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1 Introduction

The Kosower-Maybee-O’Connell (KMOC) formalism is a successful framework in which
to study how classical physics arises from on-shell scattering amplitudes on flat space-
time [1]. Over the past few years, it has demonstrated remarkable and deep relations
between classical observables and the classical limit of scattering amplitudes. For instance,
6-point amplitudes have been used to study the zero variance properties of observables in
the classical limit [2, 3], while 5-point amplitudes and soft emission encode leading-order
waveforms and the radiative Newman-Penrose scalar in scattering processes [4–7]. Similarly,
tree-level 4-point amplitudes have been used to study conservative physics such as the
impulse in general relativity, Yang-Mills and modified gravity [8–13], and cuts of two-loop,
4-point amplitudes relate to radiative physics such as the total radiated momentum in
classical scattering [14, 15]. More recently, 3-point amplitudes for massive spinning particles
have been used to elucidate the Newman-Janis shift [16], while in split signature it has
been shown that they correspond to the Maxwell and Weyl curvature spinors of linear
solutions [17, 18].

Considering these successes, one is tempted to ask if lower-point amplitudes could
play any role in this setup, but the answer would seem to be negative: 2-point amplitudes
are trivial on a flat space-time. However, when computed on curved backgrounds, such
amplitudes can reveal an incredibly rich structure such as memory effects, eikonal behaviour
and even stringy factorization properties (cf., [19–28]). A natural question is then: is it
possible to generalise the KMOC formalism to extract classical physics from amplitudes,
at 2-points and beyond, on a curved background? It seems natural to expect that such a
generalization would provide insight into the classical limit of non-perturbative observables
that are typically studied in strong field QED [29] and QFT on curved spacetime [30].
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Besides broadening the range of observables accessible to KMOC [1], these questions also
relate to the fact that when considering the dynamics of classical particles, we have implicitly
fixed a background in which those particles are moving. Viewing KMOC as essentially a
framework for extracting classical information from quantum field theory (QFT), this arises
from fixing a background around which to perform the perturbative expansion of QFT.
However, at the level of first principles there is nothing (besides computational simplicity)
which requires that the background be trivial: indeed, any classical solution to the equations
of motion can be used as a background for perturbation theory in the background field
formulation of QFT (cf., [31–34]). Using a curved background in QFT should then translate,
in the classical limit, into classical particle dynamics in a curved background: we will see
that this is indeed the case, thus generalizing the main idea presented in [1] beyond a
trivial background.

This paper is organized as follows. In section 2, we generalise the KMOC formalism by
considering QFT on a curved background, assumed to be an asymptotically flat solution of
the Maxwell or Einstein equations which admits an S-matrix. We show how to express the
final semiclassical state in terms of n-point amplitudes on a curved background, focusing
for the rest of the paper on the contributions arising from 2-points. In sections 3 and 4
we consider the examples of (vacuum) plane wave and shockwave solutions, respectively;
in both cases we look at electromagnetism and gravity. We give expressions for the final
semiclassical state describing a single point particle crossing such backgrounds — in the
same spirit of [2] — and provide a notion of double copy for final states. We will show
in particular that the final semiclassical state on a plane wave or shockwave background
assumes a universal form where all the classical information carried by the background is
dressed in a shifted momentum of the wavepacket, both in electromagnetism and gravity.
Finally, we extract the physical observable of the impulse (without radiation) from the
final semiclassical state. For shockwaves, we find agreement with the geodesics on such
backgrounds (e.g., [20, 35]). For plane waves, we recover the ‘velocity memory effect’ for a
point particle crossing a plane wave (e.g., [36–41]), which so far has not been derived in
KMOC on a flat space-time.

2 KMOC on curved backgrounds

Consider the classical dynamics of a point particle following the geodesics on an exact,
asymptotically flat solution to the Einstein field equations, or the classical dynamics under
the Lorentz force of a charged point particle in an exact, asymptotically flat solution to the
Maxwell equations. Our aim is to develop a formalism, analogous to KMOC [1], relating the
observables of this classical system to on-shell scattering amplitudes in a curved background;
as such, we assume that the background solutions admit an S-matrix.1 To this end, we
start by considering the initial state of the system in the asymptotically flat region

|Ψ〉 =
∫

dΦ(p)φb(p) |p〉 , (2.1)

