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Classification of limit varieties
of #-trivial monoids

S. V. Gusev and O. B. Sapir

Abstract

A variety of algebras is a limit variety if it is non-finitely based but all its
proper subvarieties are finitely based.

We present a new pair of limit varieties of monoids and show that together
with the five limit varieties of monoids previously discovered by Jackson,
Zhang and Luo and the first-named author, there are exactly seven limit
varieties of _¢#-trivial monoids.

1 Introduction

A variety of algebras is called finitely based (abbreviated to FB) if it has a finite basis
of its identities, otherwise, the variety is said to be non-finitely based (abbreviated
to NFB). Much attention is paid to studying of FB and NFB varieties of algebras of
various types. In particular, the FB and NFB varieties of semigroups and monoids
have been the subject of intensive research (see the survey [24]).

A variety is hereditary finitely based (abbreviated to HFB) if all its subvarieties
are FB. A variety is called a limit variety if it is NFB but every its proper subvariety
is FB. Limit varieties play an important role because every NFB variety contains
some limit subvariety by Zorn’s lemma. It follows that a variety is HFB if and
only if it does not contain any limit variety. So, if one manages to classify all limit
varieties within some class of varieties, then this classification implies a description
of all HFB varieties in this class.

Limit varieties are very rare. Only five explicit examples of limit varieties of
monoids are known so far. The first two examples of limit monoid varieties L and
M were discovered by Jackson [7] in 2005 (the formal definitions of these varieties
will be given in Subsection 2.3)). In 2013, Zhang found a NBF variety of monoids
that does not contain the varieties L and M [26] and, therefore, she proved that
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there exists a limit variety of monoids that differs from L and M. In [27], Zhang
and Luo pointed out an explicit example of such variety.

If S is a semigroup, then the monoid obtained by adjoining a new identity element
to S is denoted by S!. If M is a monoid, then the variety of monoids generated by
M is denoted by var M. Let A! = var A', where

A= {a,bc|la*=a,b*=b,ab=ca=0, ac=cb=c)={a,b,c,ba,bc,0}.

The semigroup A was introduced by its multiplication table and shown to be FB in
[15, Section 19]. Its presentation was recently suggested by Edmond W. H. Lee. If V

is a monoid variety, then \7 denotes the variety dual to V, i.e., the variety consisting

of monoids anti-isomorphic to monoids from V. The variety A' Vv Al is the third
example of limit variety of monoids [27] mentioned in the previous paragraph. The

fourth and the fifth examples of limit monoid varieties J and J are provided in [3]
(the formal definition of the variety J will be given in Subsection 2.3)).

In [2], Green introduces five equivalence relations on a semigroup. These relations
are collectively referred to as Green’s relations, and play a fundamental role in
studying semigroups. We recall the definition of one of them, which we use in present
paper. For elements a and b of a semigroup S, Green’s relation ¢ is defined by

a_Zb if and only if StaS' = S'St, ie., a and b generate the same ideal.

A semigroup S is called _#-trivial if Green’s relation ¢ is the equality relation.
It turns out that all known examples of limit varieties of monoids are varieties
of #-trivial monoids. In this article, we present a new pair of limit varieties of

monoids K and % and provide the following classification of limit varieties of ¢ -
trivial monoids, which is the main result of the article.

Theorem 1.1. A vamety of # -trivial monoids is HFB if and only if it excludes the

varieties AtV A1 J, J K, % L and M. Consequently, there are precisely seven
limit varieties of / tmmal monoids.

A monoid is aperiodic if all its subgroups are trivial. We note that several clas-
sifications of limit varieties of monoids were obtained earlier in some other classes.
Namely, Lee proved in [I0] the uniqueness of the limit varieties L and M in the class
of varieties of finitely generated aperiodic monoids with central idempotents. In [11],
Lee generalized the result of [10] and established that L and M are the only limit
varieties within the class of varieties of aperiodic monoids with central idempotents.
Just recently, the first-named author [4] proved that a variety of aperiodic mon01ds

with commuting idempotents is HFB if and only if it excludes the varieties J, J L
and M.

The article consists of six sections. Section [2] contains definitions, notation,
auxiliary results and introduces the varieties K and % In Section [3] we provide a
sufficient condition under which a monoid variety is HFB. In Section 4] we provide



a classification of aperiodic monoid varieties, which implies that every variety of
%
_Z-trivial monoids is either HFB or contains one of the varieties A* vV Al J, J,

K, ﬁ, L or M (Corollary [.6). In Section [l we show that K and K are new limit
varieties of monoids (Proposition 5I). Thus, we provide the proof of Theorem [I1]
Finally, Section [6] is devoted to a description of the subvariety lattice of the limit
variety K.

2 Preliminaries

2.1 Varieties of / -trivial monoids

The following claim is well-known but we provide its proof for the sake of complete-
ness.

Fact 2.1. Let V be a variety of 7 -trivial monoids. Then V satisfies the identities
"and (zy)" = (yz)" (2.1)

"~

for some n > 1.

Proof. Since the Green’s relation # on any group coincides with the universal
relation, all the groups of V are trivial. This implies that V is aperiodic and so
satisfies the identity 2" ~ 2"*! for some n > 1.

Let M be a monoid from V and a,b € M. Then (ab)® = (ab)"** = a(ba)"b
and similarly, (ba)™ = b(ab)"a. Therefore, (ab)™ and (ba)™ lie in the same _#-class
of M. Since M is _#-trivial, (ab)” = (ba)". It follows that M and so V satisfy

(zy)" =~ (yx)". O

2.2 Words, identities and Dilworth-Perkins construction

Let A be a countably infinite set called an alphabet. As usual, let 2" and 2* denote
the free semigroup and the free monoid over the alphabet 2, respectively. Elements
of 2 are called letters and elements of 2A* are called words. We treat the identity
element of A* as the empty word, which is denoted by 1. Words and letters are
denoted by small Latin letters. However, words unlike letters are written in bold.
The content of a word w, i.e., the set of all letters occurring in w, is denoted by
con(w). A letter is called simple [multiple] in a word w if it occurs in w once [at
least twice]. The set of all simple [multiple] letters in a word w is denoted by sim(w)
[respectively mul(w)]. We use W< to denote the closure of a set of words W C 2*
under taking subwords.

The following construction was introduced by Perkins [17] to build the first two
examples of finitely generated NFB varieties of semigroups (although in essence it
appears in [16], where it is attributed to Dilworth). For any set of words W, let
M (W) denote the Rees quotient monoid of 2A* over the ideal A* \ W< consisting of
all words that are not subwords of any word in W. Given a finite set of words W,
M (W) is a finite _#-trivial monoid with zero.
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2.3 Generalized Dilworth-Perkins construction

The following generalization of M (W) construction was introduced by the second-
named author in |21, 22]. Given a congruence 7 on the free monoid 2* we use o, to
denote the binary operation on the quotient monoid 2*/7. The elements of 2A* /7
are called T-words or T-classes and written using lowercase letters in the typewriter
styl. The subword relation on 2* can be naturally extended to T-words as follows:
given two 7-words u, v € A* /7 we write v <, uif u = po,vo,s for some p,s € A*/7.
Given a set of 7-words W we define WS as closure of W in quasi-order <. If W is a set
of 7-words, then M, (W) denotes the Rees quotient of 2* /7 over the ideal (2A*/7)\W=".
For brevity, if wy,wa,...,w, € A*/7, then we write M, (wy,ws,...,ws) rather than
M, ({wy,wa,...,w}). If 7 is the trivial congruence on A*, then M, (W) construction
coincides with Dilworth-Perkins construction.

