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SUMM ARY

This thesis contains the c lassifica tio n  o f tw o-param ete r b ifu rcations up to 

codim ension three, using a tw o-param ete r version o f  param etrised  contact 

equivalence.

Part one contains  the classification up to codimension one. The result consists o f  the 

following components:

1. A list o f  normal forms fo r the germs having codimension less o r equal to one.

2. Recognition conditions fo r each normal form in the list, i. e. conditions that 

characterise the equivalence class o f the normal form. These conditions are 

equations and inequalities fo r the Taylor coefficients o f  the germs.

3. Universal unfoldings for each normal form.

The result is obtained by investigating the structure o f the orbits, which are induced 

by the action o f the group o f equivalences on the space o f  all bifurcation problems. 

Techniques from algebra, algebraic geometry and singularity theory are applied.

In part two the classification is extended to  codimension three. The second chapter of 

part tw o contain s a genera lisatio n  o f  the singula rity  approach to  equivariant 

bifurcation theory. The case o f  an action o f a com pact Lie group on state and 

parameter space is considered. The main example is the case o f bifurcations with a 

certain D4-symmetry.
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C H A P T E R

In tro d u c tio n

G olub itsky  and Schaeffer [6] used m ethods from  singula rity  theory to  study 

bifurcations. This  involves defining an appropriate equivalence relation on the set of 

all bifurcation problem s and classifying these up to  some codimension. In [7], for 

exam ple, the same authors classify one-param eter bifurcations up to  codimension four 

using the notion o f  param etrised contact equivalence. This result was extended, for 

prob lem s in one state variable, up to  codimension seven by K eyfitz [9]. There is a 

m ultitude o f other classifications —  many for equivariant bifurcations.

The problem  treated in this thesis is the classification of tw o-parameter bifurcations in 

one sta te  variable  up to  codim ension one, using a tw o-param ete r version of 

param etrised contact equivalence. The result consists of the following components:

1. A list o f normal forms for the germs having codimension less or equal to one.

2. Recognition conditions for each norm al form in the list, i. e. conditions that 

characterise the equivalence class o f the normal form. These conditions are 

equations and inequalities for the Taylor coefficients o f the germs.

3. Universal unfoldings for each normal form.

In this context there is a result due to Izumiya [8], who considered germs of the form

X2 +![>(».,, \ 2) . (1.1)

where x is the state variable, A.J and X2 being the parameters. She classified these up
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to  codimension five. As we shall show even at codim ension zero there are germs 

which are not o f the form (1.1), e. g.

x3 +  xA.j +  Xj .

Izumiya does not give any recognition conditions.

The following is an outline o f the contents o f this thesis.

In chapter II we set up the th eoretical basis for the methods used to  obtain  the 

classification: First we generalise the definition o f parametrised contact equivalence 

to  two-parameter bifurcations. The set o f all such equivalences forms a group which 

acts on the space o f all bifurcation problems. The equivalence classes are the orbits 

under this group action. For the classification it is necessary to characterise these 

orbits.

The first step is to  show that for many germs this problem can be reduced to  studying 

the action o f  an algebraic group on a finite dimensional vector space. In order to 

achieve this the concep t o f fin ite determ inacy is used. A germ is called finitely 

determ ined if  its equivalence class depends only on a finite number o f  its Taylor 

coefficients. Proving finite determ inacy for a germ is more complicated than in the 

one-parameter case —  the M algrange-M ather Preparation Theorem has to be used.

The next step is to calculate the higher-order terms for certain normal forms, i. e. 

those terms which do  not affect the equivalence class. Subsequently it is possible to 

determine the orbits under the group action modulo higher-order terms. To achieve 

this we use a theorem o f Bruce, du Plessis and Wall [3], which guarantees that the 

orbits are algebraic varieties for unipotent equivalences. In order to apply this result 

we decompose the group o f equivalences into a product, one o f the factors being a 

subgroup  o f unipo tent equivalences. Here we use the Bruhat decomposition for 

GL(2, IR). The decom position can be generalised for equivalences o f n-param eter 

bifurcations, since the Bruhat decomposition is valid for GL(n, IR).



