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CLASSIFICATION OF HOLOMORPHIC FOLIATIONS ON HOPF

MANIFOLDS

MAURÍCIO CORRÊA, ARTURO FERNÁNDEZ-PÉREZ, AND ANTONIO M. FERREIRA

Abstract. We classify nonsingular holomorphic foliations of dimension and
codimension one on certain Hopf manifolds. We prove that any nonsingular
codimension one distribution on an intermediary or generic Hopf manifold is
integrable and admits a holomorphic first integral. Also, we prove some results
about singular holomorphic distributions on Hopf manifolds.

1. Introduction and statement of results

Let W = Cn − {0}, n ≥ 2, and f(z1, z2, ..., zn) = (µ1z1, µ2z2, ..., µnzn) be a
diagonal contraction in Cn, where 0 < |µi| < 1 for all 1 ≤ i ≤ n. The space
quotient X = W/ < f > is a compact, complex manifold of dimension n called of
Hopf manifold. The geometry and topology of Hopf manifolds have been studied
by several authors, see for instance, Dabrowski [4], Haefliger [7], Ise [8], etc.

In this paper, we are interested in the study of holomorphic foliations on Hopf
manifolds. In [11], using the Kodaira’s classification of Hopf surfaces Daniel Mall
obtained the classification of nonsingular holomorphic foliations on Hopf surfaces.
Motivated by this, we address the problem of classify nonsingular holomorphic
foliations on dimension and codimension one on Hopf manifolds of dimension at
least three. We will consider the following types of Hopf manifolds.

Definition 1.1. We say that

(1) X is classical if µ = µ1 = . . . = µn.
(2) X is generic if 0 < |µ1| ≤ |µ2| ≤ . . . ≤ |µn| < 1 and there not exists

non-trivial relation between the µi’s in this way
∏

i∈A

µri
i =

∏

j∈B

µ
rj
j , ri, rj ∈ N, A ∩B = ∅, A ∪B = {1, 2, . . . , n}.

(3) X is intermediary if µ1 = µ2 = . . . = µr, where 2 ≤ r ≤ n− 1 and there
not exists non-trivial relation between the µi’s in this way

∏

i∈A

µri
i =

∏

j∈B

µ
rj
j , ri, rj ∈ N, A ∩B = ∅, A ∪B = {1, r + 1, . . . , n}.

A line bundle L onX is the quotient ofW×C by the operation of a representation
of the fundamental group of X , ̺L : π1(X) ≃ Z −→ GL(1,C) = C∗ in the following
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way
W × C −→ W × C

(z, v) 7−→ (f(x), ̺L(γ)v)

We write L = Lb for the bundle induced by the representation ̺L(γ) with b =
̺L(γ)(1). We prove the following theorem.

Theorem 1.2. Let X be a Hopf manifold, dimX ≥ 3, and F be a nonsingular
one-dimensional holomorphic foliation in X given by a morphism TF = Lb → TX .
Then the following holds:

(i) If X is classical, then b = µ−m with m ∈ N and m ≥ −1. The foliation F
is induced by a polynomial vector field

g1
∂

∂z1
+ · · ·+ gn

∂

∂zn
,

where gi are homogeneous polynomial of the same degree m + 1, for all
1 ≤ i ≤ n, with {g1 = · · · = gn = 0} = {0}.

(ii) If X is generic, then b ∈ {1, µ1, . . . , µn}. The foliation F is induced by a
constant vector field.

(iii) If X is intermediary, then b ∈ {1, µ1, µr+1, µr+2, . . . , µn}. We have the
table

T ∗
F vector field inducing F

L1

r∑
j=1

gj(z1, . . . , zr)
∂

∂zj
+

n∑
k=r+1

ckzk
∂

∂zk

Lµ1
c1 ∂

∂z1
+ · · ·+ cr ∂

∂zr
, ci 6= 0 for all i

Lµj
with j > r ∂

∂zj

In the case that X is a generic Hopf manifold, we have the following result.

Theorem 1.3. All holomorphic one-dimensional foliations (possibly singular) on
a generic Hopf manifold of dimension at least three are induced by monomial vector
fields.

Definition 1.4. Let X = W/ < f > be a Hopf manifold, where f(z1, . . . , zn) =
(µ1z1, . . . , µnzn) is a contraction of Cn, and F a nonsingular one-dimensional holo-
morphic foliation on X given by a morphism TF = Lb → TX. We say that F is
constant if b = µi for some i = 1, . . . , n; linear if b = 1, and polynomial in
otherwise.

It follows from [11] that a nonsingular holomorphic foliation on a Hopf surface
has at least a compact leaf. The next result is a generalization of this fact, but only
in the case of classical, intermediary or generic Hopf manifolds.

