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What wer e t he hi st or i c or i gi ns of cl assi cal t est t heor y?

What have been maj or mi l est ones i n i t s devel opment ?

l assi cal t est t heor y i s an ema-

nat i on of t he ear l y 20t h cen-
t ur y . I t was bor n of a f er ment t he
i ngr edi ent s of whi ch i ncl uded t hr ee

r emar kabl e achi evement s of t he

pr evi ous 150 year s : A r ecogni t i on of

t he pr esence of er r or s i n measur e-

ment s, a concept i on of t hat er r or as

a r andomvar i abl e, and a concept i on

of cor r el at i on and how t o i ndex i t .

Then i n 1904 Char l es Spear man

showed us how t o cor r ect a cor r el a-

t i on coef f i ci ent f or at t enuat i on due

t o measur ement er r or and how t o

obt ai n t he i ndex of r el i abi l i t y

needed i n maki ng t he cor r ect i on.

Spear man' s demonst r at i on mar ked

t he begi nni ng, as I see i t , of cl assi cal

t est t heor y . Subsequent l y, t he

f r amewor k of cl assi cal t heor y was

el abor at ed and r ef i ned by Spear -

man, Geor ge Udny Yul e, Tr uman

Lee Kel l ey, and ot her s over t he

quar t er cent ur y or so f ol l owi ng

1904 . Anot her mi l est one was l ai d i n

1937 wi t h t he publ i cat i on of t he

Kuder - Ri char dson f or mul as . Thi s

event was f ol l owed, shor t l y t her e-

af t er , by t he i dea of l ower bounds t o

r el i abi l i t y and t he f r amewor k f or en-

hanced under st andi ng f ound i n t he

wor k of Loui s Gut t man. The cul mi -

nat i on of cl assi cal t est t heor y was

r eal i zed i n t he syst emat i c t r eat ment

i t r ecei ved f r om Mel vi n Novi ck

( 1966 ; Lor d & Novi ck, 1968) .

What f ol l ows i s an at t empt t o add

a l i t t l e f l esh t o t he bar e bones of t he

f or egoi ng out l i ne . Bef or e doi ng so,

however , I shoul d be cl ear about

what I t ake cl assi cal t est t heor y

t o be .

Cl assi cal Theor y Ci r cumscr i bed

Cl assi cal ' t est t heor y i s f ounded on

t he pr oposi t i on t hat measur ement

er r or , a r andoml at ent var i abl e, i s a

component of t he obser ved scor e

r andom var i abl e . The l at t er var i -

abl e i s r eal i zed i n t he measur e-

ment s t hat may be t aken of a

char act er i st i c of t he per sons2 i n

some mor e- or - l ess wel l - def i ned pop-

ul at i on . Add t o t hi s pr oposi t i on ( a) a

r esul t t hat i s t r ue by const r uct i on-

namel y, t hat t he er r or var i abl e has

zer o covar i ance wi t h t hat ot her l a-

t ent component of obser ved mea-

sur ement s, t he t r ue scor e var i abl e

( Lor d & Novi ck, 1968) - and ( b) a

cr uci al assumpt i on t hat t he er r or

component of a measur e i s i ndepen-

dent of t he er r or component s of

ot her measur es, ei t her of t he same

char act er i st i c or of di f f er ent char ac-

t er i st i cs, and one i s abl e t o pr ove t he

basi c t heor ems of cl assi cal t est t he-

or y . Essent i al adj unct s t o t he t heor y

ar e t he anci l l ar y assumpt i ons i n-

voked and exper i ment al pr ocedur es

f ol l owed i n est i mat i ng coef f i ci ent s of

r el i abi l i t y and st andar d er r or s of

measur ement , t wo of cl assi cal t est

t heor y' s basi c r esul t s .

The Zei t gei st

A pr omi nent f eat ur e of t he zei t gei st

at t he t ur n of t he 20t h cent ur y was

t he not i on of er r or s i n sci ent i f i c ob-

ser vat i ons . As ear l y as t he 17t h

cent ur y, appar ent l y, " Gal i l eo had

. . . r easoned t hat er r or s of obser va-

t i on ar e di st r i but ed symmet r i cal l y

and t end t o cl ust er ar ound t hei r

t r ue val ue" ( Read, 1985,

p . 348) . " By t he ei ght eent h cen-

t ur y, " accor di ng t o Chur chi l l Ei sen-

har t ( 1983a) ,

t he pr act i ce of t aki ng t he ar i t h-
met i c mean [ of a set of obser va-
t i ons] " f or t r ut h" had become
f ai r l y wi despr ead . Nonet hel ess,
Thomas Si mpson ( 1710- 1761)
wr ot e t o t he pr esi dent of t he
Royal Soci et y i n Mar ch 1755 t hat
some per sons of consi der abl e not e
mai nt ai ned t hat one si ngl e obser -
vat i on, t aken wi t h due car e, was
as much t o be r el i ed on as t he
mean of a gr eat number . As t hi s
appear ed t o hi mt o be a mat t er of
much i mpor t ance, he sai d t hat he
had a st r ong i ncl i nat i on t o ascer -
t ai n whet her by t he appl i cat i on of
mat hemat i cal pr i nci pl es t he ut i l -
i t y and advant age of t he pr act i ce
mi ght be demonst r at ed . Measur e-
ment s and f unct i ons of measur e-

ment s, such as t hei r ar i t hmet i c

means, ar e not amenabl e t o mat h-
emat i cal t heor y, however , as l ong

as i ndi vi dual measur ement s ar e

r egar ded as uni que ent i t i es, t hat
i s as f i xed number s y, , YZ . . . . A
mat hemat i cal t heor y of measur e-

ment s, and of f unct i ons of mea-
sur ement s, i s possi bl e onl y when

par t i cul ar measur ement s y, , yz,
. . . ar e r egar ded as i nst ances
char act er i st i c of hypot het i cal

measur ement s Y, , Y2 , . . t hat

mi ght have been, or mi ght be,

yi el ded by t he same measur ement

pr ocess under t he same ci r cum-
st ances . Consequent l y, Si mpson
hypot hesi zed t hat t he r espect i ve

chances of t he di f f er ent er r or s t o
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whi ch any si ngl e obser vat i on i s
subj ect coul d be expr essed as a

di scr et e pr obabi l i t y di st r i but i on
of er r or . . . . " ( p . 531)

