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ABSTRACT (U)

The circular microstrip antenna is analyzed by develop-
ing the field equations within the antenna in terms of Bessel
functions. When the order of the Bessel functions is 1,
the antenna radiates normal to the surface on which the
antenna is mounted. Equations are developed for calcula-
tion of radiation patterns, 1mpedance, bandwidth and effi-
ciency when the antenna is operating in this mode. Curves
are provided to a581st in the design of a c1rcular micro-
strip antenna, : :
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" CIRCULAR MICROSTRIP ANTENHAS

INTRODUCTION

Microstrip antennas hdve been used extensively in applica-
. : cq )
tions where the antenna must have a very low profile. Some
characteristics of rectangular microstrip antennas have been -

o . 1,2
-covered in previous reports. '’

‘In this report the circular
microstrip, shown in Figure 1, is analyzed and its ¢haracteris-
tics préSehtédfiﬁ the forﬁ of éiﬁple eqUatibns~andAgraphs. The
~antenna is an’énnular,seétion of'copper-Clad dielectric material
4.wifh the twd‘copper surfaces shorted togetheria:qqnd the inner
rédius, r;. Thig antenna is nét as easily fabriéated as the
rectangular microstrip antenna but}offersvone sigpificént-advan—

‘tage. The outer radius, r is not fixed by the frequency and

OI
dielectric constant of the substréte so the outer radius can be
seiected to obtain the best pattern. Once r, is determined, the

inner radius can be'determined’to obtain the desired resonant fre-

quency.

MODES OF OPERATION
Ih cylindiicai strﬁcture; the fields éan bé cbnveniently
expreséea in terﬁé of Bessel funcéionétof'order V. Since the
antenna is Very thin, rélativé'to a wavelength, no Qariation inA
the %'airecfibn of the fields will be assumed and consequently
Er and E& afe bOth zero in the annulaf-region between the plate.

(See Figure 2).



E, = [AHv(l).(kcr) + BHv(Z)‘(kc#)][C cos v¢ + D Sil} Vel | (1)

where - : ’ : -

) (kr) = 3y Gegm) + 3T, UegE).

S (2) Tk r) - 4V (kT
Hv( egr) = 3, egx) = 3Y (k)

this form of the Bessel functions separates theAfieids into radially

propagating waves; H (1)(kér) is a wave propagating in the -r

\Y

direction and Hv(z)(kcr) is a wave propagating in-the +r direction. ..

Aléo, due to symmetry, the cdefficient of sin V¢ must be zero.

z

B, = cos volay, Pk r) + 3n, Py @

The other non-zero field components are

- - S
H, = L5 2 | : ' (3)
¢ k 2 or - .
C
) . aE . . N .
r g 2 00 )
c .

‘The radiation admittance oflthe cylindrical aperture formed by
the two plates is mﬁch ;ess than ﬁhe admittance of"the'radial trans-
mission iines, Thereforee for a‘first ordex approkimaﬁion, to
determine the resonant fréquency, this apertﬁre can be“COnsidered
an open circuit so there is no current in the radiai difecﬁion.at

the outer radius.



=0 . ' (5)

Since the two plates are shorted together at the inner radius,

N

the E field must be zero at that point.

" cos vo [AlH\) ('1) (kry) + .BlH\,'(z) (k‘cri)] - 0 | (6)

. These‘two equations determine the resonant conditions, the kc's
which are a sélution to equations 5.aﬁd 6,;for any o?déf of the
Bessel functions. This];C is equivalent to»2ﬂ/Ac whe;e XC is
theAcuﬁoff Qavelength chihdricgl‘waveguide which' propagates in
the z direction. When such a waveguide is operated at cutoff,
the guide wavelength.approaches‘infinity and there is no varia-
tions in the z:direction. In the perfect model which has been ‘
assumed for determining ;esdhan; frequencies,-no'power ioss throﬁgh
the outer apeiﬁure, if there were no losses in the plates or dielec-
tric, the~fieldé in the annular region could have only discrete

frequency values corfesponding'td the kc's for that geometry. 1In

./ :

the realistic.case of some radiationvfrom'thé edgeé and small losses
in the plates, the fieids will have‘significant amplitude in narrow:
bands around theseAresonénﬁ frequencies.

