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'ﬂTheQClassical S—Métrix for RotationéllExcitatioﬂ;
Quenching of Quantum Effécts in Molecular Cdllisions"*
VWILﬁIAM H. MILLER'
_ Depaétﬁent of Chémistry,vUnivergity of Célifarnia
Aﬁd'
‘Inqrganic Materials Researph'Divisioﬁ 
Laﬁrenée'Radiation Lébofatéfyb

Bérkeley, California 94]20

Abstract

'A.pfé;ioﬁsly developed theoryviﬁ which exact'SOlﬁtions bf the
classica1>equatibns of motion fér a complex-collision»systeﬁ'(i.e.;
numerically cbmputed trajeétories) can be used to generate the
classigal iimit of the quantum mechanical S-mat;ix (the "classical

S-matrix") for the scattering process is applied to rigid rotor-atom

collisions (rotational excitation). Comparison with essentially exact
_ quantum results shows that transition probabilities (the square
¥ modulus of anfs—matrix element) between individual quantum states

"a;é givéh reasonably accurately by classiéal dynémics providéd the

interference terms are properly accounted for; a strictly classical -



"approach (neglect of interference) gives poor agreement with the 
'quaﬁtum values. - For avefaged collision propérties,‘howeﬁer;,it
'is found that intefferénce and tunneling effects are rapidly

quenched.” The linéar‘atom-diatom system (vibrational excitation)

v
~and the rigid rofor—atbm éyétem_are both invéstigated with_rggard
- to this qﬁestionr—namely, how much dveraging is nécessgry fo quencﬁ
these quantum éffects. Results indicate that even_Summatiqn;over
é.feﬁ quaﬁtum'states_is.bftén sufficieﬂt f@‘maké a éomplefely.
§lassical treatmént_appropriaté. '
v



I. INTRODUCTION.

Thi§ papefbcontinues investigétidns of ;he f&le played' 
by‘claééicél and quéntuﬁ mechanics in molecqlar colliéion‘
dynamicé; ‘Previous workl hés shown how the exact (i.e.,
numericéi)'solution of the classical equafions of motion
for a_bbmpiei collisipﬁ_(é,g.;_an atom plusvdiatom) éaﬁ bebu
used:tbvéonstrﬁcﬁ,the classical limit of the quantum ﬁechani—
cal S—matfix_(the "classiéal S—ﬁatrix") for the sqattering'

process. The only vestige of quantum mechanics retained’

in the scheme is the quantum principle of superposition—f

_ﬁhat prcbability‘amplitudes associated with indistinguishable

processes ére added, rather than the probabilities themselves.

Application2’3

tQ_the.linear atom-diatom collision
(vibratiohél excitation) has shown that claésical-mechanics;
used in this manner, accurately describes ihdividuai vibra;
tiOnal transifion probabilities, even when tunnéling»and
intérfereﬁce‘effects are:largei ie., these”effecfg are basical-

ly the consequence of quantum superposition, and not the

quantum equation of motion (i.e., the Schrodinger equation).

‘The strictly classical approximation (omission of tunneling

and interference) for the tfansition probabilities appeared -

'to be accurate "on the average", but quite inadequate in

describing transitions between indiyidual quahtum states.

The Eresent work reports results of the:cldssical S—matrix.
aPPrOachJaPPlied.to the collision of'én atom and a rigid
rotor (a diatomic molecule witﬁout.thé vibrétional degfee of

freedom), i.e., rotational excitation. The specific system



choSén'ié that for which Johnson, Sécrést; Lester, and
Bernétein41have'perfdrﬁed an:essentially exact quénﬁum
mechéhicél computétion.of the S—matrix elements; this is
injkéeping wiﬁh the desire to compare exact qﬁanfﬁm'and-
Vek;et'claSSical'mechanics, therevtheﬁ being‘no‘ambiguipy
aboﬁf.the éompariSon.due to aﬁf appfoximatiqns introduced
in eithet;' o V |

éeétiop II summarizes the general‘éxpréssidns_of paper .
I which.pertain to the figid rotdr—éfom collision aﬁd prg—
sents ﬁumefical results (Figure 1 and Table I) for the sﬁriétf
ly'claégical, primitiVe-semiclasSibal; and uniformvéemi—'
cléssiéal'app;oximations to the S-matrix. 'Compérihg wifh
the ekacfiquéntum.values>of.ref; 4, the picutre is esseﬁtiai;y
the same as for the linéar.éfom-diatom system of paﬁer II;7, |
to obtain accpraﬁe_results for individual-s—ﬁatrix élemenfs
it'is.ﬁecéésary,ﬁhat interference between tﬁe several ¢lassiéai 
trajeciofiés’which contfibute to an ihdi?idual fransition be
prOpefiy‘inélﬁded;v'Forvthis'particular éYstem the éhase
diffefences:bétwéen-the interfering trajectéries are so'émall
.that it'is essential that one useé_the uniform semiclassical
expreSSions to‘achieve reasoﬁably_accurate resulfs; i}é.;.
fhis is .a very quahtumelike systém, which of course makes
the claééical S-matrix treatmeﬁt all the more intéresting*-
for one is fairly certain that it will work in highly c1$ésicalf
like situations.

In most actual cases, however; one does not observé'the

resultSfof completely State—selected.experiments;'almost always
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‘the application of classical mechanics to collision problems;

one obtains crésé.éectioﬁs which are a‘éﬁﬁ over a_groﬁp of
final qﬁéntﬁm states aﬁd.én a?eragé o§e; a number of initiai
states (aé well as'aﬁ a&érage QVef initiai relative collision
energ§);' In the rigid rotor-atom system, for example, it is

usually the case that one is interested in cross sections

from an initial rotational state to a final one, summed and

‘averaged over the final and initial M-components of the

molecu;a?-rofation,Vrespectively. Ahy a&eraging 6f'this tyﬁe——
i.e.,kénytﬁing ieSs than a completélj state-selected and
detected observation--will téndvto dimiﬁiéh‘the effect of
interfefehce'and tﬁnneling:”>interférenée tétms will tend ﬁd
avérage,to zero and'tﬁnneling tranéitions willvbe neglible

in comparison‘tb non—tuﬁneling ones.

Sections III.and IV pursue this Question'of how much

aVeraging'is necessary. to obliterate;_of quench, these quantum

effects of interference and tunneling; Séétion IIT considers

the rigid rotor-atom system, and Section IV the linear atom-

diatom. Although one must view any general conclusions at

onlj a very few quantum states to quench completely the inter-
ference features. The principal situation in which the
strictly classical treatment for averaged quantities fails

is the case that all transitions are classically forbidden

(i.e., proceed via tunneling), although. even here there are

special conditions under which it succeeds (see SecL IV).

Since there is currently a great deal of interest in

~

5~

‘this stage with caution, it appears that one need average over . .-

9
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we wéuld like'tb concl#de this Introducﬁioﬁ'with sdﬁe‘remérks
about’our:view.éf the general rélation‘Between c1assica11and
quantuﬁimechanics; Appendix I.pfesents a more élaborafe
dis;uéSiqn of this corfgspondence; includiﬁg-é‘deriVation
of the‘rélétion (stated in paper I) bgtween-unitéfy trans- -
formation.élements in dﬁéhtum’ﬁe@hanicsnand the genefatoré:
of caﬁdnicalvtransformatioﬁs in_élasgical>mechanics;_it ié'
alsé péinfed oﬁtxthat the expresSioﬁs fdrrfhé c1aSsiéal S—
matfik-foliow directiy'from thésg genérai t;éﬁéfdrmétioh
relationé without tﬁe necessityvof‘appéaling to path integrals -
(as,wasvdone in I). | |

The point we would like to make here is that there is
not any.gééic:incénsistéﬁcy_betweeh ?hé deterministic nature .
of élaséiéél méchanics and the priﬁciples of qﬁantﬁm mechahics;
proQidea claésicalvmééhanics iSIUSed_appropriately; in fact,
‘the.Uncertainty Principlé is an integrai part of the way
éléésiéal’mechanics is'employeq; Consider,vfof example, the
classicai.limit of the propagator (time evolution oberatof)'

in a coordinate representation

‘<r2,le-iH(t2__[t,l)-‘/hlr1>;v_‘ g o ._ (1)
the‘square'modulus'of this transformation element is the
probaﬁilify that the particle is at poéitipn fz at time t,

providéd it was at position r; at timentlé—i.e;, with ri fixed,

—iH(tZ_tl)[h|r1>|2; . | (2),

- Prob(ry) = [<r2|e
W_ith,r1 fixed, however, a unique relation bet&éen‘rz and Py

(the momentum at time tl)'is determined by the classical



eQuations‘of motion; i.e., considering r, fixed throughout,

1

specifyingvpl determines r or specifying r  detetmines pl.

