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1. Introduction. Let (M, F, 9) be an n-dimensional (n = 4) almost-
Hermitian manifold with almost-Hermitian structure (F, g), i.e. with an
almost-complex structure F' and a positive definite Riemannian metric g
satisfying F? = —1I, g(FX, FY) = g(X, Y) for all tangent vectors X and
Y, where I denotes the identity transformation. If an almost-Hermitian
manifold (M, F, g) satisfies ("yF)Y + (FyF)X = 0 for all tangent vectors
X and Y, where /', denotes the operation of the covariant differentiation
with respect to the Riemannian connection, then the manifold is called a
K-space (or Tachibana space, nearly Kahler manifold). Of course, a
Kahlerian space is a K-space, but in the sequel, by a proper K-space we
" shall mean a K-space which is not Kahlerian. It is well known that
there does not exist a 4-dimensional proper K-space [1],[6]. For any
tensor T on M, by the components of T we shall mean the ones with
respect to a local coordinate system {z'},1 <k, 7,¢, -+ < n.

In a conformally flat space, the curvature tensor has the following
form:

(1.1 (n — 2)Ryjin = gl — 9P + Riungii — Rigu

-_EB (995i — 9in9ss) »
n—1
where R,;;*, R;; = R,;* and R = ¢”*R;; are the Riemannian curvature tensor,
Ricei tensor and scalar curvature respectively.

For a conformally flat K-space, we have already known that there
exists no conformally flat proper K-space of dimension =<6, 8, 10, a 6-
dimensional conformally flat proper K-space is a space of constant curvature
and a conformally flat K-space is locally symmetric (n = 6) [5], [7]. A
conformally flat K-space of dimension » = 12 is Kahlerian and it is neces-
sarily locally flat.

The main purpose of the present paper is to prove that there exists
no conformally flat proper K-space of dimension 10 and the following

THEOREM. Let (M, F, g) be an n-dimensional connected conformally
flat proper K-space. Then it is (I) a 6-dimensional K-space of positive



436 K. TAKAMATSU AND Y. WATANABE

constant curvature or (II) locally of the form (M, F,, g.) X (M, F}, 9.), where
the former is a 6-dimensional K-space of positive constant curvature C and
the latter is a 2-dimensional Kahlerian space of negative constant curvature
—C and, (F, 9,) and (F,, g,) are the restrictions of (F, g) to M, and M,
respectively.

Recently, we received an information from S. Tanno, in which he
proved following result [8], stating that a 4-dimensional conformally flat
Kahlerian manifold is either locally flat, or locally, a product space of
2-dimensional Kdahlerian manifolds of constant curvature K and —K,
respectively.

Taking account of the above result, we would conclude that the clas-
sification of conformally flat K-space is completed.

Now, to prove Theorem, we need the following

LEmMMA 1.1. (Sumitomo [3]) Let M be an n-dimensional (n > 8) con-
formally flat Riemannian space satisfying

(1°2) VthRji - VthRji =0 )

then each characteristic root of Ricci tensor must be one of the roots of
the following equation:

R, _1

1.3 A — =
(1.3) n—1 n

(R”R” —%@2_1) —0.

From (1.3), we have

R o e L
C e )

Now, let A\, )\, be the roots of the equation (1.3) and m be the mul-
tiplicity of A, then the multiplicity of N\, is n — m where 0 < m < n.
As the scalar curvature R is a trace of Ricei tensor, we have

1.5) R =m\ + (n— m),.

LEMMA 1.2. (Sekigawa-Takagi [2]) Let M be an n-dimenstonal (n = 3)
connected conformally flat Riemannian space satisfying the condition (1.2).
If the Riceci form is mon-degemerate and indefinite of signature 2m — n
at least at one point of M, then M is a locally product space of an m-
dimensional space of constant curvature C and an (n — m)-dimensional
space of comstant curvature —C, where 1< m<n — 1.
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In §2, we shall prepare some lemma and identities for a K-space and
a conformally flat K-space. §3 will be devoted to the proof of the theorem.

2. Some lemma and identities. In a K-space, we have the following
identities [4]:

(2.1) R;‘; = R:;, FjiRkj - ijRji, FjiR;:j = ijR;fi 9
where R} = (1/2)F*'R,,,;F;",
(2.2) R — R* =V ;F;,, (V' F*") = constant

where R* = g"R}.
Recently, Takamatsu [6] proved the following

LEMMA. In a K-space, we have
(2.3) (R; — R})(R# — BR*") = 0.

