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Classical gravitational anomalies of Liouville theory
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We show that for classical Liouville field theory, diffeomorphism invariance, Weyl invari-
ance and locality cannot hold together. This is due to a genuine Virasoro center, present in
the theory, that leads to an energy-momentum tensor with non-tensorial conformal trans-
formations, in flat space, and with a non-vanishing trace, in curved space. Our focus is on
a field-independent term, proportional to the square of the Weyl gauge field, W, W*#, that
makes the action Weyl-invariant and was disregarded in previous investigations of Weyl and
conformal symmetry. We show this term to be related to the classical center of the Virasoro.
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Liouville field theory, with flat space actiorH

A 2, (Lo porg — M50
(@] :/d v Gou00re - T ). (1)
is an exactly solvable two-dimensional model that enjoys a prominent role in many fields of the
theoretical and mathematical investigations. Among those, the geometry of surfaces [I], two-
dimensional (quantum) gravity, see, e.g., [2] and [3], string theory, see, e.g., [4], conformal field
theories, such as the Wess-Zumino-Witten and the Toda models, see e.g., [5], and therefore the
AdS/CFT correspondence [6]. It is then of great importance to know its symmetries in all details,
already at the classical level.

In particular, Liouville theory is known to enjoy both scale and full (global) conformal sym-
metries in flat space, hence it belongs to the cases studied in [7]. There it is assumed that Weyl
and diffemorphism invariances hold together. Even though full (global) conformal symmetry is
known to be in place, in a more recent work [§] it is conjectured that Liouville theory might not be
made both diffeomorphic and Weyl invariant, evoking a generic “classical anomaly” as the reason
for that. In this letter we prove that conjecture and provide explicit formulae for such classical
gravitational anomalies. We leave to a longer forthcoming paper [9] the more detailed discussion
on how such classical anomalies arise, in general and for Liouville.

Let us start by considering the Liouville action on curved background

1 2 1
AP = / 42z \ﬁ—g<2ngﬂq>qu> - %eﬁ‘b + 5R<I>> , (2)
routinely employed to obtain the energy-momentum tensor (EMT)
2 0A, 1 m? 2
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that on-shell gives
2
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ensuring a zero trace in the flat limit, but not Weyl invariance, for the curved background. To
remedy it, this ad hoc procedure could be traded for the one of [7], based on the Weyl-gauging of
the curvilinear expression for the action
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Since under Weyl transformations, g,, — e? “Ygu and & — O — Bw one has 2V, W# Weyl,

e 2(2V,WH — 2V, VFw), this should be compared to R[g,,] Werl, e 2(R[gu] — 2V, VFw) and

the (Ricci gauged, in the language of [7]) action
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enjoys Weyl invariance, Tx", = 0, provided

2V, WH =R, (7)

holds. Notice that, contrary to [7], we keep here the last, ®-independent term, that is precisely the
one that ensures Weyl invariance.
A solution of can be found [§] using the Green’s function K (z,y), such that V2K (x,y) =

ﬁ&ﬁ) (x —y). Assuming that W, = 0,w, with w transforming as w Werl, o — w, the solution
—g(z

is w(r) = 1/2 [ d%y/—g(y) K(x,y) R(y). It follows that the extra term in the action proportional
to WHW,, is

/ &’z WH(z / @ d?y [ —g(2) R(x) K (2,9)\/~9() R(y) (8)

which is the well-known Polyakov string effective action [4]. The EMT associated to the action ()
with , is traceless and covariantly conserved [4]. The price we pay is the evident nonlocality.
A local solution to (7)) was found by Deser and Jackiw in [10]

u ehv B
W§E, = 2\/7 FFBW + (cosho — 1)0yy + Our| (9)
where €%! = 41 is the Levi-Civita symbol and a “conformal” parametrization of the metric

gives g++/v/—g = €'sinho, g4_/\/—g = cosho, g__//—g = e Vsinho, and, from there, v =
In\/g++/9—— (see Supplemental Material). The expression @ includes the derivative of a generic
Weyl scalar, r, to take into account the invariance of (| . ) for Wh, — Wh, + F@

. . Weyl
WP, enjoys proper Weyl transformations, g, W}, = 9uwWp,; — 0w, but it does not

transform as a general (contravariant) vector under infinitesimal diffecomorphisms, z# — 2/t =

ot — f“(x),

ox'*

y e _ o _ o
W', (z") = o - Wp,(x)+ 2N8V[(8__6 'Ytanh28+>f - <8+—e'7tanh28_>f+

. (10)

It follows that the term g, W5, W}, in @, although it keeps Weyl invariance and locality of Ag[®],
cannot be a world scalar, hence it breaks diffeomorphism invariance.