27 2

(this is ciassical detérminism). The probability distribuQ

tions in r, and p, are thérefore related by

 ‘?rob(r2).dr2v= ?rgb(pl).dPi; | . o (3)

i.e., the prdbability that r, has a particular‘value in‘the

interval (r2, r2+dr2) is equal to the probability that Pi,

‘has the corresponding particular value in the interval (plg'

pl+dpi)..‘The Uncertainty Principle, however, implies'that,

with r, fixed, p, can have any value--it is random, or in
Rt 1 any

1
other words, its probability distribution is constant: .

Prob(p,) = constant. - .'(4)
1 v

Eqs.(3) and (4), thus, imply that

T <r Ie;iH(tz-ti)/hlf >|2 = constant 92\ -
2 1 |
. , 1

,» (5)

whiéh istfhe normalization derived by fechukasg 'and different-
ly in:I; ' | - |

‘The fact that the classical limit of the quantum mechéni—
cal métrik eiement in Eq.(l) is assdciéfed witﬁ one uniqu’el
ciaSsical-trajecﬁory,-therefore, is in no wéy'cbntradictory
with the basic iaws of quantum meéhanics, buﬁ indeed in-
corporates-them. The_particular classical.trajectory
associated with the mafrix elément in Eé.(l) isvdétermined

by;the~"double endedf boundary conditions r, and r and

l 2’.

this is'anundamental feature of the'cofrespondence between

classical and quantum mechanics; it is intimately related



to the[faéf'thét'the-génetACQr’of”a:canoniéal”trénsfofﬁation
in classical mechanics™" has as independent variables "one
old-variabiejandfoné new variable" (see Appéndfx-I);

C o



II. RIGID ROTOR-ATOM COLLISIONS.

>App11cat1on of the classical‘s matrin scheme to rigid
rotor-atom collis:Lons12 is a spec1al case of ‘the general
‘formulation for the‘atom—diatom COlllSlOH problem presented
in i} The classical ‘Hamiltonian governing the system is
H(L 4,558,000 = @Ree?/rR)ou
_ : : . v (6)

+ B2+ V@R Y)Y,

vwhere R and P are-the.center of mass radial (translational)
»coordinate and'momentun; L 1is the orbital angnlar momentum
of.the-atom relative to thevdiatom;‘j is.the rotational
angular momentum of the diatom, Y is the reduced mass of
transiation, B is_the‘rotational constant of the diatom,
V(R;Y) is the interaction.potential between.the atom and
diatom; andVY is the angle between the center of mass radial

‘vector and the vector pointing along the diatom; in terms of

‘the canonical variables one has13
: : . 22+’2-J2 N o
‘cosyl= -cos g cos qj+ ef3%3~—— sin qgsianj, (7)

where qi and dj are the coordinates conjugate to £ and j, and
J is the (fixed) total angular momentum. Units.with ha= 1
are used throughout so that L, 3, and J are the cla351ca1
.equiralent ofrthe corresponding quantum‘numbers,_l, i, and.
J are ‘actually replaced invKs.(G) and (7) by & + %,»j.+ 3,
~and J + %, for the nsual semiclassical reasons,14 but we

have not 1nd1cated this exp11c1tly for 31mp11c1ty of presenta-

'tion.
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~ For fixedIValues of J and E,fthgfe afe two internal

degree§ éf;freédom,béharactefized ﬁy Candhicél‘§ariables
(%, qg)‘éﬁéi<j,qj); fﬁe domain Qf qzagq'qj is the intefyal
(0,2m), byﬁ Qne can easily see that the shﬁstitﬁtidh

.ﬁz'* qz*”.

vdj > §j+ﬁ‘
leaves'thé'Hamiitdnién“unchadéed; .Thus only half ofjthé éﬂlxv2n_
phase regioﬁ is ihdébéndént,vandﬁoﬁe may-réétfiét.aftention;
~say, to O'i 9, < T and 0 i qjviVQW.v ThiS<symmétry iS-thét of
totalv§$fity;.and the division ofbthé 21 x 2T phase region
into Ewé equivalent parts is the cléésicai énalog to the
faétorization'qf'fhevcguélea—chanﬁel'Séhrbdinger equétibn
into twé'nonfintetactihg blocks that is“possible bécéuse 6f;.
total pafityfépnsefvation in'thevquéntﬁm ﬁecﬁanic#l Vérsion of
'this‘problem.ls‘ If the;dia;Om is ﬁomdnucieaf (which Qenassuﬁe"
it to'be), then thé potential V(R,Y) isva function only of
‘coézy; s6:that the subst?fu;idn q2”+»q2+ﬂ and the substitution
q. —* q3+n separgtely leave‘the.Hémiitoﬁian unghaﬁged; i.e.,

J |
molecular parity and ofbital:parity are separately conserved

,(ﬁot jusf their'sﬁm). The.ZF X ZﬂvphaSe reéions thus divides
into four equivélent blocks, so that one only:héed considér'
vthé.regioh 0 <qyp =< and‘O-i qj < ﬁ;v The_quantﬁm ﬁechaﬁicai '
veféion of this is that the cbupledachannel'Sghrodingér
.eQﬁatidns_factors iﬁto four’non;interacting 510cks,15

6 . : :
Marcus - 'has discussed the selection rules which result

from tbese symmetries, which of course are the same as the
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quantum'ﬁechanical ones;'Afpéndix Ii shq&s how the normaliza-
tion of the classical S—matrix is modified when symmetries

are preéeﬁf. With this modification the classical S-matrix -

is constru;ted.aécording to the general prescription of I;

For fixed values éf'tétél angular momertum J énd tgtal enérgy

E, inifial values for L, j,:ql? and'qj-—denofedvby 215 jl’

qzl, qjl4—déterm§ne-thé claésica} trajectory, for Rl is required
only to be large, and by energy’conservation

By = - VINTE-B321-2,7/R 7. ‘  ‘-'- S ®

With these initial conditions Hamilton's equations

s _3H & 3H | P e
R=955 P =-33 | - (9a)
.; _ﬁ .__aH . . .
AT Fo : (9b)
S oH . oH ’ '
. = 7T o, J = - ) : 9
.qJ . 3J J. aqj ) : | (9¢)

with thé Hami1tonian of Eq.(6), are numeérically integratedl
and final values of £ and j obtained; these final wvalues,
denoted by 22 and j2’ are functions of the initial values:
> £453;) and j,(q,

22( qkl’ ’lejl)o

q, >4 .
B! 1 1

A particular S-matrix elemeﬁt S. 4 a4 (J) is constructed .

| . Jolystydy '
by finding the classical trajectories for which £ and j are
equal‘toithe integers 21 and jl Before collision and the inte- -
gers lzﬁana j2 after collision. This isAaécomplished by'fiXing
. li'and jl at the particular initial integer values and solving
the two transcendental equations (with the functional dependence
of j1 and 21 suppressed)

jz(qzl,qjl) = 34 v , gloa)



12._.

vgé(qzl,qji)'= 22. v,: | f ; ., p ._>p§10p)-
itetatlvely to find the appropriate values for q2 andtqil._
‘The phase’ associated w1th this traJectory is a
¢3222‘;J..121(J-) = % (2,+2,) F/th'.[’Rf’-L-.qzi-hgjj]" (1)
and the'claSSical‘Sfmatfix is
‘-2: . R | RIS
3 22,312 (3) = . D] exp[1¢ zzz’jlgl(?)]" R (12)
where g, I
Dre.(i%)z'&et - aq9“1 ) ,aqji T ’(13) '
o 33, 33, o - ”
Laqzl. \aqjl
\with q2::ano‘qji.evaluated at the root of Eq (10) (Note
the g_factor'rather than 2ﬂ; see Appendlx II) .The ‘summation

in Eq (12) indicates a shm of_terms of thls form over all
roots of Eq (10)——1 e.,_a som'ovef.all ttajectories:for which
j and 2 are (jl,i ) initially aod (j2;£2).finally. For'the
results presented below,there.afe either-two of:fbof such'term85
In cases that j(t) and/or Q(t) become small durlng the -
coursevof-the trajectory, there are numerical problems in
cartyiog out.the numerical integratloo d1rectly'1n actlon—
angle variablesfl7-uThe Physical origio of the ?roblem is

