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CLASSICAL TRANSCENDENTAL SOLUTIONS OF THE PAINLEVÉ
EQUATIONS AND THEIR DEGENERATION
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Abstract. We present a determinant expression for a family of classical transcendental
solutions of the Painlevé V and the Painlevé VI equation. Degeneration of these solutions
along the process of coalescence for the Painlevé equations is discussed.

1. Introduction. As is well-known, the Painlevé equations (except for PI) admit two
classes of classical solutions. One is classical transcendental solutions expressible in terms
of special functions of hypergeometric type. Another one is algebraic or rational solutions.
It is also known that the Painlevé equations admit an action of the affine Weyl groups as
groups of the Bäcklund transformations. It is remarkable that classical solutions are located
on special places from a viewpoint of symmetry in the parameter spaces. A rough picture is
that classical transcendental solutions exist on the reflection hyperplanes of the affine Weyl
group and algebraic (or rational) solutions do on the fixed points with respect to the Bäcklund
transformations corresponding to automorphisms of the Dynkin diagram.

In this paper, we concentrate our attention on the classical transcendental solutions.
One of the important features of these solutions is that they can be expressed in terms of 2-
directional Wronskians or Casorati determinants whose entries are given by the corresponding
special functions of hypergeometric type. This arises as a consequence that the Toda equation
describes Bäcklund (or Schlesinger) transformations of the Painlevé equations [11, 12, 13,
14]. Indeed, such determinant expressions for PII , PIII and PIV have been presented in [13, 14,
5, 7].

The aim of this paper is to present a determinant expression for a family of classical
transcendental solutions of the Painlevé V equation
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which is equivalent to the Hamiltonian system

SV : q ′ = ∂H

∂p
, p′ = −∂H

∂q
, ′ = t

d

dt
,(1.2)

with the Hamiltonian

H = q(q − 1)2p2 − [
κ0(q − 1)2 + θq(q − 1) + tq

]
p + κ(q − 1) ,

κ = 1

4
(κ0 + θ)2 − 1

4
κ2∞ ,

(1.3)

and the Painlevé VI equation
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which is equivalent to the Hamiltonian system

SVI : q ′ = ∂H

∂p
, p′ = −∂H

∂q
, ′ = t (t − 1)

d

dt
,(1.5)

with the Hamiltonian

H = q(q − 1)(q − t)p2

−[κ0(q − 1)(q − t) + κ1q(q − t) + (θ − 1)q(q − 1)]p + κ(q − t) ,

κ = 1

4
(κ0 + κ1 + θ − 1)2 − 1

4
κ2∞ ,

(1.6)

respectively.
Let us explain how one can construct a family of classical transcendental solutions of the

Painlevé equations. As an example, we take PII :

d2q

dt2 = 2q3 − 2tq + 2

(
α + 1

2

)
,(1.7)

which is equivalent to the Hamiltonian system

SII : q ′ = ∂H

∂p
, p′ = −∂H

∂q
, ′ = d

dt
,(1.8)

with the Hamiltonian

H = −p2 − (q2 − t)p + αq .(1.9)

If α = 0, the right-hand side of the second equation of (1.8) is divisible byp, which means
that SII admits the specialization ofp = 0 if α = 0. The first equation of (1.8) yields the
Riccati equationq ′ = −q2 + t . Settingq = (logϕ)′, we get a linear equationϕ′′ = tϕ,
which coincides with Airy’s differential equation. Thus we find that PII admits, whenα = 0,
a particlar solution expressed by a rational function of the Airy function and its derivative.
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We now introduce theτ -function via the Hamiltonian (1.9) asH(α) = (logτ (α))′. Then
it is known that a sequence ofτ -functionsτn = τ (α + n) (n ∈ Z) satisfies the Toda equation

τn+1τn−1 = τ ′′
n τn − (τ ′

n)
2 ,(1.10)

which corresponds to the Bäcklund transformation

α �→ α − 1 , q �→ −q − 2α

q ′ + q2 − t
.(1.11)

Iteration of the Bäcklund transformation to theabove Riccati solution yields a family of clas-
sical transcendental solutions. What we have to do is reduced to solving the Toda equation
(1.10) with the initial conditions

τ−1 = 0 , τ0 = 1 , τ1 = ϕ .(1.12)

By using Darboux’s formula, we have the following [13].

PROPOSITION 1.1 (Okamoto). Define the functions τn (n ∈ Z≥0) by

τn =
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...

. . .
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d
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where ϕ is the general solution of Airy’s differential equation ϕ′′ = tϕ. Then,

q = d

dt
log

τn+1

τn

, p = τn+1τn−1

τ2
n

,(1.14)

α = n ,(1.15)

give rise to a family of classical transcendental solutions of SII .

By similar procedures, it is possible to obtain a determinant expression for a family of
classical transcendental solutions to PV and PVI , which are presented in Sections 2 and 3, re-
spectively. As is well known, PVI degenerates to PV, . . . , PI by successive limiting procedures
[15, 3]. In Section 4, we discuss the degeneration of the family of classical transcendental so-
lutions.

The author would like to thank Professors Y. Haraoka, K. Kajiwara and M. Noumi for
their helpful comments.

2. Classical transcendental solutions of the Painlevé V equation. Noumi and Ya-
mada have introduced the symmetric form of the Painlevé equations [6, 7, 8, 9, 10]. This
formulation provides us with a clear description of symmetry structures of Bäcklund transfor-
mations and a systematic tool of constructing special solutions.

First, we summarize the symmetric form of the Painlevé V equation [6, 8, 9]. Introducing
τ -functions via Hamiltonians, we derive a bilinear equation of Toda type. As mentioned in the
example of PII , one can construct a Riccati solution by restricting the system to a reflection
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hyperplane of the affine Weyl group. In order to get a family of classical transcendental solu-
tions, we have to solve the bilinear equation of Toda type under the similar initial conditions
to (1.12). By using Darboux’s formula, we obtain the determinant expression for the family
of classical transcendental solutions.

2.1. The symmetric form of the Painlevé V equation. The symmetric form of PV is
given by

f ′
0 = f0f2(f1 − f3) +

(
1

2
− α2

)
f0 + α0f2 ,

f ′
1 = f1f3(f2 − f0) +

(
1

2
− α3

)
f1 + α1f3 ,

f ′
2 = f2f0(f3 − f1) +

(
1

2
− α0

)
f2 + α2f0 ,

f ′
3 = f3f1(f0 − f2) +

(
1

2
− α1

)
f3 + α3f1 ,

′ = t
d

dt
,(2.1)

with normalization conditionsα0 + α1 + α2 + α3 = 1 andf0 + f2 = f1 + f3 = √
t . The

correspondences to the canonical variables and to parameters of SV are given by

q = −f3

f1
, p = 1√

t
f1(f0f1 + α0) ,(2.2)

and

κ∞ = α1 , κ0 = α3 , θ = α2 − α0 − 1 ,(2.3)

respectively. The Bäcklund transformations of PV are described as follows:

si (αi) = −αi , si (αj ) = αj + αi (j = i ± 1) , si (αj ) = αj (j �= i, i ± 1) ,

si (fi) = fi , si (fj ) = fj ± αi

fi

(j = i ± 1) , si (fj ) = fj (j �= i, i ± 1) ,

π(αj ) = αj+1 , π(fj ) = fj+1 ,

(2.4)

where the subscriptsi = 0, 1, 2, 3 are understood as elements ofZ/4Z. The Hamiltonianshi

of the system (2.1) are given by

h0 = f0f1f2f3 + α1 + 2α2 − α3

4
f0f1 + α1 + 2α2 + 3α3

4
f1f2

− 3α1 + 2α2 + α3

4
f2f3 + α1 − 2α2 − α3

4
f3f0 + (α1 + α3)

