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ABSTRACT: In this paper we compute the spin-dependent terms of the gravitational poten-
tial for general spinning bodies at the leading Newton’s constant G' and to all orders in spin.
We utilize the on-shell approach, which extracts the classical potential directly from the
scattering amplitude. For spinning particles, extra care is required due to the fact that the
spin space of each particle is independent. Once the appropriate matching procedures are
applied, taking the classical-spin limit we obtain the potential for general spinning bodies.
When the Wilson coefficients are set to unity, we successfully reproduced the potential for
the Kerr black hole. Interestingly, for finite spins, we find that the finite-spin deviations
from Kerr Wilson coefficients cancel with that in the matching procedure, reproducing
the Kerr potential without the need for taking the classical-spin limit. Finally, we find
that when cast into the chiral basis, the spin-dependence of minimal coupling exhibits
factorization, allowing us to take the classical-spin limit straight forwardly.

KEYWORDS: Scattering Amplitudes, Classical Theories of Gravity

ARX1v EPRINT: 1908.08463

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP09(2020)074


mailto:dchung0741@gmail.com
mailto:yutinyt@gmail.com
mailto:jwkonline@snu.ac.kr
https://arxiv.org/abs/1908.08463
https://doi.org/10.1007/JHEP09(2020)074

Contents

(=}

Q @ »

Introduction

One-particle effective action to on-shell amplitudes

2.1 Three-point amplitude of general EFT

2.2 The equivalence of covariant and NW SSC at three-points
2.3 Minimal coupling in s > 1 limit as BHs

Classical potential for general EFT at leading PN order
3.1 The leading singularity and its PN expansion

3.2 Hilbert space matching

3.3 The general/Kerr 1 PM leading PN potential

Classical potential from finite spins

4.1 Hilbert space matching at finite spins and minimal coupling as black holes
4.2 Example: gravitational potential from spin-1 spin-0 scattering

4.3 Comparison with existing literature

Universality and the classical-spin limit
Conclusions

Lagrangian description of minimal coupling
Wilson coefficients for minimal coupling

Properties of boosts
C.1 Approximating powers of boost generators K

Universality at one-loop

D.1 Universality for s <2

D.2 Universality for s > 2
D.2.1 The BCFW Compton amplitude
D.2.2 The s > 2 local Compton amplitude

Residue integral representation for three-point amplitude

-

O 0o B

10
13
16
18

20

21
23

24

27

28

31

32
32

33
35
36
36
38

40




1 Introduction

There has been a long history of development in the extraction of classical quantities from
observables of quantum field theory. Earlier examples include perturbative computations of
the metric from vacuum expectation value of the gravitational field [1], or the stress-tensor
form factors [2, 3]. Later on, it was shown that two-body potentials can also be extracted
from scattering amplitudes [4-6]. Recently there has been a surge of renewed interest
inspired by the successful extension of the modern advancements of scattering amplitudes
to these problems. For example, the simplification of loop-level gravitational scattering
amplitudes either through the double copy [7] or BCJ relations [8], has been utilized for
the computation of classical potentials [9, 10]. Furthermore, the massive spinor-helicity
formalism introduced by one of the authors [11], has enabled a more streamlined approach
to the computation of spin-effects in the classical potential [12, 13] and scattering angle [14].

An important aspect in the success of applying amplitudes for black hole physics is
that for long range forces, a black hole is well described as a point particle. In essence,
this is a reflection of the no hair theorem: for the asymptotic observer, a black hole is
completely characterized by its mass, spin and charge, much like that of an elementary
particle. Indeed, this feature is well appreciated in the context of Schwarzschild black holes,
being treated as minimally (gravitationally) coupled massive scalar. For spinning black
holes, the natural counterpart would be spinning particles. Indeed, the new massive spinor-
helicity formalism introduced in [11], allows one to kinematically identify the minimally
coupled spin-s particle. In particular, its cubic coupling to the graviton yields the following

three-point amplitude:
ok (12)°
X §m25_1 (11)

where the angle brackets represents the spinors of the massive legs and the definition of x

is of kinematic origin:
a S\qapim

:13)\q = . (1.2)
where A4, 5\,1 are the spinors of the massless leg. For s < % this amplitude matches to that of
minimal coupling. Remarkably, Kerr black hole can be identified as the classical-spin limit
of such minimal coupling, i.e. s — 0o, h — 0 with sh fixed. Indeed this was confirmed in the
matching of the three-point amplitude induced from minimal coupling with the worldline
formalism with black hole Wilson coefficients [13] or the coupling to the Kerr black hole
stress-tensor [14], as well as through its effect on the impulse [15].

The simplicity of on-shell approach for Kerr black holes motivates us to apply it to
the spin effects of general stellar objects. A general purpose approach is well established
in the context of the one-particle effective field theory (EFT), where one works with a
worldline action in a non-trivial background [16-21]. The interacting part of the action
can be organized as

Ling =Y CaOa, (1.3)

where O, is comprised of the worldline fields as well as curvature tensor of the background
sourced by the worldline, and Cgs are the “Wilson coefficients”. Distinct objects are then



reflected in their distinct value for these Wilson coefficients. The potential is then derived
by treating the operators as sources, exchanging quanta of gravitational fields.

In this paper, we derive the leading spin effect terms of the classical potential for
general spinning objects by constructing the amplitude associated with the general one-
particle EFT. The closed form of the EFT for spin couplings to all order in spin can be found
n [22]. We begin by first converting these worldline operators, linear in gravitational field
strength, to a three-point amplitude. The worldline operators act on the physical Hilbert
space, whose states are momentum eigenstates and form irreducible representations of the
massive little group, SU(2). Thus each operator is understood as a matrix acting in little
group space, i.e. O} {7y where {I},{J} are irreps of some particle, chosen to be 1 without
loss of generality. A prescription for obtaining an amplitude from a set of operators in little
group space, is to sandwich it with polarization tensors of particle 1 and 2; schematically,

q
3700 gy = D Cales IO (o1 gy ey = Ms(117121g)

1 2
(1.4)

where {ps} is the Lorentz indices of the polarization tensor and {I}, {J} are little group
indices for the polarization tensors of two distinct particles. Importantly, the polarization
tensors themselves carry non-trivial spin-effects. Indeed setting up the polarization tensor
agi} (po) for reference momentum pg, all other polarization tensors can be obtained from
it via:
e (p1) = [Ginp0)l ) “ el (po) (1.5)

where G(p;, po) is the Lorentz boost that transform py to p;. The leading order in G (1
PM) gravitational potential is then encoded in the factorization limit of the four-point
amplitude, whose residue is the product of the aforementioned three-point amplitude.

Importantly, in the extraction of the classical potential, one must take into account
the spin degrees of freedom that are inherent in the polarization tensors. To this end, we
map the out-going polarization tensor to the incoming one,

& ou) = £ (9in) [G(Pins 20)G (Dot 20)] ) g1y (1.6)
and the spin-dependent pieces are contained in G(pin,po)G ! (Pous, po). We introduce
Hilbert space matching as a procedure for incorporating the effects of such a succession
of Lorentz rotations, which can be decomposed into pure boosts and pure rotations. The
rotation part, which is explored in section 3.2, depends on the reference momentum py,
whose choice is observed to be related to spin supplementary conditions (SSC). For our two-
body problem, a natural choice for pg is the C.O.M momenta, whose results also matches
with the Newton-Wigner SSC where the spin operators satisfies the canonical commutation
relations [22]. The boost part, which is explored in section 4.1, is independent of reference
momentum pg and affects the interpretation of Wilson coefficients with vanishing effects in
the classical-spin limit.



To simplify the discussions, we first consider the classical-spin limit and construct the
leading post-Newtonian (PN) order potential to all orders in spin-operators for general
spinning compact bodies, which is the leading term in the double expansion of G and p?.
The result is first checked by comparing with known quartic order in spin results for general
spinning compact bodies [23-27], and then by comparing with equivalent order potential
for binary black holes by Vines and Steinhoff [28].

Next, we analyse the finite-spin effects. Here by finite-spins we are referring to keeping
s fixed, absorbing a factor of & into s while setting the remaining hs to zero for the classical-
limit. Note that the operator that enters the final potential is in effect given by,

(Oe)™ 1y = )T (G 20) G Bono10)] ), OF (). (17

It is interesting to consider the Wilson coefficients in such effective operator basis. Remark-
ably, we find that when minimal coupling is recast into this effective basis, the “effective”
Wilson coefficients are simply 1 without taking the classcial-spin limit!! Recall that in [13],
reading off the Wilson coefficients associated with minimal coupling from eq. (1.4) yields

Cgn =1+0(s71), (1.8)

i.e. there are deviations from the Kerr BH that vanishes in the classical-spin limit. The fact
that the effective Wilson coefficient is 1 indicates that the “finite-spin” effects are exactly
cancelled by the finite spin terms in the Hilbert-space matching procedure.?

Finally, we study in detail the classical-spin limit of minimal coupling. Focusing on
the spin-dependence of the amplitude, we find that

when cast in the chiral basis, the one graviton exchange for minimal coupling
factorizes completely into a spin-dependent combinatoric factor and a spin-

independent kinematic term.

This “universality”, allows us to obtain the classical-spin limit of minimal coupling from
any finite-spin computation, by simply retaining the universal piece and replacing the
combinatoric factors by their infinite-spin asymptotic form. This turns out to be the
prescription presented in [13]. We also show that universality is a reflection of binomial
expansion hidden in the amplitude, and we comment on its persistence at one-loop order
in appendix D and its generalisation to non-minimal couplings in appendix E.

This paper is organized as follows. In section 2, we review the matching of one-
particle EFT to on-shell three-point amplitudes. Next, we compute the leading PN classical
potential between two bodies to all orders in spin in section 3. After presenting Hilbert
space matching in section 4, the justification for the prescription given in [13] is outlined
in section 5 for tree-level(1 PM) order. We conclude our paper with section 6.

! An equivalent conclusion has been reached independently from heavy particle effective theory (HPET)
point of view [29] while this manuscript was under revision.

2The same statement has been made in the work of [30]. However, the spin-operator defined there are
different than that in this work. Furthermore, the result disagrees with the earlier work of [31]. We will
comment on these discrepancies in detail.



2 One-particle effective action to on-shell amplitudes

In this section, we derive a map between the one-particle EFT and the three-point ampli-
tude. Since residue of the one-graviton exchange in the four-point amplitude is given by
the product of two three-point amplitudes, the latter contains all necessary information to
compute the leading order potential.

2.1 Three-point amplitude of general EFT

We begin by considering the effective action of a classical point particle coupled to a
quantum gravitational background. Such a formulation has been introduced by Goldberger
and Rothstein [16] to compute relativistic corrections to Newtonian potential, and the
first attempt to include spin and multipole moments has appeared by Porto [17]. The
formulation we base our construction on was introduced by Levi and Steinhoff [22], where
a generic treatment of rotational variables were introduced and a closed form description
of spin couplings to all orders in spin were given. Currently the approach has become
one of the main techniques for computing the spin-dependent post-Newtonian effects of
gravity [17-22, 26, 27, 32-35]; consult the reviews [36, 37] for a more complete list of
references. This is an effective action where the gravitational field is decomposed into
modes with different scaling properties and modes shorter than the scale 74 of the compact
object has been removed, thus allowing us to approximate the black hole as an isolated
compact object. One then starts with the following worldline action [17]:

1
S = /da {—mv uZ — 55/“/9“” 4+ Lgy [u“,SW,guu(y“)]} (2.1)
where ut = %, Sy correspond to the spin-operator, and €, is the angular velocity.

In this section we choose the covariant Spin Supplementary Condition (SSC) p*S,, = 0,
where pH = %.3 This allows us to identify the spin-operator with the spin-vector via
SH = —%e““ P9p,Ss. Note however, that the choice of SSC does not affect the on-shell
three-point amplitude as we will show shortly in section 2.2.

