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Circuit Waveforms for Periodic Waves

D. L. WAIDELICH

FELLOW IEEE

Summary: A method using steady-state
transforms is described which indicates
how the sum function of a Fourier series
may be obtained. The method can be
applied to problems arising from circuits
containing concentrated circuit parameters,

but is not quite so useful for those having
distributed parameters. Tables of Fourier
series and their sum functions are presented,
and several examples of the application of
the method in circuit problems are given
in this paper.

N THE CIRCUIT theory of linear
networks the use of nonsinusoidal
periodic waves usually leads to a Fourier
series representation of voltages and cur-
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rents. The series is useful in determining
the amplitude and phase of the harmonic
voltages and currents, but it is not very
useful in determining the waveforms of
the voltages and currents. The sum fune-
tion of the Fourier series might be defined
as the repetitive waveform in the time
domain, or, alternately, the closed-form
expression of the sum of the Fourier series.
If the sum function is known, the required
waveform may be reproduced with ease.
The sum function may be obtained in
various ways,'™® although none of the
methods seem to be well known, prob-
ably because of their difficulty. The pur-
pose of this paper is to recover the wave-
form from the Fourier series, and this will
be done by presenting another method of
summing Fourier series and giving some
cxamples of how the method may be
used in circuit theory. The method
consists of changing the Fourier series into
a stcady-state transform,'®!! and then
cvaluating the transform by residues!® or
by using a table of steady-state trans-
forms.51? Tt is believed that this method
using the transform tables will provide a
comparatively simple way of obtaining
the required sum function of the Fourier
series.

Theory

The direct steady-state transform® is

Sty = Jo e fit)at= F(p) (1)

where f(f) is given in the time interval
0<t<T and p is a complex variable.
The inverse transform is

1 PUE(p)d
SR =5 f L
Jw

where W is the contour in the complex
p plane shown in Fig. 1. The evaluation
of equation 2 is presented in some detail
in the Appendix. If equation 2 is eval-
uated at the poles p=p,=(2rn/T)
within W where 7 is an integer (=0,
+1, &2, ...), the resulting Fourier series
is

=f(t) (2)

(=7 D, Fli2en/T)/Cmm/D @)

R=_ o

or

1 2 _
J=ZFO)+, Z Re[F(j2xn/T)]

nil

cos (2rnt/T)—; Z Im[F(j2xn/T)|
n=1

sin (27nt/T) (4)

If F(p) has one or more poles at p,=

(72rn/T), then equations 3 and 4 have to
be modified for the multiple poles and this
may be done by evaluating equation 2
directly. The function F(p) may be ob-
tained from the coefficients of the series of
equations 3 or 4 by replacing n by
(—jpT/2x). The function f(¢) then may
be evaluated as a sum function® by
evaluating the integral of equation 2 or
by the use of the steady-state trans-
forms.?1? Fortunately, in linear circuit
theory the F(p) obtained from a given
Fourier series will not have poles at p,=
(727n/T) and so the procedure mentioned
above for multiple poles need not be
considered.

As an example showing how the sum
function may be determined from a
Fourier series consider

)= Zw: (—1)"(cos nt+n sin nt) 5)
n=1

ni41

Comparing equation 5 with equation 4
the following quantities are found:

T=2r

(—1)"

ni4-1

(=1)"n
n?+1

1Re[FU2:m/T)] =
——I' Im[F(j2an/T)] =

Then

(=1)"(1—n)jr
ni4 1

and put p=(jzr2n/T)=jn. The (—1)"

term should be replaced by (¢=7")" when-

ever alternating signs are encountered.