_that the variable g ,'for‘example, is the_amoont of rotation

]

: . ) v - > o S
in the plane perpendicular to the instantaneous j vector;

- if j(t) becomes zero, or small, however,'during the trajectory, :

this’instontaheous plane of rotation is 1114d¢fined,'and the

expreesion'for &j has a corresponding singularity as j > .0.
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For small quantum numbers,'therefore, the initial =
conditions are specified in terms of action~angle variables
as above, but thén transformed to ordihary cartésian coordi-

nates. and the numerical integration carried out in these

variables.l6| At the end of the trajectory bne transforms

back t0'action-éngle vériables so*that the trajectdry functions
i,(a, +a; ) and £,(q, »q,
2 Ql iy ) 2 21 iy

‘the classical S—maﬁrix as discussed above.' ApﬁehdiX'III

) .are obtained and used to.construct

gives some df thé details'of‘theicanonical transfbrmation
befﬁeen‘écfidn—éngle.éﬁd'cartesian variablgs,'
‘Fér theirJqﬁéntum mécHanical,éémﬁutatibn, Johnson, Secfest;
Lestef; and Bernstéiné chose thé pofentialbin‘Eq.(6) tobbé
f V(R;Y).= VO(R) [; + aPZ(cos Y1, _ .. (14)
wﬁefé VO(R) is‘aALennard—Joqes’6—12 pofgn;ial
VR = el /ot - 2ay/m®, as)

“and a is.a conéfant; For the results on Pg- 397 of ref. 4,
-a = Q25; and one may set € ¥'rm = 1{ in unitsvfor which ='l;
then, one.has 4= 500, B = 0.0025, E.¥.l,‘f§r the redﬁced
mass,:rqtational.cdnstant,_and total eﬁefgy; féspectiQély,
and the -total angularfmdmentum J = 6. |

TaBie I gives numericél valges’for ;he”équare modulus

of S—matfix elements for all the classically allowed inelastic ..

-(jl’ll #_j2’22) trangitipns for which jl’jz == 0}254; transitions
“involving j = 6 are not considered since these quantum values
are ndtvlikely to be accurate.'4 The terms "cléésicai"g,.

"semiclassical, and "uniform" in Table I have the same meaning
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aé.in"papet II:-'omission.of all iﬁtérféreﬁcé ferms which:
resuit whéh_tﬁe‘squére.mQQulhé of_Eq;(12)Vis'formed,'in—
ciusion qf'interferenﬁe terms just -as Ehéj’afisevip squafing
Eé. (125; ana'use §f’ﬁniform_semiclaésicél expfessiqns to
ﬁodify.thé'ﬁrimitive.treatment'of thév?hterferehéés;'réépective_
,iy; 'Whéﬁ therevéfe two termsAih thé_élassicai*s-mafrix,.the
unfform;semiclassiéal expressiqn‘iéﬁthe same as in papef'II;
.whgﬁ.foﬁf claésiéai tf#jgctories contribute t¢‘a parti¢u13f3
transifioﬁ, the uniform expreséioﬁ used:is that-deviéed in
Appendix;IV. |

‘;”The ﬁﬁiformﬁéemiciaésical resulté‘in Tablé I are seem
to He:iﬁ good'agfeéméht wifh,the e#acﬁ dﬁénﬁu@}vélueé,'aitﬁouéh
the level of écéﬁracy is noc‘és-high as that_ih'papér iI;” |
Fig. 1 shows the ggmparison ﬁictoriélly;-'This-somewhgt l@wer
degfee-éf:éébﬁracy is presuﬁabiy due go‘the fact that thé
trajeéfofy funétiopé jz(qglqui)'andjzz(qgi;qji) for thié
paftiéui;fléystem are noﬁ simple, hafmdni@?like funttionsuas'
iﬂ.II; But are ﬁore.structured; also fhére is méréiefrdf
vbecause of our inability.tp deal.és accurately'withlfour
~coa1eséent¥terms in the cléSéicalbsfmatrix as with bnly two
:ﬁermsL(seé Appendix IV). 'Tﬁe poteﬁfial parametérs énd'§o1lisi§n
enefgy of this particular'syétémvare, tob; Quite_qpantum—like
(of elsé exact quantum calculafipns would not bé‘feasible).
as evidéncéd Ey the absence of large‘thangeszin tﬁe'rotational
‘ qﬁantum number (only Aj = *£2 ié classicaliy'éllowed). “The
-high1y~quantum-like nature of the systém,-howevgr; is exactly

what makes application of the classical S-matrix approach_so
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interesting--for one is fairly certain‘thaf it Wi11 be
_aécurate.under'classical-like conditions (1arge quantum
numbers,llafge phanges inmqﬁanfﬁm numbérs), and the interest
is tpiség_juét.how far’toward the quantdm direction it is
applicéblé; |

AﬁOthef féatpre.éf the results in»Tgbie I which poiﬁts
out theru;ntuﬁ;like nafgre of the present sﬁsﬁém is that
the “pfimitive" semiqlaséical treatment of the interférence
is'domﬁletgly-inadequéte, énd one must use fhe.uniform”
expressions. The.réiation betwéen.the‘"érimitive”'and
"uniform" treatment of the’intérference'is-essentially the
same,as:that of the Airy function to itsbasymptqtic approxima-
tion; Figure 2 shows this comﬁafison. ‘The argument of the
Airy fﬁnétion which pértains to_treating the interference
between two terms. in thevclassical S-matrix ié X = (%A¢)%,

A being the phase difference df.the_twéAinterfering'terms

(in units of h). From.Figure 2 it is éléarvthat the primitive
- and uniform treatmenté wi11 be rdughly.equiValeﬁt if A9 > 1,
but that-the priﬁitive expressions becaﬁsg inadequate.(quite
rapidly) for A¢ < 1. ‘The fact that the primiti§e and uniform
semiclassical values in Iabie I differ so greatly, therefore,‘
results'because the phasevdifferences between the several
terms in the claésicél”s—matrix’arevémall.

Even for a.relatively quantum-iike syétem such as.this,
thefefére,'the individual transition probabilities are given
reésonébiy accufately'by classical dynamics empléyed in-the
'framewqu of the classical S-matrix; i.e., the major inflpence
of quanfum mechanics is that which fesulté through quanfum

superposition.-
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III. AVERAGED COLLISION PROPERTIES; RIGID ROTOR-ATOM-

For the rigid rotor-atom collision considered in the
previous -section, .one is-mdst_often interested.in,cross sections
which are a sum over final M-components of molecular rotation

. o . .18 - - 19
and an average over initial M-components. . It is well-known ~

that this is equivalent to summing and averaging over final

and_initial values of the orbitallangular momenta

'ifiz;ll s lez jlll(J)l - E | S - a8
In'auy sum overvquantum numbers, such.as iu Eq;(lé),_qné
expects'tﬁet interferencéuterus in the:iudiuiduai rransition
probabilities will tend“toueaneel oueesusther; this is a

"randomthaSe approxrmatiou". If this is the case,

type uf
. then it will suffice to use the strictly classical approx1ma-.
tion for. the ind1vidual transitlon probab111t1es in Eq. (16)-—.
i.e., rhere is no point in maklng the'efforr to 1nc1ude inter-
. ferenee terms if rhey'are goiug to>average to zero.

'iuwthis and.theefollowingbseetiou, We wish touexplore
this pdintrmore.fullyéethe‘extentrto which one can use a
cbmpletely elassica1 treatment fer averaged'quantities;ior,
in otﬂer words, how much averaging is necessary to‘quench
the quantum.effects of runneling and interference..