The order of the Beséel funétions[ v, qaﬁ have any integer
value. When V= 0 the antenpa~is essentially identical to an
annular slot which has a pattern similat'to'a monopole. . This is

not the order which is of primary interest in this report but



the resonant frequency will be determined for this'order since

it is the lowest resonant frequencYﬂ EQr v-= 0 equation 5 becomes

JWE . (1) : (2) A
JEC— [a;H, )k r) + BoH  (kx )] =70 | (7)

and equation 6 is

[AiHo‘l)(keri) + BlHd(z)(kcri)] =0 . ' (8)

These.equations can be combined.

@) e Ly () |
H . (kcri)._ Hl (kcro)

() ; . .
(2), - (2) ,,
H | (kcri) . Hl (?{croz?

(9)

o

For any giyén ri:énd ro:thefg aré'an:infiﬁité'number of values of
kc which aré4solﬁ£iéné‘to eéuétion 9. The 1oﬁest ?élue is the
solution desired and-is analagous to the cééé'of“a-One qﬁarter
wavelenéth line'shorted éf one end and bpen'ét'the:oﬁhér. ‘This

solution is plotted in Figure 3,‘.Both kcro and the rat;o.kcrq/kgri

arg plotted vs kcri fbr‘cénvenience.- Inh an analysis of a fixed
geometry, the ratio rc/ri.# kbrb/kéri is'knéWn éo the ratio.curve
can be used to.determine théVValue kcri'and c@hseqﬁéntly the
resonant frequency. 1In a desién;effort, the desirediresohaht
frequency and one of the radii is'kndwn so £he~kcrO curve can be

used to determine the other radius.



kg =2ty (10) -
thefe A }d = wavelength in the dieleétric material

This mode'will be calléd the zero-order mode for this antenna type
- and operating in this mode would be a cohvenient way to obtain a
low profile antenna with a pattern similar to -a dipole.
The éése‘b% brihary interést‘in'this,report is when v = 1,
one cYclé%variation in the ¢ direction ofAthe fields. Tﬁe reso-
nant'fréqueﬁcieé aré,detefmihed.in a éimilaf'méhner; équatién 5

becomes °

~jwe €08 & |y rey (1) ¢ _ 1 (1), '
kc ~ 'Al[kcHo ‘ ‘kc?o> r, Hl (kcro)]

(2) 1 (2) _ .
f Bl[kcHo (kcro) : ;; Hy "(kcro)] =0 (11)
and equation 6 is
| cbé ¢A[A1Hi(l)(kcri)‘+ BiHl(z)(kcri)] =0 ‘ (12)
These equations can be combined to yield
. (1) (1), () A- |
Hy Tk ry) _ rokoi, Tk r) - Hy (k. r;) (13)
g (2) - @) N (2)
Hy - (kcri} rokcHo*’(Ecrd) Hy (kCFQ)



The lowest frequency solution to this equation is plotted in

Figure 4. Again, both k_r, and the ratio k ro/k X,

i are plotted

vs,kcri for convenience.
’ By oomparing Figures>3nand 4, there isivery”little difference
between the'resonant.frequencies for‘the zero-order.and.lst order
modes for . large radii. For very 1arge radll, the _two modes may
exist 51multaneously and either a different feedlng or mode sup-
pression technrques must be used to ellm;nate the undesgirable mode,
By driving the antenna at two oornts, ¢ = 0 and m, out ofdphase,
the 1lst order mode will be‘excited'but the zero order mode will
not. Similarly, if the antenna is drigen at the same two points
but in phase, the zero-order mode will be excited and not the 1st
order mode. shortlng pins placed in the .E field nodes of the'

1st order mode, ¢ = /2 and 31/2, w111 also klll the zero—order

'mode and have no effect on the lst order mode

PATTERNS

The radiation pattern of the oircular microstrip which is
mounted on a large ground plane can be easily calculated since
the volrage distribution is known for a given value of V. Since
‘tne'microstrip antenna is.Verﬁ thin relative to a wavé length,
the voltage around the-aperture can be replaced by'an equivalent
magnetic current filament as was done for the rectangular micro-
strip antenna.(l) This equivalenr magnetic current filament for

v = 1 is



T~ = 2v_ cos ¢~ a o o (24)
Im FZVO cos ? ag

The'coordinate system for the pattern calculations is shown in
Figure 5. The electric vector patential for this magnetic current

distribution is

~jkr A%y’
F = E? : T ejkr, =

4mr ' m - 4txr

ee—jkr

T A (15)

- where -

a

r

r (cos ¢$° cos ¢ + gin ¢ sin ¢)sin ©

L ak =g d?‘

The compdnents of the radiated field can be obtained. from the

above integral, L.