(eI (A—p)w e
S e | p+1

The quantity [F(0)/T]=(x/T)=(1/2)

and let

1 (—1)"(cos nt+n sin nt)
MO=5+ ®)

F(j2an/T)= (6)

F(p)= (7)

n+1

where
fO=hH(t)—(1/2) (9)
Now F(p) and fi(t) are a pair of steady-

. state transforms, and if fi(f) is evaluated

as the sum function of the Fourier series
by the use of equation 2 or by the use
of the steady-state tramsform tables®1?
the result is

re— (H+7)
ﬁ0<3<ﬂ
—e
N(t)= re— (=% (10)
)ﬁr‘(#(i&r
—E
or from equations 9 and 10,
—(tsm)
Te
-~ T—e"""" ‘-‘:—2, O<t<aw (11)
= g 1) 1 —
=" g7 27

Equation 11 then is the sum function of
the fourier series of equation 5. The
waveform of equation 5 as obtained in
equation 11 is shown in Fig. 2.

At first glance it would appear as if any
Fourier series whose general term could
be expressed in terms of n could be
summed by this method, but this is not
true. If the series cannot be written in
the form of equation 3 except for a finite
number of terms, then the sum function
of the fourier series can not be found by
this method. An example of a series that
can not be summed by this method is

@

i t
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n=1

If equation 12 is written in the form of
equation 3,

2 gjn.: i {(— g—int)
2j(ﬂ”+1)+ Z 2j(n?4-1)
1

n=1

(12)
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Fig. 1. The contour of the
inverse transform
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Fig. 2. The waveform of the example of a Fourier series Fig. 3.
F j =
rom the first part of equation 13 i sin (2n—1); i
1 _ o (2n—1) cos [(2n—1)x/3]
}:szm/n:m (14) n=1
A : Before proceeding it is helpful to put
while from the second part m=2n—1 where the summation in equa-
tion 16 is taken over the odd values of m or
1 1 e
—F(2an/T)=——F—"— 15 i
T (2wn/T) 2 +1) (15) )= sin mi an

Thus, there is no one analytic function
F(p) in closed form that can be assigned
to the series of equation 12 and so the
sum function in closed form cannot be
found by using this method. An infinite
series for F(p) can be obtained, but F(p)
is not useful in finding the sum function
in closed form. The constant term is
missing in equation 13, but this could be
supplied as was done in equations 5, 8,
and 9 of the first example.

Another difficulty that may arise is
that which occurs often in series coming
from problems involving distributed
parameters such as those of transmission
lines and wave guides. In almost all
cases the problems arising from linear
circuit theory with concentrated param-
eters such as resistance, inductance, and
capacitance involve an F(p) which has a
finite number of single or multiple poles
as the singularities in the complex p
plane. The linear circuit theory in-
volving distributed parameters, on the
other hand, involves an F(p) which may
have one or more essential singularities
or branch points in the $ plane.’* This
F(p), when evaluated as a sum function,
may lead to another infinite series or to
an integral which cannot be evaluated in
terms of known functions. The infinite
series may or may not be a Fourier series,
but it may have the advantage that it
converges faster than the original series,
and thus, an approximate sum of the series
may be obtained more quickly. An ex-
ample of this type of Fourier series is

m cos (mw/3)
m=1357T,.,

Then by comparison with equation 4

I'=2%x

L Rel F(im)) =0

” irm [F(jm)] =
1

T
m cos(?) for m=1,3,5,7...

0 for m=2,4,6,8. .. (18)

To obtain the required F(p) it is neces-
sary to multiply the imaginary part of
F(jm) in equation 18 by a function of m
which takes on the value of unity when m

is odd, and zero when m is even. One
such function is
1 —jmmw
5(1—2. IMTY and then for all m's
1 1— g im™
— ~Im[F(jm)] =———
ks mw (19)
2m cos——
3
Now, from equations 18 and 19,
: ja{l—e" ")
R e . ol AR
Fjm) mr (20)
2m cos—
3
and putting p=jm
(1—¢™7")
Flp)= (21)

2p cosh (pr/3)

From equation 20,
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The waveform of the example involving an essential singularity

(L/T)F(0)=(x/4) (22)
Now let
hit)=(=/4)+ in mt
/ m—; = ?:IT (23)
T cos—
3
where

JO)=H(t)—(r/4)

The function F(p) is to be changed into
a sum function using equation 2 by eval-
uating the integrand by residues! at the
poles of F(p). The following series are
then obtained:

0<i<r

W=(x/24 D (/KX

K=1.357,.,

[(—1)ED/2 g5 (3/2)Kt+sin (3/2)K1]
(24)

T<t<2r

w

M= D WK

K=135,1,..
[(—1)F+D/2 o5 (3/2)Kt—sin (3/2)Ki)
From equations 23 and 24,

0<t<nr

=G+ Y /KX
K=1,3,51,..

