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Abstract. In the paper we classify K3 surfaces with non-symplectic auto-

morphism of order 16 in full generality. We show that the fixed locus contains
only rational curves and points and we completely classify the seven possible
configurations. If the Néron-Severi group has rank 6, there are two possibilities

and if its rank is 14, there are five possibilities. In particular if the action of
the automorphism is trivial on the Néron-Severi group, then we show that its
rank is six.

Introduction

Automorphisms of K3 surfaces were widely studied in the last years, in partic-
ular also for the recent relation with the Bloch conjecture, see e.g. [8], [7]. Here
we study (purely) non-symplectic automorphisms of order d, i.e. automorphisms
that multiply the non degenerate holomorphic two form by a primitive d–root of
the unity. The study of non-symplectic automorphism of prime order was com-
pleted by Nikulin in [13] in the case of involutions, and more recently by Artebani,
Sarti and Taki in several papers [2, 4, 16] for the other prime orders. The study
of non-symplectic automorphisms of not prime order turn out to be more compli-
cated, in fact in this situation the ”generic” case does not imply that the action
of the automorphism is trivial on the Néron-Severi lattice. In the paper [17] Taki
completely describes the case when the action is trivial on the Néron-Severi lattice
and the automorphism is a prime power. If we consider non-symplectic automor-
phisms that are of order 2t, then by results of Nikulin we have 0 ≤ t ≤ 5, and by
a recent paper by Taki [18] there is only one K3 surface that admits an order 32
non-symplectic automorphism. Some further results in this direction are contained
in a paper by Schütt [14] in the case of automorphisms of a 2-power order and in
a paper by Artebani and Sarti [3], in the case of the order 4. In this last paper the
hypothesis of trivial action on the Néron-Severi lattice is left out. Here we consider
the case of the order 16 in all generality, which together with the order 8 remained
quite unexplored.

Since the Euler function of 16 divides the rank of the transcendental lattice
(see [12]) the rank of the Néron-Severi group can be only 6 or 14. More precisely
let X be a K3 surface, ωX a generator of H2,0(X), σ an order 16 automorphism
such that σ∗ωX = ζ16ωX , where ζ16 denotes a primitive order 16 root of unity.
We first show that if the fixed locus of σ contains a curve then its genus is zero
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(Proposition 3), then in the case that rkPic(X) = 6 we have the following number
of isolated fixed points N and fixed rational curves k, (Theorem 3.1):

(Pic(X), N, k) = (U ⊕D4, 6, 1), or (U(2)⊕D4, 4, 0).

In the first case the action is trivial on Pic(X) but not in the second case. If
rkPic(X) = 14 and σ4 fixes an elliptic curve C, then σ preserves C and the induced
σ-invariant elliptic fibration induced has a reducible fiber of type IV ∗ and the
number of isolated fixed points and fixed rational curves are as follows: (N, k) =
(8, 1) or (6, 0). In the first case σ preserves each component of the fiber IV ∗ and
in the second case it acts as a reflection on it. In any case the action is not trivial
on Pic(X), (Proposition 2.1). Finally if rkPic(X) = 14 and if Fix(σ4) contains a
curve of genus bigger than 1 we have the three cases with (Pic(X), N, k) equal to:

(U ⊕D4 ⊕ E8, 12, 1), (U(2)⊕D4 ⊕ E8, 4, 0) or (U(2)⊕D4 ⊕ E8, 10, 1).

In these three cases the action of σ is not trivial on Pic(X), (Theorem 4.1). This
in particular shows that there does not exist a K3 surface X with Picard number
14 with an automorphism of order 16 acting non symplectically on it and trivially
on Pic(X). This corrects a small mistake in the paper [17], where the author claims
that such a K3 surface exists.

We construct the K3 surfaces in the Examples 2.2, 3.2, 4.2, except in the case of
Pic(X) = U(2) ⊕D4 ⊕ E8, and (N, k) = (10, 1) which we do not know if it exists.
For the proofs of the Theorems 2.1, 3.1, 4.1, we use Lefschetz formulas, the results
on non-symplectic involutions and on non-symplectic order four automorphisms
are contained in [3], [17]. We use also results on non-symplectic automorphisms of
order eight. The results of this paper are partially contained in the forthcoming PhD
thesis of the first author under the supervision of the second author. The results
of the paper on order eight non-symplectic automorphism as well as a classification
of K3 surfaces with non-symplectic automorphism of order eight will be contained
in the PhD thesis of Al Tabbaa, [1] too.

Acknowledgements: We warmly thank Michela Artebani, Samuel Boissière and

Alice Garbagnati for several interesting discussions.

1. The fixed locus

Let X be a K3 surface with a non-symplectic automorphism σ of order 16, this
means that the action of σ∗ on the vector space H2,0(X) = CωX of holomorphic
two-forms is not trivial. More precisely we assume that σ∗ωX = ζ16ωX , where
ζ16 is a primitive root of the unity of order 16 (this action is called sometime in
the literature purely non-symplectic). For simplicity we denote by ζ := ζ16 and by
ξ := ζ216 which is a primitive root of the unity of order 8.

We denote furthermore by rσi , lσi ,mσi , m1
σi , m2

σi , i = 1, 2, 4, 8 the rank of the

eigenspace of (σi)∗ in H2(X,C) relative to the eigenvalues 1,−1, i, ξ and ζ. For
simplicity for i = 1 we just write rσ, lσ, . . . or even r, l, . . .. The following relations
holds:

rσ2 = rσ + lσ, lσ2 = 2mσ mσ2 = 2m1
σ, m1

σ2 = 2m2
σ

rσ4 = rσ + lσ + 2mσ lσ4 = 4m1
σ mσ4 = 4m2

σ

rσ8 = rσ + lσ + 2mσ + 4m1
σ lσ8 = 8m2

σ

rσ + lσ + 2mσ + 4m1
σ + 8m2

σ = 22

(1)
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Moreover, let

S(σi) = {x ∈ H2(X,Z) | (σi)∗(x) = x},

T (σi) = S(σi)⊥ ∩H2(X,Z).