1In the sense that there is unitary evolution between the asymptotically flat regions and no spontaneous
pair production in the free theory [19, 42–44].
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where φb(p) := φ(p) eip·b/~, φ(p) is a properly normalized wavepacket, bµ is a four-vector
encoding information on the origin of the reference frame, and

dΦ(p) := d4p

(2π)4 2πΘ
(
p0
)
δ
(
p2 −m2

)
. (2.2)

Within this region of space-time, the wavepacket φ(p) is chosen to provide a well-defined
notion of classical particle dynamics. More precisely, its Compton wavelength `c, wavepacket
spread `w and scattering length bµ obey the ‘Goldilocks’ relations `c � `w �

√
−b2 [1].

We denote the S-matrix on the electromagnetic or gravitational background by S; since
the background is treated exactly and without approximation (i.e., non-perturbatively),
S itself depends on and contains the background fields. Interactions between the initial
state (2.1) and the exact background can be expressed in terms of the final state

S |Ψ〉 =
∫

dΦ(p)φb(p)S |p〉 . (2.3)

Following [2], we introduce a completeness relation in the integrand of (2.3), so that the
final state is fixed in terms of n-point scattering amplitudes on the curved background2

S |Ψ〉 =
∑

states

∫
dΦ(p, p′, k1, . . . , kn) φb(p)

∑
η1,..ηn

|p′, kη1
1 , . . . , k

ηn
n 〉 〈p′, k

η1
1 , . . . , k

ηn
n | S |p〉 .

(2.4)
Here, the first sum runs over all massless states that can be emitted during the scattering
process (i.e., photons or gravitons), while the second sum is over the quantum numbers η
(e.g., polarizations) of each emitted state.

Neglecting the emission of radiation, we have

S |Ψ〉 =
∫

dΦ(p, p′) φ(p) ei p·b/~ 〈p′| S |p〉 |p′〉 , (2.5)

which implies that the conservative dynamics of a point particle on a curved background is
fully captured by the 2-point amplitude on the background. While these 2-point amplitudes
vanish in trivial backgrounds, they are generically non-zero in curved backgrounds. To
provide some concrete examples, we now evaluate the final semiclassical state (2.5) on exact
plane wave and shockwave backgrounds. This amounts to the evaluation of the associated
2-point amplitude, which we consider both in electromagnetism and in general relativity.

3 Plane wave backgrounds

Vacuum plane waves are highly-symmetric solutions of electromagnetism and gravity
which have a natural physical interpretation as coherent states of photons or gravitons.
Furthermore, asymptotically flat ‘sandwich’ plane waves admit an S-matrix [19, 21, 25, 45]
as well as WKB-exact solutions to background coupled wave equations [25, 46–48].

2We use a shorthand notation for the integration measure where dΦ(p1, ..pn) :=
∏n

j=1 dΦ(pj).
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3.1 Final states and double copy

We start by considering a vacuum plane wave solution to Maxwell equations. It is convenient
to work in lightfront coordinates for which the line element is

ds2 = 2 dx+dx− − dx⊥dx⊥ , (3.1)

using ⊥ as a shorthand notation for b = 1, 2. In these coordinates, plane wave solutions are
given by electromagnetic 4-potentials of the form

Aµ(x) = −x⊥E⊥(x−)nµ , (3.2)

where nµ = δ−µ and E⊥(x−) are the 2 (transverse) electric field components, depending on
the lightfront variable x−. We take the electric fields to be ‘sandwich’: supported on a finite
range x−i < x− < x−f but otherwise of arbitrary profile. We will also need the quantity

a⊥(x−) :=
∫ x−

−∞
ds E⊥(s) , (3.3)

which is the ‘work done’ on a charged particle as it crosses the plane wave, entering from
the asymptotic past.

