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CLASSICAL ELECTRODYNAMICS OF NON-SPECULAR DIELECTRIC
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Universidad Auténoma, Cantoblanco, Madrid 34, Spain
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Résumé, — L’effet de dispersion spatiale en électrodynamique des surfaces est étudié pour un
modele phénoménologique qui décrit la diffusion des excitations élémentaires sur la surface en termes
d’un paramétre p, la surface spéculaire étant le cas p = 1. L’'impédance superficielle, la réflectivité
et la relation de dispersion des modes de surface sont obtenues pour un p arbitraire sans faire appel
a des conditions de contours additionnelles. On montre que le probléme est suffisamment défini
si le modéle, I’effet de surface inclus, est spécifié. Plusieurs conditions de contours additionnelles
utilisées dans la littérature sont discutées et caractérisées comme des modéles correspondant a des
valeurs particuli¢res de p. Les différents réles des constantes diélectriques longitudinales et trans-
versales sont discutés en termes physiques.

Abstract. — The effect of spatial dispersion on the electrodynamics of surfaces is studied for a
phenomenological model which describes the surface scattering of the elementary excitations in terms
of a parameter p, the specular surface being the case p = 1. Surface impedance, reflectivity and
surface mode dispersion relation are obtained for arbitrary p without resorting to additional boun-
dary conditions. It is thus shown that the problem is sufficiently defined if the model, including the
effect of the surface, is specified. Various forms of additional boundary conditions used in the literature
are discussed and characterized as models corresponding to particular values of p. The different roles
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of the longitudinal and transverse dielectric constants are discussed in physical terms.

1. Introduction. — It is well known that the stan-
dard boundary conditions which result from imposing
the correct matching behaviour of the EM field
across a boundary do not contain sufficient informa-
tion to solve the non-local form of Maxwell’s equa-
tions for a semi-infinite dispersive medium whose
dielectric function depends on wavevector k and
frequency w. Agranovich and Ginzburg [1] pointed
out that the problem is completely determined once
the model has been defined. It is important to stress
that this must include the effect of the surface on the
scattering of the excitations of the system —e.g.
excitons, polaritons, optical phonons or plasmons.
Many authors [2-11] take a different view and for-
mulate the problem in terms of additional boundary
conditions (A.B.C.). Sometimes [4] the A.B.C. are
simply postulated and then their consequences explor-
ed. Otherwise attempts are made at obtaining the
A.B.C. from physical arguments about the behaviour
of the electric polarization P and its normal derivative
on crossing the surface [2, 3, 6, 8]. A great deal of

effort has been spent [9, 10, 11] on producing formal
arguments aimed at establishing the correct A.B.C.
Briefly, the current situation is as follows : (i) It is
often held that A.B.C. are necessary. (ii) It is sometimes
implied that the problem of finding the correct A.B.C.
is a meaningful question. (iii) Although it is often
implicitly recognized that the A.B.C. in fact depend
on the starting assumptions, there seems to be no
readily available way of obtaining the A.B.C. as a
function of some parameter characterizing the model,
except for simple cases [9].

Consider an isotropic homogeneous medium with
dielectric function &(k, w). The assumption of iso-
tropy is comparatively unimportant. The question
of homogeneity is a more serious matter. It will not be
touched upon in this paper, the aim of which is to
provide a solution for the homogeneous case. It will be
seen presently that in itself this is by no means a trivial
problem if the surface is not specular. Now, the
response of an isotropic medium is in general given
by a tensor involving the two second rank tensors
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with full rotational symmetry, namely the dyad kk
and the unit tensor I. Thus the relationship between
electric field E and displacement D is of the form

D=s,_(k,co)% 'E+£T(k,w)<l —%)-E

in Fourier transform. The longitudinal/transverse
dielectric functions & [er by definition relate D and E
in the corresponding cases. Hence the dielectric
tensor ¢ is of the form

k
+ &rl.

= 0

€= (g —&y)

This very simple point will bear on the analysis later on.

Suppose the medium is contained in the half space
z>0. Put r = (p,2) in general, where p = (x, y)
is the surface projection of r. Then T = (p, — 2)
is the mirror image of the point r. At every point r
in z > 0 there will be some field or excitation, say D,
responding non locally to some stimulus, say E,
everywhere else. The non-local integral can always
be written in the form (i, j = x, y, 2)

D) =Y j

J

[‘gij(r’ r)E j(l' D+
0

'z

+ e{nF) EFNdr . (2)

This is merely an identical decomposition of the
range of z. The model is introduced by assuming a
fixed relationship between E{(r) and E{(r'). In a
phenomenological way this can be done in terms of a
parameter p. For example, if one writes

E(r) = pEAY),

then p = 1 is the specular surface model. The form of
the relationship in terms of p cannot be expressed in
one single equation, applicable to all components of
the field. These details will be set out in § 3. Suffice
it to say here that the model is completely specified
by ¢ (k, w), e;(k, w) and p, which can vary between 1
and — 1, corresponding to complete change of phase
for the reflected wave. The purpose of this article is to
show that the problem can be completely solved with
just this information, without any reference to A.B.C.,
in agreement with Agranovich and Ginzburg [1].