Observe that in the generic case we can assume that Pic(X) = S(σ8), i.e. the action
of the involution σ8 is trivial on Pic(X). We have moreover that S(σ) ⊂ Pic(X)
and so the transcendental lattice satisfies TX ⊂ T (σ). Since the action of σ on TX

and T (σ) is by primitive roots of the unity, see [12], we have rk(TX) = 8m2
σ. Since

rk(TX) ≤ 21 we have in fact only two possibilities which are m2
σ = 1 or 2 so that

rkS(σ) = 14 respectively 6. Observe moreover that rσ > 0 since there is always an
ample invariant class on X (see [12, Theorem 3.1]).

We start recalling the following result about non-symplectic involutions (see [13,
Theorem 4.2.2]).

Theorem 1.1. Let τ be a non-symplectic involution on a K3 surface X. The fixed

locus of τ is either empty, the disjoint union of two elliptic curves or the disjoint

union of a smooth curve of genus g ≥ 0 and k smooth rational curves.

Moreover, its fixed lattice S(τ) ⊂ Pic(X) is a 2-elementary lattice with determi-

nant 2a such that:

• S(τ) ∼= U(2)⊕ E8(2) iff the fixed locus of τ is empty;

• S(τ) ∼= U ⊕ E8(2) iff τ fixes two elliptic curves;

• 2g = 22− rkS(τ)− a and 2k = rkS(τ)− a otherwise.

Recall that at a fixed point for σi the action can be linearized and is given by a
matrix as

Ai
j,k =

(

ζj(16/i) 0

0 ζk(16/i)

)

with j + k = 1 mod (16/i). This means that the fixed locus of σi is the disjoint
union of smooth curves and isolated points. We denote by Nσi respectively by kσi

the fixed points and fixed rational curves in Fix(σi). Moreover by nσi

j,k we denote

the number of isolated fixed points of type (j, k) by σi. In several cases when it is
clear which automorphism are we considering we just write nj,k.

Lemma 1. Let A be the number of pairs of rational curves interchanged by σ4 and

fixed by σ8, then A ∈ 4Z.

Proof. A curve as in the statement has stabilizer group in 〈σ〉 of order 2. Hence its
σ-orbit has length 8, so we get that A is a multiple of 4. �

Proposition 1. Let σ be a purely non-symplectic automorphism of order sixteen

on a K3 surface X. Then if C ⊂ Fix(σ) we have g(C) ≤ 1.

Proof. If C ⊂ Fix(σ) with g(C) ≥ 2 then this is also fixed by σ4 which is non-
symplectic of order 4. By the relations (1) we have that lσ4 and mσ4 are multiples
of 4. Then checking in [3, Theorem 4.1] the only possible case is (mσ4 , rσ4 , lσ4) =
(4, 6, 8) and Nσ4 = 2, kσ4 = 0, g(C) = 2. Moreover there are 4 curves interchanged
two by two by σ4 so A = 2 contradicting Lemma 1 �

Recall also the following useful Lemma, see e.g. [3, Lemma 4]:
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Lemma 2. Let T =
∑

i Ri be a tree of smooth rational curves on a K3 surface X
such that each Ri is invariant under the action of a purely non-symplectic auto-

morphism σ of order k. Then, the points of intersection of the rational curves Ri

are fixed by σ and the action at one fixed point determines the action on the whole

tree.

Remark 1.2. In the case of an automorphism of order 16, with the assumption of
Lemma 2, the local actions at the intersection points of the curves Ri appear in the
following order (we give only the exponents of ζ in the matrix of the local action):

. . . , (0, 1), (15, 2), (14, 3), (13, 4), (12, 5), (11, 6), (10, 7), (9, 8),

(8, 9), (7, 10), (6, 11), (5, 12), (4, 13), (3, 14), (2, 15), (1, 0), . . .

Proposition 2. Let σ be a purely non-symplectic automorphism of order 16 acting

on a K3 surface X. Then the fixed locus is non empty and

Fix(σ) = C ∪ E1 ∪ · · · ∪ Ek ∪ {p1, · · · , pN}.

where C is a curve of genus g ≥ 0, the Ei are rational fixed curves, k = kσ and

the pi are isolated fixed points, N = Nσ. Moreover N is even, 4 ≤ N ≤ 16 and the

following relations hold :

(I) N = n3,14 + n4,13 + n5,12 + n6,11 + 2n7,10 + 2k + 1.

(II) N = 2n3,14 + 2n5,12 + 2n7,10 + 2k.

(III) N = 2 + rσ − lσ − 2k.

Proof. By Proposition 1 we know that g(C) = 0 or g(C) = 1. We use first the
topological Lefschetz fixed point formula for σ. We write r = rσ and l = lσ. This
gives N +2k = χ(Fix(σ)) = r− l+2 so r− l = N +2k− 2. Since rkS(σ) = 14 or 6
in any case we have N ≤ 16. We have that the Lefschetz number is L(σ) = 1+ ζ−1

so using Lefschetz formula we obtain the equations:

(2) n2,15 − n7,10 + n8,9 = 1 + 2k.

(3) n2,15 − n3,14 + n4,13 − n5,12 + n6,11 − n7,10 + n8,9 = 2k.

(4) n4,13 + n5,12 − 2n6,11 + 2n7,10 − n8,9 = 2k.

(5) 2n3,14 − 2n4,13 + 2n6,11 − n8,9 = 2k.

and combining (2) and (3) we get

(6) n3,14 − n4,13 + n5,12 − n6,11 = 1.

From (2) and (3) and the fact that N =
∑

nj,k we obtain the relations (I)
and (II) in the statement respectively. By (I) we get that N ≥ 1 and by (II) we
find that N is an even number, thus N ≥ 2. If N = 2 then by (I) we obtain
k = n7,10 = 0 and either n3,14 or n5,12 equal to 1 by relations (I) and (II) , thus
n4,13 = n6,11 = 0 by (I) and either n2,15 or n8,9 = 1 by (2). By (5) we obtain
n8,9 = 2n3,14 so n8,9 = n3,14 = 0. By using (4) we obtain n5,12 = 0 which is
impossible. So N ≥ 4. �
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Remark 1.3. 1) As a direct consequence of formulas in Proposition 2 we
find that if N = 4 we have only the possibility with (n3,14, n7,10, n8,9, k) =
(1, 1, 2, 0) (the other ni,j are zero) so that r − l = 2.