Next, let M be a conformally flat K-space, then from (1.1), by making
use of (2.1), we have

(2.4) 2Ry — (n— 2Rj = — L g,
n—1
or
2 R
2.5 = ———FR; — iy
(2:5) R — m—Dm_2°
transvecting (2.5) with g%, we have
(2.6) R=(n—1R*.
Taking account of (2.2) and (2.6), we get
@2.7) "= 2p_ pF.FY) .
n—1
From (2.3), we have the following
2.8) RﬁR“i==%4RﬁRﬁ—+5R;R“5

and from the square of the both sides of (2.4), we get

2.9) 4RjiRﬁ — 4(n — 2)RjiR*]i + (n— 2)2R;2R*Ji _ (nnRzl)z .
Similarly from (2.5), we get
4 i 3n—4

2.10 KR = 2 __R.R
@10 e =1 =2
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Substituting (2.8) into (2.9), we have

@2.11) 28 — n)BuR* + 3n* — 22n + 32)RLRY' = 7 jnRi)2
and substituting (2.10) into (2.11), we have
(212)  (n— 4)(n — 12)R;RF + (6n* — 33n + 32)(_% —0,
n —
or
(2.13) (n — 9(n — 12)R;R% + 6(% . w)
12
X(n_ 38 —17821\ R® _0.
12 /(n — 1)

3. Proof of Theorem. By virture of (2.13), we easily see that there
exists no conformally flat proper K-space of dimension =<6, 8, 10 [5].
If we put n = 6 in (2.12), we have

R.R =Llp
6

or

from which we have

R
R;i = =294,
60

that is, M is an Einstein space. Hence (1.1) reduces to
(8.1) Ry = ’é—zeo_(gjigkh — 91i9in)

and by (2.7), R > 0, that is, a 6-dimensional conformally flat proper K-
space is a space of positive constant curvature.
Next, if we put n = 10 in (2.12), then we have

151
3.2 R, ,R*= —~_R?.
®-2) P X6

Therefore, from (1.4) we have

1(R 2 x 151 13 \v2
3.3 x:—{_i — R}
®-3) 219 <5><92><6 5><92>[ |

= %(1 + 41/1_—7;) .
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Now, we put

3.4) N = %(1 + 4/1:75) = -%(1 — 41/?5_) .

Substituting (3.4) into (1.5), we obtain
7 T
Vm=1+5/—,
BTt / 15

which contradicts that m is integer, therefore B must be zero. Conse-
quently, we can see that any 10-dimensional conformally flat proper K-
space does not exist.

Lastly, we shall consider an 8-dimensional conformally flat proper
K-space. If we put n = 8 in (1.4), then we have

(3.5) = l{ﬁ + (lR,,,R" __5 R2>m} :
2 U7 2 2 X T
On the other hand, if we put » = 8 in (2.12), then we have
(3.6) R.R* =1 po,
T X 2

Substituting (3.6) into (3.5), we get

R
3.7 A=—"2=+3),
@) S @=x3)

because of R > 0.
In this place, if we put

5 1
3.8 M= —R, = ——R,
3-8 28 M 28
where R > 0 and substitute (3.8) into (1.5), then we have
3.9) m=6.

Hence we can find that the Ricci form of an 8-dimensional conformally
flat proper K-space is indefinite of signature 2m — n = 4. Moreover, as
our space is locally symmetric, i.e. V,R,;;* = 0, it satisfies the condition
1.2).

Thus, by virture of Lemma 1.2, we can conclude that an 8-dimensional
connected conformally flat proper K-space is locally of the form (M, g,) X
(M,, g.) as a Riemannian manifold, where (M, g,) and (M, g;) are a 6-
dimensional space of positive constant curvature C = (\,/(m — 1)) = (1/28)R
and a 2-dimensional space of negative constant curvature — C respectively.
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Let {x°} and {x*} be local coordinate systems on M, and M, respectively,

where 1<a,b, -+ <6,7<p,q, --- <8. Then, with respect to this
coordinate system {x'} = {x°, 27}, we can put

. R 0
(3.10) (B;) = ( . Rq,,)

. Fy* Ff
(3.11) (F = (Fb” qu)

On the other hand, by (2.1) we know that
FjiRkj - ij.Rji

and therefore, from (3.10) and (3.11), after some calculation, we have

(3.12) Fe=0, Fr=0.

Furthermore, we get, taking account of (3.11)
Vqu“Z—Vquazo-
Similarly we have /,F,*» = 0. These facts show that the space is

compatible to the decomposition of the space.

Consequently, summarizing the above arguments, the proof of our

theorem is completed.
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