Before doing this it may be useful to review the
main attempts at obtaining the A.B.C., pointing out
the assumptions therein contained. Thus Maradudin
and Mills [2] assume that ¢ is scalar which, after (1),
means g = &y. The implication of this will be dis-
cussed in § 4. Furthermore, they assume

gr, 1) = 0(2) 0(z) e(r — 1),

which amounts to assuming p = 0, in which case
the second term in the integrand in (2) vanishes. The
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particular behaviour they find for the component of
P parallel to the surface is a direct consequence of these
two assumptions, and not a generally valid relation.
Birman and Zeyher [9] also assume the susceptibility y
is a scalar, ie., yy = yr- Furthermore, they write
for y an expression of the form

A r) =y 0@ =)+ fillr —1r'|) +
+pfi(lr =T ) 6(2) 6(")

and obtain different A.B.C. for different values of p.
Subsequently Frankel and Birman [10] use this
approximation, with p = — 1, to calculate the
reflectivity and find appreciable disagreement with
Maradudin and Mills [2], of course, since they use a
different physical model. A different approach was
taken by Skettrup [11] who constructed a Lagrangian.
The claim is that the A.B.C. follow rigorously from
the Weierstrass-Erdmann corner conditions. But it
turns out [12] that the requirement for these to be

- valid is the continuity of the field variables, which

in this case include the components of the polarization.
Thus the behaviour of P is in fact postulated, and this
amounts to choosing a model. In particular if
P, =0 for all z< 0 — in the vacuum — and P,
is assumed to be continuous, then necessarily
P, (+ 0) = 0. It will be seen in § 2 that this corresponds
top = — 1.

Now, solving the problem by explicitly using some
A.B.C. which must first be found amounts only
to adding an extra formal complication. It can be
done, but it is not a general procedure as has often
been maintained. Since all the arguments turn out to
be based on some specific model, this does not add
any further degree of rigour, in spite of formal appea-
rance, and one might as well proceed directly from
the model, which also gives a more transparent
physical insight. This will be done in this paper for
arbitrary p, maintaining in principle the difference
between &r and ¢, finally making comparison with
some of the representative results so far obtained
using A.B.C.

2. The surface impedance and related properties. —
The problem can be formulated in the following way :
(i) Given the half medium with dielectric functions
g and &, define a hypothetical extended medium (M)
with the same ¢ and & and also with some appro-
priate fictitious stimuli. These, which will eventually
be eliminated, are by definition part of the hypothetical
system (M). (i) Calculate the field (F™) everywhere
in (M). E.g., ™ = EM, HM, etc. (iii) Do likewise for the
extended vacuum (V) and calculate FY. Steps (i) and
(iii) introduce some ad hoc subsidiary parameters
describing the fictitious stimuli, which are later elimi-
nated. (iv) Reconstitute the real system by matching
FY(z < 0) to FM(z > 0) and imposing the correct
behaviour that the real field must have at the boundary.
This yields matching equations which involve the
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subsidiary parameters. (v) Eliminate these parameters
by imposing fixed relationships between FM(z < 0)
and FM(z > 0). This is where the model is introduced
in terms of the parameter p to be used in (2).

The fictitious stimuli can be anything convenient,
since they have no physical significance and are in the
end eliminated. The following stimuli and corres-
ponding response functions are introduced here for
later use.

Electric current J. From Maxwell’s equations, the
response is, in Fourier transform according to

exp(ik.r — w?)),

Ek, o) = Gk, w).Jk, w), 3)
where
4 i1 kk
Gl @) = "o K2 & (k, 0) +
+i41zw (k* 1 — kk) @

& R — @ orlh, D))

The dependence on (r, #) or (k, w) will be omitted
henceforth whenever it can be easily understood.

Magnetic current g. If such a thing existed one would
start from

1M 4

VAE = ot c WLE cor’

whence, in Fourier transform,
H=K.g, &)
where
4 1w (er | — 2 kkjw?)

K& o) = — i 7 o erc?)

©

Notice that this response has also a longitudinal and a
transverse part, but it only depends on . This follows
from (1) without further assumptions. What happens
is simply that H has now non zero divergence.

The surface impedance can now be obtained for
different models. From now on the wavevector will
always be of the form (x, 0, A), corresponding to angle
of incidence 8 and propagation direction x, i.e.,
K = ksin 0, 2 = k cos 0. Before carrying out a more
elaborate analysis — § 3 — it is convenient to consider
here two extreme models of surface scattering.