The case (N, k) = (8, 0) is not possible.
If (N, k) = (6, 0) then (n5,12, n6,11, n7,10, n8,9) = (2, 1, 1, 2) the other ni,j

are zero.
If (N, k) = (6, 1) then (n2,15, n3,14, n7,10) = (4, 1, 1) the other ni,j are

zero.
2) The fixed points for σ with local action (2, 15), (7, 10), (3, 14), (6, 11), are

isolated fixed points for σ4, whence the points of type (8, 9), (4, 13) and
(5, 12) are contained on a fixed curve for σ4. Finally the points of type
(8, 9) are contained on a fixed curve for σ2.

Proposition 3. If C ⊂ Fix(σ) then C is rational.

Proof. By [3, Theorem 3.1] if g(C) = 1 and since by formulas (1) we have lσ4 ,mσ4 ∈
4Z, we get (mσ4 , rσ4 , lσ4) = (4, 10, 4) and the fixed locus of σ4 contains 1 rational
fixed curve and 6 isolated fixed points (here A = 0). Observe moreover that since
C ⊂ Fix(σ) also σ preserves the elliptic fibration determined by C. The automor-
phism σ4 acts with order four on the basis of the fibration by [3, Theorem 3.1] so σ
acts with order 16 on it and fixes two points. One point corresponds to the smooth
elliptic curve C the other point to the fiber IV ∗. The component of multiplicity 3
in the fiber IV ∗ is clearly σ-invariant. If it is fixed by σ then each other component
is preserved, so that k = 1 and N = 6. More precisely by Remark 1.2 we have
n2,15 = n3,14 = 3 which contradicts Remark 1.3. If the component of multiplicity
3 is σ-invariant then it contains 2 isolated fixed points. Two branches of the fiber
are exchanged and we have N = 4. By Remark 1.3 we have n8,9 = 2, n7,10 = 1,
n3,14 = 1 but this is not possible by using the Remark 1.2. �

Proposition 4. The fixed locus Fix(σ4) contains at least a fixed curve and we have

g(C) ≤ 1.

Proof. If Fix(σ4) contains only isolated fixed points then by Remark 1.3 we have
n4,13 = n5,12 = n8,9 = k = 0. By equation (5) we obtain n3,14 + n6,11 = 0 so they
are both equal to 0. We get a contradiction to equation (6). Finally if g(C) > 1 we
have (mσ4 , rσ4 , lσ4) = (4, 6, 8) by [3, Theorem 4.1]. So by the same argument as in
Proposition 1 this case is not possible since A = 2. �

Proposition 5. Let σ be a purely non-symplectic automorphism of order 16 on a

K3 surface X and C ⊂ Fix(σ2). Then g(C) ≤ 1 and the following relations for the

number of fixed points and curves by σ2 hold:

n2,7 + n3,6 = 2 + 4kσ2 ,
n4,5 + n2,7 − n3,6 = 2 + 2kσ2 ,
Nσ2 = 2 + rσ2 − lσ2 − 2kσ2 .

where ni,j denote the number of fixed points of type (i, j) for the action of σ2.

Proof. Observe that by Proposition 4 we have g(C) ≤ 1 moreover an isolated fixed

point for σ2 is given by the local action

(

ξi 0
0 ξj

)

, i+ j = 1 mod (8). Thus by

the holomorphic and topological Lefschetz formulas we have the relations in the
statement. �
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Remark 1.4. By Lemma 2 and with the same notation there the local action of
σ2 at the intersection points of the curves Ri appear in the following order:

. . . , (0, 1), (7, 2), (6, 3), (5, 4), (4, 5), (3, 6), (2, 7), (1, 0), . . .

moreover the σ-fixed points of type (5, 12) and (4, 13) give σ2 fixed points of type
(4, 5), the σ-fixed points of type (2, 15) and (7, 10) give σ2 fixed points of type (2, 7)
(up to the order). The σ-fixed points of type (3, 14) and (6, 11) give σ2 fixed points
of type (3, 6) (up to the order).

2. Elliptic Fibrations

Theorem 2.1. Let C ⊂ Fix(σ4), if g(C) = 1 then σ acts as an automorphism of

order four on C and we have the following cases

m2
σ m1

σ mσ lσ rσ Nσ kσ type of C
′

1 1 0 1 9 8 1 IV∗

1 1 0 3 7 6 0 IV∗

where C ′ denotes the invariant reducible fiber in the fibration determined by C. In

particular in this case rkPic(X) = 14.

Proof. If g(C) = 1 we are in the case (mσ4 , rσ4 , lσ4) = (4, 10, 4) by [3, Theorem 3.1]
and equations (1). Moreover the curve C must be σ-invariant and so the elliptic
fibration induced by C is preserved. By [3, Theorem 3.1] σ has order 16 on the basis
of the fibration, leaving invariant the fiber C and the singular fiber fiber C ′ := IV ∗.
The latter corresponds to the other fixed point for the action of σ on the basis P1.
By Proposition 3 the curve C can not be fixed by σ, hence σ has order 2 or 4 on it
or it is a translation. There are two possible actions on C ′.

First case: IV ∗ contains a fixed rational curve, which is necessarily the compo-
nent of multiplicity 3. Then by using the Lemma 2 and the formulas in Proposition
2 we find N = 8 with, k = 1, n2,15 = n3,14 = 3 and n4,13 = 2 the others ni,j are
zero. In particular σ must have two fixed points on C this means that it acts as an
automorphism of order four.