By t he begi nni ng of t he 19t h cen-

t ur y, ast r onomer s had come t o r ec-

ogni ze er r or s i n obser vat i ons as an

ar ea wor t hy of r esear ch . Car l

Fr i edr i ch Gauss der i ved t he nor mal

di st r i but i on whi l e t r yi ng t o pr ove

t hat t he mean of many obser vat i ons

of an unknown quant i t y, such as a

par amet er of t he or bi t of a pl anet , i s

t he most l i kel y val ue of t hat quan-

t i t y ( Ei senhar t , 1983b ; Read, 1985) . 3

I n ot her wor k- f or exampl e, t hat of

Fr i edr i ch Wi l hel m Besse14 - er r or s

i n ast r onomi cal obser vat i ons wer e

t hought t o be composed of many i n-

dependent , el ement ar y par t s . The

di st r i but i on of t he sum of t hese er -

r or s was shown t o be nor mal under

var i ous assumpt i ons, hence t he r ef -

er ences, commonpl ace i n t he 19t h

cent ur y, t o t he l aw of er r or s i n ob-

ser vat i ons ( Ei senhar t , 1983b; Read,

1985) . Lat er i n t he 19t h cent ur y,

however , as not ed by 0 . B Sheyni n

( 1968) ,

( t he nor mal di st r i but i on, ] as f ar
as t he t heor y of er r or s i s con-
cer ned, had been al most f or got t en
and even t he concept of r andom
er r or s of obser vat i on . . . [ had be-
come] di vor ced f r om t he concept

of r andom quant i t i es i n t he t he-
or y of pr obabi l i t y . . . . A qual i f y-
i ng r emar k shoul d be added : . . .
i n t he second hal f of t he 19t h
cent ur y a def i ni t i on of a r an-
dom quant i t y as " dependent on
chance" and possessi ng a cer t ai n
l aw of di st r i but i on had become

. . nat ur al . . . . As t o r andom
er r or s, t hese wer e usual l y t aken
t o be er r or s wi t h cer t ai n pr oba-
bi l i st i c pr oper t i es, t hei r speci f i c
di st r i but i on . . . bei ng not so
i mpor t ant . . . . I t seems t hat
Vassi l i ev ( 1885, Theor y of Pr oba-

bi l i t i es, i n Russi an, a l i t hogr aphi c
edi t i on, Kazan, p . 133) was t he
f i r st who def i ni t el y hel d t hat r an-
dom er r or s of obser vat i on ar e t o
be r anked among r andomquant i -
t i es . ( pp . 236- 237)

We mi ght expect t he not i on of

cor r el at i on, t hat ot her essent i al f ea-

t ur e of Spear man' s zei t gei st , t o have

emer ged f r om a st udy of t he di st r i -

but i on of j oi nt er r or s . I ndeed, sev-

er al i ndi vi dual s separ at el y der i ved

expr essi ons r esembl i ng t he " or di -

nat es of t he pr obabi l i t y sur f ace of
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nor mal cor r el at i on f or t wo var i -

abl es" ( Wal ker , 1929, p . 93) . These
i ndi vi dual s i ncl uded Rober t Adr ai n,

an I r i shman who emi gr at ed t o t he

U. S. and t aught at Rut ger s, Col um-

bi a Col l ege, and t he Uni ver si t y of

Pennsyl vani a and publ i shed such

an equat i on i n 1808 ; Pi er r e- Si mon,

Mar qui s de LaPl ace publ i shed such

an equat i on i n 1810 ; Gi ovanni Ant o-
ni o Amedeo Pl ana, pr of essor of as-

t r onomy at Tur i n, publ i shed an

equat i on i n 1812 ; Gauss i n 1823 ;

and August e Br avai s, pr of essor of
ast r onomy at Lyons and pr of essor of

physi cs at Par i s, i n 1846 . But none

of t hese schol ar s seems t o have i n-

t er pr et ed t he cr oss- pr oduct t er m i n

t he exponent s of t hei r expr essi ons

as an i ndi cat or of covar i at i on or cor -

r el at i on . Thi s enor mous i dea was

l ef t t o Fr anci s Gal t on . Al t hough he

di d not act ual l y der i ve t he f or mul a

f or t he bi var i at e nor mal di st r i bu-

t i on- i t can be ar gued t hat t hi s was
done by a Cambr i dge mat hemat i -

ci an named J . D. Hami l t on Di ckson,

t o whom Gal t on gave t he r el evant

concept s' - Gal t on di d or i gi nat e t he

basi c i deas we associ at e wi t h t he bi -

var i at e di st r i but i on . The not i on of

t he scat t er pl ot , on whi ch i s di s-

pl ayed t he t wo r egr essi on l i nes, can

be f ound i n Gal t on' s 1885 pr esi den-

t i al addr ess t o t he Ant hr opol ogi cal

Sect i on of t he Br i t i sh Associ at i on,

subsequent l y an ar t i cl e publ i shed i n

1886 i n t he Jour nal of t he Ant hr opo-

l ogi cal I nst i t ut e under t he t i t l e " Re-

gr essi on Towar ds Medi ocr i t y i n

Her edi t ar y St at ur e . 116 The t er mcor -

r el at i on was f i r st used i n a t echni cal

sense 2 year s l at er i n an ar t i cl e en-

t i t l ed " Co- Rel at i ons and Thei r Mea-

sur ement " ( Gal t on, 1888) . Gal t on,

however , used t he symbol r t o r ef er

t o r ever si on or r egr essi on . Cr edi t f or

cal l i ng r t he coef f i ci ent of cor r el at i on

bel ongs t o Fr anci s Y Edgewor t h,

and dat es f r om1892 ( Bor i ng, 1957) . 1

Kar l Pear son cont r i but ed i mpor -

t ant mat hemat i cal wor k i n suppor t

of hi s f r i end Gal t on' s coef f i ci ent . For

exampl e, Pear son ( 1896) pr oved

t hat t he best val ue of r i s t he covar i -

ance di vi ded by t he pr oduct of t he

st andar d devi at i ons .

Def i ni ng Achi evement s i n t he

Hi st or y of Cl assi cal Test Theor y

We f i nd our sel ves at t he ver y begi n-

ni ng of t he 20t h cent ur y, a t i me

when t he i dea of er r or s i n measur e-

ment s had become wi del y accept ed .