Let 7, denote the congruence on the free monoid 2* induced by the relations
a = aa for each a € A*. We refine 71 into three more congruences as follows. Given
u,v € A%, we define:

e u v if and only if u 7, v and mul(u) = mul(v);

e u )\ v if and only if u v v and the first two occurrences of each multiple letter
are adjacent in u if and only if these occurrences are adjacent in v;

e u p v if and only if u v v and the last two occurrences of each multiple letter
are adjacent in u if and only if these occurrences are adjacent in v.

Notice that the relations p and A are dual to each other. If 7 € {r,~, A, p}, then
it is verified in Proposition 8.5 in [22] that the relation <, is an order on 2*/7 and
given a finite set of 7-words W, M (W) is a finite _#-trivial monoid with zero.

We say that a 7-word u € */7 is a 7-term for a variety V if, for any word u
in u, we have u 7 v whenever V satisfies u &~ v. The following lemma generalizes
Lemma 3.3 in [7].

Lemma 2.2 ([22, Corollary 3.6]). Let 7 be either the trivial congruence or T €
{m,v}. Let W be a subset of A* /7. Then a monoid variety V contains M, (W) if and
only if every T-word in W is a T-term for V. O

If u € A* and = € con(u), then an island formed by z in u is a maximal subword
of u, which is a power of z. For example, the word ab?a®ba® has three islands formed
by a and two islands formed by b. We say that u € * is 2-island-limited if each
letter forms at most 2 islands in u. For example, the word asbtb®a” is 2-island-
limited. Given 7 € {7,7,\, p} we say that u € 2A*/7 is 2-island-limited if u is
2-island-limited for each u € u.

'We call the elements of 21* /7 by 7-words when we want to emphasize the relations between
them and we refer to u € 2A* /7 as a 7-class when we are interested in the description of the words
contained in u.



Fact 2.3 ([22] Lemma 6.3 and it’s dual]). Let 7 € {\, p} and u be a 2-island-limited
T-word. If u is a T-term for a monoid variety V, then every T-word v with v <, u
1s also a T-term for V.

Lemma 2.4 ([22, Corollary 6.4 and it’s dual]). Let 7 € {\,p} and W be a set of
2-1sland-limited T-words. Then a monoid variety V contains M, (W) if and only if
every T-word in W is a T-term for V. O

Let 9B denote an alphabet, which consists of symbols a™ for each a € 2. If
T € {71,7, A\, p}, then it is convenient to represent the elements of A*/7 by words
in the alphabet 24 U B. For each a € 2 consider the following rewriting rules on
(AU B)*

1 +.
e R''. ., replaces a by a™;

’Y . + . .
e R! . . replaces an occurrence of @ in u by a™ only in case that either a appears
in u at least twice or at appears in u;

° Rg .+ Teplaces an occurrence of a in u by a™ only in case that either a or a™
appears in u to the left of this occurrence of a;

e R" . replaces an occurrence of a in u by a* only in case that either a or a™*
appears in u to the right of this occurrence of «;

® Ryigt_q+ replaces ata’ by at;
o R, _q+ replaces aa™ by a™;
® Ryiqq+ replaces ata by a™.
It is proved in Lemma 8.1 in [22] that if 7 € {71,7, A, p}, then using the rules
{R! .+, Rata+—a+s Raa+ —a+s Ratasar | a € 2A} (2.2)

in any order, every word u € (U 8)* can be transformed to a unique word 7, (u)
such that none of these rules is applicable to r,(u). Let R, denote the set of all
words in (26U B)* to which none of the rewriting rules (Z2)) is applicable. It is
verified in Proposition 8.2 in [22] that the 7-words in 2*/7 can be identified with
the elements of R, such that for each pair of words u,v € R, we have

uo,v =r.(uv).

For example, (bta™)oy(a™b™) = bta™bt. The next example lists all non-zero elements
of the 20-element monoid M), (bta™b™).

Example 2.5.
{bta™bt1=* = {1,a,at,b,b" ¢,
bt,ta, ta™, ab,ab®,ath,ath",
bta,bta™, ta™b, tathT,

bta™h,btatbt}.

bt



If wy,wo,...,wx € A*/7, then we use M, (wy,ws,...,w;) to denote the monoid
variety generated by M, (wy,wa, ..., wg). If 7 is the trivial congruence on 2A*, then
we write M(wy,wo, ..., w) rather than M, (wy, wo, ..., w).

It turns out that every limit variety of _¢-trivial monoids is generated by
a monoid of the form M,.(W). In particular, L = M(atbasb) and M =
M(abtasb, atbsab) [7]. The limit variety J was introduced in [3] as a variety given
by some infinite identity system. According to Theorem 7.2(v) in [22] and its
dual, J = M, (atba*sb*) and J = M, (a*tb*asb). In view of Theorem 4.3(iv)
n [22], the limit variety A!V A! discovered in [27] is generated by the monoid
M, (a*bTtat, atbta®).

Put K = M, (bta™b"). According to Example 25 the variety K is generated
by a 20-element monoid. In fact, K is generated by a 12-element submonoid of
M, (btatb™) (see Remark [6.6]). We are going to prove in Proposition 5.1l that K and

are new limit varieties of monoids.

2.4 Two useful facts

If M is a monoid or a class of monoids and ¥ is an identity or a set of identities,
then we write M = ¥ whenever M satisfies ¥. A word w is an isoterm for M
if M violates any non-trivial identity of the form w ~ w’. For a word w and
a set of letters X C con(w), let w(X) be the word obtained from w by deleting
from w all letters that are not in X. We write w(z1,x,...,2g, X) rather than
w(X U{xy,z9,...,2,}) whenever X C con(w) and x1,z, ..., 2, € con(w) \ X.

The next two facts are well-known. We provide their proofs for the sake of
completeness.

Lemma 2.6. For a monoid M the following are equivalent:

(i) zy is an isoterm for M;

(ii) every identity u =~ v satisfied by M has the following properties:

mul(u) = mul(v) and u(sim(u)) = v(sim(v)).

Proof. (i) — (ii) Clearly, = is an isoterm for M. Then mul(u) = mul(v) and
sim(u) = sim(v) = {t1,...,t,} for some m > 0. Therefore, u(sim(u)) = t;...t,
and v(sim(u)) =ty ...ty for some permutation 7 on {t,...,¢,}. If 7 is not the
identical permutation, then M satisfies t;t; ~ t;t; for some 1 < i < 7 < m. To

avoid contradiction, 7 is must be the identical permutation, that is, u(sim(u)) =
v(sim(v)). Implication (ii) — (i) is evident. O

A block of a word w is a maximal subword of w that does not contain any letters
simple in w. If zy is an isoterm for a monoid M, then, in view of Lemma 2.6, every
identity of M is of the form

w [ [(tw) ~ vo H(tivi), (2.3)

1=
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where sim(u) = sim(v) = {ti,...,t,} for some m > 0 and mul(u) =
con(ug...u,) = con(vy...v,) = mul(v). For each i = 0,1,...,m, we say the
blocks u; and v; are corresponding.

Lemma 2.7. Let M be a monoid that satisfies 2" ~ 2"t for some n > 1. If zy is
not an isoterm for M, then M is commutative or idempotent. O

Proof. If x is not an isoterm for M, then M satisfies z ~ 2* for some k > 1. Since
the identities 2" ~ 2"! and = ~ z* imply x ~ 22, the monoid M is idempotent.