2

4
,

(2.5)

andhi = πi(h0). Then we have

si (hj ) = hj (i �= j) , si (hi) = hi + √
t

αi

fi

, π(hi) = hi+1 .(2.6)
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Introducingτ -functionsτi ashi = (logτi)
′, we find that the Bäcklund transformations for

τ -functions are described as

si (τj ) = τj (i �= j) , si (τi) = fi
τi−1τi+1

τi

, π(τi) = τi+1 .(2.7)

The canonical variables of SV are recovered fromτ -functions by

q = −τ3s3(τ3)

τ1s1(τ1)
, p = 1√

t

τ1s1(τ1)s0s1(τ1)

τ2
2τ3

.(2.8)

Let us define the translation operatorsTi (i = 0, 1, 2, 3) by T1 = πs3s2s1 andπTi =
Ti+1π , which commute with each other and act on parametersαi by

Ti(αi−1) = αi−1 + 1 , Ti(αi) = αi − 1 , Ti(αj ) = αj (j �= i − 1, i) .(2.9)

Noting thatT1T2T3T0 = 1, we setτk,l,m = T k
1 T l

2T m
3 (τ0) (k, l,m ∈ Z). Then, from (2.7) and

(2.8), we have
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1 T l

2T m
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1 T l

2T m
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,

T k
1 T l

2T m
3 (f2) = τk+1,l+1,mτk+1,l,m+1
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, T k

1 T l
2T m

3 (f3) = τk+1,l+1,m+1τk,l,m−1

τk+1,l+1,mτk,l,m

,

(2.10)

and

T k
1 T l

2T m
3 (q) = −τk+1,l+1,m+1τk,l,m−1

τk+1,l,mτk,l+1,m

,

T k
1 T l

2T m
3 (p) = 1√

t

τk+1,l,mτk,l+1,mτk+2,l+2,m+1

τ2
k+1,l+1,mτk+1,l+1,m+1

,

(2.11)

respectively. It is possible to derive a bilinear equation of Toda type with respect to each
translation operator. For theT1-direction, we have

τk+1,l,mτk−1,l,m

= 1√
t

[
(logτk,l,m)′′ + 3α1 + 2α2 + α3 − 3k + l + m

4
t

]
τk,l,m · τk,l,m .

(2.12)

2.2. A Riccati solution. Ifα0 = 0, the right-hand side of the first equation of (2.1)
is divisible byf0, which means that the system (2.1) admits the specialization off0 = 0 if
α0 = 0. Then, settingf1 = √

tf , we see thatf satisfies a Riccati equationf ′ = tf (1− f ) −
(α1 + α3)f + α1. By a dependent variable transformationf = (d/dt) logϕ, we have forϕ
the linear equation [

t
d2

dt2
+ (α1 + α3 − t)

d

dt
− α1

]
ϕ = 0 ,(2.13)
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which is nothing but the confluent hypergeometric differential equation. We setα1 = a and
α3 = c − a. The general solution of (2.13) is expressed as

ϕ = c1
Γ (a)Γ (c − a)

Γ (c)
F (a, c; t)

+ c2
1

sinπ(c − a)Γ (2 − c)
t1−cF (a − c + 1, 2 − c; t) ,

(2.14)

whereF(a, c; t) denotes Kummer’s confluent hypergeometric function, andci (i = 1, 2) are
arbitrary complex constants. For simplicity, we denote

fi,j = F(a + i, c + j; t) ,

gi,j = t1−c−jF (a − c + 1 + i − j, 2 − c − j; t) (i, j ∈ Z) .
(2.15)

By making use of the contiguity relations of Kummer’s function, we obtain the following.

PROPOSITION 2.1. Define the functions ϕi,j by

ϕi,j = c1
Γ (a + i)Γ (c − a − i + j)

Γ (c + j)
fi,j

+ c2
1

sinπ(c − a − i + j)Γ (2 − c − j)
gi,j .

(2.16)

Then,

(f0, f1, f2, f3) =
(

0,
√

t
ϕ1,1

ϕ0,0
,
√

t ,
√

t
ϕ0,1

ϕ0,0

)
,

(α0, α1, α2, α3) = (0, a, 1 − c, c − a) ,

(2.17)

and

q = −ϕ0,1

ϕ1,1
, p = 0 , κ∞ = a , κ0 = c − a , θ = −c ,(2.18)

give a Riccati solution of the symmetric form of PV and the Hamiltonian system SV, respec-
tively.

2.3. A Determinant formula for a family of classical transcendental solutions. First,
we calculate the Hamiltonians andτ -functions for the Riccati solution in Proposition 2.1.
Under the specialization (2.17), the Hamiltonians andτ -functions are calculated as

h0 = ϕ′
0,0

ϕ0,0
− 2a − c + 2

4
t + c2

4
, h1 = −2a − c − 1

4
t + (c − 1)2

4
,

h2 = −2a − c

4
t + c2

4
, h3 = −2a − c + 1

4
t + (c − 1)2

4
,

(2.19)
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and

τ0 = τ0,0,0 = ϕ0,0 tc
2/4 exp

(
− 2a − c + 2

4
t

)
,

τ1 = τ1,0,0 = t(c−1)2/4 exp

(
− 2a − c − 1

4
t

)
,

τ2 = τ1,1,0 = tc
2/4 exp

(
− 2a − c

4
t

)
,

τ3 = τ1,1,1 = t(c−1)2/4 exp

(
− 2a − c + 1

4
t

)
,

s0(τ0) = τ2,1,1 = 0 ,

s1(τ1) = τ0,1,0 = ϕ1,1t
(c+1)2/4 exp

(
− 2a − c + 3

4
t

)
,

s2(τ2) = τ1,0,1 = t(c−2)2/4 exp

(
− 2a − c

4
t

)
,

s3(τ3) = τ0,0,−1 = ϕ0,1t
(c+1)2/4 exp

(
− 2a − c + 1

4
t

)
,

(2.20)

up to multiplication by some constants, respectively. For smallk, l,m, we observe thatτk,l,m

are expressed in the form

τk,l,m = σk,l,mt(c−k+l−m)2/4−k(k−1)/2 exp

(
− 2a − c + 2 − 3k + l + m

4
t

)
,(2.21)

with σ2,l,m = 0, σ1,l,m = const. andσ0,l,m = (const.) × ϕl,l−m. Assume thatτk,l,m are
expressed as (2.21) for anyk, l,m ∈ Z. Then the bilinear equation of Toda type (2.12) yields

σk+1,l,mσk−1,l,m = σ ′′
k,l,mσk,l,m − (σ ′

k,l,m)2 .(2.22)

Moreover, we set

σk,l,m = ωk,l,mρk,l,m , ωk,l,m = ωk,l,m(a, c) ,(2.23)

with ρ1,l,m = 1 andρ0,l,m = ϕl,l−m, and impose that the constantsωk,l,m satisfy

ωk+1,l,mωk−1,l,m = ω2
k,l,m .(2.24)

Then the functionsρk,l,m are determined by the recurrence relation

ρk+1,l,mρk−1,l,m = ρ′′
k,l,mρk,l,m − (ρ′

k,l,m)2 ,(2.25)

with the initial conditions

ρ2,l,m = 0 , ρ1,l,m = 1 , ρ0,l,m = ϕl,l−m .(2.26)
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By Darboux’s formula, the functionsρ1−n,l,m for n ∈ Z≥0 are expressed as

ρ1−n,l,m =

∣∣∣∣∣∣∣∣∣∣∣

ϕ
(0)
l,l−m ϕ

(1)
l,l−m · · · ϕ

(n−1)
l,l−m

ϕ
(1)
l,l−m ϕ

(2)
l,l−m · · · ϕ

(n)
l,l−m

...
...