Al so, t he coef f i ci ent of cor r el at i on

was wel l est abl i shed as an i mpor -

t ant st at i st i cal concept , al t hough

Pear son' s pr oduct moment expr es-

si on had not yet gai ned accept ance

as t he comput at i onal f or mul a of

choi ce . I n addi t i on, we encount er

ar ound t hi s t i me t he f i r st sci ent i f i c

publ i cat i ons i n whi ch coef f i ci ent s of

cor r el at i on wer e t he pr i nci pal r e-

sul t s of t he r esear ch . For exampl e,

Kar l Pear son, who, l i ke Gal t on, had

an abi di ng i nt er est i n eugeni cs, i n-

vest i gat ed t he cor r el at i on bet ween

char act er i st i cs of pai r s of br ot her s

( Pear son, 1904 ; Pear son & Lee,

1903) . Pear son f ound, t o hi s ast on-

i shment , t hat t he magni t ude of t hi s

cor r el at i on was about 0 . 5, r egar d-

l ess of char act er i st i c, physi cal or

psychi cal . So t hi s was t he t i me, and

t hi s was t he cont ext f or t he f i r st of

t he def i ni ng achi evement s i n t he

hi st or y of cl assi cal t est t heor y- t he

cor r ect i on of a cor r el at i on coef f i ci ent

f or at t enuat i on due t o measur ement

er r or . I n what f ol l ows, I descr i be

t hi s and f our ot her mi l est ones

mar ki ng t he devel opment of cl assi -

cal t est t heor y .

Spear man' s cor r ect i on f or at t enu-

at i on . Spear man was a psychol ogi st .

At t he t ur n of t he 20t h cent ur y, he

was j ust begi nni ng hi s st udy of i n-

t el l i gence . I n t he cour se of t hi s ear l y

wor k, he had di scover ed t hat i nde-

pendent measur ement s of a psychi -

cal char act er i st i c of a per son- f or

exampl e, ment al abi l i t y- var y i n a

r andom- Spear man cal l ed i t an

" acci dent al " ( 1904, p . 89) - f ashi on

f r om one measur ement t r i al t o an-

ot her . I n ot her wor ds, t he coef f i ci ent

of cor r el at i on bet ween such i nde-

pendent measur ement s f or a gr oup

of per sons i s not per f ect . Spear man

t hen had t he i nsi ght t hat t he ab-

sol ut e val ue of t he coef f i ci ent of cor -

r el at i on bet ween t he measur ement s

f or any pai r of var i abl es must be

smal l er when t he measur ement s f or

ei t her or bot h var i abl es ar e i nf l u-

enced by acci dent al var i at i on t han

i t woul d ot her wi se be . El i mi nat i ng

t hi s at t enuat i ng ef f ect of acci dent al

er r or was j ust one of t he mat t er s, al -

bei t i n r et r ospect t he most i mpor -

t ant of t hose mat t er s, addr essed by

Spear man i n hi s 1904 ar t i cl e, ent i -

t l ed " The Pr oof and Measur ement of
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Associ at i on Bet ween Two Thi ngs"

and publ i shed i n t he Amer i can

Jour nal of Psychol ogy .

Spear man' s ar t i cl e anger ed Kar l

Pear son . The r eason was t hat

Spear man had had t he t emer i t y t o

chal l enge Pear son' s concl usi on t hat

t he coef f i ci ent of cor r el at i on be-

t ween pai r s of br ot her s was 0 . 5 f or

psychi c char act er i st i cs, j ust as i t

had been f ound t o be f or physi cal

char act er i st i cs . Usi ng r el i abi l i t y es-

t i mat es f r om hi s own wor k, Spear -

man est i mat ed t he cor r ect ed

cor r el at i on coef f i ci ent f or ment al

abi l i t y t o be 0 . 8 .

Pear son was co- edi t or of a newl y

f ounded j our nal , Bi omet r i ka . He i n-

ser t ed t he f ol l owi ng pet ul ant not e i n

hi s 1904 ar t i cl e i n t hat j our nal on

t he cor r el at i on bet ween sel ect ed

char act er i st i cs of si bl i ng pai r s .

1 0

I har dl y know whet her i t i s need-
f ul t o r ef er her e t o a r ecent ar t i cl e
by Mr . C. Spear man . . . cr i t i ci s-
i ng my r esul t s f or t he si mi l ar i t y
of i nher i t ance i n t he physi cal and
psychi cal char act er s. Wi t hout
wai t i ng t o r ead my paper i n f ul l

he seems t o t hi nk I must have
di sr egar ded " home i nf l uences"
and t he per sonal equat i on of t he
school t eacher s . He pr oceeded t o

" cor r ect " my r esul t s f or t he er r or
of what he cal l s di l at i on on t he
doubl e basi s ( i ) of a f or mul a i n-

vent ed by hi msel f , but gi ven wi t h-
out pr oof , and ( i i ) of hi s own
exper i ence t hat t wo obser ver s' ob-
ser vat i ons or measur ement s of

t he same ser i es of t wo char act er s
wer e such t hat t he cor r el at i on be-
t ween t hei r det er mi nat i ons was
. 58 i n one case and . 22 i n t he
ot her . The f or mul a i nvent ed by
Mr . Spear man f or hi s so- cal l ed
" di l at i on" i s cl ear l y wr ong, f or ap-

pl i ed t o per f ect l y def i ni t e cases, i t
gi ves val ues gr eat er t han uni t y
f or t he cor r el at i on coef f i ci ent . As

t o hi s second basi s, al l I can say i s

t hat i f t he cor r el at i on bet ween
t wo obser ver s of t he same t hi ng
i n Mr . Spear man' s case can be as

l ow as . 22, he must have em-
pl oyed t he most i ncompet ent ob-
ser ver s, or gi ven t hem t he most
i mper f ect i nst r uct i ons, or chosen
a char act er [ mor e] sui t abl e f or
r andom guessi ng t han obser -
vat i on i n t he sci ent i f i c sense .
Mr . Spear man says t hat " i t i s di f f i -
cul t t o avoi d t he concl usi on t hat
t he r emar kabl e coi nci dence an-

nounced bet ween physi cal and

ment al her edi t y can be [ not hi ng]

mor e t han mer e acci dent al coi nci -
dence" ( p. 98) . I t hi nk I may saf el y
l eave hi mt o cal cul at e t he odds f or

or agai nst t hi s most r emar kabl e
" mer e acci dent al coi nci dence" . . . .
Per haps t he best t hi ng at pr esent

woul d be f or Mr . Spear man t o
wr i t e a paper gi vi ng al gebr ai c
pr oof s of al l t he f or mul ae he has

used; and i f he di d not di scover

t hei r er r oneous nat ur e i n t he
pr ocess, he woul d at l east pr ovi de
t angi bl e mat er i al f or def i ni t e cr i t -
i ci sm, whi ch i t i s di f f i cul t t o appl y
t o mer e unpr oven asser t i ons .
( Pear son, 1904, p . 160)