The scalar 2-point amplitude is computed by a boundary term in the classical action
(see section 2 of [28] for a recent review); from [25], the tree-level charged scalar 2-point
amplitude on an electromagnetic plane wave background is, in terms of (3.3),

〈p′| S |p〉 = 2p+ δ̂
(
p′+ − p+

)
δ̂2(p′⊥ − p⊥ + ea⊥(∞)

)
ei s̃p/~ , (3.4)

where δ̂(x) := 2πδ(x), e is the charge of the scalar particle (incoming and outgoing, due to
charge conservation) and

s̃p :=
∫ x−

f

x−i

ds s d
ds
e2a2
⊥(s)− 2ep⊥a⊥(s)

2 p+
. (3.5)

The quantity a⊥(∞) is related to the zero-frequency modes of the electric field [49],

a⊥(∞) :=
∫ +∞

−∞
dx− E⊥(x−) = Ẽ⊥(0) , (3.6)

where Ẽ(ω) denotes the Fourier transform. Note that this can be non-zero even though
the physical fields vanish outside the sandwich region. The implication, given that a⊥ is in
some sense the work done, is that there can be a net change in momentum delivered to a
classical particle crossing a plane wave; this is of course an example of the electromagnetic
(velocity) memory effect [49–52], as we will investigate below.

The final state (2.5) can then be expressed in the compact but explicit form

S |Ψ〉 =
∫

dΦ(p′) eis̃l/~ φb(p′+, p′⊥ + ea⊥(∞)) |p′〉 , (3.7)

in which we have highlighted that, because of the on-shell condition, the wavepacket φb(p)
is a function of only three independent momentum variables, which it is natural to choose
to be p+ and p⊥.

– 4 –
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We turn now to the analogue final state on a gravitational plane wave. These are vacuum
solutions to the Einstein equations which can be represented, in Brinkmann coordinates, as

ds2 = 2 dx+ dx− −Hab(x−)xaxb (dx−)2 − dx⊥ dx⊥ , (3.8)

in which Hab(x−) is a trace-free 2× 2 matrix with support on a compact ‘sandwich’ region
[x−i , x

−
f ] but otherwise arbitrary.

Of particular relevance in the study of gravitational memory effects [38, 53] are the
transverse zweibeins which satisfy the geodesic deviation equations Ëai = HabE

b
i . Just like

the electromagnetic case, constants of integration for these equations are fixed by boundary
conditions; we impose

Eai (x− < x−i ) = δai , Eai (x− > x−f ) = δai + x− cai , (3.9)

where cai is a non-vanishing constant matrix fixed by the boundary conditions and Hab(x−);
this is the gravitational analogy of a⊥(∞). It is easy to see that despite linear x−-dependence,
Eai does indeed describe flat Minkowski space in the x− > x−f region.

In terms of these quantities, the 2-point amplitude is [21, 25]

〈
p′|S|p

〉
= 2p+ δ̂

(
p′+ − p+

)
F
(
p′⊥ − p⊥, p+

)
, (3.10)

F (q⊥, p+) := 2π
p+
√
|det(c)| ~

exp
(
− i

2p+ ~
q⊥ · c−1 · q⊥

)
, (3.11)

where cab is shorthand for cai δib. This yields the following expression for the final semiclassical
state (2.5) in gravity

S|Ψ〉 =
∫

dΦ(p, p′) 2 p+ φb(p) δ̂
(
p′+ − p+

)
F
(
p′⊥ − p⊥, p+

) ∣∣p′〉 . (3.12)

This expression can be further simplified by changing variable p→ q = p− p′, which gives

S|Ψ〉 =
∫

dΦ(p′) 2 p′+ eip
′·b/~

∫
d̂4q δ̂(q+) δ̂(2q · p′) φ(p′ + q)eiq·b/~F (q⊥, p+)

∣∣p′〉 , (3.13)

the benefit being that the integrals over q+ and q− become straightforward. Following [2],
we can perform the remaining integral over q⊥ via a stationary phase approximation —
since we are considering our expressions in the limit of ~→ 0, this approximation effectively
becomes exact. The stationary point q∗⊥ is given by

q∗a = p+ ciabi , (3.14)

which yields an expression for the final semiclassical state in gravity that is remarkably
close to the electromagnetic case (3.7),

S|Ψ〉 =
∫

dΦ(p′) eiδ(q∗)/~φ(p′+, p′⊥ + p′+ ci⊥bi)
∣∣p′〉 , (3.15)

where δ(q∗) is an ~ independent phase which arises after stationary phase.
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Double copy for final states. Before proceeding to analyse the physics contained in the
2-point amplitudes and associated final states, we point out that the final semiclassical state
in electromagnetism and gravity can be understood from the point of view of the double
copy on plane wave backgrounds introduced in [25]. The starting point is given by the
amplitudes (3.4) and (3.10) on electromagnetic and gravitational plane wave backgrounds,
respectively. The most obvious difference between the two is the number of momentum-
conserving delta functions; this is despite the waves having the same symmetry group.
Another puzzle is what to do with the asymptotic gauge field appearing inside the delta
functions in the electromagnetic case. These two points are related; to see how, we must
first undo the integral over the 2-dimensional transverse coordinates which was part of the
2-point amplitude, writing the delta function as

