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1 Introduction

Two-dimensional conformal field theories with Virasoro algebra have dual description in
terms of pure gravity in three-dimensional asymptotically anti-de Sitter spacetime [1].
The correspondence establishes a connection between various important objects on two
sides of the AdS/CFT correspondence. While for finite values of the central charge ¢ this
connection is still not enough studied, in the case where the central charge tends to infinity
¢ — oo there are many interesting results found recently. Bulk computations in this limit
are performed using a saddle point approximation and allow to reconstruct the content of
AdS theory from the boundary CFT configuration (see, e.g., [2-6] and references therein).
Remarkably, in this case holographic computation can be performed not only for correlation
functions (representing, of course, our main interest) but also for more fundamental objects
— conformal block functions [7].

In the regime ¢ — o we are dealing with the (semi)classical conformal blocks. Re-
cently, the construction of the classical conformal blocks in the context of the AdS/CFT
correspondence was investigated [8-10]. There was established a connection between the
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Figure 1. The n-point conformal block. In the case of the heavy-light conformal block two bold
lines on the right are heavy fields, while external fields and intermediate fields depicted respectively
by solid lines and wavy lines are light. Using the projective invariance one can fix the coordinates
of three fields as z1 = 0,2z,_1 = 1, 2, = 0.

classical four-point block on the sphere with two heavy and two light operators and the
classical action of some worldlines combination in asymptotically AdSs geometry. Confor-
mal blocks represent building blocks in the construction of the correlation functions. They
are holomorphic functions of the coordinates z; of fields conveniently defined using the dual
pant decomposition diagram. In figure 1 the dual diagram for n-point block is given (the
meaning of two bold lines is explained later). It represents the contribution from the states
in the Virasoro representations with highest weights Ar, .. Ay s (internal lines) to the
correlation function of the fields with conformal dimensions A; (external lines). We denote
the corresponding n-point conformal block depending on the parameters of the external

and internal conformal dimensions (as well as on the central charge)
f(zl,...,zn|A1,...,An;ﬁl,...,ﬁn,g;c). (1.1)

The antiholomorphic block is defined similarly, replacing holomorphic coordinates z; by an-
tiholomorphic z;. The construction of the correlation functions involves the summation of
the products of the holomorphic and antiholomorphic blocks over all possible intermediate
channels AZ weighted with the structure constants of the operator algebra.

There exist many evidences (see, e.g., [11, 12]) that in the classical limit the conformal
blocks must exponentiate as

lim .7-'(21,...,zn\Al,...,An;ﬁl,...,ﬁn_g;c) ~ exp{cf(zl,...,zn|el,...,en;gl,...,gn_g)},

c—00
(1.2)
where €, = % and €, = % are called classical dimensions and f(z1,...,2zp|€1, ..., €n;
€1,...,€n—3) is the classical conformal block representing our main interest.

There are different possible classical limits of the conformal blocks dependent on the
behaviour of the classical dimensions ¢; and € [8, 10, 13, 14]. If the classical dimension
remains finite in the classical limit, the corresponding field is called “heavy” otherwise it
is “light”. If all fields are light we are dealing with the global sl(2) conformal block while
in the opposite case where all fields are heavy we are dealing with the proper classical
block. All other possibilities that could be referred to as heavy-light classical blocks can
be considered as an interpolation between these two extreme regimes.



In this paper we study n-point classical conformal block in the context of the AdS/CFT
correspondence. We are interested in the case where the classical conformal dimension of
two fields €,_1 and €, are heavy. This fact is expressed using bold lines in figure 1. The
heavy operators with equal conformal dimensions ¢, = €,_1 = €, produce an asymptot-
ically AdS3 geometry identified either with a deficit angle or BTZ black hole geometry.
To describe the interpolation between the proper conformal block and the conformal block
with only two heavy fields it is instructive to introduce a scale factor § [10] that we call a
lightness parameter. Schematically, provided that all except two dimensions are rescaled
as € — de and € — ¢ there appear a series expansion

f(2l6,8) = f5(2]6,8) 8 + f52(2]e,®) 6% + ... . (1.3)

The leading contribution fs(z) yields the conformal block with only two heavy fields, while
taking into account sub-leading contributions approximate the proper conformal block on
the left hand side.

From the AdS/CFT perspective, the boundary fields are realized via particular graph of
worldlines of n—3 classical point probes propagating in the background geometry formed by
the two boundary heavy fields. On the bulk side, the heavy field dimensions are expressed
via the mass parameter a? = 1 —4¢, of the background metric (a? > 0 for a conical defect,
a? < 0 for the BTZ black hole), while the light dimensions are identified with AdS masses
via the standard formula for scalar fields, m? = A(A —4)/Raqs. Note that in this case the
lightness parameter ¢ introduced in (1.3) measures a backreaction of the background on a
probe.

Using symmetry arguments three-dimensional bulk analysis can be consistently re-
duced to a constant time slice identified with a two-dimensional disk. The corresponding
bulk configuration of the worldlines is shown in figure 2. To draw the bulk worldline graph
in figure 2 associated to a given boundary diagram in figure 1 we have a simple mnemonic
rule: the boundary diagram is to be pasted into the disc in such a way that outer ends of
solid lines are attached to distinguished points on the boundary circle, while bold lines are
collapsed into the origin of coordinates with one intermediate wavy line attached.

It was argued in [8-10] that the classical conformal block coincides with the bulk
classical action

S = 27 f5(2]e,?) (1.4)
where
n—2 n—3 N
S(E)lulk = Z € L; + Z a Li, (1.5)
=1 =1

and L; and L; are lengths of different geodesic segments on a fixed time slice. The power-
law v = ~(e,€) defines the asymptotic behavior of the corresponding n-point correlation
function while the conformal block starts with the constant term. As the classical ac-
tion is computed in bulk variables the exact correspondence in (1.4) assumes a conformal
transformation form the cylinder to the plane [10].

To clarify the proposed identification of the graphs and the respective quantities we
explicitly focus on the n = 5 case. Using the AGT correspondence [15] we compute the
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Figure 2. Multi-particle graph embedded into a constant time slice of a conical defect geometry.
Solid lines represent external particles, wavy lines represent intermediate particles. The original
heavy fields produce the background geometry with the singularity placed in the center representing
a cubic vertex of two heavy fields and a light intermediate field.

heavy-light classical conformal 5-pt block. The corresponding worldline configuration in
the bulk is described by a system of irrational equations which are too difficult to solve
exactly. It properly reflects the complexity of finding closed expressions for (classical)
conformal blocks [16, 17]. Instead, to solve the equation system we propose to use a series
expansion method. Starting with a known exact (seed) solution to the equation system
and expanding around the seed with respect to some deformation parameter one finds the
perturbative solution. As the seed solution we use a 5-pt block with one of the fields taken
to be the unit operator what precisely corresponds the 4-pt block considered previously
in [8, 10].