‘Before diseussing‘the rigid rotor—atom‘system’with'regaru 
. to this question, considerefirst the much simpler quautity,
the probability distribution for a Single particle'in a
harmonic potential; the probabllity of flnding the partlclev
in the internal (x, x+dx) is the square modulus of the wave

function



17
| L ' 2 . . g ¢
O - an

~and the strictly'classical approximation for this is propor-

tional to the inverse velocity

R . ’ 2 1 o -
- p CL _ 1 [(a+dHa - x7177 » | ey
wherei » o = 2% /mw | : | " a

The claséiéal prdbability distribution ianqw(lS) has siﬁgu%
1aritiéélat the élassicaI.turningvpoints, a éhenoﬁenon charaé—
teristic_dﬁ all,classical pfqﬁébiliciés (which ére‘reciprocal
Jacobiags); A more satisfactory»clasgicalﬁlike‘apﬁroximation

is obtained by -averaging the quantity in Eq.(18)'over n,.

_ n+3 ;
nCL“‘) = / dn PnCL(x), | - (‘19)_”

n-z

P

and with Eq.(18) this gives

' ﬁnCL(*)v%‘% ‘-g'—‘[\/a(n+1)—xY - /an-xé]. ' (ZQ)

Sinée tﬁé singuiarity in Eq.(18) is integrabie, thérefore,

.thié avégéging process remévesrthe'singQIarity, Figure 3
showsvfhe‘fypical behavior‘of Eq.(17) and Eq.(20); not onlyv
are‘thé'singularities inithe claésical probability removed,
but thévgéneral charactef'éf ?CL is quite Si@ilar to the trﬁév
quaﬁtuﬁ pfobability,-lacking ohly the interferenceistructure.
It seems clear, therefbfé,.thaﬁ within a strictly?classicai
treatment’one obtains more reasonablé reéults by avefaging

. the éxact classical probability somewhat, an& usidg it in

préference to the exact classical probability itself.
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Now consider the analogous modification of the strictly
classical expression'for a transition probability. The exact

classical value is a reciﬁrocal Jacobian

<8n2> | -_l,
aql n,

where (n,q) are the action-angle variables for the internal -

P N P13
,n2, .

(21)

being a function of 93 and n, in the

‘degrees of freedom, n 1

2

usual sense. (For clarity’multi,$imens10nal-notation is not
explicitly used, but it should be clear how the expressions

would Be"Written.) Averaging this over u

2
nzf% |
P = ./' dn, e, - (22)
n,,ng _1 2 n,,n, " R o
With.nl‘fixed, the variable of integration cén be changed
from n2,t6 9,5 SO that one obtaiﬁs
L= R £ . . SR | i :
P, p = 2nf dq, = Aq1/2ﬂ, | , o (23)

2’,1__"
wherequl:is the intérva1 of q, for which

‘ P ' ' 1
-5 < Qz(ql,nl) i‘n2+2

. - (24)
‘This a&eraged claséical transition prdbability.invK.(23)_
has'ho_cléssical ihfinitiés, as does the exact classical
a : . :

'quantiﬁy in Eq.(21), and is thérefdrg mﬁch'more satiéfaCtory
when qﬁé'is reétricting attention to a purel§ clés§ica1 treat-
vment;  §

One:ﬁill recognize that the "averééed clasSiCal_trahsitién

probability" in Eqs.(23) and (24) is exactly that which would

be obtained by the traditional Monte Carlo treatment 20 of
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claséical’tfajectories. In this'approach oné’would'choose
(with n,

(0,2m); the number of trajectories for which the final Quantum

fixed) the'initial bhase‘qi randomly in the_interval

number is.ip the interval (ﬁz—%,n2+%), divided by the total»qf
trajéc;éfies,'ié the--nl—>r.12 tfansition probabiliﬁy; this is
just thévMonté1Carld way of évaluatingvAdl/Zﬂ in EQ-(23)5

Thé @ajofvpbint of these‘arguments, then, is:thét if
one is inféfésted only in.avéfaged collisioﬁ quanfities for
which interference and tunnéling a;e probably quenched, then
fhévmost sénsible quantity to calculate isjfhg averaged
'claSSicai tfansition'prébability ofFEqs.(23) and_(24)§ the
_Montg Carlo methodsvarg one way ofvevalqating this quéntity,
a Vef?’éonvenient one for averagiﬁg over many variables
(collisibn energy, initial quantum state, eﬁc.)._vFor some

purposes it might adtually be more efficient to vary the

initial Vériabie ql.systematicéliy‘to map out the»boundaries
of.thé-interval Aql'contributing to‘the final states of
interest. - | |

- The main question remaihihg'is_howvchh éveraging'is
neCessar§ before the averaged classical'transition’probaﬁility
glves accurate averaged collis1on propertles.'.As an example,
. the quantitles

P(3,3,0) = 2 s

@] | (25)
2 J2 2’312 - S .
have been computed. for the r1g1d rotor—atdm system of'Section.
II1. vThese quéntities are "less averaged" than thoéefin Eq.(16)

[for Zl”is notfsummed'over in Eq.(25)], so that anyvunddenched

' quantum effeété»should'appear more- prominently in them. In
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the spirit of "averaged classical transition probabilities"
discussed aboVe;uthefquantities in Eq.(ZS)_were cdmputed in
the followihg manner: withrkl and ji (and J) fixed, qj‘and

qQ:wefé.assigned'initial values

a4y,

n(m/N)

= m(m/N), N
with n,m = 0,...,N~-1, and t:ajeétories (N” of them) camputed;

q
2,

then the ﬁuaﬁtity in'Eq.(ZS) is given by
"3  §(jéfi121) ~ [number of trajeétotigs”for which

- final value df 3 is>in the'intérval (jzfl,j2+l)]?

-

[tdtal‘nqmbéf.of_tréjecfories]}l . B o (26)
:the‘iqtefval‘(jz-l,j2¥l)vis used, rathef.:han (j2~§, jé+%)
beéauSé_of tﬁe selecfiohfrule.Aj'=v0, 2, th4,i.. . |
Table II shows results df_the abQVe‘pfocedﬁre for N = 20,

comparéd ﬁo.the exact qﬁéntum ?alues 6f réf.‘ﬁ;'bn.the basis
soﬁé éélédlatidné.perfdrmedtﬁith &afiéus N vaiueélwe_estimate"
these-résﬁlts'with N = 20 t; be‘ﬁitﬁinvaﬁont:.OZ of the exact
(N > m);ayefaéed cléssicél Vaiues.r Since the number,df‘termé

in thé.quantum mechanical sum in'Eq,(ZS) is bnly (23 +1), it

2
is iﬁaéed:remarkable how'few terms one need sum ’oVef'before
the‘avefaged'qlassicai‘values agfee quite_weli with the
quédtum bneé. The quantity’in Eq. (16), WHiéh alsq involVes
a sum over 21, should be even'more cla;siéal—like.

2Thé basicvconclusion.of‘this section, theréque,‘is that
'although intérfefence terms appear quite prdmineﬁtly in

individual transition probabilities (as seen in Sec. II), a
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‘felaéi?ely émail'amoﬁﬁt'of éveraging.queﬁcﬁes thém;‘except

for complétely state¥SEIECtedland detected obseantioné,fthen,.
fhe'avé;égéd ciassical approach will probably'suffice.zl

As the cémpléxity of the collision partners ihcreaSes; théﬁ
number of_iﬁternal degrees of;freedom increases, the possibility
of'complete state selecﬁion diﬁinisheé, and'thus the validity

of an averaged classical treatment is. even hbre sfrongly."
warrénted. The principal sifuation for which é_completely
claSsical treatmenf of averaged collision properties will
pfobably not.Be sufficient is the.césé that all.transitions'

are classically'forbidden; the nextvSection considers this

point further.
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'IV. AVERAGE ENERGY TRANSFER; LINEAR ATOM-DIATOM.

Thé model systém.here is that for which_Secrest‘and :
Johnsonz-2 ﬁé?e-pérforméd exéct’quahfum mechanical computations:
the_di;toﬁ is a harmdnic[oscillator, and the'intefaqtioh is- |
aﬁ exp§nentia1'fepulsi6n‘betweeﬁ»the atom.ahd'the closest
end of the diatoﬁ. Pafers_II anq}III,haye ﬁrésented éla§sica1
S-matrix type calcﬁlatioﬁs for ﬁhisvsysfemf fhe results'of
whiéh were summarized in the Introduction.