To calculate the higher-order terms with respect to  the unipotent equivalences, we use 

results developed for the one-parameter case by M elbourne [11]. A ccording to  one o f 

his theorem s, determ ining the higher-order term s is straigh tforw ard  provided the 

equations defining the orbit are linear. Germs w hich satisfy this condition are called 

linearly determ ined. In the one-parameter case m ost germs o f low codim ension are 

linearly determined. T his, however, is no longer true in the tw o-param ete r case. 

Consequently, the calculations to determine the orbit become rather com plicated . In 

this way the orbits o f the normal forms are calcula ted with respect to  the group  o f  

unipotent equivalences.

According to  the decomposition o f the group o f equivalences the next step is to  take 

scaling transform ations in to  account. This is straigh tforw ard. Then the resulting 

recognition conditions have to be transform ed in to  conditions with respect to  the full 

group o f  equivalences. F or several normal form s this turns out to  be a non-trivial 

procedure. It involves finding certain polynom ials  which are invariant under the 

transformation. This is carried out in chapter III, section 4.

Knowing the list o f recognition conditions im mediately  yields the classification. This 

is stated as theorem III. 6. 1.

Calculating the higher-order terms as described above involves selecting a  particular 

normal form to start with. This  leads to  the question o f  how to reduce the am ount o f 

calculations by  choosing the normal form in an appropriate way. W e address this 

problem in chapter IV.

Chapter V contains a list o f  diagrams giving a geom etrical description o f the normal 

forms in the classification and their universal unfoldings.

3



C H A P T E R  II

1. Notation

W e denote coordinates in IR x IR2 by x, X / , A2  • P utting  A := (X j, A 2) we define 

Ex k  to  be the ring o f all C°°- function germs IR x IR2 —♦ IR at (0 , 0) e  IR x IR2 . 

Mx£  denotes the maximal ideal in Ex ^ .

A nalogously defined are the rings Ex  and Ek and th e ir  m axim al ideals M x and 

M Sometimes we abbreviate >M,x>x to M.

Let V be a vector space over the field o f real numbers and le t v j ....... vk e  V . Then

IR { v j , . . vk }  denotes the linear span o f v j , . . vk .

Let G be a Lie group. W e denote its Lie algebra by LG.

IR*0 denotes the multiplicative group o f positive real numbers.

The function sg: IR—*IR is defined by

(
+ 1  , i f  x  >  0

0  . i f  X =  0

- 1 , i f  x <  0



F o r sm all values o f a ,  P and y  we w rite hx, hxx, *lxX1Xi e tc-  instead- It will

a lw ays be clear from  the context, whether h = 0  means h(0) = 0  .

T he follow ing typographical scheme has been adopted throughout the text: All 

th eorem s and definitions are italicised and symbols and terms which are defined are 

p rin ted  in bold face, when they appear fo r the first time.



2. P a ra m e tr is e d  contact equivalence

In this section we define p a ram etrised  contact equivalence fo r tw o-param ete r 

bifurcations. This definition is ana lo gous to  the one in troduced by Golubitsky and 

Schaeffer in the one-param eter case  (S ee  [6] and [7]. ). F or la ter use two slightly  

modified versions o f this equivalence relation are introduced . Each equivalence 

relation corresponds to a group and  w e  state some results  dea ling with relations 

between these.

To avoid  repetition the follow ing d efin ition  incorporates all the three d ifferent 

equivalence relations. For notational convenience we use the term E-equivalence for 

parametrised contact equivalence. C om pare  [1], [4], [5] and [10] for the concept o f 

ordinary contact equivalence.