St ung i nt o r espondi ng, Spear man

publ i shed a pr oof of t he cor r ect i on

f or at t enuat i on i n 1907, agai n usi ng

t he Amer i can Jour nal of Psychol -

ogy . Subsequent l y, a pr oof i n a f or m

of t en encount er ed i n pr esent day

t ext books on educat i onal and psy-

chol ogi cal measur ement was gi ven

by Spear man ( 1910) and al so by

Wi l l i am Br own ( 1910) , bot h of

whom ascr i bed i t t o Yul e . Thi s de-

r i vat i on st r essed t hat t he er r or com-

ponent s of al l measur es shoul d be

i ndependent , and hence uncor r e-

l at ed . Spear man' s ear l i er " pr oof "

had not emphasi zed t hi s r est r i ct i on

( Wal ker , 1929) .

Pear son was not t he onl y cr i t i c of

t he cor r ect i on f or at t enuat i on . I n

par t i cul ar , Br own ( 1910) chal l enged

i t on t he gr ounds t hat measur ement

er r or i s not r eal l y r andom( acci den-

t al ) . Br own pr oposed a way of t est -

i ng t he equal i t y of t he covar i ances

S( x 1y l ) and S( x2y2) , wher e x l , x2, yl ,
and y2 ar e obser ved- scor e var i abl es .

Assumi ng x l i s par al l el t o x 2 and yl

i s par al l el t o y2, t hen bot h t hese co-

var i ances, accor di ng t o cl assi cal t he-

or y, shoul d equal S( xy) , wher e x and

y ar e t he t r ue- scor e var i abl es associ -

at ed wi t h { x i , x2} and { y l , y2} , r espec-

t i vel y. Br own ( 1913) r epor t ed

r esul t s based on an appl i cat i on of

t hi s pr oposal , r esul t s he cl ai med di d

show t hat measur ement er r or s ar e

not acci dent al .

Spear man was awar e of Br own' s

cr i t i ci sm, among ot her s, and pr e-

sci ent l y r esponded as f ol l ows i n hi s

Br i t i sh Jour nal of Psychol ogy ar t i -

cl e of 1910 :

1 . Spear man r ei t er at ed hi s posi -

t i on t hat of t he t wo ki nds of

er r or s i n measur ement , " r egu-

l ar " and " acci dent al " ( p . 273) ,

t he cor r ect i on f or mul a appl i es

onl y t o t he l at t er . As r egar ds

Br own' s cont ent i on t hat acci -

dent al er r or s can be cor r el at ed,

Spear man obser ved t hat , i f er -

r or s wer e i ndeed f ound t o be

l i nked ( as mi ght be t he case,

e . g. , i f a per son wer e i l l at t he

t i me of t aki ng bot h t est s x and

y) , t hen t he i nvest i gat or shoul d

empl oy a bet t er exper i ment al

desi gn .

2 . I t had been suggest ed accor d-

i ng t o Spear man ( 1910, p. 272)

t hat i nvest i gat or s shoul d make

measur ement s so " ef f i ci ent "

t hat no cor r ect i on woul d be

needed . Spear man wonder ed

how an i nvest i gat or woul d

know hi s measur ement s wer e

ef f i ci ent enough except by

usi ng t he cor r ect i on f or mul a?

3 . To Pear son' s cr i t i ci sm t hat t he

cor r ect i on coul d pr oduce coef f i -

ci ent s gr eat er t han one, Spear -

man count er ed t hat t hi s mi ght

occur due t o sampl i ng er r or . He

r ecommended ( p . 277) t he coef -

f i ci ent be set t o one whenever

t hi s happened .

The Spear man- Br own f or mul a .

Coef f i ci ent s of r el i abi l i t y ar e needed

i n or der t o appl y t he cor r ect i on f or

at t enuat i on. I n hi s 1904 ar t i cl e,

Spear man had assumed t he avai l -

abi l i t y of t wo i ndependent measur e-
ment s of bot h t he char act er i st i cs f or

whi ch a cor r ect ed cor r el at i on coef f i -

ci ent i s desi r ed . The br eakt hr ough,

appar ent l y achi eved i ndependent l y

by Spear man and Br own, t o a f or -

mul a by whi ch t o cal cul at e a r el i a-
bi l i t y coef f i ci ent f r omt he t wo hal ves

of j ust one composi t e measur e was

publ i shed i n adj acent ar t i cl es i n a

1910 i ssue of The Br i t i sh Jour nal of

Psychol ogy . Br own' s pr oof of t he f or -

mul a i s t he mor e el egant and bear s

t he st amp of Yul e .
Dur i ng t he second and t hi r d

decades of t he 20t h cent ur y, numer -

ous exper i ment s wer e conduct ed t o

t est pr edi ct i ons of t he Spear man-

Br own f or mul a . At hought f ul r evi ew

of publ i cat i ons emanat i ng f r omt hi s

pr eoccupat i on of ear l y psychomet r i -
ci ans can be f ound i n t he not es on
t est t heor y pr epar ed by Loui s Leon

Thur st one ( 1932) .

The i ndex of r el i abi l i t y and ot her

r esul t s . I t i s a wor t hwhi l e exper i -

ence, t hough i n t he l at e 20t h cen-
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t ur y a humbl i ng one, t o r ead t he ar -

t i cl es on t est t heor y t hat wer e pub-

l i shed bet ween 1910 and 1925 by

Spear man, Br own, and Kel l ey,

among ot her s . These document s
cont ai n a gr eat many of t he basi c r e-

sul t s of cl assi cal t est t heor y . Kel l ey' s
1923 t ext , St at i st i cal Met hods, i n-

cl uded a compi l at i on of t hese r esul t s
i n a sect i on on r el i abi l i t y t heor y .