Corollary 1.5. Let X be a Hopf manifold, dim(X) ≥ 3, and F be a nonsingular
one-dimensional foliation in X. Then F has a compact leaf. Moreover, if X is
classical and F is a generic foliation (in the sense of [5]) with tangent bundle
TF = Lµ−m , then F has

mn − 1

m− 1
compact leaves.
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Proof. The proof will be divided into three parts:
Polynomial foliations. By Theorem 1.2, there are polynomials foliations only
in the classical case. Let F be a polynomial foliation on X . By Theorem 1.2 the

foliation F is induced by a polynomial vector field v =
n∑

i=1

gi
∂
∂zi

on W . In this

case we will consider the surjective morphism α : X → Pn−1, α(z) = [z], whose
fibers are elliptic curves C∗/ < f >. The fiber α−1(z) is contained on a leaf of the
foliation, if and only if,

zigj − zjgi = 0, ∀ i, j = 1, . . . , n.

Consider the map ϕ : Pn−1 → Pn−1 defined by ϕ(z) = [g1(z) : . . . : gn(z)]. This
map always has fixed points (cf. [1], pg 459). Thus the fiber of α−1(z) is a compact
leaf of the foliation. As we saw above, the number of compact leaves of a generic
polynomial vector field can be calculated by the number of fixed points of the
correspondent polynomial map. This follows from [5, Proposition 4].
Constant foliations. A constant foliation is induced by a vector field v = ∂

∂zi
for

some j = 1, . . . , n, on W . The leaves of this foliation in W are an axis minus the
origin, and planes parallel to this axis. Thus a constant foliation in X has compact
leaves.
Linear foliations. By Theorem 1.2, linear foliations are induced by a vector field
of the form

v =
n∑

i=1

gi
∂

∂zj,

where gi is linear polynomial, 1 ≤ i ≤ n. The vector field v is complete in Cn, and
the orbit of a point z ∈ Cn−{0} is diffeomorphic to C∗ (cf. [12], pg 23). Therefore,
the foliation on X has compact leaves. �

Now, we present some results on codimension-one holomorphic distributions on
Hopf manifolds.

Theorem 1.6. Let X be a Hopf manifold, dimX ≥ 3, and F be a nonsingular
codimension-one distribution on X given by a morphism N ∗

F = Lb → Ω1
X . Then

the following holds:

(i) If X is classical, then b−1 = µm with m ∈ N and m ≥ 1. Furthermore F is
induced by a polynomial 1-form

ω = g1dz1 + · · ·+ gndzn,

where gi are homogeneous polynomial of the same degree m − 1, for all
1 ≤ i ≤ n with {g1 = · · · = gn = 0} = {0}.

(ii) If X is generic, then b−1 = µj for some j = 1, 2, . . . , n, and F is induced
by the 1-form ω = dzj.

(iii) If X is intermediary, then b−1 ∈ {µ1, µr+1, µr+2, . . . , µn}. The foliation F
is induced by a constant 1-form.

Note that Theorem 1.6 implies that a distribution F on an intermediary or
generic Hopf manifold is induced by closed 1-form ω in Cn − {0}. In particular,
this implies that F is integrable. We state it as follows.

Corollary 1.7. All nonsingular codimension-one holomorphic distributions on an
intermediary or generic Hopf manifold are integrable.
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Example 1.8. In the classical case the Corollary 1.7 is not true. Consider X =
C3 − {0}/ < f > a classical Hopf manifold of dimension 3. The 1-form ω =
ypdx+ xpdy + zpdz induces on X a non-integrable nonsingular distribution.

In the situation of Theorem 1.6, note that if F satisfies the integrability condition
we have the following corollary.

Corollary 1.9. Let X be a Hopf Manifold, dim(X) ≥ 3, and F be a nonsingular
codimension-one foliation on X. Then F has a holomorphic first integral.

Proof. Assume that F is induced by the 1-form ω on Cn − {0}. If X is an inter-
mediary or generic Hopf manifold, Theorem 1.6 implies that ω = dT , where T is a
linear function and the proof ends. Now, if X is classical, applying Theorem 1.6,
we get

ω = g1dz1 + · · ·+ gndzn,

where gi are homogeneous polynomial of the same degree m− 1, for all 1 ≤ i ≤ n
with {g1 = · · · = gn = 0} = {0}. Since n ≥ 3 and ω has an isolated singularity
at 0 ∈ Cn, then it follows from Malgrange-Frobenius theorem [12] that ω has a
holomorphic first integral. �

Theorem 1.6 item (i) together with Corollary 1.9 extends a theorem due to
Ghys [6] for nonsingular codimension-one foliations on classical Hopf manifolds.
Moreover, in this work we are not supposing that the distributions are integrable.
Now, in the special case of generic Hopf manifolds we have a more precise result.

Theorem 1.10. Any codimension-one holomorphic distribution (possibly singular)
on a generic Hopf manifold of dimension at least three is integrable and induced by
a monomial 1-form.

