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Abstract. We reconsider the relation between classical W-algebras and deformations
of differential operators, emphasizing the consistency with diffeomorphisms.
Generators of the W-algebra that are k-differentials are constructed by a systematic
procedure. The method extends, following Drinfeld and Sokolov, to W-algebras
based on arbitrary simple Lie algebras.

1. Introduction

Among the many relations between integrable systems and conformal field theories,
it seems of interest to investigate the concept of W-algebras introduced by
Zamolodchikov [1] which play an important role in both fields. In spite of a large
number of works pertaining to this subject [ 2-16], we think that this object has not
yet been completely defined. Our purpose here, in a classical context, is to contribute
to its clarification.

The Virasoro algebra or its W-extensions appear naturally in the context of
classical integrable systems of KdV types [4—15]. We wish to carry out this analysis
in a covariant way with respect to difffomorphisms. In a more complete
presentation under preparation, we plan to exhibit these same algebras in a more
geometric framework following the recent work of Sotkov and Stanishkov [16].
We shall briefly sketch here a natural construction of the simplest W-algebras
pertaining to the fundamental representation of simple Lie groups treating in detail
the SL(n), SO(2n) and G, cases. Our work relies heavily on an (admittedly
incomplete) reading of a fundamental paper by Drinfeld and Sokolov [17].

We shall deal with differential (or more generally pseudo-differential) operators
with regular coefficients acting on regular functions. By regular we mean according
to the context, infinitely differentiable or analytic functions, either in a fixed
neighbourhood or in a pointed neighbourhood of a point, or possibly even along
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the real axis (in the real case). One could even use formal series. The important
point is that in any case the notion of derivative be well defined. We also need
the notion of integral taken along a non-trivial cycle denoted generically €, for
instance the real axis for coefficients vanishing fast enough at infinity, or a period
for periodic functions, or else a cycle around a deleted point in the complex plane.
In some instances, the integral may extend over only part of the cycle. The above
shows that the constructions can be carried in a purely algebraic way along the
lines of [18].

Our discussion is carried in three steps. In the case of si(n) we first decompose

. . . . e L
a normalized n'* order differential operator D mapping —%— differentials into
+1

differentials into a canonical sum involving currents w; of weight j ranging

between 2 and n in correspondence with the generators of the 4,_, W-aigebra.
We then define associated deformations of D, each one depending on an arbitrary
function, which generalize the KdV flows and in the simplest W;-instance, amount
to localizing the latter. In the last step, using the second Adler—Gelfand-Dikii
Hamiltonian structure [18] one is able to compute the Poisson brackets between
the w generators. This endows the polynomials in the w’s and their derivatives with
a Lie algebra structure containing the Virasoro algebra generated by w,. In a last
section we succinctly present the generalization to an arbitrary simple Lie algebra
and discuss in more detail the slightly more involved case of the D, Lie algebra.

2. Action of Changes of Variables
We consider linear differential operators of degree n,D=d"+ Y, a;d"~’ with d =d/dx,
i=1
1 X
acting on functions f(x). By a change of function, f(x)—exp — ({al(u)du) f(x),
n

one may dispose of the first coefficient a,. Therefore, with no loss of generality,
we shall only consider operators of the form

D=d"+ Y, a;d"’. (2.1
ji=2

We are interested to study how D and its coefficients a;(x),j = 2,...,n, transform
under changes of variables x —»t. Let &, denote the space of functions f that
transform as h-differentials (conformal weight h):

de\!

Jx)=|— ). 22
dx

(Here and in the following, we make a slight abuse of notation, denoting with the

same symbol the function before and after the change of variable.)

Proposition 1. There exists a natural transformation of the functions a,, ..., a, such
that the operator D maps the space % _,_,y;, into the space F . 1)

Proof. Let f1, f2,..., f, be n linearly independent functions in the kernel of D.
Since a,, the logarithmic derivative of their wronskian W vanishes, W is a constant
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and by a change of normalization of the f’s, may be set equal to 1,

f(ln—l) f(n—l)
f(n—l) f;"_z)
W foenfd="" " =L 2.3)
fi S
Let us then define the differential operator D by its action on the function f,
fo e p
(n—1) n—1) . (n—1)
[Df]=f: f(ﬂ ) Lt (24)
f fi S

It is readily seen that D is of the form (2.1), and it is a simple lemma [19] that if
fi>f2,---,fs and [ belong to &, then W(f, f,,..., f,) belongs to &F

nh+(n(n—1))/2

. n—1 .
and [Df1t0 Z 10 mm+1)y2- Lhe choice of h= — —, preserves the condition

(2.3). By identification of the coefficients a,, as, . . ., a, with minors of the determinant
(2.4), one finds their transformation law, and Proposition 1 follows. Under the
change x—t,

Dt — ¢)(n+1)/2Dx¢(n~1)/2. (25)

Here and in the following we use the following notations: ¢(t) denotes the jacobian
dx/dt of the change of variable, b(t) = ¢'(t)/¢(¢) its logarithmic derivative and the
schwarzian derivative s(t) reads

d3x d*x\?
1 | 3| a?
)= ,l‘ :b/t——sztz —— - — 2.6
s(t) = {{x.t}} =b'(t) 5 ®) dx | 72| dx (2.6)
dt dt

It is denoted with double pairs of curly brackets to distinguish it from the Poisson
brackets introduced later. We shall say that an operator transforms covariantly
if it obeys (2.5). As a consequence of fe#_,,_,,, the quantity dxf[Df] is a
1-differential showing that its integral over a cycle is a well defined quantity.

Let us discuss more explicitly how the functions a,,..., q, transform. According
to (2.5)a, vanishes in any coordinate system. On the other hand, a, does not
transform as a 2-differential but has an “anomalous term” proportional to the
schwarzian derivative of the change of variable

dx\?

a,(t) = a,(x) o +c, {{x.t}}. 2.7

and this is reminiscent of the transformation law of the energy-momentum “tensor:”

this is not an accident, see below. In (2.7), the “central charge” ¢, reads
_n(n®—1)

e —— 2.8
Cr T (2.8)
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We recall that under composition of changes of variable, u — x — t, the schwarzian
derivatives transform according to:

()} = Lo} () ) 29)

which implies the consistency of (2.7) and shows that a,(x) transforms as ¢, { {u, x}},
with u a fixed coordinate for which a, vanishes. The other coefficients a;,...,q,
of (2.1) have more complicated transformations involving higher and higher
derivatives of b(t). Their variations under infinitesimal change of variable,
x =t + &(t), may be written in a closed form

n—

k-t n—1 n—1/n—1
o o (k—1+1) . 210
,;Kk—zu) 2 (k—l)}s 4 (210

However, we have the following

1 1
da, = ea, + ke'a, + §<n + L )(k — e+

Theorem 1. There exist linear combinations w, of a,a,_,,...,a, and their
derivatives, with coefficients polynomials in a, and its derivatives that transform as
k-differentials (k = 3):

— (k—1) (p1) , (pr)
wi= 3 Bua¥ "+ Z Cpyopay - a3
=2 O0Lpispas-Spr
Zp,—+2r=k
W) k—1-Y p, 2
+ y D,, ...y 70 aP gk —i=Ep 20, (2.11a)

O0spiEp2=--<pr
351sk—Y pi—2r

ow, = ew, + ke'w,. (2.11b)

Moreover these relations are invertible and one can express in a similar fashion a,
linearly in wy,...,w, = a, and their derivatives, with coefficients that are differential
polynomials of a,.