Kel l ey al so st at ed i n t hi s t ext t he

def i ni t i on of r el i abi l i t y t hat he

champi oned t hr oughout hi s l ong ca-
r eer : t he coef f i ci ent of cor r el at i on
bet ween " compar abl e t est s" ( p . 203) .
Kel l ey l ai d down t hr ee condi t i ons
f or t est compar abi l i t y :

( 1) suf f i ci ent f or e- exer ci se shoul d
be pr ovi ded t o est abl i sh an at t i -
t ude or set , t hus l esseni ng t he
l i kel i hood of t he second t est bei ng
di f f er ent f r om t he f i r st , due t o a
new l evel of f ami l i ar i t y wi t h t he
mechani cal f eat ur es, et c . ; ( 2) t he
el ement s of t he f i r st t est shoul d
be as si mi l ar i n di f f i cul t y and
t ype t o t hose i n t he second, pai r
by pai r , as possi bl e ; but ( 3) shoul d
not be so i dent i cal i n wor d or f or m
as t o commonl y l ead t o a memor y
t r ansf er of cor r el at i on bet ween
er r or s . ( p . 203)

Kel l ey was cr i t i cal of Br own

( 1910) f or usi ng t he t er m r el i abi l i t y

coef f i ci ent t o r ef er t o t he cor r el at i on

bet ween scor es on r epeat ed admi n-

i st r at i ons of t he same t est . Br own' s

def i ni t i on f ai l s t o meet t he t hi r d of
Kel l ey' s condi t i ons . ( Kel l ey' s concl u-

si on : " Accor di ngl y t he r epet i t i on of a

t est t o secur e a r el i abi l i t y coef f i ci ent
i s t o be depr ecat ed" Kel l ey, 1923,

p . 203) .
An i mpor t ant r esul t , used by

Spear man i n hi s 1910 pr oof of t he

pr ophecy f or mul a, was t he expr es-

si on f or t he cor r el at i on bet ween t wo
composi t e measur es i n t er ms of t he

var i ances and covar i ances of t he

component s . Fr omt hi s r esul t , Abel -

son ( 1911, p . 314) der i ved t he f or -

mul a f or what came t o be known

sever al year s l at er as t he i ndex of

r el i abi l i t y . ' I t seems t hi s name was

coi ned qui t e by acci dent . Kel l ey i n-

dependent l y der i ved t he f or mul a f or

t he i ndex i n 1916 and t hen i n usi ng

i t wr ot e t hat " t he ext ent t o whi ch

t he gr ade det er mi ned by means of

t hi s t est of f or t y wor ds woul d cor r e-

l at e wi t h t he t r ue spel l i ng abi l i t y of

t he i ndi vi dual i s pr obabl y an even

mor e si gni f i cant i ndex of r el i abi l i t y"

Wi nt er 1997

( p . 74) . Wal ker r epor t ed t hat
" [ w] hen Munr oe publ i shed t he f or -
mul a i n hi s I nt r oduct i on t o t he The-

or y of Educat i onal Measur ement s

( 1923) he . . . [ set t he phr ase i n
capi t al l et t er s] , ascr i bed i t t o Kel l ey,
and est abl i shed I ndex of Rel i abi l i t y

as a def i ni t e t er m" ( 1929, p . 118) .

The Kuder - Ri char dson f or mul as .

Wr i t i ng t he coef f i ci ent of cor r el at i on
bet ween t wo composi t e measur es i n
t er ms of t he var i ances and covar i -

ances of t he measur es' component s

made i t possi bl e t o st udy t he ef f ect s

of t he char act er i st i cs of i t em scor es

on t he char act er i st i cs of t ot al t est

scor es . By 1936, Mar i on Ri char d-

son, i n an ar t i cl e i n t he f i r st vol ume

of Psychomet r i ka, had demon-

st r at ed sever al pr oposi t i ons f or

t est s composed of di scr et e, di chot o-

mousl y scor ed i t ems . I nvoki ng t he

assumpt i on t hat al l t est i t ems have

equal var i ances - Ri char dson not ed

t hat t hi s assumpt i on i s cl ose t o t r ue
f or a wi de r ange of i t em di f f i cul t y
val ues- he showed t hat " t he r ej ec-
t i on of i t ems wi t h l ow i t em- t est cor -

r el at i ons r ai ses t he r el i abi l i t y of a
t est , i f t he number of i t ems i s hel d

const ant " ( p . 72) . Ri char dson al so
showed t hat " f or t est s of homoge-
neous [ i t em] di f f i cul t y and const ant

l engt h, t he t r ue var i ance i s pr opor -

t i onal t o t he aver age i t em i nt er cor -

r el at i on" ( p . 75) .
Gi ven hi s wor k on t he r el at i on-

shi p bet ween i t em and t ot al t est

scor es, i t i s per haps not sur pr i si ng

t o f i nd Ri char dson a co- aut hor , wi t h

Fr eder i c Kuder , of t he bl ockbust er

ar t i cl e of 1937, t he one cont ai ni ng

t he f amous For mul as 20 and 21 . ( I n

a f oot not e t o t he ar t i cl e, Kuder and
Ri char dson r epor t ed t hey had i nde-

pendent l y ar r i ved at t he r esul t s

cont ai ned i n t he ar t i cl e . They ap-

par ent l y di scover ed t hi s f act qui t e

by acci dent , at whi ch t i me t hey de-
ci ded t o publ i sh t he r esul t s j oi nt l y. )

Kuder and Ri char dson began t hei r

ar t i cl e wi t h a cr i t i que of exi st i ng ap-

pr oaches t o t he est i mat i on of r el i a-

bi l i t y . Of t he t est - r et est met hod,

t hey sai d,

[ Usi ng] t he same f or m gi ves, i n
gener al , est i mat es t hat ar e t oo
hi gh because of mat er i al r emem-
ber ed on t he second appl i cat i on of
t he t est . Thi s memor y f act or can-
not be el i mi nat ed by i ncr easi ng
t he l engt h of t i me bet ween t he
t wo appl i cat i ons, because of var i -

Of t he spl i t - hal f appr oach, Kuder
and Ri char dson concl uded t hat " al -
t hough t he aut hor s have made no
act ual count , i t seems saf e t o say
t hat most t echni ci ans use t he spl i t -
hal f met hod of est i mat i ng r el i abi l -
i t y" ( p . 151) . They t hen obser ved

t hat t he number of spl i t s possi bl e

f or an n- i t em t est ( n bei ng an even
n!