The first two terms of the EFT Lagrangian eq. (2.1) are called minimal coupling
and are universal, irrespective of the details of the point-like particle, while the terms in
Lgy correspond to spin-induced multipole terms that are beyond minimal coupling, and
depend on the inner structure of the particle. The angular velocity 2# is defined as
Qo= el Dg:,’ where € (o) is the tetrad attached to the worldline of the particle. The

spin-induced multipole moments given in [17, 19, 20, 22] is:

[e.e]

(_].)n C 2n E _
LSI = Z (2n)' m];S—l DHQTL . DudﬁsﬂlsNQ .. SﬂZn IS;Uon

n

2.2
(-1)" Cpgennn 22

oo
B

D T R
n=1

3The difference 2t 522 was used to define average momentum to comply with conventions of amplitude

literature; all momenta are considered to be incoming.



where E and B are the electric and magnetic components of the Weyl tensor® defined as:

B, = R#al,guo‘uﬁ
1
By = §eaBWR“§Vu7u5, (2.3)

and the covariant derivatives act on the Riemann tensors. Here the Riemann tensors
contain linear perturbations around flat space, and the information with regards to non-
trivial backgrounds is encoded in the Wilson coefficients Cg», which is set to 1 for Kerr
black-holes.

Since each Riemann tensor is linear in the perturbed metric, these operators represent
the coupling of the worldline particle to a graviton. Thus it naturally maps to a three-point
amplitude involving two identical massive spin-s state and the emission of a graviton:

q

_ -2 _ *{ps} {Js}
=M, "= Z 52’{"15} O; SETRE (2.4)
1 2

{“ S}’{JS},%“ HEY are the polarization tensors of particles 1,2 respectively, with

where €
{ps} representing the symmetrized s Lorentz indices, and {I;} represent the 2s sym-
metrized SU(2) little group indices.” These polarisation tensors act as basis vectors in
the little group space. The task is then simply working out the action of the worldline op-
erators on the physical states. Note that as the worldline operators O; are Lorentz scalars,
the Lorentz indices of the polarization tensors of particle 1 and 2 are contracted with each
other. The worldline derivatives are converted as:

P

ut = poogt DV — 0" = —ig", hu =¢equequ - (2.5)

Having converted the spin-operator to spin-vectors through covariant SSC, naively one
then simply identify the latter with the Pauli-Lubanski pseudo-vector,
1

SH = —%lepapyjpg, (26)

where P acts on the physical state which we choose to be particle 1, hence p* = p 5
However, as physical states are irreps of the SU(2) little group, the spin operators in O;
should be thought of as operators acting on the little group space. To relate S* defined in
eq. (2.6) into a little group space operator, we sandwich it with polarization tensor of say
particle 1. That is, we define:

* Js Js — s Is
($") 1, (st = €141} SH ai b o oge 5{ = Z(SH){IS} & }ai } (2.7)
{I}

4The vacuum Einstein equation reduces to R, = 0, therefore the Riemann tensor is equal to the Weyl

tensor R,uas = Cuuae in this background.

5For brevity, equations appearing in section 3 and onwards will simply denote little group indices as
uppercase Latin indices without curly brackets, e.g. I, J, and K.

5Such a spin-vector operator with operator P substituted by an eigenvalue p; will sometimes be denoted
as S*(p1), although this dependence will be usually implicit in our notations.



where we’ve suppress the Lorentz indices of the two ey (7,3, which are contracted with

{:U's}:{Js} — 6{Js

Lorentz indices of J in eq. (2.6), and £} ITRRIAL }. This definition is equiva-

{Is}
lent to the definition considered in [38] since spinor-helicity variables form a representation

of the Lorentz group, therefore the variables can be considered as one-particle states.

€111,y 5" el & (1 ALYS |pr, {Js)) (2.8)

This means it is unnecessary to compute Noether currents as in [38] to obtain matrix

elements of spin variables. Details of this discussion will be given in section 4.2. As such,

SH is a Lorentz vector carrying 2s®2s SU(2) indices of particle 1, separately symmetrized.
Now, the spin-vectors S¥ appear in the one-particle EFT as

(09 g e )y T =y () e ey (@ 9 e (29)

where the equality corresponds to substituting eq. (2.7). We see that it is equivalent to
products of SL(2,C) operators, sandwiched with the polarization tensors contracted in
their little-group indices. Each contraction yields a projection operator

{J:) p P

Eandnsts® (U} B1frBafs = L0181 asfeiafrdofs — <

) (210)
a1B1-osBsic free-dus Bs
where I[f is identified with a transverse projection operator, with p?ldlpa161~~-asﬁs;o’c161~~-dsBs =
0, and PP is comprised of products of p; /m and the Levi-Cevita tensors €, ensuring the trans-
verse property of P. As we will now show, due to the special three-point kinematics, the P
part of the projection operator will not contribute to the final amplitude.

First, we derive the explicit form of (¢ -S). In SL(2,C) representation, the Lorentz
generator .J,,, splits into chiral and anti-chiral representations. It’s action on an (s,0)
representation can be written as:

= - ) _
(J,uz/)alaQ---ags Prba-Pas = Z(J;w)ai Bi Hi = 25(Juu)a1 A Hla (J,uu)aﬂ = 5 (U[uau])f 5
(2.11)

where I; = 05 - -- 552:15&1} -+ 622 with a similar form for the conjugate representation.
The sign = means the r.h.s. can be used instead of Lh.s. of = as SL(2,C) indices are
symmetrised, but the proper definition for J,, is the expression between = and =. Using

this, we find that

m(Su), = % [ou(p1-5) — (p1-0)5,).7 (2.12)
m (Su)dg' = —i [Gu(p1-0)— (p1- 5)%]@6 : (2.13)

When contracted with the massless momentum ¢, one finds:

x x
(g-8)d" = Shaag = 5la)al
T4y . (2.14)
B 2¢ 2z’



where the variable z is defined in eq. (1.2). Now since for our on-shell three-point kine-
matics,

lg|p1]q) =0, (2.15)

any factors of p; in between (¢ - S) must vanish. This implies that the factors of P in the
projection operator will drop out, thus leading to,

=& ala-9)(a-8) (- 9)et™ (2.16)

where the product of (¢-5) factors in the last line denotes contraction over SL(2,C) indices.
Returning to the expression for the amplitude eq. (2.4), we have:

(e} 3 e 3 ()
i OV = S0 [0 ey e
k1 Ms * Js K
= 51 [Fuc (a9 ) @ 9L
=53 Plg- ) (g S)el’ (2.17)

where we’ve used eq. (2.10). Finally since due to three-point kinematics,

e5.1aP1(q - S) = —€5 (1 4pa(q- S) =0, (2.18)

when sandwiched between 5’2" (L} and (q-5), P = I, we see that when converted to scattering
amplitudes, we can simply replace (¢-S) in O by (¢ - S).

Putting everything together, we finally arrive at the three-point amplitude derived
from the one-particle EFT [13]

2s 2,,7 n
on  +{I.} kmx=" Cgn q-S
M7 = e [Z 5 ol <—77 - €1{J.} (2.19)
n=0
for integer spin s, where n = +1 for positive helicity graviton and n = —1 for negative

helicity graviton. Since this expression is a contraction between polarisation tensors of
different momenta, the expression cannot be interpreted as a matrix element in terms of
spin operators, a point that we will come back to in sections 3.2 and 4.1. Note that for fixed
s, the polarization tensor is in (3§, §) representation containing s chiral and s anti-chiral
SL(2,C) indices, and thus can only transform non-trivially under at most 2s spin vector
operators S*. Thus M2 will receive contributions from the terms in the one-particle
effective action with S™ where n < 2s. The first two Wilson coefficients are fixed as unity
from the universal terms in eq. (2.1), while Cgn>1 are simply the electric and magnetic
Wilson coefficients Cpgen and Cpgen+1 of eq. (2.2). As the polarization tensors can be
written in terms of products of massive spinors:

Lo 1 ~. ~. ~ .
L2 Q1o sG G Cis ar{ly yoola yaslsyanlspiYdaolsyo | Yasla
€ e s T=— {h )\ Aosls Lo Naolora  asl2s}k (9 90)



the three-point amplitude can be written purely in terms of kinematic variables as:

2

MY e a1y (_g;<2q><(11>)a[21]5_b <[2q][ql]>b

2 2m 2max

ngy = m% (Z) <Z) . (2.21)

The coupling constant k is defined as v/ 327G where G is the gravitational constant. Note
that as the polarization tensors carry both dotted and un-dotted indices, the amplitude

depends on both chiral and anti-chiral spinors. We will refer to such representation as the
polarization basis. Using Dirac equations we can convert to a representation that is purely
in terms of chiral spinors, which we will refer to as the chiral basis.

2.2 The equivalence of covariant and NW SSC at three-points

We’ve derived the three-point amplitude from the one-particle EFT using the covariant
SSC, obtaining eq. (2.21). At this point, one might worry that this implies that the three-
point amplitude might be scheme dependent. This is not the case as we now show.

Switching SSC is equivalent to shifting the “centre” of the body [22]. Let us start with
covariant SSC and consider the difference in switching to NW SSC, defined as S* (P, +
me,) = 0. Consider the following shift from covariant SSC to a new SSC

SHY MY — GEY _ XEPY 4 PEXY (2.22)

cov cov

The following choice of X* shifts from covariant SSC to NW SSC, where e* is a unit

time-like vector and P? = m?2.
174
Sgoveu

XH = e
m-+P-e’

(2.23)

The change in spin length %S‘“’SW under this switching of SSC is %S’“’SW = %S#O%SCOVW—F
m2X?2. It may not be obvious that spatial displacement of the centre X? < 0 reduces spin
length, but this is because the increase in mass dipole moment S is far greater than the
increase in spin S%.

The changes in the three-point amplitude induced from switching SSC by eq. (2.22) is
proportional to the following expression.

8(QuS*) o (quelj,E - efqy)X“P”, (2.24)

where € is the polarization vector whose square gives the polarization tensor of the graviton.
Due to three-point kinematics ¢ - P = 0, only the first term needs to be considered. Thus
we have

(2 S*) o g XH o< SEYquq, = 0. (2.25)

where the last equality is obtained from substituting eq. (2.23) for X*. Therefore, changing
the covariant SSC to NW SSC does not change the three-point amplitude deduced from
one-particle EFT.



2.3 Minimal coupling in s > 1 limit as BHs

As shown directly in [14, 15], the classical-spin-limit of minimal coupling reproduces various
classical observable of Kerr black holes, such as stress-tensor form factor and impulse. In
the context of one-particle effective action, it was shown in [13] that the Wilson coefficients
of minimal coupling at finite-spin deviate from that of Kerr black hole (Cgn = 1) by ~ %
terms. Thus in the limit s — oo we recover Kerr black hole. Here we give a brief review
of the map between the Wilson coefficient in the EFT basis and the coupling constants,
9:8, defined kinematically in the (anti)chiral spinor basis as follows. Begin with the general
form of three-point amplitudes introduced in [11]:

M* = ;:7:262 [go<21>25 + 91<21>25‘1x<2f7>1<q1> +o 928(x<2(57>1<221>)28] :
. . (2.26)
M7 = S gy B, (BEDRT

Here, we’ve expressed the coupling to the positive helicity graviton in the chiral spinor basis
and the negative helicity graviton in the anti-chiral basis. For these choices, the minimal
coupling simply corresponds to setting all couplings except gg to zero:
2 2 -2 2
A2 e (21)°° Y T kmx~* [21]%° ' (2.27)

s,min 9 m25 s,min 9 mgs

The minimal nature of the coupling can be seen in the high energy limit where all momenta
are approximately massless, the expression matches to the minimal derivative three-point
amplitude. Caution: the minimal coupling of eq. (2.27) for s > 2 is different from the
usual usage of minimal coupling in the QFT literature where the derivatives of the kinetic
term are simply covariantized, as shown in appendix A.

In [13] it was shown that at large s, the minimal couplings are matched to one-particle
EFT with Wilson coefficients Cg» = 14+ O(1/s). To show this, we first work out the map
between Cg» and g;, by converting the EFT amplitude in eq. (2.21), into the chiral basis.
This requires us to convert the square brackets to chiral spinors using the following two
identities:

2(2q)(q1) 2q]lq1] _ _ 2(29){q1)

[21] = (21) + ===, e et (2.28)

We then arrive at:

MP = Y 2Cqang 3 |1 zlg){ql\* 14 Zladl P alg)al\’ 325
s Satblig pA2 o m om 1 -

a+b<2s

(2.29)

Comparing with eq. (2.26) gives the following relation between Cs» and g;

d 1 (s)? & 1
i =) F,Csn, F, = . , (2
g nz:o inCs Y (=2)n (i —n)! mzzo (s = m)l(s+m—1)ml(n —m)! (2:30)




a b
P, P,

Figure 1. The graviton exchange diagram between source a and b that yields the leading q%
singularity, which is responsible for the classical potential.