To investigate and quantify such breaking, let us start with the contribution to the EMT coming
from the extra term

2
T = —— /d2
extra \/jg5g,w

In the Supplemental Material it is shown that

2
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where W, = gpAW)‘, AW = (g__g,y) /2 ( ) and r* = 6r/dgu,. One would

and compare it with known expressions of the quantum gravitational
1
487T2r8 O\, or [12] V yITHy = 7=0uR.
Rather than attempting a direct computation, we take a simpler road. First, we move to
isothermal light-cone coordinates, that we know to always exist in two dimensions. There one has

like to compute V,TEY
anomalies, such as [I1] V,T*, =

Gpy(x) = @) (1) é) , and we indicate with a hat all quantities evaluated ther If weset r =0

for a moment, we have

v N N 1w a .
ZT e = (9"°0ap) (3" 95p) = 50" (9" 0apdsp) + 3" (977 0as) — 99" 0ads]p,  (13)
and the computation becomes trivial, V T Hira = 0. Of course, this would not guarantee general

covariance, until we have a frame—lndependent result (see later).
On the other hand, including r in the computation gives

evH
extra — =
V=g

and this expression, although it differs from the recalled anomalous quantum expressions [111, 12], it
is clearly nonzero, in general. In this coordinate frame, T not only guarantees Weyl invariance,
through a traceless EMT, but for harmonic rs, OF =0

EaAva s 3, (gaﬁaaaﬁf) — 2580, (M 00 057) + 20,57+ 0007, (14)

extra

v,

extra

=0. (15)
0#=0
As for the previous case, for » = 0, this is not enough to have general covariance. We have no
guarantee that . holds in all frames. We have to look for how much such divergence differs

from a tensor, when we move away from the isothermal frame, AV, T, (z) = V! W bt (') —

(02" |02P)V o Textra(:E)A. This has to be, at least partially, expressible in terms of AWH(z) =
W'k (z") — (0x'F /02 )WY (x). For infinitesimal diffeomorphisms, W transforms as and, defin-
ing Ar(x) =r'(2') — r(x),

Ny Laﬂa@( - )+A } = a0 0). (16)
2/—§ V=9 2v=9
With these
evH ~ct o v Y24 e
BAVUT e = =0 (9702056 (r, )] = 2570 (#* 005 (r, 1) + 20 0,57 02056 (r, £+ (17)

2 For this choice, eaﬁaﬁwa =0.



that, for the choice @, and for r = 0, eventually gives a compact expression

Ao Vi
AV, T = 512 %au 9°%0a05(0-F~ = 04%) ] (18)
This expression does not vanish for a general f*. This proves the loss of diffeomorphism invariance
in the Weyl invariant formulation of Liouville theory @, with local solution @D
Quadratic transformations, f* = a“agxaxﬁ + b¥qx® 4 ¢, which include Poincaré transforma-
tions, fH* = wH,z¥ 4 ¥, preserve the tensorial nature of @HT@;M and so do conformal transfor-
mations, obeying [Jf# = 0. Therefore, for infinitesimal conformal and Poincaré transformations in
flat space, the extra term, T\ ., is covariantly conserved, regardless of the choice of r. In other
words, Thi.. does not violate the symmetries of 7" in the flat limit, that is the same conclusion
of [7].
To complete the proof that this lack of diffeomorphic invariance is indeed the classical version
of the quantum anomaly, we need to relate it to a nontrivial center of the Virasoro algebra. To do

so, let us first consider the flat limit of the EMT ({3))
1 N T AN
GHV = 8H®al,¢) — 77“” iaaq)a o — ﬁe + B(TIMVD — 8uay)¢) y (19)

that is traceless on-shell. The associated Noether charges, written in the light-cone frameE|
2
Q111 = [ @t Ousf* = [ar* ((220) ~ Z020) 1=, (20)
through the Poisson brackets {®(x), ®(y)}|,+_,+ = —1sgn(z~ —y~) and {®(x), DY) Hy—y =
—2sgn(z — y1), generate the right transformations