[(—1)FID/2 005 (3/2)Kt+sin (3/2)K1] (25)

T<t<2r

()= —(n/4)+ E (1/K)X

K=13587,..
[(=1)FED/2 0og (3/2)Kt—sin (3/2)K1)

The process of finding the sum func-
tion has led to two Fourier series, one



of which is to be used in the first half-
period, and the second of which is to be
used in the second half-period. In this
case a closed-form expression of the sum
function is not obtained although other
methods!® may lead to a closed form. In
the example whose results are given in
equation 25 the time function f(#) may be
recognized as the superposition of two
square waves and this leads to the wave-
form shown in Fig. 3. The original
Fourier series of equation 17 may also
be written in the following form:

z : sin mt : : sin 3mit
1y=2 -
) m ‘m
m=1,35,7,.. MmM=1357,..
(26)

This also is the difference of two square
waves and again leads to the waveform
of Fig. 3.

Another question which arises in this
solution is the choice of the function 1/2
(1—e /™) used in equation 19. Another
possible choice is 1/4(1—e ™)2 which
leads to

(1—g""")

e 27
4p cosh (px/3) @

F(p)=

where
(1/T)F,(0)=0

If this quite different value of Fi(p)
is used in place of the F(p) of equation 2
and evaluated at the poles of Fi(p) to
obtain the sum function, it will be found
that equation 25 again results. This
remarkable result that the same f(f) re-
sults from two quite different F(p)'s may
be explained in the following manner.
From equations 21 and 27 let

Fi(p)=F(p)— F(p)

Table I.

w(l—e ™) w(1—e P7)2

~2p cosh (pw/3)  4p cosh (pr/3)

_a(l—e 77)
_4“? ol
a(1—e P*")[1—cosh (pr/3)]
4p cosh (i;—w) (8)

When Fi(p) from equation 28 is sub-
stituted in equation 2 the first term of
equation 28 yields (r/4) which is the
same (r/4) as that of equations 22 and 23,
while the second term of equation 28
yields zero. The fact that certain direct
transforms that might be called null trans-
forms yield zero when evaluated in the
inverse transform has been discussed
previously.?12 Therefore, both F(p) and
Fi(p) should yield the same f(¢).

It appears as if this method will be
very useful for Fourier series arising from
the problems of circuits containing con-
centrated circuit parameters, but mnot
quite as useful for those of circuits con-
taining distributed parameters. In the
result of equation 25, Fourier series were
obtained because the poles of F(p) lay on
the imaginary axis. In general, the poles
of F(p) will lie anywhere in the p plane
and the series will contain exponential
terms as well as the trigonometric terms
and thus will not be Fourier series.

Tables of Fourier Series

From the foregoing theory it appears
then that for a given function of a com-
plex variable, F(p), the corresponding
time function, f(£), may be obtained either
as a Fourier series or the sum function of
the Fourier series. Table I presents a
short table of basic F(p)’s with their

Steady-State Transforms

Direct Transform, F(p)

Sum Function, f(t)

£~PkT
, 0
?

e—PET

t+a

(a1p+ ao)e ~PET %
(@t+a)(2+8) "

(a1p+ ag)e ~PET
2+ a)

(crp+ao)e PET
ﬁ!

(aap+ ao)e ~PET
{(p+a)?