Hére the averaged»quanpity‘of intereSt ié‘thesaVefégefeﬁefgy

transfer'AE,.which-for a harmoﬁicvoscillator is (in units of

hw)
.AE(n1)==§:(n2ﬁnl) Phn. : e - @e2n
n, . 2’71 . : _
Lo ‘
 where Pn- 0 _is the transition pfobability from vibrational
2’71 . I ' , o _ _ -
state,nl_to nz. Within_:he.classical_S—ma;rix framework one has
| | : CCL e o
P = P . + interference, v . (28)
‘n ’11_ n ’n.. ) .
2701 2’71 -1 S
: o cL On,\ S
where: : Pnz.’n = [Zﬁ (36%)'n1.]'" - - . ‘29)

1
If'many‘terms,cbntribute'to the sum in‘Eq.(27),‘then?one méy
replace the sum by an integralvand asSumeAthét the interference

term in Eq.(28) averages to zero; this gives

vAE(nl) = _Z‘D'/an Fn_[ -0y
5 | 9q,
and with a change of_vériablés in the integfalvpne has.

o e S :
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'Eq;(30); whiéh results:frém'the sffictly'claséiéal
approximéfion'for the transition pfobébilitiés, is the phase%
averaged”energy tfénsfer which'has récéntly been épmpufed by
Héiariéh; wilsdn,fandlRapp23; in most:caéesitﬁey foundbéxcéi—
ientvagréementvbetween_thg results of Eq;(BO)'and'the’exabt
quaﬁtum Vaiuéé of réf. 22 ﬁsed in Eq.(275,. ffdm the above
preseﬁtéfibn oﬁe certainly expects'this tdibe tfue.whénvthere
are‘many'claséicaliy allpwed trénsitiohé which éontribute |
to the.sum; ‘The spmewhéﬁ remérkable featﬁre ié'that only one
or ‘two classicélly allowed'tererare hecessary for there to
be éood agreement between.Eqs.(30) and (27).

Tovexplore the situation more fully, we consider for the

remainder of this section that n,

= 0 and that the collision
energy and'ﬁass parameter are such that all transitions ére
‘classically forbidden; this is a sitﬁation in which one would
not necéssarily exéect Eqs.(27) ana (30) to ~agree. Eq.(27) "
becomes , - R | :

AE = P. (27")

1,0°
sincé.éllvhigher transitions have much sméilef transition
probabilifies; i.e., the avérage énergy transfer is the 0 > 1
tfansifionbprobabilityvin this case. |

There are two preécriptidns by which classical’mechaniés

may be used to generate an approximation to the average energy

trahsfer (i.e., ): (1) compute the phase-averaged

_ P1,0 |
energy transfer by Eq.(30); (2) wuse the classical trajectory

functiong to construct the classical S-matrix approximation

to the classically forbidden 0 + 1 transition probability
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(by the methods_in paper III)._VTo simplity fhe Ctharisoﬁ
oflﬁhese tw6.approaches,'supﬁoée the frajéctory“fuﬁction
ny(ay) ts given by | N
‘*nz(ql) = a'+ A‘cos(ql+b), »3 : '   ' :_"(31)
where - | |
Calllal << 10
in'iIIiF'waS séep that tﬁiébis ﬁften a.good appféximation #o
the‘exac£ fuﬁ6ti¢p nz(ql). ihé phaSé—aVeréged‘énefgy transfer
of Eq.(30)-is'thén eaéil&vfoqnd to bé:b
| o AE,; ?i,o‘f ae o  -' - - (32)

- o o . .3
The classical S-matrix approximation ‘to Pl 0 is

| b -1 -2|1m¢| ’ |
P o= 11 : . (3
®10 IZﬂlnqul)J] e _ _ (33)
where Qi:ié 6ne of_ﬁhe-éompiéx'rodts of

BEVICTRIL IS ' - e - 39
and”¢viébthe phase: .

o I £ ' » . o
evaluated at the root of Eq.(34); Eq.(33) can thus bé
‘evaluated, and using the fact that |al,[A] < < 1, one obtains.

e =Lz | o (36)

" The two presériptions, therefore, give completely different

.resdlts:; p:escription 1 giVes‘[Eq.(32)j‘P a, and prescrip-

1,0 ~

tion 2 [Eq}(36)]-P = %Az, and'in-general there is:no-relation

1,0 _
bétween the constants a and A; in fact, the constant .a can be -

negative, as it sometimes is,'so that~prescriptipn 1 méy give

nonesense. .
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‘lTablé’III shows a few e#amples of the:Heidrich; Wilson,
anoiﬁépp teso1ts ohich compére'most poorlf with thc quéhtuov
tésoltéiof Secrcst‘ana Johhson; it is sceo that'Eq.(32) (tﬁe
'_pﬁaoé—é;cfcécdvencrgy.trahsfcr) does indéed give negétivé‘

.values of P in some cases. Also shown is the result of

1,0
the classical S-matrix approach, Eq.(36), which is clearly‘
morevsctisfactory in tﬁese cases.

'Itlis interesting, though perhaps coincidental 'that
'.oreocription 1 (the phasehaveraged energy transfer) agrees
exactly with the quantum mechacical result in the limit of“

- a high'energy, iopulsive collision (which.meansva small‘mass -
parametér for this model) . This.is easy to sﬁoo oy solvingk
the Shulct42wanzig problem24 to.fitst order.in the mass

parameter m; the result is

e =,4m[(E-%2<ﬁ-%>1%5 o
-Thé'rcsult from:Eq.(30) in this case is _
| o Pi;b = 4m(E-1), - : o l:.(38)
iwﬁich agrecs.oith Eq.(37) fot E>>l. .The'coeraged cncrgj
'transfer approach works even for P0 f: 1, thérefore, if thc
collision is‘impulsive; indeed, the cases of poorest agrec—
mént of.Eq;(30)fwith the quaotum values arévthose of low
encrgy and large massiparameter;_ o

vIn‘éummary, one eXpects the étrictly'claséical approxima- -
tion for the average .energy transfer to be accurate”if more
thon_one or too-traositions are classically allowed.s If ‘the
colliSioo is of an impulsive nature ktranslational vclocity

much greater than internal velocities), then. this procedure '
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may.giVe1acéuréte resuits;eVen if-all‘frénSitionsfare highly .
fotbidden classically. ' The principal situationvin which it
is expedtedftO'be poor ‘is thé'adiabatié limit (iﬁtérnal

f§e16ciﬁigs much greater théh.the_collision VélqcitY)._.
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V.  SUMMARY.

ffoﬁ the results of the rigid fotor4atbm probiem
preseﬁfea in.Sectioh.Ii; eneeceﬁcluees (jﬁst.aszin peper I1)
»thet tﬁe &fﬁamics ofiheaVy pefticie cdilisioﬁs is Iargely
claésieal; qeantum.meehenics cqntfibutiﬁg principélly through
superﬁoeition; interfereece effecfs appear‘quite pfominently‘in
the magnitude of indiv1dual transition probabilltles.

If the observed colllslon property 1nvolves the sum.
aed/or averege over several-quantum states, hdwever, the
1nterference terme are rapldly quenched ob'that a strictly'
c13581ca1 approximation to the tran51t10n probability |
(averaged so as to remove infinities in:the Jacobian) gives
’..good agreement with exact quantu@ results; Sectiqns IIT and
v éhoﬁ-éxampleé-of_thié.

Ihffﬁe case of impulsive dynamics if appeafs.that
averaged.classical qeantities may be accurate e&en‘wﬁeﬁ 511
etranSitions are ciassically forbideen; there may be other_
'limiting ceses for which this is also‘tfue.- The_limit'qf
aﬁ adiahaticveOllision is a case in whieh averaged classical

".quantities'are not expected to be accurate.
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Table I. Rigid Rotor-Atom Transition Probabilities.®

Trénsitionb Classical® Semiclassicald' Uniforme 'Quantumf
2,4-0,6 0.161 0.428 0.213. 0.176
2,6-0,6 0.233 0.509 0.108 0.142
2,8-0,6 0.263 0.645 0.263 0.234
2,6-2,4 10.130 0.172 10.116  0.109
4,2-2,4 0.238 0.560 0.211 0.220
4ob=2,4 0.115 0.136 0.071 0.078"
2,8-2,6 0.260 0.266 0.059 0.063
4yb4=2,6 0.105 0.109 0.028 0.019
4,6-2,6 0.102 0.146 0.109 0.087
4,8-2,6 0.080 0.106 0.067 0.107
4,10-2,8 | 0.636 1.20 10.369 0.297
byb=4,2 0.113 0.134 0.070 0.083
b,6-4,4 0.121 0.178 0.140 0.111
4,8-4,6 0.116 0.130 0.056 0.073

a. The quantitieé in the table are S. o (J) 2 for the
rigid rotor- atom system dlscussed in Sectlon II J = 6.