Finally we state some results about singular holomorphic distributions on Hopf
manifolds.

Theorem 1.11. Let X be a Hopf manifold and F be a holomorphic distribution of
dimension or codimension one on X with Cod(Sing(F)) ≥ 2. Then

(1) if n = 2 then Sing(F) = ∅,
(2) if n ≥ 3 then either Sing(F) = ∅ or Sing(F) has at least a positive codi-

mension component.

To prove Theorem 1.11, we will use Residues theorems of Baum-Bott type (cf. [2]
and [9]). Note that when n = 2, the above result implies that there are not singular
holomorphic foliations on X . Hence the classification of holomorphic foliations due
by Mall [11] is complete. For codimension-one singular holomorphic foliations on
classical Hopf manifolds we prove the following alternative.

Theorem 1.12. Let F be a singular codimension-one foliation on a classical Hopf
manifold of dimension at least three. Then

• either F has an analytic invariant hypersurface,
• or F has one dimensional subfoliation by elliptic curves.

We remark that Theorem 1.12 should be viewed as an analogous version of
Brunella - Conjecture. More precisely, Marco Brunella conjectured that a codimension-
one holomorphic foliation F on Pn, n ≥ 3, satisfy the following alternative: either
F has an algebraic invariant hypersurface, or F has one-dimensional subfoliation
by algebraic curves, see [3].
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2. Cohomology of line bundles on Hopf manifolds

Let Ωp
X be the sheaf of germs of holomorphic p-forms on a Hopf manifold X .

Denote by Ωp
X(Lb) := Ωp

X ⊗ Lb and by π : W → X the natural projection on X .
Consider a open covering {Ui} of X such that all sets open Ui are Stein, simply-

connected and Ũi := π−1(Ui) is a disjoint union of Stein open sets on W . Since π is

surjective, we have A = {Ũi} is open covering of W . It follows from the definition
that

Ũi = ∪r∈Zf
r(Ui).

Let ϕ ∈ Γ(Ui,Ω
p
X(Lb)). Then ϕ̃ = π∗(ϕ) belongs to Γ(Ũi, π

∗(Ωp
X(Lb))) ∼=

Γ(Ũi,Ω
p
W ). Therefore we have a exact sequence of Cĕch complexes

(1) 0 → C.(A,Ωp
X(Lb))

π∗

−→ C.(A,Ωp
W )

bId−f∗

−→ C.(A,Ωp
W ) −→ 0.

From this we derive the long exact sequence of cohomology

0 −→ H0(X,Ωp
X(Lb)) −→ H0(W,Ωp

W )
p0
−→ H0(W,Ωp

W ) −→ H1(X,Ωp
X(Lb)) →

where p0 = b · Id − f∗ : H0(W,Ω1
W ) → H0(W,Ω1

W ) and W = C
n − {0}. D. Mall

proved in [10] the following result.

Theorem 2.1 (Mall [10]). If X is a Hopf manifold of dimension n ≥ 3 and Lb is
a line bundle on X. Then

dimH0(X,Ω1
X(Lb)) = dimH0(X,Ωn−1

X (Lb)) = dimKer(p0)

3. Holomorphic foliations

Let X be a complex manifold. A (nonsingular) foliation F , of dimension k, on
X is a subvector bundle TF →֒ TX , of generic rank k, such that [TF , TF ] ⊂ TF .

There is a dual point of view where F is determined by a subvector bundle N∗
F ,

of rank n − k, of the cotangent bundle Ω1
X = T ∗X of X . The vector bundle N∗

F

is called conormal vector bundle of F . The involutiveness condition is replace by:
if d stands for the exterior derivative then dN∗

F ⊂ N∗
F ∧ Ω1

X at the level of local
sections. The normal bundle NF of F is defined as the dual of N∗

F . We have the
following exact sequence

0 → TF → TX → NF → 0 .

The (n− k)-th wedge product of the inclusion N∗
F →֒ Ω1

X gives rise to a nonzero

twisted differential (n− k)-form ω ∈ H0(X,Ωn−k
X ⊗N ) with coefficients in the line

bundle N := det(NF ), which is locally decomposable and integrable. By construc-
tion the tangent bundle of a Hopf manifold X is given by

TX =

n⊕

i=1

Lαi
,

where Lαi
is the tangent bundle of the foliation induced by the canonical vector

field ∂
∂zi

.
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4. One-dimensional holomorphic foliations

A nonsingular one-dimensional foliation F on a Hopf manifold X is given by a
line bundle Lb := TF on X and an embedding i : TF → TX , where TX denotes
the tangent bundle of X and b ∈ C∗. For guarantee the existence of F such that
TF = Lb is necessary that dim H0(X,TX ⊗ Lb−1) > 0. The tangent bundle TX is
isomorphic to Lµ1