If x is an isoterm for M but xy is not an isoterm for M, then M satisfies xy ~ yx
and is commutative. O

3 A sufficient condition under which a monoid
variety is HFB

A monoid M is said to be [hereditary] finitely based if var M is [H|FB. The variety
of monoids given by an identity system A is denoted by var A. We fix the following
set of identities for the rest of this section:

Y = {xtyxsy =~ xtryrsy, rtysyr ~ xtyscyx}.
The following proposition is the main result of this section and generalizes Proposi-
tion 3.1 in [4], which says that var{ztyrsy ~ rtryzsy, x*y* ~ y*z*} is HFB.
Proposition 3.1. Let M be a monoid such that M |=%. Then M is HFB.

To prove Proposition 3.1l we need some auxiliary results. We will often use the
following fact without references.

Fact 3.2. The identity
xtysyr = xtysryx (3.1)

implies the identities vtz ~ xtz?® and

xtysry ~ xtysyry. (3.2)
Proof. The identity xtx ~ ztz? can be obtained by erasing letters s and y from (3.1]).
Then ([B2) follows from (BI) because xtyszy Sl rtysziy (Eg]) xtys(xy)? (Eg])
Ttysyry. ]

The following lemma generalizes Lemma 3.2 in [4].

Lemma 3.3. Let w = vy voxvs, where v, vy, vy € A*. If vy contains x and v does
not contain any letters that are simple in w, then % implies W = ViTVaxVs.

Proof. In view of Fact B.2 the identity (3.I) implies (3.2]). The rest of the proof
is similar to the proof of Lemma 3.2 in [4]. The only difference is that instead
of ztysxy ~ xtysyx we use one of the identities (B or (B2). O
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Let u =~ v be an identity such that u(sim(u)) = v(sim(v)). If x € mul(u),
we say that u ~ v is x-well-balanced if u(z,sim(u)) = v(z,sim(u)). Following
Lee [1I], we say that the identity is well-balanced if u ~ v is z-well-balanced for
each x € mul(u). The identity u ~ v is not well-balanced at z if the number of
occurrences of x in some block b of u does not equal to the number of occurrences
of x in the corresponding block b’ of v. If 2 € mul(u) and b is the block of
u, which contains the first occurrence of x, then we say that u is z-compact if b
contains at most two occurrences of x and every other block of u contains at most
one occurrence of . We say that a word u is compact if u is z-compact for each
x € mul(u). We say that an identity u ~ v is compact if both u and v are compact
and u(sim(u)) = v(sim(v)). A word that contains at most one multiple letter is
called almost-linear. An identity u ~ v is called almost-linear if both u and v are
almost-linear. Given a monoid M we use I'(M) to denote the set of all almost-linear
identities of M.

Lemma 3.4. Let M be a monoid such that xy is an isoterm for M and M | X.
Then every identity of M can be derived from a compact well-balanced identity of
M together with X UT'(M).

Proof. Let u &~ v be an identity of M. In view of Lemma 2.6 mul(u) = mul(v)
and u(sim(u)) = v(sim(v)). Let u ~ v be not well-balanced at precisely k different
letters. We will use induction on k.

Induction base: £ = 0. Then u =~ v is well-balanced. In view of Lemma [3.3],
we can remove some occurrences of letters in u and v and obtain the words u*
and v* such that the identity u* ~ v* is compact and well-balanced and u ~ v is
equivalent modulo ¥ to u* = v*, we are done.

Induction step: k£ > 0. Then u’ = u(x,sim(u)) # v(z,sim(v)) = v’ for some
x € mul(u).

Suppose that every block of u contains at most one occurrence of x. Then we
apply the identity u’ ~ v’ to u and obtain a word w such that the identity w ~ v
is z-well-balanced. By the induction assumption, the identity w &~ v can be derived
from a compact well-balanced identity o of M together with YUI'(M). Then u ~ v
follows from {c} UXUI'(M) because u’ =~ v’ € I'(M), and we are done. By a similar
argument we can show that if every block of v contains at most one occurrence of
x, then u = v follows from a compact well-balanced identity of M together with
Y UI(M). So, by Lemma B3] we may assume that some block a of u contains the
first and second occurrences of x and some block b of v also contains the first and
second occurrences of z. Two cases are possible.

Case 1: the blocks a and b are corresponding. Lemma [3.3] allows us to remove
some occurrences of letters in u and v and obtain the words u* and v* such that
the identity u* ~ v* is compact well-balanced and u ~ v is equivalent modulo ¥ to
u* ~ v*. Therefore, we may assume that u and v are compact. Then, by symmetry,
we may assume that some block b’ of v contains x but the corresponding block a’ of
u to b’ does not contain . We may choose a’ and b’ so that they are the rightmost



blocks in the words u’ and v’ with such a property. Let ¢ be simple letter that is
next to the block a’ on the left of it in u.

Subcase 1.1: the last occurrence of x precedes the block a’ in u. Then the
identity u(z,t) ~ v(z,t) is equivalent modulo ¥ to

vt ~ 1Pt (3.3)

whence M satisfies

rte~zrte? (B:{D rte~zrte?
xtrs ~  atr’s =~ xtxlsr ~  xtrsr.

Then we apply the identity xtxs =~ ztrsr to u and obtain a word w such that
the identity w ~ v is z-well-balanced. By the induction assumption, the identity
w & v can be derived from a compact well-balanced identity o of M together with
YUI'(M). Then u =~ v follows from {c} UXUT'(M) because ztrs ~ xtxsx € I'(M),
and we are done.

Subcase 1.2: the last occurrence of x is preceded by the block a’ in u. Let s be
simple letter that is next to the blocks a’ on the right of it in u. Then the identity
u(x,t,s) =~ v(zx,t, s) is equivalent modulo ¥ to

sy ~ x’trsy, (3.4)

whence M satisfies

strrrte? 2 (BZI) 2 str~rts?
rzxrtrse ~ rzritrsr =~ xzx'tsx =~ xzxtsz.

Then we apply the identity
r2rtTST N T2ALST (3.5)

to u and obtain a word w such that the identity w ~ v is xz-well-balanced. By
the induction assumption, the identity w &~ v can be derived from a compact well-
balanced identity o of M together with ¥ U I'(M). Then u ~ v follows from
{o} UX UT(M) because ([B.5) € I'(M), and we are done.

Case 2: the blocks a and b are not corresponding. Let a’ be the corresponding
block to b. We may assume without loss of generality that the block a’ precedes
the block a in u. Let t be simple letter that is next to the block a’ on the right of
it in u. Clearly, the identity u(z,t)x ~ v(z,t)z is equivalent modulo ¥ to

tr? ~ r’tx, (3.6)

whence M satisfies

rtr~zta? m rte~rte?
trsx ~  trsx® ~ r’trsi? ~ x’trst.

Then we apply the identity tzsz ~ x*tzsr to u and obtain a word w such that
the corresponding block of w to the block b of v contains the first and second
occurrences of x in w. By Case 1, the identity w =~ v can be derived from a

compact well-balanced identity o of M together with ¥ UT'(M). Then u ~ v
follows from {c} UL UT (M) because txsx ~ x*txsz € ['(M), and we are done. [
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The expression ;w2 means the ith occurrence of a letter x in a word w. We
say that a pair of occurrences {;z, jy} of letters z and y in a well-balanced identity
u =~ v is critical if u contains ;,x juy as a subword and ;,y precedes ;v in v. Let w
denote the result of replacing ;4 ju¥y by ju¥y e in u. Given a set of identities A and
a well-balanced identity u ~ v, we say that the critical pair {;z, ;y} is A-removable
in u~ v if A implies u ~ w.