(i) Specular or symmetric case (p = 1). For P-mode
geometry, E = (E,, 0, E,), H = (0, H,, 0). Define an
extended medium (M) with fictitious stimulus

=M 0,0) 4z), ie, (JM2n, 0,0) in Fourier
transform. This creates a field with mirror symmetry,
in which

EN-2) = Ef+ 2 ;- 2) = — H)!((+ 2).
Then
JM ) JSMQH)
E(+0) = 7m ’111_1'% '[exp(z,ln) G, d1l = 5 G- @)
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Henceforth lim # — 0 will be understood wherever 5
appears. The integrals are always from — o to + o
and a script symbol like § indicates the corresponding
surface projection of G. Since

D(— 0) = DX(+ 0) = D(+ 0)
and also HM(+ 0) = H(+ 0),JM is eliminated by
integrating VAH™ between — 5 and + #, which yields

M= - S H(+0). (®)
From (7) and (8) the surface impedance is
4 T Ex(+ 0) 1 )

p = . (+ 0) _;gxx . (9)

For S-mode geometry, E = (0, E,, 0),
H = (Hx’ 0’ Hz) .
Use as fictitious stimulus J™ = (0, JM, 0) 6(z). Then

JM
E(+0) = 3-8 (10)
and, integrating VAHM again,
M_ €
T = 2= H(+ 0). 1)

The definition of the surface impedance is now diffe-
rent. Thus, from (10) and (11),

4n E(+ 0) 1 i
Z = — _c—__Hx(+ ) = 7—t‘§” . (12)
(ii) The antisymmetric case (p = — 1). This is

obtained by using an appropriate g stimulus which
produces a field in which it is H™ that has mirror
symmetry. For the P-mode it is sufficient to use
(0, g™, 0) 6(z). Then

M
Hy+0) = 2= J.exp(zln)K di = gs - K3

Notice that this defines the surface projection X’
of K,,, much as eq. (7) defines G}’ as surface pro-
jection of G,,. Now, integrating VAEM

g”— E(+0).
Hence
47\* 1 ¢ H(+0) 1_
(T) Z, 4nEJ(+0) =75 13

For S-mode use (gM, 0, 0) 6(z). Then

gs

Hy(+ 0) = 57— X3,
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while
M_ _ ¢
g, 27tEy(+ 0).
Hence
41\? 1 c H(+ 0 1
) o T o)
(c> Z, 4n E(+0) nJ{’x"' (14)

The explicit formulae for Z are simply obtained
by taking components in (4) or (6). This yields the
formulae obtained by Kliewer and Fuchs [13] for
p =1 and by Rimbey and Mahan [4] for p = — 1.
They clearly hold for different models of surface
scattering, and for this reason neither one is more
general than the other. Of course it is trivial to eva-
luate P and to find that for, say, the P-mode, one
has 0P,/0z = O0forz= + 0if p = 1, and P,(+0)=0
for p = — 1, but the present derivation shows that
this need not be invoked as A.B.C. In fact the final
results have been obtained here without raising the
question of A.B.C. Moreover, by focusing on the
starting model for surface scattering one can clarify
a point which seems to have led to some perplexity [14].
In a semiclassical theory involving electrons or free
charge carriers the values of p outside the range (0, 1)
are physically meaningless. The case p = 1 is the
extreme ideal model, easiest to solve, and this is why
it is mostly used. For dielectrics or excitonic systems p
can take meaningful values in the range (— 1, 1).
Here p = — 1 is also an extreme ideal model, and it
tends to be used rather often for this reason. Thus,
there is a good reason why the condition P,(+ 0) = 0
is never used in the theory of surface plasmons. See
the final discussion in § 5.

Having thus framed the issue A.B.C. versus physical
model, the discussion from now on will be concerned
with the P-mode geometry, which is the physically
interesting case in which E has a component perpen-
dicular to the surface and can therefore excite charge
density waves in the medium. Now, if the surface
impedances Z, Z’ of two media are known, then the
reflection at a plane separating these two media is [15]

2

R=\Z -z
Z +Z

In particular, the surface impedance of vacuum is
4n
Z' = — ©os g.

This follows from simple geometry or else it can be
obtained from (9), (12), (13) or (14), indistinctly,
putting ¢ = & = 1. Thus, for the V/M surface,

2 2
c 4x
cos — —Z7 —cosl - Z
4r c
R= =
c 4r
cosf + —2Z —cosf + Z
4r c
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Now, the reflectivity is a response function. Its poles
yield the surface modes. Thus, putting

2 .2\1/2
‘K
cos(9=(1— ) s
2
w

the surface mode dispersion relation (S.M.D.R.) is

4n
c

2 ..2\1/2
(1—6(0'2‘) +Z,0)=0.  (15)

Therefore it suffices to find Z. Then one knows R and
the S.M.D.R. For example, surface plasmons for
inhomogeneous space charge layers in semi-
conductors have been obtained in this way [16].
Vice versa, if one knows, say, the S.M.D.R. in the
form f(x, w) = 0, then one has

Z = fx, ©) — 4—0” (1 - “;’2‘2)1/2 (16)

and hence R. This could be wrong by some unknown
non zero factor, i.e., if the actual dispersion relation
happens to be some factor o times the Lh.s. of (15),
then (16) would not give Z, but cos 8(a — 1) + Za.
This is easily sorted out since Z has been found
explicitly for the easy cases p=1 and p= — 1.
Either one can be used to find « and thus resolve the
possible ambiguity. Therefore, it suffices to solve any
one of the three problems, Z, R or SSM.D.R. for
arbitrary p and one knows the answer for the three
together. This point tends to be overlooked and often
leads to redundant effort. The rest of this article will
deal with the S.M.D.R. for arbitrary p, in which case
only homogeneous equations are involved and inessen-
tial factors can be omitted.