δ̂2(p′⊥ − p⊥ + ea⊥(∞)
)

=
∫

d2x⊥ exp
[
ix⊥ (p′ − p+ e a(∞))⊥

]
. (3.16)

The double copy rules of [25] can now be applied, in particular the replacement

e ai(x−)
∣∣∣
x−>x−

f

−→ p+
2 cia x

a , (3.17)

which is motivated by the observation that the non-trivial component of the electromagnetic
plane wave is a linear function of xa (3.2) while the non-trivial component of a gravitational
plane wave is quadratic (3.8).

As a consequence of this double copy procedure, we obtain in the gravitational amplitude∫
d2x⊥ exp

[
ix⊥ (p′ − p)⊥ + i p+

cab
2 xaxb

]
. (3.18)

It is easy to see that the resulting Gaussian integral yields the desired result (3.10) for
gravity, thus providing a double copy explanation for the structure of this amplitude.

3.2 Memory effects from amplitudes on plane wave backgrounds

Equipped with the knowledge of the conservative final state in both the electromagnetic and
gravitational cases, we can proceed to compute observables. A key example for conservative
physics is the change in momentum — or impulse — experienced by a particle crossing a
plane wave background

∆pµ := 〈Ψ| S†PµS |Ψ〉 − 〈Ψ|Pµ |Ψ〉 , (3.19)

where Pµ is the momentum operator. Let us start with the electromagnetic case. Using the
final state (3.7), the impulse becomes

∆pµ =
∫

dΦ(p′)
∣∣φ(p′+, p′⊥ + e a⊥(∞))

∣∣2 p′µ − pµ , (3.20)

where pµ is the incoming momentum. Taking the classical limit, one obtains

∆pµ = −e aµ(∞) + nµ
(2e p · a(∞)− e2 a2(∞)

2 p+

)
, (3.21)

where aµ = (0, 0, a⊥).

– 6 –
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This result is in agreement with the literature [54, 55], and has previously been derived,
including O(e2) radiative corrections, from the classical limit of QED amplitudes in plane
wave backgrounds [56, 57]. For reference, a purely classical derivation is given in appendix A.
The same observable has also been studied in the flat background formulation of KMOC [4]
by considering the interactions between a coherent state and a semiclassical state describing
a classical point particle. Interestingly, it was found that the leading order non-vanishing
contribution to the impulse started at e2, in contrast with the linear contribution appearing
in (3.21). In our framework, the non-vanishing impulse of the particle at order e is related to
the non-zero net work done (3.6) by the electric field and it is known as the electromagnetic
velocity memory effect [51, 52, 58]. From the perspective of scattering amplitudes on a
flat background [4], one can derive this result by noticing that the ‘in’ and ‘out’ vacua are
related by a large gauge transformation, which must be incorporated into the amplitude by
modifications of the LSZ formulae [49, 59].3 These issues are avoided here by treating the
background non-perturbatively.4

Let us now turn our attention to gravitational plane waves. Using the final state derived
in (3.15) we have that the impulse experienced by a particle crossing a gravitational plane
wave background — in absence of emitted radiation — is

∆pµ =
∫

dΦ
(
p′
) ∣∣∣φ (p′+, p′⊥ + p+c

i
⊥bi
)∣∣∣2 p′µ − pµ (3.22)

A straightforward calculation shows that the final result is

∆pµ = p+ δ
µ
a c

a
i b

i − nµ
(2p+ pac

a
i b
i − p2

+c
a
i b
icbjb

jδab

2p+

)
, (3.23)

where we recall from (3.9) that cai corresponds to Ėai for the transverse zweibein, evaluated
in the far future, x− > x−f .

Removing the masses from both sides of this relation, this result is equivalent to the
change in the geodesic velocity along the ⊥ direction

∆ua = p+
m

Ėaj

∣∣∣
x−>x−

f

bj , (3.24)

in agreement with the so called velocity memory effect5 in general relativity (e.g., [38]).
The dependence on the origin of the frame bµ, absent in the electromagnetic case, is a
consequence of the lack of translation invariance in a gravitational plane wave.