It is the aim of the rest of this section to establish this result, to give explicit
expressions for the matrix B,, and its inverse and to show how the remaining
coefficients may be obtained in a systematic way. For illustration, the formulae
for the lowest values of k are displayed in Table 1. As these k-differentials w, will
appear later as the generators of the w-algebra, we shall refer to them as “currents”
and to k as their “spin.” It is of course equally well their conformal weight.

More precisely, we are going to prove that any operator D may be written as
a sum of differential operators

D=Aya,)+ ) Adwi,a,), (2.12)
K=3

each of which maps the space #,_,,
linear in w, and its derivatives.

Let us first consider the term A,(a,) that depends solely on a, (and its
derivatives). Given the function a,(x), let u denote a variable such that a,(u)=0.

, into the space #,,,,,. In (2.12), 4, is
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Table 1. w, as functions of a, SU(n) case

Wy =4y
n—2
Wy =d;— a,
n—=3  (n-=2)n—-3)  (n—2n-3)5n+7) ,
We=dgy— - a3+ % 2 12
2 10 10n(n* — 1)
n—4 I+3(n—3)(n—4) , =2n-3Nn-4)
Ws=ds — a a; — ——q
R T 28 3 84 2
—3)n—4)Tn+ 13
L eI o —2aya)

14n(n® — 1)

This means that u is a solution of the equation
a3(0) = ¢, { {ux}} (2.13)

or that the jacobian ¢(x) = du/dx and its logarithmic derivative b(x) are such that

S(x) = b (x) — %bz(x) _ o) 2.14)

n

The transformation from the function a,(x) to the function b(x) is an example of
a Miura transformation' and enables one to write d* + is=(d — 3b)(d + 3b). In
the variable u where a, vanishes, the operator 4, reduces to (d/du)". Therefore,
since we want the operator to transform covariantly, in the variable x, it must read

Az(az) = ¢(n+ 1)/2((15‘ ld)n¢(n— 1)/2
=(d—jb)(d — (j — 1)b)--(d + jb), (2.15)

where we have set n=2j+ 1. For the consistency of this argument, we have to
prove the

Proposition 2. The expression (2.15) depends upon b only through the schwarzian
derivative (2.13) and hence only on a, and its derivatives.

Proof. Clearly, 4, is a differential operator with coefficients that are polynomials
in b and its derivatives and may be expressed through (2.14) as polynomials in
b,s and derivatives of s. The proof amounts to showing that these polynomials
reduce to their term independent of b. To see this, in the expression (2.15) we
change b into b + b, keeping s = b’ — $b? fixed. This implies that 6b satisfies the
equation 6b'—bdb =0, or equivalently the commutation relation between
differential operators

{(d — (k + 1)b)ob = db(d — kb) (2.16)

! For regular a,, Eq. (2.14) always admits a solution defined, up to a constant PSL(2)
transformation, in a fixed neighbourhood of a point. As the following is only formal algebra,
the introduction of this intermediate variable is clearly legitimate
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for any k. The change of A, is thus

54y = 3, (@—ib)--d— G+ DB)(—k3b)d — (k— 1b)-~(d +]b)

k=—j
=<_Zk>5b(d—(j-l)b)"'(d+jb)
N 2.17)

(See [14] and [4] for an alternative argument that the product (2.15) does not
depend on the choice of a solution of (2.14).) Under a change of variable, the
operator A, transforms covariantly, thanks to the transformation properties of
the schwarzian derivative (2.6).

We now proceed to the construction of the operators A,(w,, a,) along similar
lines. Let w,(x) be a k-differential. In the variable u defined above, the operator

has the general form
n—k

A (wi(u),0 Z awdd" F L (2.18)

and we seek coefficients « (with the normalization «,, =1) such that after the
change from u to x, it depends on b only through the schwarzian derivative (2.13),

n—k
Ak(wk(x),az(x))=¢(n+1)/2 Z akl[(d)—ld)l¢—kwk](¢—ld)nfkvlqs(rw1)/2
1=0
n—k
=Y ay[@'W 1"+, (2.19)

=0

where we have introduced the covariant derivative taking h-differentials to h + 1-
differentials:

Df =(d—hb)f (2.20)

thus, 2w, = (d — kb)w,, 2*w, = (d — (k + 1)/b)(d — kb)w,, etc... and 2"~ *"'in (2.19)
maps # _, ;5 into F, . 1, -, The square brackets in {2'w,] mean that &'
does not act further to the right.

Proposition 3. The operator A, in (2.19) depends upon b only through the schwarzian
derivative (2.13) provided the coefficients o, are chosen as

<k+l— 1><n—k>
=" L/ 221)

<2k+l—1>
)

Proof. We proceed as before for A,. Variation of b with s fixed produces a
differential operator, and imposing that all its independent coefficients vanish yields
recursion relations between the o’s

I+ 2k — Do = Gk + 1 — D(n+ 1 —k — Doy _y, 2.22)

the solution of which (with the boundary condition a,, = 1) is given in (2.21).
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We have thus shown how to construct n — 1 independent differential operators
transforming covariantly. Given an operator (2.1) depending on the functions
a,,ds,....,4, we can thus define the forms w, by identifying w, as the coefficient
ofd"~3*in D — A,(a,), w, as the coefficient of "~ *in D — A,(a,) — As(w3,a,), ete.. . .
This completes the proof of the existence of the decomposition (2.12). This
identification is easy to read off for the linear terms

k
a,= Y. Auw¥ ™Y+ non-linear terms,

1=2
k—1\/n—1
()G
k+1-1\
ey
where by convention, we set w, = a,. The inverse of the 4 matrix is the B matrix

of (2.1 1), and reads (SCC Appendix):
<k — 1>(n - l)
k-1 k—1 k—1 '

<2k - 2)
k—1
Remark 1. The coefficients « of (2.21) make sense in (2.18) only for k = 3. It turns
out that for k=2 the expression (2.21) gives the terms linear in g, in the
decomposition (2.12), namely

n—2

Ay(a))—d"= ) a,,aPd" 2" + non-linear terms. (2.25)
=

Ay=oyy_ =

(2.23)

Bu=(—1) (2.24)

Indeed the linear terms in the right-hand side read

J . , 1727 '
Z mditmhdi—m = - Z Dgn—2-1 Z 2m<]+m>
metj 2/=o 1+1<jtms2j I+1
n—2
= Z az‘,ag)d"_z_’ (2.26)
150

as a result of a simple identity {see Appendix). It follows that the terms linear in
a, in (2.11a) are also given by the matrix B.