2.1 Definition. Two germs f ,  g e  Mx ^ are  called E-equivalent, i f  there exist smooth 

germs S, X: IR3, 0 —>lR, and A2: IR2. 0 —+IRsuch that

g(x, X j, X2)  *  S(x, Xj, X2)  f(X (x , Xf, X2), Aj(X],  X2), A2(Xj , X2))

and the following conditions are satisfied:

X ( 0, 0 , 0 ) - 0  

Aj ( 0 .  0 ) - 0

A ^ O . O J- O  (2.1)

S(0. 0 ,0 ) > 0  

X x(0, 0 ,0 ) > 0 ;
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<A h t (A i h 2

t  o
<A2>X, <A2>X2

(2 .2)

Furthermore, i f  the germs X, A j, A2 and S satisfy the conditions (2.1) and  

additionally

f  and g are called O-equivalent.

Let E  be the set o f all quadruples (S, X, A j, A2) satisfy ing the conditions (2.1) and 

(2.2). E acts on M x^  in the following way: Let f  e  M x ^ and  e  =  (S, R) e  E, where 

R = (X , A j, A2). The conditions in the previous defin ition  im ply that R is a 

diffeomorphism germ IR3, 0 —► IR3, 0. Then the action is defined  by

S(0) - 1  

Xx(0) -  1 

(* i)x , - 1

(*2>Xt  -  0  

(*2>X2 -  1

(2.3)

f  and g are called U-equivalent.

ShouldX, A j, A 2 andS satisfy (2.1), (23) and

(*i)x2 -  o (2.4)

e . f S ( f o R ) . (2.5)

E can  be given a group structure by the following defin ition  o f  a multiplication: Let 

c l = (S j, Rj), *2 = CS2» R2) e  E. Then



c 2  • C1 : =  ( ^ 2  ‘ S ,  o  R 2 , R j  o  R 2 )

W ith this definition o f  multiplication formula (2.5) defines a group action o f  E  on  

The orbits  genera ted  by this action are precisely the equivalence c lasses 

corresponding to E-equivalence.

Let U (respectively U) be the set o f all quadruples (S, X, A j, A2) satisfying conditions

(2.1) and (2.3) (respectively  (2.1), (2.3) and (2.4)). Then the multiplication on E  

induces one on U and U each. In this way U and U become subgroups o f E. A gain, 

the orbits generated by the actions o f U and 0  on x correspond to the U- and In 

equivalence classes, respectively.

To illustrate the difference between these various equivalence relations, we consider 

the linear part o f an elem ent e = (S, X, A j, A2) 6 E, where

X fx .X j.X ^  -  p x  +  q X j +  rX 2 +  . . .

A j (A.j ,X 2) “  s Xj +  t X2 +  . . .

A 2 (X j ,X 2 ) *  u X j  +  v ^ 2  + . . .  ;

S (x ,X j,X 2) -  A +  B x  +  C X j +  D X 2 +  . . .

and p, A > 0  .

If  e is in U, the linear part reduces accordingly:

X(x, Xj, X2) ■ x + q X j +  rX 2 + . . .

A j (X j ,X 2 ) “  X j  +  t X2 +  . . .

A 2 (X j , X2) ■ X2  + . . .  ;

S (x ,X j,X 2)  = 1  +  B x  +  C X j  +  D X 2 +  . . .  •

If  c  is in U, we have
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X(x, Xj, X2)  ■ x +  () Xj +  r  X2  +  • • •

A j (X i ,X 2) = Xj +  . . .

A2(X j , X2) “  X2  +  • • • ;

S(x, Xj, X2) “ 1 +  B x +  C X] +  D  X.2 +  . . .  .

In the two latter cases  the linear parts o f S (i. e. S(0) ) and R = (X, A j, A2) are 

unipotent matrices. T he groups o f diffeomorphisms induced by U  and U on are 

also unipotent. T h e re fo re  the th eo ry  for u n ip o ten t g roups (see [7a]) o f 

diffeomorphisms developed by Bruce, du Plessis and W all (See [3 ] .)  applies to U and 

U. One of their results will be stated in section 5.

In the rem ainder o f  th is section we describe som e properties  o f the groups of 

equivalences defined above. The first property is a decomposition o f E. We introduce 

some notation: Let T , the group of scaling transform ations, denote the subgroup of E 

consisting of all equivalences of the form

X (x,X 1,X 2) - v  x 

A i (X j ,X 2 )*  m X j 

A2(X j ,X 2 ) "  n X 2 ;