⊕ · · · ⊕ Lµn
and hence

KX
∼= (Lµ1

⊗ Lµ2
⊗ · · · ⊗ Lµn

)∗ ∼= (Lµ1µ2...µn
)∗ ∼= Lµ

−1

1
µ
−1

2
...µ

−1
n
,

where KX is the canonical bundle of X . Let La be a line bundle on X with a ∈ C∗.
We will find a condition on a such that dim H0(X,TX ⊗ La) > 0. From the
isomorphism TX ∼= Ωn−1

X ⊗K∗
X we getH0(X,TX⊗La) ∼= H0(X,Ωn−1

X ⊗Lµ1µ2...µna)

Thus, dimH0(X,TX ⊗La) > 0 if, and only if, dimH0(X,Ωn−1
X ⊗Lµ1µ2...µna) > 0.

Lemma 4.1. Let X be a classical, intermediary or generic Hopf manifold of di-
mension n ≥ 3, and let Lb be a line bundle on X, with b ∈ C∗.

(i) If X is classical then dimH0(X,Ωn−1
X ⊗ Lb) > 0 if, and only if, b = µm,

with m ∈ Z, m ≥ n− 1.
(ii) If X is generic then dimH0(X,Ωn−1

X ⊗ Lb) > 0 if, and only if, b =
µm1

1 µm2

2 . . . µmn
n , where µj ∈ N, and there exists j0 ∈ {1, . . . , n}, such that

µj0 ≥ 0, with µj ≥ 1 for all j ∈ {1, . . . , n} \ {j0}.
(iii) If X is intermediary then dimH0(X,Ωn−1

X ⊗ Lb) > 0 if, and only if,

b = µm
1 µ

mr+1

r+1 . . . µmn

n ,

with m ≥ r − 1 and mj ≥ 1 for all j ≥ r + 1 or m ≥ r, and there exists
j0 ≥ r + 1 with mj0 ≥ 0 and mj ≥ 1 for all j ∈ {r + 1, r + 2, . . . , n} \ {j0}.

Proof. By Theorem 2.1 we have dimH0(X,Ωn−1
X ⊗ Lb) = dim(ker p0), where

p0 : H0(W,Ωn−1
W ) −→ H0(W,Ωn−1

W ), p0 = bId− f∗ and W = Cn − {0}.

Let ω ∈ H0(W,Ωn−1
W ), then ω =

n∑
i=1

gidz1 ∧· · ·∧dzi−1 ∧dzi+1 ∧· · · ∧dzn. It follows

from Hartogs extension theorem that each gi can be represented by its Taylor series

gi(z1, z2, . . . , zn) =
∑

α∈Nn

ciαz
α1

1 zα2

2 . . . zαn
n , for all i = 1, . . . , n.

Hence

(2) p0(ω) =
n∑

i=1

∑

α∈Nn

ciα(b− µα1+1
1 . . . µαn+1

n µ−1
i )zα1

1 . . . zαn

n d̂zi,

where d̂zi := dz1 ∧ · · · ∧ dzi−1 ∧ dzi+1 ∧ · · · ∧ dzn. First we consider the classical
case. In this case µ1 = · · · = µn = µ and

p0(ω) =

n∑

i=1

∑

α∈Nn

ciα(b− µα1+···+αn+n−1)zα1

1 . . . zαn

n d̂z
i
.

so that dim(ker p0) > 0 if, and only if, b = µm, for some m ∈ N, m ≥ n − 1. For
the generic case, since µi has no relations, it follows from (2) that dim(ker p0) > 0
if, and only if, b = µm1

1 µm2

2 . . . µmn
n where µj ∈ N, and there exists j0 such that
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µj0 ≥ 0 e µj ≥ 1 ∀j ∈ {1, . . . , n} \ {j0}. Finally, for the intermediary case, we have
µ1 = · · · = µr = µ, so that

p0(ω) =

n∑

i=1

∑

α∈Nn

ciα(b− µα1+···+αr+rµαr+1
r+1 . . . µαn+1

n µ−1
i )zα1

1 . . . zαn
n d̂z

i

Since µ, µr+1, . . . , µn has no relations, we have dim(ker p0) > 0 if, and only
if, b = µmµ

mr+1

r+1 . . . µmn
n , with m ≥ r − 1 and mj ≥ 1 for all j ≥ r + 1, or

b = µm
1 µ

mr+1

r+1 . . . µmn
n , with m ≥ r, and there exists j0 ≥ r + 1 with mj0 ≥ 0 and

mj ≥ 1 for all j ∈ {r + 1, r + 2, . . . , n} \ {j0}. �

The above lemma implies the following proposition.

Proposition 4.2. Let X be as in Lemma 4.1 and La be a line bundle on X. The
following statements holds:

(i) If X is classic then dimH0(X,TX⊗La) > 0 if, and only if, a = µd, where
d ∈ Z with d ≥ −1.