LT S R B R e B s SR

| 5 o

........ 0, 0<t<KT

1, kT<i<T

e=@(L=KT)
T—.ar KT<t<(KT+4+T)

(ap— enex)e ~*(t—KT)

,,,,,,,, = (1—c=aT)

(ap— en@)e - —ET)

B A=A ET<!S(KT+T)
,,,,,,,, b Z‘("l')i;a_:;xr+r’, 0<I<KT

?“4("0:(?3);:;;{?], KT<1<T
,,,,,,,, 0, 0<i<KT

aitao(t— KT), KT<t<T
[(oto— anc) (i — KT) + asJe ~X (I -KET)
(L—eg4T)
ag— ana) Te~atl KT +T)
(1—eT)2 E
ET<t<(KT+T)

4

“

corresponding sum functions, but much
more complete tables are available in
the literature, 12715
As an example of the use of Table I let
—pKT

€
Fi =
(#) o

0<K<1 (29)

which is item 2 of the table. This F(p)

has one pole at p=—ea and by use of
equation 4 and Table T,

—jmrnK
=t E [a+(;2m/r)]

cos (2rnt/T)
2 i gk
Sl
T a+(j2xn/T)
n=1
sin (27nt/T)
g~ —KT)

=—'_7.;;,‘:-, KT<t<(K+1)T (30)

1
In equation 30 let x=2xt/T), x=2"K,
and a=(al/2.), then
E a cos n{x—x,)+n sin n(x—x,)
ni+a?

n=1

e ® (z—z0) 1

xp<u<to+ 27 (31)

T 1-¢ ™ 24

Results similar to equation 31 may be
obtained for the other transforms of
Table I, and these along with equation
31 are shown in Table II

A second example is that of item 1 of

Table I where
F(p)=(e ?*"/p), 0SK <1 (32)

This F(p) has a single pole at p=0 so
equation 4 may not be used but we
obtain the Fourier series from equation 2:

p(t—KT)
== f S
27 Jyw p(1—e"?")
d [ peP(t—ET)
7[?—%?] +
4 1=g p=0
gi;rlhrn(.[ ET)/T]
T Z T (j2en/T)
fle — @

t 11 1.
=F-Kigt, D e
n=1
[2wn(t—KT)/T]
_ {0, 0<t<KT
1, KT<i<T

(33)

The prime over the summation sign
indicates that the #=0 term is omitted.
With x=(2x#/T) and xy=27xK, equation
33 becomes

@

1 P
E gy =)
n 3

n=1

%<2 (% +27) (34)



Table Il

Sum Functions of Basic Fourier Series

Fourier Series

Sum Functions, xp<x<{xo+2r)

o

1

1. B R TN s o g b 9 A, M AR R A
”n
n=1
2 Z a cos n(x—xp) +n sin #(x—xa)
’ ni+a?

= [nt*{ma+ab—do} +abag | cos n(x—xo)

= (n2+a?) (n2+52)
=1
= [a113 4 (aga +aob — arab)n] sin n(x— xo)
* (wf-a%) (n3+-b7)
n=1

E(d—aa] ©os n(a: :ra)
AEE gl TriTereireseseseseacesiieiii

[aini 4 agan] sin n(x—xg)

ni(ni+a?)

o0
+
n=1

@

5 Z [m sin 'nf‘x—xo}_

ag cos uix—xa)

n?

= [#2*(2am — ag) + a%ap] cos #(x—xo)
¢ Z (n2+4a%)t

- [a1n3+ (2aap— alai)}n ] sin n(;jng
+2 e

w_—(x—xo)
2

re—@{X-T0) 1
2a

w(go— aia)e ~2T ~Tg)
(h—a)(1—-mma)

r{ag— mb)e -biT “To!  ao
(a—b) (1l —e-ma) Zab

w{ma—ag)e "3E ~Tg)
a{l—e—tra)

"f"w"r;—fz [r—(x—2x0)]

2at

‘;-’ [r— (x—x0)]