Remark 2. One may prove that the differential operators A,(w,,0) are self-adjoint,
up to a sign:

A(wy, 0) = (— 1) "*4¥(w,, 0), (2.27)
which follows from the following identity (see Appendix):
z k+1-1) k+q—1)
NN St L LA L (2.28)
(=0 Mg—D'2k+1-1)! q'Rk+q—-1)!

This property of (anti-)self-adjointness carries over to the operators 4,(a,) and
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A (w,,a,) as is readily verified. Accordingly, one may rewrite (2.18) in a more
compact and symmetric form:

Awe0)= 3 a[w),d ], (2.29)

0s20<n—k
with a similar expression for A, (w,,a,), k= 3.

Remark 3. One may wonder what is the general expression of the polynomials in
the a,’s their derivatives that transform as r-differentials, with r integer larger than 2.
Their form may be obtained following the same method as used above to construct
the w’s: write the expression in the coordinate where a, =0 as a differential
polynomial in the w’s; return to the generic coordinate, transforming the derivatives
into covariant derivatives; derive the conditions on the coefficients that enable one
to reconstruct a r-differential depending only on a,. For example, 4w w, — 3w,w)
is a 8-differential. This method leads to a generating function for the number N(r) of
linearly independent r-differentials:

, l—¢q
Y NO =g+

rz3 n H(I”qh+1)

h=3120

3. W-Algebras as Generalized KdV Flows

3.1. Infinitesimal Deformations of the Differential Operators. In its infinitesimal
form, the previous analysis is a particular case of the following problem: find two
infinitesimal differential operators X and Y mapping &#_,_,,, respectively
Z 1+ 1y2 Onto themselves, such that after a change of functions: G =(1 + Y)g and
F =(1+ X)f, the equation g = D f takes the form G =(D + dD)F, with D + 6D still
of the form (2.1). The variation of D is thus given by:

8D =YD - DX. 3.1)

The particular case X = Y corresponds to the SL(n)-generalized KdV flows of [17],
for which the variations & all commute. In the general situation considered here,
they do not.

Let us recall a few definitions and results from (pseudo)differential calculus
[18]. A pseudo-differential operator is a formal series in d with smooth function
coefficients, involving negative integer powers of d as well, d ! being defined as
the formal inverse of d. Its commutation with functions is taken to be:

= 3 32

so that iterating it

hd Sk+i—1\ . .,
=Y (—1>'< i )f"’d“"- (3.3)
i 1

We call valuation the smallest power of d appearing in the operator, if it is finite.
One denotes by (R), the differential part of any pseudo-differential operator R, i.e.
its parts with no negative power of d, and (R)_ = R — (R) ... The coefficient of d~*
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in R is called the residue of R and denoted Res(R). One shows [20] that
pseudo-differential operators commute under the symbol Res, up to total
derivatives:

Res([R,, R,]) = total derivative. (3.4)
This leads to the definition of the trace of a pseudo-differential operator R:
Tr(R) = | dxRes(R). (3.9
%

Any pseudo-differential operator R has a well defined formal inverse denoted R~ 1.
Finally the natural Z, involution %, which leaves the functions invariant, and such
that d* = —d, extends to pseudo-differential operators: for any A and B,
(AB)* = B*A*.

Let us proceed now to the detailed study of (3.1). First of all, it is clear that
the infinitesimal changes of the variable x —x + &(x) are generated on #_, _,, .
respectively # ., ,,, by:

—1
X, =ed—" — (3.62)

n+1,
¢ =—X*% (3.6b)

Y1=£d+

This entails:
N 0,D=Y,D—-DX, 3.7

which summarizes the transformations (2.10) of the coefficients of D under a change
of variable. More generally we look for deformations (3.1) generated by higher
degree differential operators X and Y. By inspection of the powers of d in (3.1),
we find constraints relating X and Y. We have the following:

Proposition. The most general variation of the form (3.1) is built from an arbitrary
differential operator X of valuation 1, and X and Y read:

x=f-1! [Res(DXD™Y), (3.8a)
n
Y =(DXD™Y),. (3.8b)

Proof. Suppose X is of degree k, then the left-hand side of (3.1) is of degree n — 2,
which imposes that Y be of the same degree k and gives k + 2 constraints obtained
by setting to zero the coefficients of all powers of d between d"** and d"~ . It is
casy to see that the k + 1 first constraints express the Y coefficients in terms of
the X ones in a triangular fashion. Multiplying (3.1) by D~ from the right, one
finds that Y — DXD ™' = 6DD !, The right-hand side is of degree — 2, thus taking
the differential part leads to (3.8b). Taking the part of degree — 1 (the residue) and
writing X = X + ¢;, we have

ResDXD™'= —ResDg,D ™!
= —Res[D,e, D!
= —ney,. 3.9)

Since the residue of a commutator is a total derivative, it makes sense to integrate



552 P. Di Francesco, C. Itzykson and J.-B. Zuber

(3.9) and drop the constant of integration (which does not affect the definition of
¢ in (3.1) anyway), which completes the proof of the proposition. As an example
the degree one operators X, Y, defined in (3.6) obviously satisfy (3.8) with X = ¢d.
By abuse of notation we will denote by d, = 83 the variation (3.1) acting on D
hence on its coefficients.

These pairs (X, Y) can be safely restricted to be at most of order n — 1 for the
following reason. Applying the Euclidean division algorithm to a general X of
order k = n, one may write

X=2D+X,

Y=DZ+Y (3.10)
with (X, Y) of order at most n— 1, and related by (3.8b). One sees immediately
that Z does not contribute to éD.