number ) i s

	

z , a number so

2L( 2 ) ~! ~
l ar ge f or any t est of r easonabl e
l engt h t hat t he r el i abi l i t y est i mat es
f r om al l possi bl e spl i t - hal ves of t he

t est ar e ver y l i kel y t o var y consi der -

abl y . So t he i ssue f or Kuder and
Ri char dson was t o devi se a pr oce-
dur e by whi ch t he i nf or mat i on i n

t he i t em scor es of a t est coul d be

used t o pr oduce a si ngl e est i mat e of

r el i abi l i t y.
I n der i vi ng For mul as 20 and 21,

Kuder and Ri char dson began by

wr i t i ng t he f ol l owi ng expr essi on-

t hei r Equat i on 3- f or t he cor r el at i on

of a t est composed of n di chot o-
mousl y scor ed i t ems wi t h a hypo-
t het i cal second t est of n such i t ems :

( 3)

wher e 6r i s t he t est var i ance,

pi gi i s t he sumof t he i t em var i -

abl e gr owt h i n t he f unct i on t est ed
wi t hi n t he popul at i on of i ndi vi du-
al s . These di f f i cul t i es ar e so ser i -
ous t hat t he met hod i s r ar el y
used. ( p . 151)

r t t

n n

6i - . pi gi +1 r i i pi gi

n

ances, and I r i i pi gi i s t he sumof t he

i t emt r ue scor e var i ances . The pr ob-
l em Kuder and Ri char dson set f or

t hemsel ves was t hat of est i mat i ng

r i a, t he i t em r el i abi l i t y coef f i ci ent .

They di d so under var i ous assump-

t i ons . Those l eadi ng t o Equat i on 20

wer e t hat t he mat r i x of i nt er i t em
cor r el at i on coef f i ci ent s has Rank 1

and t hat al l i nt er i t em cor r el at i on

coef f i ci ent s ar e equal . Set t i ng r i i
equal t o r i l , t he i nt er i t em cor r el a-

t i on coef f i ci ent , Kuder and Ri char d-

son der i ved t he r esul t :

_ Cr ' -
_
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( n - 1) npq I

whi ch, when subst i t ut ed i n Equa-

t i on 3, and si mpl i f i ed, gi ves

n

	

r 6t - npq
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For mul a 21 was der i ved under t he

addi t i onal assumpt i on of equal i t em

di f f i cul t y i ndi ces .

Kel l ey cr i t i ci zed t he KRf or mul as

i n a 1942 ar t i cl e i n Psychomet r i ka

on t he gr ounds t hat t hey ar e val i d

onl y f or t est s " wi t h uni t y of pur -

pose" - t hat i s, f or t est s composed of

i t ems t hat shar e j ust one f act or i n

common. Rei t er at i ng hi s l ong- st and-

i ng advocacy of t he par al l el - t est

desi gn f or r el i abi l i t y est i mat i on,

Kel l ey went on t o say " we concl ude

t hat a bel i ef t hat t wo or mor e mea-

sur es of a ment al f unct i on exi st i s

pr er equi si t e t o t he concept of r el i a-

bi l i t y, and, f ur t her , not onl y t hat

t hey exi st but t hat t hey ar e avai l -

abl e bef or e a measur e of r el i abi l i t y

i s possi bl e" ( p . 76) . As a f ur t her chal -

l enge t o t he KRf or mul at i on, Kel l ey

demonst r at ed t hat a t est wi t h zer o

i nt er i t em covar i ances coul d pr oduce

a r easonabl e cor r el at i on wi t h a

" si mi l ar " ( p . 81) t est , even t hough i t s

KR2o i ndex woul d be zer o .

I t i s obvi ous, a hal f - cent ur y l at er ,

t hat Kel l ey' s vi ew di d not pr evai l .

The KR f or mul at i ons qui ckl y r e-

cei ved wi despr ead accept ance, abet -

t ed i n par t by t he publ i cat i on of an

ar t i cl e by Paul Dr essel ( 1940) . Dr es-

sel showed t hat , when al l t he i t ems

of a t est i nt er cor r el at e per f ect l y and

al l i t em var i ances ar e equal , KR20
at t ai ns t he val ue of l ; ot her wi se, i t

i s l ess . He f ur t her demonst r at ed

t hat KR20 can t ake val ues l ess t han

0 . Dr essel al so i ncr eased t he appl i c-

abi l i t y of KR20 by der i vi ng a ver si on

f or t est s t o whi ch t he cor r ect i on f or

guessi ng i s appl i ed .

Lower bounds t o r el i abi l i t y . Per -

haps i t was Dr essel ' s demonst r at i on

t hat KR20 can be negat i ve t hat

mar ks t he begi nni ng of wor k on

l ower bounds t o r el i abi l i t y . Al t er na-

t i vel y, a case mi ght be made f or

Phi l i p Rul on' s ( 1939) ar t i cl e i n t he

Har var d Educat i onal Revi ew. Rul on

i nt r oduced t he not i on, not t he name,

of essent i al l y t au- equi val ent t est

hal ves . The hal ves of a t est ar e es-

sent i al l y t au equi val ent i f , f or any

exami nee i n t he t est popul at i on, t he

t r ue scor e on one t est hal f di f f er s

f r omt he t r ue scor e on t he ot her hal f

by a const ant , whi ch i s t he same f or

al l exami nees . Al so, under t he es-

sent i al l y t au- equi val ent assump-

t i on, as di st i nct f r om t he par al l el

t est - hal ves assumpt i on, t he er r or

var i ance f or an exami nee on one

t est hal f i s not necessar i l y equal t o

t he er r or var i ance f or t he exami nee

on t he ot her hal f ( see Lor d &

Novi ck, 1968, p . 50) .

What ever t he wel l spr i ng of wor k

on l ower bounds, Loui s Gut t man

( 1945) publ i shed t he f i r st ar t i cl e, as

f ar as I know, i n whi ch l ower bounds

t o r el i abi l i t y ar e expl i ci t l y der i ved .

But t hi s Psychomet r i ka ar t i cl e i s

i mpor t ant f or a r eason ot her t han

t he l ower bounds i t cont ai ns .

Gut t man al so of f er ed a t heor et i cal

f r amewor k wi t hi n whi ch t o t r eat , i f

not act ual l y t o r econci l e, t he ant ag-

oni st i c vi ews of Br own and Kel l ey

r egar di ng how t he r el i abi l i t y coef f i -

ci ent shoul d be est i mat ed . Gut t man

di d t hi s by f i r st i dent i f yi ng t hr ee

sour ces of var i at i on i n t est r e-

sponses- per sons, i t ems, and t r i al s .