3. Surface mode dispersion relation for arbitrary p.
— The approach outlined in § 2 will now be used to
study the S.M.D.R. for arbitrary p. The real field
must have correct behaviour at the boundary. This
yields the two matching equations

HY(- 0) = H¥(+ 0) 17

(18)

The fields in the extended medium must have the
behaviour corresponding to the choice of model.
This yields the subsidiary equations

and
EY(—0) = EM+0).

V.EM(z < 0) = pV.EM z>0, @19
VAEM(z < 0) = — pVAEM (z > 0) 20)

and
EY(— 0) = pEN(+ 0). 21

The last equation is necessary because the divergence
and the curl do not uniquely determine E. This
behaviour can be ensured by using as ficticious stimuli
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a suitable distribution of electric and magnetic
currents, which in general may have a surface and a
volume part, provided the latter is zero in z > 0,
where EM and HM must be equal to E and H of the real
system. Then, in Fourier transform,

M = MG + Mk, 2) .
For the P-mode
Jg{ = (Jy, 07 0)7 Jll;d = (bea Oa Jbz) .
Put
A A
TAAZIE =[N SN

-l =LK (2

Then, with j = xJM,
kM =j(l +f); kA =j(fz + %) . (@3)
For g" it suffices to take — for the P-mode :

g =0,4"0; g =040,

Then the only component of g¥ is, in Fourier trans-
form,
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Now, the complete fields in (M) are

EM = EW 4+ EM; HM = HW + H%,

where
47 kk
EMJ= I Sl
{ lwk2£L+
Ano (K21 —kk
+i% ( w2) CIM, (25
kz(kz—?8T>
g - 4n_ kag® 26)
C ., O
k _?ST
M
- in kAT @n
ck2 w
and
4w er
H" = — 2 = g4, (28)
k2——28T

Both (23) and (24) are to be used in these equations,

M, 2) and also in (19) and (20).

M) + Mx, ) = M) [l + 2 v ‘ ] = For the extended vacuum (V) it is sufficient to put a
gs () fictitious stimulus J¥ = (JV, 0, 0) &(z), which produces
=gl + f3). (24) the corresponding EY’ and HY’.

Introducing the parameters
TASNNE Y Af wg w g
T e—— I ——— =—.—-—s=—.--—-s—— 29
¢ j kI ¢ e j c kM 29)
the matching equations after (17) and (18) are :
1 .
. , exp(iimp| f» + =) di
exp(— iAn) A dA exp(iln) ex(1 + . ( K
Cj____%z___zé p(iAn) ZEZ 541+ i - ’ 30)
k2 — — kK - = kK - —
2 2 2T
jAn) dA 2 —idy) A% dA jAn) A(1
|- sz’exp(zkzn) . %j‘exp( L éjexp(z DI +1) g,
kZ(k2 —“’—2> k-2
c c
exp(iAim) Al /5 + 4
_ exp(idn) (1 + f)dA  w? [ TP A2 T
+i{—K X + - 3 di;. 31
O
¢
Eliminating { this yields the general form of the S.M.D.R.
o [SREDAS) () foxpli) Goen + DA +S) )
k* & .
k - —2 8'1-
c 2
. .w° A A
exp(iin) (l i v) (f2 + ;)
+ j 3 da, (32
K- e
c2
LE JOURNAL DE PHYSIQUE. T. 38 \" 7. JUILLET 1977 57
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2
where v? = k%2 — — - For later reference, notice that this can be written in the form
c

. [expldn) (1 +f) (1 [ explidn) Gver + A (1 + £3)
IKJ 2 (8—L+1)dl—§J‘ p wzg di+ Q,
- S
where ,
) A
(lTll—V><f2+—> .
Q= J‘CXP(M") ‘ — 5L da + i Jexp(iln) d+fyd kf;l) di i
-
c

In the quasi-static ¢ —» o0, v - k and Q becomes

0. = ix j exp(idn) (f + 1)) .

k2
Now, from (22),
K2 A
R =55 (5 + )2
K

and in real space JM(x, z) is zero for z > 0. Hence Q,, vanishes identically and the S.M.D.R. is, in the quasi-
static limit,

i j exp(it) L300 sz 2 (5 + 1) di = f'fe"p(m") (i'c&‘]c:’ DA Sy, (33)
L

So far f1, >, f5 and ¢ are still unknown, except for the condition that f;, f, and f; must not have poles in the
upper half plane — complex A plane — in order to ensure that they vanish in the positive z half space. The next
question is to investigate the subsidiary conditions. These will first be written in general form and then evaluated
for a specific model of the bulk medium. Following common practice, the model is defined by taking the following
forms for ¢; and g :