Equipped with this, we can derive the Wilson coefficients for minimal coupling, which sets
gi = 0 for ¢ # 0. For example, since

go = Cg0, g1 =3(Cg0 — Cgq1),
82(082_2081 +CsO) 5(2081—2080—082)

= 2.31
92 9 + A ) ( )
normalizing gyg = 1, the vanishing of g; and g9 sets
2s
= ) 2.32
Cg2 =57 (2.32)

This indeed tends to unity as one approaches the s > 1 limit. Similarly the vanishing of

g3 sets Cgz = 25?:? Thus in summary we see that the Wilson coefficients for minimally
coupled particles deviate from that of Kerr black holes:
; 1

oMins — oEerrs o <) . (2.33)
S

It is not hard to work out the precise coefficients for % corrections. A brief outline is given
in appendix B. Up to O(s~2) order it can be shown analytically that

n(n —1) n (n? — 5n + 10)n(n — 1)

Ca™ =1
+ 4s 3252

+0(s7%). (2.34)

3 Classical potential for general EFT at leading PN order

Here we derive the classical potential for general one-particle EFT to all orders in spin and
leading PN for each spin degree. Here by classical, we are referring to the usual notion
that the interaction is occurring at distances much greater than the de Broglie wavelength
of its individual constituents. We begin with the graviton exchange diagram of spinning
particles in the centre of momentum (COM) frame for the 2 — 2 process. The kinematic
set up is shown in figure 1 and given by

p1 = (Ea,p+q/2), ps=(Ep, —p=q/2), p2=(Ea,0—G/2), ps=(Ep,—p+q/2) (3.1)

where the exchanged momentum ¢* = (p; — p2)* = (0, ) is space-like, and on-shell condi-
tions imply p’- ¢ = 0. We also adopt the definitions 7+ ¢/2 = p1 = —p3, which will become

~10 -



useful when writing the potential. In the context of our 2 — 2 scattering, the distance be-
tween scattering bodies is associated with the impact parameter ]g|, where b is the Fourier
transform of ¢. Thus the classical limit is naturally associated with |q] < |p], mq, myp, and
|J| ~ |p|/|qg] > 1, where J is the spatial part of the angular momentum [5]. This hier-
archy can be naturally matched to counting in Planck’s constant h, where we restore [39]
(maintaining ¢ = 1)

1
h

The counting for S* is inherited from J#, and ¢* becomes the wavenumber. Thus in terms

1
q" — hgt, S* — ﬁS“, G — -G, mgp — mqyp, p' — ph. (3.2)

of h counting, the following combination is “dimensionless” and contributes to the classical
potential to all orders,

Glql, ¢S. (3.3)

where we’ve suppressed the Lorentz indices for now. In particular, the expansion in G|g|
indicates that loop-level computations contains classical pieces, where one has

ch (A+ BGlq| + CG*¢*log ¢* + O(G?)) (3.4)
where A, B, C are kinematic factors arising from tree, one-loop and two-loop computations
respectively. This representation corresponds to the Post-Minkowskian (PM) expansion.
To make contact with the post-Newtonian (PN) expansion, one further expands in 2—22,
which correspond to the non-relativistic limit.

When the gravitating object is spinning, then A, B, C also has dependence on the spin
operator S*. From the previous discussion, we have the following as the only linear in spin

combinations with O(h°) scaling.
q- S, €(p1,13,4,5) = unoPh P50 S7 = (BatEp)px G- 5. (3.5)
Note that due to the following identity for the product of two Levi-Civita tensors [40],
it Oim Oin
€ijk€lmn = | 01 Ojm 0;
Okl Okm Okn
= 0i1(0jmOkn — 6jn0km) — Oim (0j10kn — djndkt) + din(j10km — djmdr)
any term that is even order in p'x ¢- S can be successively reduced to a sum of polynomials
of p? and (¢ - S), up to terms proportional to ¢> which do not contribute to the classical
potential at leading perturbation order. Therefore the most general ansatz is at most linear

inpxq- S. Based on this power counting argument we expect the potential to have the
following schematic form at leading order in Newton’s constant G,

4rGmgm
V(p7 q, S) = Tb (FO + Fae(plvp?n q, Sa)+Fb6(p17p37 q, Sb)) ) (36)

where F; are functions of p?, Map, and Sgp - g. Note that while the spin operators are
non-commuting, the commutator of spins [S?, $7] = ihe'’*S* has an extra power of A, so

- 11 -



the difference between different orderings do not contribute at classical level. Finally, each
power of S* formally counts as 0.5 PN in the PN expansion because spin contains a factor
of 1/c¢ when restoring c.

Since we are interested in leading order in G effects, the relevant information is con-
tained in the exchange of single graviton between two sources, where the cubic coupling is
given by the operators in the one-particle EFT. For spinning sources, there is a subtlety
in obtaining the potential from the amplitude: the external states form irreps of distinct
Little groups. In other words, the amplitude is a matrix element in tensor product of
distinct little group space, while the potential is understood to be matrix elements in the

7 Thus in extracting the potential for spinning sources one needs to

same Hilbert space.
introduce a mapping procedure which we term Hilbert space matching (H.M.), which will
be discussed in more detail in sections 3.2 and 4.

As discussed previously, classical means that we are expanding in small |¢|. In Lorent-
zian signature, ¢* is spacelike and |g| — 0 translate to the zero momentum limit. On
the other hand, by analytically continuing to complex (or split signature) momenta, we
can have |q| — 0 correspond to null momenta, ¢> = 0. The advantage of such analytic
continuation is that with ¢> = 0 the amplitude factorizes, with its residue given by the
product of two three-point amplitudes. This approach was coined the holomorphic classical
limit (HCL) introduced by Guevara [12], where the leading order potential is extracted as:
_ My(s,q?) Mz ® Ms;

— — B M. .
V(p,q) 1E.E, 1E.E, ¢ + , (3.7)

q%2—0
The residue is given by the product of three-point amplitudes, which we have computed
for general EFTs in the previous section, and the on-shell momenta for external particles
are parameterized as:

pr = AL p2 = 6’\ﬁ](§|+51,!5\]<ﬁ\+\§]<;\\,
p3 = [Nl pa = BI??KAIJr;IAKUIJrIA](AI- (3-8)

Note that each momentum is complex and the spinors are constrained by <5\77> = [5\77] =Mmg
and (An) = [An] = m;. Note that since the transverse momentum is,

¢ = (1 —p2) = (0.9) = — A3 — (' — ) (WN - ;,Mwn)

1 (3.9)
=+ (5 1) (I = 51l
the parameters 3 and 3’ are required to satisfy the relations
1 2,2 —1)2m2

g p
and the HCL corresponds to taking 3,3 — 1.

"Classical limits are really applicable to matrix elements and not operators. JWK would like to thank
Nima Arkani-Hamed for pointing this out.
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Since in the HCL limit ¢ is null, the four-particle kinematics reduces to a product of
two copies of three-particle kinematics, where we have:

(21) = — <[21] + [2ﬂ][i1]> o omEnpy) <_W>

T1Mgq Mg T1Mg

(3.11)
(43) = — ([43] . A”m]) o wENAS <_WM)
L3N my xr3my
Here, the z-factors can be defined via x7 = M and z3 = M The product of

ma (—AC) mp(AC)

z-factors can be expressed as

n_ v _pvpero1, B Y 21 (3.12)

3 Ma MMy I MMy

where the variables u and v are defined as:®

p1-p3  utw

=\ , = ), = = . 3.14
u=Rpin), v =MhlpN,p == =0 (3.14)
Note that in the non-relativistic limit we have
|1 <|ﬁ14>
p=1+—+0 | — |, 3.15
where pu = nﬁ‘f#;b is the reduced mass, and the PN expansion correspond to expanding

around p = 1. Finally, in the HCL limit, the operators €(p1,ps3,q,S,) and ¢ - S, are
proportional to each other up to factors of \/p2 — 1:

. - S
e(p1,p3,4,Sa) _HCL | —imZmy\/p? — 1 <qm ) : (3.16)

a
Thus in practice these two operators are disentangled by keeping track of which order in
/p? — 1 they appear.
3.1 The leading singularity and its PN expansion

Starting with the three-point amplitude of general EFTs computed in section 2, eq. (2.19),
we are now ready to construct the classical potential at 1 PM to all orders in spin. Gluing

8These variables satisfy the following useful identities

[lp1 ) [(Alp1|A) = wv — mgms
(B—1) -1 (3.13)
B

AlpilA) = — mi 4+ (1 B+ 2
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the three-point amplitudes and summing over the two intermediate helicity states one has:

Res; = A;faA_b + AgaA:,'fb
254 28p C

) SO ol Msj (g [ﬁ(z)(qi“)igg(n] [s*(4)<qr'nfb>je(3)]

=0 5=0

+i§f £(2) (-%*j“)iea)] [5*(4) (—thb>js(3)]>
S 223 = (2) (ﬁ“)izs(l)] [e*<4> (—qﬁf"ys(a)]

(3.17)

The coupling constant « is defined as a« = k/2 = v/87(G. The spins s, and s, are assumed
to be integers. The sign factor (—1)% "% appears due to the choice of mostly minus metric
signature; |e(P)[* = (—1)*. This sign factor is irrelevant when computing the classical
potential. The B; ; coefficient can be straight forwardly worked out to be

(_1)]2 (_1)i%§ 2,2, 2

= i o' mambCS(iICSi . (3.18)

One then simply substitute eq. (3.12) for the z-factor ratios and one obtains the full 1 PM
result. For simplicity we will perform a PN expansion and keeping the leading PN result
for each spin.? Taking the non-relativistic limit, the above yields:

(1) 4 (—1)1] — 2¢/p2—1[(~1) — (—1)j]a2m2mzcsi Cy +O(p*~1). (3.19)

Bi,j‘pal - ilj!

We are keeping the factor y/p?—1 since for i+j = odd the leading term vanishes. We
will proceed by stripping off the polarization tensors first, and consider the form of the
remaining operator. The effects of the polarization tensors will manifest itself in the Hilbert
space matching to be done later.

When ¢ + j is even, the first term is the leading PN contribution. When i + j is odd,
\/p?—1 term is the leading PN contribution. The two cases are treated separately.

e i+ jeven: (—1)" = (—1)/ can be used to simplify the expression.
Bij (a-S.\'( a-S\ iri 202m2m? —iq- S, ‘ —ig- S, J
: - = _(_1) 2 %Csi Csj
t Mg my il5!q? a S mg my

In position space, the expression becomes

- . i j
1 2,2 . .
D e mbcslc <S“ -v) <Sb .v> L (3.21)
T

2mily! Mg

9For full 1 PM result see [41].
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1 o1

With non-relativistic flux normalisation BT~ T

i+J

(-1)=2CsCy (1§ N /5 .\
L STS (Da ) (S ) Grmame (3.22)

ilg! My mp T

e i+ j odd: due to the following vector identity [13], any of S, or S, can be converted
to spin-orbit coupling term.

o Sed] [$od] = [0 d] [ S0 420 S x S 29)

The ¢? dependent part will combine with ¢? of the denominator to yield ¢° order
expression, which does not contribute to long-distance effects. Therefore, there is a
freedom for choosing which of S, or S} acquires spin-orbit coupling. The convention
we choose is to attach spin-orbit coupling to odd powered spin to comply with the
ansatz eq. (3.6). For convenience, let us treat the cases separately.