4 Shock wave backgrounds

We now turn our attention to shock wave backgrounds. In the electromagnetic case, shock
waves represent exact solutions of the Maxwell equations sourced by a massless charged
particle. In lightfront coordinates (3.1), the shock wave potential can be written as [23]

Aµ(x) = − e

2π δ(x
−)nµ log(|x⊥|) , (4.1)

3Similar asymptotic dressings by large gauge transformations arise in the study of IR divergenes in QED;
see [60–62] for recent investigations.

4For alternative ways to obtain such memory effects, see also [41, 63].
5We refer to appendix A for a classical derivation of this effect.
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where e is the charge of the shock wave background and, as before, nµ = δ−µ . Physically,
these fields can be understood as arising from the ultra-relativistic boost of a Coulomb field.
The natural analogue in gravity is the Aichelburg-Sexl metric describing the gravitational
field of an ultra-boosted Schwarzschild black hole [64, 65]:

ds2 = 2 dx+ dx− − dx⊥dx⊥ + 8GN P− δ(x−) log(|x⊥|) (dx−)2 , (4.2)

where P− denotes the lightfront energy of the shock wave background.
As before, we want to write down the final state for a particle crossing a shock wave,

neglecting radiation; by (2.5) this is fixed by the 2-point amplitude on the background.
Exploiting a double copy for shock wave space-times, the electromagnetic and gravitational
cases can be treated uniformly by writing the 2-point amplitude as [20, 23, 24, 26, 28]:

〈p′| S |p〉 = 2p+
~2 δ̂

(
p+ − p′+

) ∫
d2x⊥ ei q⊥x⊥/~+iχ(x⊥)/~ , (4.3)

where q⊥ := p′⊥ − p⊥ and χ(x⊥) is a theory-dependent eikonal phase whose explicit form
for electromagnetism and gravity will be given below. The final semi-classical state for a
particle crossing a generic shock wave background is thus

S |Ψ〉 =
∫

dΦ(p, p′)φb(p)
2p+
~2 δ̂

(
p′+ − p+

) ∫
d2x⊥ ei q⊥x⊥/~+iχ(x⊥)/~ |p′〉 . (4.4)

We can integrate over p+ directly while the p− integral is fixed by the on-shell delta function
in the measure. Changing variables from p⊥ to q⊥ leaves

S |Ψ〉 = 1
~2

∫
dΦ(p′) ei p·b/~

∫
d2x⊥

∫
d2q⊥ φ(p′+, p′⊥ + q⊥) ei q⊥(x−b)⊥/~+iχ(x⊥)/~ |p′〉 . (4.5)

Expressed in this form, the final semi-classical state agrees, in the conservative sector and in
the massless limit of one particle, with the final state describing two point particles,recently
studied from the point of view of on-shell amplitudes in [2]. Following the same strategy as
employed there, we can evaluate the remaining x and q integrals using a stationary phase
approximation. This is motivated by the fact that in the classical limit the eikonal phase
(equal to the radial action to this order) is large compared to ~.

The stationary phase conditions in the (x, q) plane are given by

x⊥∗ = b⊥ − ∂

∂q⊥
χ(x∗) , q∗⊥ = −∂⊥χ(x∗) . (4.6)

The first equation defines the so called eikonal impact parameter, while the second localizes
the exchange momentum to the derivative of the phase.6 As a result, we have that the final
semi-classical state on a shock wave background may be written as

S|Ψ〉 =
∫

dΦ(p′) ei δ(x∗,q∗)/~φ(p′+, p′⊥ − ∂⊥χ(b))
∣∣p′〉 , (4.7)

6By considering the eikonal phase at LO in the coupling one can safely neglect the derivative with respect
to q⊥. However, at higher orders this term is non vanishing and is crucial in deriving the correct observables.
For further details, we refer the reader to section 4 of [2].
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where δ(x∗, q∗) is the remaining contribution in the exponent from the stationary phase
argument; it will not contribute to the observables of interest.