. . .
...

ϕ
(n−1)
l,l−m ϕ

(n)
l,l−m · · · ϕ

(2n−2)
l,l−m

∣∣∣∣∣∣∣∣∣∣∣
, ϕ

(i)
l,l−m =

(
t

d

dt

)i

ϕl,l−m .(2.27)

Note that the constantsωk,l,m are determined by the recurrence relations (2.24) and

ω1,l+1,mω1,l−1,m = −(a + l − 1)ω2
1,l,m , ω1,l,m+1ω1,l,m−1 = (c − a − m)ω2

1,l,m ,

ω0,l+1,mω0,l−1,m = −(a + l − 1)ω2
0,l,m , ω0,l,m+1ω0,l,m−1 = (c − a − 1 − m)ω2

0,l,m ,

(2.28)

with initial conditions

ω1,0,0 = ω1,1,0 = ω1,0,1 = ω1,1,1 = 1 ,

ω0,0,0 = ω0,1,0 = ω0,0,−1 = ω0,1,−1 = 1 .
(2.29)

Since it is possible to setl = m = 0 without loss of generality, we obtain the following.

THEOREM 2.2. Define the functions τ
i,j
n by

τ
i,j
n =

∣∣∣∣∣∣∣∣∣∣∣

ϕ
(0)
i,j ϕ

(1)
i,j · · · ϕ

(n−1)
i,j

ϕ
(1)
i,j ϕ

(2)
i,j · · · ϕ

(n)
i,j

...
...

. . .
...

ϕ
(n−1)
i,j ϕ

(n)
i,j · · · ϕ

(2n−2)
i,j

∣∣∣∣∣∣∣∣∣∣∣
, ϕ

(k)
i,j =

(
t

d

dt

)k

ϕi,j ,(2.30)

where ϕi,j are given by (2.16). Then,

f0 = 1√
t

τ
0,0
n+1τ

1,0
n−1

τ
1,0
n τ

0,0
n

, f1 = √
t
τ

0,0
n τ

1,1
n+1

τ
0,0
n+1τ

1,1
n

,

f2 = √
t
τ

1,1
n τ

0,−1
n

τ
0,0
n τ

1,0
n

, f3 = √
t

(
c − a − 1

c − a

)n τ
1,0
n τ

0,1
n+1

τ
1,1
n τ

0,0
n+1

,

(2.31)

(α0, α1, α2, α3) = (−n, a + n, 1 − c, c − a) ,(2.32)

and

q = −
(

c − a − 1

c − a

)n τ
1,0
n τ

0,1
n+1

τ
0,0
n τ

1,1
n+1

, p = − a

c − a − 1

1

t

τ
0,0
n τ

1,1
n+1τ

2,1
n−1

τ
1,1
n τ

1,1
n τ

1,0
n

,(2.33)

κ∞ = a + n , κ0 = c − a , θ = −c + n ,(2.34)

give a family of classical transcendental solutions of the symmetric form of PV and the Hamil-
tonian system SV, respectively.
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REMARK 2.3. Noting that (2.6) implies

√
t

αi

fi

= t
d

dt
log

si(τi )

τi

,(2.35)

we obtain another expression of the solutions in Theorem 2.2. For example, we have

(a + n)

√
t

f1
= t

d

dt
log

τ
1,1
n+1

τ
0,0
n

+ c − t .(2.36)

REMARK 2.4. The symmetric form of PV admits the following symmetryσ :

σ(t) = −t ,

σ (f0) = √−1f2 , σ (f2) = √−1f0 , σ (f1) = √−1f1 , σ (f3) = √−1f3 ,

σ (α0) = α2 , σ (α2) = α0 , σ (α1) = α1 , σ (α3) = α3 .

(2.37)

Applying σ to the family of solutions in Theorem 2.2, we get another family of solutions
expressed in terms ofF(a, c; −t).

3. Classical transcendental solutions of the Painlevé VI equation. In this section,
we construct a determinant formula for a family of classical transcendental solutions of the
Painlevé VI equation by following the same recipe as in the previous section.

3.1. The symmetric form of the Painlevé VI equation. Here, we give a brief review of
the symmetric form of the PVI [10, 4]. We set

f0 = q − t , f3 = q − 1 , f4 = q , f2 = p ,(3.1)

and

α0 = θ , α1 = κ∞ , α3 = κ1 , α4 = κ0 .(3.2)

Then the Hamiltonian (1.6) is written as

H = f 2
2 f0f3f4 − [(α0 − 1)f3f4 + α3f0f4 + α4f0f3]f2 + α2(α1 + α2)f0(3.3)

with α0 + α1 + 2α2 + α3 + α4 = 1 and the Hamilton equation (1.5) is written as

f ′
4 = 2f2f0f3f4 − (α0 − 1)f3f4 − α3f0f4 − α4f0f3 ,

f ′
2 = −(f0f3 + f0f4 + f3f4)f

2
2

+[(α0 − 1)(f3 + f4) + α3(f0 + f4) + α4(f0 + f3)]f2 − α2(α1 + α2) .

(3.4)

The fundamental Bäcklund transformations of PVI are given in Table 1. We define the Hamil-
tonianshi (i = 0, 1, 2, 3, 4) by

h0 = H0 + t

4
, h1 = s5(H0) − t − 1

4
,

h3 = s6(H0) + 1

4
, h4 = s7(H0) , h2 = h1 + s1(h1) ,

(3.5)
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TABLE 1. Bäcklund transformations of PVI .

α0 α1 α2 α3 α4 f4 f2

s0 −α0 α1 α2 + α0 α3 α4 f4 f2 − α0

f0

s1 α0 −α1 α2 + α1 α3 α4 f4 f2

s2 α0 + α2 α1 + α2 −α2 α3 + α2 α4 + α2 f4 + α2

f2
f2

s3 α0 α1 α2 + α3 −α3 α4 f4 f2 − α3

f3

s4 α0 α1 α2 + α4 α3 −α4 f4 f2 − α4

f4

s5 α1 α0 α2 α4 α3 t
f3

f0
−f0(f2f0 + α2)

t (t − 1)

s6 α3 α4 α2 α0 α1
t

f4
−f4(f4f2 + α2)

t

s7 α4 α3 α2 α1 α0
f0

f3

f3(f3f2 + α2)

t − 1

where an auxiliary HamiltonianH0 is given by

H0 = H + t

4
[1 + 4α1α2 + 4α2

2 − (α3 + α4)
2]

+ 1

4
[(α1 + α4)

2 + (α3 + α4)
2 + 4α2α4] .