Second case: IV ∗ has a simmetry of order 2. Then the curve of multiplicity 3
contains two isolated fixed points whith action (8, 9). Combining Remark 1.3 and
Proposition 2 we find (N, k) = (6, 0), with n8,9 = 2 = n5,12, n7,10 = 1 = n6,11, the
other ni,j are zero. We observe that also in this case σ must have two fixed points
on C, this means that it acts as an automorphism of order four.

Using the fact that (mσ4 , rσ4 , lσ4) = (4, 10, 4) we get immediately that in both
cases m2

σ = m1
σ = 1. Moreover we have that rσ + lσ + 2mσ = 10 and in the first

case we have r − l = 8 and in the second case r − l = 4. In both cases we have
Nσ2 = 10 and kσ2 = 1 so using Proposition 5 we obtain the values of r, l,m given
in the table.

�

Example 2.2. Consider the elliptic fibration in Weierstrass form given by :

y2 = x3 + ax+ bt8

where σ(x, y, t) = (−x, iy, ζ1316 t). By making the coordinate transformation that
replace x by λ4x and y by λ6y for a suitable λ ∈ C we can assume that a = 1.
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Moreover since b 6= 0 we can apply a coordinate tranformation to t and assume
that b = 1 too. So our equation becomes:

y2 = x3 + x+ t8.

The fibers preserved by σ are over 0,∞ and the action at infinity is (see [9, §3]):

(x/t4, y/t6, 1/t) 7−→ (−ix/t4, ζ616y/t
6, ζ15161/t).

The discriminant of the fibration is

∆(t) = 4 + 27t16.

We have that t = ∞ is an order eight zero of ∆(t) = 0, and ∆(t) has 16 simple
zeros. Looking in the classification of singular fibers of elliptic fibrations on surfaces
(e.g. [11, Section 3]) we see that the fiber over t = ∞ is of type IV∗ and the fibration
has 16 fibers of type I1. In particular the fiber over t = 0 is smooth. By [9, §3] a
holomorphic two form is given by (dt ∧ dx)/2y and so the action of σ on it is by
multiplication by ζ16. In fact we can be even more precise to understand the local
action of the automorphism σ at the fixed points on C. If we look at the elliptic
fibration locally around the fiber over t = 0 the equation in P

2 × C is given by:

G(x, y, z, t) := zy2 − (x3 + z2x+ z3t8) = 0

where (x : y : z) are the homogeneous coordinates of P2 and the two fixed points
for the automorphism σ on the fiber t = 0 are p0 := (0 : 1 : 0) and p1 := (0 : 0 : 1).
In the chart z = 1 and on the open subset ∂G(x, y, 1, 0)/∂x 6= 0 that contains the
fixed point p1 = (0 : 0 : 1) a one form for the elliptic curve over t = 0 is:

dy/(∂G(x, y, 1, 0)/∂x) = dy/(−3x2 − 1)

Here the action of σ is a multiplication by i so that the action on the holomorphic
two form:

dt ∧ (dy/(−3x2 − 1))

is a multiplication by ζ16 as expected, and we see that the local action is of type
(4, 13). Doing a similar computation in an open subset of the chart y = 1 that
contains the fixed point p0 we find again the same local action. So we are in the
first case of the Proposition 2.1 with N = 8. On the other hand the fibration admits
also the automorphism γ(x, y, t) = (−x,−iy, ζ516t). This acts also by multiplication
by ζ16 on the holomorphic two form, so γ is not a power of σ. In this case a similar
computation as above shows that the local action at the fixed points on the fiber
C is of type (5, 12), so we are in the second case of the Proposition 2.1.

Proposition 6. Let σ be a purely non-symplectic automorphism of order 16 on

a K3 surface X such that Pic(X) = S(σ8) ∼= U ⊕ L where L is isomorphic to a

direct sum of root lattices of types A1, D4+n, E7 or E8 and σ8 fixes a curve of genus

g > 1 . Then X carries a jacobian elliptic fibration π : X −→ P
1 whose fibers

are σ8−invariant and it has reducible fibers described by L and a unique section

E ⊂ Fix(σ8). Moreover , if g > 4 then π is σ−invariant .

Proof. Since Pic(X) = S(σ8) ∼= U⊕L the first half of the statement follows from [9,
Lemma 2.1, 2.2]. On other hand, since σ8 fixes a curve C of genus g > 1, then C
intersects each fiber of π in at least two points. This implies that σ8 preserves each
generic fiber of π and acts on it as an involution with four fixed points. By [15,
Theorem 6.3] we have that the Mordell-Weill group of π is MW (π) ∼= Pic(X)/T
where T denote the subgroup of Pic(X) generated by the zero section and fiber
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components. Since L is a root lattice and Pic(X) ∼= U ⊕L we have that MW (π) is
trivial, hence π has a unique section E. Since σ8 preserves each fiber of π and E is
invariant, we have that E is fixed by σ8. This implies that C intersects each fiber
in three points and one fixed point for the action of σ8 is contained in the section
E.

Now we will prove that π is σ−invariant if g > 4 . Let f be the class of a fiber
of π. The automorphisms σ preserves the curve C, and we have that CE = 0 (the
fixed curves for σ8 can not intersect). Assume that f 6= σ∗(f) then they intersect
in at least 2 points. In fact if fσ∗(f) = 1 then this is a fixed point on f and so
either C is fixed by σ which is not possible, or E is fixed by σ. This is not possible
too, since otherwise each fiber would admit an automorphism of order 16. Hence σ
is a translation, which is impossible too. Now applying [3, Lemma 5] we find that:

2g − 2 = C2 ≤
2(C · f)2

f · σ∗(f) + 1
≤

2 · 9

3
= 6

This implies g = g(C) ≤ 4. �

3. The rank six case

Theorem 3.1. Let σ be an autormorphism of order 16 acting purely non-symplectically

on a K3 surface X and assume that Pic(X) = S(σ8) has rank 6. Then σ fixes at

most one rational curve.