The following special case of Lemma 3.4 in [19] describes the standard method
of deriving identities by removing critical pairs. This method traces back to the
articles [9, [1§].

Lemma 3.5. Let M be a monoid and A be a set of identities. Suppose that each
critical pair in every compact well-balanced identity of M is A-removable. Then
every compact well-balanced identity of M can be derived from A. O

Let ® denote the set of compact well-balanced identities with two multiple letters
of the form pc & qc or yspc ~ ysqc, where p and q are words in {x,y}* with the
property that both  and y appear at least once and at most twice in both p and q
and occur in p the same number of times as in q, and ¢ be either the empty word
or a word from the set

k

{tl’y, H(téeé) | k 2 17617627 .., €p € {Lzay}} (37)
/=1

Notice that if u =~ v is an identity from ® then the difference between u and v is
only in the corresponding blocks p and q. Also notice that at most two blocks of u
(and v) contain both x and y. Moreover, if two blocks of u contain both z and y
then u has at most three blocks and the last block of u is xy. For example, the set
® contains yszy’try ~ ysyrytry. For more examples of identities in ® we refer the
reader to look at the cluster of seven identities used in the proof of Proposition
below.

Given a monoid M we use ®(M) to denote the set of those identities from &
that hold in M.

Proof of Proposition[3.1l. If zy is not an isoterm for M, then M is either commu-
tative or idempotent by Lemma 2.7 Then M is FB because each commutative
monoid [6] and each idempotent monoid [25] are FB. So, we may assume that zy
is an isoterm for M. According to Lemma [3.4] every identity of M can be derived
from a compact well-balanced identity of M together with X UT'(M). By the result
of Volkov [23, Corollary 2], every set of almost-linear identities gives a FB variety.
Thus, var'(M) is FB. It is easy to see that every subset of ® gives a FB subvari-
ety within var ¥. So, it suffices to prove that every compact well-balanced identity
u ~ v of M follows from ¥ U ®(M).

Let {;z, ;y} be a critical pair in u ~ v and w denote the result of replacing
u® juy bY ju¥ e in u. We consider four cases and show that in every case the
identity u &~ v together with ¥ imply some identity in (M) which (together with
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¥) can be used to “remove the critical pair {;z, ;y}”, that is, to derive the identity
u~w.

Since u = v is well-balanced, we have u(sim(u)) = v(sim(v)) and both z and
y are multiple letters. Let a denote the block of u, which contains the critical pair
{iz, ;y} and a’ denote the corresponding block of v to a. Then a = a; juZ juy as,
u = uau” and v = v/a’v” for some a;,a,,u’,u”, v/, v’ € A*.

Case 1: block a contains neither the first occurrence of x nor the first occurrence
of y. In this case, a(z,y) = xy and a’(x,y) = yx because u ~ v is compact and
well-balanced. Two subcases are possible.

Subcase 1.1: some block b of u” contains both an occurrence of x and an
occurrence of y. Let u” = u;buy for some u;,uy € A*. Let ¢t be the simple letter
that is immediately to the right of the block a. Then u ~ v implies

U (z,y)zytd” (z,y) =~ V' (z, y)yztv' (z,y)
and so
U (z, y)aeyta” (z, y)zy ~ V' (z, y)yatv"(x,y)zy.
The last identity is equivalent modulo X to
prytry ~ qyrtry, (3.8)

where p,q € {zy,yz} because we can remove all non-first occurrences of x and y
in u'(z,y) and v/(z,y) and the words u”(z,y) and v”’(z,y) by Lemma Clearly,
B.8) € ®(M). Then M satisfies

Lemma , B3) , Lemma
~ u'a;pryasu;rybuy ~ u'a;qyrasu;rybu, ~ W,

and we are done.

Subcase 1.2: no block of u” contains both an occurrence of z and an occurrence
of y. Let {t1,ts,...,tr} be the possibly empty set of simple letters of u in u”. Then
u ~ v implies

u'(z,y)zya” (z,y, t1, ta, ... t) =V (2, y)yzv”(z,y,t1, e, . . Tr). (3.9)

Since the identity u &~ v is well-balanced and compact,

k
u(z,y, b, te, . te) =V (2, y, b, e, . ty) = H(tgeg), (3.10)
=1

where e, es,...,e, € {1,x,y}. The identity (3.9) is equivalent modulo 3 to

(teer), (3.11)

o~
Il B
,_.E

k
pry [ [(teer) = qyz
{=1
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where p, q € {zy, yz} because we can remove all non-first occurrences of x and y in
u'(z,y) and v/(z,y) by Lemma B3l Clearly, (B11) € ®(M). Then M satisfies

Lemma

/ p GID yp Lemma B.3]
=~ ua;pryasu ~ uaqyrasu ~

w,

and we are done.

Case 2: block a contains the first occurrence of x and the first occurrence of y.
In this case, both x and y occur at least once and at most twice in a because u is
compact. Let a(x,y) = pujuyq and a'(z,y) = p’ jyyd war’. Two subcases are

possible.
Subcase 2.1: some block b of u” contains both an occurrence of x and an
occurrence of y. Let u” = u;buy for some u;,uy € A*. Let ¢t be the simple letter

that is immediately to the right of the block a. Then u ~ v implies

pzyqtu” (z,y) = p'yqzr'tv’(z,y)

and so
pryqtu” (z,y)zy ~ p'yqer'tv’ (z, y)zy.

The last identity is equivalent modulo 3 to

pryqtry ~ p'yq rr'tey (3.12)

because we can remove the words u”(x,y) and v”(z,y) by Lemma B3] Clearly,
BI2) € ®(M). Then M satisfies

Lemma[33 |, 6 , N S
u = Uuapryqasurxybuy ~ ua;pyqerrayu;rybus.

Evidently, if p’ = 1, then con(p’) C con(a;). Let now p’ # 1. If x € con(p’), then
i =2 and so z € con(p). If y € con(p’), then j = 2 and so y € con(p). We see
that con(p’) C con(p) C con(a;) in either case. Analogously, con(r’) C con(ag).
Further, if x € con(q’), then ¢ = 2 and so « € con(a;), and if y € con(q’), then
j = 1 and so y € con(ay) because u is compact. This implies that M satisfies
u'a;p'yq'zr'asu;rybuy; &~ w by Lemma B3] and we are done.

Subcase 2.2: no block of u” contains both an occurrence of x and an occurrence
of y. Let {t1,ts,...,tx} be the possibly empty set of simple letters of u in u”. Since
the identity u & v is well-balanced and compact, the equality (BI0) holds, where

e, ey, ...,e; € {1,z,y}. Then u ~ v implies
k k
pryq | [ (teer) ~ plydar’ [ [(teer). (3.13)
=1 =1

Clearly, (3.13)) € ®(M). Then M satisfies

Lemﬂam / " @) / S S "
A~ Uuajpryqau’ X~ uajpyqarrau .

12



Evidently, if p’ = 1, then con(p’) C con(a;). Let now p’ # 1. If & € con(p’), then
i =2 and so z € con(p). If y € con(p’), then j = 2 and so y € con(p). We see
that con(p’) C con(p) C con(a;) in either case. Analogously, con(r’) C con(ag).
Further, if x € con(q’), then ¢ = 2 and so = € con(a;), and if y € con(q’), then
j = 1 and so y € con(ay) because u is compact. This implies that M satisfies
u'a;p'yq'zr'agu” ~ w by Lemma B3] and we are done.