(3.6)

Introducingτ -functionsτi ashi = (logτi)
′, we find that the Bäcklund transformations for

τ -functions are described as follows:

si (τj ) = τj (i �= j, i, j = 0, 1, 2, 3, 4) ,

si(τi ) = fi
τ2

τi

(i = 0, 3, 4) , s1(τ1) = τ2

τ1
, s2(τ2) = f2√

t

τ0τ1τ3τ4

τ2
,

(3.7)

s5 : τ0 �→ [t (t − 1)]1/4τ1 , τ1 �→ [t (t − 1)]−1/4τ0 ,

τ3 �→ t−1/4(t − 1)1/4τ4 , τ4 �→ t1/4(t − 1)−1/4τ3 ,

τ2 �→ [t (t − 1)]−1/2f0τ2 ,

(3.8)
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s6 : τ0 �→ it1/4τ3 , τ3 �→ −it−1/4τ0 ,

τ1 �→ t−1/4τ4 , τ4 �→ t1/4τ1 ,

τ2 �→ t−1/2f4τ2 ,

(3.9)

s7 : τ0 �→ (−1)−3/4(t − 1)1/4τ4 , τ4 �→ (−1)3/4(t − 1)−1/4τ0 ,

τ1 �→ (−1)3/4(t − 1)−1/4τ3 , τ3 �→ (−1)−3/4(t − 1)1/4τ1 ,

τ2 �→ −i(t − 1)−1/2f3τ2 .

(3.10)

Let us define the following translation operators

T̂13 = s1s2s0s4s2s1s7 , T̂40 = s4s2s1s3s2s4s7 ,

T̂34 = s3s2s0s1s2s3s5 , T14 = s1s4s2s0s3s2s6 ,
(3.11)

which act on parametersαi as

T̂13(α0, α1, α2, α3, α4) = (α0, α1, α2, α3, α4) + (0, 1, 0,−1, 0) ,

T̂40(α0, α1, α2, α3, α4) = (α0, α1, α2, α3, α4) + (−1, 0, 0, 0, 1) ,

T̂34(α0, α1, α2, α3, α4) = (α0, α1, α2, α3, α4) + (0, 0, 0, 1,−1) ,

T14(α0, α1, α2, α3, α4) = (α0, α1, α2, α3, α4) + (0, 1,−1, 0, 1) .

(3.12)

Note that the action of these operators onτ -functions is not commutative. For example, we
have

T̂13T̂40(τ0) = −T̂40T̂13(τ0) , T̂13T̂34(τ0) = −iT̂34T̂13(τ0) ,

T̂13T14(τ0) = iT14T̂13(τ0) , T̂40T̂34(τ0) = iT̂34T̂40(τ0) ,

T̂40T14(τ0) = −iT14T̂40(τ0) , T̂34T14(τ0) = iT14T̂34(τ0) .

(3.13)

Settingτk,l,m,n = T n
14T̂

m
34T̂

l
40T̂

k
13(τ0) (k, l,m, n ∈ Z), we have

T n
14T̂

m
34T̂

l
40T̂

k
13(f0) = −it1/2(t − 1)1/2 τk,l,m,nτk−1,l−2,m−1,n+1

τk−1,l−1,m−1,nτk,l−1,m,n+1
,

T n
14T̂

m
34T̂

l
40T̂

k
13(f3) = i(t − 1)1/2τk,l−1,m−1,nτk−1,l−1,m,n+1

τk−1,l−1,m−1,nτk,l−1,m,n+1
,

T n
14T̂

m
34T̂

l
40T̂

k
13(f4) = t1/2 τk,l−1,m,nτk−1,l−1,m−1,n+1

τk−1,l−1,m−1,nτk,l−1,m,n+1
,

T n
14T̂

m
34T̂

l
40T̂

k
13(f2) = −(t − 1)−1/2τk−1,l−1,m−1,nτk,l−1,m,n+1τk+1,l,m,n−1

τk,l,m,nτk,l−1,m−1,nτk,l−1,m,n

.

(3.14)
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It is possible to derive a bilinear equation of Toda type with respect to each translation opera-
tor. For theT14-direction, we get

τk,l,m,n+1τk,l,m,n−1 = −t−1/2
[
(t − 1)

d

dt
(logτk,l,m,n)

′ − (logτk,l,m,n)
′

+ (α1 + α4 + k + l − m + 2n)2

4
+ 1

2

]
τ2
k,l,m,n .

(3.15)

3.2. A Riccati solution. Ifα2 = 0, it is possible to specializef2 = 0. Then the Hamil-
ton equation (3.4) yields a Riccati equationq ′ = α1q

2 + [(α3 + α4)t + (α0+
α4 − 1)]q − α4t . We setα0 = −b, α1 = a, α3 = c − a andα4 = b − c + 1. By a
dependent variable transformationaq = −(logϕ)′ − (b + 1)t + c, we have forϕ the linear
equation

t (t − 1)
d2ϕ

dt2
+ [(a + b + 3)t − (c + 1)]dϕ

dt
+ (a + 1)(b + 1)ϕ = 0 ,(3.16)

which is nothing but the hypergeometric differential equation. The general solution of (3.16)
is expressed as

ϕ = c1
Γ (a + 1)Γ (b + 1)

Γ (c + 1)
F (a + 1, b + 1, c + 1; t)

+c2
Γ (a − c + 1)Γ (b − c + 1)

Γ (1 − c)
t−cF (a − c + 1, b − c + 1, 1 − c; t) ,

(3.17)

whereF(a, b, c; t) denotes Gauss’s hypergeometric function andci (i = 1, 2) are arbitrary
complex constants. For simplicity, we denote

f kl
m = F(a + k, b + l, c + m; t) ,

gkl
m = t1−c−mF(a − c + 1 + k − m, b − c + 1 + l − m, 2 − c − m; t) ,

(3.18)

for k, l,m ∈ Z. By using the contiguity relations of Gauss’s hypergeometric function, we
obtain the following.

PROPOSITION 3.1. Define the function ϕk,l,m by

ϕk,l,m = c1
Γ (a + k + 1)Γ (b + l + 2)

Γ (c + m + 1)
f

k+1,l+2
m+1

+c2
Γ (a − c + 1 + k − m)Γ (b − c + 2 + l − m)

Γ (1 − c − m)
gk+1,l+2
m+1 .

(3.19)

Then,

f0 = b
ϕ−1,−2,−1

ϕ0,−1,0
, f3 = (c − a)

ϕ−1,−1,0

ϕ0,−1,0
, f4 = ϕ−1,−1,−1

ϕ0,−1,0
, f2 = 0 ,

α0 = −b , α1 = a , α3 = c − a , α4 = b − c + 1 ,

(3.20)

give a Riccati solution of the symmetric form of PVI .
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3.3. A Determinant formula for a family of classical transcendental solutions. First,
we calculate the Hamiltonians andτ -functions for the Riccati solution in Proposition 3.1.
Under the specialization (3.20), the Hamiltonians are calculated as

hi = Ai(t − 1) + Bit , (i = 0, 1, 3, 4) ,(3.21)

with

A0 = −1

4
(a + b − c + 1)2 − 1

4
(a − b − 1)2 , B0 = 1

4
(a + b − c + 1)2 + 1

2
,

A1 = −1

4
(a + b − c)2 − 1

4
(a − b − 1)2 − 1

4
, B1 = 1

4
(a + b − c)2 + 1

4
,

A3 = −1

4
(a + b − c + 1)2 − 1

4
(a − b)2 − 1

4
, B3 = 1

4
(a + b − c + 1)2 + 1

2
,

A4 = −1

4
(a + b − c)2 − 1

4
(a − b)2 , B4 = 1

4
(a + b − c)2 + 1

4
.