The corresponding invariants of σ are given in the Table below. In any case

n4,13 = n5,12 = n6,11 = 0 and we have (n2,15, n3,14, n7,10, n8,9) = (4, 1, 1, 0) in one

case and (n2,15, n3,14, n7,10, n8,9) = (0, 1, 1, 2) in the other case.

m2
σ m1

σ mσ lσ rσ Nσ kσ N ′ g(C) Pic(X)
2 0 0 0 6 6 1 4 7 U ⊕D4

2 0 0 2 4 4 0 2 6 U(2)⊕D4

Here C denotes the σ8-fixed curve of genus > 1 and N ′ denotes the number of fixed

points that are contained in C.

Proof. By the classification theorem for non-symplectic involutions on K3 surfaces
given by Nikulin in [13, §4] we have that (g(C), kσ8) is either equal to (5, 0), (6, 1)
or (7, 2) . Observe that the case g(C) = 5 is not possible. In fact in this case since
kσ8 = 0 then kσ4 = 0 too and since C is not fixed by σ4 by Proposition 4, we get
a contradiction awith Proposition 4 again. Observe that we have m2

σ = 2 so that
mσ4 = 8 by formulas (1). This means that the automorphism σ4 can not have
lσ4 ≥ 0 by [3, Theorem 8.1]. This implies that lσ4 = 0 and by [3, Theorem 6.1]
or [17, Main Theorem 1] we have two possible cases that we recall below, both have
m1

σ = 0.
The case (g(C), kσ8) = (6, 1). The automorphism σ4 of order 4 fixes one rational

curve and six points on C by [3], [17]. By Riemann-Hurwitz formula applied to
the automorphism σ on C we find that either σ exchanges two fixed points and
permutes the other four or σ fixes two points and the other four are exchanged
two by two. The first case is not possible since then N = 2 and by Proposition
2 we know that N ≥ 4. So we are in the second case. Since again N ≥ 4 then
the rational curve is invariant but not fixed and so N = 4 and by Remark 1.3 we
have (n3,14, n7,10, n8,9) = (1, 1, 2) the others ni,j are zero. We have moreover that
kσ2 = 1 and Nσ2 = 6 so combining the Lefschetz formulas we have r + l+ 2m = 6,
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4 = 2 + r − l, 6 = 2 + r + l − 2m− 2. That gives m = 0 and r = 4, l = 2. This is
the second case in the table.

The case (g(C), kσ8) = (7, 2). The automorphism σ4 of order 4 fixes one rational

curve, four points on C and two points on the other rational curve see [3], [17]. By
Riemann-Hurwitz formula applied to the automorphism σ on C we find that either
σ exchanges two by two the four points or it fixes each of the four points. In the first
case since N ≥ 4 we have that the two rational curves are invariant and they contain
2 fixed points each, so thatN = 4 by Remark 1.3. Then (n3,14, n7,10, n8,9) = (1, 1, 2)
so that kσ2 = 1 and Nσ2 = 6. We have n2,7 + n3,6 = 6 and since n4,5 = 0 (we have
kσ4 = 1) we get n3,6 = 1 and n2,7 = 5. Using Proposition 2 and 5 we compute here
that (r, l,m) = (4, 2, 2) and we have also Pic(X) = U ⊕ D4 by [3, Theorem 6.1].
By applying Proposition 6 we know that the K3 surface X carries a σ-invariant
elliptic fibration with a singular fiber I∗0 . Since the action is not trivial on Pic(X)
the automorphism σ should act non trivially on I∗0 . Since C intersects in three
points the fiber I∗0 then the only possibility is that σ exchanges two components of
multiplicity one. Then the third point on C would be fixed but this is not possible.
So the action of σ on C fixes the four points. Observe that then the number of
fixed points for σ2 satisfies n2,7 + n3,6 ≥ 4 so that kσ2 = 1 by Proposition 5. This
again gives n2,7 + n3,6 = 6 and so n4,5 = 0 and n2,7 = 5,n3,6 = 1. Finally Observe
that the case (N, k) = (8, 0) is not possible for σ by Remark 1.3 and so we have
(N, k) = (6, 1). Again by Remark 1.3 we have (n2,15, n3,14, n7,10) = (4, 1, 1). In this
case we have r+ l+2m = 6, r− l = 6, r+ l− 2m = 6. We find m = 0, r = 6, l = 0.
So σ acts trivially on Pic(X) and this is the first case in the table.

�

Example 3.2. 1) The case g(C) = 7, (rσ, lσ) = (6, 0), Pic(X) = U ⊕D4.
Consider as in [14, Section 3.4] the elliptic fibration:

y2 = x3 + t2x+ (bt3 + t11)

with automorphism σ(x, y, t) = (ζ216x, ζ
3
16y, ζ

2
16t) (we write here the fibration in a

slightly different way as given in [14]). On t = 0 the fibration has a fiber I∗0 and
on t = ∞ the fibration has a fiber II. The action on the holomorphic two form
(dx ∧ dt)/2y is a multiplication by ζ16. This is a one dimensional family and for
generic λ the action is trivial on Pic(X). So we are in the second case of Theorem
3.1. Observe that the fiber I∗0 contains the four fixed points with local action of type
(2, 15) and the invariant elliptic cuspidal curve over t = ∞ contains the fixed point
with local action (14, 3) (which is also contained on the section of the fibration) and
the point of type (7, 10). In particular observe that the curve C of genus 7 meets
with multiplicity 3 the fiber II at the singular point.
Observe that if b = 0 we get the elliptic fibration with the order 32 automorphism

σ32(x, y, t) = (ζ1832x, ζ
11
32y, ζ

2
32t)

as described e.g. in [18]. The automorphism σ is the square of the automorphism
σ25
32 .
2) The case g(C) = 6, (rσ, lσ) = (4, 2), Pic(X) = U(2)⊕D4.
The surfaces of this kind are described in the paper [10] and they are double

covers of P2 ramified on a reducible sextic which is the product of a smooth quintic
and a line. We consider the special family with equation in P(3, 1, 1, 1):

z2 = x0(α0x
4
0x2 + β0x

5
1 + β1x

3
1x

2
2 + β2x1x

4
2).