Case 3: block a contains the first occurrence of x but does not contain the first
occurrence of y. In this case, letter x appears at most twice in a(z, y) but letter y only
once because u is compact. Let a(z,y) = pwu®juyq and a'(z,y) = p’ vy d ar’.
Let s be a simple letter that is next to the block a on the left of it. Two subcases
are possible.

Subcase 3.1: some block b of u” contains both an occurrence of x and an
occurrence of y. Let u” = u;buy for some uy,uy; € A*. Let t be the simple letter
that is immediately to the right of the block a. Then u =~ v implies

y"spryqiu’(z,y) = y"sp'yqar'tv’ (z, y)

and so
y"spayqiu’(z,y)zy ~ y"sp'yqar'tv’(z, y)ay,
where m is the number of occurrences of y in u’. The last identity is equivalent
modulo Y to
y"spryqtry ~ y"sp'yq ar'try (3.14)
because we can remove the words u”(z,y) and v”(z,y) by Lemma 33 If m > 1,
then M satisfies

Lem%aBIﬂ m (ng mo . Lem%aBIﬂ ’o
yspryqtry =  ysy pryqtry ~ ysy pyqartry = yspyqartry.

So, in either case the identity

yspryqtry ~ ysp'yq ar'tey (3.15)
holds in M. Clearly, (8.15) € ®(M). Then M satisfies

Lemma 33 , BI5) , r
u = Uuapryqasurxybuy ~ ua;pyqerayuirybus.

Since p'q’r’ € {1, z}, if p'q’ # 1, then i = 2, whence con(p’q’) C con(p) and so
con(p’q’) C con(a;). Analogously, con(r’) C con(ag). This implies that M satisfies
u'a;p'yq’zr'asu;zybu; ~ w by Lemma B3] and we are done.

Subcase 3.2: no block of u” contains both an occurrence of x and an occurrence
of y. Let {t1,ts,...,tx} be the possibly empty set of simple letters of u in u”. Since
the identity u & v is well-balanced and compact, the equality (3.10) holds, where
e, ey,...,e; € {1,z,y}. Then u ~ v implies

y"spryqce ~ y"sp'yq'ar'c, (3.16)

13



where m is the number of occurrences of y in u’ and ¢ = [[5_, (tse;). If m > 1, then
M satisfies
Lemma [3.3] m BI6) mt ;. Lemma [3.3] , ;.
yspryqc =  ysy"'pryqc ~ ysy"pyqar'c = ysp'yqarc.
So, in either case the identity

yspryqc ~ ysp'yq'zr'c (3.17)
holds in M. Clearly, (317) € ®(M). Then M satisfies

Lemﬂam / " (BEID / S "
u =~ Udajpryqau’ = u'a;p'yqarau”’.
Since p'q'r’ € {1,z}, if p'd’ # 1, then i = 2, whence con(p’q’) C con(p) and so
con(p'q’) C con(a;). Analogously, con(r’) C con(ag). This implies that M satisfies
u'a;p'yq'zr'agu” =~ w by Lemma 3.3 and we are done.
Case 4: block a contains the first occurrence of y but does not contain the first
occurrence of z. This case is similar to Case 3.
So, we have proved that the critical pair {;z,,;y} is (X U ®(M))-removable in
u ~ v. Now Lemma applies, with the conclusion that every compact well-
balanced identity u ~ v of M can be derived from XU ®(M), and we are done. [

Corollary 3.6. Any monoid M that satisfies vtz ~ xtx® and

ryite ~ vyiote (3.18)
1s HFB.
Proof. The identities

rtrrxte?

xty:chsy ~  xtyrysy,

atr~rte? 2
rtyrsy ~  xtyr’sy

strzite

rtr~rts 2
zy‘zsytr = xyrsytr

zysytr =~ :cyzsyt:c
hold in M. Therefore, M is HFB by the dual to Proposition 3.1l O
Put

E={abc|la*=ab=0,ba=ca=a,b’*=bc=0bc"=cb=c)={a,b,c,ac,0}.

G
€D

The monoid E' was first investigated in Lee and Li [14, Section 14], where it was

shown to be finitely based by {ztr ~ ztz? ~ z*tx, vy’r ~ 2%y*}. Let A" denote
the dual of the monoid A! (see Section [I]).

Example 3.7. The monoid A' x B is HFB.

Proof. Tt follows from [14, Section 14] that E' | {ztz ~ xtz?, zy’te ~ zy’ztx}.
According to [27, p. 15], we also have A |= {ztz ~ xta?, zy*tc ~ zy’ztz}. There-
fore, A' x E' is HFB by Corollary 3.6l O

Example BT generalizes the result from [§] that E' is HFB and the result
from [27] that A! is HFB.

14



4 Classification of varieties of aperiodic monoids

Recall from Section 2] that L = M(xtzysy) and M = M(zytzsy, xsytxy) are limit
varieties of monoids [7]. The following lemma is a combination of [11l, Theorem 3.2]
and [4, Lemma 2.1].

Sorting Lemma 1. Let V be a variety of aperiodic monoids. Then either V is
HF'B or one of the following holds:

(i) 'V contains either L or M;
(ii) 'V satisfies either xtx ~ xtz® or vtr ~ x’tw. O

The goal of this section is to refine Sorting Lemma [ (see Sorting Lemma
below).

We note that some varieties can be generated by monoids of the form M, (u) for
several congruences 7. For example, M, (a™t) = My(a™t) = M,(a™t) [22, Fact 6.2].
In such a case, we choose the coarsest congruence 7 to identify the monoid variety.

Lemma 4.1. Let 'V be a monoid variety such that t is an isoterm for V and V
satisfies wtx ~ wtax®. If Ml,(a™t) € V, then V satisfies xtas ~ atws.

Proof. Since V does not contain M, (a*t), the y-word a*t is not a v-term for V
by Lemma 22l Since t is an isoterm for V, the variety V satisfies 2"t ~ a™ta"
for some n,m > 2 and k > 1. In view of ztx ~ xtz?, the variety V satisfies
2%t ~ x%tx. It is easy to check that the identity ztzs ~ atxsz is equivalent to
{xtr ~ xtx? 2%t ~ 2>tx}. O

The next lemma is a reformulation of Lemma 4.1 in [4] using Theorem 7.2 in [22].

Lemma 4.2. Let V be a monoid variety such that My (ata™,a™t) C 'V and V |=
atx ~ xtz?. Then V satisfies

xrtyxsy ~ wtryrsy (4.1)
whenever J = M, (atba™sb™) € V. O

Lemma 4.3. Let V be a monoid variety that satisfies the identity vtx ~ xtz?. If
V contains My (ata™) but does not contain K = M, (bta™b"), then V satisfies the
identity

rty’r ~ sty’ryz. (4.2)

Proof. Since M (bta®™b*) € V, Lemma 24 implies that bta™b" is not a A-term for
V. Since ata™ is a A-term for V, we get that V satisfies ztyPx? ~ xta for some
p >2,q>1and some word a € {x,y}* such that xy is a subword of a. Then the
identities

2 rtr~xta? 2 p g 2 cterxts? )
zty‘r ~ axtyy'rir = atyar 0~ xty‘zyx

hold in V, and we are done. O
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Lemma 4.4. Let V be a monoid variety that satisfies vtx ~ wtz?. If M, (ata™) €V,
then V satisfies atx ~ x*tx.