The next sections discuss bulk/boundary realizations technically. The exposition is
organized as follows. In section 2 we consider the AGT representation of n-point conformal
blocks. In particular, in section 2.2 we explicitly compute the classical 5-point conformal
block. Then, in section 3 we switch to the bulk analysis and discuss general properties
of a probe particle worldlines in the background geometry. In this paper we consider the
case of conical deficit only (a? > 0). In section 4 we explicitly formulate the system
of equations underlying the respective five-line graph in the bulk. Section 5 discusses
the perturbation method that treats the 5-pt case as a deformation of the 4-pt case. In
section 6 we find an exact formula for the corresponding worldline action and compare it
with the boundary results. In the last section 7 we propose a multi-line generalization of
the approach supported in the 5-line case. Section 8 contains our conclusions and outlooks.

2 Boundary computation

The boundary computation is reduced to the analysis of the classical conformal block in
the Virasoro CFT. In this context there exist many different methods, each one having



its own advantages and disadvantages. For instance, the elliptic recursion method can be
easily combined with the semiclassical limit [18]. For generic four-point classical conformal
block on the sphere an explicit representation in terms of the regularized action evaluated on
certain solution of the Painlevé VI equation is available [16]. Another method for computing
the classical conformal block directly is the monodromy method [11, 12]. However, these
methods require quite complicated independent analysis for each particular number of
insertions in the correlator which is not easily generalized.

We find it instructive to adopt here another, the so-called AGT method (see [15] and
references therein for Liouville theory and [19, 20] for Minimal Models) which gives a simple
uniform representation of the conformal blocks for arbitrary number of fields and for any
genus.

2.1 Combinatorial representation

The AGT correspondence [15] establishes a connection between 2d conformal field theories
and the special class of 4d gauge theories in the so-called Omega background (for more
details see [21] and references therein). In particular, the correspondence allows to express
the CFT conformal block functions in terms of the Nekrasov instanton partition functions
for the gauge theories with the special matter fields content encoded in the dual pant
decomposition diagram. These instanton partition functions are known explicitly, therefore
using AGT leads to the explicit results for arbitrary n-point conformal block. We note also
that AGT is applicable on a surface of arbitrary genus.

First, let us describe the AGT construction for the general n-point conformal block! as-
sociated to the correlation function (®1(z1,21) ... P, (2n, Zn)). Using projective invariance
we fix three points z1 = 0, 2,1 = 1, z, = 00, and replace

Zit1 = QiGis1 ... qn—3 for 1<i<n-—3. (21)
The conformal block is given by the following series expansion

Flald,Aje) =1+ Y i ah> .3 Fu(A A o), (2.2)
k

where A = {Ay,...,A,} is the set of external dimensions, A = {ﬁl, . ,&nfg} is the set
of the intermediate dimensions and ¢ = {q1,...,¢,—3}. The sum in (2.2) goes over all sets
of positive integers, k = {ki,...,kn_3}.

Using the standard Liouville parametrization,

2 2
~ ~ 1
A = T—Pf, Aj = T—Pf, c=1+6Q% Q=b+, (2.3)
the AGT representation of the n-point conformal block is given as [15, 22]
N n—3n—3 o o N
Flaa A e) = [T - g qo)?Prem2) (Pt ) 2gja, K ), (2.4)
r=1 s=r

'Here we discuss the construction of the conformal blocks on the sphere with the dual diagram having
no closed loops. For higher genera, the diagrams associated to the block functions contain a number of
loops and the AGT formulas require simple modifications.
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Figure 3. The 5-point classical heavy-light conformal block. Two bold lines on the right represent
heavy operators.

where
Z(qA A ) =1+ Y ah? .. s Z1(A A o), (2.5)
k
and
sake- Y AR % P, \)Z(Ps| Py, his 132&523 2 (Poa| P, A3 P, @)
S Z (%P1, A P - Z (% Paes, An—3; Po—s, An—3)
(2.6)
Here, the sum goes over (n — 3) pairs of Young tableaux Xj = (A§1), /\§-2)) with the total
number of cells |X]| = |A§1) | + |A§2)| = k;. The explicit form of functions Z reads
Z(P"|P' i P,X) =
: - - Q 4 » Q
I111 (P”—E,\MLJ. ((—1)JP’—(—1)1P|s)+2) I1 (P"+Eﬂj,Ai ((=1)'P—(-1)"P'|t) —2> ,
i,j=1sE\; teEp;
(2.7)
where
Eyu(z]s) =2 —blu(s) + b7 (ax(s) +1). (2.8)

For a cell s = (m,n) such that m and n label a respective row and a column, the arm-length
function ay(s) = (A), —n and the leg-length function Iy(s) = (A\)L —m, where (\),, is the
length of m-th row of the Young tableau A, and (A\)X the height of the n-th column, where
T stands for a matrix transposition.

We note finally that the AGT equations (2.4)—(2.7) give an efficient method for calcu-

lating the coefficients of the series expansion (2.2) of the general conformal block function.

2.2 Five-point classical conformal block

Now we apply the above general result to 5-point conformal block with the dual diagram
depicted in figure 3.
Here, in terms of the parameters ¢; and g2 (2.1) the coordinates are

z1=0, =m=qe, 2m=¢, 2wu=1, =0 (2.9)
Taking n = 5 in the general representation (2.4)—(2.7) one finds

Flgr,g) = (1—q)2 P )P+ F) (1 g00)2(P=F) (Par5) (1 — gp)2(P=3) (Pa+3) 21, o),
(2.10)



where

Z(q1iq2) =1+ > ql'¢5? Ziy g, (2.11)
k1,k2
and
Azt Z(Po|P1, @; P1, X1) Z (P3| Py, Xi; Po, Xo) Z(Pa| Py, Xo; Ps, @)
Zhke = D, : (2.12)

X1,X2 Z(%‘ﬁl’xl;ﬁl’Xl)Z(%‘ﬁ27X2§ﬁ27X2)

where on the lower levels the pairs of Young tableaux A = (A1), A®)) with the total number
of cells | = || are

[=0: {(@,2)}
l=1: {(,0),(0,92)}
l=2: {(@,D:I),(@,H),(D,D),(D:I,@),(H,@)} (2‘13)
=3 {(e,om), (e, /). (2.0). (0.0, (0.8).
(o, o). (B, o), (. 2), (B, 2), (. 2)}
In what follows we are interested in the conformal block with dimensions
P,=P;, P =P, P =D. (2.14)
We find
Z(q gl =1+ LT b= 2Py (1+b° + 2bPs) (01 + ), o),  (2.15)

8b?

where ¢ is convenient formal parameter, " term takes into account contributions ¢j"* g5

with m = mj+msg. To reproduce the original function (2.11) one sets t = 1 in (2.15) so that
Z(q1,92) = Z(q1,q2|1). Higher order expansion coefficients in ¢ needed for the subsequent
analysis are not shown here, and can be directly read off the general formula (2.12).

Classical 5-pt conformal block. Within the the Liouville parametrization (2.3) the
limit ¢ — 0 can be equivalently understood as b — 0, so that > = 6/c. In particular, it is
convenient to define classical dimensions as € = 6A/c. Then, the classical conformal block
in (1.2) is given by

_ fl91,92)

Fla, ) =e ¥,  b—0. (2.16)

Equivalently,
fla, @) = = lim b In F(q1, go) (2.17)



Liouville parameters P; are expressed via conformal dimensions A; by means of the follow-
ing substitution

P4=P5=\/W—Z’;, (2.18)
Pi=P= \/(bll/b)Q —5%, (2.19)

Py = \/W - Z% (2.20)
P =P = \/W —5;, (2.21)

where 9§ is the lightness parameter (1.3). Note that P, 5 associated to heavy fields are of
the zeroth order in §.