9 = Jl,ll; mlcroscoplc re-

2

b. The'quantumvnumbers are 32,2
Versibili#y fj121'+ j222 = jé 5 Jl 1) is 1dent1cally
trUe‘fof all four mefhodé{ | |

c. Omiséiopvof:all interference terms'which arise in con-
structing the square modulus of Eq.(12).

d. Inciuéidn of interference terms just as they result in
conét:uctinglthe square modulus of EQb(lZ).

e. Inclhéioh of interference terms by the uniforﬁvsemif
.classical e#pressions given in Appendix 1IV.

f. Essentially exact quantum values of Johnson, Setrest,'

Lester, and Bernstein.
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Table II. Averaged Rigid Rotor- Atom Transition Proba-

bilities. a
Claseicaib ' . : guantdmc :
L N 6 0. 2 o 6
0,6 |0.33 0.59 0.08 . 0 |0.32 0.55 0.12 0.01
2,4 10.14  0.41 0.41 0.04 | 0.18 0.43 0.33 0.07
2,6 10.10 0.54 0.34 0.02 | 0.14 0.56 -0.25 0.04
2,8 |0.21° 0.37 0.40 0.02 |0.23 0.38 0.33 0.06
4,2 [0.02 0.26 0.33 0.39 |0.02 0.25 0.38 0.35
4,4 10.01 0.16 0.56 0.27 {0.02 0.10 0.64 0.24
4,6 |0.01 0.16 0.53 0.30./0.02 0.11 0.61 -0.26
4,8 0.01  0.22 0.39 0.39 |0.02 .0.14 0.53 0.30
4,10 l0.02 0.37 0.24 0.38 |0.04 0.32 0.30 0.34

a. The duantities in the table are I S. (J)
for the rigid rotor- atom system dlscussed in Sectlon IT.

b. Column headings are.the values of'Jz;\the entries are
theeaveraged classical transition_prdbabilities computed
by the procedure described in the paragraph followingb
‘Eq. (25).

c.  Column headlngs are the values of 32, the entries result

. from using the quantum values of Johnson, Secrest,

Lester, and Bernstein4 in Eq.(25).

Lo
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'Iable-III.f»Averageh'Energy Transfer_fdr.Linear Atom-
‘ ' Diatom Collisions.

m,a,Ea “i» , - Classic‘aib Z_SemiclaSSicalc _ Qpaﬁtumd
2,0.3,3.0 . 1.39x107% 2.70x107 2 2.21x107 2
1.25,0;2973;2.47275 ~4.14x107% 4.35x107° 1.12x107"
1.25,0.2973,3.47275 . 1.66x107°> 3.78x1073 2.93x107°
0.2,0.114,3.0 - -2.99x107% 1.46x10° 3 7.06x10 "
0.5,0.114,3.8 ~2.51x107° 9.05x10 > 4.30x10 >
0.5,0.114,4.4 5.55x107° 2.84x10" " 2.03x10™

| 4 7.31x107% 6.58x10" "

0.5,0.114,5.0 4.11x10°

a. _Tﬁeéé'ére:the parametef$’of the modei as defined by
Secrest énd Johnson,?zvexcept fhat E is the.total energy
in units of huw (rather than shy).

b. These vaiﬁes are the phase—avéraged energy tranéfer aé

defined by Eq.(30), with n, =0, and éomputed by Heidrich, -
.Wilsdh, and Rapp-.23

c. These values result from the classical S-matrix approxima-

tion to P as given by Eq. (36).

1,0°

d. These values are the exact quantum results for P as

| 1,0
computed by Secrest and Johns’on.22

%)
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Figpfe’Captions

A visual comparison of the exact quantum results (points

connected by the solid line) and uniform semiclassical

results (points connectedvby,fhe'dotted line) which are

N

‘tabulated in Table I. For clarity of the display the

order of transitions along the abscissa was chosen so

:that the quantum values:increase monotonically. -

The solid line is the regular Airy function Ai(-x); the
' 11

for x > 0, an& %ﬁ—%lx]_%exp(;%fxlg)fOr x < 0; the dotted
line is its’"claSSicalv"appfoximatidn: (zﬁ)'%x“é, x > 0.
Thé ﬁariable A on'theﬂupper abscis#a ist¢ = %xg.

Comparison df_the-exact quaﬁtum probability.distributiOn

(the solid lines) with the averaged classical probability

__distribuﬁion_givén by Eq.(20) (the dashed'lines) for a

'sihgle particle in a harmonic potential; the parameter

a =2 (h=m-= wv='l)._-The_a figure is the case n = 0,

-and b.is for n = 2; even for'these'émall quantum numbers

the averaged classical values are_seém'to be in rough
agreement with the quantum distribution (except for

omission of the interference).

: : : . e C . . . . =g - . m
dashed line its asymptotic approximations: 7 Zx 1:s1n(z--!_--23xz)

: ‘.\



Appenéix‘I. 'The Corresgondence between Classical and
Quantum Mechanics. :

 As ﬁifaczs emphaciaes,'quantum meohanics.is a meonanics
of-tfansfoimations, usually unitary transformations. ln con-
strucﬁing;a'semiolaasical theory of'heavy oarticle_dynamios,a
ouf apo:oaoh has been to ietain the QUantum_mechanioal
transformation bfinciples, but to evaluate the'tfansformation
elementafwithin thé_classical limit. Here we would like to
giveimore.details of thia oorreépondence between unitary
f:ansformations of quantum meohanics and oanonicalntiansforma—'
tions of'olassical‘mechanics_than were given in I.
ln_di3cussing unitary‘transformation'elements within
the classical limit, it is.only necessary.to consider the
phase of:the transformation_element,'since it was shown in
I how the magnitude ofvany unifary transformation is determined
from its phaae_alone.
The.etarting point is the -basic transformation relation26
C<qlp> =-(2wih)"elpq/h, | | | | (11)
where P and q are any varlables canonically conjugate to one’
_another; as Dirac shows, uq (Il) is equivalent to the funda-
mental oOmmntation relation
[q, p] = ih,
and is also a statement of the Unoertainty Piinciple. " This
.latter point follows since l<qlp>'2‘is the probability dis-
tribution”in‘q for fixed p (or vice—versa), and the fact that
]<q]p>|2 is constant means that if p is fixed, then q‘can have

any value.(or vice-versa).
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CoﬁSider‘now‘accanonical transfornationll.from.the
variahles (q,p)'to_a new.canonical set (Q;P). Q and ?iare
functions.of.the old variahles q and p,'or.one may consider.
P and.q.to‘be functions-of the‘new-Variahles Q'and P;.or
one nay:éonsider:Qfand p.to“be“functionsxof o and'P ete. - N
i. e.; onefmay‘choosev any two of the four variables q,P,P, Q
to be the independent variables, the remaining two then being
functions»of these two. It is well.knownl; how the canonical
transformation’is carried out in classical mechanics; it is
specified by the generator of the transformation, which is
a funct1on of one old Varlable and one new var1ab1e, such as
Fz(q,P).(q~and P are the independent variables in this casej.