Proof. If xy is not an isoterm for V, then V is commutative or idempotent by

. . cterxts? comm.
Lemma 2.7l In either case, V satisfies xtx ~ 2%tz because ztx = ~ atx? =

idemp. . i
2*tr and xtr  ~ 2’tx. So, we may assume that zy is an isoterm for V.

Since M (ata™) ¢ V, Lemma 24 implies that ata™ is not a A\-term for V. Then
in view of Lemma 2.6], the variety V satisfies an identity of the form ztz* ~ a2Ptad,
where k,¢ > 1 and p > 2. This identity is equivalent modulo xtx ~ xtx? to
xtr ~ x*tz, and we are done. O

Lemma 4.5. Let V be a monoid variety that satisfies the identities atx ~ xta® ~
2*a. If A €V, then V = zy’te ~ (vy)*tx.

Proof. If x is not an isoterm for V, then V satisfies © ~ z? and consequently,
zy?*tz &~ (zy)*tx. So, let us assume that x is an isoterm for V and consider two
cases.

Case 1: V does not contain M, (a*t,ta™). According to Lemma 2.2 either a™t
or ta™ is not a y-term for V. Then the variety V satisfies either 2"t ~ x™tz* or
ta" ~ z™tz* for some n > 2 and m,k > 1. In view of ztr ~ ztz® ~ z*tx, the
variety V satisfies either 22t ~ ztx or tz® ~ xtx. Each of these identities implies
ry*te ~ (vy)*te.

Case 2: V contains M, (a*t,ta™). According to Theorem 4.3(iii) in [22], we
have A! = M, (a"b*ta™). Then Lemma implies that a™b*ta™ is not a y-term
for V. Since a™t and ta™ are v-terms for V, the variety V satisfies xy*tx ~ atz for
some a € {z,y}" such that a contains yx as a subword. Then

strzite sterrtr?rrtc

V Eayter ~  2*yite = rayto ~ (wy)*tz,
and we are done. O

Sorting Lemma 2. Let V be a variety of aperiodic monoids. Then either V is
HFEB or one of the following holds:

H
(i) 'V contains one of the varieties A* v Al, J, ﬁ, K, ﬁ, L or M;

(i) 'V satisfies either {wtx ~ xtx? vy*tz ~ (xy)*tx} or dually,
{ztr =~ 2*tx, vty’*x ~ xt(yx)?};

(i) V satisfies either xtxs ~ xtrsx or dually, trsr ~ xtrsz. O

Proof. Suppose that V is not HFB and does not contain any of the varieties A! \/E,
J, J, K, K, L or M. Sorting Lemma [ implies that V satisfies atx ~ xta? or
rtr ~ r’tx. By symmetry, we may assume that V satisfies xtx ~ xtz?. If z is not
an isoterm for V, then V is idempotent and consequently, satisfies xy*tx ~ (xy)*tz.
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So, we may assume that z is an isoterm for V. If a™t is not a ~-term for V, then
V satisfies xtrs ~ rtxsr by Lemma [LJl So, we may assume that a™t is a y-term
for V. Consider two cases.

Case 1: V contains M, (ata™). Since V does not contain J, Lemma [£.2] implies
that V = (@J)). Erasing s from (41I) we obtain

wtyxy ~ xt(xy)> (4.3)
Since K ¢ V, the variety V satisfies (4.2) by LemmaL3l Consequently, V satisfies

TITRT 5[72 TITT 1‘2
Tsytyx e xsytyzx @ xsytyzxy:c e :csyt(y:c)2 @g) TsYytxyx

Hence V is HFB by Proposition 3.1l
Case 2: V does not contain M, (ata™). In this case, Lemma 4] implies that

H
V E ate = 2?tz. Since A'VA! ¢ V, Lemma[@ Bl and its dual imply that V satisfies
one of the following identities

aty*r ~ at(yr)? or ayitr =~ (vy)’tw,
we are done. -

Corollary 4.6. Let 'V be a variety of /;tm’m’al monoids. Then either V is HFB
e
or V contains one of the varieties A*vV Al, J, J, K, %, L or M.

Proof. Suppose that V is not HFB and does not contain any of the varieties A! \/E,
J, J, K, K, L or M. In view of Sorting Lemma [2, two cases are possible.

Case 1: V satisfies {wtr =~ atz?, vyt ~ (vy)*tr} or {xtx ~ 2*tx, xty*c ~
rt(yx)?}. By symmetry, we may assume that the first of these identity system holds
in V. Since V is _¢-trivial, V satisfies (zy)? ~ (yx)? by Fact 21l Hence, V satisfies

(o) (y)?
wite ~ (ay)te .~ ()t~ (ya)

ctrrate? (zy)*=(yz)?
2t~ (zy)?ate ~ vy at.

So, V satisfies zy*tr ~ xy?xtr. Consequently, V is HFB by Corollary

Case 2: V satisfies either atxs ~ vtxsz or trsx ~ wtxsr. Since V is _#-trivial,
V satisfies (7y)? =~ (yx)? by Fact 2l By symmetry, we may assume that the first
of these identities holds in V. It is routine to verify that

var{ztrs ~ xtrsz, (zy)? ~ (yz)?} = var{ztr ~ rtz?, 2t ~ 2z, 2%y° ~ y*2?).

This variety is HFB by Proposition 6.1 in [5]. O
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5 The last two examples of limit varieties of
_¥# -trivial monoids

A monoid M is said to be non-finitely based if var M is NFB. As in Section 3, we
use ;uz to refer to the ith from the left occurrence of = in a word u. We use p,x to
refer to the last occurrence of x in u. If x is simple in u then we use ,x to denote
the only occurrence of x in u. If the ¢th occurrence of x precedes the jth occurrence
of y in a word u, we write (;uz) <y (juy). If u = &(s) for some endomorphism ¢ of
20* and ;,x is an occurrence of a letter z in u then £;!(;,z) denotes an occurrence
juz of a letter z in s such that £(;,2) regarded as a subword of u contains ;,.

Sufficient Condition. Let M be a monoid such that M satisfies the identity

W, = TYTY Yo aYnT R TYTYs  Yn1YnTYn = Vi (5.1)
for any n > 1. If the \-word bta™b* is a A-term for M then M is NFB.

Proof. Let u be a word such that M = u, = u and (suy,) <u (2ux). Since the
last occurrence of v, succeeds the second occurrence of x in v,,, in view of Fact 2.1
in [20], to show that M is NFB, it suffices to establish that if the identity u &~ v is
directly deducible from some identity s &~ t of M in less than n — 2 variables, i.e.
u = aé(s)b and v = a&(t)b for some words a, b € 2A* and some endomorphism & of
A% then (v yn) <v (2v).

We note that if a,b ¢ con(st) then the identity s ~ t is equivalent to asb ~ atb.
Then there exists an endomorphism ¢ of A* such that ((a) = a, ((b) = b, ((s) = £(s)
and ((t) = £(t). It follows that we may assume without any loss that a = b =1
and so u = £(s) and v = £(t), and s & t is an identity of M in less than n variables.

Since atbt is a A-term for M by Fact 2.3 we have:

(1uz) <u (Zuyl) <u (1uy2) <u (Zuy2) <u " <u (1uyn) <u (Zuyn) <u (2ux)~ (52)

Clearly, the word ab is an isoterm for M. Then sim(s) = sim(t), mul(s) = mul(t),
sim(u) = sim(v) and mul(u) = mul(v) by Lemma We use these facts below
without any reference.