& + @ g1 + ay ) (34)
& = = s
Lo T w2~ pREETC w: — w? + B k2
ie.,
(G +iL)@A —iL)
AEETT TG -0 (35)
where
2 2
L= \/xz Citd —o e SO
L L
Also
QZ
=1+ ) (39)
1e.,
(A +iD @G —iT)
e Ay =i 37
where . ~ .
2 2
o+ —ow wr — W
T=\/2+——-——p ;o= K ——m—
* 2 B
Then
1 B A+ i) —ip) 38)
w? QO+iR(A—iRGA+inA—in’

2
k —TST
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2 2\ 2 2
22— )+ K+ - 2 ) 4|kt - 2T
c 2 c 2 2
R? = c ¢ c

2

2 2\2 2
[0 ()
(KZ + t2 — & __2.) -— \/(’CZ + t2 — & w_2> — 4(K2 tz — & 5 T2)
2 _ 4 c . e

T 3

Ne7

with

These formulae will be used frequently in the rest of the paper. One can now see the form that f;, f; and f3
must take as functions of A, for given (k, w), by using the subsidiary conditions. From (23), the general form
of (19) is

I+£)

8y

. di. (39

j exp(— ilz) (1—+@ di=p j exp(idz)
L

From (35), the only dependence of the r.h.s. of (39) on z is in the term exp(— Lz), coming from the pole
at 4 = iL when the integration contour is closed through the upper half circle at infinity. Thus, on closing the
contour through the lower half circle for the Lh.s., there will be no extra residue from (1 + f;) if f; has the form

By

fl=m’ (40)

in which case the factor (1 + il) is cancelled by the same factor in ¢;. This leaves By, in general a function of
and w, as a subsidiary parameter obeying the equation

By

P S PR N
A N R (Y5

(41)

which results from evaluating (39) for the said model dielectric function.
Likewise for condition (20) it is necessary to form kAEM. After (25), (26) and (23) :

= KARM = —
i4n c

A
o K1+f) o 2Tx
=gt j—

2 2

w 4 w
k2 '——5'8-[
C

kK — ¢
T
P

This yields a second subsidiary condition in a general
form rather like (39), but with the more complicated
structure of KAEM. The form of f, is obtained from
a similar, though somewhat more involved, argument.
It is clear that £, must contain a factor (A + if) in the
denominator, in order to cancel the same factor in (38),
but its structure needs further analysis. From (22),
both JM and JY will be combinations of (A + il)™!
and (A + i)~ . Moreover, JM will contain a constant
term, associated with the fact that JM is in the x
direction. Thus they will be of the general form

A A
M 1 2
J‘”‘_</1+il+,l+it

A A
Mo_ (3 4 M
J"‘_<A+il+/1+it)Js'

|
—Bl> Jsha,

Forming now the two combinations (22) and setting
equal to zero the coefficient of (A + if)~' in f; and
of (A + i)~ in f,, yields
K K
A4=EA2; A1=";2A3.
Thus there are only two independent parameters. This
yields

2_x?» 4 A A
flzg_._x_z 3 +<_3+._.2._Bl>

ik A+l K it
and
A A2 A3 (12 - 'Cz) A2
fz"—EB‘+(_;c_—7)+ i A+ it

Hence f; has the form

2 :
fom —pBit Bt
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with This is to be used in the second subsidiary condition,
B - (% —«x?» 4 which also contains the term in k2(1 + f3). On closing
0= ilx 3 the contour of integration in the Jower half plane, it is
: : seen that f; needs a factor (1 + ix)~!, which is can-
By = A3+ 74 celled by (1 + ix) in k* = A* + k®. This leads to
K i
A3 A2 B4
B= -2 422 fi= e @
(& —x?
B; = : A, . . ..
K Thus, besides B, which is given by (41), there are

L. another three unknown parameters, namely &, B, and
Eliminating 4, and 4; : B,. Hence three more equations are needed. Two of
these come from the second subsidiary condition (20)

in the following way. The z dependence comes from

(43) the poles at A = + ir and A = =+ iR. This yields the
K it two functions exp(— r | z |) and exp(— R | z |) whose
coefficients must independently obey (20). This yields

1 B
2 —rZ)gs{(l +p)+(K_,+Kﬂ,>7.“}—

~1)i 1 B
—%‘{(1 +p)32+(—”—;l’5(1 —B,)+<t_r +H’_’r>73}=0 45)

and

1 P B,
2— 2 —— —
(x R)gs{(l+p)+<x—R+x+R>i}

— 1)iR 1 B
—%j{(l +p)Bz+(—’-’——K—)'—(1 -Bl)+<t_R+t—f—R>T3}=o. (46)