10 DIMA AL TABBAA, ALESSANDRA SARTI, AND SHINGO TAKI

Observe that the quintic curve is smooth and the K3 surface has five A1 singularities
over the points of intersection of the quintic curve and the line. The K3 surface
carries the order 16 non-symplectic automorphism

σ(z : x0 : x1 : x2) 7→ (ζ316z : x0 : ζ78x1 : ζ38x2).

This acts by multiplication by ζ16 on the holomorphic two form:

(dx ∧ dy)/
√

f

where f(x, y) = 0 is the equation of the ramification sextic in the local coordinates
x and y. An easy computation shows that the automorphism fixes the points:

(0 : 1 : 0 : 0), (0 : 0 : 1 : 0), (0 : 0 : 0 : 1)

Observe that the point (0 : 0 : 0 : 1) is in fact one of the five A1 singularities on the
K3 surface. If we resolve it we find a fixed point on the strict transform of C which
is the quintic curve on P

2 (that have genus six) and one fixed point on the strict
transform of L which denotes the curve {x0 = 0}. The other two fixed points are
contained respectvely in C and L (and their respectives strict transforms). Observe
that the automorphism σ exchanges two by two the other points of intersection of
C with L.

4. The rank fourteen case

Theorem 4.1. Let σ be an automorphism of order 16 acting purely non symplec-

tically on a K3 surface X and assume that S(σ8) = Pic(X) has rank 14. Then the

surface K3 is one of the surfaces described in Proposition 2.1 with a fixed elliptic

curve for the automorphism σ4 or it has:

m2
σ m1

σ mσ lσ rσ Nσ kσ N ′ g(C) Pic(X)
1 0 0 1 13 10 1 2 3 U ⊕D4 ⊕ E8

1 0 1 1 11 8 1 2 2 U(2)⊕D4 ⊕ E8

1 0 1 5 7 2 0 2 2 U(2)⊕D4 ⊕ E8

Here C denotes the σ8-fixed curve of genus > 1 and N ′ denotes the number of fixed

points that are contained in C.

Proof. By [13, §4] we know that for the genus g := g(C) of the fixed curve by σ8

and the number kσ8 of rational curves (different from C) holds:

(g, kσ8) = (0, 3), (1, 4), (2, 5), (3, 6)

The case g(C) = 0. We are in the case of [3, Theorem 5.1] for σ4, so we have
(rσ4 , lσ4 ,mσ4) = (10, 4, 4) and since Nσ4 = 6 and kσ8 = 3, we have Nσ = 4, 6, 8 by
Proposition 2. Moreover since kσ4 = 1 then kσ2 and kσ are 0 or 1.

Assume first kσ2 = 0 since σ4 acts in a different way on the four rational curves,
these must be preserved by σ and so also σ2. We have n4,5 = 2, n2,7 = 3 = n3,6

by Remark 1.4. These contradicts Proposition 5. If kσ2 = 1 then n4,5 = 0 and
n2,7 = 3 = n3,6. This again contradicts Proposition 5.

The case g(C) = 1. We can assume C 6⊂ Fix(σ4) otherwise we have discussed
this case already in Theorem 2.1. Since C is fixed by σ8 then C is also σ-invariant.
Hence σ acts as a translation on C (otherwise C would admits an automorphism
of 2-power order bigger than 4, which is not possible). So that C does not contain
fixed points for σ. By [3, Theorem 8.4] we get that Nσ = 4, 6, 8 and kσ = 1 or 0.
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Studying the action of σ2 on the four rational curves and using the same argument
as before, one shows easily that this case is not possible.

The case g(C) = 2. By Proposition 4 we have kσ4 ≥ 1 so that σ4 fixes at least a
rational curve. Moreover by formulas (1) we have rσ4 + lσ4 = 14 and lσ4 ,mσ4 ∈ 4Z.
Observe that mσ4 = 4m2

σ = 4. By [3, Theorem 8.1] if lσ4 > 0 then we have
lσ4 + mσ4 = 4 or 8. The first case is not possible, if lσ4 + mσ4 = 8 then lσ4 = 4
and by [3, Theorem 8.1] we have kσ4 = 1. Observe that σ preserves or permutes
two by two the four rational curves not fixed by σ4 so that in any case Nσ4 ≥ 8.
By [3, Proposition 1] we have Nσ4 = 6 which contradicts the previous inequality.
Hence lσ4 = 0 and so σ4 acts trivially on Pic(X). By [3, Theorem 6.1] we have
(mσ4 , rσ4 , n1, n2, kσ4) = (4, 14, 4, 6, 3) where Nσ4 = n1 + n2 and n2 is the number
of fixed points on C. So we have 4 points contained in the two rational curves that
are σ4-invariant but not fixed. We call these curves R1 and R2. We study now the
action of σ and σ2 on the 5 rational curves, fixed by σ8, and on C.

The automorphism σ2. We have kσ2 ≤ 3 and at least one of the five curves is
preserved or fixed. By using Remark 1.4 we have: n4,5 ∈ 2Z (points of this type
can occur only on the rational curves) and n2,7 + n3,6 ≤ 10 (we have Nσ4 = 10, at
most 6 fixed points are on C and points of this type are not contained on rational
curves that are fixed for σ4 but can be contained in the two rational curves that
are only σ4-invariant). By using Proposition 5 we obtain that kσ2 ≤ 2. If kσ2 = 0,
since the action of σ4 is not the same, then all the rational curves are preserved by
σ2 in particular n4,5 = 6 and n2,7 ≥ 2 n3,6 ≥ 2. This contradicts Proposition 5.
We are left with the cases with kσ2 = 1 or kσ2 = 2.

i) kσ2 = 2. By Proposition 5 we get n2,7 + n3,6 = 10 this means that the curve
C must contain six fixed points for σ2 and the other four fixed points are contained
in the two σ4-invariant curves R1 and R2. In particular we have n2,7 ≥ 2 and
n3,6 ≥ 2, and n4,5 = 2. Since by Proposition 5 we have n4,5 = 2n3,6 − 4 we get
n3,6 = 3, n2,7 = 7, Nσ2 = 12.

ii) kσ2 = 1. By Proposition 5 we have n2,7+n3,6 = 6. Observe that for the same
reason as above the remaining rational curves can not be exchanged two by two. So
these are invariant. This gives n2,7 ≥ 2, n3,6 ≥ 2 and n4,5 = 4. Using Proposition
5 we obtain that n2,7 = n3,6 = 3. And two fixed points are contained in C. The
other points on C fixed by σ4 form a σ-orbit of length four.