'e’jkf - ' . S ' t
- e“jkr ' :
E¢- = 7-)\—]-:— L6 - . : (17)
L¢ Lx sin ¢ Ly_cosA¢‘ B ' (
'Ly = Ly cos ¢ G?g o + L, sin ¢ c?s & (19)



«’The principle plahe patterns, ¢ = 0 and 90, have been calculated

and are plotted in Figures 6—;0.§o;'ro/A = .l,‘.2,‘u3, .4, and .5.

90 planes, only half

il

Due toAsymmetry, in both the ¢ = 0 and ¢

:the patterns are plotted, the other half. being a mirror image.

Also, due to symmetry Ee = 0 when ¢ = 90o or 270°'and Ee = 0"
when ¢ = 0 or 180°. Incfeasing the radiﬁs deéreases theAbeam—
widths and increasesAthé'gain dpato fO/A of .3. " For radii greater
than this, tHé beamwidths contihue'to debrease bﬁﬁ'andthérﬁlobe
forms at 6 = 90 deérees so the gain does‘ﬁo£ go up much more.

The half power beamwidths are plotted in Figure 11..

IMPEDANCE, BANDWIDTH, AND EFEICIENCY

Developing the e#bressions for the fields béfween the con-
ducting plétes.in terms of radially propagating waves leads
dirxectly té an equivalent circuit. model for the antenna as shown‘
in Figure 12. The admittance of the éperture‘is Y, which is

shunted by a shorted . transmission line. This transmission line

is a radial line where the characteristic admittance and the pro-

pagation constant are both a function of the radius as well as

10

the'ordér, v, of the Bessel Functions. . It is analagous to a
one quarter wavelength uniform line shﬁntiﬁé»thé apérﬁure.' The
properties developea ﬁere will only»be fof{the lst order mode,
v = 1. | |

Determining the tofal admittance of the radiatiqg aperture
is very‘difficult but thé real part gf'this admittanée can be |

¢

obtained by integrating the total radiated power: The imaginary

4



part of the admittance will be canceled by the shuntlng transmls—
51on line so it is. of little 1mportance anyway. The real part of

the admittance of the aperture, ga! w1114be deflned as

rad ' (20)

where

is 1 radiated power
Prad is the tota P

V is the RMS voltage between the plates
at r = r, and ¢ = 0.

. This ccnductance has been calculated for values of T, from ;l to 1.
wayelength'and is piotted in Figure 13. The sharp rise in the
conductance for Q/% between .4 and .7 issdne to the second lobe,
at 6 = 90, becoming significant. |
- To detexmine'the effect of tne shunting transmission line
the characteristic admittance must‘be known. Obviously, when
the‘antenna\is resonant - the sueceptance cf this snnnt line can-
cels the susceptance of the aperture and theiinput admittance
will be jnst the aperture conductance G .- For ffequencies slightly
away from resonance, the susceptance of this shuntlng line w1ll
determine the bandw1dth of the antenna. Due to the‘thlnness of
the line, the characterlstlc admittance of the line wili be very
much greater than the aperture conductance.

To be con51stant w1th the deflnltlon of aperture conductance‘

the admlttance of the radlal line will be

11



Pav'

Y (r) = ————7" | | 0 (21)

where Pav is the average power ‘for a wave travel- -

ing in either radlal dlrectlon and V(r) is the
voltage -between the plates at ¢ = '

Since the antenna is very thin
|V(r)| |E | o o (22)
The average power in an inward propagating wave is

T .21 | .
R, [E Hy ]dzrd¢ | L (23)

ATr Re[EZH Jae

The fields for an inward- traveling wavé‘as

E, = AHl(l)(kcr) cos ¢ o o | T @2

o] ' e

The radial component of the real part of the complex Poynting"

vector is

, *x_ 2 2 WE_ o S .
R [E H, 1=A" cos ¢(kc)(J1.(kcr)¥o(kcr,) ¥) (kB3] (kor))  (26)

12



The average power is
27

Pwv ™ AzTr(kc)(J (k r)Y (k r) - Yl(kcr)Jd(kcr0 cos? odo

= nAzTr(k )(J (k r)Y (k r) - Yl(kcr)Jo(kcr)> j (27)
c’ : : ~ ‘ .