5P = {@(gﬁ,m*),Qi[f]} = fEF(ab)oLd(zt,27) + ;aifi(xi). (21)

They are made of two terms, both necessary for the invariance of the flat action : the usual
Lie derivative of the scalar field, f*0,®, and an affine term. It is easy to verify that these charges
obey an algebra with a genuine central extension

1
{QF1/1.QMgl} = @* M + A% (.91, (22)
where k* = fYO,g" — g0, f* and A*[f, g] = [daT (¢T3 fF — ff0lgT). By restricting to a
periodic manifold, with a periodicity P, * o z* + P, generators can be decomposed into

Q, = % /dij Opiel P = %Qi[ei%ﬂmi]» (23)
and the algebra can be recast into the following form
HQE Q) = (1= M@ + % imo (24)
that is just the Virasoro algebra with genuine central charge
c= 4;” . (25)

3 Light-cone coordinates are defined in Supplemental Material. Further details on the expression of these charges in
this frame can be found in [9]



It is the algebra of the flat Liouville EMT components that inevitably includes the genuine center

(25)

{0++(7), 02+ (y)} = 0, (1)0(a* — y*) + 2011 ()0 (F — yF) = 50" (2 — yF), (26)

o F=yF 247
and so do its transformations
c
5/O4y = fF04044 +20440, fF — Eaifi : (27)

This center is not there in the trace of flat EMT , but it is proportional to the trace of the
curved space EMT ({3).

A deeper study of this, including the general framework for classically anomalous transforma-
tions, we have done it in [9]. Here we want to show that the above is indeed related to the extra
term T4 . that, in curved space, preserves Weyl invariance but breaks diffeomorphic invariance.

To do so, let us first rewrite as the difference between the full transformation and its tensorial
part

AO4y =0pO044 — [F01011 — 204,04 fF = —ﬁ@if* ; (28)

as we did earlier in the curved context. We then simply notice that, for the infinitesimal diffeo-

morphism, z# — x# — fH(x), the non-tensorial transformation of Tl . is

BPAT () = 0a05E(r, f) (ﬁ“ “ +9" Dapdsg(r, f), (29)
where the same notation of and has been used. Assuming conformal diffeomorphisms
and taking the flat limit we have

2

which is exactlyﬁ with c given by .
This center was removed from the trace but re-emerged in . We have then proved that,

also for classical Liouville theory, lack of Weyl invariance or of diffeomorphism invariance is related
to the Virasoro center, like in the quantum case. This gives a precise mathematical meaning to
what we are now entitled to call “classical gravitational anomalies”. Whether this is possible for
more general classical systems, it is an important open question. Another direction for further
research that we are considering is the connection of such anomalous transformation of the EMT
with “classical Unruh and Hawking effects”.
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Supplemental Material

I. LIGHT-CONE COORDINATES

We define the light-cone coordinates in two dimensions as

zt = \}5(.7}0 + ). (1)
The derivatives in ligh-cone coordinates are
Oy = —(o+0), 0. = (@ —0). @)
V2 V2
The coordinate transformation (2°, ') — (2%, 27) can be obtained by acting with the matrix
S = \}5 G _11) . 3)
Light-cone components of the metric are, thus, obtained as
1
g++ = 5(900 + 2901 + g11) (4)
9+- = %(goo —g11) (5)
g—— = %(900 — 2901 + g11) 5 (6)

and the components of inverse metric g"¥ are

9-—- - 9+ 9+
git=", gt =", g =", (7)
g g g

The light-cone Minkowski metric, with the signature 7, = diag(+1, —1), is

77W=<(1](1)>, (8)

with p,v € {+,—}. Thus, the scalar product is 2> = —2zT2~. Raising and lowering indices
changes the + to — sign and vice versa, e.g., 0+ = 07, Oz = O** etc..

II. IMPROVEMENT OF THE ENERGY-MOMENTUM TENSOR

Here we compute the extra improvement term of the EMT

2
extra — \/jg5g \/jg 59/“/ .