The automorphism σ. First observe that using Riemann-Hurwitz formula on C
we have two possibilities: C contains 2 fixed points and the other four points are
permuted by σ in one orbit (this is case ii)) or the six points are exchanged two by
two and so fixed by σ2 (this is case i)).

i) In this case σ exchanges two by two the points on C. We have n5,12 = n4,13 = 1
since these two points correspond to the two fixed points with local action (4, 5) for
σ2 and are contained on a rational curve (see Remark 1.2). Assume that R1 and
R2 are not exchanged. We have n2,15 + n7,10 + n3,14 + n6,11 = 4 and n2,15 = n3,14,
n7,10 = n6,11. But this contradicts equation (6) in Proposition 2. If R1 and R2 are
exchanged we have n3,14 = n6,11 = 0, n2,15 = n7,10 = 0 and n5,12 = n4,13 = 1. But
this contradicts the equality n3,14 − n6,11 = 1 in Proposition 2.

ii) In this case C contains two fixed points for σ. We have n8,9 = 2w, with
w = 0, 1. Moreover by Remark 1.2 we have n5,12 = n4,13 = 2 or n5,12 = n4,13 = 0.
If n8,9 = 2 so that kσ = 0 an easy computation using the equations of Proposition 2
shows that the first case with n5,12 = n4,13 = 2 is not possible. If n5,12 = n4,13 = 0



12 DIMA AL TABBAA, ALESSANDRA SARTI, AND SHINGO TAKI

again using Proposition 2 we find that n3,14 = n7,10 = 1 the other nij are zero. One
computes (rσ, lσ,mσ) = (7, 5, 1) and we have Pic(X) = U(2) ⊕D4 ⊕ E8. Observe
that in this case the remaining σ8-fixed rational curves are exchanged two by two
by σ. If n8,9 = 0 so that kσ = 1 again one computes using Proposition 2 that :

(N, k, n8,9, n2,15, n3,14, n4,13, n5,12, n6,11, n7,10) = (10, 1, 0, 3, 2, 2, 2, 1, 0)

and (rσ, lσ,mσ) = (11, 1, 1). Moreover we have Pic(X) = U(2)⊕D4 ⊕ E8, .
The case g(C) = 3. By Proposition 4 we have kσ4 ≥ 1 so that σ4 fixes

at least a rational curve. We have moreover by formulas (1) that rσ4 + lσ4 =
14 and lσ4 ,mσ4 ∈ 4Z and observe that mσ4 = 4m2

σ = 4. By [3, Theorem 8.1]
if lσ4 > 0 then we have lσ4 + mσ4 = 4 or 8. The first case is not possible, if
lσ4 +mσ4 = 8 then lσ4 = 4 and by [3, Theorem 8.1] we have kσ4 = 1. Observe that
σ preserves or permutes some of the five rational curve not fixed by σ4 so that in
any case Nσ4 ≥ 10. By [3, Proposition 1] we have Nσ4 = 6, which is not possible.
Hence lσ4 = 0 and so σ4 acts trivially on Pic(X). By [3, Theorem 6.1] we have
(mσ4 , rσ4 , n1, n2, kσ4) = (4, 14, 6, 4, 3) where Nσ4 = n1 + n2 and n2 is the number
of fixed points on C. We have hence 6 points contained in the three rational curves
that are σ4-invariant but not fixed. We call these curves Ti, i = 1, 2, 3. We study
now the action of σ and σ2 on the 6 rational curves fixed by σ8 and on C.

The automorphism σ2. We have kσ2 ≤ 3 and observe that since σ can not

permute the four curves, since the action of σ4 is different, then each curve is
preserved by σ2. Moreover we have n4,5 ∈ 2Z, and these are at most 6, in fact
points of this type can occur only on the rational curves, and n2,7 + n3,6 ≤ 10
(we have at most 4 fixed points on C and points of this type are not contained
on rational curves that are fixed for σ4, but can be contained in the three rational
curves that are only σ4-invariant). Again by using Proposition 5 we find that
kσ2 ≤ 2. If kσ2 = 0 then n2,7 + n3,6 = 2 but since all the rational curves are
preserved n4,5 = 6 and we get a contradiction using Proposition 5. We are left with
the cases with kσ2 = 1 or kσ2 = 2.

i) kσ2 = 2. Here we get n2,7 + n3,6 = 10 this means that the curve C must
contain four fixed points for σ2 and the other six points are contained in the three
σ4-invariant curves T1, T2 and T3. In particular we have n2,7 ≥ 3 and n3,6 ≥ 3,
n4,5 = 2. Moreover n4,5 = 2n3,6 − 4 so we get n3,6 = 3, n2,7 = 7, Nσ2 = 12 (by
Proposition 5).

ii) kσ2 = 1: Here we get n2,7 + n3,6 = 6 by Proposition 5. Observe that for the
same reason as above the remaining rational curves can not be exchanged two by
two. So these are invariant. This gives n2,7 ≥ 3, n3,6 ≥ 3 and n4,5 = 4. We get
using Proposition 5 that n2,7 = n3,6 = 3, and so the four points on C fixed by σ4

form a σ-orbit of length four.
The automorphism σ. By using Riemann-Hurwitz formula there are two possible

actions on C: The automorphism σ exchanges 2 points and fixes the other two (this
is case i)) or the four points form a σ-orbit (this is case ii)).

i) We have n8,9 = 2w and since kσ2 = 2 we have 0 ≤ w ≤ 2. Moreover
n5,12 = n4,13 = 1 (since these two points correspond to the two fixed points with
local action (4, 5) for σ2). If w = 0 and k = 0, so that the two σ2-fixed curves are
exchanged by σ, then using Proposition 2 one sees that this case is not possible. If
w = 0 and k = 2 using Proposition 2 we get N = 14 which is impossible by looking
at the geometry (in fact in this case we have N ≤ 12).