_?{[r—(x—xo)lf—g-z}

w[(a0— m18) (x — x0) +a1]e "2 ~Zo)
(1—e—2re)

2x2{ag—aja)e ~C&E ~Tg tix) g
(1 —e—2mi)2 Da2

et}
?+Ewl
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—i(t) R

Fig. 4. First example of a
circuit problem

(8)
i
o ]‘72 ;i

A—~Applied wave of voltage

B—Circuit diagram

C—Steady-state current with
(RT/L)=1.0

which is item 1 of Table II. The result,
equation 34, may also be obtained from
equation 31 by letting a approach zero.
From item 2 of Table II it is possible to
obtain all of the other items of the table.
Additional and more involved series
and their sum functions may be obtained
by wusing more involved steady-state
transforms than those of Table I, or by
obtaining them from combinations or
limiting cases of the series given in
Table II.

Simpler series may be obtained from
those of Table II by various manipula-

tions. As one example put xp=—m in
item 2 of Table II. Then
: : a cos nx-}—n sm nx
( 2+G‘3
n=
xe 1
27‘;111 T 5g ST —r<x<r (35)

In equation 35 x= —x' then drop primes.
Z (=1)" a cos nx—n sin #x
ni4a?
=1
1
— —r<lx<r (36)

mg+az
2sinh ar Za'

From equations 35 and 36:

o«
E : ( l)ncos nx w cosh ax 1
n2+a? 2asinhar 2a*

—r<x<r (37)
Z( 1)nnsinnx_ 7 sinh ax
ni4taq? 2 sinh ar’
n=1
—r<x<r (38)

Equations 37 and 38 are presented as
items 1 and 2 of Table III, Similarly, if

=0 in item 2 of Table II, items 3 and 4
of Table III are the result. In equation
37 let a—0 and the result is item 6 of
Table ITI. In a similar manner, letting
a—0 in items 1, 3, and 4 of Table III
produces items 5, 7, and 8 of the same
table. Ttems 5 and 7 may be recognized
as the well-known saw-tooth waveforms,
while items 6 and 8 have a parabolic
wave shape. If item 1 is subtracted from
item 3, item 9 results. Then if, in item
9, a—0, item 11 is produced and this is
the familiar square wave. In the same
way items 10 and 12 may be obtained
from items 2 and 4.

Additional derived Fourier series similar
to those of Table IIT may be obtained
by methods such as those already given
and others. Two examples of more com-
plicated series are derived in the Appendix
and a table of approximately 250 such
Fourier series is available.'®' There are
also available several shorter tables, 31879



Applications

The first application will be that of the
square wave voltage of Fig. 4(A) applied
to the series RL circuit of Fig. 4(B), and
the purpose is to obtain the waveform of
the current.

From item 11 of Table III

_4En sin (21— 1wt
()= Z 2n—1)

is the Fourier series of the applied voltage
where E, is the maximum voltage of the
square wave, w= (27 /T) is the angular fre-
quency of the wave, and ¢ is the time.
From Fig. 4(B) Z=R+jwl= \/R'!—I--t.\:EL2
Jarctan (wL/R) and the Fourier series for
the steady-state current is

(39)

o

{(2n —_1 Jot—arctan [(2n—1)wL/R]}
11 —_—
(2n—1) v/ R*4-(2n —1)%?L?

_42,,,122
o 2n—
n=1
cos (2n—1)wt

4E,‘nmL.Z =
™ [R*+(2n—1)%®L?]

=1

sin (2n—1)wt _
[R*+(2n—1)%w?L?)

(40)

By using partial fractions the current ex-
pression can be written:

@

~wR (2n—1)
=1
4En, (2n—1) sin (2n—1)wt
TR (2n—1)*4-a?
n=1
4En cos (2n—1)wt (41)
ol (2n—1)*+a?

n=1

where a=(R/wl). Now by the use of
items 11, 9, and 10 of Table III, the sum
function of the steady-state current is for
0<t<(T/2)

AEp(7\ 4En[ =
t — P i Ly (O
w0="x (4) - (4 sinh aw—)x

|sinh awt—sinh a(wt—x)]—

4, T

@(40 sinh mr) *

[cosh a(wi— w)}—cosh awl]

En 9¢~ (BH/D)
-]

In a similar manner for (T/2)<t<T

En, 0~ [R(=T /2 /1)
A= E’{“W}
The current waveform for (RT/L)=1.0
is shown in Fig. 4(C).