In- quantum mechanics the canonical transformatlon is

specified by the matrix elements of -a complete set of "old

states" with‘a complete set of "new states", suCh as <q|P>; it is’

the relation between the unitary transformat1on <q|P> and
the classical ‘generator. F (q,P) which we seek Worklng within -
the classical limit, let

: <q,p> n eif(q,P)/h | (12)
where f is the function to be determined. Using Eqs.(Il)Iand
(I2) and the transformation laws of quantum mechanics (i.e.,

‘matrix multiplication), One‘has

"'<plP> qu<plq><<1lP> o | o
.'\ffd-qbel[ pa+f(q, P)]/h o . " ST (13)

‘and in the classical limit~(h + 0) the integral can be evaluated

by the method of stationary phase27,vgiving
-<p|P>m»el[pq+f(q P)]/ﬁ o , O ae

l
fi
i ) il

«
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where q is evaluated at the point of stationary phase,_the
solution of

i.e., EQ;(IS) is the stationary.pﬁase feqdirément. Using
Eds.(Il):éﬁd;(IZ).égaiﬁ; one élso has |
o <qle> = far<alp> <plo> |
FO : ’pfdp ei[f_g.q,?)_PQ]/h,:‘ | | . (16)
which.is.aisokfo be evalgated by_étationa:y phaée, yielding
| vv<_qle>v. N ei_[f(q,P)-PQ-].:/h-, | N (17)
where P is evalﬁated at the point of stationéfy phase, the
solutionlpf | - |
s S ay
We now consider thé variables q and P in Eqs.(IS) and (I8)
(theiétationary:phase relatiéns) to be the indeéendent variables;
ifvone assumes tﬁat the valﬁés.of’p and Q in.ﬁheéé equations
are preciSély' those Qaluéé ﬁhich‘are determined ciassically
by the'indépendenf Qariables q- and f, then onevrecdgnizés the
stationary phase rélations; Eqs}(IS) and (I8), to be the
equations of C1aésiCal mechanics thchvdetefminé the classical

generétor7f2(q,P)f—i.e.,_the function f must be F2,‘so that theb

desired relation

<qlp> v etF2(:P/h S a

'isiﬁrOVed; " From -Eqs.(14), (I6),.and*(I9),,otherﬂanalogous

.correspondence relations follow simply -

. <p]P> '\; eiF4(P,P)/fl-

C<qlg> v efF1(a/E
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whgré“theVFl:and F, generators are related .to F2 by

]

=f F4(p;P). Fz(QsP),—_pq
CF (0,0 = Fy(q,P) - 2Q.

:The:ﬂésic thsital“content of the ab6V¢’afgument is ﬁhe v
idéa ianlvéd-in goihg frbm Eq;(I3),‘say;lp§ Eq.(I4):'€§Qqntum
mechaﬁfcéliy-the.trénsfofmatidn.element <p|f>-hﬁs COnﬁribu?_
_tidns frqm é11 po;siblevvalueslafldr(éf;Mafﬂéum“d?er allvpaths"v
‘ala Fey;manzg)i'iﬁ the7¢1aséical iiﬁiﬁ (exbfééééd'ﬁathematically;
By’thé'éfatioﬁary'phasé approkimatioh), wae?ér, 6n1y'ohe'
vélue’dflq”¢6ﬁtfibutes1to the "sum", namely that»value'ﬁhich
is detefmined¢claésicaily by the fixed'vélués of p énd P.

Dypa@icaljfransformation elemehts‘(e.g;% thé S—matrix)
can alSo.be‘expressed wifﬁin the ébo?e fr;mework By.;ea1izing
: thét dynamiéalAtréﬁsformation.;re aiéo banonical’(unitafy).
tfénéformafions;' If H(p,q) is tH§ tiﬁé?independént Hamiltoﬁian-
gerrﬂiﬁg the Sysfem; thén the-unitaf&.;réﬁsformatioﬁ from
.variéb1e§4ql énd.plv(tﬁe Qalués of.q and p at time tl):to‘
‘vafiéﬁles 42 and ﬁz (thé.fQQiﬁes of_q and.p at time tz) is
(inlthe'élassicél_limi;) | |
QiH(tz-tl}/hlqi>'&éiFi(dé,ql)/ﬁ;_.-' (110)

.<q2le

where the_Fllgehératqr is re1ated t:_o'an_-'F.2 in the usual way

| Fl(qz,ql) = FZ(QZ’pl)'— P9y - - »'(Ill)
and here F2,is the solutioh'of the,Hamiltoh-Jacobi equation29
for the Hamiltonian H. -It is a standard result of Hamilfon—
Jacobi'theory, however,‘that this generator is related to the

itime integral of the Lagrangian ' : ?
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t

L 2 .
 Fplageay) - /t de L(e)
‘ . -1
"2 - S - .
=f dt [p(t)q(t) - H(p,q)1. o (112)
o Je : R R | - P
EqéﬁfilO)'aﬁd (I12) were the starting pﬁint in papér‘L
for defiving-éll 6f tﬁe general éxpréésions for the'c1assica1
S—matfix:a'In I fﬁéy-wefé taken frdm_the classical limit of
the Fe&nﬁén path'infegfalzgj here one sees thét:itviskactually
not‘ﬁecéssary'té introduée fﬁe path intégfai:ét:all.» It:is.
ﬁossible tépdefive the éxpréssioﬁs.for the'élassicél S-métri#
from_stahdard clasgical mechénics,bplus the gepefélvtransforma—
tion principleé of quantum mechanics. ‘ |
Finally, in éénsidering the (ql3p1) -+ (qé,bz) transforma-
vtion in time as a special type of éaﬁonical transformétiOn,
one éées cleariy the origin of “doubléd—éndedV boundary éqne
ditions_as_thevones fundamental to the Cofrespondence with
quantumvmechanics--fof the indepen&ent'vériables~of-thé
claSSicai:'generatqr S§ecifyihg the‘transformation»must‘be

"one old variable and one new variable".
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Appendix II. Normalization of the Classical S- Matrlx
: . , when Symmetries Exist..

For'simplicity‘we_consider only one internal degree of
freedom for.the discussion and then state the'final result
for an arbltrary number The degree of freedom (p, q) has m-

fold symmetry if the trajectory function p2(q ) is 1dentical

1n'the m sublntervals (o, zﬂ), (Zﬂ ——),..., (Zﬂ(mml) ZW).
The classieal S-matrix is .
o o op, 1-% .. - -
8, L. Tm Zﬁi.g—zl e?¢» . - (I11).
‘ p2’pl" : _ql . . ' i
2m

where 4, is in the first subinterval,(o;;f);'the factor m
appears since there are m equal terms in the (O,ZHJ‘interval,
and one must sum over them all. ‘One now only needs to'COnsider
IR I T .
the subintervalr(O,E—).
To see that. the ekpression in'Eq.(Iil}ﬂisVindeed normalized
correctly, consider

3 2: ,S
Py

: 2 09p ;1 _ R
pz,pilz ) pé %F , 2, 3 | | a1

Py takes on 1nteger values, but because of the symmetry, ‘the

selectlon rule lpz-pll = m,2m,3m,... pertains. Thus
o "1 '
D D VE;/hpz’
P2 -

so.that'Eq;(IIZ) beComes'.

2 1 .m
el lszspll T da; 27
P2 %o
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For Niintgrnal degrees of fteedom,‘it is not hard to see

that the correct expféssion is

_l‘ 0». ;
-8 = mlmz...m D ? e1¢,
PPy b N

>

wheré miiis“the degrge:of symm¢try\of the ‘ith internal degree .-

of freedom, D being the usual normalization factor

331(52)] =

D = (2mi)  det [——————————-—
aqj(tl)
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AppendixbllI.' Transformation between Action-Angle Variables
: and Carte81an Coordinates. :

These relations ‘are derived from the classical generator
given by Whittaker.13 Initial values of the action -angle
variables are spec1fied as discussed in the paragraph preceeding

”Eq.(8)fof the,text. The angle qj,fwhich is conjugate to the
total angular momentum J, may be set:initially to any .arbitrary

~value. The cartesian variables ; = (x,y,z), ; =:(p ;p ),

A L _ .
= (X,Y,Z), and P = (Px PY’P ) are given in terms of the

action-angle variables by

PN

>
r = rr-
. . o
P = pyr+ (3/0)p
Y A
R = RR
P = 'P_R'R + (L/R)P
where PR_is,the variable P of the text,vand
" sin qJ.cos q, + Alcos q5 sin
R = .-cos qJ.eosqu + Xlsin q; Sih_
sin q£¢l—kl2
. -sin q; cos qj f,AZCOS qJ.sin
r = cos qy cos qj_— Aésin qy sin-
r sin-qj/l-xzz'

v‘;sin'qi sin q, + Alc05'qJ:cos qz\\\

‘cos qj,sih q2 + Alsin q; cos q, \
. . . ) t
/

" cos qzyl;xzzf_ _ ;; ‘;// o
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sin q; sin_qj f_lzcos qy cos 4qy

- cgq.-8in- - A.si _cbé .
coquJ.51n‘qj ,Sin q; | qJ

éds-qul—Azz
where

1 (L%2-32 +32)/283

>
i

R\

, = (3%-2%+3%y/2350

for the rigid rotor case, of'qourse, one has P, = 0 and r = ro,

a fixed value.