Following the general discussion in the Introduction the expansion in § (1.3) corre-
sponds to the semiclassical expansion in the bulk with the first order contributions identi-
fied as in (1.4). Hence, according (2.16) we collect terms of order b~2 in the expansion of
In F(q1,q2) and then expand in ¢ up to first order. Using the generating functions in the
formal variable ¢ one finds

fla, @2lt) = f5(q, a2lt)s + fr2(qu, q2lt)8” + ..., (2.22)

where explicit form of the first two coefficients is

Folgr, golt) = O Q2)t+ (€3 —2€1)qug2  e3(es t2)CI% €345 2e3engy 6%2% n e%efqi 2
2 4 1661 8 3 1661 461
|oed _dd ade dde end 26006 Enad  Gand €
24 16¢€; 8 16¢€; 8 3 16€; 4¢; 24
2e3ends €345 ends | 3 4
- _ 3% M2 18 4+ o), 2.23
3 1661 461 ( ) ( )
and
2 9 2 2. 2 ~ 2 292 2 92 >~ 2 ~ 2
€307  2€3€1q7 | €3€1q7  €3€1q7 | €3G5  €3€nq5  €3€1q5 | 8€3€p€143 | o 3
1 q2lt) = - + == + - - + t“+O(t°).
foe (. aslt) [ 0 _Zoan, San G0N, S 590 af : ()
(2.24)
With the change
1—a?
€p = (2.25)

4 )
where parameter a? > 0 will be associated with the background metric generated by the
heavy fields, in the first order in § we find the expansion

Folq,olt) = |- B0 _ B2, e G4 ange Gage Tag  agae’  dga’ .2
g\d1, 52 2 2 8 168, 4 2 24 6 162,

Lol dd ede dde eas S5as  anso’ | Gage
24 16, 8 166, 24 24 6 16,
3.2 2.3.2
€ (6 € (0%
8B BB sy gy (2.26)
6 1661



The bulk computation procedure discussed in the next sections allows to reconstruct
the classical conformal block using a series expansion around some exact seed solution to
the bulk equations. In section 5 we will explain this procedure taking as a seed solution
the five-point classical block with the unity operator insertion ®3 = I. This means that
the deformation parameter is identified with the conformal dimension €3 and in the limit
ez = 0 the 5-pt block goes to the 4-pt one. Hence, to compare with the results of the bulk
computation we will need an expansion of the 5-pt classical conformal block with respect
to the parameter €3, i.e.,

Fs(aa2lt) = F2(q1, qolt) + e £ (a1, @2lt) + 57 (g1, qolt) + - . - (2.27)

Here, the leading term féo) (q1,q2|1) is identified with the 4-pt classical conformal block,
while the sub-leading terms perturbatively reconstruct the 5-pt classical conformal block.
The explicit form of the first two terms read off from (2.26) is

. 1. 1 N N
f§ )(Q1, Q@lt) = —561611th2 + @( —de1qigs — 10814165 + de1gigza® + &gl gz )t

1 ~ ~
+ (- de1gigs — 68133 + dergigaa® + B¢t gia®) b + O(®),  (2.28)

and

1 1 1
fé g1, golt) = —§(Q1 + q2)t + ﬂ( —3q7 + 6q1q2 — 73 + 4g50°) ¢

1
+ 51 (=4l = 3aie + 0163 — 543 — dngia’ +4gie?)t’ + O(tY) . (229)
As expected, function f éo) (g1, g2|t) depends on the combination ;g2 only which is identified
with the coordinate zs, cf. (2.9). Setting ¢ = 1 one can recognize in the above series
expression the following functions

2ginh aIn[1—q1 2] 4tanh alnf[l-giqs]
sinh | 2 ]] —¢€1ln {— anh | 4 ]] +e1In[l—qiqe],
aq142 aqi14q2

(2.30)

féo)(Qb ¢2) = 2€11n [—

and

sinh [20n[1=g1g2]—2In[1-go])
£ (q1,42) = n { I 5 ]

v } +1n[l — ¢o] . (2.31)

After a particular conformal transformation of the coordinates these are the expansion
coefficients that are seen on the bulk side in section 6.

A few comments are in order. Firstly, the choice of conformal dimensions (2.14) is
not assumed to be clear and requires some explanation. As we already discussed, the bulk
computations corresponding to our boundary configuration (discussed in the next sections)
rely on the specially developed perturbation procedure around known exactly seed solution.
So, in order to find explicitly general 5-point conformal blocks we have to fix a number of
perturbation parameters. In our case we consider one possible choice corresponding to the
value €3 = 0 (2.27). On the general physical grounds (namely, taking into account fusion
rules) in this case we forced to fix €, = €. This explains our choice (2.14). More general



conformal block within the framework of this perturbation procedure can be reconstructed
order by order with respect to each perturbation parameter. Thus, to evaluate the con-
formal block with € # € we have to introduce additional small parameter §' = € — €a,
and develop corresponding perturbation theory which is based on the same idea, and so
represents not conceptual but technical difference.

Secondly, we note that the AGT method used here allows to get only series expansion
of the conformal block functions. So that, essentially what we perform is the check that
the series expansion of the resulting expression obtained in the bulk computation gives
exactly the coefficients of the classical conformal block calculated up to rather high order
O(qi*gy). Thus, the bulk computation of section 6 allows to derive the exact result, while
the boundary computation allows only to conjecture this expression and check the lower
level coeflicients comparing with the bulk. It would be interesting to actually derive this
exact result from the boundary point of view.

3 Worldline approach

Let us consider a massive point particle moving in the background with a conical defect.
In the cylindrical coordinate system a* = (t, ¢, p) the metric g, (x) can be read off from

the interval

o’

ds® =

, 1
o (— dt* + sin? pd¢? + a2dp2> : (3.1)

where a? > 0 parameterizes an angle deficit. The physical singularity is placed at p = 0,
where the Riemann tensor component R,s,s blows up. The conformal boundary corre-
sponds to points p = m/2. To approach the boundary we use the regularization cos p = A~*
at A — oo.

