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Classification of Semisimple Levi-Tanaka Algebras (*). 

COSTANTINO MEDORI - MAURO NACINOVICH 

Abstract. - After showing that the partial complex structure is defined by an inner derivation, 

we give a complete classification of semisimple Levi-Tanaka algebra. 

The Levi-Tanaka algebras were introduced in [Tan70] to study the group of pseudo- 
conformal automorphism of a real submanifold M of a complex manifold X. 

They are graded real Lie algebras g = ~ z  gp' provided of a partial complex struc- 

ture, i.e. a complex structure J on the subspace g-1 of elements of degree ( - 1), for 
which the inner derivations of degree 0 define complex linear maps on g_l. 

These algebras are defined as prolongations of the graded Lie algebra associated to 
the filtration of the real tangent space TM of M induced by the distribution H M  r TM 

of the holomorphic tangent vectors. 
They are finite dimensional if and only if the Levi form is nondegenerate, and this is 

therefore a sufficient condition in order that the group of pseudoconformal automor- 
phisms of the corresponding CR manifold be a finite dimensional Lie group. 

In [MN] we continued the investigations of [Tan70], [Tan79] and [CM75], develop- 
ing the algebraic theory of Levi-Tanaka algebras, especially to construct homogeneous 
CR manifolds which, for a given nondegenerate Levi form, and higher order Levi form, 
have the largest groups of pseudoconformal automorphisms. 

We showed in [MN] that the Levi-Tanaka algebras admit a Levi-Mal'Sev decompo- 
sition in which the semisimple part is the direct sum of two ideals, one of which is still a 
Levi-Tanaka algebra, while the other one is a semisimple algebra of 0-degree deriva- 
tions of the radical. 

It is therefore natural, as a first step toward a classification of homogeneous CR 

manifolds, to classify first all semisimple Levi-Tanaka algebras. In this paper we take 
up this question. 

(*) Entrata in Redazione il 18 dicembre 1995, in versione riveduta il 14 novembre 1996. 
Indirizzo degli AA.: Dipartimento di Matematica, Via F. Buonarroti 2, 1-56127 Pisa, 

Italy. 
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The main tool is the observation that the partial complex structure is defined, in the 
semisimple case, by a 0-degree inner derivation: this means that the semisimple Levi- 
Tanaka algebras are of type (J), according to the definition given in [MN]. 

The classification is obtained by characterizing the weighted Satake's diagrams 
that are associated to a semisimple Levi-Tanaka algebra. 

The paper is organized as follows. In the first two sections we discuss the general 
properties of the finite dimensional semisimple Levi-Tanaka algebras that are relevant 
to our problem. For this we rely on the results on real semisimple graded Lie algebras 
that can be found for instance in [Djo82], [KA88] and [Kan93]. After reducing the prob- 
lem to that of classifying simple Levi-Tanaka algebras, we discuss separately simple 
graded Lie algebras of the complex and of the real type, first giving general criteria on 
their weighted Dynkin and Satake diagrams in order that they admit a structure of 
Levi-Tanaka algebra and next applying these criteria to the different classes, also giv- 
ing matrix representations for the nonexceptional ones. At the end of the paper we give 
the tables relative to the simple Levi-Tanaka algebras corresponding to the exceptional 
Lie algebras of the complex type. 

1.  - P r e l i m i n a r i e s .  

A graded Lie algebra (abbreviated as GLA) is a Lie algebra g over a field K, togeth- 
er with a direct sum decomposition g = p ~  gp such that each gp is a finite dimensional 

K-linear subspace of g and [gp, % ] c % + q  for all integers p, q. 
We note that go is a subalgebra of g and that by restriction of the adjoint represen- 

tation we obtain natural linear representations Q p of g0 on % for each integer p. We will 
denote by re(g) the nilpotent subalgebra G % of the GLA 0. 

p<0 
A GLA g =p~z % is said to be transitive if 

0 ~ X e g p ,  p>~O~[X,g_l]~O 

and fundamental if g_ 1 generates re(g). We say that g is nondegenerate if for every 
X e  g-1 there is Ye g_l such that [X, Y] ~ 0. 

The supremum/~ of the set of integers p for which ~ p ~ 0 is called the kind of the 
GLA g =p~L gp" Note that u/> 2 for a nondegenerate GLA. 

We assume in the following that the field K has characteristic 0. For a GLA fi = 
= O gp over K, the K.linear map e: g--> fi defined by 

peZ  

e(X)=pX f o r X e ~ p ,  p e Z  

is a 0-degree derivation. If e = ad(E) for some E e g is an inner derivation, we call such 
an element E ~ go a characteristic element of the GLA g. Conversely, if a finite dimen- 
sional Lie algebra ~ over K contains a semisimple element E such that ad(E): g--~ 
has integral eigenvalues, then the subspaces gp = {X E g I [E, X] = pX} (for p e Z) de- 
fine a graduation of g for which E is a characteristic element. The characteristic ele- 
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ment is uniquely determined when the center 3(g) of ~ is trivial. Note that, if there is a 

characteristic element for the GLA g, then every ideal a of ~ is also a GLA for the 

graduation induced from ~. 
A semisimple GLA g contains a characteristic element E because all derivations of 

g are inner and this element is unique because 3(g) is trivial. In this case we will call E 
the characteristic element of g. 

An isomorphism of GLA's is a map q~ : g = gp ---) g' = gp between GLA's over 

the same field K such that: (i) q~ is a Lie algebras isomorphism; (ii) r = g~ for all p e 
e Z .  For  semisimple GLA's having characteristic elements E, E '  respectively condition 

(ii) is equivalent to r  E ' .  
We collect some well known facts on semisimple GLA's in t h e  following: 

LEMMA 1.1. - Let g = (~ gp be a real finite dimensional semisimple GLA of 
p = - t t  

kind ~. Then: 

to tt; 

(a) Each ideal of g is, in a natural way, a GLA of kind less than or equal 

(b) For the Killing form K of g, we have: 

/4%,  gq) ~ 0r + q = 0.  

In particular gp = 0 for p > tt (i.e. tt = v) and the Killing form defines for each integer 

p a duality pairing between gp and g p and therefore direr gp = direr g _p for every p e 

Z .  Moreover go is reductive. 

I f  It > 0, then g is of the noncompact type, i.e. i~ is not negative definite. 

(c) I f  g is simple, then it is fundamental i f  and only i f  

g ~ l  = [ g - l ,  " ' , [ g - 1 , [ ~ - 1 ,  g - l ] ]  "--] ; ~ 0 ,  

t imes  

and in this case is nondegenerate and transitive i f  and only i f  tt > 1. 

For a proof we refer to [Tan70], [MN]. 
Let  g = p~z gp be a real GLA. A partial complex structure on g is an R-linear map 

J :  g - 1 --> g - 1 which satisfies 

i j2  = _ ida_ 1 , 

(1) [[JX, JY] = [X, Y] VX, Y e  g-1.  

A Levi-Tanaka algebra is a real GLA g = p~z gp endowed with a partial complex struc- 
ture J for which the following holds: 
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(1) the kind # of g is finite; 

(2) g is fundamental; 

(3) the adjoint representation gives an isomorphism between g0 and the algebra 
of 0-degree derivations of re(g) whose restriction to g-1 commutes with J; 

(4) g is the maximal transitive prolongation of the GLAre(g)@ g0. 

A Levi-Tanaka algebra g is finite dimensional if and only if it is nondegenerate 
(cf. [Tan70]). In particular a finite dimensional Levi-Tanaka algebra has kind 
/~>2.  

We also note that for a finite dimensional simple GLA g of kind/~ >I 2, endowed 
with a partial comple;~ structure, properties (1), (2) and (3) imply (4) (cf. [Tan70], [MN], 
where also different criteria for the semisimplicity of the prolongation are dis- 
cussed). 

An isomorphism of two Levi-Tanaka algebras g = gp and g ' =  gp, whose 

partial complex structures are denoted by J and J '  respectively, is an isomorphism 
r fi--~g' of GLA's such that O(JX)= J'~(X) for every X e  g-1. 

2. - Real  semis imple  graded Lie algebras.  

In this section we rehearse some general properties of real semisimple Lie alge- 
bras, for which we refer to [Djo82], [Sug59], [War72], and consider their bearing to 
semisimple Levi-Tanaka algebras. 

Let 6 be a semisimple real Lie algebra. Every Cartan subalgebra ~ of 6 decomposes 
into a direct sum ~ = i)+@ ~- where 

§ = {X e ~) I ads (X) has purely imaginary eigenvalues }, 

~- = {Xe ~)[ad~(X) has real eigenvalues}, 

are called respectively the toroidal and vectorial part of ~. A Cartan subalgebra 
whose toroidal part has minimal dimension is called minimally compact (standard in 
the sense of[Sug59]). 

We have (cf. [Sug59, Cor. 2 to Th. 3] or [War72, Cor. 1.3.1.5]): 

PROPOSITION 2.1. - A l l  minimally compact Cartan subalgebras of a semisimple re- 
al Lie algebra are conjugated by the action of the adjoint group. 

The complexification ~,c of a minimally compact Cartan subalgebra ~ of ~ is a Car- 
tan subalgebra of the complexification 6c of 3. Denote by 2~ the relative root system. 
Consider the real form ~ = ~- O ~ - 1 ~  + of ~c. We identify the complexification of the 

v v 

dual ~ of i)~ with the dual ~e of ~c. Then ~ c  ~ c  ~ c  Let (7 be the conjugatiqn on 6c de- 
fined by the real form ~ and denote by a the corresponding involution of ~c given by 
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v 

~c ~ a --~ a ~ �9 ~c, where 

(2) a~ = a(aX) VX�9 ~c. 

Then the root system ~ is a-invariant. 
In the following we will use ~ to denote a semisimple real Lie algebra and ~ for the 

GLA obtained by f'Lxing a graduation on 3. 
We have (cf. [Djo82]): 

LEMMA 2.2. - The characteristic element E of a semisimple real GLA g = pgz gp is 

contained in a minimally compact Caftan subalgebra ~ c go of g. 

We also note that every Cartan subalgebra ~ of the semisimple GLA g that con- 
rains the characteristic element E is contained in g0 and that, in this case, E belongs 
to the intersection of the vectorial part ~- of ~ with the center ~(g0) of the subalge- 

bra go. 

PROOF. - The Lemma is a consequence of the fact ([Sug59], Theorem 2) that the 
vectorial part of any Cartan subalgebra of ~ is conjugated by an element of the adjoint 
group to a subspace of a minimally compact Cartan subalgebra of ~. Then we reduce to 
the observation that the semisimple element E belongs to a Cartan subalgebra 
of g. �9 

Let ~ be a minimally compact Cartan subalgebra of the semisimple GLA g, contain- 
ing its characteristic element E, and let ~ be the root system of gc with respect to ~c. 
We set: 

~.  = { a � 9  0VHE~-}; 

~ p = { a e ~ l a ( E ) = p }  f o r p � 9  

~_={a �9  U ~p. 
p<~O 

We have the inclusions: &. c &o c &_ c &. 
We call the integer l a] : a(E) the degree of the root a �9 ~ .  
The root systems #~. and t~o are invariant under the action of the conjugation a de- 

fined above. Indeed, a~ = a(aH) = a(H) = a(H) for every H e  ~- .  
For every a �9 ~ we denote by ga the relative eigenspace: 

~a : {x �9 ~c I[H, X] : a(H) X VII �9 ~c }.  

We have: 



290 G. MEDORI - M. NACINOVICH: Classification of semisimple, etc. 

_assume that ~ is a semisimple Levi-Tanaka algebra with partial complex structure 
J e  qfR(g-~). We define: 

g~i ~ : { X -  ~ - - Y J X I X  ~ ~_~ } c ~c_~ , 

These are the eigenspaces corresponding respectively to the eigenvectors V C-- 1 and 
- ~ of J. Because J o Q _ 1 (X) = ~ _ 1 (X) o J for every X ~ g0, the subspaces g~i 0) and 
g(_~ are invariant under ~) -~(~0). In particular each eigenspace g~ for a e 5~_~ is con- 
tained either in g~i ~ or in g(_~ and is J-invariant. Moreover, q , c  g~i ~ if and only ff 

If  X is an eigenvector corresponding to a root a e O~ with l al  e { - 1, 0 }, we 
define 

(3) 

1 if [a I = - 1  and ~cgCp 1'~ 

1 if lal  = - 1  and gacg(p ~ 

 lat=0. 

Note that JX = sgn (X) ~ 1X when X is an eigenvector coITesponding to a root a of 
degree ( -  1). 

We know from [MN, Lemma 3.25], that the following is true: 

LEMMA 2.3. - Let g be a semisimple Levi-Tanaka algebra and let ~ be the root sys- 

tem of gc with respect to the complexification ~c of a Cartan subalgebra ~ of g, con- 

tained in go. Then there is a fundamental system 83 = {al ,  . . . ,  al} for 8~ such that 

l ail  e { - 1 ,  O} for every i=  1 , . . . ,  1. 

The following result will be important for the study of semisimple Levi-Tanaka 
algebras: 

THEOREM 2.4. - Let ~ = 0 ~p be a finite dimensional semisimple Levi-Tana- 
-/~<<.p<~/~ 

ka algebra, with partial complex structure J ~ gfR(g-1). Then there is a unique ele- 

ment ] ~ 8(go) such that 

(4)  J = Q _~ ( J ) .  

PROOF. - Le~ ~ c go be a minimally compact Cartan subalgebra of g and ~ the root 
system of gc with respect  to ~c. We associate to a fundamental root system 0~ = 
= {a l ,  . . . ,  a l } c ~ - i  W 2~o of ~ a Weyl basis 

H ~ e ~  c ,  X~ega~, Yieg_a~ for l<<-i<~l. 
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We note that, for every 1 ~< i ~< l, H~e go c, X ie  tic-1U go c, Yie g0 c tO gl c. Then a basis of 
m(g c) as a C-vector space is provided by X =  { X i ] I e ~ } ,  where ~ is a set of k-uples 
(il, . . . ,  ik) of multiindices, for k a positive integer, 1 <~i~<~l for h= 1, . . . ,  k, with 
lai~l + ... + laikl < 0  and 

X~=[X~,[...[X~2, X~,]...]] for I = ( i ~ , . . . , i k )  e 5 .  

Moreover, if I = (il, . . . ,  ik), I' = (i{, ..., i~,) e ~, then either [Xx, X~,] = 0 or [)(i, Xx,] = 
= ct, v Xr, for a nonzero complex number ci, r and a (k + k')-uple I" = (i~', . . . ,  i~'+ ~,) which 
is a permutation of the (k + k')-uple (I, I ') .  In the last case we will denote the multiin- 

dex I" ~ 5 by I . I '  
To extend J to a C-linear endomorphism J '  of m(g c) it suffices to define it on the 

elements of the basis X. To this aim we introduce the function q~: ~-->Z by 

(5) O(I)= • sgn(X~ h) 
1 <~ik<~k 

for I =  ( i l , . . . , i k )  e 

and set: 

(6) J'(X~) = O(I) ~--1X~ for I e 5. 

Since J commutes with the endomorphisms of ~) _l(g0c), we have J'(X) = JX  for X e  gc_ 1 . 
Next  we show that J '  defines a zero degree derivation of the GLA m(gC). It  suffices to 
verify that this is true for the elements of the basis X. Let  I ,  I '  e ~. When [XI, Xv] = 0, 

we have 

[J '(X~), X r ]  = [XI, J ' ( X v ) ]  = J'([X~, Xv])  = 0 

and the Jacobi identity trivially holds. In the case where [XI, XI,] ~ 0, we have I . I '  ~ 

and 

J '  ([XI ,  Xr] )  = J '  (ci, i,X~bl ,) = ci, i , ~ (  I ' I '  ) ~ f - ~ x i . i '  = 

= ci, 1' (r  + q~(I' )) ~ / -  1 X r v  = [ J '  (X1), XI, ] + [XI, J '  (Xr) ] .  

Therefore J '  is a zero degree derivation of m(g c) whose restriction to gC 1 commutes 
with all elements of q -1 (g0c). Because gc is a Levi-Tanaka algebra, there is an element 
J in ~c such that 

[2, X] = J ' (X) ,  VX E m(gC). 

The real and imaginary parts of ] with respect  to the real form g are zero degree 
derivations of ~. By construction, the imaginary part  of ] defines the zero endomor- 
phism on g_ 1 and therefore is zero because ~ is transitive. I t  follows that J belongs to 
go- The proof is complete. �9 

COROLLARY 2.5. - Let g = G gp be a finite dimensional semisimple Levi- 

Tanaka algebra, with partial complex structure J. Then: 



292 C. MEDORI - M. NACINOVICH: Classification of semisimple, etc. 

1) dim~(go) i> 2; 

2) g contains a minimally compact Caftan subalgebra ~ r go; 

3) every Cartan subalgebra ~ of g with ~ r go contains both the characteristic el- 

ement E and the unique element J e go such that J = Q _ 1 (]); moreover E e ~ - n ~( go) 

and ] e ~ + N ~(go), where ~- and ~ * denote the vectorial part and the toroidal part of 
~ , respectively. 

In the following we will use for simplicity the same symbol J to denote either the par- 
tial complex structure of a semisimple Levi-Tanaka algebra g or the corresponding ele- 
ment of g0 whose representation in g_ 1 is the partial complex structure of g. 

COROLLARY 2.6. - Every ideal of a semisimple Levi-Tanaka algebra is a Levi- 

Tanaka algebra for the restriction of the partial complex structure. 

In particular it suffices to classify simple Levi-Tanaka algebras, as every semisim- 
ple Levi-Tanaka algebra is a direct sum of simple ideals which are Levi-Tanaka alge- 
bras for the restriction of the partial complex structure. 

We list now some results, related to the classification of real semisimple GLA's, for 
which we refer to [Djo82], [KA88], [Kan93], [War72]. 

Let g = G gp be a semisimple real GLA of kind/~. Then there is a minimally 

compact Cartan subalgebra ~ of g contained in go and it contains the characteristic ele- 
ment E of g. We denote by ~ the root system of gc relative to ~c. It admits a funda- 

mental system ~ = {al ,  . . . ,  at} contained in ~_ ,  which is a-fundamental in the sense 
precised in [War72, p. 23] (cf. condition (2) below). 

We denote by A ~ the weighted Dynkin diagram of gc, which is obtained from the 
Dynkin diagram of fi'e, in which the vertices are identified to the corresponding roots in 
~, by attaching to each vertex a i its degree I a i I �9 The weighted Satake diagram Y, ~ of 
g is obtained from the weighted Dynkin diagram A~ of gc by the following 
procedure: 

1) the vertices a E ~ .  = ~ N 3% are black and all other vertices are white. Note 
that black vertices have degree 0; 

2) for every white vertex a E ~ - ~ .  there exists a unique white vertex a'  e ~ - 
- ~ .  such that a ~ - a '  is a linear combination of the black roots (cf. [War72, Lemma 
1.1.3.2]). If a ~ a ' ,  then we connect the pair {a, a '} by a curved arrow. Note that roots 
connected by a curved arrow have the same degree. 

Let ~ be a semisimple real Lie algebra and g a GLA obtained by fLxing a graduation 
of ~. The weighted Satake diagram of g is obtained by attaching to each vertex a of the 
Satake diagram of ~ its degree ]a I with respect to g. This construction provides a par- 
tition of ~ into subsets ~p, with p ~< 0, given by 

( 7 )  {aE l lal =P}- 
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Vice versa, every such partition of G, indexed by the nonpositive integers, determines a 
unique graduation of ~ and all graduations of ~ are obtained in this way, up to isomor- 
phisms of GLA's. We explicitly note that the fact that g-1 generates re(g) is equivalent 
to have t~ = Go U G_ 1. 