We are interested in computing commutators of ¢’s. From the definition (3.1),
we get:

[0x,0x]= 5(X’,X]+éxX’—foX' (3.11)
We now want to define a basis ,(7) = J,, ,, such that:
[61(e), Oxln)] = Oy(en’ ~ kne’), (3.12)

which amounts to saying that » transforms as a — k-differential under changes of
variable. The corresponding X, and Y, are built of covariant pieces mapping
F _n—1y2> TeSPeCtively # ,, into themselves, and could be constructed by a
method similar to that of Sect. 2. Alternatively, we shall determine them by using
a Hamiltonian language. The variations d, will be generated by Hamiltonians of the
form H, = [dxn(x)w,, ,(x), through some appropriate Poisson brackets. (Notice
that the fact that » is a — k-differential guarantees the invariance of the former
integral). Before doing so, we have to recall some facts about Poisson brackets on
the manifold of differential operators D [21,17].

3.2. Poisson Brackets. Following [21,17], Hamiltonian structures (or Poisson
brackets) are defined first on linear functionals of D, (ie. of the a; and their
derivatives), and then extended by differentiation to arbitrary polynomial
functionals. Let I;(D) be a linear functional,

n

ly(D)= jdx Z u(x)a,(x)

i=2
=Tr(d" +a,d" *+ - +a)d "uy+d* "us+ - +d 'uy)
=TrDU. (3.13)

Since a; vanishes one can freely add to U a term of the form d™"u,. The two
Hamiltonian structures discussed in [21,17] read

{ly(D), (D)}, =Tr(D[U,V])=1,(DU — UD)
{ly(D), ly(D)}, = Tr ((DU) . (DV) — (VD)(UD),)
=1,((DU), D — D(UD),). (3.14)

The first one will not concern us here, whereas the second one seems to fit our
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goal: the expression in the right-hand side of the last Eq. (3.14) has the desired
form(3.1), with X =(UD),, Y =(DU), =(DXD™'),. Some care has to be exercised,
however, when using the second Poisson bracket on differential operators D with
a vanishing coefficient a,. It is not generally true that the expression
((DU). D — D(UD),) respects this property. In other words, the X just mentioned
does not satisfy (3.8a). One may thus decide to add a further term to U [21]:

U=U+d "y, (3.15)

which does not affect [;(D) but does modify the second Hamiltonian structure.
Adjusting the value of u, to

Uy =1ERes[U, D] (3.16)
n

is essential to remove the unwanted term of order n— 1 in (DU),. D — D(UD),).
(The resulting Poisson bracket turns out to identify with the one inherited from
the Miura transformation {17].) An alternative way consists in introducing a third
Hamiltonian structure:

{lu(D), 1y (D)}5 = Tr {(E Res [D, U])[D, V]}

= dx(} Res [D, U]) Res[D, V1. (3.17)

It is easily seen that it has the right antisymmetry. As for the Jacobi identity, it
follows simply from the fact that the new Poisson bracket is “coordinated™ to
the second one and moreover, that adding it to the second bracket just amounts
to the change of U— U in the latter:

{IU lV D)}2+/1{ZU D) lV }3
=Tr((DU), + A[Res[D,U1)D — D((UD) + A{Res [D, UV
= {I5(D), 1,(D)} 5 (3.18)
with U=U + Ad~"{ Res[U, D]. Ultimately, we choose 4 = 1/n.
3.3. Explicit Formulae for the X, and Y,. We can now use this formalism to write
explicit formulae for the X’s and Y’s. We apply the well known fact {17, 14] that
the Poisson brackets between a linear functional [;(D) and a general differential

polynomial functional ¥(D), is entirely determined by the former and the gradient
of the latter, namely:

{¥(D),ly(D)} = {1, (D), (D)}, (3.19)
where
; 0¥ (D)
Vo= l; d” ———5%“[‘“, (3.20)

2 Two Poisson brackets are said to be coordinated if an arbitrary linear combination of them
also satisfies the axiom of antisymmetry and the Jacobi identity {17]
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é d
and — is a short-hand notation for Z( dy 54 ;- Note that we are extending the
a; al

application of (3.14) to the functional l WD) = Tr(V.,,D) which is not linear. Taking
Y(D)=H, = [dxew, ,, we get:

O ly(D) = {5dx£wk+1’lU(D)}2+13
= 1y(6, D)
oD =(DV,),D—D(V,D),, (3.21)
where V, = IA/Hk with the notations of (3.15)—(3.16). It is now easy to identify

X, =(V,D), and Y, =(DVy).. Knowing w, , ,, this gives compact expressions for
the parts X, and Y, of valuation one of X, and Y,,

- n—1 ] 5H n )
Xk=<< T ><d"+ y ajd"ﬂ>> , (3.22a)
i=1 Ay_i+i1 = ++

ho=((+ 3 ajd"’f>< g M) (3.220)
i=2 5an iv1/ /) ++

The + 4+ subscript means that we keep only the contribution of valuation one.
From (3.22) the full expression of X, and Y, may be reconstructed as explained
in (3.8). The above expressions become much simpler if one sets a, and all w; to
zero. In that case, one has:

QZ(—I)k—Fl—iB ) .8(k+1~i) (323)
da k+1,i

so that the terms independent of win X, and Y, take a particularly simple form:
k

Xla,=0wy=0,...,w,=0)= Y B,,, % 9d (3.24a)
s=1

k
Yk(az = 0,W3 = O’., W, = 0) — Z Ck+1‘s+1£(kfs)ds
s=1

=(—=1)X*a,=0,w,=0,...,w,=0), (3.24b)
k

where the B coefficients have been introduced in (2.24), the C coefficients are:

g I+s
Ck+1,s+1=(_l)k Z ('I)HS( )Bk+1,l+s+1:Bk+1,s+1(n_"n) (3.25)

i1=0 l
and use has been made of the identity (see Appendix):
k—s
s n—s—1
Bkﬂ-sﬂz(-l)k Z < I >Bk+1,l+s+l' (3.26)
=0

A sample of the first X, and Y, is displayed in Table II.