For odd ¢ and even j, attach spin-orbit factor to .S,. The expression Bij (@> (—@)J

t Mg mp
is then evaluated as follows.

o ooy i1 Y
g datmdmd o [Op g Se o] (=g S\ (=id- Sy
(1) gz ositsi I\ T o X — (i) | | ——— o
1)q b Mg myp myg, mg my
(3.24)

Going to position space and including non-relativistic flux normalisation factors, the
contribution is evaluated as follows.

itjt1 , .
2-1)"7 CsiCo [/ m\ S S\ (s =Va
_ o Sy |(PL_P3) Pa Gl P 2 g Mallb
ilg! <ma mb> % My v Mg, v mp v T

(3.25)

o ( J
For even ¢ and odd j, attach spin-orbit factor to Sp. The expression Bij (ﬁ) (—@>

t Mq myp
is then evaluated as follows.

R N N
irit1 da2mZm? D1 73 Sh —iq - S, ' —1q - Sy !
1)z — e b o LA 8 20—, a
(1) 17!q? CSGOSi <ma mb> s my (=i9) My mp
(3.26)

Going to position space and including non-relativistic flux normalisation factors, the

- - j—1
<5a . ﬁ) (Sb . 6) Gmamy
Mg, mp T

(3.27)

contribution becomes the following.

(m_m)xsb.@

21" 0, Gy

Mg mp mp

il

Now that we have determined the polarization tensor-stripped part of the operator (3.17),
we will proceed and account for the spin effects in the polarization tensors.
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3.2 Hilbert space matching

Scattering amplitudes are matrix elements between states that form irreps under distinct
little groups, one for each particle. When considering our 2 — 2 scattering, in figure 1, while
states 1 and 2 are associated with the same massive particle a, their little group space is
distinct since their momenta are different (the same goes with 3 and 4). As one can apply a
Lorentz boost to transform between different momenta, the same transformation will relate
the different little group spaces. This mapping of little group space will be termed Hilbert
space matching. Since the polarization tensors form a natural little group basis, they are
related by these Lorentz boosts and thus contain extra spin operators. The purpose of
this section is to derive these spin factors rigorously. Note that a similar discussion was
addressed for classical-spin variables of GR in [22].1°
Without loss of generality, we will consider the spin effects for polarization vectors.
Let’s begin with a reference momenta py at rest. The corresponding polarization vector
then takes the form
ef' (po) = o} (3.28)
where the little group index on the polarization vector is aligned with the spatial directions.
As we will see, having such a reference momenta allows us to define the little group frame
in a uniform fashion. For the two body system, the natural reference momenta would be
the momenta of the COM, i.e.
Mg /b
(p1+p3)?
where po, pop are the COM momentum appropriately normalized such that it squares

Poap = (p1+ps)* (3.29)

to m?2 and mz respectively. Now the polarization vector for generic momentum p can be
obtained by applying the boost that transforms pg to p, i.e. G(p;po)* ., and!!

P = G(pipo)uph . €7(p) = Gpipo),e1(po) - (3.31)
Using this, we can relate the polarization vectors between in- and out-momenta,
e1(Pout) = G(Pout; o) G (Pin; P0) ™" €1 (pin) - (3.32)

Recall that the three-point amplitude, which will serve as the seed for the 1 PM potential,
derived from our computation is understood as:

e (Pout) OF J excu(pin) , (3.33)
for the EFT operators OX ; that acts on the little group space.'? Using eq. (3.33) we have:

7 (Pout) OF J ek (Pin) = €7 (Pin) [G(Pin; P0) G (Pout; o) '] OF J ek pu(pin)
= & (pin) OF sexu(pn) 4 (3.34)

where OK J is the matrix element acting on the little group space of the in-state particle.

10The authors would like to thank Michele Levi for informing us about the analogue.
"The explicit form of G(p;po)¥, is given as:

+p0)"(p+1po)y | 20"Pov
G(p: po)*, = 6%, — (p . 3.30
(p; po) Do) tmE T m2 (3.30)

12For general QFT amplitudes operators act on Lorentz indices of the polarisation tensors. A systematic
method to convert these operators to act on little group space will be given in section 4.2.
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To extract the spin-operators in the Lorentz transformation, we first write:
G(pA7pB) = e_iA(pAJ)B)pipVBJNV
tog [ 4 (- p +v/oa 25 —ml)] (3.35)
\/(pA -pp)? —m?* '

Next, we decompose JH” into “rotation” and “boost” part, denoted as J/* and JgL Y respec-

Apa;pp) =

tively. In the rest frame, JF” will be related to the spin-vector via, J/* = —%ij A7 p\Sy.
Thus a covariant definition of J}* would be the part of J*¥ which vanishes when acting on
Pin, Which is the frame our final operators are defined in. This indeed reduces to spatial
rotations in the rest frame of p;,. Thus we have,

1 v 1 v v
T (p) = JH — (p“pAJ*V + J*“mp”) LR = — (ng* + J"pyp ) . (3.36)

Now expanding out the combination of Lorentz generators relating the out polarization
vector to the in, we have

_ . AoutPo Pout | | AmAowm? ,
10g [G(pin; p0)G(Pout; o) '] = —iph, </\in [1— S Om} Pl + =P )
- Z)\out |:1 - m(;1n:| pgpgut‘]uu

(3.37)

where Xinout = A(Pin,out; Do), and we truncated to second order in Ay, ou. Higher order
terms will be higher in the PN expansion. Recasting in the basis of J, and J, (or equiva-
lently pﬁlJW and J,.), where we denote the coefficients as AN and «o;

log [G(pimpO)G(pout;pO)_l] = —ipﬁlA)\Vij - iasopgpgutJr,yy (3 38)
= —zpﬁlA/\”JW + zﬁpﬁpgutpi’\nSﬁlew,\o .

The spin S! is defined via momenta pl’. In the non-relativistic limit we may take A, ~
Aout =~ M2, leaving

AN o Pout ~ ! 3.39

“mrc g (3:39)
_ 1 i

IOg [G(pin;pO)G(pouﬁpO) 1] =~ _prﬁlpcy)utjlu/ + weuu)\opgpclj)utpi)\nsgl . (340)

This separation illustrates a very important difference: the second term depends on the
choice of reference momenta py and are thus frame dependent while the first term is inde-
pendent. The second term can be regarded as log [G(pin; 10) G (Pout; Po) " G (Pout; pin)} and
generates spin-orbit interaction, and when we substitute py defined in eq. (3.29) into the
expression, we obtain

N i c _ 17 S

/) 5 - .
mGuz/)\apgpgutpinSgl = _Wpout X Din * Sin = _§E X E : (_ZCj) . (341)
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The effects of the boost term ipli AN".J,,, = log [G(pout;pin)*l], which is independent of
reference momentum py, are suppressed in powers of 1/s as we will show in section 4, so

they can be neglected in the infinite spin limit.
In summary, the presence of contracted polarization tensors leads to

€*(p2) - e(p1) = € (p1) [Il— (ﬁl x S“) .%EJF...

Mg Mg

e(p1). (3.42)

For particle b, there is an additional sign factor due to definition of ¢, which is consistent

g’ -
mb my 2
In sum, the overall effect is to multiply all the results obtained in the previous sections by

the factor

with the dictionary provided in [31].

€*(ps) - €(p3) = €"(p3) €(ps) - (3.43)

mq mgq my my

and truncating to leading PN order. This effect can be compared to Vi, of eq. (3.32) in [28],
which is an augmentation of Vg4 Vinag in eq. (3.31) by the factor [1 — % (vi x a; — v X ag)]
followed by truncation to leading PN order.

In the above we have chosen to define our potential as an operator acting on the
little group space of the incoming particle. One could alternatively choose that of the
outgoing particle, but the result will not change since the Hilbert-space matching factor
relevant for s — oo limit is simply a Lorentz rotation, i.e. from |out) = Rlin) we have

(outlin) = (in|RT|in) = (out| R |out).

3.3 The general/Kerr 1 PM leading PN potential

Combining the terms arising from Hilbert space matching, the general leading PN all order
in spin classical potential is given as

= 2n—m - m
— (-1)"Cgzn-nCsp [ S, Sy =\ Gmaemy
Vi = — o L 26 ZMamsp
: m;:() (2n — m)!m! Mg v my v T
N - 2m - 2n
= 2(_1)m+ncsi’”“CS§" ﬁl ﬁ& Sa =, Sa =, Sb = Gmamb
- Z S R A vA I 2y TtaT
= (2m + 1)!(2n)! Mg My Mg Mg my r
Sa Sy

B i 2(_1)m+ncs2mcszn+1 [(ﬁl B p—B) y & ﬁ

2m 2n
Mg my r

2 e [\ )
C N g N 5 g 2n—m § m a
2n—m m — — —
+ Z Cs: S|Pl Pa P83 Pb | ) [P g LI vA L
o 2n —m)Im! Me Mg My My Mg mp r

(3.45)

Up to quartic order in spin, the results match with the known results available in the
literature [23-27].
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For Kerr black holes, all Wilson coefficients are unity. The summation in the first line

of the above can be simplified as follows:
00 - — 2n
-1)" a = a
Sy U (S B ) ) Cmem (3.46)
= (2n)! Mg My r

The above expression reproduces —cosh(ag x V)™ of eq. (3.31) in [28], where the

following notation had been adopted.
N | L1
(S- V)Q; = (S x V)2; (3.47)

The difference of both sides does not contribute to long-distance dynamics as it is some

multiple of Dirac delta. Using the notation eq. (3.47) on eq. (3.46) yields
o . — 2n - -
1 a = a a = a
s (S8 ) e ([ 8 6] Gmam
@2n)! |\ mg My r Mg My r
(3.48)

n=0
For the second and third line, once again we can use eq. (3.47) to simplify it to the form:

2Csi Cyj = = J . 3 . i g . i=1
_+Sb ﬂ_pi &XV &XV ixv Gmamb. (349)
5! mg My ) My M my T

Setting all Wilson coefficients to unity gives:

N S, 5 e
_27 Pro_ P | Pa Db} G Mallt (3.50)

—~ Cn+ 1! \mg  my mg My r

which can be formally written as

Gmyg

Malllh (3.51)

2 of eq. (3.31) in [28]. Applying

This expression matches —2(vy; — vg) - sinh(ag x V)
similar identities to the last line we find the complete 1 PM leading PN potential for

rotating black holes:
N ) Gmgmy

VBBN _ (—cosh [(Sﬂl_,_sb> % ﬁ] 9 <pl_p3> . sinh [(&1+&)) NSv;
Mg MMy Mg Mp mqg My T
Gmegmy

cl
+1< Sa p3><Sb]‘§>cosh[<Sa+Sb>><V
2 Mg Mp T

P Sa Py
The above result can be matched to eq. (3.31) and eq. (3.32) in [28]. The first few terms

—

(3.52)

Mg, Mg mp mp

of eq. (3.52) are;
Amg +3my . 4
Ama £3m 2 & (g b)}

om p1 X
“ (3.53)

Vd:_Gmamuiﬁ.[
r r

G 5 . mp i oj b i QJ
773( ij — 3niftj) Qmacsgsa5a+(a<—> )+ 505,

313y

where n =
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We end this section with a curious observation; the classical potential eq. (3.45) mod
the Hilbert space matching terms in eq. (3.44), matches to intermediate results in EFT
computations in [17, 26, 27] where higher time derivatives has not yet been eliminated. In
EFT computations the classical potential is obtained by fixing spin variable gauges and
doing Feynman diagram computations. The result obtained at this point will in general
contain higher time derivatives such as S and 1'7’, and neglecting these higher time derivatives
will give an expression equivalent to eq. (3.45) without the last line; for example, compare
the results given in this section with eq. (48) of [17] and eq. (71) of [26] for spin-orbit
interactions, terms proportional to C ggs) in eq. (3.10) of [27] for (S,)?3 interactions, and the
sum of first two terms proportional to Cgg2y in eq. (3.10) of [27] for (S4)2 S}, interactions.
The last procedure of EFT computations is eliminating higher time derivatives through
redefinition of variables. Since the last line of eq. (3.45) is generated through Hilbert space
matching procedure, this procedure generates the terms corresponding to terms generated
from redefining variables to eliminate higher time derivatives.