(42)

(43)

Table lll. Derived Fourier Series
Series Sum Functions
= -
1 2 : (-1 n sin nx = sinh ax
. P I Jsinhon —wlr<T
cos nx « cosh ax 1
2. E B e e
e nitat 2a sinh ax  2a? TSR
3. Z 7 sin nx w sinh a(x— )
i g Sttt e
n=
=]
4. Z cos nx  cosh a(x ) 0
‘ Hidga et %2 sinhan <x<Zw
n=
o
E : sin nx x
5. (_1}"7 ........................ _E&‘ —g<z<lw
n=1
o
_ 1ypCOS BT 1 o w2 o
. E (—=1) BT e T —— F X T T<x<w
n=1
o
7 sin nx T—x
- T trrreseastresieeaiiiiiioiol =5 0<x< 20
n=1
o
AP 1 . i”}
. P R 1 (x—x) ~z .} <2
n=1
Z (2n—1) sin (2n—l)x - . . .
9. @r—D)thar | eneeteeeeeees T [sinh ax —sinh a(x—x) ], 0<x<r
— x g s
ok l”_[smh a(x—r)—sinh a(x—2x) ], r<x<2x
= )
cos (2n—1)x T
10. Er—L)iga o tr e e e — [cosh a{x— x) —cosh ax], O<z<w
n=1
w
T [cosh a{x —2x) —cosh a{x—x)], 7<x<2mx
= .
- W ......................... w/4, 0<x <
—.
n=1
— /4, 7<l2<2x
o
12 E O b e smsenm s me e f(f—x),ﬂﬂﬂ(r
: (2n—1)* 4\2
n=1
—;I 3—2,r—x), Tox<2mw

The second application will be that of
the sine-loop voltage of Fig. 5(A) applied
to the filter circuit of Fig. 5(B), and the
object is to obtain the output voltage
waveform. The Fourier series for the in-
put voltage is

cos (n2xt/T)

14
e (44)

2En
edt)="— 1—

Take care that the correct sign of the
square root in equation 45 is employed.
Now equation 45 can be written

@

2Em 4E;,

(n%a2—1) c:s (n2wi/T)
(4n2—1)[(n%a?—1)*+n??]

n=t 4En nb sin (n2xt/T)
The Fourier series for the steady-state out- T (4n2—1)|(n%2—1)*4-n2b?]
put voltage is n=t -
< N5
el)="" 1_22 | wet £
=1

cos[(n2xt/T)—arctan (nb/1 —n2a?)]
(4n2—1)V/(1—n?a?)? 4-n2b?
where a=(2rVLC/T), b=(2xL/TR).
6

(45)

[n2—(1/a?)] cos (n2xt/T) _Eﬁé
[R2—=(1/4))(n*+A*)n*+B*) mat

E nsin (n2xt/T)
~4 [n2—(1/4)](n*+A%)(n*+B*)

(46)



where

A=(1/2a2)(b+/b2—4a2)
B=(1/2a2)(b—/b*—4qa2)

Then, by the use of equations 49, 51, 52,
and 53 of the Appendix, the steady-state
output voltage of equation 46 becomes for
0<t<T:

E
O ——’"{21{1 sin (wt/T)—
2g?

Ky cosh A[(2#t/T)—n]
A sinh Ax -
Ky cosh B[(2nt/T)— w]}
B sinh Br -

f;b{](. cos (wt/T)—

Kssinh A[(2xt/T)— =]
sinh A -

K, sinh B[(2ﬂ/?')—ﬂ—]}
sinh Br

(47)

where
4a*a*—4)
(a®—4) +4b2

_ 4(a24+1)
a*(44*4-1)(A2*—B?)