Particle propagation between initial and final positions is described by the worldline

A// )\// .
S = mj dA A/ g (z)THEY = mj d\ \/gtth + 9o + Gppp? (3.2)
by by

where m is the mass of a particle, A is the evolution parameter, and z# = dz*/d\. In

action

general, ending points are parameters of the theory and the variation of the on-shell action
reads
08 = pléx”“ - p/uéacl”, (3.3)

where p;L and p;; are momenta in the initial and final positions, dz'* and dz"* are respective
coordinate variations. The corresponding Euler-Lagrange equations of motion are the
geodesic equation provided that A is identified with a length of the path. In this case one
arrives at the normalization condition

|| = A/ guv(x)THay = 1. (3.4)

The bulk dynamics can be reduced to a constant time disk with polar coordinates p
and ¢. Indeed, t and ¢ are cyclic coordinates resulting in the conservation laws, p; = 0
and py = 0, where p; = gt and Py = Jss® are the corresponding momenta. Choosing a

~10 -



particular value p; = 0 one arrives at £ = 0 — ¢(\) = const. From now on we choose a
constant time slice t = 0. Taking into account the normalization condition (3.4) integration
constants can be identified with initial and final radial positions and the value of the
conserved angular momentum pg. Solving equations of motion explicitly is superfluous as
we need just an action value evaluated on a given path. Using (3.4) one finds that the
action is a length of the path

A//
S = f d=X" =\ (3.5)
A/

A useful trick is that the normalization condition (3.4) is sufficient to express a proper
parameter \ as a function of radius and angular momentum values [10]. For ¢ = 0 the
condition (3.4) can be cast into the form

2

1 p
PP+ Leot’p=1, (3.6)
(e

cos? p
from which it follows that the radial velocity is expressed as

2

p
2 cot? p, (3.7)

p=tcosp 1—9

where the overall sign depends on the direction of the A flow. The minimal radial distance
@)2.

between the particle path and the singularity is therefore given by tan? pyin = (a

Obviously, the maximal radial distance corresponds to the point pmax = 7/2 located on
the boundary. Changing variables as y = cot? p at p > 0, and introducing notation

12
= 29l 3.8
5= (3.8)

equation (3.6) can be directly integrated to yield the on-shell action

"

In V1 " (3.9)
VI+n+/1—=5%nly

where 77/ = cot? p/ and 77// = cot? p” are initial/final radial positions. Parameter s is an
integration constant that defines a particular form of the geodesic segment.

The simplest case of a geodesic segment is the radial line starting (or ending, depending
on the X flow direction) at the singularity point p2 = 0, see figure 4. In this case, the angular
momentum pg vanishes so that s = 0. After some simple algebra, one finds from (3.9) the
radial length Siaq = —Intan(4 + 7). We see that S;aq is finite implying that a particle
reaches the singularity within a finite time period. One interprets the falling into the
singularity as a cubic vertex of the two heavy operators and a light operator represented by a
probe. For the further purpose we find a length of the radial line for p; = arccos sin(aw/2):

Srad = — Intan Oij . (3.10)

- 11 -



>

Figure 4. Radial and arc segments. The graph corresponds to the classical conformal block with
two heavy fields, two light fields of equal dimensions (the arc), and one extremely light intermediate
field (the radial line) [10].

w 0

For the geodesic arc connecting two boundary points ¢ = 0 and ¢ = w t11lhe angular
momentum pg is not vanishing s = cot %*. From (3.9) it follows [9, 10, 23] that the length
of the arc is given by

Sare = In [sino;w] +1n2A. (3.11)

In particular, S, diverges at A — o0 so that it takes an infinite time to reach the boundary.
Note that p; = arccossin % chosen to compute (3.10) corresponds to the zero value of
the radial velocity, or the minimal distance according to formula (3.7). From the graph in

figure 4 it is clear that the minimal distance is given by (3.10).

4 Five-particle configuration

Consider now the five-line graph on figure 5 which is the n = 5 case of the general graph
in figure 2.
The corresponding particle action reads

S=>YeS, I1=1,23132, (4.1)
I

where each component is given by (3.2). Initial/final positions A" and A" correspond to
various nodes in figure 5 including the singularity point, two vertices, three boundary
attachments. It is supposed that the singularity point and boundary attachments are fixed
parameters of the theory. There is no loss of generality in supposing that w; = 0. From
the boundary perspective it is achieved doing a conformal map that moves a position of
the first external operator z; — 1. Positions of the vertices are floating according to the
minimal action principle.

From the normalization condition (3.4) it follows S; = S; — S}, and final/initial lengths
are functions of the boundary points ws, w3, classical dimensions €1, €2, €3 and €, €5, and
the metric parameter a , i.e., S; = Sj(wl|a, €) and S; = S} (w|a, €). The total action (4.1)
is then S = S(wla,¢).
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w3

w2

Figure 5. Five-particle graph. Solid lines 1,2, 3 represent external particles, wavy lines T,§ rep-
resent intermediate particles. The angles are measured clockwise. In practice, we set w; = 0.

Let us consider each of two vertices. In these points proper parameter A can be
chosen to be increasing away from the vertex. Then, denoting the vertex coordinates as
z} and x4 along with the corresponding deviation dz4 and dz4 which are the same for all
incoming lines, and using variation formula (3.3) one arrives at two equilibrium conditions
Py, 6z = 0 and P;,0zh = 0, where P, is a total momentum of lines incoming a given
vertex. Explicitly, there are two following conditions.

e First vertex 1 — 1 — 2. The equilibrium condition reads

(&5, + e1py + €21} | =0, (4.2)

T=x1

where x71 stands for coordinates of the first vertex.

e Second vertex 1 — 2 — 3. The equilibrium condition reads

(&7, + &P, + €3p)) | =0, (4.3)

T=x2

where x9 stands for coordinates of the second vertex.

Note that the action variations at the boundary attachments we and w3 are not vanishing.
Instead, these are

Suwn S (Wwa, wsla, €) = p(wa, wsov, €)dws , (4.4)
5w3S(w27 'U)3’Od, 6) = p:é)(w% ’11)3’06, 6)(511}3 s

where functions pi and pi are the angular momenta of external lines 2 and 3 attached to
the corresponding points. Knowing these momenta explicitly one can integrate the equa-
tion system (4.4) to find the action S = S(wq,ws|a,€) explicitly. In the 4-pt case the
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system is given by a single ordinary differential equation and can be integrated explic-
itly [10]. However, for many-particle configurations a number of boundary attachments
increases thereby making the system (4.4) a partial differential equation system. Note that
equations (4.4) define the so-called accessory parameters for the classical conformal blocks
which are identified here with the angular momenta [10, 16].

The other way around is to compute the action explicitly recalling that it is defined
as a weighted sum of the path lengths (4.1). To this end, using the equilibrium conditions
one explicitly finds positions of the vertices and expresses all angular momenta as functions
of boundary attachments points we and ws. Summing up all the lengths which are now
functions of ws 3 one eventually arrives at the sought-for action function S = S(wa, w3l €).

4.1 Vertex analysis

Below we study the component form of the equilibrium conditions (4.3) and (4.2). Since
the dynamics is reduced to a fixed time disk both conditions trivialize for y = ¢. The radial
line 2 has vanishing angular momentum, ]3(% = 0.

Equilibrium equations. For the vertex 1 — 2 — 3, the components = ¢,p of the
equilibrium condition (4.3) are given by

&Py + espl =0, esp) + €1y + &P, = 0, (4.5)

or, using the definition p, = g,,p and formula (3.7), one finds

espl + & = 0, (4.6)
(p3)? N (Pg)? .
63\/1— of; cot? py + ¢ 1—%C0t2p2—62=o. (4.7)

Here po is the radial coordinate of the 1—2 — 3 vertex, and the radial momentum Py <0
since the proper parameter A increases away from the vertex.