(ii) If X is generic then dimH0(X,TX ⊗ La) > 0 if, and only if,

a = µd1µd2

2 . . . µdn
n

where there exists j0 ∈ {1, . . . , n} with dj0 ≥ −1 and dj ≥ 0 for all j ∈
{1, . . . , n} \ {j0}.

(iii) If X is intermediary then dimH0(X,TX ⊗ La) > 0 if, and only if, a =

µdµ
dr+1

r+1 . . . µdn
n where d ≥ −1 and dj ≥ 0 for all j ≥ r + 1 or d ≥ 0 and

there exists j0 ≥ r + 1 with dj0 ≥ −1 and dj ≥ 0 for all j ∈ {r + 1, r +
2, . . . , n} \ {j0}.

Proof. Since H0(X,TX⊗La) ∼= H0(X,Ωn−1
X ⊗Lµ1µ2...µna) the proposition follows

from Lemma 4.1. �

4.1. Proof Theorem 1.2. The morphism TF = Lb → TX gives rise to a section
s ∈ H0(X,TX ⊗ Lb−1). On the other hand, we have the isomorphism

TX ⊗ Lb−1
∼= (W × C

n)/(f ×Ab−1),

whereW = Cn\{0} andA = (µ1, . . . , µn) . Therefore, a section s ∈ H0(X,TX ⊗ Lb−1)
correspond to a section s̃ ∈ H0(W,On

W ), say s̃ = (g1, . . . , gn), where gi ∈ OW sat-
isfying:

gk(µ1z1, . . . , µnzn) = µkb
−1gk(z1, . . . , zn) for all k = 1, . . . , n.

It follows from Hartogs extension theorem that s̃ can be represented by its Taylor
series

gk(z1, . . . , zn) =
∑

ckαz
α , α = (α1, α2, . . . , αn) ∈ Nn, k = 1, 2, . . . , n.

Then for all k = 1, . . . , n, we have

(3) ckαµ
α1

1 µα2

2 . . . µαn

n = ckαµkb
−1, where α = (α1, α2, . . . , αn) ∈ N

n.

Classical case. In this case, we have µ1 = · · · = µn = µ. Then by Proposition 4.2
part (i), we have b−1 = µm with m ≥ −1. Then, it follows from equation (3) that

ckαµ
α1+···+αn = ckαµ

m+1, where α = (α1, α2, . . . , αn) ∈ N
n.

If ckα 6= 0, then µα1+···+αn = µm+1 with m ≥ −1. Thus α1 + · · ·+αn = m+ 1 ≥ 0.
This shows that each gk is a homogeneous polynomial of degree m + 1 and the
foliation F is given by a polynomial vector field g1

∂
∂z1

+ . . .+ gn
∂

∂zn
, where gi are
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homogeneous polynomial of degree m+ 1 ≥ 0, for all 1 ≤ i ≤ n.
Generic case. In this case, the µi are not related. Then by Proposition 4.2 part
(ii), we have b−1 = µd1

1 µd2

2 . . . µdn
n such that there exists dj0 ≥ −1 and dj ≥ 0 for all

j ∈ {1, . . . , n}\{j0}. From the equation (3), if ckα 6= 0 then b−1 = µα1

1 µα2

2 . . . µαn
n µ−1

k

and so that αj = dj for j 6= k and αk = dk + 1. Hence for all j = 1, . . . , n we get

(4) gk(z1, . . . , zn) = ckzd1

1 . . . zdk+1
k . . . zdn

n ,

where ck = ckα, α = (d1, d2, . . . , dk + 1, . . . , dn). Since F is nonsingular, there are
two possibilities:

(i) dj0 = −1 and dj = 0 for j 6= j0. In this case b = µj0 and the foliation is

induced by a vector field of the form v = ∂
∂zj0

.

(ii) dj = 0 for all j = 1, . . . , n. In this case b = 1 and the linear vector field

v = c1z1
∂

∂z1
+ · · ·+cnzn

∂
∂zn

with cj 6= 0 ∀ j = 1, . . . , n, induces the foliation.

Intermediary case. In this case, we have µ1 = · · · = µr = µ. Then by Proposition
4.2 part (iii), we have

(5) b−1 = µdµ
dr+1

r+1 . . . µdn

n ,

where d ≥ −1 and dj ≥ 0 for j ≥ r + 1 or d ≥ 0 and there is j0 ≥ r + 1 with
dj0 ≥ −1 and dj ≥ 0 for all j ∈ {r + 1, r + 2, . . . , n} \ {j0}. From the equation (3)
we deduce that

µα1+α2+···+αrµ
αr+1

r+1 . . . µαn
n = µkµ

dµ
dr+1

r+1 . . . µdn
n .