(3.22)

Then we have

τi = tAi (t − 1)Bi , s2si (τi) = 0 (i = 0, 1, 3, 4) ,(3.23)

s0(τ0) = bϕ−1,−2,−1t
A0+b(t − 1)B0 ,

s1(τ1) = ϕ0,−1,0t
A1+(c−a)(t − 1)B1+(a+b−c+1) ,

s3(τ3) = (c − a)ϕ−1,−1,0t
A3+a(t − 1)B3 ,

s4(τ4) = ϕ−1,−1,−1t
A4−(b−c+1)(t − 1)B4+(a+b−c+1) ,

(3.24)

up to multiplication by some constants. For smallk, l,m, n, we observe thatτk,l,m,n are
expressed in the form

τk,l,m,n = σk,l,m,nt
−(â+b̂−ĉ+2n)2/4−(â−b̂−n)2/4+n(b̂+n)−n(n−1)/2(t − 1)(â+b̂−ĉ+2n)2/4+1/2 ,

(3.25)

with σk,l,m,−1 = 0, σk,l,m,0 = const. andσk,l,m,1 = (const.) × ϕk,l,m, where we denote
â = a + k, b̂ = b + l + 1 andĉ = c + m. Assume thatτk,l,m,n are expressed as (3.25) for any
k, l,m, n ∈ Z. Then the bilinear equation of Toda type (3.15) yields

σk,l,m,n+1σk,l,m,n−1 = −[(δ2σk,l,m,n)σk,l,m,n − (δσk,l,m,n)
2] , δ = t

d

dt
.(3.26)

Moreover, we set

σk,l,m,n = ωk,l,m,nρk,l,m,n , ωk,l,m,n = ωk,l,m,n(a, b, c) ,(3.27)

with ρk,l,m,0 = 1 andρk,l,m,1 = ϕk,l,m, and impose that the constantsωk,l,m,n satisfy

ωk,l,m,n+1ωk,l,m,n−1 = −ω2
k,l,m,n .(3.28)

Then the functionρk,l,m,n are determined by the recurrence relation

ρk,l,m,n+1ρk,l,m,n−1 = (δ2ρk,l,m,n)ρk,l,m,n − (δρk,l,m,n)
2(3.29)
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with initial conditions

ρk,l,m,−1 = 0 , ρk,l,m,0 = 1 , ρk,l,m,1 = ϕk,l,m .(3.30)

By Darboux’s formula, the functionsρk,l,m,n for n ∈ Z≥0 are expressed as

ρk,l,m,n =

∣∣∣∣∣∣∣∣∣∣∣

ϕ
(0)
k,l,m ϕ

(1)
k,l,m · · · ϕ

(n−1)
k,l,m

ϕ
(1)
k,l,m ϕ

(2)
k,l,m · · · ϕ

(n)
k,l,m

...
...

. . .
...

ϕ
(n−1)
k,l,m ϕ

(n)
k,l,m · · · ϕ

(2n−2)
k,l,m

∣∣∣∣∣∣∣∣∣∣∣
, ϕ

(i)
k,l,m =

(
t
d

dt

)i

ϕk,l,m .(3.31)

Note that the constantsωk,l,m,n are determined by recurrence relations (3.28) and

ωk+1,l,m,iωk−1,l,m,i = iâ(ĉ − â)ω2
k,l,m,i ,

ωk,l+1,m,iωk,l−1,m,i = −ib̂(ĉ − b̂)ω2
k,l,m,i ,

ωk,l,m+1,iωk,l,m−1,i = (ĉ − â)(ĉ − b̂)ω2
k,l,m,i ,

(i = 0, 1)(3.32)

with initial conditions

ω−1,−2,−1,1 = (−1)−1/4b , ω0,−2,−1,1 = b ,

ω−1,−1,−1,1 = 1 , ω0,−1,−1,1 = (−1)−1/4 ,

ω−1,0,0,1 = −(−1)−3/4(c − a) , ω0,0,0,1 = −i ,

ω−1,−1,0,1 = −i(c − a) , ω0,−1,0,1 = (−1)−3/4 ,

(3.33)

and

ω−1,−2,−1,0 = (−1)−3/4b , ω0,−2,−1,0 = −b ,

ω−1,−1,−1,0 = 1 , ω0,−1,−1,0 = (−1)−3/4 ,

ω−1,0,0,0 = (−1)−3/4(c − a) , ω0,0,0,0 = 1 ,

ω−1,−1,0,0 = c − a , ω0,−1,0,0 = (−1)−3/4 .

(3.34)

Since it is possible to setk = l = m = 0 without loss of generality, we obtain the following.

THEOREM 3.2. Define the functions τ
k,l,m
n by

τ k,l,m
n =

∣∣∣∣∣∣∣∣∣∣∣

ϕ
(0)
k,l,m ϕ

(1)
k,l,m · · · ϕ

(n−1)
k,l,m

ϕ
(1)
k,l,m ϕ

(2)
k,l,m · · · ϕ

(n)
k,l,m

...
...

. . .
...

ϕ
(n−1)
k,l,m ϕ

(n)
k,l,m · · · ϕ

(2n−2)
k,l,m

∣∣∣∣∣∣∣∣∣∣∣
, ϕ

(i)
k,l,m =

(
t

d

dt

)i

ϕk,l,m ,(3.35)
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where ϕk,l,m are given by (3.19). Then,

f0 = b
τ

0,0,0
n τ

−1,−2,−1
n+1

τ
−1,−1,−1
n τ

0,−1,0
n+1

, f3 = (c − a)
τ

0,−1,−1
n τ

−1,−1,0
n+1

τ
−1,−1,−1
n τ

0,−1,0
n+1

,

f4 = τ
0,−1,0
n τ

−1,−1,−1
n+1

τ
−1,−1,−1
n τ

0,−1,0
n+1

, f2 = at−1
τ

−1,−1,−1
n τ

0,−1,0
n+1 τ

1,0,0
n−1

τ
0,0,0
n τ

0,−1,−1
n τ

0,−1,0
n

,

(3.36)

(α0, α1, α2, α3, α4) = (−b, a + n,−n, c − a, b − c + 1 + n) ,(3.37)

give a family of classical transcendental solutions of the symmetric form of PVI .

4. Degeneration of classical transcendental solutions. It is well-known that, start-
ing from PVI , one can obtain PV, . . . , PI by successive limiting procedures in the following
diagram [15, 3],

PVI −→ PV −→ PIII
↓ ↓

PIV −→ PII −→ PI ,

(4.1)

which corresponds to the degeneration diagram of the special functions of hypergeometric
type

Gauss−→ Kummer−→ Bessel
↓ ↓

Hermite-Weber−→ Airy .