The classification of real semisimple GLA's is deduced from the following: 

THEOREM 2.7. - A necessary and sufficient condition "in order that two real GLA's 

be isomorphic is that they have isomorphic weighted Satake diagrams. 

We also note that (cf. [War72, Theorem 2.4]): 

PROPOSITION 2.8. - 1) The kind # of g is equal to the absolute value of the degree of 

the highest root of gc. 

2) Assume that the graduation of g is associated to a partition ~ = Go U G_ 1 o f  

the fundamental roots of g. Then go is the direct sum of a semisimple Lie algebra, 

whose Satake diagram is obtained from E ~ by deleting all vertices in G_ 1 and all rods 

and arrows issuing from them, and its center ~( go), whose dimension equals the num- 

bet of elements of ~-1. 

We say that a real simple Lie algebra is of the complex type if its Satake diagram is 
disconnected, i.e. if it is obtained from a simple complex Lie algebra by change of the 
base field; we say that a simple real Lie algebra is of the real type if it has a connected 
Satake diagram, i.e. if its complexification is also simple. 

We note that for simple Lie algebras ~ of the complex type the Satake diagram is 
obtained by taking two copies D~' and D~' of its Dynkin diagram D~, painting white all 
vertices and connecting by a curved arrow each root in D~ to the same root in D~'. Thus 
for simple real Lie algebras of the complex type the Dynkin diagram already contains 
all information. 

We collect some elementary facts on the Satake diagram of a Levi-Tanaka algebra 
in the following 

THEOREM 2.9. - Let g be a finite dimensional semisimple Levi-Tanaka algebra, 

and Y,~ its weighted Satake diagram related to a Cartan subalgebra ~ r go of g. 
Then: 

(i) the degree of the vertices in ~ are either ( - 1 ) or 0, so that ~ = G_ 1 U G 0 ; the 

set ~-1 of fundamental roots of degree ( -  1) contains at least two elements; 

(ii) each vertex a in ~_~ is connected to another vertex a' in G_I by a curved 
a ~ r o w .  

PROOF. - The first claim in (i) follows from the fact that g-1 generates the subalge- 
bra re(g) = p<G ~ qp, the second from (ii) and the fact that the kind tt of a finite dimen- 

sional Levi-Tanaka algebra is I> 2. 
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We prove (ii) by contradiction. Assume that a e ~_~ is not connected to any other 
root in 5~_ ~ by a curved arrow. Then a ~ = a + y, where y is a linear combination with in- 
tegral coefficients of roots of ~0. It follows that J acts as the multiplication by the same 
~] = - - ~  both on g, and on ~ .  But we already noticed that this cannot be the case 
because ga and g_~ are contained in eigenspaces of J corresponding to opposite 
eigenvalues. [] 

For the sake of conciseness we will call in the following LT-admissible the weight- 
ed Satake diagrams of semisimple Levi-Tanaka algebras. 

We also call admissible a weighted Satake diagram satisfying conditions (i) and (ii) 
in Theorem 2.9. 

3. - The weighted Satake diagrams of simple Levi-Tanaka algebras of the com- 
plex type. 

First we investigate the Levi-Tanaka structures that can be defined on a simple real 
Lie algebra ~ of the complex type. 

We fLX a minimally compact Cartan subalgebra ~ of ~. Note that ~ is simply a Car- 
tan subalgebra of ~ considered as a complex Lie algebra. Let ~ be the corresponding 
root system (attached to ~ and ~ considered as complex Lie algebras), ~ = {a 1, . . . ,  a l} 
a fundamental root system for ~ and D~ the associated Dynkin diagram. For simplicity 
we will call connected a subset Y of ~ if its points are the vertices of a connected subset 
of the graph D~. 

Up to equivalence, all admissible gradings of ~ are obtained from a partition 
{~0, t~_l} of ~ into a set ~-1 of fundamental roots of degree ( - 1) and a set 530 of fun- 
damental roots of degree 0. Let ~-1 = {a~, . . . ,  ai~}, with 1 ~< il < ... < iv ~< l, be the 
set of roots of degree ( - 1). 

Every root a e ~ is a linear combination, with integral coefficients 

l 

(8) a =  ~: ki(a ) ai ,  ki(a ) e Z  
i=1 

of the roots in ~. We associate to the root a its degree 

l 

(9) ial  = Z k~(a) la~ i 
i = 1  

where fai l  equals ( - 1 )  if a ie  ~-1 and 0 if a ie  53o. We recall that 

(10) Y(a) = {a~ ik~(a) ~ O} 

is a connected subset of D~ and, for every connected YcD~, 

(11) ~ a~eSt  
a i e Y  

(cf. Corollary 3 to Proposition 19, Ch. VI, w 1 in [Bou81]). 
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We denote by g the graded Lie algebra obtained from ~ by the partition { ~_ 1, G0} 

of 5~: the subspace % of homogeneous elements of degree p is defined by: 

g0=~( ~ (~ ~a, gp__ (~ ~a for p ;~0 .  
a~o a~p 

To define on the so obtained graded Lie algebra g a partial complex structure satis- 
fying (1), by Theorem 2.4, we need to find an element J e  ~(g0)c t) such that 

(12) { ~) - 1(J)2 = _ Idg _ 1, 

[J, g-2] = 0 .  

We note that J must satisfy 

(13) 
0 if a i r , o ,  

(J, ai> = 
-+V~L-f if a i e ~ _  1 

because the eigenspaces of the roots ct i 
ad~ (J). 

Then from (12) we obtain: 

are contained in the eigenspaces of 

(a) i f  Y is a connected subset of D~ and YN53_1 = {ai, aj}, with i < j ,  
then 

(14) (J, a i )=  - ( J ,  aj}. 

Let indeed Y be a connected subset of D~ containing exactly two elements ai, C~j of 
~-1. Decompose Y into two disjoint connected subsets Y1, Y2 such that {a i} = Y1 • ~-1 
and {aj} = Y2 N 5~_1. Then f l l  ~-- Z ah and 82 = ~ ah are roots of degree ( - 1 )  
and ah~Y~ ahoY2 

(J, ill} = (J, a~}, (J, f12} = (J, aj). 

Since fll-~-82 e~)~, we obtain for nonzero eigenvectors X~I , X~2 of 81, 82 respect- 
ively: 

0 ~ [Xzl, XZ2] = [JXzl , JXz2] : (J, a~)(J, a/)[X~, X~2]. 

This shows that condition (a) is necessary. 
From this observation, since any two roots in ~ can be joined by a segment in D~, 

we deduce that J is uniquely determined by the value it assumes on one of the roots in 
t~-l. In particular, for each admissible structure of graded Lie algebra g of 3, either 
there is no partial complex structure J satisfying (1), or there are two such structures, 
one being conjugated to the other. 

Moreover, condition (14) does not restrict the possibility of defining the partial 
complex structure J, unless D~ contains ramification points. In the last case, there are 
two possibilities: 
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(b) either the ramification point a ~ of D~ belongs to ~_1, or at most two of the 

branches issuing from a i contain elements of ~-1.  

Assuming that  the conditions (a) and (b) are fulfilled by a J defined on the elements 
of ~, then a necessary and sufficient condition in order that  J extends to an R-linear 
map defining a complex structure on q_~ satisfying (1) is that: 

(c) there are no roots a a ~  with la] = - 2  and k~(a)=2 for some a i E ~ - l .  

Indeed for a e a with l a[ = - 2  there are the two possibilities: 

(*) Y(a) N ~_1 = (a i ,  aj} conta_ins exactly two roots and k i ( a ) = k j ( a )  = 1 ;  

(**) Y(a) N ~ _ l =  {ai} contains only one root and k~(a) =2.  

We first extend J to a C-linear map on g0@g-~ by setting J = 0  on go and JX~= 

= (J, a i )Xz  if {a~} = Y(fi) a ~-1" 
A nonzero eigenvector Xa corresponding to a root a e a of degree ( - 2) is obtained 

as the Lie product [X~, X r] of two eigenvectors corresponding to roots fi, 7 e ~ with 
[fi[ = ]7[ = - 1. I f  the root a satisfies (**), then J acts on XZ and Xr as the multiplica- 
tion by the same t] = +_1/-Z-1 and hence, if (1) is satisfied, 

z a  = [xz ,  = [JZz,  JZ ] : - [ z z ,  : o ,  

gives a contradiction. 
Vice versa, if all roots a e ~ with l al = - 2  satisfy (.), then each of these roots can 

be represented as a = fi + 7 for two roots fl, y ~ ~ with Ifil = 17t = - 1. Then Y(fi) N 
n ,~ 1 : { a i }  and Y(7) n ~-1 = {aj}, where a~, aj are the edges of a segment in D~ 
which does not contain any other root in t~_l. By condition (a), J acts on an eigenvector 
X~ of fi as the multi~j~ation by t /and on an eigenvector Xr of 7 as the multiplication by 

-~/,  with ~1 = _+ V -  1. Then 

z a  = = [zx , 

and by C-linearity condition (1) is satisfied in this case. 
We summarize the discussion above by: 

THEOREM 3.1. - A necessary and sufficient condition in order that a weighted 

Dynkin diagram A ~ with vertices ~ = { a 1, ... ,  a 1}, associated to a graduation g of a 

simple Lie algebra ~ of the complex type correspond to a LT-admissible Satake dia- 

gram is that the following three conditions be satisfied: 

1) the graduation of g is defined by a partition of ~ into a subset ~-1 of roots of 

degree ( -  1) and a subset Go of roots of degree 0 and ~_~ contains at least two 

elements; 

2) i f  a i ~ :~ is a ramification point of • ~, then either a ~ ~ ~-1 or at most two of 

the branches issuing from a i contain vertices in t~ 1; 
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1 

3) there are no roots a = ~ k~(a) a i e  ~_ with lal = - 2  and ki(a) = 2for some 
a i@~_l"  i=1 

To every LT-admissible weighted Satake diagram of a simple Lie algebra of the com- 

plex type correspond exactly two partial complex structures on the corresponding 

graded Lie algebra g, one conjugated to the other. 

Using this theorem, we can give the complete list of LT-admissible Satake dia- 
grams for simple Lie algebras of the complex type. We refer to [Bou81], Ch. VI, for all 
relevant information on the root systems. Note that the issue reduces to finding the 
partitions {~-1,  ~0} of ~ into a subset ~-1 of roots of degree ( - 1) and a subset t~0 of 
roots of degree 0 leading to LT-admissible Satake diagrams. We will say in this case 
that  ~-1 is LT-admissible. 

While considering the classification of a simple Levi-Tanaka algebra g of the com- 
plex type, we must take into account the fact that  an automorphism of its weighted 
Dynkin diagram A~ induces either an automorphism or an antiautomorphism (i.e. 

changing J into ( -  J)  of g. 

3.1. Simple Levi-Tanaka algebras of the complex type At (1 >I 1). 

The basic roots a ~ , . . . ,  a l are organized in the Dynkin diagram: 

0 0 0 . ~  . . . . . . . . . . . . . . . .  ~ 0 0 

Since the Dynkin diagram has no ramification points and there are no roots in ~_  with 
coefficients k~ I> 2, every ~-1 containing at least two elements is LT-admissible. Note 
that we need 1 I> 2. 

Since the highest root in ~ is (5 = a~ + ... + a t ,  the kind/~ equals the number u of 
roots in ~_~. 

We note that  the isomorphism of the Dynkin diagram s: ~ ~ a ~--> a l § ~ - i E ~ yields 
isomorphisms of the Levi-Tanaka algebras corresponding to ~_1 and s(t~_l). There- 
fore, up'to equivalence, the weighted Dynkin diagrams associated to simple Levi-Tana- 
ka algebras of the complex type A~ are parametrized, by 

(15) ~ _ 1 =  {a l ,  . . . ,  a~v} with v~>2 

and, to take into account the isomorphism s, we impose that  

(16) (il, . . . ,  iv) ~< (1 + 1 - iv, . . . ,  1 + 1 - il) for the lexicographic order .  

To each ~-1 in (15) there correspond two nonisomorphic Levi-Tanaka algebras when 

(il, . . . ,  i.) < (l + 1 - iv, . . . ,  1 + 1 - il) or when ( i l ,  . . . ,  iv) = (1 + 1 - iv, . . . ,  1 + 1 - i l )  
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and v is odd. We obtain, up to isomorphisms, only one structure of Levi-Tanaka algebra 
when (i~, . . . ,  iv) = (1 + 1 - iv, . . . ,  1 + 1 - i~) and v is even. 

Let  ~3_~ = {ai, ,  . . . ,  ai~} with v I> 2, 1 ~< i~ < ... < iv ~< 1 and let us define 

do=J1, d l = i 2 - i l ,  . . . , d , _ l = i v - i v _ l ,  d v = l + l - i v .  

Let  g = �9 gv be a Levi-Tanaka algebra associated to ~3_~. We know from Lemma 

1.1 that  g0 is reductive. Its center ~(go) has dimension v and the semisimple part is iso- 
morphic to the direct sum: 

G ~i(di, C). 
di> 1 

Moreover we obtain: 

d i m c g o =  d~ - 1  
i= O  

I dimc ~• ~ d id i -p  
~ = p  

f o r p = l , . . . , v .  

To obtain a matrix representation of g, it is convenient to write every matrix X in 
~f(1 + 1, C) as 

X =  ( xij )o <. i, j <. v with xij e ~ (  di • dj, C).  

Then the characteristic element E of g is given by the matrix 

eo/do 0 .-. 0 

0 el 16 " "  0 

: : " .  : 

0 0 " ' "  ev [d .  

where ej = 
jdo + (j  - 1) dl + ... + (j - v) dv 

/ + 1  

while the partial complex structure is represented by plus or minus the matrix 

1 Idr 0 " ' "  0 

0 r] 11d, "'" 0 

: : ". : 

0 0 " "  ~](_l)VId 

[77r] ~ dl + d a + ... 
1 = v - 1  - " ' 

where 

~/-Z-~ d o + d e +  ... 
1 = - v - i   -Ji 
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3.2. Simple Levi-Tanaka algebras of the complex type Bt (1 >I 2). 

The basic roots a 1, . . . ,  a t are organized in the Dynkin diagram: 

~1 (%2 ~3 (%1-2 ~1-1 (~l 

Also in this case there are no ramification points. The positive roots which have a co- 

efficient larger  than or equal to 2 are those of the form: 

a i + 2 (  ~ ak) with l<~i<j<~l. 
i<~k<j j<~k<~l 

Hence, if ~ - 1  = {ai~, . . . ,  air} with 1 ~<il < ... < i ~  < l, the necessary and sufficient 
condition for the existence of a Levi-Tanaka structure on 6 is that  

iv = i v - I  + 1 . 

The highest root in t~_ is 6 = a 1 + 2(a 2 + ..- + a t) and therefore for a LT-admissible 

a - 1  = {ai l ,  . . . ,  ai~} the kind tt of the corresponding Levi-Tanaka algebras equals 
2v - 1 or 2v according to either a 1 belongs or does not belong to ~_1. 

There are no automorphisms of the Dynkin diagram of Bz and therefore we distin- 

guish the weighted Dynkin diagrams associated to simple Levi-Tanaka algebras of the 
complex type Bt into two classes, that parametrize up to equivalence these alge- 
bras: 

(17) ~ - 1  = { a l ,  a i  2, . - . ,  air_ 1, a / v _ l + l  } 

with v~>2,  l< i2<. . .< iv_ l<l ,  o f k i n d / ~ = 2 v - 1  

and 

(18) ~-1  = {ail ,  . . . ,  ai~_lai~_~+l} 

with v i> 2 ,  1 < il < . . .  < iv- 1 < l ,  of kind # = 2 v .  

Le t  us set: 

(19) do = 1 - iv_ 1 - 1,  dl = 1, . . . ,  dh = iv- a + 1 -- iv- h, . . . ,  d~ = i I . 

I t  is also convenient to set dh = 0 if h ;~ 0, 1, . . . ,  v. 

The center ~(go) of go has complex dimension v. The subalgebra go is the direct sum 
of its center and a semisimple par t  which is isomorphic to the direct sum 

I 
d~>l~(di, C)@ ~o(2do + 1, C) 

d~> l~[(di, C) 

if d o > O ,  

if do = 0 .  
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Then we obtain 

~ d i m c g o = l +  ~ d[+2do 2+do, 
i = 2  

dimc g_+(2p+ 1) = 
v - 2 p - 1  p 

d~d2p+l+~+ ~ d id2p+~- i+  
i = 2  i = 2  

+d2p + (2do + 1) d2p+! + d2p+2 , 

v - 2 p  

dimc g• = ~, did2p+ 
i=2 

p 1 

+ ~, d id~p_ i+  
i = 2  

dp(dp - 1) 

2 
+ 

+d2p-1 + (2d0 + 1) d2p + d2p+l, 

for p>~0, 

for p > O .  

To obtain a matrix representation of ~ we introduce the ( 2 / +  1) • ( 2 / +  1) symmet- 
ric matrix 

B = 

0 0 "~ 

0 0 .. 

0 0 .. 

0 0 .. 

0 0 .. 

0 0 .. 

0 0 .. 

0 Ida_ 1 " "  

ld~ 0 .. 

0 0 0 0 0 

0 0 0 0 0 

: : : : : 

0 0 0 0 Idl 

0 0 0 1 0 

0 0 [2d0 + 1 0 0 

0 1 0 0 0 

Id~ 0 0 0 0 
: : : : : 

0 0 0 0 0 

0 0 0 0 0 

.. 0 

Ida- 1 o 

0 

0 

0 

0 

0 

0 

0 

ld~ 

0 

0 

0 

0 

0 

0 

0 

0 

We can identify ~o(2/+  1, C) to the space of matrices XE 8I(2/+ 1, C) such that 

t X B  + B X  = 0 .  

We write these matrices in the form 

I X_ i, - j  

X = ~ Xo, _j 

Xi, j 

X - i ,  0 

X0, 0 

Xi, 0 

X - i '  J t  

Xo'j ] 

xi ,  j ]1<i,  j<v 
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T h e y  a re  cha r ac t e r i z ed  by:  

xi ,  j ~ ~ ( d l i  i x dljl ,  C) 

Xo, ~ e ~ ( ( 2 d o  + 1) • dLj t , C)  

Xi, o ~ ( ( d l i  I x ( 2 d o +  1), C) 

Xo, oe~i~((2do + 1) • (2do + 1), C ) ,  

t X i ,  j = - - X _ j ,  - i  

for l / l ,  IJl > o ,  

for IJl > o ,  

for  lil > o ,  

for [ i l ,  IJl = O, . . . ,  v .  