For the vertex 1 — 1 — 2, the components 1 = ¢, p of the equilibrium condition (4.2)
are given by

Elﬁé, + elpé + EQpi =0, (4.8)
N (P3)? (p})? (p3)?
—61\/1—0?200‘52/)1—%61 1—%cot2p1+62 1—%00‘52;)1:0. (4.9)

Here p; is the radial coordinate of the 1—1—2 vertex and p'd) <0, p2) >0, and pq) >0

since the proper parameter A\ increases away from the vertex.

Independent integration constants. The conserved angular momenta play the role
of integration constants. In our case, there are five angular momenta subjected to three
independent constraints. Namely, as the radial line 2 has vanishing angular velocity and
taking (4.6) and (4.8) into account one finds

P3=0, epj+api=0,  &ps+eps+ep;=0. (4.10)
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Using (3.8) the above relations can be represented as follows
§2 = 0, €353 — Elgl = 0, €181 — €289 — glgl =0. (4.11)

Note that quantities s; are non-negative and therefore the relative signs are fixed according
to the slopes of worldlines on figure 5.

On the other hand, equations (4.7) and (4.9) can be used to find tan p; and tan ps as
functions of two independent angular momenta (integration constants).

Vertex 1 — 2 — 3 radial position. The consideration here is similar to that one for the
4-pt block. From (4.7) we have

63\/1 — 83772 + gl\/l — g%ng =€, (4.12)

where angular parameters s3 and §; are defined according to (3.8), and

n9 = cot? py . (4.13)
Solving equation (4.12) for 7y one finds

€3 — €1 —€9)(€3 + €1 —€1)(€3 — €1 + €2)(e3 + €1 + € 72
e ) (65— + 7). )2
4 €3 €5 55 55

so that 72 is a function of the conformal dimensions only

€3 — €1 —€2)(€3 + €1 —€2)(e3 — €1 + €2)(e3 + €1 + €
22 = _( 3— ¢ —e)(e3+ € 2)2(3 1+ €)(e3 + €1 +€2) ' (4.15)
4des €5
Function 72 can be represented as 72 = uz/eg, where 42 already appeared in the 4-pt
case [10],
2 48 '

Vertex 1 — 1 — 2 radial position. Equation (4.9) can be cast into the form

61\/1—8%7]1 +62\/1—S%n1 :gl\/l—g%?]l, (4.17)

where momenta s1 2 and §; are defined according to (3.8), and 7 is given by

m = cot’ pr. (4.18)
The general solution to (4.17) reads
= 1—o? 026%—#6%—?{ (4.19)
s? + 52 — 251590 2¢165 ‘
Equivalently,
€1 — €3 —€1)(€1 + €2 —€1)(€1 — e +€1)(e1 +e2 + €1
S )( 2 )(NQ 3( ' ) (4.20)
derea(s152(e3 + €3 — &%) — erea(s? + 3))
cf. (4.14).
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It is worth noting that parameter functions 7 = 7(¢,€) (4.15) and o = o(e,€) (4.19)
are homogeneous functions of the conformal dimensions. We note also that both n; and 75
contain a classical “fusion polynomial” factor

(er,e5,ex) = (e — €5 —ex)(er + €5 —€x)(er — €5+ ex)(er + €5 + €x) (4.21)
where I, J, K = 1,2, 3,1, 2. There are two useful propositions.

e From Il(es, €5, €ex) < 0 it follows that
e < €5+ ek, I1#J#K. (4.22)

The proof is straightforward. In particular, it implies that 72 > 0 and n; > 0. The
first inequality is obvious from the definition (4.14), while to show the second one
we recall that e€;s; > egsg (4.11). We note that if (4.22) is not satisfied then the
bulk vertex disappears. In the boundary description it exactly corresponds to the
case where the fusion rules in the corresponding vertex of the pant decomposition are
violated. It explains the notion of the classical fusion polynomial introduced above.

e In the limit 57 = 0 the radial vertex coordinates are related as
m=nll—-22-1,3->1]. (4.23)
Using the third relation in (4.11) the proof is straightforward.

4.2 Angular separations

Using the definition py = g¢¢q5 and recalling that the angular momenta are motion con-
stants we find for a given geodesic segment the following angle increment

"

P
A¢ = i% / 3 172"
P sin® p(1 — =% cot? p)

dpcos p

(4.24)

Here, the overall sign depends on that of p. Explicitly, an angle swept by the geodesic line
characterized by angular parameter s = |pg|/c is given by

1 —s2cot?p” —isy/1+ cot?p”
iaA¢ = In . 4.25
V1 —s2cot? p’ —isy/1+ cot?p’ (4.25)

Let 11 and 9 be angular coordinates of the first 1—1—2and the second T —2 —3
vertices respectively such that 0 < 11 < wy < o < ws (recall that we set w; = 0).

Consider angular separations of each geodesic segment. According to figure 5 they are
given by

Apr =11,  Ago=wa—P1, Ads=wz—tha, A =ths—t1, Ady=0.
(4.26)
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In particular, one finds the following angular equations

A1+ Agy = w2, (4.27)
Ay + Ags + Ady = w3, (4.28)

where each angular separation is given by (4.25). The above analysis of the equilibrium

equations defines radial coordinates cot? p; and cot? py in terms of the angular momenta.

According to (4.25), the angular separations are functions of two independent momenta, say

s1 and s3, and therefore the above equation system can be solved as s1,3 = s1.3(w2, w3l €).
For later use let us write all ingredients of the above angular equations

A 1—82n1 —isia/1 N 1—582n1 —isgq/1
iaA¢py = In SiM — P51y 2 H , ialAgs = In S3M1 — 1Sa/ 1

1*2'81 1*@'82 ’
4.29
iOzA(;Sg :ln«/l—sgng—iS;),\/l-l-??g iOéAggl — \/1—§%772—Z'§1\/1+772 ( )
1—i83 ’ 1—§;f771 — iglm’
where we used notation (4.13) and (4.18).
First angular condition. From the condition (4.27) we find
Jiows _ (V1—=stm —isiv/IT+m)(v/1—s3m —isay/T+1m1) ' (4.30)

(1 — isl)(l — iSQ)

The right-hand-side is obviously a unimodular complex number so that real and imaginary
parts are not independent. It follows that we can analyze either real or imaginary part of
equation (4.30) depending on simplicity of the corresponding expressions.

We consider the real part of equation (4.30). Denoting A = Re[e’*¥2(1 —is)(1 —is2)],
where

A = (1 — s182) cos awsy + (s1 + s2) sinaws , (4.31)

we find out the following irrational equation

\/1—8%771\/1—8%171—8182<1+?71)—AZO. (4.32)

This is a typical equation arising from the equilibrium and angular conditions discussed
earlier. Squaring twice one gets rid of the radicals so that the resulting polynomial equation
is linear and its solution reads

1-— (A + 8182>2
$2 + 82 + 2s159(A + s182)

m= (4.33)
This is to be compared to (4.20). In this way we find our first condition on the angular
parameters s; and so, namely

1—o0? 1—(A+s182)?

= . 4.34
s% + s% — 251890 S% + S% + 25159(A + s152) ( )
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The most convenient way to analyze the above equation is to introduce variables u = s;+s9
and v = s189. The resulting equation is cubic both in v and v. It has three real roots and
the simplest one is given by

o + cos aws + §1 Sin aws

(4.35)

So = N .
—S81 + 81 COS wg — SIN w9

It can be obtained by equating A+v = —o. Two other branches contain non-trivial radicals
and should be discarded as they generally violate the property of s » having fixed sign. It
is worth noting that the zeros of the denominator in (4.35) are given by s; = — cot(aws/2).