3.4. W-Algebra. The local, i.e. x-dependent flows o, that act on the differential
operator D do not in general reduce to the KdV flows when the infinitesimal
parameter is taken to be x-independent. The generators of the latter are the
u, ., = Res(D*") which for k = 1,2 coincide with w,, w,, [16], but do not in general
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Table IL. The generators X, and Y,, SU(n) case

n—1

X, =¢ed— ¢

n+1

’

Y, =

2 1
X, =¢ed? -—~——8’d—+— —ga, +—(n—1){(n—2)"
2 =& 5 { 2 12( X ) }

Y,=ed*+ nt ad+{gaa +i(n+1)(n+2)s’}
2T 2 T2

-3 n—2)n—3 6 3n*—7
X3=8d3—n2 8/d2+{( o ~2£”+ }d

10 Snn? — 1)
{3 3(n+2)(n—7) n=3@n+7 | (- Dn—2)n-13) }
+ 4 WiE— el — aE — 2
n 10n(n+1) Sn(n + 1) 5!
3 —
Y3=sd3+n~ﬁs’d2+{@i2)("+3) ’+6 . }d
2 10 5n(n® — 1)
{3 3n—2(n+7 , m+)HEn=7 , m+DE+2)0n+3) }
+ Wi+ ———————aLe+ ae + €
n 10n(n—1) Sn(n— 1) 5!

coincide with w,, . Accordingly, X, # Y,, k = 3, even for ¢ a constant (see Table
II). The KdV flows are isospectral in a fixed coordinate frame, a property which
is not invariant under diffeomorphisms. The relationship between the two families
of flows remains to be clarified.

With the explicit expressions of the w’s, the X’s and the Y’s at our disposal,
we can now form the Poisson brackets of the w’s among themselves. In general
{w,(x), w,(y)} is by construction a sum of monomials in the w’s and their derivatives
times a derivative of (x — y). The set of Poisson brackets {w,,w,},k,1=2,...,n
defines the W-algebra (more precisely the A4, |, W-algebra, see below). It always
contains the (classical) Virasoro algebra generated by a, and the relations
expressing that the w,, k = 3, transform as k-differentials:

{a,(y), a(x)} = (@ (x) + 2a,(x)d + ¢,d>)3(x — y), (3.27a)
{a:(y), wi¥)} = (Wi(x) + kwy(x)d)d(x — y). (3.27v)

As for the other brackets {w,, w;},k,I 2 3, it is easier to compute and tabulate them
again in the coordinate u where a, vanishes. According to an argument used
repeatedly in this paper, if

{wi(w), wi(0)},, =0 = Alw}, d,)S(u ~ v) (3.28)
with A some differential operator, then in the generic coordinate
(WX, wi(y)} = ¢*Al¢Iw;, ¢~ ' d)p' ™ o(x — y). (329

(The é-function has contributed an extra ¢ ~'). The operator A must satisfy certain
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constraints in order that the right-hand side of (3.29) depends only on the
schwarzian derivative of the change of coordinate. We illustrate these considera-
tions on the set of Poisson brackets {w,,w,},k, [ = 3,4, for generic n,

{w3(0) w3}, -0

= <2[W4,d]+ -

(n—2)(n—Dn(n+ 1)(n+2)d5>5(u —)

ol (3.30)

{W3(1)), W4(u)} laz =0

(n—3)(n+3)

= <5w5d + 2w — (14wyd? + 14w,d? + 6wiyd + w’é’))é(u—v),

{W4(U), W4(u)} 'az =0
2

—19
= <3[Ws,d]+ . 10 (Blws,d*1, —2[w,,d1,)
B 3n—— wadw, +(n—3)(n——2)(n*1)n(n+1)(n+2)(n+3)d7>5(u_v)’
n 20.7!

where all the w’s on the right-hand side are evaluated at u and d stands for d/du.
Notice that even for a, =0, non-linearities in the w’s appear. In general, one can
see that the Poisson brackets {w,, w;} are at most cubic in the w;, j = 3. By restoring
the dependence on a, and truncating to n=3, with w,;=0, [ > 3, or to n=4, with
w, =0, I > 4, one finds respectively the formulae defining the W5 and W, algebras.
The latter had been explicitly described in [7].

One general feature of the W-algebra which is provided by our approach is
the form of the central term. It is easy to see that the only contribution independent
of the a’s in d,a, for [ <k+11is

k

n

Sy _o=— B gk*h

k l|a,_o q;0<l+q> k+1,q+1

(= DHkY?

=—(n—-kin—k+1)---(n+k)—

( ) )-(n )(2k)!(2k+1)! k+1,1

as a result of a simple identity (see Appendix). It follows that the central term of
the W-algebra reads

gk (3.31)

{Wk(y)’ Wl(x)} |cenlral term

(= DA((k—1)H? 5

==kt Dln—k+2)-(nkk=1) o oy O

dH15(x—y).  (3.32)

4. Generalization to Other Lie Groups

Let us start from (2.1) again. We consider instead an equivalent family of first
order matrix operators acting on a n-vector of functions

Q=X —-J +0, 4.1)
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where I is the n x n identity matrix, J; ;= 9, ;. ,, and Q is an upper triangular nxn
matrix, ie. elements below the diagonal vanish (we shall call strictly upper
triangular, matrices with vanishing elements below and on the diagonal). For any
such Q, there exists SeSL(n), with S —1 strictly upper triangular such that
S2(Q)S ' =2(Q_ ), where Q___ can be chosen as a n x n matrix filled with zeros,

can <an

except for the first line which reads (0,a,,4;,...,4q,). Alternatively, Q_,. can be

chosen to have as its only non-vanishing column the last one ((—1)a¥, ..., a¥,0)",
where (—1)"D* =Za;}‘d"“’. Of course this S has in general x-dependent matrix

p

elements. The operator D of (2.1) is the “solved” version of 2(Q_,,) in the sense
that if one looks at the kernel equation 2% =0, YT = ({,,...,¥,), it is equivalent
to the kernel equation Dy, =0, all the other components s being expressed in
terms of y,. Note that the kernels of D and D* are related: if one forms the
wronskian determinant of n independent solutions of one of the operators, the
n—1xn—1 minors of the first row are n independent solutions of the adjoint
operator.

A natural framework to generalize the above construction to other Lie groups
than SL(n) (or Lie algebra A, _,) has been found by Drinfeld and Sokolov [17].
In general, given a matrix Lie group G acting in a d(G) dimensional complex vector
space, one considers a first order d(G) x d(G) matrix differential operator of the
form (4.1) with J = Y X, where X, denote the representatives of the

positive simpie roots i

corresponding generators in the representation of dimension d(G) of the
Cartan—Chevalley basis of the Lie group G. The matrix Q is upper triangular and
belongs to the Borel subalgebra generated by the Cartan algebra and the generators
Y;, both represented as upper triangular matrices. In fact, one considers equivalence
classes of operators of the form (4.1) under the adjoint action of elements S
belonging to a subgroup with nilpotent Lie algebra generated by the Y;. Note that
again, S — I is strictly upper triangular. The gauge reduction of 2 enables one in
general to restrict Q to some canonical form @ or alternatively to consider a
solved equivalent form for a (pseudo)-differential operator related to . The number
of independent coefficients is equal to the rank of the Lie algebra. More precisely,
for an appropriate gradation, these coefficients will have as degrees the Coxeter
exponents augmented by one unit. (In particular the largest one is the Coxeter
number.)