W e  note  t h a t  x_ 1, 1 = X l ,  - 1  = 0 because  d l =  1. The  cha rac t e r i s t i c  e l e m e n t  E of ~ is r ep -  

r e s e n t e d  b y  the  d iagonal  ma t r ix :  

vld. 0 . . .  0 0 0 ".. 0 0 

0 ( 1 - - V )  Idv_l "'" 0 0 0 . . .  0 0 

: : " . .  : : : : : : 

0 0 . . . .  1 0 0 ".. 0 0 

0 0 "." 0 02do+1 0 "" 0 0 

0 0 .-" 0 0 1 - . .  0 0 

: : . . .  : : : " .  : : 

0 0 " "  0 0 0 " "  (V- -1 ) Id~_~  0 

0 0 "'" 0 0 0 "'" 0 VI~ 

i.e. E = (e~ j )  with  ei i = iIdl~ I for  i = - v ,  . . . ,  0, . . . ,  v and  ei j = 0 for  i ~ j ;  t he  e l e m e n t  J 

which def ines  the  pa r t i a l  complex  s t r u c t u r e  of g is def ined  b y  p lus  or  minus  the  

m a t r i x  ' 

" . .  : : : : : : : . . .  

�9 . x / -~ Id~  o o o o o o .. 

�9 . 0 0 0 0 0 0 0 . .  

�9 - 0 0 ~ 0 0 0 0 -- 

""  0 0 0 0 2 d o  + 1 0 0 0 ""  

�9 " 0 0 0 0 - N/-Z1 0 0 -. 

�9 . 0 0 0 0 0 0 0 .- 

�9 . 0 0 0 0 0 0 - X / - l l d 8  "" 
. .  : : : : : : : " .  
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i.e. J =  (~]i , j )  with 

~]2h+ i , 2h+  l ---- ~ - - l l d 2 h + l  

~] 2h +1, 2h + l ~ -- ~ - l  Id2a§ l 

v + l ]  
for h = - l , . . . , -  - - 7 -  , 

for h = O , . . . ,  ~ , 

if i ~ j  or i = j  even. 

3.3. Simple Levi-Tanaka algebras of the complex type Cz (1 >t 3). 

The basic roots a 1,--.,  a t  are organized in the Dynkin diagram: 

o---- ................ ~ c, ( (%"1 
51 0~2 (%3 (Zl-2 ~1-1  

Since there are no ramification points, we only need to check that g8-1 = {ail, . . . ,  air} 
with 1 ~< il < ... < iv -< 1 satisfies condition (3) of Theorem 3.1. The positive roots which 
have a coefficient larger than or equal to two are: 

Y. a k + 2 (  ~ ak)+a~ for l<~i<j<l  
i<~k<j j<~k<l 

and 

t ) 
21~k<t~ ak +a~ for l < - i < l .  

Thus we must have 

(20) a t e gS_ 

and this condition, together with u I> 2, is also sufficient in order that there exist Levi- 
Tanaka structures corresponding to ~-1- 

The highest root in ~_  is d = 2(al  + ... + at-l)+ at and therefore the Levi- 
Tanaka algebras corresponding to a LT-admissible ~ - 1 - - - - { a l l , . . . ,  a i v} have kind 
/ , = 2 v - 1 .  

Since there are no automorphisms of the Dynkin diagram of Ct, the weighted 
Dynkin diagrams associated to simple Levi-Tanaka algebras of the complex type Ct are 
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parametrized by 

(21) ~ _ l = { a i l , . . . , a { ~ _ l ,  a t }  withv~>2, l < ~ i , < . . . < i ~ - l < l a n d t t  = 2 v - 1 .  

Let us set: 

(22) d l = l - i , _ l ,  d r  . . . , d h = i , - h + l - i , - h , . . . , d , = h .  

We set also dh = 0 if h ~ 1, . . . ,  v. 
The center ~(go) of the subalgebra go has complex dimension v and go is the direct 

sum of its center and a semisimple Lie algebra isomorphic to 

@ ~[(d~, C). 
d l > l  

Then we obtain: 

"dime go = ~ d~, 
i = 1  

d p + l ( d p + l  + l )  

dimc g+_(2p+l) = ~ dhdh-2p- l+  ~ dAd2p+e-A+ forp~>0 
h = 2 p + 2  h = p + 2  2 ' 

dimc g+2p = ~ dhdA-2p+ ~ dhd2p+l-h for p > 0 .  
h = 2 p + l  h = p + l  

To describe a matrix representation of a Levi-Tanaka algebra of the complex type 
Ct, we consider 

0 

0 

0 

0 
A =  

0 

0 

0 

the matrix: 

0 

0 

0 

0 

0 

0 

- - I d v _  1 

0 

�9 " 0 0 

�9 " 0 0 

. .  : : 

�9 . 0 0 

�9 . 0 0 

"" 0 - -  I d l  

�9 . - I r  2 0 

. .  : : 

�9 . 0 0 

�9 . 0 0 

0 0 

0 0 
: 

0 I~ 

Ie~ 0 

0 0 

0 0 

0 0 

0 0 

We identify gO(l, C) to the space of complex (2l) 
tXA + A X =  0. 

X 

�9 . 0 

"" I d v -  1 

0 

0 

0 0 

0 0 

: 

0 0 

0 0 

(2l) matrices X 

I d  v 

0 

0 

0 

such that 
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Denote by Sv the set of indexes { 1 /2 ,  3 /2 ,  . . . ,  (2v - 1 ) /2  }. Then we represent  the 

matrices X in ~p(1, C) by 

where 

x - i '  - J  X - i '  J l  

t 2h - 1 2k - 1 x~, j e ~ ( d h  • dk, C )  for i = -+ - -  , j = -+ - -  
2 2 ' 

[ t x ~ , j = - a ( i )  a ( j ) x _ 3 , _ i  for i ,  j e S v U - S , , ,  

and a ( a )  denotes the sign of the rational number  a. 

The characteristic element of ~ is represented  by the matr ix E: 

1 - 2 v  
- - - ~ I d ~  0 

3 - 2 v  
0 

2 

0 0 0 0 . . .  0 

- - I d , _ ~  "'" 0 0 0 0 "" 0 

�9 . : : : : ". : 

0 0 

0 0 

0 0 

0 0 

3 
. . . .  -~ I d2 0 0 0 . . .  0 

1 
�9 . .  o o o . . .  o 

1 
. . .  0 0 -~ Id~ 0 "�9 0 

3 
�9 .. 0 0 0 ~Id2 "'" 0 

: ". : : : : ". : 

o o 

o o 

2 v - 3  I 
0 0 0 0 "'" 2 d~v 1 0 

2 v - 1 1  
o o o o . . .  o -~ d~ 

i.e. E - -  (e i , j ) i , jes ,  U - s~ with 

l ei, ~ iI,~h 

l e i ,  j = 0 

f o r / = _ + - -  

for i ~ j . 

2 h - 1  

2 
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The part ial  complex s t ruc ture  of g is given by  plus or  minus the matr ix  J :  

(-1)" I ~----~--~'d~ 0 . . .  0 0 0 0 .-- 0 

(--1) v-1 

0 I & , _ l  " ' "  0 0 0 0 " ' "  0 
2 f f : - f  

: : " . .  : : : : " . .  : 

-7 0 0 lee 0 0 0 ... 0 

V-:Y 
0 0 "" 0 - - 1 4 1  0 0 "" 0 

2 

0 0 " ' "  0 0 Id l  0 " '"  0 

o o . . .  o o o - - z ~  . . .  o 
2 

: : " .  : : : : " .  : 

_(_1)~-~ 
o o . . .  o o o o "'" 2 V ~  &-~ 

0 0 -.. 0 0 0 0 --- 0 

o 

0 

o 

o 

o 

0 

0 

- ( - 1 Y  _ 

i.e. J =  (~] i , j ) i , j e S ,  U - S~ with 

t rli, i = a ( i )  ( - 1 )h~ - - - l l ah  for i = + - - - -  
2 

[ r / i , j  = 0 for  i ; ~ j .  

2 h - 1  

2 

3.4. Simple Levi-Tanaka algebras of the complex type Dt (1 >>-4). 

The basic roots  a l,...,~ a l a re  organized in the Dynkin  diagram:  

o o 
0~ 1 0~ 2 

a l _ l  

~ -  ................ 

a l  

In  this case a 1 - 2 is a ramification point. I f  az-  2 e ~o, then, according to condition (2) of  

Theorem 3.1, only two branches  issued f rom a t -2  m a y  contain e lements  of  ~3-1. 
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Then we consider the five cases: 

(D~I) ~-1 = {az-1, s t} ;  

(DtH) at-2, a t - t ,  ate:8_l; 

(DtlII) a l - l e ~o ,  a l ~  Lg-1; 

(DtlII') s t  1ErOS-l, alc~]~o; 

(DtlV) at--l, a1~53o. 

We note that  the cases Dt III and Dz III '  are interchanged by the automorphism of the 

Dynkin diagram of Dt which leaves a i fLxed for i ~< 1 - 2 and exchanges a z - 1 with a z. 

Therefore,  in order  to give a classification of the LT-admissible weighted Dynkin dia- 

grams of Levi-Tanaka algebras of the complex type D1 it will suffice to consider the four 
cases D~I, DtH, DIIII and DtIV. Moreover, for 1 = 4, all permutations of the roots that  

leave a e fLxed are automorphisms of the Dynkin diagram of D4. Therefore we need to 

consider only the first three case~ when 1 = 4. 
The positive roots in 3r having a coefficient larger than or equal to 2 are given 

by: 

for l < ~ i < j ~ l - 2 .  
i~k<j \j<~k~l-2 

Thus condition (3) of Theorem 3.1 is always satisfied by DtI, Dil l  and DtlII. 
In case Dl /V,  if :~ _ 1 = { ail ,  --., a iv} with i ~< il < ... < iN ~< l - 2, the necessary and 

sufficient condition in order  that  g8_i be LT-admissible is that  v i> 2 and iN = iN_ 1+ 

+ 1 .  
Since the highest root  in ~_  is 6 = a l  + 2(a2 + ... + a~-2) + az-1  + a t ,  the kind tt 

of a Levi-Tanaka algebra associated to a LT-admissible ~_  1 = { ail ,  - . . ,  a iv} is equal to 
2 v - v '  where 0 ~< v '  ~< 3 is the number  of elements of ~_ 1 N { a 1, a ,_ 1, a 1}. 

DtI: ~-1 = {at-,., al}. 

In this ease go is the direct sum of its center ~(go), which has dimension 2, and of a 
simple Lie algebra isomorphic to ~I(l - 1, C). The corresponding Levi-Tanaka algebra 

has kind 2 and we have 

I 
dimc go = [ 2 -  2l + 2 ,  

dimc g_+l = 2 ( / -  1), 

dimc g• = ( 1 -  1)(12 - 2 )  
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To obtain a matrix representation of fi we introduce the matrix 

0 Il~ 1 ) 
B= O0 I~ 

It1 0 

and identify ~ ( 2 l ,  C) to the space of (2l) x (2l) matrices 

X =  

X-l ,  -1 X-l ,  0 X-l ,  1 / 

X0, - 1 X0, 0 X0, 1 

Xl, -1 Xl, 0 Xl, 1 / 

with 

I 
x_+1, • e ~ ( ( 1 -  1) x (1-  1), C),  

x_l,o, Xl,0 e ~)~((l- 1) x2 ,  C) ,  

X0,-1, X0, 1 e ~f~( 2 X (1-  1), C) ,  

tx i j= -x_j -i for i, j =  - 1 ,  0, 1. 

The characteristic element E of g is represented by the matrix: 

I-It_ 1 0 0 i 

) 0 02 0 

0 0 It_] 

and the partial complex structure J is defined by plus or minus the matrix: 

(! (oO10 :)!)- 
Note that for the case of D4, all choice of ~-1 equal to {al ,  a3}, {al ,  a4}, {as, a4} 
give equivalent LT-admissible weighted Dynkin diagrams of the type DnI , leading to 
Levi-Tanaka algebras of kind/~ = 2 with 

dimc ~(go) = 2 ,  ~o= ~(go)@6f(3, C) 
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and with 

dimc go = 10, 

dime g • 1 = 6 ,  

dimc g • = 3 .  

DzH: 83_1= { a ~ ,  . . . ,  ai,,_s, al_2, al_l, at} with 1 ~<il < . . .  < i v - s < l - 2 .  

We set v -  1 = s and define 

d o = 2 ,  d 1 = 1 ,  d e = l - 2 - i v _ 3 , . . . , d h = i v _ h - i v _ ~ _ l , . . . , d s = i l .  

I t  is convenient to set  dh = 0 for h ~ 0, 1, . . . ,  s. 

The center  8(go) of go has complex dimension v and go is isomorphic to the direct 

sum of 3(go) and the semisimple Lie algebra: 

G ~l(di, C) .  
i > 1  
di> l 

Therefore  we obtain: 

d i m c g o =  ~ d ~ + 2 ,  
h=2 

s - 2 p - 1  p 

dimc g •  + ~ dhdh+2;+1+ ~ dhdep+l-h for p~>O, 
h = l  h = l  

s-2p p-1 dp(dp- 1) 
d i m c g •  ~ dhdh+2p+ ~ d~dep-h+ for p > 0 .  

h = l  h = l  2 

To give a matr ix  representat ion of the corresponding Levi-Tanaka algebras g, we in- 

troduce the (2l) • (2l) matr ix  

B = 

~  0 

: ~  : 

0 .. 0 

0 .. 0 

0 .. 0 

0 .. 0 

0 .. I ~  

Id, -. .  0 

0 0 0 0 -- 
: : : : . .  

o o o . .  

0 0 1 0 .. 

o s2 o o . .  

1 0 0 0 .. 

0 0 0 0 .. 
: : : : . .  

0 0 0 0 .. 

Id  s 

0 

0 

0 

0 

0 

0 
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and identify ~ ( 2 / ,  C)  with the  space of (2l)  x (2l)  matr ices  X such tha t  t X B  + B X  = O. 

I t  is convenient  to wri te  these  mat r ices  X in the  form: 

/ 
X - i ,  - j  X - i ,  0 X - i '  J l  

! 
X = Xo, - j  Xo, o Xo, j 

Xi ,  - j  Xi ,  0 Xi '  J ] i ,  j = 1 . . . . .  s 

with 

xi, j E ~(d l~  I X dijl, C ) ,  

txi, j = --X-j ,  - i  for  i,  j = - - s ,  . . . ,  0 . . . .  , S.  

We  note tha t  the  condition de = 1 implies tha t  x_ 1, 1 = xl, -1 = 0. 

Then  the  character is t ic  e lement  E of g is r ep resen ted  by  the  matrix:  

0 

0 

0 

0 

0 

0 

�9 .. 0 0 0 0 0 . . .  0 
: : : : : . . .  : 

�9 . -sI  o o o o . . .  o 

�9 - 0 - 1  0 0 0 . . .  0 

�9 . 0 0 02 0 0 . . .  0 

�9 . 0 0 0 1 0 . . .  0 

�9 " 0 0 0 0 2I~2 . . .  0 
. . .  : : : : : " .  : 

�9 .. 0 0 0 0 0 " "  sld~ 

i.e. by  the  matr ix  (ei,j) with ei, i = ild 

partial  complex s t ruc ture  is defined ~ 

nus the matrix:  

for  i = 0, _+ 1 . . . ,  ___s and ei, j = 0 for  i ~ j ;  the  

the e lement  j of  ~(go) associated to plus or  mi- 

�9 . . : : 

i V~Z-fle~ 0 0 

: 0 O~ 0 

: 0 0 

: 0 0 0 

: 0 0 0 

: 0 0 0 

: 0 0 0 

: : : : : 

0 0 0 0 : 

0 0 0 0 : 

0 0 0 0 : 

Oz 0 0 0 : 

0 -X/--Z~ 0 0 : 

0 0 O6 0 : 

o o o 
�9 : �9 : " .  
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i.e. by the matrix (~]~,j) with ~]i.i=(a(i)/~L-1)Id~ if i is an odd integer, ~]i,j=O 
otherwise. 

When l = 4 and 3_1 = {al ,  a2, a3,  a 4 } ,  the algebra go has complex dimension 4 
and it is abelian, the kind of the corresponding Levi-Tanaka algebras is 5 and 

dimc go = 4,  

dimc g _+ 1 = "  4, 

dimc g + 2 = 3, 

l dimc g+_a = 3 ,  

dimc fl• = 1, 

dime g _+~ = 1. 

We rewrite explicitly the matrices corresponding to the elements E and J in this case. 
They are respectively: 

- 3  0 0 0 0 0 0 0  
0 - 2  0 0 0 0 0 0  
0 0 - 1 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 1 0 0  
0 0 0 0 0 0 2 0  
0 0 0 0 0 0 0 3  

and 

~/-i-f 0 0 0 0  0 0 0 
0 0 0 0 0  0 0 0 
0 0 ~ - - 1 0 0  0 0 0 
0 0 0 0 0  0 0 0 
0 0 0 0 0  0 0 0 

0 0 0  - h / ' Z - 1 0  0 0 0 
0 0 0 0 0  0 0 0 
0 0 0 0 0  0 0 -h/-i--1 

All the weighted Dynkin diagrams obtained from the choice of ~-1 equal to 
{al ,  a2, a3}, {a l ,  a2, a4}, {a2, a3, a4} are isomorphic. In this case the subalgebra 
go has center ~(go) of complex dimension 3 and it is the direct sum of its center and a 
simple Lie algebra isomorphic to ~f(2, C); the kind of g is 4 and the complex dimen- 
sions of fl0, g_+l, g_+2, g_+4 are respectively 6, 4, 4, 2, 1. 

The matrices corresponding to the elements E and J are in this case: 

- 2  0 0 0 0 0 0 0  
0 - 2  0 0 0 0 0 0  
0 0 - 1 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 1 0 0  
0 0 0 0 0 0 2 0  
0 0 0 0 0 0 0 2  

0 0  
0 0  
0 0  

and 0 0  

0 0  

0 0  

0 0  

0 0  

0 0 0  0 0 0  
0 0 0  0 0 0  

~ - 1 0 0  0 0 0  
0 0 0  0 0 0  
0 0 0  0 0 0  
0 0 0  - f f Z - l O  0 
0 0 0  0 0 0  
0 0 0  0 0 0  
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DtlH: ~8_1 = {ai~, ...,aiv_~, al} with v~>2, 1 ~<i1< ... < i v _ l  < l -  1. 

We set 

( 2 3 )  d l =  1 - iv- 1, d2 = iv- 1 - -  iv- 2, . . . ,  d~ = iv- h + i -- iv- h, . . - ,  dv = i l  

a n d d h = 0  f o r h ~ l , . . . , v .  

The center ~(go) has dimension v and go is the direct sum of its center and of a 

semisimple Lie algebra isomorphic to 

(~ ~(di ,  C) .  
di> l 

We obtain 

k 

dimc g0 = ~ d~,  
i = 1  

v - 2 p - 1  

dimc g_+(2p+i)= 
h = l  

v - 2 p  p 

dimc g• = ~ dhdh+2p+ ~ dhd2p+l-h 
h = l  h = l  

P 
dp+ldp+l- l (  ) for p~>0 ,  d~dh+2p+l + ~ dhd2p+2-~ + 

h=l 2 

for p > 0 .  

To give a matrix representat ion of g, we introduce the matrix 

B = 

0 . . .  0 0 "" Ia~ 
: . . .  : 

0 " "  0 Idl "'" 0 

0 "'" Id~ 0 " "  0 

Ia~ "" 0 0 ... 0 

and identify ~o(2l,  C) to the space of (2l) x (2l) complex matrices X such that  tXB + 
+ BX = 0. The matrices X are bet ter  written as block matrices indexed by the set of half 

odd numbers S~ U - S v  where Sv = {1 /2 ,  ... , ( 2 h -  1) /2  . . . .  , ( 2 v -  1) /2} .  I t  is conve- 
nient to introduce the following notation: for every integer r ~ 0 we set 

2 r - 1  for r > 0 ,  
~=  2 

2 r + 1  for r < 0 .  
2 

Then we write the matrices X in the form 

x =  (X-~,-3 x-~,3 I 

x~ 31 . .  \ x~,_3 ' i~.J ...... 
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with 

IxL 3 ~ ~(dt i )  x dlJl, C), 

l t x{ ,3= - x _  L_{  for i , j = _ + l , . . . , _ + v .  