Note that (4.7) is formally equivalent to the corresponding final state (3.7) for a
particle crossing an electromagnetic plane wave, if we replace the derivative of χ with a(∞).
This suggests that the non-vanishing value of the eikonal phase can be interpreted as a
velocity memory effect in a shock wave background. As for the explicit eikonal phases in
electromagnetism and gravity, these are related by a double copy [66, 67] and are given by

χEM(x⊥) = e2 log(|x⊥|)
2π , χGR(x⊥) = −4GN p · P log(|x⊥|) . (4.8)

The calculation of the classical impulse proceeds by inserting (4.7) into (3.19), and is
equivalent to that in a plane wave. (In fact one can read off the result from the argument
of the wavepacket in (4.7).) For the case of an electromagnetic shock wave we obtain,
using (4.8),

∆pµ = − e2 bµ

2π |b2|
+ e4 nµ

8π2 p+ |b2|
, (4.9)

in which we have used p · b = 0 and defined b · b := −|b|2. Finally, the impulse in the
gravitational case is

∆pµ = 4GN p · P bµ

|b2|
+ 8G2

N (p · P )2 nµ

p+ |b2|
. (4.10)

We find in both cases agreement with the literature [26, 38]. Incidentally, both (4.9)
and (4.10) uniquely determines the geodesics on such backgrounds.

5 Conclusion

We have generalized the KMOC framework [1] by providing a systematic way to extract
classical observables from the classical limit of scattering amplitudes on curved backgrounds.
We considered asymptotically flat gravitational backgrounds which are exact solutions of the
Einstein equations admitting an S-matrix, and electromagnetic backgrounds which are exact
solutions to the Maxwell equations, both sourced and source-free. To relate observables
to amplitudes computed on such backgrounds, we followed the same strategy as adopted
in [2], which consists of first determining the final state in terms of amplitudes and only
afterwards evaluating the mean value of an operator by extracting classical observables.As
applications, we considered two non-trivial backgrounds: vacuum plane waves and shock
waves, both in electromagnetism and in gravity. In the plane wave case, we saw that 2-point
amplitudes provide classical velocity memory effects, finding agreement with the literature,
including the contribution coming from zero frequency modes of the emitted field that has
not previously been obtained from KMOC. In the case of a shockwave background, we
traced the form of the final state back to a recent conjecture for the final semiclassical state
of two interacting particles [2] and derived the impulse by reconstructing all the geodesics
on such space-times. Interestingly, we have seen that the final semiclassical state assumes a
universal form given by a simple shift in the exchanged momentum of a free wavepacket,
regardless of its definition on a plane wave or shockwave background, either electromagnetic
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or gravitational. Based on [28], we expect the same to hold also for a particle on a linearized
Schwarzschild and Kerr background since their respective 2-points will still be given by (4.3)
but for a different eikonal phase. For plane waves, this is due to the high degree of symmetry
present, which renders the conservative physics semiclassical-exact. For Schwarzschild, Kerr
and shockwaves, the result can be interpreted as the statement that the final states describe
conservative semiclassical dynamics for 2 particles on a flat space time, in the probe limit of
one of the two [2].

While our focus here was on conservative physics, the general formalism we developed re-
lates classical radiative physics to higher-point scattering amplitudes on curved backgrounds.
This is apparent through the general expression (2.4) for the final state. A clear next step
would be to compute leading radiative effects on plane wave and shockwave backgrounds
using 3-point amplitudes; many of the ingredients for this have already been found in both
electromagnetism [26, 29] and gravity [25, 68, 69]. Beyond 3-points, explicit calculations
for amplitudes in the background field formalism become increasingly difficult. However,
all-multiplicity formulae for scattering amplitudes in chiral plane wave backgrounds have
recently been found with twistor methods [70–72], showing that there is scope for studying
high-order radiation effects with this formalism.

We note that for many years an obstacle to pushing plane wave impulse calculations
in QED [56, 57] beyond O(e2) was the difficultly in establishing the full quantum result,
corresponding to higher point and higher loop amplitudes, before the classical limit was
taken. By instead reconsidering such calculations within the framework proposed here,
we hope to reduce this complexity. While the ultimate goal is gravitational observables,
recent all-orders classical and quantum results in QED [73] can provide a benchmark for
this program.

Another generalization would be to investigate other backgrounds, particularly black
hole space-times in gravity. While these do not have a well-defined S-matrix, scattering ‘at
large distances’ still makes sense (cf., [28]). However, wavefunctions on these backgrounds
are not WKB-exact, so calculations will be substantially more involved. A broad class
of WKB-exact backgrounds is still available in terms of ‘impulsive pp-waves,’ which have
a physical interpretation in terms of ultra-boosted beams. It would also be interesting
to explore in more detail the relation between this formulation of KMOC on curved
backgrounds, and recent works based on the exponentiation of the S-matrix defined on a
flat background [2, 41, 74].