(4.2)

In this section, we show that, starting from the family of special function solutions of PVI given
in Theorem 3.2, we obtain classical transcendental solutions to other Painlevé equations by
degeneration.

4.1. From PVI to PV. As is known, the Hamiltonian system SVI is reduced to SV by
putting

t �→ 1 − εt , κ1 �→ ε−1 + θ + 1 , θ �→ −ε−1 ,(4.3)

and taking the limitε → 0. We consider the degeneration of the family of classical tran-
scendental solutions given in Theorem 3.2. It is known that PVI admits an outer symmetry
as

σ34 : α3 ↔ α4 , t �→ 1 − t , f4 �→ −f3, f2 �→ −f2 .(4.4)

Applying σ34 to the family of solutions in Theorem 3.2, we get another family of solutions
for parameters(α0, α1, α2, α3, α4) = (−b, a + n,−n, b − c + 1 + n, c − a) or

κ∞ = a + n , κ0 = c − a , κ1 = b − c + 1 + n , θ = −b .(4.5)

Then it is easy to see that by puttingt �→ εt andb = ε−1, the Hamiltonian system SVI with
(4.5) is reduced to SV with

κ∞ = a + n , κ0 = c − a , θ = −c + n ,(4.6)
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in the limit ε → 0. It is obvious that Gauss’s functionF(a, b, c; t) is reduced to Kummer’s
functionF(a, c; t) by this process. Thus we get

ϕk,l,m → ε−lΓ −1
(c − a − k + m) ϕk+1,m+1 ,(4.7)

whereϕi,j are given by (2.16). Note that we redefine the constantsc1 andc2 appropriately. It
is easy to see that we have

τ k,l,m
n → ε−lnΓ −n

(c − a − k + m) τk+1,m+1
n .(4.8)

Therefore, we obtain the family of classical transcendental solutions of SV in Theorem 2.2.
4.2. From PV to PIII . From PV, we can obtain two coalescence limits. First, we con-

sider the Painlevé III equation

d2q

dt2 = 1

q

(
dq

dt

)2

− 1

t

dq

dt
− 4

t
[η∞θ∞q2 + η0(θ0 + 1)] + 4η2∞q3 − 4η2

0

q
,(4.9)

which is equivalent to the Hamiltonian system

SIII : q ′ = ∂H

∂p
, p′ = −∂H

∂q
, ′ = t

d

dt
,(4.10)

with the Hamiltonian

H = 2q2p2 − [2η∞tq2 + (2θ0 + 1)q + 2η0t]p + η∞(θ0 + θ∞)tq .(4.11)

This system can be derived from SV by putting

q �→ 1 + εtq , p �→ ε−1t−1p , t �→ η0εt
2 , H �→ 1

2
(H + qp)

κ∞ �→ −η∞ε−1 + θ∞ , κ0 �→ η∞ε−1 , θ �→ θ0 ,

(4.12)

and taking the limitε → 0.
Let us apply the limiting procedure to the family of classical transcendental solutions of

SV given in Theorem 2.2. It is easy to see that by puttinga �→ −η∞ε−1 + c, the Hamiltonian
system SV with (2.34) is reduced to SIII with

θ∞ = ν + n + 1 , θ0 = −ν + n − 1 ,(4.13)

in the limit ε → 0, where we denotec = ν + 1. Without loss of generality, it is possible to
setσ := 4η∞η0 = ±1. Then we find that

F(a, c; t) → Γ (ν + 1)

(
t

2

)−ν

Zν(t) ,(4.14)

whereZν = Zν(t) denotes

Zν =
{

Jν : Bessel σ = +1 ,

Iν : modified Bessel σ = −1 .
(4.15)
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This means that Kummer’s function is reduced to the (modified) Bessel function in this limit.
Thus we get

ϕi,j → (−1)i(η∞ε−1)j
(

t

2

)−ν−j

ϕν+j ,(4.16)

with

ϕν+j = c1Zν+j + c2(−σ)−jZ−ν−j .(4.17)

This leads to

τ
i,j
n →

(
1

2

)(n−1)n

(−1)in(η∞ε−1)jn

(
t

2

)−(ν+j)n

τ
ν+j
n ,(4.18)

whereτ
ν+j
n are defined by

τ
ν+j
n =

∣∣∣∣∣∣∣∣∣∣∣

ϕ
(0)
ν+j ϕ

(1)
ν+j · · · ϕ

(n−1)
ν+j

ϕ
(1)
ν+j ϕ

(2)
ν+j · · · ϕ

(n)
ν+j

...
...

. . .
...

ϕ
(n−1)
ν+j ϕ

(n)
ν+j · · · ϕ

(2n−2)
ν+j

∣∣∣∣∣∣∣∣∣∣∣
, ϕ

(i)
ν+j =

(
t
d

dt

)i

ϕν+j .(4.19)

Therefore, from Theorem 2.2 and Remark 2.3, we obtain the following [14].

PROPOSITION 4.1 (Okamoto). Define the functions τ ν
n by (4.19). Then,

q = 1

2η∞
τ ν
n+1τ

ν+1
n

τ ν
n τ ν+1

n+1

= 1

2η∞

(
d

dt
log

τ ν+1
n+1

τ ν
n

+ ν + 1 − n

t

)
, p = − 1

4η0t

τ ν+1
n+1τ ν+1

n−1

τ ν+1
n τ ν+1

n

,

(4.20)

θ∞ = ν + n + 1 , θ0 = −ν + n − 1 ,(4.21)

with 4η∞η0 = ±1 give a family of classical transcendental solutions of SIII .

4.3. From PV to PIV . Next, we consider the Painlevé IV equation

d2q

dt2 = 1

2q

(
dq

dt

)2

+ 3

2
q3 + 2tq2 + 1

2
t2q − (−κ0 + 2θ∞ + 1)q − κ2

0

2q
,(4.22)

which is equivalent to the Hamiltonian system

SIV : q ′ = ∂H

∂p
, p′ = −∂H

∂q
, ′ = d

dt
,(4.23)

with the Hamiltonian

H = qp2 − (q2 + tq + κ0)p + θ∞q .(4.24)

This system can also be derived from SV by coalescence, whose process is achieved by putting

q �→ εq , p �→ ε−1p , t �→ ε−2(1 + εt) , H + κ �→ ε−1H ,

θ �→ ε−2 + 2θ∞ − κ0 , κ∞ �→ ε−2 ,
(4.25)

and taking the limitε → 0.
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Let us consider the degeneration of the classical transcendental solutions of SV. Applying
the Bäcklund transformationπ2 to the solutions in Theorem 2.2, we obtain the following.

COROLLARY 4.2. Define the functions τ
i,j
n by (2.30). Then,

q = −
(

c − a

c − a − 1

)n τ
0,0
n τ

1,1
n+1

τ
1,0
n τ

0,1
n+1

, p = (1 − a)

(
c − a − 1

c − a

)n τ
1,0
n τ

0,1
n+1τ

−1,−1
n+1

τ
0,0
n+1τ

0,0
n+1τ

0,0
n

,(4.26)

κ∞ = c − a , κ0 = a + n , θ = c − n − 2 ,(4.27)

give a family of classical transcendental solutions of SV .