The characteristic element E of g is represented by the matrix 

- ~ I d  . , .  o o . . .  o 

: ".. 0 0 ... 0 

0 . . . .  (1/2)Id~ 0 . . .  0 

0 . . -  0 (1 /2 ) Id~  "'" 0 

: . . .  : : " .  : 

�9 rd~ . - .  o o . . .  ~Id~ 

i.e. by the mat l~  (e~ j) with e~ ~ = ~Id, ~ and e~ j = 0 when i ~ j .  
The partial complex structure of g is defined by the element J in 8(go) correspond- 

ing to plus or minus the matrix 

(--1)" 
~ I d ~  . - -  o o . . .  o 

2V-zi 
: " .  : : . . .  : 

0 -.. 0 ... 0 
2 

0 ..- 0 0 
2 

: , . .  : : ".. : 

( _  1)~V%--~ 
0 ..- 0 0 ... 

2 
Id,, 

i.e. by the matrix (~/~,3) where ~1~,~ = ( (a( i ) ( -1)~-L-1) /2) Id ,~)  and ~/~,3=0 for i ~ j .  
When 1 = 4, and 0~_1 contains three elements, the discussion reduces to the case 

D4// .  The construction above yields an equivalent matrix representation for the choice 

o f  ~:~-1 equal t o  { a l ,  a 2 ,  a 3 }  , { a l ,  a 2 ,  (~4}, {(Z2,  a 3 ,  a 4 } "  

Consider now the equivalent weighted Dynkin diagrams corresponding to the 
c h o i c e  o f  ~ - 1  respectively equal to {a l ,  a2}, {a2, as} and {a2, a4}. 

We obtain Levi-Tanaka algebras of kind 3 with 8(q0) of complex dimension two and 
go equal to the direct sum of its center and a semisimpte algebra isomorphic to 
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D J V :  ~ = {a i ,~  . . . ,  ai~ ~, cti~_~+ l} with v~>2, 1 ~<i1< ... < i ~ - 1 < / - 2 .  

We set 

do = 2 ( 1 - 1 -  i ,  - l ) , d 1 = 1 ,  d2 = i ,  - l - i~ - 2 , . . . , d ,  - l = i2 - i1 ,  d~ = il  . 

We also set dh = O for h ~ 1, . . . ,  v. 
The center ~(~o) has complex dimension v and the semisimple Lie algebra go/~(go) 

is isomorphic to 

(~ ~i(d~, C) �9 ~o(do,  C ) .  
i > 1  

di> l 

We obtain: 

do (do - 1) 
dime g o -  + 2_, d[ + 1, 

2 i=2 

dimc g +~(2p + l) = d 2 p  + d o d 2 p  + ! + d 2 p + 2  + 

dimc g • 

v - 2 p  p -  1 

= d 2 p - l  + d o d 2 p + d 2 p + l  + ~ d h d h + 2 p +  E dhd2p-h + -  
h = 2  h = 2  

v - 2 p  - 1 p 

~ ,  d h d h + 2 p + l  + ~ d h d 2 p + l - h  
h = 2  h = 2  

for p~>O, 

dp(dp  - 1) 

2 

for p > 0 .  

To obtain a matrix representation of the Levi-Tanaka algebra g, we introduce the 
symmetric (2l) • (2l) matrix: 

[o 

0 

B =  0 

0 

I~ 

�9 . 0 0 0 "'" Id~ 

. .  : ". : . . .  : 

.. 0 0 1 .-. 0 

..o1  o . . .  o 

.. 1 0 0 . . .  0 

. ,  : : : . . .  : 

�9 . 0 0 0 . . .  0 

and identify ~o(2l, C) to the Lie algebra of the complex (2l) • (2l) matrices X such 
t h a t  tXB  + B X  = O. We write the matrices X in the form: 

x=/xo_  xo, o xo,  
J ! 

\ xi, - j  xi, o xi, ~ / i ,  ~ = 1 . . . . . .  
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with 

f 
Xi, j e ~ ( d l i  I x dlJl, C ) ,  

txi, j =  - - X _ j ,  _ i for i, j = O ,  _+1,. . . ,  +_v. 

Note that  x_ 1, 1 = X l ,  - 1  : 0 because d l  = 1. Then the characteristic element of ~ cor- 

responds to the matrix: 

- r i d .  "'" 0 0 0 . . .  0 

: ".. 0 0 0 . . .  0 

0 . . . .  1 0 0 . . .  0 

0 . . .  0 Odo 0 "" 0 

0 . . .  0 0 1 . . .  0 

: . . .  : : : �9 : 

0 "" 0 0 0 "'" VId~ 

i.e. to the matrix (ei,j) with ei, i = i ld N and ei,j  = 0 for i ;e j .  The element J e  ~(g0) that  
defines the partial complex structure of g is associated to plus or minus the 

matrix 

" . .  : : : : : : : : 

i ~ - 1 I r  0 0 0 0 0 0 : 

: 0 0 0 0 0 0 0 : 

: 0 0 V'-Z-1 0 0 0 0 : 

: 0 0 0 Oao 0 0 0 : 

: 0 0 0 0 - h / - 1  0 0 : 

: 0 0 0 0 0 0 0 : 

: 0 0 0 0 0 0 - hffL--lld3 ! 

: : : : : : : : " . .  

i.e. to the matrix (~]i, j )  with ~] i, j = (a(i)/~f-L-~)Idj~, if i = j is an odd integer, and ~]i, j = 0 
otherwise. 
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3.5. Simple Levi-Tanaka algebras of the complex type EG. 

The basic roots a t, . . . ,  a 6 of the complex Lie algebra E6 are organized in the 
Dynkin diagram: 

o~ 2 

The root a 4 is a ramification point for the Dynkin diagram and therefore, according to 
condition (2) of Theorem 3.1, we must restrict to the following cases: 

(i) la41 = - 1 ;  

(ii) a2Et~_lc  {a l ,  a3, a2}; 

(iii) a 2 e a _ l c  {(22, as, aG}; 

(iv) a _ l c  {a l ,  aa,  as ,  a6}. 

The check condiction (3) of Theorem 3.1, we only need to consider positive roots 
having at least one coefficient equal to 2 and at least one coefficient equal to 0. These 

roots are: 

a s  + (23 + 2 a 4 +  a5 

(21+ a2 + a3 + 2a4 + a5 

a2 + a~ + 2a4 + as + a6 

al  + a2 + 2(23 + 2a4 + a~ 

a2 + a3 + 2a4 + 2 a 5  + a6 .  

In case (i) the LT-admissible ~-1 are therefore given by: 

all ~-1 containg a 4 and at least one of the roots a ~, a 3, a 5. 

In case (ii) and (iii) all ~ - i ,  containing at least two elements are LT-admissible. 
Finally, in case (iv), the necessary and sufficient condition for t~_ 1 to be LT-admis- 

sible is that  it equals one of the following: 

{(21, (23}, 

{(21, (2~}, 

(24) {a3, a s } ,  

{as, (2~}, 
{(21, (23, as, (26}- 

(21, as, a5} ,  

{(21, (23, (2o}, 

{(21, (25, (2o}, 

{(2~, (25, (2~ 
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Since the highest root in ~_ is 5 = a 1 + 2a2 + 2a~ + 3a4 + 2a~ + a6, the kind # of a 
Levi-Tanaka algebra associated to a LT-admissible 5~-1 is obtained by the formu- 

la: 

la l +21a l +21a, I +31a l+21a l+ la l 

and therefore we have 2 ~</~ ~< 11. 
The Dynkin diagram of E6 has the only non trivial automorphism that leaves a 2 and 

a 4 fixed and exchanges a i with a 6 and a 3 with a 5. There are therefore up to isomor- 
phisms 26 unisomorphic weighted Dynkin diagrams associated to simple Levi-Tanaka 
algebras of the complex type E6, corresponding to 49 nonisomorphic Levi-Tanaka 
algebras. We will give the complete list in the appendix, also indicating their kind, the 
complex dimension of each subspace gp and the structure of the reductive subalgebra 

go. 

3.6. Simple Levi-Tanaka algebras of the complex type ET. 

The basic roots a 1, . . , ,  a 7 of the complex Lie algebra E7 are organized in the 
Dynkin diagram: 

0 0 Q 0 0 0 

~1 ~3 ~1 ~5 ~6 ~7 

~2 

The root a 4 is a ramification point for the Dynkin diagram. The roots a in ~_ for which 
we have ki(a) = 2 and kj(a) = 0 for some 1 ~< i , j  ~< 7 are all roots from E6 which have a 
coefficient k~(a) equal to two (we have in this case k~(a) = 0) and the roots 

a~.+a3+2a4+ a 5 +  a6-}-a7, 

a2+a3+2a4+2as+ a 6 + a T ,  

a2 + a~ + 2a4 + 2a5 + 2 a 6  + a 7 . 

In particular the LT-admissible '~-1 which do not contain a 7 are obtained from the 5]_1 
which are LT-admissible for E6. When a 7 �9 ~-1, we observe that: 

1) the only admissible ~-1 of the form {ai, aT} are {al, aT} and {a6, aT}, be- 
cause the root system of E~ contains roots a with k~(a) =2 for every i ;e 1, 6; 

2) if ~8-1 contains a7 and at least other two roots ai with 1 ~<i ~< 6, then the 
necessary and sufficient condition in order that ~-1 be LT-admissible is that ~-1 \{a  7} 
be LT-admissible for E8 and, when a4 �9 G0, we need also that ~-1 be contained in the 
union of only two of the three branches issued from a 4. 
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Since the highest root  in ~_  is 5 = 2 a 1 + 2 a 2 + 3 a ~ + 4 a 4 + 3 a ~ + 2 a 6 + a 7, the 

kind tt of a Levi-Tanaka algebra associated to a LT-admissible t~_ ~ is obtained by the 
formula: 

- #  = 2  l a l  I+  2 l a2 I+  3 la3 I+  4 ]a4 I+  3 ]a5 I+  2 Ia6 I+  ]a7 ! 

and therefore  we have 3 ~< # ~< 17. 

Taking into account that  there  are no nontrivial automorphisms of the Dynkin dia- 

gram of ET, we conclude that  there  are 84 nonequivalent weighted Dynkin diagrams, 
each one corresponding to two nonisomorphic simple Levi-Tanaka algebras g of the 

complex type ET. We list them in the appendix, also indicating their  kind, the complex 

dimension of the subspaces % and the s tructure of the reductive subaigebra g0. 

3.7. Simple Levi-Tanaka algebras of the complex type Es. 

The basic roots a 1 , . . . ,  a s of the complex Lie algebra Es are organized in the 
Dynkin diagram: 

~2 

0 0 0 

~6 ~7 ~8 

Again the root a 4 is of ramification. The roots a e ~ _  for which we have ki(a) = 2 and 

kj(a) = 0 for some 1 ~< i , j  ~< 8 are the roots of E7 (where we take ks(a) = 0) for which 
k~(a) = 2 for some 1 ~ i ~< 7 and the roots 

a 2 + a 3 + 2 a 4 +  a 5 +  a 6 +  a 7 + a 8 ,  

a2+a3+Za4+2a5+ a6-+- a T + a s ,  

a 2 + a 3 + 2 a 4 + 2 a s + 2 a 6 +  a T + a s ,  

a2 + a3 + 2a4 + 2a5 + 2a6 + 2a7 + as �9 

We note that  for all these four roots ks(a) = 1. We conclude that when ~-1  does not 

contain a s, a necessary and sufficient condition in order  that it be LT-admissible is that  
it was admissible for ET. When a s E t~_~, we note that: 

1) the only LT-admissible t8_1 of the form ~ _ l = { a ~ ,  as} with 1<~i~<7 is 

{aT, as} because for every 1 ~< i ~< 6 the root  system of E7 contains some root a with 

ki(a) = 2; 

2) if a s e ~ -  ~ and ~_ 1 contains at least three elements, then it is LT-admissible if 
and only if ~ -1  \ {as}  is LT-admissible for E7 and is all contained in two of the three 

branches issued from a 4 in case a 4 E G 0 . 
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Since the highest root in ~_ is (~ = 2 a i "~" 3 a 2 + 4 a 3 + 6 a 4 + 5 a ~ + 4 a ~ + 3 a 7 + 
+ 2 a s, the kind tt of a Levi-Tanaka algebra associated to a LT-admissible ~_ 1 is obtained 

by the formula: 

-~=2 la~  J + 3ia2J +4Ja~l +6Ja4J + 51asl + 41aGJ + 31aTl + 21asl 

and therefore we have 5 ~< tt ~< 29 (with the one exception of 28). 
Since there are no nontrivial automorphisms of the Dynkin diagram of Es, we con- 

clude that there are exactly 165 nonisomorphic weighted Dynkin diagrams correspond- 
ing to simple Levi-Tanaka algebras of the complex type E8 (each corresponding to two 
nonisomorphic conjugated Levi-Tanaka algebras). 

We list in the appendix all LT-admissible choices of ~_~, giving for each one the 
kind of the corresponding Levi-Tanaka algebra g, the complex dimenSion of the gp's 
and describing the structure of the reductive subalgebra go- 

3.8. Simple Levi-Tanaka algebras of the complex type F4. 

The basic roots a ~, . . . ,  a4 of the complex Lie algebra F4 are organized in the 
Dynkin diagram: 

o ~ ~ ~J o 

(Z1 2 ~Z3 0~4 

There are no ramification points, so that we have only to care for the positive roots hav- 
ing at least one coefficient equal to 2 and at least one coefficient equal to 0. The list of 
these roots is: 

a 2 + 2 a 3 ,  

al +a2+2a~, 

a2+2a3+a4, 

a1+2a2+2as,  

a2 + 2a3 + 2a4. 

Again we can compute the kind/~ of the Levi-Tanaka algebras associated to F4, using 
the highest root ~ = 2 a 1 + 3 a 2 + 4 a 3 + 2 a 4 �9 ~ - ,  by the formula 

-t~ =2  la l  I +31a2 I + 4 j a g  I +2  la4 I. 

The possible values of It are 5, 7, 9, 11. There exists a Levi-Tanaka structure on q if and 
only if ~_ 1 is equal to one of the following sets: 

a2}, {al, a4}, 

= 7 ; a 4 } ,  = 9 ; 

{a l ,  a2, 6~3}, ~ t = 9 ;  { a l ,  ct2, a3, a4} , i t=  11. 
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In the appendix we will list for each LT-admissible t8_1 the kind of the corresponding 
Levi-Tanaka algebra g, together with the complex dimensions of the subspaces gp and 
the structure of the reductive subalgebra g0. 

3.9. Simple Levi-Tanaka algebras of the complex type Ge. 

The basic roots a l, a2 of the root system G2 are organized in the Dynkin 

diagram: 

0~ 1 0~ 2 

There are no ramification points and the only possible choice :8-1 = {a l, a 2 }  = ~B satis- 
fies condition (3) of Theorem 3.1, so that there is a Levi-Tanaka structure of the corre- 
sponding graded Lie algebra g. Since there are no nontrivial automorphisms of the 
Dynkin diagram, there are exactly two nonisomorphic Levi-Tanaka algebras of the 
complex type G2. They have kind 5 and we have: 

dimc g0 = 2 ,  

dimc g• = 2,  

dimc ~_+2 = 1, 

dimc g_+a = 1, 

dimc g _+4 = 1, 

dimc g_+5 = 1. 

g0 - b2(C), 

4. - The weighted Satake diagrams of simple Levi-Tanaka algebras of the real 

type. 

We turn now to investigate the possibility of defining a Levi-Tanaka structure on a 
real simple Lie algebra of the real type. If ~ is a Levi-Tanaka algebra, then the com- 
plexification gc of g is also a Levi-Tanaka algebra for the complexification of the partial 
complex structure. Therefore, ff g is a simple graded Lie algebra of the real type, ad- 
mitting a structure of Levi-Tanaka algebra, it follows from Theorem 3.1 that there are 
only two possible partial complex structures on g, one being the opposite of the other. 
Moreover, the fact that gc admits the structure of a Levi-Tanaka algebra is a necessary 
condition in order that ~ could be made into a Levi-Tanaka algebra. 

Let g be a simple graded Lie algebra of the real type. By Theorem 2.9 in order that 
its weighted Satake diagram 2:~ be LT-admissible, it must contain curved arrows and 
the graduation of g wilt be determined by a partition {gSo, iS_l} of its vertices, where 
the set ~ _ 1 of the roots having degree ( - 1) is a nonempty union of pairs of distinct 
white roots joined by a curved arrow. 
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If g is a simple Levi-Tanaka algebra of the real type, the underlying weighted 
Dynkin diagram A ~ corresponds to one which is associated to a Levi-Tanaka algebra of 
the complex type. Therefore we can use the results obtained in the case of simple grad- 
ed Lie algebras of the complex type to obtain the classification of those of the real 
type. 

Indeed we can use the following criterion: 

THEOREM 4.1. - Let g be a simple graded Lie algebra of the real type. Then a 

necessary and sufficient condition in order that g admits the structure of a Levi- 
Tanaka algebra is that for its Satake diagram Y,~ the following conditions (i) and (ii) 
hold true: 

(i) ~ = ~0 U ~-1 and the set 83_1 of vertices of weight ( -  1) is nonempty and 
consists of a disjoint union of pairs of white roots joined by a curved arrow; 

(ii) gc admits a structure of Levi-Tanaka algebra. 

PROOF. - A direct inspection of the Satake's diagrams of simple Lie algebras of the 
real type shows that, when (i) holds, we also have the following: 

(iii) if a,  a '  e ~ - t  are joined by a curved arrow, then the line joining a to a' in 
the Dynkin diagram zl~ contains an even number of vertices in t~_l. 

Assume that J e ~(go c) defines a partial complex structure on gc for which gc is a simple 
Levi-Tanaka algebra of the complex type. To prove the theorem, it suffices to show that 
condition (iii) implies that [J, g-l]  c g-1. 

Let a e ~_~. Write an eigenvector of a in the form X + ~,fL--fY with X, Ye g_~. We 
have: 

[J ,X+x/C--1Y] =~TX+~]X/C~Y with ~]:  --VC-1. 

If o is the involution of gc induced by the real form g, we obtain 

a'7=a' + ~ fli, 
i = 1  

with f l l , . . . , f l ~ e ~ .  

for the root a'  joined to a by a curved arrow. It follows that ad(J) acts o n  ga' and ga~ as 
the multiplication by the same factor ___r/. Since X - V C - 1 Y  belongs to g~,  we 
obtain 

[J ,  x ]  = [J ,  Y] = 

because the line joining a to a' in the Dynkin diagram contains an even number of 
roots of ~-1. 

Because the real and imaginary parts of vectors in ga for a e ~-1,  together with 
their images by ad(go), generate g_l, we obtain that [J, g_~] c g-1. �9 
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Hence the simple Levi-Tanaka algebras of the real type are, modulo isomorphisms, 
in a one to one correspondence with the Levi-Tanaka algebras of the complex type for 
which ~_~ satisfies condition (i) above. 