S (x,X 1,X 2) -  )x,

where n , v > 0 and m, n 0  . Let W denote the subgroup  consisting o f the identity 

and the equivalence given by

X(x, X j, X2) -  x 

A jfX j, X2) ■ X2

A 2 (X j ,X 2 ) «  X j  ;

S( x ,  X j ,  X 2)  -  1
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which interchanges Xj and X2  • Let N denote the subgroup  consis ting o f  all 

equivalences of the form

X(x, Xj, X2) -  x 

A j (X j ,X 2 ) =  X 1 + ŒX2 

A 2(X i ,X 2 ) =  X 2  ;

S (x ,X i.X 2) - l  .

where a  e  IR. Furthermore, let B = T  U .

2.2 P roposition. The group E  can be decomposed as

E  = N W B  = N W T U  .

In order to  show this, we need the Bruhat decomposition for G L(2, IR). U sing  the 

notation



this result is the following:

2.3 Proposition . GL(2, IR) can be decomposed as

GL (2, P )  = B*  W *  N*  .

More precisely,••(“ I€ GL(2, IR )\B  can be written as

(2.6)

A proof can be found in  [2], fo r exam ple. Note th a t the order o f  the factors in the 

decomposition is not the standard one but has been reversed.

P roo f o f proposition  2.2: Let e = (S. X, A j, A2). where

X(x, Xj, A.2) -  p x +  q X j +  rX -2 +  Q i(x ,

A |(A .i ,X 2 > *  s Xj  +  tA.2 +  Q2(X i ,X2>

A 2( X j , X2) “  u  X j  +  v  X 2 +  Q 3( X i , X 2);

2 2 
Q l g  ^ and Q 2, Q 3 g  .

If u = 0  there is nothing to prove. Now suppose u *  0. Then e = n w b, where n is 

given by
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X ix .X j.X j)  = x

A , ( W -

= ^2 ;

S(x, Xj, X2) = 1 .

w by

X(x, Xj, X2) ■ x 

A i (X j ,X 2 ) “  X 2

A 2(X j ,X 2 ) “  X j  ;

S( x ,  X , .  X 2)  -  1 .

and b = (S , 2£. A j, A2), where

X ( x . X 1. X 2 ) . p x  + ( r  -  ^ - q  j  X ,  +  q X j  +  +

A | ( X , . X 2 ) -  — +  s X 2 +  Q ^ - - * - i  +  * 2 ’ ) -| j

A j CXj .Xj ) -  “ X j  +  Q 3( - ' i X r f X 2 . X , )  ;

3 ( x , X 1. X J ) - s ( * . “ X ,  +  X2 . X 1j  .

This follows from proposition 2.3 . Obviously n e  N, w e  W  and b e  B.o
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2.4 R em ark . E is the disjoint union of B and the set

| ( S , X ,  A , ,  A j ) 6  E l  ( A2 )i ]  t
0 ) .

and the elem ents o f the latter set can be decomposed as described in the preceding 

proof.

The next statement is a decomposition of U.

2.5 Proposition . The group U can be decomposed as

u  = n O .

Proof: W rite u = (S, X, A j, A2), where

X(x, Xj, X2) "  x + Q X| +  r X.2 +  Q j(x , Xj, X,2) 

A j (X j ,X 2) =  X j  + tX 2 +  Q2$ - i .^ 2 )  

A 2( X |,X 2 ) =  X 2 +  Q 3 ^ 1 ’ ^2)«

2  2
Qi e  R x ^  and Q2> Then u = n u , where n is given by

X (x .X |.X 2> -  x 

A j (X i ,X 2 ) "  Xi + tX 2 

A2(X j ,X 2 ) -  X2 ;

S(x, Xj, X2) -  1 .
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and u = (S . 2£. Ai> A2), where

X (x, X j, X2) -  x +  q  Xj +  ( r  -  q t ) X2  +  Q i(x , Xj -  t X2 , X2 ) 