4 Classical potential from finite spins

As was shown in previous sections, the Wilson coefficients C's» that generate the amplitude
for minimal coupling is unity plus O(s~!) deformations. Naively, this would lead one
to expect that the potential computed from minimal coupling at finite spin is distinct
from that of Kerr black holes. However, as discussed earlier, in computing the potential
one needs to perform Hilbert-space matching, which carries its own finite-spin effects.
Remarkably, the corrections induced from the boost operator cancels the effects from the
O(s71) deformations of the Wilson coefficients, rendering the “effective” Wilson coefficient
to be unity, and thus reproduces the correct Kerr black hole! Here we give a detailed
discussion of such finite-spin cancellation, and comment on the some of the previous results

in the literature.

4.1 Hilbert space matching at finite spins and minimal coupling as black holes

Consider the following on-shell three-point kinematics where momentum ¢ is complex null;
(9)? = 0. We will restrict to integer spins in this section.

q= (07® y P2 = (m7 _(T) (41)
Recall that the finite-spin effects from the Hilbert-space matching are due to boost gen-

.
)

p1 = (m,0)

erators log [G(pout;pin)_l] in eq. (3.40) and are independent of the choice of reference
momentum pg. Thus, for the purpose of discussing finite spin effects, we are at liberty to
set po of to p; and eliminate Thomas-Wigner rotation effects, i.e. the second term in (3.40)
vanishes. The little group matrix element €3(2) - £7(1) is computed as

s n o B 2n
£i(2)-2(1) = 5(0) [ K] ey =5 | 3 0 (qu) (1)
n=0 ) (4.2)
_ " (=1)™(2s —2n)! (s q-S\™" .
e [ZO a0 (50 ] /o
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where eq. (C.8) has been used to obtain the last line together with the condition (¢)? = 0.
The coefficient of (g - S)?" scales as (—4s)~™ in the limit s — oo, so they are finite spin
effects for n # 0. Inserting these finite spin pieces into eq. (2.19) will give the following

result.
2n [ s 1y\e o . 2i 2s _ . j
an _ Ema™l (—D)'@2s—=2)! s\ ( ¢S Coi (a8
M; 5 (1) 2 e\ Ui— JZ% o es(1)
kma?l [ &, Cgn q-S\"
-~ 9 e7(1) nTH (—Wm> es(1),
ln=0

(4.3)

where we’ve incorporated the Hilbert-space matching terms to define the effective Wilson
coeflicient Cgr . The relation between Cgn» and Cgn_ is given as:

Csm L%/:“ (—1)(25 — 20)! [s\ Cgm 2
m! 4 (25)! i) (m — 2i)!
=0 (4.4)
. 5m—n,2 6m—n,4 - 46m—n,2 -3 CS”
B nz_% <5m’n 4 3252 +0(s7) n!

One can interpret Cgn  as the 2"-multipole of the particle which would be measured by
an observer at infinity.'®> Remarkably, substituting the Wilson coefficients for minimal
coupling while keeping the finite-spin effects, for example eq. (2.34), we find that the
effective Cgn turns out to be unity! In other words,

Minimal coupling reproduces the Kerr Black hole Wilson coefficients at finite spins

once the Hilbert space matching terms are included!

The complete proof of this statement is given in appendix E.

Note that since the boost part of the Hilbert space matching is independent of choice
of pg, the above statement would hold for the choice used to evaluate the potential, i.e.
eq. (3.29). Thus when combined with the spin-orbit part, we can conclude that minimal
coupling reproduces the potential for Kerr black holes for finite s, in the sense that it
reproduces the correct spin-dependent terms up to degree 2s in spin operators. In the
following, we will verify the above statement directly on the amplitudes computed from
Feynman rules.

4.2 Example: gravitational potential from spin-1 spin-0 scattering

Let us consider a concrete example to verify that the potential derived from the scattering
amplitude of spinning particles matches with the Kerr black hole potential, without resort-
ing to taking the infinite-spin limit. We will use the scattering of massive spin-1 and scalar
particle as an example. This system has been computed previously in [31] and [30] with
conflicting results. We will comment on the root of their discrepancy in the next section.

3Indeed the reference frame po chosen here is very similar to the “body-fixed frame” introduced in [22].
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As we will now show, indeed the correct potential up to degree two in spin-operator is
reproduced.
The amplitude of a graviton exchange between a vector and a scalar is given by [30]'
ArGmegmy

2 et [~ + 2D3uP2w + 2P1,P30 — Drubav] €7 (4.5)

M =

where the hatted variables are defined as p’ = p!'/m; and m; are the masses of the particles
respectively, with m; = mo = m, and ms = m4 = my. We’ve suppressed the little group
indices for simplicity. Note that unlike our previous expression, where the Lorentz indices
of the polarization vectors are contracted with each other, which was the case since we
were considering the factorization limit, here they also contract with the momenta. Thus
schematically we have:

* Vs I * . . >\S s 1 Vs
€5 fuyy OV }51,{%}—51,1,{A5}[G(plypo)G(Pmpz)]{{js}o{“}{ Yerpy.  (46)

We can extract the matrix elements through an appropriately generalised version of eq. (2.7).
Returning to the example eq. (4.5), we need to express €5 using €]. In the non-relativistic
limit the approximation p; - p; >~ 1 can be applied to eq. (3.30), yielding

" 1. 1 U 1.
€5, ™ E1q [53 — 51)8]91“ + i(pgpzu — P9 Pou) — ngpzﬂ] . (4.7)

Inserted into the numerator of eq. (4.5) then yields,

1. . o . . 1. .
—&y [mw + 5 (Popb2v — Pobov) — 2(Psub2y — Pabsy) + 2p2up21/:| ey - (4.8)
We now recast the above expression in terms of spin operators.

Recall that the spin operator matrix element in little group space S*, defined in
eq. (2.7), is given by

1 )
§*(p) = (=1)e,(p) <—2m6"””py [Iro)” 5> e(p) = %GMV/\U]?V&;(p)EU(p), (4.9)
where one keeps in mind that the polarization vectors carry little group indices. An addi-
tional sign factor appears due to metric signature; g et = —I.' The squared spin operator

(SHSY) is computed as

1 p”
(S*S”) = —We“ame”’\’”pap)\a}geo Z EtnEp, = —€le™ —1 (77’“’ - p];) (4.11)
¢

14WWe have simplified the expression and corrected the sign of Nuv. This expression is equivalent to eq. (70)
of [31].
'5The matrix elements for the Lorentz generator J** is given as:

), = il s — s (4.10)
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where we’ve used the completeness relation for summing over the little group index ¢:

m
S eher, = ok + % . (4.12)
¢

Equations eq. (4.9) and eq. (4.11) can be rewritten in the following form respectively.

el

)
* ¥V 2N, »
;'€ —€ ey = € DPASij,o (4.13)

LoV
el et = —(SMSY + SVSH)i; — 265 (nﬂ" - pmf; ) (4.14)

Averaging over the two, we get

* ip” J 1
g €5 = —0ij (77“” - > — NS — 5 (88" +8"8%);5

m? 2m
o (PPN 0 o (S s prssty )
T \T2 ) T am© PR 2 1),

The above expression can be used to convert amplitudes written in terms of polarisation
vectors into potentials with spin variables. The second line is separated into trace/anti-
symmetric/symmetric traceless terms and reflects the fact that 7),,(S*S");; = —20;; is a
quadratic Casimir. Combining eq. (4.8) and eq. (4.15), eq. (4.5) becomes

, 4G i 2i (q-S)?
M~— |1+ — S) — S
2 q_Q |: + 2m26(p07p27p17 ) mgm €(p37p27p1) ) + 2mg y
47G 1 S . 2(mg + mp) Pi S . (q- §)2
= —— _ - X — (= _ X — =
q? 2m, Mg (—ig) + mp Mg Mg (—ig) + 2m?2 ;

(4.16)
for PN order of our interest, yielding the correct potential eq. (3.53) up to S2 order.

4.3 Comparison with existing literature

The treatment of polarisation tensors in the previous section is a generalisation of the
treatment given in [38], where py was implicitly chosen to be equal to py,. For example,
the constrast of the treatment can be seen by comparing eq. (4.12) of [38]

2
=+ Ra) () = <1 = oy (0D - s ()P + O, (41)
to our eq. (4.7); the anti-symmetric combination (pope — P2po) is missing in the above
formula. The results are consistent since we recover the above formula from eq. (4.7) as
po — p1- This means the amplitude eq. (4.21) of [38] needs to be augmented by the
corresponding spin-orbit factor, which can be implemented as the following transform.

67 — 6 — 38 uroPlhy (h7)"pt (57 /h) (4.18)
1
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A sign difference has been introduced to compensate for difference in the conventions;
the convention is €”123 = +1 in this paper, while €p123 = +1 in [38]. Incorporating this
contribution into eq. (4.21) of [38] yields the following expression.

WML O__(E)Qi {((prpg) _1m1m2) (67 — i 53 Cur pha’prs™ )
2) @ 2 9m3 H

) 1 1 _
o1 p T Pegorssl” + i (012 = gt ) (q-sta - o17) + 00
1

(4.19)

Going to the COM frame and taking pg to be at rest in this frame, the leading PN contri-
bution is equivalent to eq. (4.16). Note that the extra term introduced in eq. (4.18) is a
rotation factor which drops out in the polarization sum used to define (As) in [38]. Thus
our observation that the finite-spin approach, which once again entails keeping s finite and
absorbing an associated factor of &, reproduces the classical-spin dynamics is in accordance
with the matching observed in [38].

n [30, 31], spatial components of polarisation tensors were simply considered to be
equivalent to polarisation tensors of the reference momentum, which was taken to be at
rest in the COM frame. Up to linear order in spin the naive treatment will give the same
answer, but starting at quadratic order in spin the results start to deviate. For example,
eq. (77) of [31]

* ~bx 1 N — (- — — 1 ~bk —
el}~b_—el]’c —i——ef peb p—l—me-pxq—4 el} q - q (4.20)

is clearly incompatible with our eq. (4.7) due to the factor of (4m?)~! in (¢- ). The same
computation is listed as eq. (16) in [30] and spin-quadratic term (¢ €17 - eé) matches, but

it is unclear how this result has been derived.

* ~ % 1 1
€*(p2) - e(p1) = —€1 - €5 — =7 aq- 62 — —( W — pig )61 e (4.21)

2ms4 2m2
5 Universality and the classical-spin limit

While the discussions so far revolves around amplitude representations using polarization
tensors, the power of modern amplitude techniques can only be fully put in force when
the expressions are given in purely on-shell variables. The simplicity of minimal coupling
eq. (2.27) compared to the EFT amplitude eq. (2.19) is one manifestation of this fact. An-
other example is provided by the scattering amplitude for Compton scattering [11, 13, 42];

D Bml2? (12)(34) + (13)24]\*
Ad(pr, k5 7pa) = <2\p112]<2|p4|21< Bl >

o  m2[23]2 (14)%
2lp1[2](2[pa]2] m2s

(5.1)
A4(p1>k;17k7;_1:]34) =«

The simplicity of the three-point amplitude for minimal coupling is manifested when the ex-
ternal spinors are converted into preferred (anti-)chiral basis using the Dirac equation [11].
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Since minimal coupling yields the dynamics of Kerr black holes, this motivates us to look
into the problem of computing the classical potential of minimally coupled particles in the
chiral basis. Remarkably, we observe that for the residue of the tree-level graviton exchange
and the triangle coefficient for the one-loop two graviton exchange:

the coefficient of the spin operators of degree i and j in particle a and b respectively
takes the form:
2sq0)!  (2sp)!
‘lsa.,sb — A . _1 25q+2sp ( a 52
AZ,] 17]( ) (25a _ ’L) (25b _ ])' ’ ( )

where s, and sy, is the spin of the two particles. Importantly as long as A;; is non-

vanishing, which requires i < 2s, and j < 2sy, it is independent of spin.

In other words, the each term in the residue factorizes into a universal part and a spin-
dependent part which is only comprised of combinatoric factors. Recall that the relation
between minimal coupling and Kerr black hole is unambiguously established in the strict
s — oo limit [15]. The above identity allows us to access the asymptotic limit from finite
spin computations! This is indeed the approach taken in [13], which reproduced the classical
potential up to quartic order in spin.