We can now proceed to classify, up to isomorphisms, all simple Levi-Tanaka alge- 
bras of the real type. We already know that their complexifications should be of the 
type Al, D~ or E6 (cf. [MN]). 

4.1. Simple Levi-Tanaka algebras of the real type At. 

There are only two types of Satake diagrams associated to At that contain curved 
arrows. They correspond respectively to the real Lie algebras ~H(p, q) with p < q and 
p + q = 1 + 1 and to the real Lie algebra ~u(p, p) with p I> 2 and l = 2p - 1. According- 
ly, we divide the discussion of the case of Levi-Tanaka algebras of the real type At into 
two subcases. 

Subtype ~H(p, q), 1 ~<p < q, p + q = 1 + 1. The Satake diagram is: 

~Z 1 ~p  ~p  + 1 (Zq __ 1 (~q (%1 

According to Theorem 4.1, the weighted Satake's diagrams associated to Levi-Tanaka 
algebras isomorphic to ~ ( p ,  q) are those corresponding to the choice of 

~ _ l = { a i ~  . . . .  ,a~,at_~+t,. . . ,at_i~+l} with l <~il<...<iv<~ p. 

The kind of these Levi-Tanaka algebras is 2u, according to the discussion for the 
complex type At. 

Let us set 

(25) d o = l +  1 - 2 i v ~  dl=iv- iv  1, . . . ,dh=iv_~+l-iv_h, . . . ,d~=il .  

It is convenient to set also d~ = O for h ~ 0, 1, . . . ,  v. We obtain then 

(26) ~o = b2.(R) �9 ~n(p - iv, 1 + 1 - p - iv) G O 6[(di, C) 
i > 0  
di> 1 
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and 

dime go=do 2+2  ~ d ~ - l ,  
i=1 

v - 2 r - 1  

dime g+_(2~+1)=2 ~ dide~+l+i+2 ~ did2r+l-i 
i = 0  i=1  

v - 2 r  r - 1  

dimRg+2~=2 ~ d i c ~ + i + 2  ~ d i d 2 ~ _ i + d ~  
i=O i=1 

for r~>O, 

for r > O .  

To obtain a matrix representation of the Levi-Tanaka algebra g associated to this 
choice of t~_l, we first introduce the do • do matrix 

I I+  l - p - i ~  

and consider then the (l + 1) > (l + 1) matrix 

B = 

0 

0 

0 

0 0 

0 0 
: 

0 Id~_~ 

Id~ 0 

. o .  

0 "" 

0 ~ 

~ 1 7 6  

. ~  

o .  

. ~  

0 0 0 ..  

0 0 0 ..  

: : : . .  

0 0 Id, "" 

o o . .  

Idl 0 0 "" 

: : : . .  

0 0 0 ..  

0 0 0 ..  

0 Id,  

Id~_l 0 
: 

0 0 

0 0 

0 0 
: 

0 0 

0 0 

We identify g to the Lie subalgebra of ~i(l + 1, C) of the matrices X satisfying X * B  + 

+ B X  = O. It is convenient to write X as a block matrix: 

X =  

x - i ,  - j  x - i ,  o x - i '  J l  

92o, - j  Xo, o Xo, j 

Xi, - j  Xi, o Xi' J ]i, j = 1 . . . . .  v 
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Subtype ~u(p, p), 2p = 1 + 1, p I> 2. The Satake diagram is: 

0 0 -0 O' 0 '0 0 
0~ 1 0~ 2 6r 1 0r 0~p+ 1 (Z2p_ 2 0~2p_ 1 

Therefore, according to Theorem 4.1, the choices of ~-1 corresponding to Levi-Tanaka 
algebras are: 

~_l={al, . . . ,aiv,  a2p_i.,...,a~p_i~} with v~>l and l<~il<...<i~<~p-1. 

The corresponding Levi-Tanaka algebra g has kind 2v. 
We set 

(27) do=2(p-iv), dl=iv-iv_1,... ,dh=i~_h+l-iv_h,... ,dv=il 

and also dh = 0 for h ;~ 0, 1, . . . ,  v. 
We obtain 

go--- b~v(R) (~ ~n(p - iv, p - iv)@ (~ ~[(d~, C) 
i > 0  
di> 1 

and 

"direr go = d{ + ~ d ~ -  1, 
i = 1  

v - 2 r - 1  

dimR g+_(2~+1)=2 Y~ did2~+l+i+2 did2r+l_i 
i = 0  i = 1  

v - 2 r  v - I  

dim.~g+2~=2 ~ did2~+i+2 ~, did2r-i+d~ 
i = 0  i = 1  

for r>~O, 

for r > 0 .  

We obtain a matrix representation analogous to that of the case ~u(p, q) taking instead 
of the matrix B used the new matrix 

4.2. Simple Levi-Tanaka algebras of the real type Dr. 

There are only two types of Satake diagrams associated to Dt that contain curved 
arrows, which correspond to the real Lie algebras ~o(1 - 1, 1 + 1 ) and ~o* (2l) with l = 
= 2p + 1, respectively. We discuss the two cases separately. 
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Subtype ~)(t  - 1, l + 1), 1 >/4. The Satake diagram is: 

~1 0~2 

~l-1 

Therefore the only possible choice is: 

~-1  = {a l -1 ,  at}  

and it is LT-admissible. A Levi-Tanaka algebra g associated to the corresponding 
weighted Satake diagram has kind two and we obtain: 

go -- b2(R) | ~[(l - 1, R) 

and 

I 
dimR go = 12 - 2t + 2 ,  

1 ) ( / - 2 )  

2 

To obtain a matrix representation of g we introduce the matrix 

B =  0 I2 

I t -  i 0 

and identify g to the subalgebra of g[(1 + 1, R) of matrices X such that ~XB + B X  = O. 

We write these matrices in the form 

xo, o xo, 1 / 

X ,o 

with 

x_~l, •  1) • ( l -  1), ~ ) ,  

x+_l, oe~)~((1- 1) • 2, R) ,  

x0, + le  ~)~(2 • ( l -  1), R) ,  

xo, o e ~ ( 2  • 2, R) ,  

t xi, j =  - x _ j ,  -i  for i ,  j =O, +_.1. 
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The characteristic element E is associated to the matrix 

-I!-1 0 0 ) 
02 0 
0 Ii-1 

and the partial complex structure is defined by plus or minus the matrix 

Oz_ 1 0 0 

Oo(: o1) O 
0 0~_ 1 

Subtype ~o*(2/), l = 2p + 1, p I> 2. The Satake diagram is: 

0~2p 

CZ2p+l 

Therefore the only possible choice of ~-1 is: 

t~_ 1 = { a 2 p  , a 2 p + l }  

and it is LT-admissible. I f  g is a corresponding Levi-Tanaka algebra, then it has kind 2 
and 

go - b2(R) • ~n* (2l - 4).  

Moreover we obtain: 

dimR go = 4P 2 + 1,  

dima g_~l = 4 p ,  

dimR g_+2 = p(2p - 1). 

Let  us describe a matrix representation of g. For  every positive integer h we denote by 
v 

I2h the (2h) • (2h) mat~x 
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Then we introduce the two (4p + 2) • (4p + 2) matrices: 

iv : ) ( :  :J 
I2~ 0 0 I2pl 

A =  0 I2 and B--  12 �9 

o o o 

Then we identify g to the space of complex (4p + 2 ) •  (4p + 2) matrices X such 
that 

Using the block notation 

with 

X A = A X  and ~XB+BX=O. 

[x-1. -1 x-l,o x-1,1 t 

X=~xo,-1 Xo, o Xo,~ 

~ x,,_, Xl, o x~,~ / 

we obtain the relations 

X_+l, • ~ ~0~(2p • 2p, C), 

x.1 0 e ~0~(2p x 2, C), 

x0 + 1 e ~ ( 2  •  C), 

Xo oe ~ff~(2 • 2, C),  

i v v ~i,~I=Ixi, j for i, j = 0 ,  _+1, 

[txi, j = - x - j - i  for i , j = 0 ,  _+1. 

where I is either I2p or I2 according to the sizes of the matrices involved. The character- 
istic element and the partial complex structure correspond respectively to the 
matrices 

--/r2p 0 00 ) 
0 02 

0 0 I2p 

and 

~02p 

_+ 0 

0 

0 

(: o 1) 
0 

0 

0 

02p 
4.3. Simple Levi-Tanaka algebras of the real type E6. 

There are only two types of Satake diagrams associated to E~ that contain curved 
arrows: they are usually referred to as E6II and E6III. Accordingly, we divide the de- 
scription into two parts. 
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Subtype E6H. The Satake diagram of E6H is: 

0 0 (~ 0 0 

0~1 ~Z3 0~41 ~5 0~6 

0~ 2 

The choice of ~-1 corresponding to Levi-Tanaka algebras are: 

{aa, a s} ,  {al ,  a6} and {6tl, a 3 ,  a5, a6}.  

Due to the automorphisms of E6H, there is, modulo isomorphisms a unique Levi-Tana- 
ka algebra corresponding to each LT-admissible choice of 83_ 1. We list below the main 
features of each of these algebras: 

(28) f 
~ - 1 :  {(21, 6t6}, # : 2 ,  

6o --- b~(R) �9 ~o(3, 5), 

direr go = 30, 

direr g• = 16, 

direr g +2 = 8, 

(29) 

"~-1 = {a , ,  a s} ,  tt = 4 ,  

g0 - b2(R) @ ~[(2, C) @ ~[(3, R),  

direr go = 16, 

dima g • 1 = 12, 

dim~ g• = 12, 

dimR g• = 4,  

dimR g • = 3,  
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(30) 

[ ~ - 1  = {al,  (23, asa6}, i t=6, 

go -- b~(R) @ ~ ( 3 ,  R),  

dim~ g0 = 12, 

dimR g_+l = 8 ,  

dima g _+2 = 9,  

dimR g_+8 = 6,  

dim~ g _+ 4 = 5 ,  

direr g _+5 = 2 ,  

dima g _+6 = 3 .  

Subtype EJII.  The Satake diagram of the root system E~III is: 

c A A 

O(1 (~3 O(4 t 

O( 2 

A �9 

(~5 O(6 

Therefore the only possible choice of ~-1 is: 

5]_1= {al~ a6} .  

It  is LT-admissible and, due to the automorphisms of E~III, there is, modulo isomor- 
phisms, a unique Levi-Tanaka algebra g associated to it. Its main features are: 

[ ~_1 = {a l ,  a s } ,  # = 2 ,  

% =  b~(R) O~o(1 ,  7), 

(31) ~ direr go = 30, 

direr g• = 16, 

dimR ~ ~-2 = 8.  
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S I M P L E  L E V I - T A N A K A  A L G E B R A S  OF T H E  C O M P L E X  T Y P E  E6 (*). 

dimc g 
- - [ a i [  /A 0 +-1 +-2 +-8 +-4 +-5 gO 

+-6 -+7 -+8 -+9 -+10 -+11 

01. 1 0 0 0 0 1 02 ~0 16 08 oo oo oo 
O0 O0 O0 O0 O0 O0 

02. 1 1 0 0 0 0 08 26 ~510 0100 00 
O0 O0 O0 O0 O0 O0 

03. 1 0 1 0 0 0 03 26 1 1 ~ 0 0 s 0 0 0 0  
O0 O0 O0 O0 O0 O0 

04. 0 1 1 0 0 0 04 20 12 12 04 Ol oo 
O0 O0 O0 O0 O0 O0 

16 12 12 04 03 O0 
05. 0 0 1 0 1 0 04 o o o o o o o o o o o o  

06. 1 0 1 0 0 1 04 is l l  10 05 04 oo 
O0 O0 O0 O0 O0 O0 

07. 0 0 1 1 0 0 05 16 08 12 06 03 02 
00 00 00 00 00 00 

08. 0 1 0 1 0 0 05 1810 09 o9 0101 
00 00 00 00 00 00 

09. 1 1 1 0 0 0 05 18 09 10 06 04 01 
O0 O0 O0 O0 O0 O0 

10. 1 0 1 0 1 0 05 14 10 09 07 03 03 
O0 O0 O0 O0 O0 O0 

11. 1 1 0 1 0 0 06 14 09 09 06 06 Ol 
O1 O0 O0 O0 O0 O0 

12. 1 0 1 1 0 0 06  14 08 07 09 03 O3 
02 O0 O0 O0 O0 O0 

13. 1 0 0 1 1 0 06 12 08 10 06 05 02 
02 O0 O0 O0 O0 O0 

14. 1 0 1 0 1 1 06 12 08 09 06 05 02 
03 O0 O0 O0 00 O0 

15. 0 1 1 1 0 0 07 14 06 09 06 06 03 
O1 O1 O0 O0 O0 O0 

16. 0 0 1 ~I 1 0 07 12 06 08 08 04 04 
Ol 02 O0 O0 O0 O0 

17. 1 1 0 1 0 1 07 I0 09 08 06 05 04 
01 01 O0 O0 O0 O0 

18. 1 0 1 I 0 I 07 I00807070503 
02 02 oo oo oo oo 

19. 1 1 1 1 0 0 08 12 06 07 06 06 03 
o~ ol ol oo oo oo 

20. 1 1 0 1 1 0 08 10 07 07 07 04 05 
02 01 01 O0 O0 O0 

21. 1 0 1 1 1 0 08 10 o6 0706060~  
03 O1 02 O0 O0 O0 

22. 0 1 1 1 1 0  09 1 0 0 6 0 5 0 s 0 4 0 4  
04 01 01 01 O0 O0 

23. 1 1 1 1 0 1 09 0 8 0 7 0 6 0 6 0 5 0 4  
oa 02 01 01 O0 00 

24. 1 0 1 1 1 1 09 0 s 0 6 0 6 0 6 0 5 0 4  
03 02 01 02 00 00 

25. 1 1 1 1 1 0 10 0 8 0 6 0 5 0 6 0 5 0 4  
03 03 01 01 01 00 

26. 1 1 1 1 1 1 11 06 06 05 o5 05 04 
03 03 02 O1 O1 01 

be(C) @ ~o(8 

be(C) @ ~I(5 

b~(C) @ ~f(5 

b~(C) @ gf(2 

b~(C) ~ ~(2 

b~(C) ~ ~f(4 

C) 

C) 

c) 

c) ~ ~f(4, C) 

C) ~ ~f(3, C)~f(2, C) 

c) 

be(C) ~ ~f(2, C) $ ~f(2, C) ~ gf(3, C) 

b2(C)@ ~(3, C)@ ~g3, C) 

ba(C) @ gf(4, C) 

b3(C)~ gf(3, C)~gf(2, C) 

bs(C)~f(2 C)~f(3, C) 

b~(C)@~f(2, C)@~f(3, C) 

bs(C) ~ ~f(2 

bdC) @ ~(3 

bs(C) @ ~f(2 

bs(C) @ g[(2 

b4(C) ~ ~f(2 

bdC) @ ~(2 

b4(C) @ ~f(3 

b4(C) @ ~f(2 

b4(C) @ ~f(2 

C) (D ~f(2, C) (~ ~f(2, C) 

C) 

C) (~ ~f(3, C) 

C) @ ~ ( 2 ,  C)  ~ ~f (2 ,  C)  

C) ~ ~f(2, C) 

C) @ ~I:(2, C) 

C) 

C) ~ ~IE(2, C) 

C) ~ ~f(2, C) 

b 4 ( C ) ~ 1 ~ ( 2  C)@~f(2, C) 

bs(C) (~ ~f(2, C) 

bs(C) @ ~[(2, C) 

bs(C) ~ ~f(2, C) 

b6(C) 

(*) In case 1), 5), 14) the two Levi-Tanaka algebras corresponding to the weighted Satake diagrams are isomorphic, in the 
other cases they are not isomorphic. 
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S I M P L E  L E V I - T A N A K A  A L G E B R A S  OF T H E  C O M P L E X  T Y P E  E 7. 

dimc 
0 -+1 -+2 -+3 -+4 -+5 

- l a ~ [  ~ -+6 -+7 -+s -+9 -+~o-+l~ ~o 
-+12 -+t3 -+14 +_15 -+16 -+17 

47 26 16 01 00 00 
01. 1 O 0 0 0 0 1 03 0 0 0 0 0 0 0 0 0 0 0 0  

00 00 00 00 00 00 

47 17 16 10 00 00 
02. 0 0 0 0 0 t 1 93 0 0 0 0 0 0 0 0 0 0 0 0  

oo oo oo oo oo oo 

37 21 20 06 01 00 
03. 1 1 0 0 0 0 0 04 oooooooooooo 

00 00 00 00 00 00 

29 20 20 07 05 00 
04. 0 1 0 0 0 1 0 04 000000000000  

O0 O0 O0 O0 O0 O0 

3z 17 16 09 os 01 
05. 1 0 0 0 0 1 1 05 o o o o o o o o o o o o  

O0 O0 O0 O0 O0 O0 

27 16 t5 11 06 05 
06. 0 1 0 0 0 1 1 05 oooooooooooo  

oo oo oo oo oo oo 

37 16 15 15 O1 O1 
07. 1 0 1 0 0 O 0 05 0 0 0 0 0 0 0 0 0 0 0 0  

O0 O0 O0 O0 O0 O0 

29 15 20 10 05 02 
08. 0 1 1 0 0 0 0 05 oooooooooooo  

O0 O0 O0 O0 O0 O0 

25 16 18 12 04 04 
09. 0 1 0 0 1 0 0 05 o o o o o o o o o o o o  

O0 O0 O0 O0 O0 O0 

29 12 20 10 05 05 
10. 0 0 0 0 1 i 0 05 0 0 0 0 0 0 0 0 0 0 0 0  

O0 O0 O0 O0 O0 O0 

27 16 15 10 ~0 01 
11. 1 0 1 0 0 0 1 06 o~oooooooooo 

O0 O0 O0 O0 O0 O0 

21 14 16 10 09 03 
12. 0 1 0 0 1 0 1 06 040000000000 

O0 O0 O0 O0 O0 O0 

27 12 11 15 05 05 
13. 0 0 0 0 1 1 I 06 0 5 0 0 0 0 0 0 0 0 0 0  

O0 O0 O0 O0 O0 O0 

21 15 t8 09 09 03 
14. 0 0 1 O 1 O 0 06 020000000000  

oo oo oo oo oo oo 

25 13 I2 18 04 04 
15. 0 1 0 1 0 0 0 06 0.30000000000 

O0 O0 O0 O0 O0 O0 

27 11 15 10 10 05 
16. 1 1 1 0 0 0 0 07 010100 00 00 00 

O0 O0 O0 O0 O0 O0 

21 15 14 10 09 06 
17. 1 0 1 0 0 1 0 07 010100 00 00 00 

O0 O0 O0 O0 O0 O0 

21 12 16 10 09 04 
18. 1 0 0 0 1 1 0 07 0401 00000000 

O0 O0 O0 O0 O0 O0 

21 10 14 12 08 06 
19. 0 1 0 0 1 1 0 07 O2 0400000000  

O0 O0 O0 O0 O0 O0 

b2(C) G ~o(10,  C)  

b2(C)  (9 ~o(10,  C)  

be(C)  (9 ~I(6, C)  

b2(C)  (9 ~f(5, C ) ( 9  ~[(2, C)  

b3(C) (9 ~o(8 ,  C)  

b3(C) (9 ~f(5, C)  

b2(C)  (9 ~f(6, C)  

b2(C) (9 ~ ( 2 ,  C)  (9 ~f(5, C)  

b2(C) (9 ~ ( 4 ,  C)  (9 ~ ( 3 ,  C)  

b2(C) (9 ~f(5, C ) ( 9  @[(2, C) 

b3(C)  (9 ~ ( 5 ,  C)  

ha(C)  (9 ~f(4, C)  (9 ~f(2, C)  

ha(C)  (9 ~ ( 5 ,  C)  

b2(C) (9 @[(2, C)  (9 ~][(3, C)  (9 ~][(3, C)  

b2(C)  6) ~f(3, C)  6) ~f(4, C)  

b3(C) (9 ~f(5, C)  

b3(C) 6) ~f(4, C)  6) ~f(2, C)  

b~(C) 6) ~f(4, C)  6) ~f(2, C)  

b3(C) (9 ~f(4, C)  (9 ~f(2, C)  
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20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