A j (X j ,A .2 )“  X j  +  Q 2(X j  - 1X2 , X2)

A 2(X j , X2) ■ X2  +  Q3$>1 "  * ^2» ^ 2);

S (x .X i.X 2) - S ( x . X i - t X 2.X 2) o

2.6 P roposition . 0  is a normal subgroup ofE .

Proof: The reason ing is analogous to  the one given by M elbourne in [11] for the one- 

parameter case. M apping  (S, X, A j, A2) to

S (0 ) ,x x(0),
<AA ,

defines a group hom om orphism from E  onto IR*0 x 1R5”0 x GL(2, IR) . U is the kernel 

o f this hom om orphism  and hence a normal subgroup o f E.

An alternative p ro o f is to  check e U e '1 c  U for all e e  E. □
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3. T a n g e n t  spaces

It is a well known feature o f singularity theo ry  that questions o f equivalence can be 

treated on an infinitesimal level. The crucial construction involved is the tangent space 

to  an orbit generated by the group of equivalences. The different group actions defined 

in  section 2 give rise to  different tangent spaces to  the group orbits. F irst we give a 

geometrical definition o f these tangent spaces. (S ee [4], for exam ple .):

3.1 D efinition. Let G be a subgroup o f E, LG its Lie algebra and exp: LG —* G the 

exponential map. Then

is called the G - tangent space o f f.

T o calculate the U- and U-tangent spaces o f  a given germ we use the following 

algebraic formulae:

3 .2  P ro p o s i tio n .

}
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T < f- U ) - t , .x {  x f . X j  f, X2 f, Xj fx . X2 fx , x  fx ^  +

|  *2 fX, ’ X1 fX, • fx2 ’ *1 *2 fx2 ’ X2 fx2 )

Proof: The results follow from definition 3.1 and the definitions o f the groups U and 

U. □

3.3 E xam ple . Consider f  = A x 3 + B x X2 + C X j , where A, B, C ^ 0 .  Then 

T(f, 0 )  = «M, + <  X,, X2 > + IR ^  x Xj, x X2, x Xj X2, x X j, x Xj, Xj, Xj X2, X2

and

T(f, U) = M 4
-V 3< Xj, x 2 > +

f  2 2 2 2 2 \
ip ( x X^, ^ X2, x X, X2, x Xj, x X |, Xjt Xj X2, X2, X2 j  .

In order to define the concept o f codimension, we need another kind of tangent space.

3.4 D efin ition . Let f  be a germ in M x x . Then

Tt(f ,E) =  exJL <f,fx) + ex { fXf fx2}

is called the extended E-tangent space off .
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T e(f, E) is the infinitesim al construction associated to  unfoldings o f the germ f. We 

om it the details, since they are analogous to the one-param eter case (See [7].1).

N ote that all these tangent spaces are E^-m odules, bu t —  in general —  not £ x x.- 

modules.

3.5  D efin ition . Let f  be a germ in M x^ .  The codimension o f f  denoted by cod f  

is the codimension o f T ^ f, E) as a  vector subspace o f

Note that the codimension o f  f  is finite if  and only if  either T(f, U) or T(f, U) has finite 

codimension. This follows from

The first step to determine the codimension o f a germ is to  show that this codimension 

is finite. We deal with this m atter in the next section. F or both germs appearing in the 

next example, we already assume that they have finite codimension. Consequently, we 

can do  all calculations modulo for some k e  W and this is to be assumed in this 

example.

T  (f. E) -  T (f .U ) + (r {  f. f„. ,  f , .  fv  X, fv  X j fv  fv  X, fv  Xj }

and

•N o te ,  h o w ev er, th a t  th e  te rm in o lo g y  in  (7 ) is  s lig h tly  d if fe ren t.
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3  2
3.6 E xam ple. 1. Consider f  = x +  x X j +  X2 . After some calculations it turns 

out that

Te<r,E) =  X 2 +  +  IR-( 1 }

and hence

Te(f.E ) ’  ■

Therefore cod f  = 1 .