K1=

=
_ 4(a*B*+1)
T aX4B?4+1)(A*—B2)
16a*
qui
(a?—4)2+45?
&
ST (442 1) (42— BY)

RN -
(4B2+1)(42—B?)

a

Kg=

An algebraic manipulation of equation 47
produces the following, for 0<t<T,

eo(t) =4En[(4—a?)2 +4b2] 1 X
[(4—a?)sin (wt/T)—2b cos (xt/T)}—
o~ (A yT)

__4En [ -
a(A—B)L (4471 (1—¢ 74)

o (B H/T)

(432+1)(1—e""**‘?)] )

The output voltage waveform eg(¢) for
a=2.0 and b=4.1, as calculated from
equation 48 is shown in Fig. 5(C). Much
of the algebraic manipulation, such as
the use of partial fractions, could be
eliminated by the use of a more extensive
table of series similar to the one mentioned
previously'® and to be employed in place
of Table IIL.

Conclusions

The following conclusions have been
reached by the author:

1. A method using steady-state transforms
has been presented that will find the sum
function of most Fourier series occurring

when periodic nonsinusoidal waves are
applied to linear circuits with concentrated
parameters, This method, however, may
not be useful in some circuits with dis-
tributed parameters,

2. The tables of Fourier series presented
are useful in applications to circuit problems.
A more complete table of such series would
aid in lessening the amount of algebraic
manipulation required in obtaining the
simplest form of the sum function of a
Fourier series.

Appendix. Examples of More
Complicated Series

Suppose the sum function of

-

(agn®+aon®+an) cos nx

Lt (n o) (n b))

Jlx)= (49)

is to be found where the &'s and a?, b2, ¢?
are real constants. Use the method of
partial fractions to resolve equation 49
into the sum of three series

ao— aaa? 4 auat
(b*—a2)(c2—a?)

_ g — agh? bt

K
(a*—=b*)(ct—b%)

s
(@*—c*)(b2—ct)

Then, by the use of item 4 of Table I1I,
the sum function of equation 49 is for
0<x<8r

)= irl:K] cosh a(x—r)

K;

2 a sinh aw
K, cosh b{x— )
b sinh b
K; cosh e(x—) o)
— 51
¢ sinh cx 2a%h%c? (51)
A second example is
= 5 3 3
fex)= (asn®+azn®+agn) sin nx (52)

(n?+a?)(n?+b2)(n2+c")
n=1

The sum function of this series could be
found in the same way as that of equation
49, but perhaps a quicker way is to take

= — = s e the derivative of equations 49 and 51 and
flx)=K, E i + K 2 + with respect to x and then change the
) n*+a? n*4-0? constants to those of equation 52. The
mt =t result for 0<x <2 is
cos nx x| Kysinha(x—w)
K E 50 g [l M S
! n?+4c? 50} Ax) 2|: sinh aw
n=1
K sinh b(x— K sinh ¢(x—
where b (=) Ko : = (53)
sinh b sinh ¢
Cifﬂ
L
o) —t
(A) K
e(t) R e (t)
c=
'
(B)
'um
b,
Fig. 5. Second example of w
a circuit problem
A—~Applied sine-loop voltage
B—Circuit diagram —t
C—Steady-state output voltage o X

with A=2.0 and B=4.1
7
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where

o '-otaaz"rasa"
(b2—a)(c*—a?)

_a— a352+ agh?
T (ar—br)(cr—b)
. ﬂfaf"f‘ﬂrsc“
(@2 =) (b —c?)

Equations 52 and 53 can be found also by
the method employing steady-state trans-
forms as exemplified by the finding of the
sum functions of equation 5.