17 14 15 10 08 06 
0 0 1 0 1 0  1 07 030200000000  

O0 O0 O0 O0 O0 O0 

19 13 12 12 10 04 
0 1 0 1 0 0 1 07 o s o a o o o o o o o o  

O0 O0 O0 O0 O0 O0 

23 10 16 12 06 08 
0 0 1 1 0 0 0 07 O1 0200000000  

O0 O0 O0 O0 O0 O0 

21 09 18 09 09 06 
0 0 0 1 1 0 0 07 020a00000000  

O0 O0 O0 O0 O0 O0 

19 12 14 09 09 05 
1 0 1 0 0 1 1 08 06 01 01000000 

O0 O0 O0 O0 O0 O0 

19 12 11 11 09 05 
1 0 0 0 1 1 1 08 04 04 01 00 00 00 

O0 O0 O0 O0 O0 O0 

19 10 11 10 10 05 
0 1 0 0 1 1 1 08 05 O2 04000000 

O0 O0 O0 O0 O0 O0 

19 13 12 12 06 09 
I 0 1 0 1 0 0 08 0301 Ol 000000 

O0 O0 O0 O0 O0 O0 

17 11 12 13 06 08 
0 0 1 0 I 1 0 08 030302000000 

O0 O0 O0 O0 O0 O0 

21 11 12 10 12 04 
1 1 0 1 0 0 0 08 o4 02 Ol oo oo oo 

O0 O0 O0 O0 O0 O0 

17 11 12 09 12 05 
0 1 0 1 0 1 0 08 04 O2 03000000 

O0 O0 O0 O0 O0 O0 

17 11 14 10 09 05 
0 0 1 1 0 0 1 08 060102000000  

O0 O0 O0 O0 O0 O0 

17 10 13 12 06 08 
0 0 0 1 1 0 1 08 04 02 03000000 

O0 O0 O0 O0 O0 O0 

15 12 12 10 08 06 
1 0 1 0 1 0 1 09 06 03 010100 00 

00 00 00 00 00 00 

15 11 10 10 09 06 
0 0 1 0 1 1 1 09 05 03 0a 02 00 00 

O0 O0 O0 O0 O0 O0 
1_5 12 11 09 10 07 

1 1 0 1 0 0 1 09 04 03 02 01 oo oo 
oo oo oo oo oo oo 

15 10 11 09 09 07 
0 1 0 1 0 1 1 09 050a 0203 0000 

oo oo oo oo oo oo 

21 10 09 14 06 06 
1 0 1 1 0 0 0 09 os m 010100 00 

O0 O0 O0 O0 O0 O0 
21 07 12 08 12 06 

0 1 I 1 0 0 0 09 O4 0401020000  
oo oo oo oo oo oo 
15 10 12 10 09 06 

0 0 1 1 0 1 0 09 05 0401020000  
O0 O0 O0 O0 O0 O0 

17 09 14 09 09 06 
1 0 0 1 1 0  0 09 O6 O2 020~0000 

O0 O0 O0 O0 O0 O0 
19 07 12 09 09 09 

0 1 0 1 1 0 0 09 030401030000  
O0 O0 O0 O0 O0 O0 

ba(C)@~l(2, C ) ~  ~I(3, C ) @ ~ i ( 2 ,  C)  

b a ( C ) @ ~ f ( 3 ,  C ) @ ~ f ( 3 ,  C) 

b2(C) @ ~f(2, C)  @ ~I(2, C)  ~ ~I(4, C)  

b2(C) (~ ~f(3, C) ~ ~f(2, C) ~ ~f(3, C)  

b4(C) ~ ~f(4 , C)  

~)4(C) (~ ~[(4, C)  

b4(C) @ ~[(4 , C)  

ha(C)  @ ~1(3, C ) @ ~ f ( 3 ,  C) 

ba(C)  ~ ~I(2, C)  ~ ~[(3, C)  @ ~[(2, C) 

Ba(C) �9 ~I(2, C)  @ ~I(4 

ba(C)  G ~ ( 3 ,  C)  G ~I(2 

ba(C)  G ~ ( 2 ,  C)  @ ~I(2 

ba(C)  G ~ ( 3 ,  C)  G ~ ( 2  

b4(C) �9 ~[(3, C)  @ ~[(2 

b4(C ) @ ~[(2, C)  @ ~[(3 

b4(C) @ ~[(2, C) G ~f(3 

b4(C) @ ~ ( 3 ,  C) ~ ~ ( 2  

ba(C)  ~ ~[(2 , C)  @~I (4  

ha(C)  @ ~f(2, C)  @ ~f(4 

C) 

c)@~I(2, C) 

C)@~l(3, C) 

C) G 6f(2, C) 

C) 

c) 

C) 

c) 

c) 

C) 

ba(C)  (~ ~ ( 2 ,  C)  (~ ~f(2, C)  G 

( ~ [ ( 2 ,  C) G ~f(2, C)  

ba(C)  G ~ ( 2 ,  C)  (~ ~ ( 2 ,  C)  G ~f(3, C)  

ba(C)  • ~f(3, C) ~ ~f(3, C) 
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42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

53. 

54. 

55. 

56. 

57. 

58. 

59. 

60. 

61. 

62. 

63. 

0 0 0 1 1 1 0  

! 0 1 0 1 1 0  

1 1 0 1 0 1 0  

1 0 1 1 0 0 1  

0 1 1 1 0 0 1  

0 0 1 1 0 1 1  

I00!i01 

0101101 

0001111 

0011100 

I010111 

II01011 

III!000 

I01!010 

0111010 

1101100 

i001110 

0101110 

0 0 1 1 1 0 1  

1 1 1 1 0 0 1  

1 0 1 1 0 1 1  

0 1 1 1 0 1 1  

17 09 08 15 06 06 
09 07 02 02 03 oo oo 

oo oo oo oo oo oo 

15 09 12 09 09 05 
10 07 03 03 Ol 01 oo 

O0 O0 00 O0 O0 O0 

t3 11 10 09 08 09 
10 04 04 02 02 O1 O0 

00 O0 O0 O0 O0 O0 

15 11 09 11 08 06 
10 05 06 01 01 01 00 

O0 O0 O0 O0 O0 O0 

1509 10 09 08 09 
10 04 04 03 01 02 00 

O0 O0 O0 O0 O0 O0 

13 09 12 08 09 06 
10 06 03 04 01 02 00 

O0 O0 O0 O0 O0 O0 

13 10 11 10 08 06 
10 06 04 02 02 01 O0 

O0 O0 O0 O0 O0 O0 

15 08 10 09 09 06 
10 07 03 03 01 03 oo 

O0 O0 O0 O0 O0 O0 

15 09 08 10 09 06 
10 05 05 02 02 03 O0 

O0 O0 O0 O0 O0 O0 

17 07 10 12 06 09 
10 03 06 02 O1 02 O0 

O0 O0 O0 O0 O0 O0 

13 09 10 09 08 O6 
11 06 04 03 03 01 01 

00 O0 O0 O0 O0 O0 

11 10 I0 08 08 07 
11 06 04 03 02 02 01 

00 00 00 00 00 00 

19 07 09 08 10 06 
t l  06 04 04 01 O1 01 

O0 O0 O0 O0 O0 O0 

13 10 09 09 09 06 
11 05 05 04 01 01 01 

O0 O0 O0 O0 O0 O0 

13 09 08 10 06 09 
11 06 03 04 02 01 02 

O0 O0 O0 O0 O0 O0 

15 08 09 10 06 09 
11 06 03 04 01 02 01 

O0 O0 O0 O0 O0 O0 

13 09 08 11 08 06 
11 05 06 02 02 02 01 

O0 O0 O0 O0 O0 O0 

15 07 08 09 09 06 
11 06 05 03 02 01 03 

00 00 00 00 00 00 

13 08 09 10 08 06 
I I  06 04 04 02 Ol 02 

O0 O0 O0 O0 O0 O0 

13 09 08 08 08 07 
12 06 04 04 03 01 O1 

01 O0 O0 O0 O0 O0 

i1 09 09 09 07 07 
12 05 05 03 04 O1 O1 

01 O0 O0 O0 O0 O0 

11 08 09 08 07 07 
12 06 05 03 03 02 01 

02 O0 O0 O0 O0 O0 

bs(C) @ 61(3 

b4(C) @ 6I(3 

b4(C) @ 6][(2 

b4(C) @ :~[(2 

b4(C) �9 ~][(2 

b4(C) r ~][(2 

b4(C)  @ ~][(2 

b4 (C)  @ 6][(3 

b4 (C)  | ~1(3 

C) @ 6][(2, C) @ 6][(2, C) 

C) @ 6][(2 

C) @ a l ( 2  

C ) @ 6 ~ ( 3  

C) @ ~][(3 

C) 

C) | 6][(2, c) 

C) 

C) 

C) r ~][(2, C) G ~][(2, C) 

C) �9 ~][(2, C) ~ ~1(2,  C) 

C) @ 6][(2, C) 

C) r ~I (2 ,  C) 

bs(C) G 6][(2, C) @ 6][(2 

bs(C) O 6][(3 

bs(C) ,@ 6][(2 

b4(C) @ a][(4 

b4(C) @ 6][(2 

b4(C) @ 6][(2 

b4(C)  @ 61(2 

b4(C) r ~ ( 2  

b4(C) @ ~1(3 

C) @ 6][(3, C) 

c) 

C) G 6][(2, C) 

c) 

C) @ 6 l (2 ,  C) @ 61(2,  C) 

C) ,@ 61(2,  C) ~ 6][(2, C) 

C) G ~1(3, C) 

C) (~ 6][(2, C) G ~(2 ,  C) 

C) @ ~ ( 2 ,  C) 

~)4(C) (~ 61(2, C )  @ 6][(2, C )  • 6][(2, C )  

b s ( C )  @ 6][(3, C )  

b s ( C )  | 6~(2, C )  @ 6~(2, C )  

b s ( C )  @ ~][(2, C )  @ 6][(2, C )  
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11 09 08 09 07 07 
64. 1 1 0 1 1 0 1 12 o~050s080~02 

01 oo oo oo oo oo 

11 09 08 08 09 06 
65. 1 0 0 1 1 1 1 12 05 o5 o4 o2 o2 o2 

01 oo oo oo oo oo 

13 07 08 07 09 06 
66. 0 1 0 1 1 1 1 12 06 04 05 02 02 0~ 

03 oo oo oo oo oo 

15 07 09 08 09 06 
67. 1 0 1 1 1 0 0 12 06 03 06 02 0101 

O1 O0 O0 O0 O0 O0 

15 07 06 n 06 06 
68. 0 1 1 1 1 0 0 12 09 03 03 04 Ol 01 

02 O0 O0 O0 O0 O0 

13 07 08 08 10 05 
69. 0 0 1 1 1 1 0 12 06 04 05 02 02 01 

02 O0 O0 O0 O0 O0 

11 09 07 08 07 07 
70. 1 1 1 1 0 1 0  13 06 05 03 O4 02 01 

01 O1 O0 O0 O0 O0 

11 08 07 08 08 06 
71. 1 1 0 1 1 1 0 13 06 05 04 O3 0201 

02 01 00 00 00 00 

11 08 08 08 08 06 
72. 1 0 1 1 1 0 1 13 O6 O4 O4 04 0201 

01 01 00 00 00 00 

11 08 06 09 07 06 
73. 0 1 1 1 1 0 1 13 06 0603030301 

01 02 O0 0O 00 00 

11 07 08 07 08 07 
74. 0 0 1 1 1 1 1 13 O5 O4 O5 O3 02 02 

01 02 00 00 00 00 

09 08 0S 07 07 06 
75. 1 1 1 1 0 1 1 14 O6 O5 04080302 

01 01 01 00 00 00 

09 08 07 07 07 07 
76. 1 1 0  1 1 1 1 14 05 05 O4 O4 02 O2 

Ol 02 Ol oo oo oo 

13 07 06 08 07 06 
77. 1 1 1 1 1 0 0 14 O6 06 030a0401 

01 01 01 O000 O0 

11 07 07 08 07 07 
78. 1 0 1 1 1 1 0 14 05 05 03 05 O2 02 

Ol 01 01 O0 O0 O0 

II 07 06 07 08 06 
79. 0 1 I 1 1 I 0 14 05 O6 04080302 

01 01 02 O0 O0 O0 

09 08 06 07 07 06 
80. 1 1 1 1 1 0 1 15 O5 06 O4 030803 

01 01 01 01 00 00 

09 07 07 07 07 06 
81. 1 0  1 1 1 1 1 15 060404040802 

02 Ol Ol Ol OO O0 

09 07 06 07 06 07 
82. 0 1 1 1 1 1 1 15 050504040302 

02 01 01 02 oo oo 

09 07 06 06 07 06 
83. 1 1 1 1 1 1 0 16 050505o30803 

02 01 01 01 Ol 00 

07 07 06 06 06 06 
84. 1 1 1 1 1 1 1 17 O5 O5 O4 O4 03 03 

02 02 01 01 01 01 

bs (C) (9  6I(2, C) (9 6~(2, C) 

b5(C)(9 aI(2, C) (9  ~I(2, C) 

bs(C) (9 ~ ( 3 ,  C) 

b4(C) (9 ~ ( 2 ,  C) (9 ~ ( 3  

b4(C) (9 ~I(2, C) (9 ~I(3 

b4(C) (9 ~ ( 2 ,  C) (9 ~ ( 2  

bs(C) (9 ~[(2, C) (9 ~[(2 

bs(C) (9 ~ ( 2 ,  C) (9 ~ ( 2  

bs(C) (9 ~ ( 2 ,  C) (9 ~ ( 2  

bs(C) (9 ~1(2, C)  (9 ~ ( 2  

bs(C) (9 ~ ( 2  

b6(C) @ 6[(2 

b6(C) (9 ai(2 

bs(C) (9 aI(3 

bs(C) (9 ~ ( 2  

bs(C) (9 ~ ( 2  

b6(C) (9 ~[(2 

b6(C) (9 ~ ( 2  

b6(C) @ ~1:(2 

b6(C) (9 ~ ( 2  

bT(C) 

C) @ ~1~(2 

c) 

C) 

c) 

c) @ ~1:(2, C) 

C) @ ~1~(2, C) 

C) 

C) 

C) 

C) 

C) 

c) 

C) (9 g[(2, C) 

C) 

C) 

C) 

C) 

C) 
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S I M P L E  L E V I - T A N A K A  A L G E B R A S  O F  T H E  C O M P L E X  T Y P E  E s .  

dime 
0 -+1 -+2 -+3 -+4 -+5 

-+6 -+7 -+8 -+9 -+10-+11 
--laii Y +_12_+13-+14-+15-+16-+17 gO 

+_18 -+19 -+20 -+21 -+22 -+23 
• -+25 -+26 -+27 -+28 -+29 

50 28 35 21 08 07 
O0 O0 O0 O0 O0 O0 

001. 1 1 0 0 0 0 0 0 05 oooooooooooo 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

80 28 27 27 01 01 
00 00 00 00 00 00 

002. 0 0 0 0 0 0 t 1 05 o o o o o o o o o o o o  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

50 22 20 36 07 07 
07 O0 O0 O0 O0 O0 

003. 1 0 1 0 0 0 0 0 06 o o o o o o o o o o o o  
oo oo oo oo oo oo 
O0 O0 O0 O0 O0 O0 

48 27 26 18 17 10 
01 01 00 00 00 00 

004. 1 0 0 0 0 0 1 ! 07 0 0 0 0 0 0 0 0 0 0 0 0  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

40 18 29 21 15 12 
03 06 O0 O0 O0 O0 

005. 0 1 1 0 0 0 0 0 07 0 0 0 0 0 0 0 0 0 0 0 0  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

34 25 30 18 16 10 
05 03 oo oo oo oo 

006. 0 1 0 0 0 1 0 0 07 0 0 0 0 0 0 0 0 0 0 0 0  
oo oo oo oo oo oo 
oo oo oo oo oo oo 

50 18 32 20 10 16 
01 02 oo oo oo oo 

007. 0 0 0 0 0 1 1 0 07 0 0 0 0 0 0 0 0 0 0 0 0  
oo oo oo oo oo oo 
oo oo oo oo oo oo 

34 22 21 20 22 07 
06 06 01 oo oo oo 

008. 1 0 1 0 0 0 0 1 08 0 0 0 0 0 0 0 0 0 0 0 0  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

32 20 24 24 10 16 
06 04 04 O0 O0 O0 

009. 0 1 0 0 1 0 0 0 08 0 0 0 0 0 0 0 0 0 0 0 0  
oo oo oo oo oo oo 
oo oo oo oo oo oo 

38 13 21 14 21 15 
06 07 02 06 O0 O0 

010. 1 1 1 0 0 0 0 0 09 o o o o o o o o o o o o  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

30 21 20 15 22 12 
07 05 05 02 O0 O0 

011. 1 0 1 0 0 0 1 0 09 0 0 0 0 0 0 0 0 0 0 0 0  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

b2(C)  | ~ ( 7 ,  C )  

b2 ( C )  @ e6 

b2 (C)  @ ~1(7, C )  

b s ( C )  @ a o ( 1 0 ,  C )  

b2 (C)  G 6[ (2 ,  C )  G ~ ( 6 ,  C )  

b2 (C)  @ ~ ( 5 ,  C ) ~ 6 ~ ( 3 ,  C) 

b 2 ( C ) @ 6 o ( 1 0 ,  C ) @  a [ (2 ,  C )  

b s ( C )  @ 6~(6, C )  

b2(C) G ~1[(4, C) q) @[(4, C) 

b 3 ( c )  @ ~ ( 6 ,  c )  

b ~ ( C ) @ ~ [ ( 5 ,  C ) @  ~[ (2 ,  C )  
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30 22 25 17 16 11 
10 05 02 01 O0 O0 

012. 0 1 0 0 0 1 0 1 09 000000000000  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 
34 18 24 18 17 10 
09 08 01 02 00 00 

013. 1 0  0 0 0 1 1 0 09 000000000000 
00 00 00 00 00 00 
00 00 00 00 00 00 
48 18 17 26 10 10 
16 01 01 01 00 00 

014. 0 0 0 0 0 1 1 1 09 000000000000 
00 00 00 00 00 00 
00 00 00 00 00 00 
28 18 24 15 19 12 
09 06 03 04 00 00 

015. 0 0 1 0 1 0 0 0 09 000000000000 
00 00 00 00 00 00 
00 00 00 00 00 00 
34 13 30 15 15 15 
05 10 O1 03 O0 O0 

016. 0 0 0 0 1 1 0 0 09 000000000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 
34 16 15 30 10 10 
15 03 03 05 O0 O0 

017. 0 1 0 1 0 0 0 0 09 000000000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 
30 17 20 21 12 15 
06 10 05 Ol 02 O0 