ORDER SIXTEEN 13

If w = 1, then k = 1 and we find N = 12 with

(N, k, n8,9, n2,15, n3,14, n4,13, n5,12, n6,11, n7,10) = (12, 1, 2, 3, 2, 1, 1, 1, 2)

This is the case in the statement.
If w = 2 and k = 0 this is not possible by using equation in Proposition 2.
ii) We have n8,9 = 2w and since kσ2 = 1 we have w = 0, 1. If w = 0 then k = 1

and n5,12 = n4,13 = 2 or n5,12 = n4,13 = 0. If n5,12 = n4,13 = 2 we obtain n6,11 = 1
and n7,10 = 0 which is impossible since the fixed points by σ are contained in the
rational curves that are fixed by σ8 (see Remark 1.2). If n5,12 = n4,13 = 0 then
two of the σ4-fixed curves are exchanged. By using Proposition 2 we get n7,10 = 1,
n2,15 = 4, n3,14 = 1 (the other nij are zero), but this is not possible since the
isolated points fixed by σ are contained in rational curves (see Remark 1.2).

If w = 1 then k = 0 then again n5,12 = n4,13 = 2 or n5,12 = n4,13 = 0. By using
Proposition 2 we see that the first case is not possible. If n5,12 = n4,13 = 0 then
two of the σ4-fixed curves are exchanged. By Proposition 2 we find N = 4. This is
not possible in fact if the curves Ti are preserved then N = 6, if two of them are
exchanged we get N = 2. In any case we get a contradiction.

�

Example 4.2. 1) The case g(C) = 3 (see [17]). Consider the elliptic fibration:

y2 = x3 + t2x+ t7

This carries the order 16 automorphism σ(x, y, t) = (ζ216x, ζ
11
16y, ζ

10
16 t). The discrim-

inant is t6(4 + 27t8) so over t = 0 the fibration has a fiber I∗0 and over t = ∞ the
fibration has a fiber II∗. The automorphism σ preserves the II∗ fiber and fixes the
component of multiplicity 6. The genus 3 curve cuts the fiber II∗ in the isolated
component of multiplicity 3. Finally σ exchanges two curves in the I∗0 fiber (this
corresponds to lσ = 1), it leaves invariant the component of multiplicity two and
contains two fixed point on it. Using Remark 1.2 it is easy to find the local action
at the 12 fixed points. In this case we have Pic(X) = U ⊕D4 ⊕ E8.

2) The case g(C) = 2 and kσ = 0. We consider the K3 surface double cover
of P2 ramified on a special reducible sextic as in Example 3.2, 2). We consider the
quintic with a special equation, more precisely we assume that the reducible sextic
(L = {x0 = 0}) ∪ C has the equation:

x0(x
4
0x2 + x5

1 − 2x3
1x

2
2 + x4

2x1) = 0,

and recall that the automorphism is:

σ(z : x0 : x1 : x2) 7→ (ζ316z : x0 : ζ78x1 : ζ38x2).

The line L = {x0 = 0} meets the quintic in the point (0 : 0 : 1) and two further
points (0 : 1 : 1) and (0 : −1 : 1), that are in fact exchanged by the automorphism
σ. By studying the partial derivatives of the equation of C one sees that these are
singular points. These are in fact A3 singularities. We explain the computations in
detail for the point (0 : 1 : 1). In the chart x2 = 1 the equation of C becomes:

x4
0 + x5

1 − 2x3
1 + x1 = 0

We translate the point (0, 1) to the origin and we get an equation in new local
coordinates (here x0 = y):

x2(x3 + 5x2 + 8x+ 4) + y4 = 0
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So we have a double point at (0, 0) and by making a coordinates transformation as
in [5, Ch. II, section 8] we obtain the local equation:

x2 + y4 = 0

which is an A3 singularity. Now as explained again in [5, Ch. II, section 8] or also
in [10, Lemma 3.15] this gives a D6 singularity of the reducible ramification sextic.
The same happens at the point (0 : −1 : 1) since the two points are exchanged by
σ. This means that the K3 surface defined by

z2 = x0(x
4
0x2 + x5

1 − 2x3
1x

2
2 + x4

2x1)

has two D6 singularities and one A1 singularity (coming from the intersection point
(0 : 0 : 1)). Let X be the desingularization of the double cover. The rank of
the Picard group is at least 14 but since the automorphism of order 16 acts non-
symplectically on it, the rank is exactly 14 and Pic(X) = U(2)⊕D4⊕E8. Observe
that the (−2)-curve coming from the resolution of the A1 singularity can not be
fixed, because it intersects C and L on X (we call again in this way the strict
transforms) that are σ8 fixed. Moreover since the twoD6 singularities are exchanged
we have k = 0. Observe that the induced automorphism on P

2 fixes also the point
(0 : 1 : 0) ∈ L and the point (1 : 0 : 0) ∈ C which together with the two intersection
points with L and C of the excetional (−2)-curve on the A1 singularity gives N = 4.

Remark 4.3. If rkS(σ8) = 14 then the automorphism σ acts on S(σ8)⊥ ⊗ C by
the eight primitive roots of unity ζi16, i = 1, 3, . . . , 15. In particular each eigenspace
is one-dimensional, so by applying the construction for the moduli space of K3
surfaces with non-symplectic automorphisms as described in [6, Section 11], we see
that in fact this is zero dimensional. This is the case in Theorem 2.1 and in Theorem
4.1. More precisely in Theorem 4.1 if we fix Pic(X) = S(σ8) = U(2) ⊕ D4 ⊕ E8

and both cases exist, we expect to have the same K3 surface with two different
automorphisms acting on it. If rkS(σ8) = 6 using the same construction as above
one finds that the dimension of the moduli space is one.
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