Evaluation of the Inverse Steady-
State Transform

The inverse steady-state transform, as
given by equation 2 may be evaluated in
two principal ways, the first of which leads
to the Fourier series, and the second of
which leads to the sum function, i.e., the
closed-form of the sum of the Fourier series.
These methods of evaluation may be found
in a number of referencesi®1,20,21 hut
are presented again here for convenience.

The Fourier series evaluation may be
obtained in the following manner. - The
contour W as shown in Fig. 1 is assumed
to contain only the poles p=p, =(j2mn/T),
where » is an integer (=0, =1, £2, ...).
These are the poles of the function 1/
(1—e?T)., When 2 is evaluated at the
pole p=pé=(2xn/T), the residue is

1 z
Residue at=— F(j2xn/T)el *™4/T) (54)

P=pn

and the sum of the residues is the Fourier
series of equation 3. As an example con-
sider item 2 of Table I

—;:KT

F(P)— » 0SK<1 (55)

For equation 55 the residue at p, is

1[[ 7hmnE irnt/T)
[(:2mm+a]‘
(56)

Residue at=

P=pn
The Fourier series then is

S"[F(P)=f(i)

—=jirnK

J(2wnt/T)
o7 Z I:ar +(j2xn/ 'I‘)il'g

(57)

which may also be written as the Fourier
series of equation 30. The sum function
evaluation consists in separating the integral
of equation 2 into two integrals, the first
of which is taken over the part 1) of the
contour W to the right of the imaginary
axis as shown in Figl. The second integral
is taken over the part W, of the contour
W to the left of the imaginary axis of Fig.
1. For convenience the contour W. will be
reversed in direction and called W¥; and the
sign on the integral will then be negative.
Then from equation 2

1 1
S—l[F(?)]=2*—jf f:_ﬁ‘(_f%_
wy l—e
1 [ ' Fpyp
2w Jyy 1—c 7t 58

The contour 1) is the same as that used
in the inverse Laplace transform and hence
may be evaluated using L~! as the symbol
for the inverse Laplace transform as follows:

1 f ' Fp)ap [ Fp)
277 Jw, 1—e #7 1—e ?T

= L7 F(p) -+ L [Fp)e ™1+

“UF(p)e P4, (59)

For the interval 0<i<T, equation 59
becomes

1 eP F(p)

E=F dp=L71[F(

355 )y, 1o =L 7 )] (60)

since all of the other terms are zero.

The second integral of equation 58 must
be evaluated at all of the poles of the
integrand except the p=4, included within
the contour W. If now F(p) is assumed to
have the poles p=s,,, where m is a positive
integer, then the second integral of equation
58 becomes

=1
21rrj W3
- a"‘Ftp)(p—sm)]
= 2[71—9‘” - (61)

From equations 58, 60, and 61 and for
o<t<T

STUF(g) =L [F(p))—
P F(p)p—3m)
Z[ 1—e 7T ]‘p-sm ()

Consider again the example of equation 55.

e’'F(p)dp

1—e ?T

Here m=1, 5= —«, and using equation 29
for O<t<T
e—pKﬂ"
SR )I=f(t)=L"[ ]—
2 ptea

81”8-311{1‘
1 —8_1” p=—2

Now for O<t<KT

o~ *L@KT  —a(1=KT+T)

HD=0— = — 63
fy=0-~— == (63)
and for KT'<t<T

o 8—0:.:6«5&" g—ar(z—!ﬂ")
Jl=e R e (64

Actually, equation 64 may be used until
the next discontinuous jump ocecurs at
t=(K+1)T and this is indicated in equation
30. Hence, equation 63 and equation 64
are the sum function of the Fourier series
of equation 57.

A physical interpretation of equation 58

8

may prove helpful.®® The integral over
W, is the usual inverse Laplace transform
of the response of a system, and hence is
the sum of the steady-state plus the tran-
sient response and might be called the total
response. The steady-state response would
be the inverse steady-state transform on
the left-hand side of equatiom 58. Thus,
the integral over W; must represent the
transient response. Then equation 58
might be written: (steady-state response)=
(total response)—(transient response).
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