Since µ, µr+1, . . . , µn are not related we have

gk = z
dr+1

r+1 z
dr+2

r+2 . . . zdn
n

∑
α∈Nr

ckαz
α1

1 . . . zαr
r with |α| = d+ 1 and 1 ≤ k ≤ r,

gk = z
dr+1

r+1 z
dr+2

r+2 . . . zdk+1
k . . . zdn

n

∑
α∈Nr

ckαz
α1

1 . . . zαr
r with |α| = d and r + 1 ≤ k ≤ n.

Since F is nonsingular, there are three possibilities:

(i) d = −1 and dj = 0 for all j ≥ r + 1. In this case b = µ = µ1 = · · · = µr

and the vector field

v = c1
∂

∂z1
+ · · ·+ cr

∂

∂zr
,

for some cj 6= 0, induces the foliation.
(ii) d = 0 and dj = 0 for all j ≥ r + 1. So b = 1 and

v = g1
∂

∂z1
+ · · ·+ gr

∂
∂zr

+ cr+1zr+1
∂

∂zr+1
+ · · ·+ cnzn

∂
∂zn

with

gk =
r∑

i=1

cki zi para 1 ≤ k ≤ r

(iii) d = 0, dj0 = −1, for some j0 ∈ {r + 1, . . . , n} and dj = 0 for all j ∈
{r + 1, . . . , n} \ {j0}. In this case b = µj0 and v = ∂

∂zj0
.

Remark 4.3. Notice that Theorem 1.3 follows from equation (4).

5. One-codimensional holomorphic foliations

In this section we will give a classification nonsingular holomorphic distribu-
tions and foliations of codimension-one on classical, generic or intermediary Hopf
manifolds.
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Lemma 5.1. Let X be a classical, generic or intermediary Hopf manifold of di-
mension n ≥ 3, and La be a line bundle on X, with a ∈ C∗. The following holds:

(i) If X is classical then dim H0(X,Ω1
X ⊗ La) > 0 if, and only if, a = µm,

where m ∈ N, m ≥ 1.
(ii) If X is generic then dim H0(X,Ω1

X ⊗ La) > 0 if, and only if,

a = µm1

1 µm2

2 . . . µmn

n

where mi ∈ N and there exists j0 ∈ {1, . . . , n}, such that mj0 ≥ 1.
(iii) If X is intermediary then dim H0(X,Ω1

X ⊗ La) > 0 if, and only if,

a = µm1

1 µm2

2 . . . µmn

n

with µj ∈ N for all j = 1, . . . , n, and m1 + m2 + · · · + mr ≥ 1, mj ≥ 0
for j ≥ r + 1 or m1 +m2 + · · ·+mr ≥ 0, mj ≥ 0 for j ≥ r + 1, and there
exists j0 ≥ r + 1 with mj0 ≥ 1.

Proof. According to Theorem 2.1 we have dimH0(X,Ω1
X(La)) = dimker(p0),

where
p0 = a · Id− f∗ : H0(W,Ω1

W ) → H0(W,Ω1
W )

and W = Cn − {0}. Let ω ∈ Γ(W,Ω1
W ), so that ω =

n∑
i=1

gidzi, applying Hartogs

extension theorem, each gi, 1 ≤ i ≤ n, can be represented by its Taylor series

gi(z1, z2, . . . , zn) =
∑

α∈Nn

ciαz
α1

1 zα2

2 . . . zαn
n .

Then p0(ω) =
n∑

i=1

∑
α∈Nn

ciα(a− µα1

1 . . . µαn
n µi)z

α1

1 zα2

2 . . . zαn
n dzi . Hence

p0(ω) = 0 ⇔ ∀α ∈ Nn, i ∈ {1, . . . , n} this implies that ciα = 0 or a = µα1

1 . . . µαn
n µi.

If X is a classical Hopf, that is, µ1 = · · · = µn = µ then p0(ω) = 0 ⇔
∀α ∈ N

n and i ∈ {1, . . . , n} so that ciα = 0 or a = µα1+···+αn+1. Therefore,
dim(kerp0) > 0 ⇔ a = µm with m ∈ N, m ≥ 1. If X is generic, since there
are not relations between the µi’s, we have dim(kerp0) > 0 ⇔ a = µm1

1 . . . µmn
n ,

where µi ∈ N, mi ≥ 0 for all i ∈ {1, . . . , n} and there exists i0 ∈ {1, . . . , n} such
that mi0 ≥ 1. Finally, if X is intermediary then µ1 = · · · = µr so that

p0(ω) = 0 ⇔ ∀α ∈ N
n, i ∈ {1, . . . , n}

and hence ciα = 0 or a = µα1+···+αr

1 µ
αr+1

r+1 . . . µαn
n µi. As there are not relations

between µ1, µr+1, . . . , µn we have

dim(ker p0) > 0 ⇔ a = µm1+···+mr

1 µ
mr+1

r+1 . . . µmn

n ,

with m1 + · · · +mr ≥ 1 and mj ≥ 0 ∀j ≥ r + 1, or m1 + · · · +mr ≥ 0, mj ≥ 0 ∀
j ≥ r + 1 and there exists j0 ≥ r + 1 with mj0 ≥ 1. �

As consequence of above lemma, we obtain the following proposition.