Finally. the last subsidiary condition is, after (21) :
j‘(exp(— iAn) — p exp(idn)) E'(x, ) dA = 0, @

where EM is obtained from (25), (26), (23) and (24). On performing the integrations for the model dielectric

functions (34) and (36), there are contributions from the poles at A = + ir, + iR, + iL and also at A = + ik,

giving the corresponding exponentials. The coefficients of the first three vanish identically because of (45),

(46) and (41), respectively. The vanishing of the coefficient of exp(— « | z |) yields the last subsidiary condition :

{(1 + fi(— ix)) {(1 + f1(ix))
i i

2':51'KB49s=J —fz(—ik)+i}+1’j +fz(ik)+i}, “43)

from which B, can be found. In fact, using (40), (42) and (43) in (48) yields

B,=0. 9)

Thus, although the volume part of the fictitious stimulus g™ is needed in the formal argument to guarantee the
desired behaviour of the complete EM field in (M), in actual fact it turns out to vanish for arbitrary p. This
simplifies a great deal the S.M.D.R. (32), in which f; = 0, and also the subsidiary conditions (45) and (46),
which now become

G+ 06—y =i fE D (@oDE_ i) Py

K P

i —r)[A+pt+ 1A —p)r]
+ oY o 33} (50)
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and

.o ((p—1iR — DIR B
(p+1)(R2—x2)¢=z%{ )’ +((” ) —(p+1)x)ﬁ—;°7+

i(K:2 —_ Rz) [(1 + p)t + (1 —p) R] Ba}- (51)

+ (tz _ KZ) (t2 _ RZ)

The solution of the problem is given by (32), which is general, together with (41), (50) and (51), which
reflect the model assumed for ¢; and &;. They could be derived in the same way for different models and then
they would take different explicit forms with possibly more parameters and more subsidiary conditions. For
sufficiently complicated dielectric functions it might even be necessary to resort to numerical evaluation of the
integrals. But the point is made. A given model has been assumed and the problem has been completely and
uniquely solved in terms of p as a free parameter, without raising the question of A.B.C.

The inverse process described in § 2 can now be demonstrated. Consider, for example, the case p = 1.
In this case (41), (50) and (51) yield easily B, = B, = ¢ = 0. Then (32) becomes

2 2 2
ix Jexp(—iln) —%+%——A—a—)2— dl +
k2<k2 __2)
¢

K2 2 ,12
+ Jexp(illr,) 7. + p e
L k2 (kz — ?2_ &l')

The first term is of course proportional to cos 6, which is the surface impedance of the vacuum. The surface
impedance of the medium in question is written down at once from (4) and (9). This gives the factor needed to
resolve the possible ambiguity discussed in § 2. The factor is 4 x/w. In making this identification care must
be taken about the sign convention, which depends on whether the medium for which Z is being calculated is
inz > 0 or z < 0. Finally, the surface impedance for P-mode and arbitrary p is given by

L A\ w K21+ f) (1
11[?(1— 7 ) —lzzp=j~{—k-2—(;;+l)+
ic—uil—v +51- iK
N ié(iver + A) N c? 2Tk K2 + f)

w? w? K2
(-5n) (o8

4. The quasi-static limit. — Having obtained the S.M.D.R. and the subsidiary conditions, different values
of p can now be used as desired. The most frequent ones are p = + 1, which have already been discussed, and
p = 0, which was used by Maradudin and Mills [2]. The connection with their work will be established in the
quasi-static limit, ¢ — co, which is the case in which these authors give explicit results in final form. In this limit,

di[=0. (52

expiiAn) di.  (53)

2

-8, xz—Rzﬂ%e, (4
where
92
e=¢gk =00 = ac<1 + a)—%———Lw_z) (55)

Then, from (51) in this limit,

N (1 p
é—e(l+p)((p-1)+lB°(l—x_l+x>>' (56)

Hence, evaluating (20), the S.M.D.R. becomes

By, \1 2 1 By, \1 &¢
(1+8){<1+i(l+x)>g—€}—(w2—w%){;(l+i(L+l)>L+ t}"’ 7
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where £ and B, still depend on p. In particular, for p = 0, (56) and (41) yield
1L -k

el —«x
L+w , L-K)_ QF 2 (L-x1
(1+®<a+x)+(L-m)“aﬂ—aﬁ{L+1_%(b-@7}”

This gives the dispersion relation in analytic form for p = 0 and arbitrary «. The limit x — 0 can now be studied.