The characteristic admittance is given by

/E;r [J (k r)Y (k r) - Y (k r)J (k r)}

Y (r) = (28)
o 1307 5
e o (l)
. H (k r)
vVE r
= 1557 F ()

The function, F(r), is plotted in Figure 14 vs k_r.

‘At frequencies near the resonant frequency of}the microstrip
antenna the shorted transmission line'provides a very low admittance
-shuntlng the aperture admittance. The electrical length of the
llne 1s approximately ﬂ/2 so for a flrst order approximation to
fdetermlne the bandwidth this radial line will be replaced with a
uniform line, A/4 long, with a-characteristic admittance of Yo(ro).
The'shunt,susceptahce of this line is | |

Y, = -3¥_(r,) cot | | o (29)

The Q of a parallel resonant circuit can be determined from

Q= -2 : - (30)

13



14

where _f resonant frequency

o]
Af

il

frequency between halfépower‘pbints

P

The half pbwer points are defined on the frequency where'the

magnitude of the shunt susceptance equals the shunt conduc-

. tance. Réarranging equation 29 yields

sin(e - ©/2)

] ' : - 8 ol -
YS = —jYO(rO) gzﬁ—g' = JYo(ro)~,, sin 0 (31)
Since 6 "~ T/2
s . _ - . ,
Yo X 3Y (r]) sin(8 T/2) N . (32)

For -small arguments sin x can be approximated by X

Yo % Y (r ) (8 - 7/2)

Since 6 -is a linear.function of frequency in the simple approxi-
mate«modél

oy £ (34)

- The half power frequenciés} where.the shunt:. susceptance

. equals the aperture conductance, can be determined by

Ga:;:¥§kro)‘%'<§%f-:l> % Y'o(r)12[":(-‘;3&52;) | '(35)N



The Q‘is theh

The -bandwidth, which can be obtained, can be determined from the
Q and the amount of broadband matching used!?)  without any

broadband matching, the fractional bandwidth will just be 1/0.

In the above analysie the radial transmissioh line was

.assumed lossless and ih a realistic'caée, the éower dissipated
in the lihe‘will be very small relative to the energy stored in
the-line...But,:the'p6Wer lost in the line may not be small
.relative to the power being radiated hy the aperture; When
this loss is igncred the calculated value ofvinput admittance~
is lower and the calculated value of Q hlgher than the measured
values, Therefore, to have a good model the effect of these
losses must be taken into account.

' Slnce the. power'd1551pated in the line is small relative
'to the energy stored, the fields in the‘llne are not reduced
significantly'by this loss. zTherefore, the fields within the
line will be assumed to be the same as in‘the‘lcesless case,
the power dieéibated ih the7cchductors‘and dielectric will -be
. calculated for these field levels, and the effect of this'loss
on the model will be acccunted for by an additional shunt

¥

conductance across the aperture.

The power loss per unit area in a conducting surface

(3)

is ' . ',

15



le

). ]2 : o
= : . - {37
where JS is the RMS surface current density

"Ry = Jﬂgg‘is the surface resistivity,

The surface current is just equal to the total H field at the-

conductor - surface

.2 _ . 2 vv N 2. . 8
Hagl? = luy 2+ ful? (38)
The total electric field in the standing waves ake
o e @) L (2) L |
,Lz-— [AHl (kcr) + BH, (kcr{] cos.¢A ‘ (39)
Since the E field must be zero at ri
ATy oy
The two .components of the H field are
o =jue (1) DR SIS DR
i, e A(Hon (kr) = my (kcr))
Calm @ oy - L @l |
V+ B<Ho (kgx) = g 1y ‘kgr» cos ¢ (41)
- “juwe (1) (2) , e |
H. 3 [AHl (kr) + BH) "7 (k r)| sin ¢ (42)



The total power dissipated in the 2 conductive surfaces is

o. . 2 2
c .7 2Rg N i JH¢L + |Hrl - rdrd¢

W =
i
rr
1 € Vrfe lo} , 2
7 e Fol? + 17l
‘ r.
1
= 7}5 Fole ., T s )
where .
_ (1), _1l L
7y = a(a, Y gn Fr A egr)
(2) ,, - 1. (2) ~
+ B(Ho (kT - P Hy v<(kcr)>

.'c~
Fpo=am M oegn) +omm P k)

The function Fc is a function‘oﬁly'of Epr r, and

rdr

(43)

4

(45)

f, since r., the
i

lower iimit of integration, is determined by the other three varia-

bles for a resonant antenna.