In the following we study the case of G = SO(2n) with the simply laced Lie
algebra D, in some detail. In [17] it was shown that thanks to gauge equivalence
2 can be “solved” through a pseudo-differential operator D of degree 2n—1
satisfying the properties:

D*¥= —D, 4.2a)
Dy =(—=V"u,d" 'u,. (4.2b)
The operator D maps # _,_,, into #,. The appearance of a pseudo-differential

operator results from an elimination between a pair of coupled ordinary differential
operators; see below an illustration. Using (4.2) one can write:

n—1

1
D=d* 14+ Y 5[az,(,dz'ﬁlkﬂ]+ (= 1)u,d tu, 4.3)
k=1
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The reader will notice that the indices of the coefficients of the a’s and u, run over
one plus the exponents of D,:1,3,...,2n—3,n — 1. In particular when n is even,
the exponent n—1 has multiplicity two.

The structure of D implies that f[Df] = [d(R(f, f))], where R is a quadratic
scalar form in f and its derivatives. This follows from

fla,d® '], f =d(fd* 2af —[df 14> ~af + -+ [d7fTaf)  (44)

and (fu,)[d ™" (u,f)] =i[d(d™ 'u,f)*]. Thus R(f, f) is x-independent on the kernel
of D and provides an invariant pseudo-differential quadratic form as expected in
a theory related to SO(2n). At the price of introducing a coupled function, one
could get rid of the pseudo-differential term.

The generalization of the covariance condition reads in infinitesimal form:

3D=YD - DX, 4.5)

where we now allow pseudo-differential operators X,Y mapping respectively

F_ -1y and F, to themselves. The reparametrizations are now generated by:
X, =¢ed—(n—1)¢, (4.6a)
Y, =e&d +ne = — X3, (4.6b)

and lead to an anomalous transformation of a,:

n(n—1)(2n — 1)8

b1a, =¢edy +2¢'a, + 3

@.7)

Example. It is instructive to consider explicitly the equivalence between the cases
of the algebras 4; and D; in order to match the corresponding coefficients and
to expose the origin of the pseudo-differential term. Starting from a matrix of the
form (4.1) with n =4 relative to A4,,

4.8)

acting on column vectors f=(fy, f3, f2, f1)" and g =1(94,93,92,9,)", one forms
the combinations

v; = f192— f291, w1 =2f394 — f493),
vy = f193— f391, 2 =2(f294— fa9),
V3= f19a— fag1, U3 =2(f295— f39>)

corresponding to the 6-dimensional antisymmetric tensor representation of Aj
which exhibits its isomorphism with D;. Assuming that f and g belong to the
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kernel, one finds that the «’s and v’s satisfy

d ’_b3 _2b4 u1
-1 d b, —2b,\ | u,
-1 d U,
=0 4.9
-3 0 d b, b, vy 49
-3 -1 d v,
—1 d vy
Solving for u = u; and v = v, one obtains
d>+byd+by)v=u,
(d®*+db, —b)u=2[b,,d].v, 4.10)

or equivalently
D0 =(d° + [by d® ], + [by — by — 2by +363,d1, ~ (by — by)d ™" (b3~ b))
=0. (4.11)
Therefore the operators
D,,=d*+b,d* + bsyd + b,

4.12
Dp,=d’ +3{a,5,d>Y, +3[asdl, —usd™ 'u, @12
are equivalent provided one takes:
ay =2b,,
Uz = + (b3 - blz);
ay = —4b, +2by — 20 + b3. 4.13)

in agreement with [17].

The analysis of Eq. (4.5) for X and Y differential is exactly the same as in
Sect. 3.1. It is entirely determined by the data of a valuation one differential
operator X, and:

~ 1 ~
X=X- [Res(DXDY), (4.14a)
.

Y=(DXDY),. (4.14b)

Of course the Z, covariance of D under the involution * (4.2a) must be preserved
by the vanations 6: —0D*=0D=—-X*D+DY*=YD—DX, so that (Y + X*)D=
D(Y* + X). This implies that Y = — X*. But X and Y have the same degree, hence
it is necessarily odd. The number of possible variations J, as well as the number
of “currents” turns out to be equal to the rank of the algebra.

We still have to check that the variation of the “tail” of D: &(u,d 'u,) =
S(u,)d ™ tu, + u,d” 18(u,)is compatible with the form of (4.5). The only contributions
to (YD —DX)_ come from A=(Yu,d ‘u,—u,d 1w, X)_ =[Yu,]d ‘u,—(u,d 'u,X)_,
where [ Yu, ] is the function obtained by letting the differential operator Y act on
u,. But we know that this expression is odd under Z,,50: A = — A* = u,d " '[Yu,] —
(X*u,d 'u,)_,and X* = — Y,so that we finally get: A = [ Yu,1d ‘u, + u,d " *[ Yu,],
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which shows the compatibility between the negative parts in (4.5), and gives the
variation of u,:

Oxu, =[Yu,l (4.15)
Applying this to the first variation J,, we get:
04(u,) = eu, + ne'u, (4.16)

which shows that u, is a n-differential.

We can now proceed in two steps as before. 1) Write D as a sum of weight 2k
contributions at a, =0, and find their form by requiring that after a change of
coordinates which restores the a, dependence, they only depend on the schwarzian
derivative of the jacobian. 2) “Diagonalize” the variations § so that they are
compatible with Poisson brackets with 2k-differentials.

Both steps can be carried out completely, we only quote the results:

1) Writing:
n—1
D = AZ(GZ) + AO(um 02) + z Azk(wzk’ aZ)a (417)
k=2
where Ay(u,,a, =0)=u,d 'u, = Ay(u,, a,) is automatically covariant, due to the
fact that u, is a n-differential, and

2n—2k~1
Ay Wyna,=0)= Y ocz,(,lw(z’;‘allz”"2"_’_1 (4.18)

1=0

for k= 2, where w,, are 2k-differentials, we finally get:

<2k+l—1><2n~2k—1)
[ l

S S /AN 419
Fakd <4k+l~1> ¢
I

One restores the a, dependence after a change of coordinate, by replacing the
schwarzian derivative of the jacobian by 3a,/n(n—1)(2n—1).