Si,nce.:t:he:j nnmeriéal integﬁétiqn is not cérried dut in.
action-angle vériéﬁles, there might‘be some question as to howv
_the phase*in,Eq.(il)'is_calcﬁlated.'}If (p,q)_denote,the set
of ¢a:teéian vafiables and (P;Q) the actioﬁ—anglé variables,

then from the general'transformatioﬁ relations in I, one has

t

t2 s (I111)

1

0(P,,P;) = ¢(d,,a;) = F,(q,P)
where .t : e
~ 9(a,,494) = J{ dt:Pé, S - (IT12)
B At R MU A | o o

and F, 1is the'generator of the (p,q)+4(P,Q) traﬁéformation.

2

(i.e;;.Fz is the solhtion of the Hamilton-JacoBi equation29
"for the unpertUrbéd Hamiltonian).\lFrom-Whittaker'é generator

34type):one can show that

'(which is of the F
Fo(q,P) = PQ, o (1113)
so tha£'Eq.(Iiil).Beéomes
CO(PyaBy) = mPpQy F R0y o - |
+ dt'pq, - (III4)
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tne deeiredfexpreeeion.

. This*ie-éiee a cbnvenient place to diseuss'sohe features
ofethe'teletionlnetween dnr'wbrk and that of Marcus.® Witn
(p,q) and (P;Q)'again deneting'eartesian variables and action-
. angle variebles, respeetively; Marcus uses an expressinn for.
the S- matrix which projects unperturbed components out of-
the total wavefunction> |

v : ‘ e v
S'PZ,PI “_[‘dqz w;‘-z(.qz‘)‘ ‘Pp (qz), ’ o o (1115)'
bwhere wPZ(qz) is the eigenfunctlon of Ho withvelgenvelues P2
.and wP (q ) is the eigenfunction of the total Hamlltonian H :

1
which has evolved from the initial asymptotic state w (ql).
, 1"

In terms of transformation elements one has

P 2 .

2 : o o
' S e C—iH(t,-tq) iF,(qqy,Pq)
< 1 2V41s%1
\ppl(qz) '»/dq,l qzl,e 2 "17q e o

so that Eq (II1I15) gives

; 1[-F,(q,,? >+¢(q .4
j N : ‘ /dqudqle. 2 2 l

+ F (ql,P )1,

and evaluation of the integrals by stationary phase gives

S s Ve \ s
PaeFy

where ¢(P2,P1) is given by Eq.(III1); i.e., the two.approaches

are essentially equivalent.

¥
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- Appendix IV. Uniform Semiclassical Expressions.

The.pafticular rigid rotor-atom system treated in Section
IT iskS§IQQantum—1iké.fhat interferences between the several '
:terms'dontributiﬁg toA£h¢ c1assica1 S-matrix must be treated
.pﬁifofmly.a When thefévare‘tWO’such terms, the expressiohs in
paper II ére app1icab1e:_thus, if

i(¢1+el)

i(¢2+e2)
'S = Pie + Pye .

(IV1)

is the primitive semiclassical result,‘the uniform expression

is : o
' 1(¢,+dp,te ,+e 3/2 1 ' :
s - o PTG g [Pl(AiiB)_+ pz(AiiBﬂ, (1v2)
whegé-‘ ‘ E :
A = Ai(-z) , B = Bi(-2z)
o - 2 |
z = [#]6,-¢, 1%
3 _

= sign(¢,-4,),

and ei,ri 1,2, are the "extra" phases which come from the

square root of the Jacobian. For the general case of N

infernalbdegrées of freedom one has that e, = %(n+—n_);‘where

i
n+(n;) is the number of positive (negative) eigenvéldes ofv"

the NxN Jacobiah:matrix; for two internal degrees of ffeedom,

 therefoi'e,'éi = 0 or ¢ %._'From the asymptotic’relatioh

1

3
o1 v v X 2 2y
122 [A1(-2) * 1Bi(-2)] = 173D

. (1V3)
~one. can eésily see that Eq.(IVZ)-redutes to Eq.(IVl) as z > ®©.

- For the case that there are four terms in the classical

S-matrix,.
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24: P ei(¢i+ei)., | - | (IV4).

i=1 ' : :
the situation is considerably more complicated, and the
_followingbdiscussion.is more the form of a plausibility
argument than a proof. 'Fof‘definiteness, the four tetms
are.numBeredVSOJtnatieli= %; e, = ey ; O,~e4.=*-%; this also
implies that ¢i is the smallest phase, ‘and ¢4 is the largest.

If ‘the four trajectories‘werevcoalescent (i.e., had small

'phase differenceS) in.pairs,:then it is ‘clear thatfone conld
use_eq(IV2) to:tfeatdthe pair-wise coalescence uniformly,
and interference between'the~two pairs in the ordinary way;
onequaid_have, for;e#ample,. |

S =8, ,+5§

1,2 7 %340 (1V3)

where Sl 2 and S3v4 are.each of the forn as in Eq;(IVZ);
this treats the coalescence of terms 1 and 2, and.3 and 4,
uniformly;. Since one must have'lei-ejl‘= % if_terms i and h
coalesce, the only other possible pair-wise coalescence is
that of.l with 3, and_2 with 4; tﬁis would give |

(1V6)

with each.term here of the form as in Eq.(IVZ).

Since uniform asymptotic expressions of the type we seek
are normally obtained by evaluatlon of an integral representa—
tion for the desired quantity (see the. Appendix of paper II),_,
in-the present case of two internal degrees of freedom one
needs'to considet the following type of integral ~ A BN

/dxfdy g(x,y) eif(x,y) o v - »v (iV7)

Although ‘we have not yet .succeeded in developing a generally
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.'vélid ﬁnifbrm apﬁroximétionijr this 2—dimenéioﬁal integfal,
variousviiﬁiting césgs:can be evaluafed uniformly, for exaﬁple;'-
tﬁe.ééée‘tﬁat thé‘phaée of:the‘integramijs separgble:v f(x,y)

= fl(x) + fz(y?. In all such special*cases_the resulting
uniform,éﬁpression-fdr_ﬁhe é;dimensional integral.ié of the

forﬁ of a product of two l-diménsioﬁél uniform expressionsg

The implications of this are that the appfopriate'unifbrm

vexpreésioﬁ cOrrespdnding to Eq.(IV4) should be of the form

o o J(O1rOpthgTe e re tegte ) /h
S X | Py LA zz‘ (Al+iBI)(52+1B2)
. 34  in
+ p2 TT 23 z4 (A3+1B3) (A4—1B

4?

: L - )
+ Py T 25 2z, (A5 lBS)(A6+1B6)

1 1 S i
| 3, @ -4 - I ' -
+v?4 T zy 28 (47_337)(A8 138)'_ S (IV3>;.
' where , 
Al = Ai(-zl), Bi-= Bi(-gl)
A, = Ai(-z,), B, = Bi(—zz), etc.,

gnd'the éi's ate:as yet unéﬁecified. ToAdetgfmiAe them wé‘i
'appeal pé‘Eqé;(IVA), (IVS), and (IV6), to which'Eq.(iVS) must
reduce ip fhelapprqﬁriate iimits. _Wrifiﬁg out all of these
felations; one fiﬁds that'théyVCanball be'satisfiédvsimultaneohs_
1

ly by only one, unique chbicéfof-the z2,°8, namely:

N
I
- N
]

) 2 . . .
s = [3(6,-0017 S av9a

N
[o)}

1]

N

|

- ' 2’ v
. 3 ) B ' .



N
I
N
|

. o
- [3(04-9)1°

S o 2
o BN T

237 % .t’(¢4'¢2){ .
Eqsr(IVS).and (IV9)_gre thus.takeﬁ;ag

Eq.(IV4).
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:(1V9c)‘ '
 L_f;(1v9d),'

the uniform version of

'f:.'
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
" information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.

N



i W

o
- TECHNICAL INFORMATION DIVISION
LAWRENCE RADIATION LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720

“ h’ o ’
e