Working toward a contradiction, suppose that (syx) <y (ew¥n).  Then
(& (v)) <t (&7 (evyn)), where &7 (5y2) is either the first or the second occur-
rence of some letter z in t and &, ' (s yn) is the last occurrence of some letter y in v.
If y = 2, then y = z € sim(s) because {(y) = £(z) contains both = and y,, and would
otherwise appear at least twice in u as a subword, contradicting (5.2)). Then, in
view of (5.2)), we have sy = sz = £ (1u7) and 12" = & '(1y2) is not an occurrence
of y = zin t. Clearly, (1t2') <¢ (¢2) but (s2) <s (1s2’). This is impossible, because
all the A-words in {bTat}=» are M\-terms for M by Fact 23l So, we may assume
that y # z.

Since all the A-words in {bTa™}=* are A-terms for M, s(z,y) # y'2/ for any
i,7 > 0. Hence (152) <s (ssy). Using (5.2) and that £(y) contains y,,, we obtain:

(152) <s (esy) <s (5;1(£uyn)) <s (gs_l(%x))
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Since £(z) contains  and (&' (1u2)) <s (&' (eu¥n)) by (B:2), we conclude that

M (1ar) = 152, © € sim(£(2)). (5.3)

In view of (B.2]) and the fact that s involves less than n letters, the word s has some
letter ¢ such that £(c) contains y;y;+1 as a subword for some 1 < ¢ < n. The letter
c is simple in s because for each 1 < i < n the word y;y;11 appears only once in u.
Using (5.2), (5.3) and that £(y) contains y,,, we obtain:

(152) Ss (SC) Ss (gs_l(luyn)) Ss (1sy) Ss (Zsy) Ss (gs_l(ﬁuyn)) SS (55_1(2ux)) (54)

Two cases are possible.

Case 1: & '(2v7) = 2.
In this case, z is multiple in t. Then (£ '(2u7)) <s (2s2), because £(z) contains
x. Since c is simple in t, z # c¢. Using (B.4) and that z # y we obtain:

(152) <s (sc) Ss (1sy) Ss (Zsy) <s (252)-

Since bta™bt is a A-term for M, it is easily to see that btb™ and btab™ are A-terms
for M too. Then we have:

(1t2) <t (¢¢) <¢ (1ty) <t (wy) <¢ (262).

Our assumption that (svx) <y (w¥y,) implies that

(262) = (& " (2v)) <e (& (vn)) = (),

a contradiction.

Case 2: & '(ov2) = 112
Then using (5.4) and the fact that all the A-words in {a™b™}=* are A-terms for
M, we obtain:

(162) <t (s¢) <¢ (1ty). (5.5)
In view of Fact 2.6 in [20], & *(1vz) = 1¢d for some d € con(t) = con(s). In this

case, (1¢d) = (& ' (1v1)) (gf) (67 (ov)) = (1£2) E? (¢¢) and therefore ¢ # d.
Suppose that (15d) <s (s¢). Since (152) <s (5¢)<s(&;1(1uyn)) by (B4), and both

£(z) and £(d) contain x, we obtain that (2u%) <y (¢u¥n), which contradicts to (5.2)).
Suppose that (s¢) <s (1sd). Then M satisfies s(c,d) = cd? ~ dicd® = t(c,d) for

some p,q > 1 and ¢ > 0, which contradicts the fact that a™b* is a A-term for M.

Therefore, (syn) <y (2vx). Then the monoid M is NFB by Fact 2.1 in [20]. O

Proposition E The varieties K and % are limit and different from the limit
%
varieties A'V A, J, J, L and M.
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Proof. 1t is a routine to verify that K satisfies the identity (B.1I) for any n > 1.
Then Sufficient Condition and Lemma 2.4 imply that K is NFB.

It is a routine to check that K satisfies the identities xtx ~ xta? and zy’*tr ~
yxytx. Therefore, K contains none of the varieties ?, %, L and M because they

H
violate xtx ~ xtx?. Further, K does not contain the varieties A'\VV A and J because
these varieties do not satisfy xy*tx ~ yxytx.

Since the Varlety K is NFB and does not contain any of the varieties A!V Al

L, M, Jor J , Corollary 4.6l implies that each proper subvariety of K is FB. Thus,
K is a new hrmt variety. U

Proof of Theorem[L1l Corollary f.6land Proposition b.Ilimply that a variety of #-
H

%
trivial monoids is HFB if and only if it excludes the varieties A' v A, J, J, K,

, L and M. Consequently, there are precisely seven limit varieties of ¢ -trivial
monoids. O

6 The subvariety lattice of K

This section is devoted to a description of the subvariety lattice of the limit variety
K = M, (bta™d™). The following statement collects some identities of K and can be
easily verified. We use it sometimes without any reference.

Lemma 6.1. The identities zytxsy ~ yxtxsy, B0) and [@3) hold in the variety
K. O

Let Aj = var A}, where
=(e,fle*=e, f'=f fe=0)={e f.ef 0}

Lemma 6.2. The variety A}V M, (ata™) satisfies an identity u ~ v if and only if
each of the following holds:

(a) sim(u) = sim(v) and mul(u) = mul(v);
(b) for each z,y € con(u) we have (1u2) <u (r¥) Uff (1v¥) <v (w¥y);

(c) for each t € sim(u) and x € mul(u) we have
(ut) <u (1) iff (vt) <y (1vz) and (ut) <u (2uz) iff (vt) <y (2v).

Proof. Put F = var{atr ~ xta?, 2%t ~ 2’tx, 2%y* ~ y*2*}. According to Theo-
rem 7.1(i) in [22], we have F = M, (ata™®). Proposition 6.9 in [5] implies that F
satisfies an identity u ~ v if and only if (a) and (c) hold. Proposition 4.2 in [19] im-
plies that A} satisfies an identity u & v if and only if (a) and (b) hold. Consequently,
Al v My (ata®) | u ~ v if and only if (a), (b) and (c) hold. O

Lemma 6.3.
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(i) Aj =M, (a"b") =My (aTb") = var{ztsz ~ rtrsz, (zy)? ~ (yr)*};
(i) A}V My (ata®) = M, (ata™bT) =

= var{ztr ~ xtx?, stysry ~ atysyx, rytrsy ~ yrtrsy, (305)}.

Proof. (i) It follows from [2I, Section 7] that the monoid A} is isomorphic to
M., (a™b%). According to Theorem 4.1(iv) and Fact 6.2 in [22], the monoid M, (atb™)
also generates the variety Aj}. Proposition 3.2(a) in [I] says that A} is finitely based
by {ztsr =~ ztrsz, xtysry ~ xtysyx, xytrsy ~ yxtrsy}. It is easy to see that this

set of identities is equivalent to {xtsz ~ xtwsz, (vy)? =~ (yr)*}.
(i) Since A} = M, (a*b™) by Part (i), we have

22 orollar .
AjV My(ata™) i Corcllary 2.3 M, (ata™, a™bT).

The inclusion M (ata™, a*bt) C M, (ata™b") follows from Fact 2.3 and Lemma 2.4
The inclusion M, (ata™, a™b%) O M, (atatb™) holds by the fact that ata™b™ is a A-
term for M, (ata™,a™b") and Lemma24l Therefore, A} VM, (ata™) = My (ata™dT).