There is another more convenient method to obtain the w,,, k=1,2,...,n—1
of the SO(2n) (D,) case, from the w’s of the SL(2n— 1) (4,,_,) case. It relies on
the remark that the covariance condition of the D operator (4.3) splits into two
independent covariance conditions for D_ = (—1)"u,d " ‘u, and D, expressing that
both operators map —(n— 1)-differentials onto n-differentials. The former means
that u, is a n-differential. The latter involves the differential operator D, of degree
2n — 1, which can be seen as the Z,-odd projection (antiself-dual with respect to *)
of the degree 2n—1 differential operator (2.1) of the 4,,_, case, which precisely
maps —(n— 1)-differentials onto n-differentials. Such a projection is easily performed
using the form (2.29), in which we set w,,, , =0, for 1 £1<n— 1, leaving only anti-
commutators of functions and odd powers of d, that are manifestly antiself-dual.
We proceed by eliminating a,,, ,(4,,_,) fromw,,, ,(4,,_,) =0 and substituting in
wy(A,, ,), 1£1<n—1. We get as a result w,,(D,) as a function of the a, (4,, _,).
The final answer must be expressed in terms of the a,;(D,) defined by (4.3), which
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are related to a,(A,,_,) through:

n—1

__dZn 1+ Z 2[d2n 2i— 1“21(1) )]+
i=1

2n—1

=4 Y Ay, g (4.20)

so that:

1V (2n—2i+2
a2i(A2n~2):a21 + Z( ] j> (2211) ZJ(D) (421a)

2n—2i+2j .
Ayii1(Ay,_5)= 2 j;) ( 2i+1 )a(zzijjzlj)(Dn)' (4.21b)
Substituting (4.21a) in w,, above yields the desired result. Note that the relation
(4.21b) is equivalent to the above elimination from w,,, ,(4,,_,)=0. The first
few w’s are displayed in Table III. As an example, w,(D,) (Table III) can be

obtained from w,(4,,_,) (Table I, with n—2n — 1), by substituting a;(4,,_,)=
2n—3 . . .
i ay(A4,,-,) (wi(A4,,_,)=0), and going back to the a,,(D,) coefficients, using

a5(A;,_,) = ay(D,) and a,(4,,_,) = ay(D,) +12n — 3(n — 2)a}(D,).
2) Using the Poisson brackets of Sect. 3.2, we can obtain the infinitesimal
variations;

Sy 1©D = {fdxew,,, D} =8y, D (4.22a)
So(e)D = {| dxeu,, D} = 65, D (4.22b)

and the differential operators X, ,, Y,,,, are calculated from X,, , (4,,_,) and

Table IIL. w,, in terms of a,, for the SO(2n) case

Wy =1,
Wy =a,
(2n —3) n—2) @Cn=3)m—-2)Gn+ 1) ,
W= a4 +————da) — a;
5 10n(n — 1)(2n—1)
W= aq + 2£%ri— SHn— 3) a + 2n—3)(2n — S)in - 2)(n— 3) (4)
252

126n(n — 1)(2n — 1) s 4

(2n—35)2n—3)n—2)(n—3)35> + 2n +4) |

_ (2n—5)(2n = 3)(n —2)(n — 3)(14n +1)<a_2ﬂ B a'j>

210(n(n — 1)(2n — 1)) 2
_(2n—5)n-3)3n+2)
3n(n— )2n — 1)

~ayW,
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Table 1V. The X, operators and the Poisson brackets (in the coordinate where a, =0) in

the D, = so(8) case

Xo=—3ed !

X, =ed—3¢

X, =ed®—2e/d? +2¢"d—&"

Xs=ed® —¢d* + 2e'd> — Le"d® + 5 — 5P + 2wed — Sw,e

{ug(p),ualx)} = 35647 + 3[ws,d], —2[w,,d], + 3[W4,d3] )o(x —y)
{ua(y)h wa(x)} = (—2[1}, d], + 3[us, d>]2)d(x — )
{ua(y), welx)} = (FQud® + 20, d* + 3ud® + 2u) d?)
+ 55 (5uPd + Sud) + watted + S ugwy))o(x — y)
{wa(y), wal(x)} = (6d7 + 3[we, d] 4 +2[w),d], —3{ws,d>],)d(x —y)
{walp) we(x)} = (EQ2w,d® + 3w, d* + 3w, d® + 2w d) + L (5wPd + 1wl
+ 62 uld + uqu, )*1(—w d+waw))o(x —y)
(we(y)s we()} =(Hd“ L (26[we,d*], — 60 [w/,d], + 3T[w®,d],)
(22[w (¥, — [24w,w, + 39w2,d],)
2(22[u}, d*) — [28ugu), + 397, d],)d(x — y).

Y,i+1(4,,_,) using the above procedure: one simply has to substitute (4.21a—b)
in the expressions (3.22). As an example, Xs(D,) is obtained by setting w; =0 in
X3(A,,_,) (Table IL, n—2n — 1), and one reads directly the correct result, due to
a(4,,_,)=a,(D,). X,, Y, are two pseudo-differential operators, easily computed
as:

Xo=—3ed lu

Yo=—Jud 'e=— X% (4.23)

We still have to check the compatibility between the variation of the tail of D,
(—1y*6¢(u,d " tu,), and (YoD —DX,)_. A straightforward calculation shows that
they are compatible, provided:

dou, =H—1)"[D . ¢]. (4.24)

This completes the description of the D classical W-algebra in its infinitesimal
form. For definiteness, we have listed in Table IV the form of the X generators
and the Poisson brackets for the D, algebra in the coordinate where g, = 0. One
observes a certain symmetry between the roles played by the two currents u,

(rescaled by ﬂ) and w, of weight 4, and the fact that the central terms of the
Poisson brackets are still diagonalized. To the best of our knowledge, this algebra
had never been made explicit.

To summarize, we have obtained n currents w, = a,, wy,..., w,, _,,4,, of weight
j+ 1, j running over the set of Coxeter exponents of D = SO(2n). The extension
to the C, and B, Lie algebras is straightforward following [17]. The D operator
becomes a self-dual differential operator of degree 2n, respectively an anti self-dual
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differential operator of degree 2n — 1 (which amounts to taking u,=0 in the D
case). One gets in all these cases, rank (G) currents of weight j + 1, j running over
the Coxeter exponents of G, the first current a, being anomalously transformed
under reparametrizations and the other currents being j + 1-differentials.

A further example is provided by the G, Lie algebra. It is a rank 2 algebra of
Coxeter number 6 and exponents 1 and 5. One thus expects two currents, a, and
we, and in the coordinate where a, = 0, the differential operator is simply

D=d"+1[wed]l.. 4.25)

The operator D is covariant, mapping & _, into %, and returning to the generic
coordinate, one recovers the form written in [17].