2. Consider f  = x4 +  x Xj +  ^ . Then

T ff ,E )  = e , A { x 4 + x X ,  +  X j.4 x 3 + X , j  +  Ex < x , l >

- Ex a { - 3 x 4 + X 2 ' 4 , ‘3 + X 1 }  +  El < ’U >  •

Define a homomorphism <p: Ex.X —► £x by

<p(x) = x 

t p ^ )  = - 4  x3 

< p ^ )  = 3 x4

Then the following formula holds:
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t I j q  /  » •
B <p(T(f,E))

This follows from the fact that

ker (p = |  - 3 X + \ ,  4  x + ^ i ^ »

which ensures that <p induces an isomorphism between £Xia/Tc(f,E) and 

t x
< |{T /.E > )

The following equality holds:

^ T ( F . E ) )

- 4 x , 3 x

<p(T(f,E))
1 { * 2}  .

which implies cod  f  = 1 . I am grateful to Jim D am on for the reasoning in this 

example.



2 0

The next example shows that the germ f  = x4 +  x2 Xj +  x X2 has infinite 

codimension. W e treat a more general case.

4 2
3.7 Example. C onsider f  = x +  x (p&j, Aj) +  x  V& j, Aj) , where y  e  .M,  ̂ . 

Then f  has infinite codimension. We show this in the following way:

This expression can be estimated algebraically:

T e( f. E)  c  l  {  x4, x 2  oO.) , x  y ( X ) ,  x 3. x  <p(X). }

. .  /  2d9(X ) .. 9y(X ) I j W X )  _ 3\|/(X) ^
d \ ,  •*  d \ ,  ■ SXj ■ ~ S ^ ~ J

c  Ex,X < * - V 0 . ) >  .

Let I denote the ideal ^ { x, \jr(X) } . Suppose now  that f  has finite codimension. 

Then

K k c  T e(C E)  c  I

holds for some num ber k g  W . Considering the varieties V (X k) and V (I) in C3 

corresponding to  the ideals and I, we obtain
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V (I) c  V

This, how ever, is impossible, since the dim ension o f V (I) is 1. Hence f  has infinite 

codimension.

For use in the next section we introduce a nam e for a subspace o f Te(f, E) which is an 

Ex>X*niodule.

3.8 D efin ition . Let f  be a germ in M Xtx- Then

R T , ( f , E )  =  e xJL { f , f x }  

is called the restricted extended E-tangent space of f .

The fo llow ing  resu lt w ill b e  n eeded  later:

3.9 P ro p o sitio n . Let f  be a germ in Mx x  and g e  E. Then

T(g 0 )  -  g . T(f, 0 )  .

P roof: Using definition 3.1 we obtain
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- |  ^  ( * ' (*J exP<‘ A)«).f) J  A . L O  J 

’  e ' |  l i  ( i  * ' « p o  A) e )  • f )  o I a e l Cj | .  <3 1 >

Since U is norm al in E (See proposition II. 2. 6. ) , g 1 0  g = 0  holds for all g e  E. 

Therefore the curves g ‘‘ exp(t A) g in U range over all curves in 0  through the identity 

element in U. This implies that the expression in (3.1) is equal to

g ■ |  expd  A ) . f  ^  J  A - E L O j

=  g  • T(f, 0 )  ,

which proves the result. □
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4. Fin ite determ inacy

Due to  the mixed module structure o f Tc(f, E), proving fin ite-determ inacy for two- 

parameter bifurcations is rather complicated. In the one-parameter case  this problem 

can be circumvented: There it is sufficient to consider RTc(f, E), since th is space has 

finite codimension if and only if  T e(f, E) has. (This result, which is due to  Damon, is 

stated in [7]). This is no longer true in the two-parameter case.

It is a  theorem of Damon (theorem 10.2 in [3a]) that a germ f  is finitely determined, if  

and only if  it has finite codimension.

In the rem ainder o f this section w e abbreviate T e(f, E) and R T e(f, E ) to  T e(f) and 

RTc(f) respectively.