Gut t man def i ned er r or var i ance ex-

cl usi vel y i n t er ms of var i at i on i n r e-

sponses over t he uni ver se of t r i al s .

Thi s def i ni t i on l eads t o a pr oof of

t ot al t est var i ance as t he sum of

t r ue- scor e and er r or var i ance, wi t h-

out t he need t o assume zer o covar i -

ance of t r ue and er r or scor es . ( The

l at t er assumpt i on l i es at t he hear t

of Yul e' s pr oof of t he cor r ect i on f or

at t enuat i on . ) Def i ni ng t he r el i abi l -

i t y coef f i ci ent " as t he compl ement of

t he r at i o of er r or var i ance t o t ot al

[ t est ] var i ance" ( p . 257) , Gut t man

t hen went on t o demonst r at e ( pp .

267- 268) t hat t he r el i abi l i t y coef f i -

ci ent can be est i mat ed as t he cor r e-

l at i on bet ween t he t est scor es f or a

gr oup of exami nees on t wo " exper i -

ment al l y i ndependent " ( p . 264) t r i -

al s of a t est . Gi ven t he r esul t s f r om

onl y one t r i al , however , Gut t man

showed t hat t he best r esul t possi bl e

i s an est i mat e of a l ower bound t o

r el i abi l i t y . Thi s r esul t was shown t o

r est on t he assumpt i on

t hat t he er r or s of obser vat i on ar e
i ndependent bet ween i t ems and
bet ween per sons over t he uni -
ver se of t r i al s . I n t he convent i onal

[ Yul e] appr oach, i ndependence i s

t aken over per sons r at her t han
t r i al s, and t he pr obl em of obser v-

abi l i t y f r om a si ngl e t r i al i s not

expl i ci t l y anal yzed . ( p. 257)

Gut t man der i ved si x l ower

bounds t o r el i abi l i t y, of whi ch t hr ee

ar e not ed her e . One of t hese i s a

gener al i zat i on of KR20 t o t est s com-

posed of i t ems scor ed on any scal e,

di chot omous or ot her wi se . He l a-

bel ed t hi s i ndex r 3 . Subsequent l y, r 3

became bet t er known as coef f i ci ent

al pha ( Cr onbach, 1951) . Two of t he

ot her l ower bounds t o r el i abi l i t y

wer e l abel ed, not sur pr i si ngl y, f 1

and r 2, wi t h t he f or mer t ypi cal l y

smal l er t han al pha, t he l at t er t ypi -

cal l y l ar ger . Resear ch on l ower

bounds t o r el i abi l i t y const i t ut es a

smal l but st i l l act i ve l i ne of psycho-

met r i c r esear ch .

For mal i zat i on

Var i ous at t empt s t o f or mal i ze cl as-

si cal t est t heor y have been made

over t he year s . Al r eady ment i oned

i s t he sect i on on r el i abi l i t y i n Kel -

l ey' s ( 1923) St at i st i cal Met hod .

Anot her ear l y wor k i s t hat by Thur -

st one ( 1932) . The next pr esent at i on

of not e i s Theor y of Ment al Test s by

Har ol d Gul l i ksen ( 1950) . The cul mi -

nat i on of such ef f or t s as t hese was

r eal i zed i n t he wor k of Mel vi n

Novi ck ( 1966) and i n t he ear l y chap-

t er s of St at i st i cal ' t heor i es of Ment al

Test Scor es ( 1968) by Fr eder i c Lor d

and Novi ck .

Concl udi ng Remar ks

Sever al i mpor t ant t opi cs f r om t he

r eal m of cl assi cal t est t heor y have

not been cover ed i n t hi s br i ef r et r o-

spect i ve . Among t hem ar e t he ef -

f ect s of r ange r est r i ct i on on t he

magni t ude of t he r el i abi l i t y coef f i -

ci ent , t he appl i cat i on of anal ysi s of

var i ance t o t he st udy of measur e-

ment er r or and r el i abi l i t y ( t hi s be-

f or e t he advent of gener al i zabi l i t y

t heor y) , and t he model i ng of t est

dat a gener al l y addr essed under t he

t opi c of congener i c model s . Cl ear l y,

t her e i s mor e t o cl assi cal t est t heor y,

and i t s hi st or y, t han t he wor k r e-

vi ewed i n t hi s ar t i cl e .

Lest we l eave t hi s t opi c t hi nki ng

cl assi cal t est t heor y an undul y

i mpor t ant ar ea of r esear ch i n t he

hi st or y of empi r i cal r esear ch i n psy-

chol ogy and educat i on, we wi l l f i nd

i t sal ut ar y t o r ef l ect on t he f ol l owi ng
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r emar ks f r om t he pr ef ace of t he

1932 edi t i on of Thur st one' s not es on

t est t heor y :

Si nce t hi s vol ume i s devot ed t o

t he val i di t y and r el i abi l i t y con-

cept s i n t hei r appl i cat i ons t o men-

t al t est s and r el at ed cor r el at i onal

pr ocedur es, i t i s onl y f ai r t o say

t hat per sonal l y I do not bel i eve

t hat t hese cor r el at i onal met hods

and par t i cul ar l y t he r el i abi l i t y

f or mul ae have been r esponsi bl e

f or much t hat can be cal l ed f un-

dament al , i mpor t ant or si gni f i -

cant i n psychol ogy. On t he

cont r ar y, t he cor r el at i onal met h-

ods have pr obabl y st i f l ed sci en-

t i f i c i magi nat i on as of t en as t hey

have been of ser vi ce . As t ool s i n

t hei r pr oper pl ace t hey ar e usef ul

but as t he cent r al t heme of men-

t al measur ement t hey ar e r at her

st er i l e .

Not es

Thi s ar t i cl e i s a r evi sed ver si on of a

paper pr esent ed at t he 1996 Annual

Meet i ng of t he Nat i onal Counci l on

Measur ement i n Educat i on ( Sessi on

B1) , New Yor k .