It is routine to check that M (atatb") satisfies xtx ~ rtx? and xtysry ~ rtysyz.
Since a®b™ is a A-term for K = M, (btatb™) by Fact 23] M,(a™bT) C K by
Lemma 2.4l Clearly, ata™ is a A-term for K. Tt follows that My (ata®) C K by
Lemma 241 In view of the above, M, (ata™b™) is a subvariety of K. Hence the va-
riety M, (ata™b™) satisfies the identities zytxsy ~ yrtrsy and ([B.5) by Lemma G.11

An identity is called 3-limited if every letter occurs in each side of it at most 3
times. The identity (3.5) allows us to add and delete the occurrences of a letter
x between the second and the last occurrences of x, while the identity xtr ~ xta?
allows us to add and delete the occurrences of x next to the non-first occurrence of
x. Thus, every identity of M, (ata™b") can be derived from ztz ~ rtz?, ([3.3) and a
3-limited identity of M, (ata™b™).

Let u = v be a 3-limited identity of M, (ata™b"). Since u &~ v has Properties (a),
(b) and (c) in Lemma [6.2], it is well-balanced and is a consequence from {xtyszy ~
xtysyzx, zytrsy ~ yrtrsy} by Lemma 4.1 in [19]. Therefore,

{ate =~ xta?, vytesy ~ yatasy, atysry ~ xtysyr, (3.5)}
is an identity basis for A} V M, (ata™) = M, (ata™b™). O

Fact 6.4. Let V be a variety of _# -trivial monoids. Then V does not contain A}
if and only if V is a variety of aperiodic monoids with commuting idempotents.

Proof. Necessity. Suppose that A} ¢ V. Then in view of Lemmas and [6.3](1),
the variety V satisfies an identity zPy* ~ w, where p,k > 1 and w contains yx as
a subword. Without loss of generality, we may assume that con(w) = {x,y}.

If M € V and e, f are two idempotents of M then ef = w(e, f), where w contains
fe as a subword. If w(e, f) = fe then we are done. Otherwise, we multiply this
equality by e on the left and f on the right and obtain ef = (ef)™ for some m > 2.
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In view of Fact 211 V satisfies the identities (2.I]) for some n > 1. The equality
ef = (ef)™ can be iterated to make m > n. Since e and f are arbitrary idempotents
of M, we also have fe = (fe)™. Therefore,

ef = (ef)y" B (feym = fe.

Sufficiency follows from the fact that the idempotents e and f of A} do not
commute. U

For a monoid variety V, we denote its subvariety lattice by L(V).

Proposition 6.5. The lattice L(K) has the form shown in Fig. [

K = M, (bta*b+)

M, (atatb™)
N = M,\(a+btb+)

My (a*ta™) Al =M, (a"b")

M, (ata™) M, (a*ta™)

M., (ta*) M., (a*t)

Figure 1: the lattice L(K)

Proof. Let X be a proper subvariety of K. If M (ata®) € X, then X | vtz ~ 2%tz
by Lemma (4.4l Then X satisfies

rte~r2te (BE) rte~rlte
xtsx ~  2l’tsx ~ r’trsy ~  xtxst.

Since {ztsz =~ uztzsz, (vy)> ~ (yr)?} is a basis of identities for A} by
Lemma [6.3(i), we have X C AJ. The lattice L(A}) is as shown in Fig. [l by [12|
Fig. 2]. According to Theorem 4.1 in [22], the monoids M, (a*ta™), M,(ta™) and
M, (a™t), respectively, generate the same varieties as the monoids B}, I' and J* in
[12] Fig. 2]. So, we may assume that M, (ata™) C X.
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If A} SZ X, then X is a variety of aperiodic monoids with commuting idempotents

by Fact 64l Since, for any M € X and x,y € M, the elements x> and y? are

idempotents, we have X | 2%y®> ~ y?r?. Hence, in view of Lemma [6.1, X is a

subvariety of
N = var{atz ~ zta?, vytzsy ~ yrtrsy, 2°y* ~ y*2*, (35)}.

Put E = var{z? ~ 2*, 2%y ~ zyr, 2°y*> ~ y*z*}. In view of [3, Lemma 3.2], the
lattice L(N) is the set-theoretical union of the lattice L(F vV E) and the interval
[F vV E, N]. The lattice L(F V E) is as shown in Fig. [ by [3, Fig. 1]. According to

Theorem 7.2(ii) in [22], the monoid M) (a*ta™’) generates the variety FV E. Thus,
we may assume that X € [M,(a*ta™), N].

Clearly, N satisfies (£.1). Then Lemmas 3.4 and 3.5 in [4] imply that each variety
in [M,(a"ta™), N] is defined within N by some (possibly empty) set of the following

identities: (3.5,
rytry ~ yrtry,

y:zztxy ~ ryxtzy,

x2ytxy ~ xyrtzy,

n+1 n+1
xy H(t,-e,-) ~ Yy H(t,-ei),

i=1 i=1
n+1 n

ya? H(t,-e,-) N Tyx H(t,-ei),
i=2 i=1
n+1 n+1

2%y H(t,-e,-) R Tyx H(tiei),
i=1 i=1
n+1 n+1

y H(tiei) A Ty H(tiei),
i=2 =2
where n > 1 and

y if 7 is even.

{:c if 7 is odd,
e, =

The identity (B3.5) holds in N by the definition. The rest of these identities except
for x%yty ~ xyxty follow from the identity zytxsy ~ yrtwsy, which holds in N.

Therefore, each variety in [M,(a¥ta™),N] is defined within N by the trivial
identity (then this variety coincides with IN) or the identity z?yty ~ zyxty (then
this variety equals to My(atta™t)). Therefore, X € {M(a*ta’), N}.

We have M\ (a™ta™) = M, (ata™, a™t) by Theorem 7.2(ii) in [22]. Since ata™ and
a®t are \-terms for My (a™btb™), the variety M, (atbtb") contains My (atta™) by
Lemma 24l Since M (a*ta™) | 2?yty ~ zyxty, the »-word a*btb" is not a A-term
for My(a™ta™). Hence, the inclusion M, (atbtb™) D My (a™ta™) is proper in view of
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Lemma 241 It is routine to verify that M (a*btb™) C N. Then, since M, (a™btb™)
properly contains My (a*ta™), we have N = M, (a™btb™).

Thus, we may assume that A}V My(ata™) C X. Then X satisfies the iden-
tity (4.2) by Lemma [4.3] Hence, the variety X satisfies the identities

*x(yx)?

rtr~xta? 2 rtrrxte?

rtysyr = xtysyzx@xtys(yx)Q(x R )xtys(xy)Q@xtysx y ~  xtysxy

and so the identity zsytry ~ xsytyzr. Since X is a subvariety of K, the variety X
satisfies the identities in {ztx ~ zta?, xytrsy ~ yxtrsy, BH)}. Therefore, X =
M, (ata™b™) by Lemma [6.3(ii). O

Remark 6.6. The variety K is generated by the submonoid of My (bta*b™) generated
by {a*,b,ta™}, which is isomorphic to the 12-element monoid S*, where
S = {a,b,c|a®=a, b* = b, abc = ac = ba = b*c = 0, beb® = beb, ca = c)
= {a,b, c,ab, ab* b*, be, beb, cb, cb?, 0}.
Proof. Tt is routine to check that a submonoid of M, (bta™b") generated by the
set {a™,b,ta’} is isomorphic to S'. Evidently, S' € K. We note that S violates
xtysxy ~ rtysyx because bea-1-ab = beb # 0 but bea-1-ba = 0 in S*. This fact and

Lemmas 6.1 and 6.3|(ii) imply that S* ¢ M, (ata™b™). According to Proposition [G.5],
K is generated by S*. O
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