The total power dissipated in the dielectric material is

vol
where . g" = g g_ tan §

tan § is the loss tangent,

(46)

17



. The above ihtégfai:bécoméé?

. T 27 ré . ,
Wy = we €, tan y / / _ IEZ |'2 ._,rdrdq)dz.
4 o Jo Jr. '
_ S Ti
2T pr 4 ‘

. : . N o ‘ A ..

e D2

Twege, tan 6/ / |E,|* rdras
: 0 rn a -

. l. . .

= tan 6 T wme _€_ ' L |F
“Tor

= tan ¢ TAFd(Er,-f, ;o)

Equivalent conductance to use in the model, Figure 15, is

~ — d — .
bs - |V|2 - Gsc +‘Gsd

W+ Wi o
<

AL

The voltage.at the-outer ed§e

hJVl lEz(ro{o)[T‘

IFr(ro)IT

- The two cOnductancéS‘are then -

F -

G = ——
/G rllr (e )]

(47) .

(48)

. (49)

(50)



G, = d : | | (51)

sd 2
T|Fr(ro)|
~ F o Fy4 o |
The quantities ————EL——E-and —~—e————§-are'plotted Vs g in Figures
| [P (x,) | [P (x )] ‘ D

16-21 for. e = 2.5, 4. and.10. and frequencies of 500, 1000, 2000,

and 4000 MHz.

Witﬁ.thesé'qufves, it should be éossibie to estimate rea-
sonabiy weli the loss éondqctanéeé foivmost“ahy fréquency, con-
ductor material and dié;ectric constant. Egquations 50 and 51
show‘thé strong gffedt the thickness haé on the losses in a
microst;ip.antenna. The éfficiéncy of the'antenﬁaris eaéily
deﬁermiped from.£he médel. L. | | |

¥

Eff. = a o o (52)

Unless the loss conductances iﬁ-the:antenna are extremely‘
iarge, the admittance.of the antenna at the aperture will be much
less thén‘zolﬁmhos necessary for a match to normal 50 ohm trans-
mission linesi':Oné way around this problemzis to feed the
antennaAat a point where the radius is less thanAro. If the
power delivéred to the antenna remains the same as the feed boint
is moved toward the cénter{the.real paft'of the input condﬁc?ance

‘must vary as l/[VI?..'

19



G, r_) 2
Gy (1) = — 225 |v(x)|©
-in |V(Io) I .

|Fr(r)[2

—r G (x) o (53)
—7 Gin (g .
Igr(ro)] - . ,

2
|F(x) |

The ratio — is primarily dependent upoh the:distance from "
P (x. )] -
o

the inner radius,'ri, compared to the difference between Yy and r,
and is only‘slightly‘dependent upon'the_overall.radius or k. r -

r-or, e ‘
— .for kcro of 1.85

This ratio is plotted in Figure 22 vs :
_ » o i

and 4;0.' Once the conductance at the aperture antenna is déter—{

mined, both aperture conductance and loss éonductances} Figure 22
can be used to determine the location which will produce an

antenna with the desired input impedance at resonance.

CONCLUSIONS

The curves and equations déveiopéd in this report provide
sufficient data té design a circular micrpstrip antehna without
depending upon a lot of empirical effért. Due tolﬁhe ffinging
capacitance at the oﬁter end of the radiai_line.and the unknown
susceptance oﬁ-ﬁhe»apertuﬁe,the exactlvaiue of the radii canﬁot

be calculéted} Using the radii determined from Figure 4 will

' provide an antenna with a resonant frequency which is just slightly

20



less than desired. This can be compensated for by trimming the
outer radius slightly to incréasé the resonant frequency. The.
curves fbr:determining input conductancé,'Q and efficiency have

been found to»provide good agreemént'with measured data.

21
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Figure 6. - Circular Microstrip Antenna
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' Pigure 10. Circular Microstrip Antenna
o | ~ (x /A =0.5, v=1)
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Figure 20. Conductor Loss Factor €, = 10.0
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