By =iL—-1); &= (58)

whence

(59)

This yields
I} 2 Ly 1
2 _ 2 0 2 —g O
@ RO Lyl + &) 2 {Lo + 1 e lo to}K ’ L0
where the subscript 0 indicates evaluation for k = 0. In particular
W = R + — Q2 (61)
0 1 +¢ °

The limit ¥ — 0 for [, and ¢, needs some care, since there is the ambiguity that ./ — 1 can be + i. Finally

&' (2B + B:(1 + &)
w? = (1)(2) + me{géﬂ ﬂL — 1 2 K, (62)
or, in terms of the static dielectric constant &,
1 (85 - ‘gc:)ll2 O1 1/2 (2 ﬂL + ﬂT(l + gc))
- — e T - 63
w w0+2(1+sc)3/2w0 L Ec i > K 63)

If B, and B are assumed to be equal, then this gives the result obtained by Maradudin and Mills [2] for this
particular case. It is important for the physical interpretation of the result to maintain the difference between
these two terms because they have different origins and different physical roles. In order to make the discussion

more complete it is convenient to write the long wave dispersion relation for arbitrary p. The result is

(1 + p) (e, ~ £)? @y
20 + 607 oo
{ e2(1 + p) By
X
A —p)* + el + p)*

)—i(l

BL Br

P ((1 P e+ pr 2+ P)>}K' 9

Notice that for p =1 both contributions to the
imaginary part vanish. This shows the dangers of
drawing conclusions from comparing (63) with similar
formulae often obtained in theories of surface plas-
mons for specular surfaces. The damping found in
such cases has a different physical origin. It can be
Landau damping, for example, which only appears if
a dielectric function with appropriate structure is used.
With simple minded functions such as the ones used
in this paper the damping is zero for specular surfaces,
in qualitative — but only qualitative — agreement
with (64). Further contributions to the imaginary part
arise if, for example, a finite surface potential barrier
is used in the theory of surface plasmons, but this is
also a different effect. Other and more important
differences concerning free electron systems will
be the subject of a separate publication.

Returning now to the systems studied in this paper,
the field of the surface polariton for dispersive media
contains an admixture of bulk polariton modes, as
is seen from the poles in the upper half plane of the
Fourier transform of the EM field in (25) through (28).
This means a damping of the surface mode, via
coupling to the bulk modes, as has been often pointed
out by many authors. However, the present analysis
shows that the strength of this coupling is zero for a
specular surface model. Thus in this case this damping
is absent. Furthermore, the really interesting term
to look at is HY in (28). For finite ¢ the only poles
are at ¢2 k% = w? &, which corresponds to the mixed
— polariton — mode. In the quasi-static limit the
poles are at er! = 0 and this corresponds to- the
purely dynamical — exciton or plasmon — mode
of the bulk system, uncoupled to the EM field — g is
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of order c/w. This is the only term which contributes
to the damping of the surface mode in this limit. Its
contribution for long waves appears in the term in Sy
in (64), which displays the factor (1 — p) explicitly.
The other imaginary term in ; does not correspond to
surface-bulk coupling. It has been shown by Flores
and Garcia-Moliner [17] that the SM.D.R. in the
quasi-static limit is determined quite generally by two
integrals. One is associated with the fluctnations of
E,(z) and is of no interest for the present discussion.

The other one is
® D2
L Eo)

In the long wave limit this gives a contribution to the
coefficient of x in the dispersion relation. This term
represents the role of current density fluctuations —
displacement current, in the case of dielectrics —
parallel to the surface. Except for p = 1, this term
decays via surface scattering. Its contribution to the
imaginary part in (64) is the term in f;, which of course
has also the factor (1 — p). Thus, although both
terms add up in (64) and (63), the assumption that
Br = B, even if it is numerically reasonable, may lead
to an erroneous physical interpretation of the result.

5. Conclusions. — Maxwell’s equations and the
standard matching conditions imposing the correct
behaviour of the EM field across the boundary do not
contain sufficient information to solve the problems of
surface electrodynamics of dispersive media. It is
necessary to specify a model and this includes the
complete dielectric tensor of the bulk medium and the
effect of the surface on the scattering of the excita-
tions-polaritons. This paper gives the complete solu-
tion in terms of a phenomenological model of surface
scattering using a specularity parameter p. This is only
an approximate way of describing surface scattering,
but real progress beyond this point has yet to be
made. For the time being it is sufficiently interesting
to solve the phenomenological model for any arbitrary
value of p and this is what has been done here.

An alternative approach consists in seeking addi-
tional boundary conditions. This can be done, but the
analysis in terms of the broad model carried out in
this paper shows that the different forms of A.B.C.
which have been used are the result of some specific
model, corresponding to particular values of p. This
emphasizes that it would be erroneous to conclude
that the non local form of Maxwell’s equations is
sufficient to determine the A.B.C. Indeed there seems
to be no obvious advantage in this approach. It
amounts to an extra formal complication and, by
implicitly depending on assumptions based after all
on some model, it may lead to erroneous generaliza-
tions. It seems more physical to proceed directly
from a given model, which can be prescribed in a
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fairly broad way, and to keep track of the different
terms. This makes possible a direct physical interpre-
tation of the results. Moreover, the problem has been
solved here for arbitrary p (*).