It is easy to see that by puttingc �→ ε−2 + a, the Hamiltonian system SV with (4.27) is
reduced to SIV with

κ0 = −ν + n , θ∞ = −ν − 1 ,(4.28)

in the limit ε → 0, where we denotea = −ν. We find that

Γ (c − a)

Γ (c)
F (a, c; t) → (−ε)−νHν(t) ,(4.29)

whereHν(t) denotes the Hermite-Weber function. By a Kummer transformation

F(a − c + 1, 2 − c; t) = etF (1 − a, 2 − c; −t) ,(4.30)

we get

Γ (c − a)Γ (a − c + 1)

Γ (2 − c)
t1−cF (a − c + 1, 2 − c; t) → (−iε)−ν−1et2/2H−ν−1(it) .(4.31)

Thus we have

ϕk,j → (−ε)−ν+k[c1Γ (−ν + k)Hν−k(t) + c2e
iπ(−ν+k−1)/2et2/2H−ν+k−1(it)] .(4.32)

Let us rewrite this expression in terms of the hyperbolic cylinder functionDν(t). Noting the
relationsHν(t) = et2/4Dν(t) and

D−ν−1(it) = Γ (−ν)√
2π

[eiπ(ν+1)/2Dν(t) − e−iπ(ν−1)/2Dν(−t)] ,(4.33)

we getϕk,j → εket2/4ϕν−k with

ϕν−k = c1
Dν−k(t)

Γ (ν − k + 1)
+ c2Γ (−ν + k)Dν−k(−t) .(4.34)

This leads toτ k,j
n → ε−n(n−1)εknτ ν−k

n , whereτ ν−k
n are defined by

τ ν−k
n =

∣∣∣∣∣∣∣∣∣∣∣

φ
(0)
ν−k φ

(1)
ν−k · · · φ

(n−1)
ν−k

φ
(1)
ν−k φ

(2)
ν−k · · · φ

(n)
ν−k

...
...

. . .
...

φ
(n−1)
ν−k φ

(n)
ν−k · · · φ

(2n−2)
ν−k

∣∣∣∣∣∣∣∣∣∣∣
, φ

(m)
ν−k =

(
d

dt

)m

(et2/4ϕν−k) .(4.35)

Therefore, we obtain the following.
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PROPOSITION 4.3. Define the functions τ ν−k
n by (4.35). Then,

q = − τ ν
n τ ν−1

n+1

τ ν−1
n τ ν

n+1

, p = (ν + 1)
τ ν−1
n τ ν+1

n+1

τ ν
n+1τ

ν
n

,(4.36)

κ0 = −ν + n , θ∞ = −ν − 1 ,(4.37)

give a family of classical transcendental solutions of SIV .

A direct derivation of this proposition is given in Appendix.

REMARK 4.4. A special case (c2 = 0) of Proposition 4.3 is stated in [5]. In [7], the
case ofν ∈ Z, where theτ -functions are reduced to some polynomials, is discussed.

4.4. From PIII to PII . Both PIII and PIV go to PII by coalescence. First, we consider
the degeneration fromSIII to SII , which is achieved by putting

q �→ 1 + εq , p �→ ε−1p , θ0 �→ 2ε−3 + α(1) , θ∞ �→ −2ε−3 + α(2) ,

t �→ −2ε−3
(

1 − 1

2
ε2t

)
, H �→ −2ε−2H − 2ε−3α ,

(4.38)

and taking the limitε → 0, where we setα = (α(1) + α(2))/2.
Let us consider the degeneration of the familyof classical transcendental solutions. From

(4.38), it is the case ofσ = 1 (the Bessel function) that we can take the degeneration limit. By
the relationJ−ν = cos(νπ)Jν − sin(νπ)Yν , we rewrite (4.17) asϕν+j = c1Jν+j + c2Yν+j .
Then, from (4.38), we see that by puttingν = −2ε−3, the Hamiltonian system SIII with (4.21)
is reduced to SII with α = n. It is known that we have [1]

Jν(ν + zν1/3) = 21/3ν−1/3Ai(−21/3z) + O(ν−1) ,

Yν(ν + zν1/3) = −21/3ν−1/3Bi(−21/3z) + O(ν−1) ,
(4.39)

which lead to

Jν(t) → −εAi(t) + O(ε3) , Yν(t) → εBi(t) + O(ε3) .(4.40)

Thus we getτ ν+j
n → εn(−2ε−2)(n−1)nτn, where the functionsτn are defined by (1.13).

Therefore, we obtain Proposition 1.1.
4.5. From PIV to PII . It is well-known that the Hamiltonian system SII is also derived

from SIV by degeneration. This process is achieved by putting

q �→ ε−3(1 − ε2q) , p �→ −εp , t �→ −2ε−3
(

1 + 1

2
ε4t

)
,

κ0 �→ ε−6 , θ∞ �→ α , H �→ −ε−1H + ε−3α ,

(4.41)

and taking the limitε → 0.
Let us consider the degeneration of classical transcendental solutions. Applying the

Bäcklund transformationπ to the solutions in Theorem A.2, we obtain the following.
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COROLLARY 4.5. Define the functions τ ν
n by (4.35). Then,

q = d

dt
log

τ ν
n+1

τ ν
n

− t , p = τ ν
n+1τ

ν−1
n−1

τ ν−1
n τ ν

n

,(4.42)

κ0 = ν + 1 , θ∞ = n ,(4.43)

give a family of classical transcendental solutions of SIV .

It is easy to see that by puttingν �→ ε−6 − 1, the Hamiltonian system SIV with (4.43) is
reduced to SII with α = n in the limit ε → 0.

Let us consider the degeneration of classical transcendental solutions. According to [2],
we find that the parabolic cylinder function is reduced to the Airy function as

Dν+j (t)

Γ (ν + j + 1)
→ (−ε)3jAi(t) , Γ (−ν − j)Dν+j (−t) → (−ε)3jAi(ωt) ,(4.44)

with ω = e2πi/3. Thus we haveϕν+j → (−ε)3jϕ, whereϕ denote the general solution of

Airy’s differential equation. Normalizing theτ -functions (4.35) asτ ν+j
n = ent2/4 τ̃

ν+j
n , we

get τ̃ ν+j
n → (−ε)−n(n−1)+3jnτn, where the functionsτn are defined by (1.13). Therefore, we

obtain Proposition 1.1.