' Somet hi ng cl assi cal , accor di ng t o

Webst er ' s New Col l egi at e Di ct i onar y, i s

accept ed as st andar d and aut hor i t at i ve,

as di st i ngui shed f r om novel or exper i -

ment al : vi z . cl assi cal physi cs .
a Cl assi cal t est t heor y appl i es t o t he

measur ement s of a char act er i st i c of t he

member s of any col l ect i on of obj ect s

what soever . I n par t i cul ar , i t i s not r e-

st r i ct ed, as t he wor di ng her e mi ght

i mpl y, t o measur ement s of human char -

act er i st i cs .
s Al t hough t he nor mal di st r i but i on i s

commonl y r ef er r ed t o as t he Gaussi an

di st r i but i on, pr i or i t y i n i t s f or mul at i on

r i ght f ul l y bel ongs t o Abr aham de

Moi vr e, who obt ai ned i t i n 1733 ( Read,

1985) .

4 I n t he 18t h and ear l y 19t h cent ur i es,

ast r onomer s wer e r equi r ed t o make di f -

f i cul t j udgment s, based on a combi na-

t i on of audi t or y and vi sual cues, i n or der

t o t i me st el l ar t r ansi t s . A wel l - known

st or y f r om t he hi st or y of sci ence ( Bor -

i ng, 1957) i s t he f i r i ng i n 1796 of

Ki nnebr ook, an assi st ant t o Maskel yne,

t he Ast r onomer Royal of Engl and .

Ki nnebr ook was r el i eved of hi s j ob f or

gi vi ng i naccur at e r eadi ngs of st el l ar

t r ansi t s . Al t hough he had pr ovi ded

r eadi ngs i n agr eement wi t h Maske-

l yne' s 18 mont hs pr i or t o hi s di smi ssal ,

t he hapl ess Ki nnebr ook by August 1795

had begun t o gi ve t i mes t hat di f f er ed

f r om Maskel yne' s by one- hal f second.

Subsequent l y, Ki nnebr ook' s r eadi ngs

gr ew even mor e di scr epant , so by t he

Wi nt er 1997

t i me of hi s f i r i ng t hey wer e al most a sec-

ond l at er t han Maskel yne' s . Thi s mat t er

mi ght not have at t r act ed much i nt er est

had not Maskel yne r ecor ded i t i n Ast r o-

nomi cal Obser vat i ons at Gr eenwi ch

( 1799) . Sevent een year s l at er , i n a

hi st or y of Gr eenwi ch Obser vat or y pub-

l i shed i n Ger man, Ki nnebr ook' s t r i bul a-

t i on came t o t he at t ent i on of Bessel , an

ast r onomer at Koni gsber g . Bessel con-

duct ed a ser i es of st udi es cul mi nat i ng i n

t he not i on of t he per sonal equat i on-

t he name gi ven t he syst emat i c di f f er -

ence i n r ecor di ng t i mes f ound t o

char act er i ze t he st el l ar t r ansi t s of al -

most any pai r of ast r onomer s . Fr omt he

per spect i ve of r el i abi l i t y t heor y, t he per -

sonal equat i on i t sel f was not a hi ghl y

si gni f i cant di scover y, f or i t r ef er s t o sys-

t emat i c er r or , not t he r andom er r or

t r eat ed by r el i abi l i t y t heor y . What i n-

t er est s us, i nst ead, i s Bessel ' s f i ndi ng

t hat t he per sonal equat i on i t sel f i s a

var i abl e quant i t y, one t hat di f f er s f r om

one pai r of ast r onomer s t o anot her . Thi s

var i at i on suggest s r andomor acci dent al

er r or s i n obser vat i ons, er r or s t hat , i f

nei t her cont r ol l abl e nor amenabl e t o

el i mi nat i on, at t he l east demand an ex-

pl anat i on gr ounded i n a t heor y or a sci -

ent i f i c l aw.

Kar l Pear son ( 1930) not ed t hat

Di ckson di d not act ual l y wr i t e down t he

equat i on f or t he bi var i at e nor mal di st r i -

but i on but st opped one st ep shor t of

doi ng so .

Accor di ng t o Wal ker ( 1929, pp .

98- 101) , H. P Bowdi t ch publ i shed a

t wo- way t abl e of hei ght and age f or

24, 000 Bost on school boys i n 1877 i n a

manuscr i pt ent i t l ed Gr owt h of Chi l -

dr en . Al t hough he descr i bed one of t he

r egr essi on l i nes of a bi var i at e di st r i bu-

t i on i n hi s wor k, Bowdi t ch nei t her pr o-

duced bot h l i nes nor concei ved of a

measur e of t he r el at i onshi p bet ween t he

var i abl es.

Anot her of Gal t on' s i deas was t hat

t he ( nor mal ) l aw of er r or s i n obser va-

t i ons mi ght descr i be t he f r equency di s-

t r i but i ons of measur ement s of such

human char act er i st i cs as ment al abi l i t y .

Thi s i dea was accept ed r eadi l y enough

by John Venn ( 1888) , who wr ot e as f ol -

l ows : " That our ment al qual i t i es, i f t hey

coul d be submi t t ed t o accur at e mea-

sur ement , woul d be f ound t o f ol l ow t he

usual Law of Er r or may be assumed

wi t hout much hesi t at i on" ( p. 49) . Venn

expr essed skept i ci sm, however , over t he

i dea t hat a nor mal di st r i but i on of men-

t al measur ement s i s yet anot her mani -

f est at i on of t he l aw of er r or :

When we per f or m an oper at i on our -

sel ves wi t h a cl ear consci ousness of

what we ar e ai mi ng at , we may qui t e

cor r ect l y speak of ever y devi at i on

f r omt hi s as bei ng an er r or ; but when

Nat ur e pr esent s us wi t h a gr oup of

obj ect s of ever y ki nd, i t i s usi ng a

r at her bol d met aphor t o speak i n t hi s

case al so of a l aw of er r or , as i f she

had been ai mi ng at somet hi ng al l t he

t i me, and had l i ke t he r est of us

mi ssed her mar k mor e or l ess i n ever y

i nst ance . ( p. 42)

a Wal ker ( 1929, p . 117) suggest ed t he

der i vat i on of t he f or mul a may have

been gi ven t o Abel son by Spear man .

Abel son' s ar t i cl e i s, however , uncl ear on

t hi s poi nt . The ar t i cl e cont ai ns t wo

appendi ces . The f i r st i s descr i bed as

havi ng been " ki ndl y suppl i ed by Pr of .

Spear man" ( p . 312) . But t he second ap-

pendi x, whi ch cont ai ns t he i ndex of

r el i abi l i t y, bear s no at t r i but i on t o

Spear man.
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