Let us now demonstrate eq. (5.2), by evaluating the ¢-channel residue eq. (3.17) for
minimal coupling in the anti-chiral basis:

Res; = A;‘aAgb + AgaA;rb
(5.3)

2

2
:angmg{xl( 1)%%(21)% [43]*% + g( 1)25a[21]25a<43>25b}.
3 7

The sign factors (—1)2% and (—1)2 are remnants of taking momenta ps and p4 as outgoing.
Again using eq. (3.11), this can be converted into the anti-chiral basis

28q 251, N % .

Su.5 s [ IAJIA s s (NN (012

Res; =) > A%y™ | 21 (Li') 1] ([4|2 ' <|333]7[ni> 3] )
=0 5=0

2sq 28p

_ ZZASme i (5.4)

=0 5=0

Lot — o2 ((F1 (25050 a3 dio(2sh)!
i amemy | — —at — T
x5 (25 — )il xf (28 — J)!5!

Saasb

Note that only A; ¢ and Ag ; are non-vanishing. Importantly the only dependence of A;
on spins of external particles s, and s is through combinatoric factors. In other words
defining;:

25,)! (2sp)!
Ajett = A pNJ9 o NJDT = (=)t (o 0
i 3tV i\j (=1 (254 —1)! (255 — J)! o9

the factors Amlﬁ are independent of spins s, and sy, proving the relation eq. (5.2). Note
that for generic values of non-zero g;~¢ the above property will not hold! Here, in the leading

16The A, ; coefficient here is the same as the A; ; in [13]
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PN expansion, A;; = anzmb (

). As we will demonstrate in appendix D, the
same universality behaviour occurs at one loop up to s = 2 where minimal coupling leads
to unique Compton amplitude.

To obtain the classical potential, we simply take the classical-spin limit. We introduce
formal parameters & = 2s,z and § = 2s,y and hold Z, ¢ fixed while taking the s,, s, — 00
limit, yielding

sailbrgoo Res; = JZO A ;z'y (5.6)
where integer spins are assumed. We can now compare with the polarization tensor basis
to obtain the spin-dependent pieces of the potential. Recall that ¢-channel residue is given
in the last line of eq. (3.17), which we recast into on-shell matrix elements using eq. (2.14).
As in eq. (3.17) we assume the spins s, and s, to be integers.

254 25y P k ~ o~ i—k
p)sects sa joqvsa—k [ T1{2A)(A1) sa—ithk [ [2AI[AL]
o bZZB”Z” = ( B Nt e

=0 j=0
gyt AN\ ([4NS]) T
xl; °(43) < o ) 43] ( ety >

(5.7)

The coefficients 72, are rescaled version of n} ; coefficient in eq. (2.21).

(2

k= ;(Z) <Z ° k> : (5.8)

Using eq. (3.11) to convert all angle brackets to square brackets and recasting in terms of

pufl

I, x, and y variables as before results in the following expression.

284 28y 1

Res, = ZZZZBJ”Z W0 L+ z) ' ([+y)™ 'y (5.9)

i=0 j=0 k=0 [=0

The classical limit proceeds as the previous case; we introduce formal parameters & = 2s,x
and § = 2spy, and then take s,, s, — oo limit while holding Z and ¢ finite.

%/2+3/

: _ g ~z~j z/2+y/2

Smlslbm Res; = g - T (5.10)
Z7]

Matching eq. (5.10) to eq. (5.6) gives a solution for the coefficient of minimal coupling,
Bmin,oo

i ,asa function of A; ;:
i

rmnoo i+j z k:,] l
B =2 Z S (5.11)

As one can see the classical potential, computed from Bfljin’oo, can be computed from A; ;
which are spin independent. In other words due to the universal behaviour of minimal
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coupling, allows us to obtain the classical-spin limit from simple manipulation of finite-
spin amplitudes! Augmented with the Hilbert space matching term, gives the full potential.
Indeed the r.h.s. of eq. (5.11) is what was used to compute the potential in [13].

While demonstration of universality has been restricted to tree level computations,
the same property also holds at one-loop level as shown in appendix D. The origin of this
universality reflects the fact that the minimal coupling three-point amplitude for general
spins can be viewed as a one parameter family with a special feature: the 3-pt amplitude
of spin-s is simply 2s power of that of spm—%. We remark that it is possible to extend this
combinatoric structure to non-minimal couplings as shown in appedix E.

6 Conclusions

In this paper, we derive the spin-dependent pieces of the leading post-Newtonian order
gravitational potential for general spinning body from the one-particle effective action, to all
orders in spin. We first cast the EFT operators into three-point amplitudes, parameterized
by the EFT Wilson coefficient. Special care was taken in defining the spin-operators, which
acts on the physical Hilbert space, i.e. the irreps of massive Little group. This requires
us to map the polarization vectors to a common basis, which for the two-body problem
we choose to be the center of mass momenta, generating extra spin-operator dependent
terms. We refer to this procedure as Hilbert-space matching. After gluing the three-
point amplitudes and with the addition of the Hilbert space matching terms, we derive the
leading post-Newtonian order classical potential for general spinning objects, to all orders
in spin. As consistency checks, we compare the result to known quartic order in spin
results for general spinning compact bodies, and then compare to the known equivalent
order potential for binary black holes. We stress the importance of choosing an appropriate
reference momentum to define the basis of the Little group space, as the spin states of the
gravitating bodies should be labelled consistently throughout the stellar binary evolution
and thus so must the reference momentum.

Our result was derived by going to the classical-spin limit, i.e. taking s — oco. At
finite spins, it is known that the Wilson coefficients for minimal coupling deviates from
unity by finite spin effects. On the other hand, it is clear that the Hilbert space matching
also has finite spin effects. Thus it is interesting to see what the potential looks like for
minimal coupling at finite spins. Remarkably, we find that minimal coupling at finite
spin reproduces the black hole potential to the prescribed spin order! In other words,
the finite spin effects cancel each other. Whether such cancellation is a feature of current
perturbation order or a feature that continues to higher perturbation orders remains as a
problem to be explored. We also comment on the various discrepancies in earlier work on
classical-spinning potentials from the scattering of spin—% and 1 particles [30, 31].

Finally, we consider the computation of the classical potential using amplitudes in
the uniform chirality basis, where the massive spinors of the external legs are converted
to the same chirality. This basis is more “natural” for the amplitudes as expressions
simplifies. When restricted to minimal coupling in the HCL, we find that for finite spins,
the potential factorizes into a spin-dependent combinatoric factor and a spin-independent
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function. We term such factorization as universality, reflecting the fact that the spin-
independent function is universal for all spins. This allows us to compute this factor using
finite spins, and then simply replace the combinatoric factors with its classical-spin limit.
This yields the formula first proposed in [13], which was argued intuitively.

While finite spin particles are expected to reproduce dynamics of Kerr BHs when
taking into account the boost effects suppressed in powers of %, this statement is only true
for the polarisation tensor basis. For example, the boost effects in anti-chiral basis is not
necessarily suppressed in powers of % as is evident from eq. (E.2). However, we may use
universality to take the classical-spin limit in the anti-chiral basis and separate the boost
effects. Considering that expressions using polarisation tensors are likely to be unavailable
as we go to higher loops, universality is expected to be a useful tool to directly access the
classical-spin limit and compute the potentials.
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A Lagrangian description of minimal coupling

For s < 2, the minimal coupling eq. (2.27) coincides with the minimal coupling for Dirac
fermion, F'*”F),, for vectors, and Rarita-Schwinger for spin—% and KK gravity for spin-2.
These reflect the fact that in the high-energy limit where the kinematics becomes massless,
the amplitude becomes the minimal coupling for self-interacting fields. Beyond spin-2 no
such construction is known in flat-space. In conventional QFT literature minimal coupling
is simply the covariantization of the kinetic terms, which is simply the d’Alembertian oper-
ator plus terms that enforces the state to be transverse traceless. The goal of this appendix
is to explicitly demonstrate that our higher spin minimal coupling do not match with such
case, where the action is constructed from the viewpoint of Weinberg’s textbook [43]; the
free kinetic action is the inversion of the propagator. The conventions for spinor-helicity
variables are the same as the ones used in [13] throughout the appendices.

The kinetic term for arbitrary integer spin field that is responsible for the factor zﬁ
in the propagator can be promoted to curved space as follows.

Sin = [ VTG (DR Dy, — ) (A1)

The sign factor (—1)° is there to make sure that the kinetic term for physical degrees of
freedom have the right sign. This action contributes to the three-point amplitude through
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the derivative D, and the contribution in the chiral (undotted) basis is given as follows.

Ms = 2m23 > ngln 21 25—1 (x<23><31>>1 (AQ)

m

o= ()=o) o

The propagator also contains projection terms in the numerator which project onto physical
degrees of freedom. Terms in the Lagrangian that are responsible for such projection terms
on flat space will in general contain terms where derivatives on the fields are contracted to
one of the indices of the fields that derivatives act on.

(Fu sy (ONGNT71) (A.4)

Doing integration by parts, this term can be cast as follows.

(s ) (DRG0, (A.5)

In the above expression, derivatives are contracted to the field that it does not act on.
These expressions can be promoted to curved space as follows.

(auﬁbuulmus_l)(8)\¢>\V1MVS_I) = gaﬁguyghal T gAS_laS_l (Dad)ﬁ)\l"‘As—l)(D,UI¢VC71’“0'571)
(A.6)

( Mb Yy s 1)(3>\¢W1”'V571) g gaﬂglwg)\lal T 9)\5710571(Daﬁbukr-)\sq)(DV¢601-~0571)
(A7)

Up to surface terms, eq. (A.6) and eq. (A.7) differ by a term linear in the curvature tensor
R, = [Dy, D,]. Therefore, any expression of the form eq. (A.7) can be converted to the
form eq. (A.6) by introducing extra Riemann tensor couplings.

% _g(gaﬁgw/ - gaugﬁu)g)\wl o 'g)\s_las_l(Da(ﬁﬁh"-)\sq)(Du(bl’ffl-”os%)
[ ] +Vv- ga,B 'uy M 'g>‘5710571(¢BA1--~>\571)([D0¢7 Du]¢u01---03—1)

Linear coupling to h obtained from the substitution g"* — n** — kh*" and D, — 0, + T,
on eq. (A.6) will not contribute to on-shell three-point amplitude, due to transverse nature

(A.8)

of on-shell physical DOF; p,e(p)* = 0. Also, terms linear in the curvature tensor cannot
affect g; and only can affect g;>2. This shows g; = 0 is a constraint that cannot be changed
for coupling to gravitons. To remove the ambiguity coming from eq. (A.8), expression of
the form eq. (A.6) and its generalisation to multiple derivatives will be considered as the
canonical expression for terms introduced to kill unphysical degrees of freedom.

The following coupling of the curvature tensor to higher-spin fields generate electric
couplings.

ES%7-2 _  4-9j (11 OO V1V
Ling =m (am © Oy 500 "'8Vj72Rw—1Vj71ujVj) ¢ ! P T10s—j
(A.9)
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Although in principle covariant derivatives D must be used, considering them as partial
derivatives O suffices for analysing 3pt amplitudes. This piece is related to the Wilson
coefficient Clq2j-2 appearing in one-particle effective action for point particles. The contri-
bution of this coupling to the 3pt amplitude in the chiral (undotted) basis is given below.

2n—2
—N— 2s i
pszn (0O R)pg Ka? B2 o 25— £(23)(31)
[’mt - m2n_2 - 2m23—2 ; 9; <21> m (AlO)
n -1)(-1)" (s—n—1
gZESZ :—(Q)n(l)<i2n>,n§s—l (A.11)

As n is restricted to the range n < s—1 for eq. (A.9), the coupling that affects Cq2s needs
to be introduced independently. The following coupling will do the job, but it turns out
that this coupling is unnecessary.

(Our =+ Opams Ov + Ov Rppyvs g, ) (91 @700 (97141 707) (A.12)
The magnetic couplings are generated by the following couping to the curvature tensor.

BS2i-1 2_9; OO ] V1-v;
‘Clnt — m2~% (aul - auj728’/1 e anflRMj—leujquuJ gb#l HjO1 05— (auj+1¢ ]aln-as,j)
(A.13)

This piece is related to the Wilson coefficient Czg2;-1, and this coupling’s contribution to
the 3pt amplitude in the chiral (undotted) basis becomes the following.