Proposition 5.2. Let X be a Hopf manifold of dimension n ≥ 3 and let F be a
nonsingular codimension-one holomorphic distribution on X with NF = Lb−1 . The
following holds:

(i) If X is classical then b−1 = µm, com m ∈ N and m ≥ 1.
(ii) If X is generic then b−1 = µm1

1 µm2

2 . . . µmn
n where µj ∈ N for all j =

1, . . . , n, e µ1 + · · ·+ µn ≥ 1.
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(iii) If X is intermediary then b−1 = µm1

1 µm2

2 . . . µmn
n where µj ∈ N for all

j = 1, . . . , n, and m1 + m2 + · · · + mr ≥ 1, mj ≥ 0 for j ≥ r + 1 or
m1 + m2 + · · · + mr ≥ 0 e mj ≥ 0 for all j ≥ r + 1 and there exists
j0 ≥ r + 1 with mj0 ≥ 1.

5.1. Proof of Theorem 1.6. By construction, we have that

Ω1
X ⊗ Lb−1

∼= (W × C
n)/(f ×A−1b−1),

where W = Cn − {0} and A−1 =
(
µ−1
1 , . . . , µ−1

n

)
. Thus, the holomorphic section

s ∈ H0(X,Ω1
X⊗Lb−1) correspond to a section s̃ ∈ H0(W,On

W ), say s̃ = (g1, . . . , gn),

such that gk ∈ OW satisfies gk(µ1z1, . . . , µnzn) = µ−1
k b−1gk(z1, . . . , zn), for all

k = 1, . . . , n. By Hartog’s extension theorem, s̃ can be represented by its Taylor
series

gk(z1, . . . , zn) =
∑

α∈Nn

ckαz
α1

1 . . . zαn
n , where α = (α1, α2, . . . , αn) ∈ Nn .

Then

(6) ckαµ
α1

1 µα2

2 . . . µαn

n = ckαµ
−1
k b−1, where α = (α1, α2, . . . , αn) ∈ N

n.

The classical case. In this case µ1 = · · · = µn = µ. Proposition 5.2 part (i)
implies that b−1 = µm for some m ≥ 1. Therefore ckαµ

|α| = ckαµ
−1µm where |α| =

α1 + · · · + αn. Hence, if c
k
α 6= 0 then |α| = m − 1. It follows that each gk is a

homogeneous polynomial of degree m− 1.
Generic case. If X is generic, then by Proposition 5.2 part (ii) we have

b−1 = µm1

1 µm2

2 . . . µmn

n ,

where µj ∈ N, µj ≥ 0 for all j ∈ {1, . . . , n} and there exists j0 ∈ {1, . . . , n} such
that mj0 ≥ 1. Then from (6) we get

ckαµ
α1

1 µα2

2 . . . µαn
n = ckαµ

−1
k µm1

1 µm2

2 . . . µmn
n , where α = (α1, α2, . . . , αn) ∈ Nn.

Hence for each k = 1, . . . , n we have

(7) gk(z1, . . . , zn) = ckzm1

1 zm2

2 . . . zmk−1
k . . . zmn

n .

Since F is nonsingular, we get that mj0 = 1 for some j0 ∈ {1, . . . , n} and mj = 0
for all j ∈ {1, . . . , n}\{j0}. So that we have b−1 = µj0 , gj0 is a constant and gj = 0
for all j ∈ {1, . . . , n} \ {j0}.
Intermediary case. In this case, we have µ1 = · · · = µr = µ. Moreover, Proposi-
tion 5.2 part (iii), implies that b−1 = µm1

1 µm2

2 . . . µmn
n , wherem1 +m2 + · · ·+mr ≥ 1

and mj ≥ 0 for j ≥ r + 1 or m1 +m2 + · · ·+mr ≥ 0 and mj ≥ 0 for all j ≥ r + 1
and there is j0 ≥ r + 1 with mj0 ≥ 1. Then from (6) we get

ckαµ
α1+···+αr

1 µ
αr+1

r+1 . . . µαn
n = ckαµ

−1
k µm1+···+mr

1 µ
mr+1

r+1 . . . µmn
n ,

where α = (α1, α2, . . . , αn). Since there are no relations between µ, µr+1, . . . , µn,
we have that for each k = 1, . . . , r,