018. 0 1 0 0 0 1 1 0 10 000000000000 
oo oo oo oo oo oo 
oo oo oo oo oo oo 
26 19 18 15 16 18 
07 07 04 04 03 oo 

019. 1 0 1 0 0 1 0 0 10 000000000000 
oo oo oo oo oo oo 
oo oo oo oo oo oo 
26 19 22 18 16 10 
12 06 04 03 01 oo 

020. 0 1 0 0 1 0 0 1 10 oooooooooooo 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 
32 12 20 19 11 20 
05 10 04 02 05 O0 

021. 0 0 1 1 0 0 0 0 1{) 000000000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 
28 17 20 15 15 13 
12 06 05 05 01 01 

022. 1 0 1 0 0 0 1 1 11 000000000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 
32 18 17 17 17 10 
O9 O9 08 O1 O1 01 

023. 1 0 0 0 0 1 1 1 11 000000000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 
24 16 20 16 17 10 
11 08 06 04 02 02 

024. 0 1 0  0 1 0 1 0 11 000000000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 
26 16 15 18 09 19 
12 05 07 03 03 04 

025. 1 0  1 0  1 0 0 0 11 000000000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

bs (C)q )  ~ ( 5 ,  C ) @  ~[(2, C) 

bs(C) @ ~o(8, C) @ ~[(2, C) 

bs(C) @ ~o(10, C) 

b2(C) q~ ~ ( 2 ,  C ) q )  

@ ~ ( 3 ,  C) @ ~ ( 4 ,  C) 

b 2 ( C ) @ ~ ( 5 ,  C ) ~ ( 3 ,  C) 

b2(C) G 6[(3, C) @ ~ ( 5 ,  C) 

bs(C) q)~I(5,  C ) O  ~[(2, C) 

b8(C)@~[(4 ,  C ) ~ ( 3 ,  C) 

bs(C) q~ @[(4, C) @ ~:[(3, C) 

b2(C) @ ~[(2, C)  @ 

( ~ ( 2 ,  C ) @  ~ ( 5 ,  C) 

b4(C) | ~ ( 5 ,  c )  

b4(C) @~o(8 ,  C) 

bs(C) @ ~1(4, C)~ 

@ ~ ( 2 ,  C) G ~ ( 2 ,  C) 

bs(C) ~ ~][(3 , C)q)~1:(4, C) 
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22 18 21 15 15 13 
11 07 06 03 03 01 

026. 0 0 1 0 ! 0 0 1 11 0 0 0 0 0 0 0 0 0 0 0 0  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

26 13 22 15 15 12 
12 07 05 06 01 03 

027. 1 0 0 0 1 1 0 0 11 0 0 0 0 0 0 0 0 0 0 0 0  
00 00 00 00 00 00 
O0 O0 O0 O0 O0 O0 

30 14 21 20 10 15 
I0 05 I0 01 02 01 

028. 0 0 0 0 i 1 0 1 I i  000000000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

30 18 15 15 20 10 
10 t0 06 03 02 05 

029. 1 1 0 t 0 0 0 0 11 0 0 0 0 0 0 0 0 0 0 0 0  
oo oo oo oo oo oo 
O0 00 00 00 00 00 

26 17 15 21 16 10 
09 12 03 03 04 01 

030. 0 1 0 i 0 0 0 1 11 000000000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

28 10 24 12 18 12 
08 12 03 06 O1 04 

031. 0 0 0 1 1 0 0 0 11 o o o o o o o o o o o o  
oo oo oo oo oo oo 
O0 O0 O0 O0 O0 O0 

28 17 16 16 16 11 
10 06 10 05 01 01 

032. 0 1 0 0 0 1 1 1 12 0 1 0 0 0 0 0 0 0 0 0 0  
00 00 00 00 00 00 
O0 O0 O0 O0 O000 

22 17 18 14 14 13 
!3 07 06 04 04 02 

033. 1 0 1 0 0 1 0 ! 12 0100 00 00 00 00 
00 00 00 00 00 00 
00 00 00 00 00 00 

20 16 18 16 12 15 
09 10 05 06 03 02 

034. 0 0 1 0 ! 0 1 0 !2  0 2 0 0 0 0 0 0 0 0 0 0  
O0 O000 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

26 11 18 18 12 15 
06 13 04 06 04 01 

035. 0 1 0 0 1 1 0 0 12 03 00 00 00 00 00 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

30 13 12 25 10 10 
15 05 05 lo ol o2 

036. 0 0 0 0 1 ! 1 0 12 o 2 o o o o o o o o o o  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

22 16 15 15 19 10 
09 09 09 03 03 03 

037. 0 1 0 1 0 0 1 0 12 0 2 0 0 0 0 0 0 0 0 0 0  
00 00 00 00 00 00 
00 00 00 00 00 00 

30 12 11 20 09 11 
20 05 05 07 02 02 

038. 1 0 1 1 0 0 0 0 12 0 5 0 0 0 0 0 0 0 0 0 0  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

24 14 18 16 13 13 
!8 06 08 04 02 04 

039. 0 0 1 1 0 0 0 1 12 0 1 0 0 0 0 0 0 0 0 0 0  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

b3(C) ~ ~f(2, C)G 

G~f(3, C) @ ~(3, C) 

b3(C) �9 ~f(4, C) @ ~f(3, C) 

b3(C) @ ~f(5, C) ~ ~(2, C) 

bs(C) G ~[(2, C)G ~[(5, C) 

b8(C) @ ~(3, C) ,@ ~f(4, C) 

b2(C) @ ~(3, C)@ 

G~i(2, C)G ~(4, C) 

b4(C)@~[(4 , C)@6I(2, C) 

b~(C)@ ~f(2, C)@ 

O~i(3, C) O ~(2, C)@~I(2, C) 

b3(C)| C)@ ~f(3, C) 

b3(C) G ~(5, C) ~ ~f(2, C) 

b3(C) G ~(3, C)~ 

G~(3, C) ~ ~[(2, C) 

bs(C) ~ ~(2, C) @ ~1(5, C) 

b~(C) @ ~f(2, C)G 

@~1(2, C) @ ~(4, C) 
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22 13 18 13 13 12 
13 08 07 05 04 04 

040. 1 0 1 0 0 1 1 0 13 010200000000  
00 00 00 00 00 00 
00 00 00 00 00 00 

22 15 18 14 15 11 
11 07 08 06 04 02 

041. 0 1 0 0 1 0 1 1 13 010100 00 00 00 
00 00 00 00 00 00 
00 00 00 00 00 00 

20 16 15 15 12 12 
13 10 05 06 03 03 

042. 1 0 1 0 1 0 0 1 13 03 0100000000  
00 00 00 00 00 00 
00 00 00 00 00 00 

22 14 17 16 14 10 
12 09 06 05 06 01 

043. 1 0 0 0 1 1 0  1 13 02 0100 00 00 00 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

22 12 15 19 08 16 
09 09 09 03 06 03 

044. 0 0 1 0 1 1 0 0 13 010SO0000000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

22 15 14 13 17 12 
10 08 09 05 03 02 

045. 1 1 0 1 0  0 0 1 13 04 0100 00 00 00 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

30 08 15 10 19 11 
10 10 05 10 02 03 

046. 0 1 1 1 0 0 0 0 13 010500000000  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 00 

20 14 16 14 14 I1 
13 08 07 06 04 02 

047. 0 0 1 1 0 0 1 0 13 0~ 02 00 00 00 00 
00 00 00 00 00 00 
00 00 00 00 00 00 

22 13 15 12 18 12 
09 07 10 06 03 03 

048. 0 1 0 1 0 1 0 0 13 02 0300000000  
00 00 00 00 00 00 
00 00 00 00 00 00 

24 10 18 12 14 12 
12 08 08 06 03 04 

049. 1 0  0 1 1 0 0 0 13 01 0400000000  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

22 12 19 15 12 15 
08 09 09 03 06 O1 

050. 0 0 0 1 1 0 0 1 13 030100000000  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 14 15 13 13 09 
14 09 08 05 05 03 

051. 1 0 1 0 1 0 1 0 14 03 02 0 2 0 0 0 0 0 0  
00 00 00 00 00 00 
00 00 00 00 00 00 
18 15 17 13 14 10 
12 08 08 05 06 03 

052. 0 0 1 0 1 0 1 1 14 O2 01 01000000 
00 00 00 00 00 00 
00 00 00 00 00 00 

22 12 15 16 14 10 
11 08 09 04 06 04 

053. 0 1 0 0 1 1 0 1 14 01 O2 01000000 
00 00 00 00 00 00 
00 00 00 00 00 00 

b ~ ( C ) r  61(4, C ) ( ~ [ ( 2 ,  C)  

b4(C) @ ~ ( 4 ,  C)  @ ~ ( 2 ,  C)  

b4(C)(~  ~][(3 , C ) ~ [ ( 3 ,  C)  

b4(C) (~ ~ ( 4 ,  C ) ( ~ [ ( 2 ,  C)  

bs(C) @ 61(2, C)~ 

@6~(3, C)@~I(3, C) 

b4(C) e ~ [ ( 2 ,  C ) e ~ l ( 4 ,  C)  

b3(C) ~ ~I(2, C ) ~  ~1(5, C)  

bs (C)  (~ ~ ( 2  C ) ( ~  

~ ( 2 ,  C)  @ ~I(3, C)  @ 6~(2, C)  

bs(C) G ~(3 C)O 

@6~(2, c)r c) 

b3(C) ~ ~ ( 2  C ) O  

@~[(2,  C ) @ ~ f ( 4 ,  C)  

b3(C) ~ 6][(3 C)  

~ ( 2 ,  C)  ~ 6[(3, C) 

b4(C) @ ~(3 C)@ 

~ ( 2 ,  C) @ ~(2, C) 

b4(C) @ 6~(2 C)~ 

@~l(3, C) @ ~(2, C) 

b 4 ( C ) ~  ~[(4 , C ) @  ~ ( 2 ,  C)  



340  C.  MEDORI - M.  NAClNOVICH: Classification of semisimple, etc. 

22 13 12 17 14 10 
99 12 06 05 05 06 

054. 1 0 0 0 1 1 1 0 14 010102 00 00 00 
oo oo oo oo oo oo 
O0 O0 O0 O0 O0 O0 

28 13 12 16 15 10 
10 10 05 05 10 01 

055. 0 0 0 0 1 ! 1 1 14 01010100 00 00 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 15 13 12 14 14 
09 09 07 08 04 03 

056. 1 1 0 1 0 0 1 0 14 0 2 0 8 0 2 0 0 0 0 0 0  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

20 14 15 15 13 13 
09 09 06 09 03 03 

057. 0 1 0 1 0 0 1 1 14 03 0101000000  
00 00 00 00 00 00 
O0 O0 O0 O0 O0 O0 

22 14 11 16 12 09 
13 13 05 05 06 02 

058. 1 0 1 1 0 0 0 1 14 O2 0401000000  
00 00 00 00 00 00 
O0 O0 O0 O0 O0 O0 

20 12 14 14 12 13 
09 12 05 08 04 04 

059. 0 0 1 1 0 1 0 0 14 02 0208000000  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

26 08 15 12 12 18 
06 10 04 12 03 03 

060. 0 1 0 i 1 0 0 0 14 03 Ol 04 oo oo oo 
oo oo oo oo oo oo 
oo oo oo oo oo oo 

20 12 14 18 09 14 
11 06 10 06 03 06 

061. 0 0 0 1 1 0 1 0 14 0102 02 00 00 00 
oo oo oo oo oo oo 
oo oo oo oo oo oo 

20 t3 15 13 13 09 
13 08 08 06 05 04 

062. 1 0 ! 0 0 i 1 1 15 O4 0101010000  
oo oo oo oo oo oo 
oo oo oo oo oo oo 

22 11 12 14 16 09 
10 08 10 05 04 06 

063. 0 1 0 0 ! 1 1 0 15 04 010102 00 00 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

20 10 15 12 13 08 
13 09 09 06 05 04 

064. 1 0 1 0 1 1 0 0 15 03 03 01 03 00 00 
oo oo oo oo oo oo 
oo oo oo oo oo oo 

18 13 13 16 12 10 
11 09 08 07 03 06 

065. 0 0 1 0 1 1 0 1 15 03 0102 0100 00 
00 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

28 08 11 10 15 09 
11 10 10 05 05 06 

066. 1 1 1 1 0 0 0 0 15 02 02 O1 05 O0 O0 
00 00 00 00 00 00 
O0 O0 O0 O0 O0 O0 

22 11 13 11 14 13 
09 10 07 06 08 02 

067. 0 1 1 1 0 0 0 1 15 08 0104 0100 00 
00 00 00 00 00 00 
00 00 00 00 00 00 

b 4 ( c ) @  ~1(4, c ) |  ~I(2 ,  C)  

b4(C) @ ~1(5 , C) 

b4(C) G ~(2, C)G 

e~(3 ,  C) @ ~(2, C) 

b4(C)(~[(3 , c ) ~ [ ( 3 ,  c) 

b4(C) �9 ~(2, C) @ ~(4, C) 

b2(C) �9 ~(2, C) �9 

e~(2,  C) �9 ~(2, C) �9 ~(3, C) 

b3(C) e ~(3, C)@ ~(4, C) 

bs(C) @ ~1(3, C)G 

e~[(2, C) �9 ~(2, C) �9 ~l(2, C) 

bs(C) e ~I(4, C) 

b4(C) �9 ~(4, C) �9 ~(2, C) 

b4(C) O ~[(2, C)@ 

@~(3, C) @ ~(2, C) 

b4(C) @ ~I(5, c) 

b4(C)  @ ~ ( 2 ,  C)  �9 ~f(4,  C)  
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18 14 11 13 13 09 
10 13 08 05 05 05 

068. 1 0 1 1 0 0 1 0 15 o2 o2 03 020000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 12 17 12 13 10 
12 08 09 05 06 04 

069. 0 0 1 1 0 0 1 1 15 o20aOlOlOOOO 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 13 12 12 11 15 
09 09 07 07 07 03 

070. 1 1 0 1 0 1 0  0 15 o3 02 02030000 
oo oo oo oo oo oo 
O0 O0 O0 O0 O0 O0 

18 13 14 12 15 11 
11 07 08 07 06 03 

071. 0 1 0  1 0 1 0 1 15 o3 o2 o2 010000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 12 15 13 12 11 
12 08 08 07 05 03 

072. 1 0 0 1 1 0 0 1 15 o4 OlO301oooo 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

24 08 12 16 08 15 
07 12 08 04 09 02 

073. 0 0 1 1 1 0  0 0 15 o4 o2 01040000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

22 10 09 21 09 09 
15 06 06 11 03 03 

074. 0 0 0 1 1 1 0 0 15 o6 0101030000 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

16 13 14 13 11 11 
09 11 07 08 04 05 

075. 1 0 1 0 1 0 1 1 16 03 03 02 010100 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

20 13 12 12 15 10 
09 09 09 05 05 05 

076. 1 0 0 0 1 1 1 1 16 06 01 01 01 01 00 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 12 11 13 15 08 
11 08 09 07 05 03 

077. 0 0 1 0 1 1 1 0 16 06 o3 010102 00 
00 00 00 00 00 00 
00 00 00 00 00 00 

16 13 14 11 13 11 
11 08 08 06 07 04 

078. 1 1 0 1 0 0 1 1 16 03 02 03 01 0100 
00 00 00 00 00 00 
00 00 00 00 00 00 

18 12 11 12 10 14 
10 08 09 05 07 06 

079. 0 1 1 1 0 0 1 0 16 020301030200 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 11 13 12 12 13 
09 09 06 09 04 06 

080. 0 1 0 1 0 1 i 0 16 030302010200 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 12 11 11 13 09 
10 09 12 05 05 05 

081. 1 0 1 1 0 1 0 0 16 o4 o2 o2 020300 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

b4(C) ~ ~[(2 

~)4 (C) ~ ~[(2 

b4(C) ~ ~ ( 2  

b4(C) ~ ~ ( 3  

b4(C) ~ ~ ( 2  

b~(C) ~ ~[(2 

b~(C) @ ~(3  

C)@ 

( ~ ( 3 ,  C) ~ ~[(2 C) 

C)@ 

~6~(2, C) G ~[(3 C) 

C)@ 

@~I(2, C) ~ ~ ( 3  C) 

C)@ 

0~I (2 ,  C)@~(2 C) 

C)@ 

(~1[(2, C) @ ~1[(3 C) 

C)@ 

( ~ ( 2 ,  C) @ a[(4 C) 

C)@ 

@~[(2, C ) ~ ( 3  C) 

bs(C) ~ ~(3 ,  C) ~ ~[(2, C) 

bs(C) @ ~I(4, C) 

b4(C) @ ~ ( 2 ,  C)@ 

@~I(3, C) @ ~I(2, C) 

bs(C) @ ~ ( 2 ,  C) @ 

@~I(3, C) 

~ ( 3 ,  C) ~ ~(2 ,  C) 

b4(C) @ ~ ( 3 ,  C) @ 

@~(2 ,  C) ~ ~1(2, C) 

b4(C) ~ ~ ( 2 ,  C) 

@~(2 ,  C ) @ ~ ( 3 ,  C) 
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16 12 14 12 13 09 
12 08 09 06 06 04 

082. 0 0 ! t 0 t 0 1 16 o4 o2 o2 020100  
oo oo oo oo oo oo 
O0 O0 O0 O0 O0 O0 

22 09 11 13 08 14 
12 06 10 04 08 06 

083. 1 1 0 i ! 0 0 9 !6  02 03 02 0104 00 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

20 10 13 12 12 12 
12 07 07 06 09 03 

084. 0 1 0 1 ! 0 0 I 16 03 o 3 o i o 3 o l o o  
oo oo oo oo oo oo 
O0 O0 O0 O0 O0 O0 

16 12 12 14 11 10 
11 10 06 08 06 04 

085. 1 0 0 ! 1 0 1 0 16 O3 0 4 0 1 0 2 0 2 0 0  
oo OO O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 11 15 13 12 11 
~o 09 07 07 06 03 

086. 0 0 0 1 i 0 1 1 16 o6 01 o2 01 0100 
oo oo oo oo oo oo 
oo oo oo oo oo oo 

20 11 12 11 14 11 
09 07 10 06 05 04 

087. 0 1 0 0 i 1 1 ! 17 O6 0 4 0 1 0 1 0 1 0 1  
00 00 00 00 00 00 
O0 O0 O0 O0 O0 O0 

16 11 13 12 12 09 
10 09 09 07 06 04 

088. 1 0 1 0 1 1 0 ! 17 04 03 03 01 0201 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

20 11 10 10 12 11 
09 09 10 07 05 05 

089. 1 1 1 1 0 0 0 1 17 05 02 02 01 04 Ol 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

16 12 12 13 10 11 
08 11 08 08 05 04 

090. 1 0 1 1 O 0 1 1 17 O5 O2 0 2 0 3 0 1 0 1  
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

14 13 12 11 11 12 
10 09 07 07 06 06 

091. 1 i 0 1 O 1 0 1 17 03 03 02 02 02 01 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 11 09 13 08 12 
13 06 09 07 04 08 

092. 0 i 1 1 0 1 0 0 17 O4 02 03 01 02 03 
O0 O0 O0 O0 O0 O0 
O0 O0 oo O0 O0 O0 
i6 10 14 10 13 09 
11 O8 O9 O6 O7 O4 

093. 0 0 1 1 0 1 1 0 17 04 O4 O2 O2 01 02 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