2n—1
~— 2s i
B82n+1 o (6 ce 8R)¢(a¢) RJTQ BS2n+1 25—i ZE<23> <31>
‘Cmt - m2n - I 25—2 Z g; <21> T (A14)
i=2n+1
n -1)(-1)"(s—n—1
g?SQHZ()Qi)(i_Qn_l)’nSS_l (A_15)

All magnetic couplings up to Cpg2s-1 are covered by this coupling.
We empirically find that defining the following coefficients

cpson = (-0 (-2 EERZ D ey (TR g

(2n)! 2n
s = ~(-1)(-prEERE D E = capear(UF ) )

gives the following sum

kin g2n Bg2ntl
=9; + Z Cps2n t 9, Cpg2nt1)

-—<i—1>(?)+§[(35_”2;1) ) (o)
o (A.18)

— 30 —



which holds for 0 < i < 2s.'7 In other words, the following action

B 2n—+1

Smin = Skln + /d4x |:CE82n£E§2n + CB82n+1 [’m% (Alg)

corresponds to minimal coupling of higher-spin fields to gravitons.

B Wilson coefficients for minimal coupling

To compute % corrections to Wilson coefficients for minimal coupling, the inverse matrix of
1

the matrix F, in eq. (2.30) is needed. F}, can be expanded as an asymptotic series in <;

s (= 1 = /n (s1)?

_ (=) s X /n\ 2 @mibitem? +O(s~2) B.1
oon (i—n)!nlmz:o m)° ’ (B1)
o (=1nst 2i2 —2(n+1)i+n(n+1) 5

(i —n)ln! ! 4s +0(™)

Note that in the s — oo limit, F?, scales as O(s%). This motivates us to introduce §; and
F7, as finite s — oo quantity:

- i! - 7!
This particular scaling allows a simple expression for an in the asymptotic limit s — oo.
Fip = lim ¥, = (’)(—1)" (B.3)
g ;

—00

As a matrix, Fz-,n is a lower triangular infinite matrix which squares to the identity, i.e.
Yoot o FinFnj = 6;;. Therefore, in the asymptotic limit s — oo

o0 oo
Gi=Y FinCsn = Csn=> Foji (B.4)
n=0 =0
Inserting go = 1 and g;~9 = 0 into the above equation indeed yields Cs» = 1, which is the
leading result in % The subleading % terms of Ff’n is;

~ - 2i2 -2(n+1)i+nn+1
B = B - 22t Dintn

The inverse matrix up to the same asymptotic order can be computed using the formal
matrix identity (1 — h)~1 = >0, A'.

Fin+0(s72). (B.5)

=N s I 22k D)j+k(E+D) s 5 = o
(F )nz = Fnit s Zk: 4 Fy i FkFri+O(s77).
1(% 1)'n! 2j2 —2(k+1)j + k(k+1) (B-6)
7 - k2] — J _
it jzk:( Y i —mie = 7o)

"The sum has been checked up to s = 200 numerically.
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Therefore, the Wilson coefficients for minimal coupling up to this order is

) N1 ! ) i2 _ i
n,0 s £ 4(n—HWj — k)k!
3ok (B.7)
B nin—1) _g
=1+ s +O0(s 7).

It is also possible to work out higher order corrections to arbitrary order analytically using

the procedures outlined above. For brevity, we only report the result for Cn.s up to

O(s72) order obtained analytically;

n(n —1) n (n? — 5n + 10)n(n — 1)

Ca™ =1
5 + 4s 3252

+0(s7%). (B.8)

C Properties of boosts

C.1 Approximating powers of boost generators K

The Lorentz generators and their algebras are;

1. . P
- (0’2) A Chiral L (UZ) A Chiral

Ji=q3 L oKI=g 2 (C.1)
3 (O’Z)ag Anti-chiral —3 (al)aﬁ- Anti-chiral

[J8, 7] =ik gk | K KY) = —ieR gk [ K] = iR KR (C.2)

where ¢! are the Pauli matrices, J* = %eiijjk are the rotation generators, and K* = J%
are the boost generators.'® The explicit form for the Lorentz group generators in the

representation (%,%) are obtained as a tensor sum of above.
25—1 25—1

. 1 . —_—— —_—— .

JZ:5(02®...®]1+...+]1®...®01)
) 25—1 s—1 s
K’:%(01@)...@]14_...4_]1@...@0-1@...@]1 (C.3)
s s—1 2s—1
— N st — ;
—]l®'--®az®---®]l—---—]l®---®02).

Since little group indices will always be symmetrised, the expressions for generators and
their products can be simplified further. For this purpose, let us first fix the normalisations
of the spinors for particles of unit mass at rest, where arrows 1 and | are the little group

N ohe — 1 W ohe — (Y
0, =101 = (). 09 =l0 = () o
©Of* =0Tz =—=(0 1), (0"*=—[0%s=(1 0)

indices.

8 Treatment of boost generators as rotation generators in general spacetime dimensions has been given
in [44].
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The second line follows from the first line by adopting the definition €™ = +1. Adopting
this normalisation, the generators and their products are simplified as below where =
denotes numerical equivalence when inserted between bra and ket vectors of spin-s states
in the rest frame.
25—1
i - 1 i
J :2s><§a ®---1

2s—1 25—2

JUJT =25 x %aiaj®'--®]1+(25)(23—1) X %ai®aj®--~®]l (C.5)
K'=0
2s—1 25—2
Kin£—2sx2%Jiaj®---®]l—[23(3—1)—232] X%Ji@)aj@---@]l

The symmetrisation argument can be used to show that (K)2"+1(J)™ = 0, so only even
powers of K need to be worked out. The contribution with largest s dependence will be
the contribution where all Pauli matrices are allotted to different spinor indices, given that
s > n. The coefficient for such a contribution can be worked out from simple combinatorics.

2n 2n 2s—2n
Jood (2s — 2n)! 220 @ ele el (C.6)
2n 2n 9 ( ‘)2 ( 1) 2n 25—2n
- n S. —1)" —A—_ ———
K...K ~ —1)™ R l® L+
LZO( " (o) o= =z | oo eTe T
1 2n 25—2n
—N—
—(2n)!<z>22nJ®---®]l®-~~®]1+--- (C.7)
Comparing the two yields the relation
1 s o\2n . (2s=2n)! s\ /v A2 oo -
o (VK)o () (R 0) T+ (02 Pna(X- C8
(2n)!< 29)! <n> T ) P2 ) (C-8)

where Fy,, () is some even polynomial of degree 2m. The appearance of the factor (5\‘)2
follows from anti-commutator of Pauli matrices; o'c/ + o/0’ = 26¥.

D Universality at one-loop

In this section, we will only be interested in the G2h°|q]~! effects which can be cleanly
captured by the t-channel triangle in the HCL limit. To compute the integral coefficient, we
apply the unitarity cut approach [45, 46] especially by Forde [47], where the contributions of
each integral is separated by their distinct set of propagators. By putting these propagators
on-shell unitarity dictates that the result must be given by the product of tree-amplitudes.
In our case, the triangle cut, we have the product of two minimal coupling three-point
amplitude and a gravitational Compton amplitude, as illustrated in figure 2. The triangle
coefficient can then be captured by removing the contributions from the box integrals.
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Figure 2. The triangle cut used to compute the 2 PM potential.

Compared to tree level, the new feature at one-loop is the gravitational Compton
amplitude, involving two massive spinning particles and two massless gravitons:

For Kerr black holes, we will be interested in the Compton amplitude which correspond to
the four-point extension of the three-point minimal coupling. More precisely, the residue
of the massive pole must yield the product of three-point minimal coupling discussed pre-
viously. However as shown in [11] and [13] for s > 2, due to polynomial ambiguities,
factorization constraints do not uniquely determine the gravitational Compton amplitude.
More precisely, by matching to the factorization pole in all three channels, for s < 2 we
can find a solution:

4 _ 2s
MU= (15, _2% k2 k%) = — (k3|p1|ka ( (Lks)[2k4] + <2k3>[1k4])

(k3|p1|ks](Falpr|ka] (kalk3|ka] (3|p1|ka]

where |k4), |k4] and |k3), |k3] are massless spinors for the massless propagators. Importantly,
the result does not contain any % factors. This has two important implications: 1. One
can take m — 0 limit smoothly, indicating that the spinning particle has a point-like
description. 2. Since pure polynomial terms must have # factors simply on dimensional
grounds, they can be considered as finite size effects and do not mix with eq. (D.1). For
s > 2, the situation is drastically different. The amplitude takes the form (see [13] ):

s . Jis 1 [Fea) ! (12)—[12] »
M (15, —25 |2 kF?) = — {hs T I
. 3o ki) (k3|p1|ks](ka|p1|ka](Kka|ks|Fa] m

(D.2)
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where we’ve only listed the leading term in propagators and % expansion. We see that

unlike s < 2, here the leading piece already contains non-trivial % dependence, thus

making the separation of finite size effects from that of what is dictated by factorization

operationally meaningless.

D.1 Universality for s < 2

For s < 2 particles, we insert the Compton amplitude eq. (D.1) into the computation of
the triangle integral in the HCL limit. Taking spin 1 and spin 2 as an example, the triangle
integral in the HCL limit yields the following coefficients for the anti-chiral basis (defined

in eq. (5.4)):1

° 5’258
Aot 24n%G? (ma + )
m2m; [ (D.3a)
ASe? 247G (ma + )
mgmg B |q]
o SISY
As:l 4 22 dmy, 24 2G? a
(5 _ 4r°G (dma +3my) | HrGP (ma ) |y
m2m? e 4] (D.3b)
ATSY 8m2GP (dmg + 3my) | 487%G2 (mg + my)
iy +0(¢)
mgmy |qle a
° S;Sl}
AT 4G (ma +my) | ARG (my — ma) | 472G (g + my)
5,7 = 2 e
mam; |qle qle i
AR 167G (ma ) 167°G2 (my —ma)  565°G2 (1ma + )
i 2 +0(¢)
mamy |qle e 4
(D.3c)
° SZSS
A5t PGP (ma +my)  2m2GP (4mg +3my)  wGP (34myg + 2Tmy) + O(e)
2 e 7l 27
ARG 6n°GE (my +my) 120G (4mq 4 3my)  STUGE (34ma + 2Tms)
m2m? |qle? qle d
(D.3d)

YHere, e = 1/p2 — 1.
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o 525}

Agjl w2G? (mg +mp)  T2G? (Mg +6myp)  T2G? (dmg + 11my) +0(e)
= - - — €
mﬁm% |q]€? 2qe 2|4
AT 1272G? (mg +myp)  6m2G? (Mg + 6my)  672G2 (4myg + 11my) +0(e)
- _ — - €
mamy |qle? |qle 7]
(D.3e)
o 5252
AsSY 2GR (ma 4+ my) 2GR (my —my)  1372G2 (my + my) +0(e)
= €
mzmg 8|qle? 4|qle 32|4]
A§§2 9m2G2 (mg +mp)  IT2G? (my — my) N 11772G? (mg + myp) +0(e)
pu— 6
mamg 2|q)e? |qle 8/]
(D.3f)
Importantly, the A coefficients satisfy the following identity:
_ 412 2—iN2—-j) .
s=2 _ s=1
i<25<2 = (i = )1 512 i<2,j<2 - (D.4)

The factors in front of Af;l j<2 are the combinatoric factors defined in eq. (5.5), of spin 2
devided by that of spin 1. Thus we again find that at one-loop, the classical contribution
extracted from minimally coupled spin 1 and 2 respects universality as defined in eq. (5.5).
Although we've only displayed up to O(¢)? for brevity in eq. (D.3a) to eq. (D.3f), the
universality behaviour is satisfied to all orders in e. Similarly, we've also checked that
universality also holds for spin-1/2 and 3/2.

D.2 Universality for s > 2

Given that universality is found to hold for minimal coupling with s < 2, we naturally ask
whether there exists some higher spin extension of minimally coupled gravitational Comp-
ton amplitude, such that universality is respected. A straightforward BCFW construction
of the Compton amplitude yields a non-local expression for s > 2 (see also [42]). However
since we are interested in only the classical part of the triangle integral, a priori it is not
clear whether this would yield a problematic potential. On the other hand, a manifestly
local, albeit non-unique, higher-spin extension was given in eq. (5.24) of [13]. We analyse
both cases separately in this section and show that universality can be maintained.