gk(z1, . . . , zn) = z
mr+1

r+1 . . . zmn
n

∑
α

ckαz
α1

1 . . . zαr
r ,

where α1 + · · ·+ αr = m1 + · · ·+mr − 1 ≥ 0, and for each k = r + 1, . . . , n,

gk(z1, . . . , zn) = z
mr+1

r+1 . . . zmk−1
k . . . zmn

n

∑
α

ckαz
α1

1 . . . zαr
r ,

where α1 + · · · + αr = m1 + · · · + mr ≥ 1. Since F is nonsingular, we have the
following possibilities:
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(i) b = µ−1
1 = · · · = µ−1

r . In this case the foliation is induced by a holomorphic
1-form of the type ω = c1dz1+· · ·+crdzr , with cj 6= 0 for some j = 1, . . . , r.

(ii) b = µ−1
j for some j ∈ {r + 1, . . . , n}. In this case, the foliation is induced

by a 1-form of the type ω = dzj .

5.2. Proof of Theorem 1.10. The equation (7) shows that every codimension-
one distribution on a generic Hopf manifold is induced by a monomial 1-form of
the type

ω =
n∑

i=1

gidzi, where gi(z1, . . . , zn) = ciz
m1

1 zm2

2 . . . zmi−1
i . . . zmn

n , with mj ≥ 0,

Now, we show that ω ∧ dω = 0. Calculating dω we obtain

dω =

n∑

i,j=1

cimjz
m1

1 zm2

2 . . . zmi−1
i . . . z

mj−1
j . . . zmn

n dzj ∧ dzi.

Define νijk = cimjck = ckmjci = νkji and

zijk = z2m1

1 z2m2

2 . . . z2mk−1
k . . . z

2mj−1
j . . . z2mi−1

i . . . z2mn

n .

Then, we get

w ∧ dw =
∑

k<j<i

(νkji − νkij − νjki + νjik − νijk + νikj)zijkdzk ∧ dzj ∧ dzi = 0

6. Singular foliations on Hopf manifolds

In this section we study singular holomorphic foliations (and distributions) on
Hopf manifolds. Firstly, we prove Theorem 1.11.

6.1. Proof of Theorem 1.11. Let ξ ∈ H0(X,TX ⊗ L) be a section inducing F .
Suppose by contradiction that Sing(ξ) is nonempty and has only isolated points.
By Baum-Bott Theorem [2] we have

(8) cn(TX ⊗ L) =
∑

{p:ξ(p)=0}

µp(ξ) > 0

where µp(ξ) denotes the Milnor number of ξ at p, and cn the top Chern class. For
the one-codimensional case the idea of the proof is the same. In this case we use
the Baum-Bott type Theorem due to T. Izawa [9]. On the other hand,

(9) cn(TX) =
∑

p,q

(−1)p+qhp,q,

where hp,q = dimHq(X,Ωp) is the Hodge number. Mall in [10] showed that

(10) h0,0 = h0,1 = hn,n = hn,n−1 = 1 and hp,q = 0 in all other cases.

Then from (9) and (10) we have that cn(TX) = 0. Furthermore, since X is diffeo-
morphic to S2n−1 × S1, by Künneth formula we get H2(X,Z) = 0. In particular,
the first Chern class c1(L) ∈ H2(X,Z) vanishes. Then

cn(TX ⊗ L) =
n∑

j=0

cj(TX)c1(L)
n−j = cn(TX) = 0

which contradicts the equation (8).
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6.2. Proof of Theorem 1.12. We prove the Brunella type alternative for holo-
morphic foliations on classical Hopf manifolds. Let ω be a 1-form on Cn − {0}
inducing F . Then we get ω = g1dz1 + · · · + gndzn, where gi are homogeneous
polynomials of the same degree k for all 1 ≤ i ≤ n. Let α : X → Pn−1, α(z) = [z],
the natural morphism. Then is either F is transversal to a generic fiber of π or F
is tangent to fibration π.

In the first case, the contraction f := iRω =
n∑

i=1

zigi, of the ω by radial vector

field R =
n∑

i=1

zi
∂
∂zi

, is a not identically zero analytic function on X . We will show

that the analytic hypersurface {f = 0} is invariant by F . In fact, the integrability
condition, ω ∧ dω = 0, implies that iRω ∧ dω + ω ∧ iRdω = 0. On the other hand,

iRdω + d(iRω) =

n∑

i=1

iR(dgi ∧ dzi) + d

(
n∑

i=1

zigi

)
= (k + 1)ω.

Taking the exterior product with ω, we get ω∧ iRdω+ω∧d(iRω) = 0 and by using
this equation and iRω ∧ dω+ω∧ iRdω = 0, we obtain ω ∧ d(iRω) = (iRω)dω. Thus
{iRω = 0} is invariant by F . On the other hand, if F is tangent to the fibration π,
then F is subfoliated by elliptic curves.
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