Second angular condition. Equation (4.28) can be cast into the form

s _ (V1 = 53m0 —isay/T+ 1) (v/1 = Fmp — 313/T + 1) (/1 = sFm — is1y/T+ )

e
(1 — ng) («/ 1-— g%T]l —151y/1 + 771)(1 — iSl)
(4.36)
As in the previous case we take its real part and find the following relation
1-— (83§1 + B)2
= , 4.37
. 8% + §'% + 283§1(B + 83§1) ( )
where
, 1— 3% —is1y/1
B =Re <eww3(1 —is1)(1 — is3) S TPV 771) : (4.38)
A/1— s%m —is1v/1+m

where n; is given by (4.33). This is to be equated to (4.14). In this way we obtain our
second angular equation

1—(83§1+B)2 _ 2

-
8% + '5% + 25331 (B + 83§1) ;% '

(4.39)

This equation completely defines coordinate dependence of s;. Indeed, there are two in-
dependent momenta chosen to be s; and s3, while others are related to them through
linear conditions (4.11). The first angular equation relates s; and sg by virtue of (4.35).
Therefore, the second angular equation fixes s; = s1(wo, w3).

5 The perturbation theory

Our goal is to find solutions to the second angular equation (4.39). One possibility to
solve this equation is to get rid of all radicals. The resulting equation on sy is a higher
order polynomial equation and it is unlikely to be solved exactly. We propose to use a
perturbation procedure that helps to find solutions to (4.39). We consider the five-line
configuration as a deformation of the three-line configuration corresponding to the 4-point
conformal block. Below we recall the 4-pt case [10].
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w2

Figure 6. Three-line graph. Solid lines represent external particles, wavy lines represent interme-
diate particles, [10].

5.1 Three-line configuration

In this case there are two light external fields with dimensions €; and € and one interme-
diate light field with dimension €;. The respective graph is depicted on figure 6.
Here, the equilibrium and the angular equations read

61\/1—8%?74-62\/1—8%?’]:?1, €151 — €289 =0, (51)
giowz _ («/1—3% n— islw/l—i-n) («/ 1—s3m — iszw/l—i-n) (5.2)
(1—i81)(1—i82) ’ )
where the radial coordinate of the vertex is
1I 61,62,%1)
n= —(7 (5.3)

4225t
and II(eq, €9, €1) is the fusion polynomial (4.21). We note that the radial coordinate is
n=ml3-11-22-1]. (5.4)

In order to simplify the analysis we consider equal external dimensions. Then, the
solution to the above equations is

g1 aw?z

b= —2. (5.5)

€] = €9 §1 =89 =—cotly + ———,
2¢1 sin Oy

2
The total action in this case is Sy = 2€151 + €157. Using (3.9) and (5.5) we find

r\Q ~
. / €1 ) [€q -1-61/2
51=—1n81n92—|—ln 1—r€%—ln2A, SizlntaHE‘FIH m7 (56)

where A — o0 is the boundary regulator. We observe that all conformal dimensions arise as
additive contributions and can therefore be neglected. This is why coordinate dependent
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terms in (5.6) coincide with those in (3.10) and (3.11). Modulo irrelevant coordinate
independent terms the total action is given by

0
So(wg) = —2¢1 Insin by + € Intan 52 ) (5.7)

5.2 Truncation to the 4-pt case

We choose one of the external fields (which is in the middle of the pant decomposition)
to be an identity operator, while intermediate fields of the corresponding vertex get equal
dimensions. The vertex disappears while n-pt block goes to (n—1)-pt block. If the identity
external field is chosen to be on the edge of the block then one should equate dimensions
of one intermediate and one external field of the corresponding vertex.

Let us see how it works in the bulk analysis. We consider the vertex equations and
set conformal dimensions of various external fields to zero. The angular equations get
corresponding modification. There are three types of truncation.

The €3 = 0 case. This configuration corresponds to 4-pt conformal block provided that
external dimensions are equal to each other, € = €. The vertex equations (4.11), (4.12)
and (4.17) can be written as

63\/1 — 8%7]2 + gl\/l — 5%7]2 =¢1 , €383 — €151 = 0, (58)

611/1—8%171—1—621/1—8%771 =gly/1—§)%771, €151 — €289 — €151 = 0. (5.9)

Setting €3 = 0 we reproduce the 4-pt case [10]. Equations (5.8) are satisfied identically so

and

that the vertex 1 —2 — 3 disappears. In this limit the intermediate line 1 becomes radial,
i.e., 51 = 0, so that using (4.23) and (5.4), equations (5.9) are reduced to (5.1).

The e = 0 case. This configuration corresponds to the 4-pt conformal block with
€1 = €1. In this case, the vertex equations can be cast into the form

63\/1 — S%UQ + 61\/1 — 5%772 = ¢ , €383 — €151 = 0, (5.10)

€14/1 — 83 + €an/1 — s3m1 = €14/ 1 — 321, €151 — €289 — €151 = 0. (5.11)

For €2 = 0 the second pair of equations trivializes, while the first one goes to that of the

and

4-pt case provided s7 = 0.

The €¢; = 0 case. This configuration does not correspond to 4-pt conformal block because
the equilibrium equation €157 + €252 = 0 has no admissible solutions: all s; = 0 so that the
only solution here is §; = so = 0 that corresponds to merging of the lines 1 and 2 into single
radial line. Therefore, the configuration depicted on figure 6 can not be reproduced. To
have a correct graph of the 4-pt conformal block we need to modify the initial configuration
by changing the slope of line 2.
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Figure 7. A deformation method. Vertex 1-2-3 originates from the seed vertex point attached
to the radial line 1. The deformation produces lines 1 and 2 from the original line 1 by pulling the
seed vertex point using line 3. Solid lines correspond to the 4-pt case, while dotted ones indicate
the 5-pt deformation.

5.3 Five-line configuration as a deformation

A five-line configuration can be considered as a deformation of the three-line configuration
with respect to one of the external conformal dimensions. In what follows, we explicitly
consider the case where €3 is the deformation parameter and other conformal dimensions are

€ = ¢, €1 = €. (5.12)

The first condition here is required for consistency of the truncation. The second condition
is imposed to simplify our consideration.? Since two heavy operators produce the back-
ground and other operators are light, the operator associated to line 3 should be considered
as superlight. In other words, the true deformation parameter is

v=23 (5.13)

~

€1

The deformation of the three-line configuration depicted on figure 6 can be visualized
as the “seed” vertex attached to the radial line 1. Pulling it out splits the radial line 1
into radial line 2 and curved line T, and produces external line 3 as depicted in figure 7.
The lines of the resulting five-line configuration are characterized by the deformed angular

momenta
s; = by +ver + O?), I1=1,2,3,1,2, (5.14)

where by are the angular momenta of the seed three-line configuration and ¢y are corrections.
Note that §3 = b3 = 0 remain intact, and the seed line 1 is radial so that by = 0. By
convention, bs is the seed momentum assigned to line 3. The total action reads

S(wa,ws) = So(ws) + vS1 (w2, ws) + O1?), (5.15)

2The same constraints have been used in the boundary computations (2.14).
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where Sy = Sp(ws) is the action of the three-line configuration, while S7(we,ws) is a
correction. Note that a position of the superlight field w3 enters the action through the
correction only.