The case of G, may also be obtained from the one of D, in the same way as
D, was obtained from 4, _,. Here one has to impose the vanishing of w, and u,.
Thus from the formulae of Table 111 taken for n = 4, one eliminates a, by imposing
that w, =0, and one finds

17 177 293
W6(GZ) =dg— T4 a% + ‘58—8 azag + — a’zz — ag (426)

and
Dg, = d7 +3[ay,d1, +4[4ad — 2a3,d°1, + 2[ac,d],. (4.27)
The Poisson bracket of we(G,) with itself may be obtained from the one of D,
(last line of Table IV) by restricting it to w, =u, =0.
It is well known that G, may be embedded in SO(7). As discussed above (4.4),

one may construct a differential quadratic form of weight 0 conserved on the kernel
of D:

d(ffO—ffO+4 frf@ 12w f)=0 if Df=0. (4.28)

The group G, is the automorphism group of octonions and leaves invariant an
antisymmetric ternary form. Accordingly, we find that given three functions f, g
and h in the kernel of D, the following scalar form is conserved

I (f,9.h)=(4,3,2)—(5,3,1)+(5,4,0) + 2(6, 2, 1) — (6, 3,0) + (7, 2,0), (4.29)

where the symbol (j, k,[) denotes the determinant

B g0 po
(kD)= |f® g0 po) (4.30)
fO g0 po

On the two cases of the D and G, algebras, we thus see the remarkable consistency
between the form of the differential operator and the geometry of the underlying
group.

After completion of this work, some recent papers that overlap with the present
one have come to our attention [22] and [23]. For earlier references and an
alternative treatment of the problem of Sect. 2, see [24].
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Appendix

1. Proof that BA =1 (Egs. (2.23), (2.24).)
Both A, and B,; vanish for I > k. Thus for k2 m

_(k=1D(n—m)!2m—1)! i(* keI A)
Biudin = (n—k)Q2k—2)(m — 1) /5 (—l)!(l—-m)!(l+m—1)!. '

IIM;:-

For k > m, the last sum reads

LY k—m-t<k m\(k+m+1-2)!
i Y l )(11*2771?17.‘4

1 A o k—m>
= - m— _11( m—1 !
(k—m)!(dx) X ,Z‘o =1 l .

k—m-—1
(k lm) <ddx> xk+m—2(x__1)k—m

=0

x=1

x=1

whereas the expression (A.1) for k = m is equal to 1. This completes the proof that
the 4 and B matrices are inverse to one another.

2. Proof of the identity (2.26)

One may write

j 1
y 2m<j+m>= (25+3—n)<s+ )
+1<j+m<2j I+1 I<s=n-2 I+1

-5y g

1 s+ 1 25+3 n
dxl< < 2 217[Zl+ ( )
sEn—

x=1

_d e (ner ()

(1 +2)x* —1

x=1

1+ 1!
=(n+1)< " >_2<”+1>=M"L—L (A2)
[+2 [+3 (n—1—-2)1(I+ 3}
which is the desired identity.
3. Proof of the identity (2.28).

1
After multiplication of (2.28) by ((2kk 1))'
i —1y k(k+1)---(k+1-1) q'  k(k+1)--(k+q—1)

S0 2hQ2k+ 1) Qk+1—1) Ig—1)!  2kQk+1)--2k+q—1)

q! one has to show that

(A.3)
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The generating function of the right-hand side is the hypergeometric function

F(k,1,2k;2) = i kk+ 1) (k+q—1)
s s 2K g=0 2kQ2k+1)---2k +q—1)

whereas the same sum on the left-hand side yields

z4 (A.4)

SRR z,,ﬂ'i,,ﬁ(,"illﬂ 2
qgoz P (g — D) 2k(2k + 1)-- (2k+l-1)
S & Kk k=D E
‘,;( ! 2kQk+1)---(2k+1—1) g )
I ¢ kk+D-kti=1 [ 2 >'
T 1=z 5 2Kkt 1) (2k+l—1)(z—l
=/J/F<k,1,2k;~z~~> (A3)
1—z z—1

L . 1

and it is a classical identity that F(k, 1,2k;z) = IF(k’ 1,2k; ~%>
4. Proof of the identity (3.26).
Using the expression (2.24) the identity to be proven amounts to

k—s

k+1+s)! k+ s)!

Y (e RS (ks (A6)
=0 (k—1—s)! (l+s)'l's' (k—s)!(s)?
Once again one introduces a generating function of both sides. Multiplied by z*
and summed over s from 0 to oo, the right-hand side yields in fact the degree k
Legendre polynomial

k
Y (kt 1)kt s)k-(k—s+1) Flk+1, —k1; —2)
s=0 sts!
=(—=1¢P,(—1-22) (A7)
whereas the left-hand side leads to
k k-—s
(k+1+ s)!  (k+m! '"<m>
k s—=1__ Vv e _ -m s
SZO zz k—1—s)!(I+s)lls! m; ( (k m)!(m!)? SZO s z
=(—Fk+1,—k1;1+2)
= P, (1 + 22). (A.8)

The desired identity follows from the parity properties of the Legendre polynomials.

5. Proof of the identity (3.31)
For [ £k we have to compute

(n—k—1)1Q2k)! &
Fii Z( " >Bk+1,q+1

n! I+4q

¢ (et g = DUk + g
=20, ~l)!(l+q)!(>
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=Y (=D n—q—1D)-(n—g—1+ D)k+q)(+1 +q)<’;>xq
q=0

-1 k—1
(2l e
dx dx e

=0. (A.9)

For I =k + 1, the same method shows that, as a function of n, the result must
vanish for n=—1,..., —k,

1 k n
uln) = n(n — 1)..@‘:{)4‘;@ (k +q+ 1)3"“"‘“

u v n—g—1)-(n—q—k) [k
= — 1)1 . A.10
qgo( ) QKK+ 1+ g) <q> (410

For n=—I,1=1,...,k, the factor k+ 1 + ¢ appears in the numerator and

x=1

k
NN (=D =Y (—=DUg+1+ 1)-~-(q+k)(q+k+2)~--(q+l+k)<z>

q=0

d k-ll d -1 .
:(21§> <d> (1=

=0 (A.11)
and the coefficient of (n + 1)---(n + k) is computed to be:

k
7__JVL: Z (_l)k—q,,i, 1 . <k>

n+1)--(n+k) 5o (k +q + 1)(2k)!

q
el
= ((2k))’ gdxxk(l —x)
I ) (A12)

(2k)! 2k + 1)

which is the announced result (3.31).
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