!8 10 11 12 12 09 
13 08 07 05 08 06 

094. 0 1 0 1 1 0 1 0 17 03 0~ 03 0102 02 
00 00 00 00 00 00 
00 00 00 00 00 00 
22 08 11 10 12 10 
09 07 12 08 04 05 

095. 1 0 1 1 1 0 0 0 t 7  05 O3 O2 020104  
00 00 00 00 00 00 
O0 O0 O0 O0 O0 O0 

b4(C)  ~ ~ ( 2 ,  C )  

~ ( 2 ,  C ) ~ I ( 2 ,  C ) ~ I ( 2 ,  C )  

h a ( C )  ~ ~ ( 2 ,  C )  @ 6[ (4 ,  C )  

b 4 ( C ) ~ [ ( 3  , C ) ~  ~ ( 3 ,  C )  

b4 (C)  O ~[ (2 ,  C ) O  

( ~ [ ( 2 ,  C ) @  ~ ( 2 ,  C ) @  ~[ (2 ,  C )  

b4(c) @ 6~(3, c)@ 

~ ( 2 ,  c) G 8[(2, c) 

b s ( C )  (~ 6 [ (4 ,  C )  

b s ( C )  G ~ [ ( 3 ,  C ) ~ ( 2 ,  C )  

b s ( C )  e 6~(4,  C )  

b~(C)  ~ ( 2 ,  C ) @  61(3,  C )  

b~(C) @ 6[(2, C) @ 

@~I(2, C) @ 6I(2, C) 

b4(C) @ ~1(2, C) @ 

~6~(2, C) ~ ~[(3, C) 

b4(C) (~ ~][(2 , C)(~ 

@~(2, C) (b ~I(2, C) @ ~1(2, C) 

b4(C) (~ ~[(3, C)(]~ 

~ ( 2 ,  C)G 61(2, C) 

b4(C)  ~ ~[(2  , C ) @  $[ (4 ,  C )  
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18 10 11 14 10 11 
09 10 08 07 05 07 

096. 0 0 1 1 1 0 0 1 17 02 O4 02010301 
O0 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

18 10 09 15 11 09 
09 12 06 06 08 08 

097. 1 0 0 1 1 1 0 0 17 03 03 04 Ol 01 03 
oo oo oo oo oo oo 
oo oo oo oo oo oo 

18 11 09 16 12 09 
10 10 06 07 0S 03 

098. 0 0 0 1 1 1 0 1 17 03 06 010102 01 
00 00 00 00 00 00 
00 00 00 00 00 00 

16 10 11 12 11 10 
08 10 07 09 05 06 

099. 1 0 1 0 1 1 1 0 18 03 04 03 03 01 01 
02 00 00 00 00 00 
00 00 00 00 00 00 

16 12 11 11 12 12 
07 09 08 08 05 05 

100. 0 0 1 0 1 1 1 1 18 O3 O6 O3 01 01 01 
O1 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

16 12 09 10 10 11 
09 09 08 09 05 05 

101. 1 1 1 1 0 0 1 0  18 O5 04 O2 02 01 O3 
02 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

16 10 13 10 11 11 
09 10 07 07 06 05 

102. 0 1 1 1 0 0 1 1 18 06 02 O3 01 03 01 
01 00 00 00 00 00 
00 00 00 00 00 00 

14 11 12 10 11 10 
11 08 08 06 07 05 

103. 1 1 0 1 0 1 1 0 18 O5 03 03 O2 0201 
02 00 00 00 00 00 
00 00 00 00 00 00 

16 11 12 11 12 10 
11 07 08 07 06 04 

104. 0 1 0 1 0 1 1 1 18 O6 03 03 02 01 01 
01 00 00 00 00 00 
00 00 00 00 00 00 

14 12 11 11 11 10 
08 10 08 09 05 05 

105. 1 0 1 1 0 1 0 1 18 04 04 02 02 02 02 
ol oo oo oo oo oo 
oo oo oo oo oo oo 

16 11 10 12 09 11 
11 09 07 07 05 07 

106. 1 1 0 1 1 0 0 1 18 O5 O2 O3 020103 
01 00 00 00 00 00 
00 00 00 00 00 00 

14 11 13 11 12 09 
10 09 08 06 07 05 

107. 1 0 0 1 1 0 1 1 18 04 03 04 0102 01 
01 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

22 08 07 14 08 08 
15 07 06 10 04 04 

108. 0 1 1 1 1 0 0 0 18 09 O2 O2 O3 01 01 
04 O0 O0 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

16 10 10 12 12 08 
10 09 09 06 06 06 

109. 0 0 1 1 1 0 1 0 18 05 02 04 02 Ol 02 
02 oo oo oo oo oo 
oo oo 0000 oo oo 

b4(C) @ ~][(2, C) (D 

(~][(2, C)(~ ~][(3, C) 

b4(c) | ~[(2, c)@ 

r  C) @ 8~(3, C) 

b4(C)(~8~[(3, C)r C ) G 8 [ ( 2 ,  C) 

bs(C) �9 8[(3,  C) G ~[(2,  C) 

bs(C) G 6~(2, C) (~ ~1(3, C) 

bs(C) r 8~(3, C) (~ 8[(2,  C) 

bs(C) G~[(2, C)@ 8[(3, C) 

bs(C) @ ~,][(2, C)r  

@8][(2, C)~8][(2, C) 

bs(C) G 8[(3,  C) @ 8[(2,  C) 

bs(C) r 8~[(2, C) (~ 

@811(2, C) r 8][(2, C) 

bs(C) @ 8~(2, C) @ 8~(3, C) 

bs(C) (~ 8:[(2, C)O 

O81[(2, C) r 81[(2, C) 

b4(C) ~)8[(2, C)~ 6[(4, C) 

b4(C) ~ 8~(2, C) 

~ 8 ~ ( 2 ,  C) ~ 8I(2 ,  C) ~ 8[(2,  C) 
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14 09 11 09 10 09 
09 10 07 07 06 05 

124. 0 1 1 1 0 1 1 0 20 06 O4 O4 020a01 
02 01 02 00 00 00 
00 00 00 00 00 00 

20 08 07 10 09 08 
10 09 07 06 10 04 

125. 1 1 1 1 1 0 0 0 20 O4 05 O5 O2 02 O2 
01 01 04 00 00 00 
00 00 00 00 00 00 

16 10 07 12 09 08 
11 09 07 07 07 04 

126. 0 1 1 1 1 0 0 1 20 O5 O7 O2 020SO1 
01 03 01 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

14 10 09 10 10 09 
09 07 08 09 06 06 

127. 1 0 1 1 1 0 1 0  20 O4 0503030202  
01 02 02 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

14 09 11 11 10 10 
08 08 09 07 05 07 

128. 0 0 1 1 1 0 1 1 20 O4 05 O2 O4 02 01 
02 Ol Ol O0 O0 O0 
O0 O0 O0 O0 O0 O0 

16 09 08 I0 11 08 
09 09 09 06 06 04 

129. 1 1 0 1 1 1 0 0 20 07 05 03 02 03 02 
0101 03 oo oo oo 
oo oo oo oo oo oo 

16 09 09 10 12 09 
09 08 10 05 05 06 

130. 0 1 0 1 1 1 0 1 20 07 03 03 03 03 01 
01 02 Ol oo oo oo 
oo oo oo oo oo oo 

14 10 09 09 13 09 
08 08 09 06 06 06 

131. 1 0 0 1 1 1 1 0 20 060303030401  
0101 02 O0 O0 O0 
O0 O0 O0 O0 O0 O0 

16 10 09 11 10 12 
08 08 07 07 07 05 

132. 0 0 0 1 1 1 1 1 20 05 03 03 06 01 Ol 
01 01 01 00 00 00 
00 00 00 00 00 00 

12 11 09 09 09 09 
09 08 08 07 07 06 

133. 1 1 1 1 0 1 0 1 21 040504030202  
01 02 02 01 00 00 
00 00 00 00 00 00 

12 10 10 11 09 09 
09 07 08 08 06 06 

134. 1 0 1 1 0 1 1 1 21 05 04 03 04 02 02 
02 01 01 01 O0 O0 
O0 O0 O0 O0 O0 O0 

12 10 10 10 09 10 
08 09 08 07 05 06 

135. 1 1 0 1 1 0 1 1 21 05 0504020302  
01 02 01 01 00 00 
00 00 00 00 00 00 

14 10 07 10 10 08 
08 10 08 06 07 05 

136. 0 1 1 1 1 0 1 0 21 04 06 05 02 02 03 
01 01 02 02 00 00 
00 00 00 00 00 00 

16 08 09 08 12 09 
09 07 09 07 05 04 

137. 0 1 0 1 1 1 1 0  21 o s 0 4 0 3 o 3 0 a o a  
01 01 01 02 00 00 
00 00 00 oo 00 00 

bs(C) @ ~(2, C) 

~ ( 2 ,  C)(~ ~[(2, C) 

bs(C) @ ~[(4, C) 

bs(C) ~ ~(2, C) G ~1(3, C) 

bs(C) (~ ~(2, C) 

G~(2, C ) ~ ( 2 ,  C) 

bs(C) @ ~(2, C) 

O~(2, C) ~ ~(2, C) 

b5(C) @ ~(2, C) ~ ~(3, C) 

bs(C)@ ~(3, 0)@~(2, C) 

bs(C) O 6~(2, C)(~ 

~ l ( 2 ,  C) @ ~(2, C) 

bs(C) @ ~(3, C) @ ~(2, C) 

b~(C) G ~[(2, C)@ ~(2, C) 

b6(C) G ~1(2, C ) ~ ( 2 ,  C) 

b6(C) @ ~(2, C) ~ ~I(2, C) 

bs(c) | ~(2, c) @ 

~I (2 ,  C) ~ ~1(2, C) 

b s ( C )  (~ ~I(3 ,  C)  ~ ~ ( 2 ,  C)  
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138. 1 0 1 1 1 1 0 0  

139. O 0  1 1 1 1 0 1 

140. 1 1 1 1 0 1 1 0  

141. 0 1 1 1 0 1 1 1  

142. 1 1 1 1 1 0 0 1  

143. 1 0 1 1 1 0 1 1  

144. 1 1 0 1 1 1 0 1  

145. 1 0 0 1 1 1 1 1  

146. 0 1 1 1 1 1 0 0  

147. 0 0 1 1 1 1 1 0  

148. 1 1 1 1 1 0 1 0  

149. 0 1 1 1 1 0 1 1  

150. 1 1 0 1 1 1 1 0  

151. 0 1 0 1 1 1 1 1  

!6 08 08 10 09 10 
07 08 07 09 06 06 

21 05 04 05 02 03 02 
02 01 01 03 00 00 
O0 O0 O0 O0 O0 O0 

14 09 09 09 12 09 
08 06 11 06 06 05 

21 06 05 03 02 04 02 
0l 01 02 01 00 00 
O0 O0 O0 O0 O0 O0 

12 09 10 08 09 08 
09 07 09 06 07 06 

22 05 04 05 03 03 02 
02 O1 02 01 02 O0 
O0 O0 O0 O0 O0 O0 

12 09 t0 10 08 10 
08 08 08 07 06 05 

22 O6 O4 O4 O4 O2 03 
01 02 01 01 01 00 
O0 O0 O0 O0 O0 O0 

14 10 07 09 09 08 
08 10 06 07 07 07 

22 04 04 05 04 02 02 
02 01 01 03 01 00 
O0 O0 O0 O0 O0 O0 

12 09 10 09 10 08 
09 07 07 08 07 05 

22 06 04 04 03 03 02 
02 01 02 01 01 O0 
O0 O0 O0 O0 O0 O0 

12 I0 08 09 i0 09 
08 08 08 08 05 05 

22 05 06 04 03 02 03 
02 O1 O1 02 O1 O0 
O0 O0 O0 O0 O0 O0 

12 i0 09 09 10 10 
08 08 07 07 06 06 

22 O5 O5 03 03 Oa O4 
01 01 01 01 01 00 
O0 O0 O0 O0 O0 O0 

t6 08 07 08 11 08 
07 08 10 06 06 06 

22 04 04 07 03 O2 O2 
03 O1 O1 O1 03 O0 
O0 O0 O0 O0 O0 O0 

!4 08 09 08 10 11 
07 06 09 08 05 06 

22 04 07 03 03 02 04 
02 01 01 01 02 00 
O0 O0 O0 O0 O0 O0 

12 10 07 08 09 08 
07 09 07 07 06 07 

23 05 04 04 05 03 02 
02 02 01 01 02 02 
O0 O0 O0 O0 O0 O0 

!2 09 08 10 08 09 
08 08 07 08 06 05 

23 05 05 04 05 02 02 
03 O1 O1 02 O1 O1 
O0 O0 O0 O0 O0 O0 

12 09 08 08 09 10 
07 08 07 08 06 05 

23 04 O6 O5 03 0a 02 
03 02 O1 O1 O1 02 
O0 O0 O0 O0 O0 O0 

14 08 09 08 10 09 
09 07 08 06 07 04 

23 06 O5 04 03 0a O3 
03 01 01 01 01 01 
O0 O0 O0 O0 O0 O0 

bs(C) G ~1(2, C) ~ ~ ( 3 ,  C) 

bs(C) ~ ~I(2, C)@ 

~ [ ( 2 ,  C)G ~[(2, C) 

b6(C) �9 ~[(2,  C) (~ ~1(2, C) 

b6(C) @ ~[(2, C)@ ~[(2, C) 

b6(C) @ ~[(3 , C) 

b6(C)  (~ dI (2 ,  C ) @ d I ( 2 ,  C)  

b 6 ( C ) ( ~  ~[(2,  C ) 0 ~ ( 2 ,  C)  

b6(C)  G ~1(2, C)  ~ ~I(2 ,  C)  

b s ( C )  G ~I(2,  C)  ~ ~[(3,  C)  

bs(c) @ ~ ( 2 ,  c) | 

G ~ ( 2 ,  C ) @ N ( 2 ,  C) 

b6(C) G ~[(2,  C) G ~[(2,  C) 

b6(C) (~ ~[(2,  C) G ~[(2,  C) 

b6(C) �9 ~[(2,  C) G ~1(2, C) 

b6(C) | ~ ( 3 ,  c) 
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12 09 08 09 09 09 
08 07 06 09 06 06 

152. 1 0 1 1 1 1 0 1 23 05 05 04 04 02 o3 
02 02 01 01 02 01 
00 00 00 00 00 00 

10 09 09 09 08 08 
08 08 06 08 06 06 

153. 1 1 1 1 0 1 1 1 24 o5 05 04 o4 o3 o3 
02 02 01 02 01 01 
01 01 00 00 00 00 

14 08 07 07 09 08 
07 07 08 07 06 06 

154. 1 1 1 1 1 1 0 0 24 06 04 04 04 o5 02 
02 02 02 01 Ol Ol 
03 03 00 00 00 00 

12 09 07 08 09 09 
07 08 06 09 06 05 

155. 0 1 1 1 1 1 0 1 24 05 o4 05 o5 03 o2 
02 03 01 O1 01 02 
01 01 O0 O0 O0 O0 
12 08 08 08 09 08 
09 06 06 08 07 05 

156. 1 0 1 1 1 1 1 0 24 06 04 05 04 O3 02 
03 02 02 01 01 01 
02 02 00 00 00 00 

12 08 09 08 09 09 
09 06 07 07 07 05 

157. 0 0 1 1 1 1 1 1 24 o5 o5 05 o3 03 o2 
04 02 01 01 01 01 
01 01 00 00 00 00 

10 09 08 08 08 08 
07 08 07 06 07 06 

158. 1 1 1 1 1 0 1 1 25 05o504o404o3  
02 02 02 01 01 02 
Ol Ol O0 O0 O0 O0 

10 09 08 08 08 09 
08 07 07 07 06 06 

159. 1 1 0  1 1 1 1 1 25 o4 o5 o5 040~03 
02 03 02 01 01 01 
01 01 00 00 00 00 

12 08 07 08 07 10 
07 07 06 0S 07 05 

160. 0 1 1 1 1 1 1 0 25 05 o4 o4o6 o3 03 
02 02 03 01 01 01 
01 01 00 00 00 00 

10 09 07 07 08 08 
07 07 07 06 07 06 

161. 1 1 1 1 1 1 0 1 26 05 05 o4 o4 04 o4 
02 02 02 02 O1 O1 
01 O1 01 O0 O0 O0 

10 08 08 08 08 08 
08 07 06 06 07 06 

162. 1 0 1 1 1 1 1 1 26 o5 o5 04 o5 0308 
02 03 02 02 01 01 
01 01 01 00 00 00 

10 08 07 07 07 08 
07 07 06 06 07 06 

163. 1 1 1 1 1 1 1 0 27 o5 o5 o4 o4 o4 o4 
03 02 02 02 02 01 
01 01 01 02 00 00 

10 08 07 08 07 08 
08 07 06 06 07 06 

164. 0 1 1 1 1 1 1 1 27 o5 0404050403  
03 02 02 03 O1 01 
01 O1 01 01 O0 O0 

08 08 07 07 07 07 
07 07 06 06 05 07 

165. 1 1 1 1 1 1 1 1 29 o5 o5 o4 o4 o4 o4 
03 03 02 02 02 02 
01 01 01 01 01 01 

b6(C) E) ~l(2,  C) E) ~1(2, C) 

bT(C)@ ~g2, C) 

b6(C) @ ~I(3, C) 

b6(C) @ ~(2, C) ~ ~(2, C) 

b6(C)~(2 C)@61(2, C) 

b6(C) ~ ~1(2 C) G ~ ( 2 ,  C) 

b7(C) ~ ~ ( 2  C) 

b7(C) O 6[(2 C) 

b~(C)G~(2 C)~(2, C) 

bT(C) @ ~(2 C) 

bT(C) E) ~(2 C) 

b:(C) ~) ~(2 C) 

bT(C) G ~I(2 C) 

bs(C) 
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SIMPLE LEVI-TANAKA ALGEBRAS OF THE COMPLEX TYPE F4. 

dimc 
- - J a i l  ~t 0 _+1 _+2 _+3 +_4 _+5 gO 

_+6 -+7 _+8 -+9 _+10 _+11 

1. 1 1 0 0 05 10 o8 06 06 01 01 
oo oo oo oo oo oo b2(C) @ ~[(3, C) 

2. 1 1 0 1 07 060Go5050aoa 
0t O1 O0 O0 O0 O0 b3(C)  G ~1[(2, C)  

3. 0 1 1 0 07 o8 o4 04 o7 o8 02 
01 02 oo oo oo oo b2(C) @ ~(2 ,  C)@ ~(2 ,  C) 

4. ' 1 1 1 0 09 06 0403060803 
02 O1 O1 01 O0 O0 b3(C ) @ ~][(2, C) 

5. 0 1 1 1 09 06 o4 o3 04 03 04 
02 ol ol 02 oo oo ha(C) @ ~[(2, C) 

6. 1 1 1 1 11 04 0403030a04 
02 02 01 01 01 01 b4(C)  

SIMPLE LEVI-TANAKA ALGEBRAS OF THE COMPLEX TYPE G2. 

~ - !  = { a l , a 2 } ,  ~ = 5 ,  

"dime go = 2 ,  

dimc g • 1 = 2 ,  

dime g-+2 = 1, 

dim(: g +a = 1, 

dimc g-+4:1 , 

dime g-+s = 1, 

go -- b2(C) �9 
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