D.2.1 The BCFW Compton amplitude

First, we start from the BCFW representation of the Compton amplitude, which is con-
structed from the (ks, k4] shift:

MECFW<18, 237 k3_2, ki—Q)

M3(15,_Pi4,l%2'2)M3(23’Pi4,]%52) + M3(13,—13;,]%3_2)]\2/3(23,13;371%12)

(Ka|p1lkad] (k3|p1|ks] (D.5)
. (ks|p1 |ka)® <<1k3>[2k4] + <2k3>[1k4])25
(ks|p1lks](kalpr|ka] (Falks|ka] (k3|p1lka
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Taking pa — —p2, it indeed recovers (D.1). Note that while for s > 2 the expression is
non-local, it factorizes correctly on all three channels. Since it is just an extrapolation of
eq. (D.1) to s > 2, not surprisingly the HCL limit of the triangle integral satisfy universality
for all spins. Take A4 as an example:

A 2257%G2 (mg +my)  T5T2G2 (4mg 4 3my)  225m2G2 (23mg + 16my,)

= 10)
2 S 2Aqe 16/q +0()
AP 1572G2 (mg +my)  572G2 (4mg + 3my)  15m2G2 (23my + 16my) Lo
= - - €
m2m; 8|qle? 2|qle 16/q]
(D.6)

We find that .Afog = 15Aif)2 = = 4?!!(26_0)! (4_41‘!!(24_0)!./4470, which indeed satisfy the univer-
sality relation.

An interesting self-consistency test is the following; assuming universality also holds
at one-loop, then the computations done for s < 2 would be sufficient to capture the
correct potential involving operators S”<* by r.h.s. of eq. (5.11). Here, we take the BCFW
Compton amplitude in the polarization tensor basis and take the classical-spin limit of the

triangle integral. In the basis of eq. (5.7) we find:

° S}}Sl?
UT2G2m2m2 (my,
B(IiOCFW — ™ mamb (m + mb) + 0(6)2 (D?)
]
° S;Sl?
42 G2 mem? (4mg + 3 1272G2?mgm? (4mg + 3
BESFW:— T G mam;, (4ma +3mp)  120°GEmemy, (4ma + mb)€+0(6>3 (D.8)
|qle [
o 525
242, 2 12 12
B%BCFW _ 2772G2mg (ma + mb) +7T G my [(22+ m) Mg+ (15+ m) mb} +O(6)2
. 7 b
2m2GPm?2 (mg +my)  T2GPmE (22mg + 15my) 1
e ro(3) +owr
qle [ s

(D.9)

o S35
BBCEW _ _7T2G2m§ (1 + %) (4mq + 3my)
0 |qlema
T2 G*mp KH + 2s2i1> Ma + (% + 231) mb} 3
- e+ O(e)
|glma
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+ ] +0(e)?

|qim?;
w2G2mE (mg +mp)  T2G?m3 (19mg + 12my)

_ 1 2
=T dgmee sm2lq o <) +0l9

We find that it indeed reproduces the r.h.s. of eq. (5.11). We also comment that universality
of BCF'W representation is based on the same combinatoric structure at tree level analysed

in section 5.

D.2.2 The s > 2 local Compton amplitude

Now, we turn to the local representation of the Compton amplitude given in eq. (5.24)
of [13]. We first ask if universality is respected when comparing with the known Compton
amplitudes (s < 2) for coefficients Ag g to A4 4, and if not can the situation be rectified by
inclusion of suitable polynomial terms.

We analyze the coefficients A; ; extracted from the gravitational Compton amplitude
for s = 6 in [13]. For i,j < 4, we expect to match with that computed from s < 2 via
universality. In the following, we give a few examples.

1. 4,5 < 4 (Si<48)<h):

Al2078a178:6 o 66m2G? (mg + my) B 13272G? (4mg + 3my)
m2m? |7le? |dle (D.12)
33m2G* (34 27
33w (34mg + 27my) +0(e)
[
Comparing with eq. (D.3d), one finds
local,s=6 12! (4 - 2)' s=2 12! (2 — 2)' s=1
=6 _ — D.13
420 (12-2)! 4! A20 (12-2)! 2! 420 (D-13)

where universality between the local amplitude and eq. (D.1) is satisfied. Similarly,
comparing between different higher spins, we also find universality. For example for

s=4,6
ARGt 2802GR (ma+my) 567G (4ma + 3my)
m2m; |qle? gle

1472G? (34mg + 27Tmy)
4]
8 (12—2)l Agg

(8—-2) 12! m2m?

+0(e) (D.14)
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2. i =4,j < 4 (Si=1]<") effects:
operators with S* are the highest degree for which spin-2 particles can probe. Here,
unlike the BCFW higher-spin extension, we indeed find discrepancy with that from
universality. Take for example A4 o:

AZ(C)&LSZG - 74257T2G2 (ma + mb) B 24757.[-2G2 (4ma + 3mb)
mImg 8lgle? 2ldle
148572G2 (460my + 317my)
) . L Ofe (D.15)
a7 (€)

297¢2my, } A5G
o)\ =22
] (€”)

=495 — T
{ 8 (mq + myp * m2m?

We see that the s = 6 and s = 2 results no longer differ by an overall combinatoric
factor. In other words, universality is lost. However, as discussed in [13], given
the polynomial ambiguity of Compton amplitudes beyond s > 2, we can restore
universality simply by adding local contact terms. Indeed by adding

_ 3 12\ [ (k32)[ka1] + (ks1)[ks2]\* [ (12) — [12])\®
5=6 _ v 2
Mcontact - 2(87rG)m <4> < 2m2 om (D16)
to the spin-6 Compton amplitude, we find:
Afgal—l—contact,s:G o 74257T2G2 (ma 4 mb)
m2m} B 8|qle?
2475m2G? (4mg + 3my,)  T425m%G? (23m, + 16my,) L0
- — €
2|qle 16/4]
120 (-4 A5
(12 —4)! 4! m2m?
(D.17)

— Alpcal + contact

i, j<d . For generic

We now see that a correct contact term makes A;—4 j<4
spins, the suitable contact term is:

25) <<k32>[k41] + <k31>[k42]>4 <<12> —[12]\ =

3
M(;Sontact = —5(87rG)m2 < 4 2m2 2m

(D.18)
Note that this contact term is constructed in a way that it only modifies the be-

haviour of 5’2245524 and we do not need to worry about breakdown of universality
for §i=45)<4.

3. 0> 4,7 >4 (Si>1877Y):
having patched up our local expression such that universality is respected for A; ;
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with 7, j < 4, we now turn to its fate for 4,7 > 4. Again, focusing on spin-6, we find

local4-contact,s=6
A

5,0
mami,
:34657r2G2 (Mg + myp) n 1732572G? (4mq + 3myp)  69372G? (107mg + 72my) +0(e)
2/l 8Iqle 4/q]
A}fﬁgal—‘—contact,s:S
mami,
_ 10572G? (mg +myp)  525m2G? (4mg + 3myp)  2172G? (107my, + 72my,) +0(e)
i 32|qe 16]q]
6' (12 . 5)' A{:)C?Sal+contact,s:6
(6-—5)! 12! m2m3
(D.19)

where universality is still preserved. Here, we conclude that even with the modifica-
tion from the contact terms eq. (D.18) universality is still preserved by all spins.

E Residue integral representation for three-point amplitude

To prove that minimal coupling reproduces Wilson coefficients of Kerr black holes after
Hilbert-space matching, we first note that chiral spinor brackets and anti-chiral spinor
brackets can be exchanged when momentum of in-state p; and out-state p) are the same,
p1=pi.

(1'1) = —[1'1] (E.1)

Following the kinematical set-up in section 4.1, we go to the frame where p; = pj is at rest.
The Hilbert space matching of minimal coupling becomes

(21>2s _ <1/’236i%|1>23 — <1/|2567%|1>2s ~ 6*(1/)67%6(1)
(E.2)
[21]25 — [1/’256i%|1]25 — [1/|256%|1]23 ~ 5*(1')6%5(1)

which is the chiral(anti-chiral) basis version of eq. (4.2). The relations K = iJ = iS
for chiral spinors and K = —iJ = —iS for anti-chiral spinors has been used, and ~ in
the above expression denotes equivalence up to normalisation. In other words, minimal
coupling corresponds to unity Wilson coefficients Cgrn, = 1. The same conclusion has been
reached from heavy particle effective theory (HPET) point of view in [29].

The map can be generalised to arbitrary Cgs» . Using the expression for % in the
chiral basis [13],

gi(21)25 <5L’<2(izl<ql>>i _ Qi(252;)!i)!gi<2‘2s <qr'n5>i 11)28

— g <2‘23 <q S) ‘1>2s7
m

i!
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where we have introduced the notation g; = (Qz.s) gi- The above expression can be matched
to eq. (4.3), which expresses the amplitude through Cgr. .

27:AA . i 27;A‘ )
01 g (L5 yzs = 200 e (L5) s
7! m 1! m

Csn qg-S\"
_ 112 eff 2
=y e (L)

n

O O RIS

n

(E.4)

yielding the relation

We may ask if there is an expression for the three-point amplitude that directly ex-
presses the ampitude in terms of Cgr . Such an alternative expression can be found by
adopting following definitions.

21] — (21)
.o , (E.6)
Sije = Fup2)r sulpr) = = ([2[0%(1) + (2|0"[1])

u(p2)u(pr) =

S

The definition for spin vector S*,., which can be considered as the scaled spin vector

, 3 of
the full spin vector of a spin-s gjrtlcle S%. has been adopted from Holstein and Ross [31]
with a sign choice that matches to our conventions. An extra factor of 5~ has been
inserted as a normalisation condition @;(p)u’ (p) = §7. Setting the momentum conservatlon
condition as ps = p1 + ¢, we propose the following residue integral representation of three-

point amplitude which expresses spin-s amplitude as 2s power of spin—% amplitude.

rma?1 q-5 v
M2 = 5 7{2mz (Z Cgnz" ) ( 2)u(p1) —n m;/2>
Kman o 21] - (21) 7 [2lql1) + (2|l2]\*
2 mez <Z sP2 ) < 2m i z 4m? )

Here the contour encircles the origin, and the contour integral merely serves the auxiliary

function of extracting the right combinatoric factors. For positive helicity n = +1, this
expression becomes

00 1z 2s

Using the binomial expansion leaves the following residue integral to be worked out.

?{;rj/n <z B 1) Zf 2m(> 2) 2 = (—1)" (;) . (E.9)
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One then finds:

Kmaz? 2 2s
M:—Q —_ (_1)25 5 Z < . >

1=0

() ()

% i(—l)n <;> Csr

n=0

) L (B10)
(_1)23% |:gg<21>2s+g71"<21>25—1x<2Q><q1> —&—---—l—gr (x<2Q><q1>) :|

2m25 m 2s sz

Comparing the coefficients g; of eq. (E.5) with the above formula, we can conclude that
the Wilson coefficients Cs» used in eq. (E.7) is equivalent to Csn_; Csr = Csr_.

One advantage of the representation eq. (E.7) is that evaluation of cuts become simple
as the sum over 2s intermediate states of a spin-s particle can be substituted by a sum
over 2 intermediate states of a spin—% particle. This property follows from the following

identity.
2s
> ML, P g1, 21)  Ma(P, 2, g2, )% = | > Mi(1, P, q1, 21) Ma(P, 2, g2, 22)
p2s P
(E.11)

In the above identity, M and M are arbitrary expressions bilinear in the massive spinor-
helicity variables schematically written as bold variables. This identity can be proved by
writing the sum as the sum over overcomplete basis of spin coherent states.

Another advantage of the expression eq. (E.7) is that it allows us to straightforwardly
take the infinite spin-limit and connect to one-particle EFT three-point amplitude. For-
mally writing %u = 1 and suppressing the subscript s of S%,

21 Z‘” 1 q-S\*
) o _ . KT z on 1 q
slggo My slggo 2 j{ 2miz o Csp2 ! 2377 mz

_ rma? S Cgr q-S\"
2 Z T ’

n=0

which is the one-particle EFT amplitude eq. (2.19).
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