The idea behind the perturbation method is to replace finding solutions to higher
order algebraic equations by solving linear recurrence equations imposed on the corrections.
Using the approximation (5.14) we expand the angular equations up to linear terms in v
and find out that the seed solution satisfies the original algebraic equation for v = 0
while first order terms are linear equations expressing the corrections through the seed
solution. Higher-order corrections are also subjected to linear recurrence equations and
can be directly found. Therefore, the most complicated part of the problem is to find a
seed solution which in our case is explicitly known and corresponds to the 4-pt configuration
described in section 5.1.

6 Perturbative solution

Now we are going to identify the position of the seed vertex attached to the radial line 1,

see figure 7. To this end, we consider s; and s3 as independent angular momenta. From

the equilibrium equations (5.8) and (5.9) we find angular positions of the vertices
1—52/4 1—v%/4

m = Ny =—>5— 6.1
s? + 1283 —vsesysg s3 7 (6.1)

where s = € /€1, cf. (4.19) and (4.14). We see that the the second vertex position can be
smoothly continued to v = 0 to obtain the seed vertex 1y = 1/s3.

The seed vertex position can be used to find the corresponding seed angular momenta
values. Consider the angular equations (4.30) and (4.36) for v = 0. They can be cast into
the form

(&

iows /2 _ A1 =82 —isi/T+m (6.2)

1— 181
giatws—us/2) _ V1= 5312 — is3y/T +7p (6.3)
1 —is3 ' '

Equation (6.2) reproduces the angular equation of the three-line case (5.2) provided s; = ss.
Equation (6.3) is not seen in the three-line case and appears because our angular equations
do not follow from the original action contrary to the equilibrium equations. It follows
that for v = 0 there remains a residual angular equation (6.3) that helps to define the seed
momentum s3. From (6.3) we find

83 = — COt(293 - 92) , e3 =0, (64)
where we introduced notation
ekz%, k=1,2,3. (6.5)

Note that the seed momentum s3 is not vanishing despite that e = 0. Geometrically, it
means that we can add such a line to the three-line graph but its weight in the total action
is kept zero. The deformation makes €3 non-vanishing so that the line starts to be seen.
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Finally, using the three-line solution (5.5) and notation (5.14) we write down all the
seed angular momenta as

by = by = —cotly + by = —COt(203 — 92), bT = b§ =0. (66)

2sin 92 ’

In what follows we consider the angular equations for v # 0 and apply the perturbation
expansion around the seed solution (6.6).

Expansion of the angular equations. Using notation (6.5) the real part of the angular
equation (4.30) for v # 0 is represented as

\/1 —stm \/1 —s2m —s152(1 +m) = (1 — s152) cos 205 + (s1 + s2) sin 265 . (6.7)

Substituting (6.1), (6.6), and (5.14) into equation (6.7) and keeping first-order terms in
the deformation parameter v we find that the original equation is reduced to the following
linear relation

2c1 — #bg = 0. (6.8)

As expected, the same relation follows from the exact solution (4.35) which in the case
under consideration takes the form

— cotby1—1 ”2 (6.9)
52 = 2 2 sin 2605 (s1 + cot bs) ) '

Now, it is convenient to identically represent the second angular equation (4.36) as

€2i93(1—i81)(1—i33)(\/1—1/283171 —ivs3y/14+m) =
(q / 1—8%772 — 2'53«/14—172) («/1—1/25:23772 — il/83\/1~|—772) («/1—5%771 — i51M) .
(

6.10)

Taking (6.8) into account we find that in the first order approximation the real part of the
above equation is a linear equation on c3 solved as

3+ cos(20z — 463) — 2 cos(20; — 263) — 2 cos(203)
B 45in3(0; — 203) '

c3 (6.11)

The deformed angular parameters. The first order solution to the 5-pt configuration
reads

» vk B 9
Ssindy 2 cot(203 — 62) + O(v?), (6.12)

cos (209 —4603) —2 cos(262 —203) —2 cos 203+ 3
4 sin® (0 —2653)

51 = —cotfy +

s3 = —cot(203—03) + v +0(?), (6.13)

and

S9 = 81 — UxS3, 31 = vs3, 350=0. (6.14)
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The action. Finally, using representation (3.9) we explicitly write down the total ac-
tion (4.1) as

S(’wg,wg) = 6151(71)2,71)3) + 6152(11}2, w3) + 6353(71)2,11}3) + Elsi(wg,wg) + ElSi(wg, wg) ,

(6.15)
where

S1=—1In Vi — —In2A, (6.16)
VI+n+4/1—=stm

Sy =—In Vi — —In2A, (6.17)
V1I+m +4/1—s5m

S3 = —In ViR — —In2A, (6.18)
V31+mn2 +4/1— 5510

Sy =In Vi —In Vi , (6.19)

VIt +4/1—1v2s3m VIt +4/1—v2s3n
Sy —tm—YP?__ (6.20)

| .
2T T

Here, A is the cutoff parameter, A — co. For v = 0 we note that S; + S5 = In 1+%
and this formula gives the length of the radial line (3.10). Also, for v = 0 the action S3
does not contribute to the total action, while S1 = So and 257 gives the length of the arc,
cf. (3.11). We conclude that for v = 0 the action (6.15) is identified with the 4-pt case
action (5.7).

In the first order in v the above actions are given by

~2

S = —Insinfy + vcot(fs — 205) +Iny |1 — % —In2A + O(?), (6.21)
ey

Sy = —1Insinfy — veot(fy — 2603) +1Iny |1 — —L —1In2A + O(/?), (6.22)
61

S3 = —Insin(203 — 03) —In2A + O(v), (6.23)
. 02 €1+ €1/2
Sy = Intan 5 Intan(265 — 63) + In p——y0

, cos(20y — 4603) — 2 cos(205 — 203) — 2 cos 205 + 3 + 00, (6.24)
4sin?(0y — 203)
S5 = Intan(203 — 0>)
20, — 403) — 2 cos (205 — 203) — 2 cos 20
_ cos (26, 3) cos (207 3) cos 203 + 3 + (’)(VQ) ) (6.25)

4sin?(0y — 203)

Note that in the first order the actions 572 and 5’~~ get corrections, while their sums
S1+ S2 and S; + Sy remain intact. The regulator A appears for the external lines only.
Modulo coordinate independent terms we arrive at the following total action

0
S(we,ws) = —2€1 Insin by + € In tan 52 — e3Insin(205 — 62) + O(1?). (6.26)
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The zeroth order part obviously coincides with the three-line action (5.7). It is param-
eterized by the variable 6o, while the first order correction depends on coordinates wo 3
through the combination 263 — 6 only. Note that the resulting action (6.26) has no pole
1/€; while it appears in higher order terms, cf. (2.26).