To facilitate calculations it is easier to introduce the “conformal” metric

gm/ Y77 Z— yng —
g/ — Y =EV-ed", V-g=0p, (9)
pv —g

Y B 2 2 JAA
T = — » /d%; @\/TgW“WM =




which, in light-cone coordinates, can be parametrized as
Y44+ = €Vsinho, ~4y_ =cosho, ~__ =e 7sinho. (10)

In this parametrization a new quantity R* can be defined

RV = 2\/—gWH. (11)
Using the following identity
R e B G (12)
it can be seen that
RV = —*0,p — O,4" + € (cosho — 1)dy,y + €' Oyr . (13)

The natural way to compute the EMT for AA is by varying the latter with respect to y*¥

2 SAA _SAA ,0AA
= g gy W pas

(14)
To begin, we see that
1 2 v 1 2 v
SAA = 262/d © 87, R*RY + @/d 7 RYSRY, (15)
where
SR* = =69y 0,0 — 4" 0,00 — D,07" + 9, [ (cosh o — 1)89] — Th 307 + € 9,0r.  (16)
The last two terms are the result of the following computation [10]
0[e" (cosho — 1)0,y] — Oy [e" (cosho — 1)dv] = —fgﬂévaﬂévaﬁ , (17)
where
_ 1.,
Fgﬁ = 57“ (804711B + 85')@(1 - 8u7a6) . (18)
Let us now split A A into four terms
OAA = SAAY + 5AA% + 5AA3 + 5AA*, (19)
where
1

AN =5 / A2z 6y, R'R",

SAA? :512 / Az RY (—07"0xp — 0r67" — Tl 307F)
_2;2/01% PN [gmva (;%) + garVs (ﬁ%)] ,

SAA3 = — ;2 / 4%z R19,0p = —2152 / 4%z /=gRgapdg™” ,

SAA :;/d% RF,,{05[€"* (coshw — 1)67] 4 €2 9\or}

1
= _ E /de a)‘(Ru'qu)EV/\dgaﬁ[(Coshw _ l)Fo‘ﬁ n ro‘ﬁ] '



TO derive the second expression for §AA? we used

1
W5+ 0Ty = = u( 5)
IaAVV + 953Va VA = gand5V + 9520aV + V2\gas
’yag&yaﬁ =0.

To derive A A3 we used the fact that R is a solution of
v—gR =0,R".
Finally, rewriting JAA*, we defined

oy =T"6g,,

or =r"6g,, .

By a direct calculations it follows that

v _ 1 —sinhy coshy (20)
© 2./9——g++ \ coshy —sinh~y) "’

With this preliminaries, we are now ready for the computation of the EMT in four steps

i 2 SAA!
g g
with ¢ = 1,2, 3,4, and the results are
1 1 1 a pl a pp
T;UJ = @ 5’7/141/7015]% R _’Y,ua’YVﬁR R 5
1 RA R 1
Til/ - @ (g,u)\vu <\/_—g> +gz//\v’u, <\/jg>> - @Rguy,
(21)
1
3
TNV = — @Rg‘w,,
2 RAQO[)\ (0%
wa = ﬁQ\/jgaB ( Ner ) e“Pl(cosh o — )Ty + 7] -
Adding these together we have
2V 1 v 1 v v
BT tra = — | RFRY — 59“ R-R|—2Rg"
9
RY RH
e () e ()
V= V=9
2 R/\g A
+ 0 22 ) e*Bl(cosh o — 1)THY 4 ¢
=5 ( \/_—g> [( ) ] (22)

= 29" W WP gop — AWHFWY — 2RgH
+2gMV WY 4 297V W

4 A afs uv uv
+ ﬁﬁﬁ (W ga,\) €*[(cosho — 1)TH 4 rH¥].
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Since this improvement term should cancel the trace of the EMT, let us compute its trace

52 eaﬂ

?Textraup, =—-R+ 2\/_—9

95 (W*gar) [(cosh o — T 4 1#]g,,, (23)

Recalling that

= (goo + 95)2 —4g, [;(5553’ + 8506) (900 + 911) — go1 (0585 + 6761) ]|
we see that
gl =0, (24)
therefore
Textra = _;R + \/4_*935 (W)\goz)\) ePrivg,, . (25)

From here we see another condition for r

g™ =0, (26)
with which
u 2
Textra w = _?R (27)
Hence the trace of the improvement cancels the anomalous trace of the canonical EMT
2

This proves the Weyl invariance of the improved Liouville action.
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