

1-2H
= CHd// |e—z€ :c0+y et _ o—tol¢|” ) — e iE 70 (¢ —ittg —to\é\a)‘Q w i dé
RxRd |7—|2 + |£|2a

g irto—toleloy 2 11 2R 1€ P
:cw// (7Y —1)(1 — eitto—tolel™y 2 1L IS g e
- e
By the change of variables 7+ |y|=®7 and ¢ — |y| =&, the above expression is equal to

. 1-2H |¢|—B

202 —i- ly| = (iTto—to|€|*) |2 7| i
c e Y 1)(1—e dr d€.
.yl //]Rx]Rd |( )( )‘ 7|2 + [€]2 ¢
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Then, by a rotation of the variable £& which takes the unit vector %

‘ to the basis vector e; =
(1,0,...,0), we deduce that
[u(to, zo + y) — u(to, zo)||72
1-2H|¢|-B
— 202 _7{1 —1)(1 — ly| = (iTto—to|&|%) 2 ’T‘ ‘6’ dr dE.
=cuqlyl // - J(1—e )| e ¢

By the dominated convergence theorem, we get ((.27)) as y — 0. The proof is complete. O

8. STRONGLY LND ANISOTROPIC GAUSSIAN FIELDS WITH NON-STATIONARY INCREMENTS

Finally, we construct a class of anisotropic Gaussian random fields that have strong LND
property but do not have stationary increments. Let f : R¥ — R be a nonnegative function such
that for all £ € R”,

Cl C2
< f(§) < ,
T g =TS T g

where 0 < oj < 1, Q = Z§:1 aj_l and C7,Cy are positive finite constants. It can be verified
that f satisfies

(8.1)

[ min{1. e} (€ < .

Define the Gaussian random field v = {U(m) r € R¥} by

o) = [ kH (55 — D)W (de), (8:2)

where W is a centered complex-valued Gaussian random measure whose control measure has
density f, meaning that for all Borel sets A, B C R¥,

EW(A)W(B)] = Ame(é)dé, and W (—A) = W(A).

This implies that v is real-valued. Note that v does not have stationary increments. Still, we
can verify that v satisfies Assumptions 2] and [Z2] in Lemmas [R1] and 82 below.

Lemma 8.1. Let T be a compact rectangle in R*. Then the process {v(A,x), A € B(R,),z € T}
defined by

., —
{max; |&;| ]EA} H

satisfies Assumption[21l(a). Moreover, there exists a finite constant ¢y such that for all 0 < a <
b<ooandall z,y €T,

k
@) — o(la,b), 2) — v(y) + v(la, B 9)]l 1 < co<zawj gl b—l), (8:3)

j=1
where v; = a; — 1. In particular, Assumption[21l(b) is satisfied for ag = 0.

Proof. Tt is clear that v(A, ) satisfies Assumption 2I)a). For (83]), by writing v(x) — v(y) as
the telescoping sum

[v(x1,...,zK) —v(y1, 22, .., xp)] + [V(Y1, 22, .., 2k) — (Y1, Y2, T3, . .., Tk)]
4+ [U(yla . ,yk_l,xk) - U(ylu v 7yk)]
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and similarly for v([a,b),x) — v([a,b),y), it is enough to prove (B3] for z and y that only
differ in one coordinate. By re-arranging coordinates, we only need to consider the case that
x = (x1,...,2) and y = (y1,z2,...,2x). Note that

U(l’) - U([av b)v‘r) - U(y) + U([av b)ay)
= [U([Ova)7x) - U([Ova)7y)] + [U([bv oo),a;) - U([b7oo)7y)]’

We estimate the two terms separately. By |e* — e%'| < |z — 2/|, |¢'* — 1] < 2 and (BJ)),

[0([0, @), ) = ([0, a) y)ll7

k 2
_ / H ewcjfg _ Zy1§1 _ H i (f) d€
{max; |&;] i <a} j=2
< 22F=20y |0y — yl|2/ k il ) dg.
{max; |&;|% <a} (Zj:l ‘gj‘aJ)Q+2

Note that [£]7 = (|&;]*)?H2(1-e)/ar < (Z?Zl\gj\af)2+2(1—a1)/a1. Then, by the change of

—1 .
variables §; — a® &, followed by another change &; — Z?/ % the last integral is equal to

2a11—2/ 5 Q;
‘ {max; [¢5]% <1} <Z| 4 )