According to the general prescription (1.4), the action (6.26) is related to the conformal
block as

fs(q1,q2) ~ —S(61,02), (6.27)

where the first terms of the conformal block on the plane are given in (2.30) and (2.31). The
identification is achieved (up to irrelevant coordinate-independent constants which can be
absorbed in the integration constants and also taking into account standard conformal block
prefactor which is not assumed to exponentiate) by the following conformal transformations
to the plane

o 1o
0y = 5 In(1 — q1q2), 03 = 0l In(1 - g2). (6.28)

The perturbation procedure which allows to evaluate the bulk configuration (6.26) together
with its boundary counterpart computation of the dual classical conformal block (2.30)
and (2.31) represent the main result of this paper. In the next section we discuss its
possible generalization to the n-point case.

7 Towards multi-line configurations

The n = 5 analysis in the previous sections shows the way it generalizes to the n-point case.
According the graph in figure 2 we discuss a multi-line configuration with n — 2 external
legs using the following notation and conventions.

e There are n — 2 external lines with index ¢ = 1,2,...,n — 2 provided that lines 1
and 2 are on the rightmost edge of the graph. There are n — 3 intermediate lines
with index 1,2,...,n — 3 provided that (m)-th line is identified with the radial
line ending in the singularity. Both external and intermediate lines are enumerated
by the collective index I =1,...,n — 2,T, . ,m.

e There are n — 3 vertices with radial positions denoted 7; = cot? p;, where i = 1,...,
n— 3.

e i-th vertex with ¢ = 2,...,n — 4 has three incoming lines: one external line ¢ + 1,
two intermediate lines i — 1 and i + 1. The i = 1 vertex has three incoming lines:
two external lines 1 and 2, one intermediate line 1. The i = n — 3 vertex has three
incoming lines: one external line n — 2, two intermediate lines n—4andn—3.

Consider first the equilibrium conditions for any three fields

eKq/l—s%(n—kq\/l—s%n:GJ\/l—s?]n, (7.1)

€7S71 + €557 —€e€gskg =0, (7.2)
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where I # J # K. Using the fusion polynomials (4.21) the general solution to equa-
tions (7.1) and (7.2) is given by

n= H(EK,G[,GJ)
dereg (8[8[((6% + 6%( — 63) — 6[6[((8% + 8%{))

; (7.3)

cf. (4.20). As there are vertices of three different types, the particular values of indices
should be properly taken into account. It follows that there are two outmost positions 7,
with I =2,J =1,K =1 and 1,3 with I =n—2, J = n—3, K = n— 4, along with
intermediate positions 7;, i = 2,...,n—4, with I =i+ 1, J =1, K =i — 1.

Explicit form of equations (7.2) is given by

gn—?) =0, €989 + €151 — €151 = 0, (7.4)

€;S; + €-15;—1 — €,-25;—2 =0, 1=3,....,n—2.

Now, consider the angular separations of each geodesic segment. Let A¢; be an angular
separation of the i-th external line and A¢; be an angular separation of the intermediate

line 7. Introducing angular positions of the vertices v; with ¢ = 1,...,n — 3 we define
(w1 =0)

Agbl:d)l, Aqbi:wi_wi—la i:27"')n_27 (76)

Adp_3 =0, Adi = i1 — Ui, i=1,...,n—4. (7.7)

In particular, assuming that 1; < w;,1 one finds the angular equation system
Ad; + Adi—o+ Abi_g + ...+ Ady + Ady =w;, i=2,....n—2. (7.8)

In total, there are n — 3 angular equations that exactly matches the number of boundary
attachments minus one. Depending on the particular vertex there are three types of the
angular separations entering equation (7.8). Using (4.25) we find

V=2 —isiy/IFm
iaAd) = In S VI (7.9)

1 —isl
A1 = sine—1 —isp/T + mp1
iaA¢r = In T3 , k=2,....,n—2, (7.10)
— 1Sk

o~ A1 =32t — Bk /T + g
iaA¢r = In k=2,...,n—3. (7.11)

1/1—%%77k—i§k\/1+77k

From the above relations we compose the following system of n — 3 irrational equations

e%gk _ w/l—S%nl—i81\/1+771 «/1—8%77]@,1—%3]@\/14-7]]671 k-2 w/l—g?n 77m+1_7;’§m\/1+77m+1

1—isy 1—isy oo A 182, e — 18T+, ’
(7.12)

where k = 2,...,n — 2, and 0 = awy/2.
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The solution to the angular equation system (7.12) is given by n — 3 momenta, say,
external parameters s; for i = 1,2,...,n — 3, expressed as functions of all boundary at-
tachments s; = s;(wa,...,wy—2). All other angular parameters are restored via linear
relations (7.4). Indeed, there are n — 2 equations (7.4) and their number is equal to the
number of vertices. They fix n — 2 angular parameters in terms of others n — 3 determined
by the angular equations. Therefore, all angular momenta are fixed in terms of n — 3
boundary attachments w;.

Finally, using explicit expressions for all s; = s;(w) and 7; = n;(w) one finds the
weighted length of the multi-line graph

Vi Y eihn Wi
- 1+

n—3 - Vres
+ Z € [ In Vi —In o ] ,  (7.13)
i=1 V10 +4/1-87n; VIFNip1 +4/ 187541

S(’wg, ce ,’wn_g) = —€1 In

where each component is given by formula (3.9). Also, we neglected all the regulator
terms In2A. Mapping attachment points on the cylinder into the corresponding points
of the sphere z; = z;j(wy) and using projective coordinates ¢; = ¢;(z;), where 4,5,k =
1,...,n — 3 the resulting action is to be identified with the n-point heavy-light conformal
block associated to (2.4) according to the general formula (1.4).

It is worth noting that the total action (7.13) contains the same radicals as the angular
equations (7.12) as well as the equilibrium equation (7.1). Moreover, the n = 5 case shows
that the expressions for angular momenta and separate actions can be rather complicated
while the total action is simple enough. It suggests that solving the angular equations
explicitly is not needed because their constituents can be used directly in the total action.

8 Conclusion

In this paper we have analyzed the AdS/CFT correspondence between n-point heavy-light
classical conformal blocks on the boundary and classical worldline actions described by a
graph with n worldlines embedded in the bulk. We have proposed the general identification
between the pant decomposition on the boundary and the corresponding multi-line graph in
the bulk. In particular, we have written down the general system of equations describing the
dynamics of probes in the bulk background. On the boundary side, the classical conformal
blocks are conveniently analyzed using the AGT combinatorial representation.

We have performed explicit computations in the n = 5 case establishing the corre-
spondence in the first order in the conformal dimension of one of fields while keeping other
dimensions arbitrary. It exactly corresponds to deforming the four-point classical confor-
mal block by adding a superlight external field to yield the five-point classical conformal
block. The same perturbative procedure is employed in the bulk where we start with the
corresponding four-line worldline configuration while one external line and one intermediate
line are produced in the course of the deformation.
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It would be interesting to find an exact solution to n = 5 equations in the bulk and
further compare with the boundary computations beyond the perturbation theory. More
generally, one can analyze the n-point equation system that we proposed in section 7 and
describe perturbative or exact solutions. Also, it is natural to study n-point heavy-light
classical blocks with any number of heavy fields and elaborate on their bulk interpretation.
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