A. Classical transcendental solutions of the Painlevé IV equation.
A.1. The symmetric form of the Painlevé IV equation. The symmetric form of PIV is

given by [6,7]

f ′
0 = f0(f1 − f2) + α0 ,

f ′
1 = f1(f2 − f0) + α1 ,

f ′
2 = f2(f0 − f1) + α2 ,

′ = d

dt
,(A.1)

with normalization conditionsα0 + α1 + α2 = 1 andf0 + f1 + f2 = t . The correspondences
to the canonical variables and to parameters of SIV are given by

q = −f1 , p = f2 , κ0 = α1 , θ∞ = −α2 .(A.2)

The Bäcklund transformations of PIV are described as follows:

si (αi) = −αi , si (αj ) = αj + αi (j = i ± 1) , π(αj ) = αj+1 ,

si (fi) = fi , si (fj ) = fj ± αi

fi

(j = i ± 1) , π(fj ) = fj+1 ,
(A.3)

where the subscriptsi = 0, 1, 2 are understood as elements ofZ/3Z. The Hamiltonianshi of
the system (A.1) are given by

h0 = f0f1f2 + α1 − α2

3
f0 + α1 + 2α2

3
f1 − 2α1 + α2

3
f2 ,(A.4)

andhi = πi(h0). Introducingτ -functionsτi ashi = (logτi)
′, we find that the Bäcklund

transformations forτ -functions are described by

si(τj ) = τj (i �= j) , si (τi) = fi
τi−1τi+1

τi

, π(τi) = τi+1 .(A.5)
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Thef -variables are recovered from theτ -functions by

fi = τisi (τi)

τi−1τi+1
= d

dt
log

τi−1

τi+1
+ t

3
.(A.6)

Let us define the translation operatorsTi (i = 0, 1, 2) by T1 = πs2s1 andπTi = Ti+1π ,
which commute with each other and act on the parametersαi as

Ti(αi−1) = αi−1 + 1 , Ti(αi) = αi − 1 , Ti(αj ) = αj (j �= i − 1, i) .(A.7)

Noting thatT1T2T0 = 1, we setτk,l = T k
1 T l

2(τ0) (k, l ∈ Z). Then we have from (A.6)

T k
1 T l

2(f0) = τk,lτk+2,l+1

τk+1,l+1τk+1,l

= d

dt
log

τk+1,l+1

τk+1,l

+ t

3
,

T k
1 T l

2(f1) = τk+1,lτk,l+1

τk,lτk+1,l+1
= d

dt
log

τk,l

τk+1,l+1
+ t

3
,

T k
1 T l

2(f2) = τk+1,l+1τk,l−1

τk+1,lτk,l

= d

dt
log

τk+1,l

τk,l

+ t

3
.

(A.8)

It is possible to derive a bilinear equation of Toda type with respect to each translation opera-
tor. For theT1-direction, we have

τk+1,lτk−1,l =
[
(logτk,l)

′′ + 2α1 + α2 − 2k + l

3

]
τk,l · τk,l .(A.9)

A.2. A Riccati solution. We derive a Riccati solution of (A.1). First, we setα0 = 0
andf0 = 0. Thenf1 satisfies a Riccati equationf ′

1 = f1(t − f1) + α1. By a dependent
variable transformationf1 = (logϕ)′ + t/2, we have forϕ the linear equation(

d2

dt2 − α1 + 1

2
− t2

4

)
ϕ = 0 ,(A.10)

which is nothing but Weber’s differential equation. We setα1 = −ν. Then the general solution
of (A.10) is expressed by

ϕ = c1
Dν(t)

Γ (ν + 1)
+ c2Γ (−ν)Dν(−t) ,(A.11)

whereci (i = 1, 2) are arbitrary complex constants. By using the contiguity relations of the
hyperbolic cylinder function, we obtain the following.

PROPOSITION A.1. Define the function ϕν−k by (4.34). Then,

(f0, f1, f2) =
(

0,
ϕν−1

ϕν

, (ν + 1)
ϕν+1

ϕν

)
, (α0, α1, α2) = (0,−ν, ν + 1) ,(A.12)

give a Riccati solution of the symmetric form of PIV .

A.3. A Determinant formula for a family of classical transcendental solutions. First,
we calculate the Hamiltonians andτ -functions for the Riccati solution in Proposition A.1.



488 T. MASUDA

Under the specialization (A.12), the Hamiltonians andτ -functions are calculated as

h0 = ϕ′
ν

ϕν

+ ν + 1/2

3
t , h1 = ν + 1

3
t , h2 = ν

3
t ,(A.13)

and

τ0 = τ0,0 = ϕν exp

(
ν + 1/2

6
t2

)
,

τ1 = τ1,0 = exp

(
ν + 1

6
t2

)
,

τ2 = τ1,1 = exp

(
ν

6
t2

)
,

s0(τ0) = τ2,1 = 0 ,

s1(τ1) = τ0,1 = ϕν−1 exp

(
ν − 1/2

6
t2

)
,

s2(τ2) = τ0,−1 = (ν + 1)ϕν+1 exp

(
ν + 3/2

6
t2

)
,

(A.14)

up to multiplication by some constants, respectively. Introducing functionsσk,l by

τk,l = σk,l exp

(
ν + 2k − l − 1

6
t2

)
,(A.15)

we see thatσ2,l = 0, σ1,l = const. andσ0,l = (const.) × et2/4ϕν−l. Moreover, we set

σk,l = ωk,lρk,l , ωk,l = ωk,l(ν) ,(A.16)

with ρ1,l = 1 andρ0,l = et2/4ϕν−l, and impose that the constantsωk,l satisfy

ωk+1,lωk−1,l = ω2
k,l .(A.17)

From the bilinear equation of Toda type (A.9), the functionρk,l are determined by

ρk+1,lρk−1,l = ρ′′
k,lρk,l − (ρ′

k,l)
2 ,(A.18)

with initial conditions

ρ2,l = 0 , ρ1,l = 1 , ρ0,l = et2/4ϕν−l .(A.19)

By Darboux’s formula, the functionsρ1−n,l for n ∈ Z≥0 are expressed as

ρ1−n,l =

∣∣∣∣∣∣∣∣∣∣∣

ρ
(0)
0,l ρ

(1)
0,l · · · ρ

(n−1)
0,l

ρ
(1)
0,l ρ

(2)
0,l · · · ρ

(n)
0,l

...
...

. . .
...

ρ
(n−1)
0,l ρ

(n)
0,l · · · ρ

(2n−2)
0,l

∣∣∣∣∣∣∣∣∣∣∣
, ρ

(i)
0,l =

(
d

dt

)i

ρ0,l .(A.20)



TRANSCENDENTAL SOLUTIONS OF PAINLEVÉ EQUATIONS 489

Note that the constantsωk,l are determined by recurrence relations (A.17) andωi,l+1ωi,l−1 =
(ν + 1 − l) ω2

i,l with initial conditionsωi,0 = ωi,1 = 1 (i = 0, 1). Since it is possible to set
l = 0 without loss of generality, we obtain the following.

THEOREM A.2. Define the functions τ ν−k
n by (4.35). Then,

f0 = τ ν
n+1τ

ν−1
n−1

τ ν−1
n τ ν

n

= d

dt
log

τ ν−1
n

τ ν
n

,

f1 = τ ν
n τ ν−1

n+1

τ ν
n+1τ

ν−1
n

= d

dt
log

τ ν
n+1

τ ν−1
n

,

f2 = (ν + 1)
τ ν−1
n τ ν+1

n+1

τ ν
n τ ν

n+1
= d

dt
log

τ ν
n

τ ν
n+1

+ t ,

(A.21)

(α0, α1, α2) = (−n,−ν + n, ν + 1) ,(A.22)

and

q = − τ ν
n τ ν−1

n+1

τ ν
n+1τ

ν−1
n

= − d

dt
log

τ ν
n+1

τ ν−1
n

, p = (ν + 1)
τ ν−1
n τ ν+1

n+1

τ ν
n τ ν

n+1
= d

dt
log

τ ν
n

τ ν
n+1

+ t ,(A.23)

κ0 = −ν + n , θ∞ = −ν − 1 ,(A.24)

give a family of classical transcendental solutions of the symmetric form of PIV and the
Hamiltonian system SIV , respectively.
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