More generally, we hope that this formalism will enable an interaction between QFT
on strong backgrounds and the modern ‘amplitudes program,’ much as the original KMOC
formalism has leveraged the successes of the amplitudes program into classical physics.
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A Classical motion in plane waves

We briefly review how contributions linear and quadratic in the coupling, and related to
memory effects in the impulse, can be derived from the classical equations of motion of a
particle on a given plane wave, first in electromagnetism and then in gravity. The field
strength for a given electromagnetic plane wave is Fµν(x) = nµEν(x−) − Eµ(x−)nν , in
which Eµ = (0, 0, E⊥) are the compactly supported electric field components of the wave.
A particle of charge e and mass m, moving in the wave obeys the Lorentz force equation

Ṗµ(τ) = e

m
Fµν(x(τ))P ν(τ) , (A.1)

in which xµ(τ) is the orbit parameterised by the proper time τ , Pµ = mẋµ is the on-
shell physical momentum, and a dot denotes a derivative with respect to the proper time.
Assuming the plane wave background is fixed, one could study the dynamics of a charged
particle by inserting the ansatz x = x(0) + ex(1) + e2x(2) + . . . in the equations of motions
and by solving order by order in the coupling, without expanding in the background
field. One would find in this approach that the O(e2) results are in fact exact. To see
this in a simple, and manifestly gauge-invariant, manner we dot nµ into (A.1), finding
n · ẍ = 0→ x− = p+τ/m, in which pµ is the free momentum in the asymptotic past. One
can thus change variables from τ to lightfront time x−, upon which (A.1) becomes an ODE
in x− which is solved by exponentiation:

dPµ
dx− (x−) = e

p+
Fµν(x−)P ν(x−) → Pµ(x−) = T exp

[
e

p+

∫ x−

x−i

ds F (s)
]
µν

pν . (A.2)

The time-ordered exponential truncates at second order since contractions with more than
two field strengths are vanishing. Hence the integrals are easily evaluated and the exact
result is

Pµ(x−) = pµ − eaµ(x−) + nµ
2ea(x−) · p− e2a(x−) · a(x−)

2p+
, (A.3)

in which aµ is the work done on the charged particle as it crosses the plane wave, given
by (3.3). Evaluating the final momenta at x− = +∞, one immediately recovers the
expression (3.21) for the impulse as a function of aµ(∞) which was derived from a 2 point
amplitude in electromagnetism. For further examples of classical particle dynamics in strong
electromagnetic backgrounds see [75].

We now consider the corresponding change in momentum for a particle on the gravita-
tional plane wave background (3.8). The classical dynamics is governed by the geodesic
equation

Ṗµ(τ) = − 1
m

Γµνρ(x(τ))P ν(τ)P ρ(τ) . (A.4)

On a plane wave, the only nonvanishing Christoffel symbols are

Γa−− = −Ha
b

(
x−
)
xb, Γ+

−− = −1
2Ḣab

(
x−
)
xaxb, Γ+

−a = −Hab

(
x−
)
xb. (A.5)

The vanishing of Γ−µν implies Ṗ− = 0 as in the electromagnetic case, so that proper time can
again be traded for lightfront time x−. Despite the additional dependence on the transverse
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coordinates xa in the geodesic equation (A.4), the formal exponential solution

Pµ(x−) = P exp
(
− 1
p+

∫ x−

−∞
dy− Γµνρẋρ(y−)

)
pν , (A.6)

still truncates and leads to the explicit solution

P+(x−) = p+ ,

Pa(x−) = piE
i
a(x−) + p+σab(x−)xb(x−) ,

P−(x−) = m2

2p+
+ γij(x−)pipj2p+

+ p+
2 σ̇bc(x−)xb(x−)xc(x−) + piĖ

i
b(x−)xb(x−) ,

(A.7)

where σab (x−) := ĖiaEib and γij(x−) := Ea(iE
j)
a . It is easy to see that P 2 = gµνPµPν = 0

for all x−, thanks to the identity σ̇ab = ĖiaĖib − Hab. Using (3.9) in the limit x− → ∞
one easily recovers (3.23), in agreement with the impulse derived from a 2-point amplitude
in gravity.
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