< a2a;1_2 H(2/aj) / ’Z‘—k+4(1—a1)/a1dz
j=1

{max; |z;]?<1}

—Q+2(l—au)/a
1 1d

—1

)

where C'is a finite constant, so we get the estimate ||v([0, a),z) —v([0,a),y)[|3. < Ca¥i|zy—y1]*.
On the other hand, by |¢”* — 1| < 2 and (&),
1

(b, 50), 2) — v([b, 00), )| < 22*C: / 3
k a1 20} (225 [¢5]09)@+2

Now, by similar changes of variables &; +— 0% lfj and then &; — ng/ Y we get that |[v([b, 00), z)—
v([b,00),y)[|3, < Cb~2. Combining the two estimates above finishes the proof of (B3). O

Lemma 8.2. Define A(z,y) = ?:1 |z; —y;j|*. Let T be a compact rectangle in R* qway
from the axes. Then, there exists a positive finite constant co such that for all n > 1, for all
1 n
r,x, ..., eT,
1 ¢
e > m .
Var(v(z)|v(z),...,v(x"™)) > co 1<€1<H A?(z, 2%

In particular, this implies that ||v(z) —v(y)| L2 > V2 A(z,y) for all z,y € T.

Proof. We may assume that a < |z;| <bfor all x = (z1,...,2;) € T, where 0 <a <1 <b < o0
are constants. It suffices to prove that there exists a positive finite constant ¢ such that for all
n>1, forall z,z',...,2" € T and all ay,...,a, € R,

- 2
B ¢ S 2 _ _ la _
E[(v(m) Zaw(az )) ] > cr®, where r = 1I<Ilzléln 1lgf<xk Tj— (8.4)
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By @10,
n
[CORDITRES) }
=1
i " i ) it (8.5)
> Cl/ H(emigi H 256 _ 1) - .
RF 1500 =1 =l (X251 1651%9)9+2
Let p = min{l,a(2b)_o‘*/"*}, where of = max{ay,...,ax} and a, = min{aq,...,ax}. For each
j=1,...,k let ¢ :R— R, bea nonnegative smooth function supported on [ p, p] satisfying

¢ (0) =1. Let ¢(2) =r~ % quj (r=% z) and let ¢ denote the Fourier transform of ¢?. Consider
the integral

TR R ) T

=1 /=1 7=1
Then, by inverse Fourier transform,
k n
= 0! | TI6L0) - i) = S o)~ olla)|
7=1 /=1 j:1

Note that ¢%(0) = 7~9. Since r < (2b)*", we have P05 |z;] > a(2b)=@"/* > p, thus qbfl(:z:j) =0.
Also, for each ¢, by the definition of r, max; |z; — x§|0‘j > r, so there exists some j such that

1 .
|z; — x§|0‘j > r. For this j, r™% |z; — ZE§| > 1 > p, and hence ¢}.(z; — $§) = 0. This implies
that for each ¢,

k
[T} (@; = a5) = ¢l (x;)) = 0.
j=1
Therefore, we have
I=(2m)kr¢. (8.6)
On the other hand, by the Cauchy—Schwarz inequality and (8.3]) above,

k k
P < [(uw zaw )E /Rkjgl|$z<sj>|2(j§:jl|£j|af)wds.

By ggﬁ(f]) = (EJ (Ta; &;) and the change of variables &; — P 1§j, the integral on the right-hand
side is equal to

a0 [ 1T LNINCIS a0
r2 2/Rkjllr¢ﬂ<sj>\2(§sj\ N e = a2,

Therefore, together with (8.6]), we have
n 2
(2m)2k =20 = 12 < %(1)7‘_262_21[3[(1)(3;) - ;::1 a[U(.Z'Z)) }

and (84) follows. The proof is complete. O

Corollary 8.3. Let T be a compact rectangle in R* away from the azes. Then, Theorems [{.4)
[2.2 and [61) can be applied to the Gaussian random field v defined by (B2]).
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We point out that even though the Gaussian random field v = {v(x),z € R¥} defined by (82))
and the fractional Brownian sheet with parameters (aq,...,ax) € (0,1)* share some similarity
in their definitions and many sample path properties, some of their other fine properties such as
Chung’s LILs and exact Hausdorff measure functions are rather different (see Lee [I1]). Instead,
it can be proved that these latter properties of v = {v(x),z € R*} are similar to those in [I5 [16]
for Gaussian random fields with stationary increments and spectral density f that satisfies (81).
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