It may be in order to discuss further the meaning
of the parameter p. At the phenomenological level its
meaning is expressed by eq. (2) of § 1 and eqgs. (19-21)
of § 3 or, alternatively by the way of writing a formula
for the susceptibility in the manner of Birman and
associates [9, 10], as recalled here in § 1. To go beyond
this requires the introduction of a model. The easiest
case to visualize is that of an ionic vibrating lattice —
the fact that an actval lattice may require more
elaborate dielectric functions than the simple ones
used here means only that one should not expect
explicit results based on (34) and (36) to be very
reliable beyond relatively long wavelengths but this is
a separate issue which does not affect the argument
concerning the boundary conditions or the role of
surface scattering. The situation may be physically
envisaged as follows : when the wave as a travelling
excitation reaches the atoms at the surface, these in
turn vibrate and thus reemit the wave inwards. Since
the interaction constants, as well as other conceivable
constraints on the vibrating atoms, are in general
different at the surface, even if the surface is otherwise
nearby perfect one would expect the wave to be
reemitted with some phase lag, due to the fact that the
vibrational response of the atoms at the surface is
different from that of the atoms in the bulk. One
would then expect the parameter p, which weighs the
reflected wave component, to be of the form
D = exp(ip). Then, when the response of the surface
atoms is equal to that of the bulk atoms one would be
in the ideal specular case ¢ = 0, whereas in the
opposite extreme (¢ = m) the surface atoms are
totally restricted, i.e., they cannot vibrate. This
corresponds to the situation of anti-specular scattering.
With p = — 1 the combination of incident and
reflected wave gives zero amplitude for z = + 0. In
support of this view one can consider the following
argument, which incidentally gives further insight
into the relationship between surface scattering model
and A.B.C.

From the solution obtained in this paper one can
calculate the fields E and D everywhere inside the
material. Thus one can write down P as a function of z
and hence 0P/0z. Let us concentrate on P-mode
geometry and on the x-component.

Furthermore, to simplify the argument let us take
B2 = B2 = D, as in [2]. We can then evaluate P,
and dP/ozatz = + 0and find

oP
[Px +b x] =0;
0z |40

(*) While this paper was in preparation a recent publication [19]
came to our attention in which a single solution has been obtained
which is valid for the two cases p = + 1.

i(p+1)

“re-n ©
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where I', introduced in [2], is a real quantity for
frequencies in the range of interest. The form of (65)
is that in which it has been customary to cast the
A.B.C. We see here the explicit connection between
this and the parameter p without resorting to extreme
cases. Now, Bishop and Maradudin [18] have recently
discussed the problem of energy conservation — for
the phonon case — in relation to the conditions at the
surface and shown that in the case of normal inci-
dence b must be real in order to ensure the conservation
of energy. Our intuitive picture of surface reflection
leads to precisely this, i.e., for p = exp(ip) and I' real b
is just real — in this discussion we are ignoring
possible bulk dissipative mechanisms, which cons-
titute a different issue. With this proviso I' is real for
the frequency range of interest. The case p = 0,
which corresponds to the A.B.C. (3.22) of [2], has
been discussed above only to see in explicit terms the
connection with the results of Maradudin and Mills.
Of course, as shown by Bishop and Maradudin [18]
this would not of itself conserve energy, so that in
order to provide a physical basis for the model p = 0
one would have to think of some appropriate external
force introducing an energy source — or sink —,
but the point of this discussion is to explain what p
means. A different problem is to produce a physical
model for which p is evaluated.

In the above discussion we have resorted to a
picture in terms of phonons but, as emphasized by
Hopfield and Thomas [18], the excitations which
carry dielectric polarization can be conceived in
abstract form. Excitons are often the object of interest
and a similar picture could be built up for this case.
In fact eq. (14) of [8] corresponds precisely to a
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reflection parameter of the form exp(ip) whose
calculation evidently would require a macroscopic
understanding of the forces which cause the exciton
to turn around. An explicit model for excitons, after
Pekar’s suggestion [6], assumes that the polarization
associated with the exciton is zero at z = + 0, i.e.,
that p = — 1. However — see discussion at the end
of [7] — also for excitons this is only an extreme case.

Now, all the preceeding discussion is based on the
concept of a wave, in which the phase is a meaningful
concept. The situation is different in a conductor,
where the particles undergoing surface scattering are
charge carriers. In a semi-classical picture all that
matter is the number of carriers reaching and leaving
the surface. The parameter p in this case counts the
real fraction of specularly scattered carriers and
corresponds to the parameter used in Boltzmann
equation formulations of surface transport. This
problem will be fully discussed in a forthcoming
publication. It will suffice here to stress two points,
namely : (i) For conductors p takes physically mea-
ningful values in the real interval (0, 1), and (ii) given p,
the method used here to solve the surface problem is
not valid for conductors. The reason is that in a
conductor for any values of p # 1 this model would
describe an unphysical accumulation of charge at the
surface. This is most clearly seen in the case p = 0.
In this case the model, as developed here, would not
provide any means for the return back from the
surface into the bulk of the current coming from the
bulk. Such a problem of charge accumulation does not
arise with dielectrics. Conducting surfaces require a
different treatment and this will be done in the fol-
lowing publication.
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