The following method will be used: For some appropriate pairs (k, £) o f  non-negative 

integers the property

is verified. Here Te(f) and \  are regarded as ¡^-m odules. Instead o f  checking

(4.1), we shall use the sta tem ent in proposition 4.2 below . F irst, though, it is 

necessary to introduce some m ore standard term inology from singularity  theory, see 

m .  [4], [5] and [10].

4.1 Definition. A germ f 0 e  Ex has fin ite K-codimension, if

(4.1)

TJC(V <V}

is o f finite codimension as a subspace o f Ex .
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4.2 P roposition . Let f  e  and fo  :=f(x, 0, 0) . Iffo  is o f fin ite K-codimension then 

the condition

implies that

c  T'<f> ■

P roo f: T he statement is an immediate consequence of N akayam a’s lem ma, once it 

has been show n that £x^ /R T e(f) is a finitely-generated £x-m odule. W e show this in 

the follow ing way: Since fg has finite K-codimension, there exist germs m j, . . m k 

e  t x such that

m k } .

Using the following isomorphism

TeK(f„) RTc(f) + <  A.,, Xj >

we obtain

r t c( o  +  < x 1.x 2 > e xX
» IR { m . ....... m. } ,
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or equivalently

^  ....... ™k> + < ^ 1 ^ > Ex A- <4 2 >

Since 8X ^/R T e(f) is a fin ite ly-generated Ex x-module the following version of the 

M algrange-M ather Preparation Theorem  can be applied (See [10],p. 134 ):

4.3 T heorem . Let M be a finitely-generated £x x-module, nt], . . . .  m k e  Sx x> N on 

^xXsubm odule o f M  and n(x, X) := X . Then the following conditions are 

equivalent:

A) N  + t x  { m j .......m k]  = M

B) N  + ¡R {m j.......m k } + (n * M x )M  = M .

Here 7t denotes the ideal generated by the components o f it.

Putting M = £ x x  and N = RTe(f) it follows that condition (4.2) is equivalent to

c xjL „ , ,
. . . . . ' V

i. e. £ x^ /R T e(f) is a finitely-generated E^-module. □

4.4 Example. Consider f - x  +  x Xj +  Xj . Then f  is 4-determ ined. This can be shown 

by the method described here o r sim ilarly  as in the proof o f  lemma 3.5.3 in part two 

o f  this thesis.
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5. O rb its  o f um po ten t Subgroups o r E quivale nces

T he follow ing theorem  o f  Bruce, du Plessis and W all shows w hy it is useful to 

consider the unipotent subgroups o f equivalences defined in section 2.

5.1 T h e o rem . Let U be an unipotent affine algebraic group over IR acting 

algebraically on a real affine algebraic variety V. Then the orbits o f  U are closed in 

the Zariski topology o fV , i. e. they are real algebraic subvarieties o fV .

P roof: See [3].

5.2  R em ark . If G is an algebraic group acting algebraically on a sm ooth  algebraic 

variety, then the orbits are smooth semi-algebraic sets. See [4] fo r a  pro o f o f this fact. 

U nder the assumptions o f  the preceding theorem and if  V is sm ooth —  in particular, if 

V is a  fin ite-dim ensional vecto r space —  the orbits are sm ooth  real algebraic 

subvarieties o f V.

For one-parameter bifurcations the orbits o f the groups o f unipotent equivalences are 

in fact affine linear subspaces in many cases. This is shown by M elb ourne in [11]. It 

will tu rn  out that the situation is entirely different for tw o-param eter bifurcations.
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C H A PTE R  III

1. H igher - o rd e r  te rm s

W e give the definition o f higher-order terms and some results due to M elbourne (see 

[1 1 ]), who proved them for one-parameter bifurcations.

1.1 Definition. Let fb e  a germ in M x ^- Then

M(f, V) :«  f p  e  MXtX /  f  + p  e U . f )  

= {  u . f  ■ f  /  u e  U ) .

Note that M(f, U) consists exactly o f  those germs that do  not change the equivalence 

c lass o f  f  when added to  it. H ence determ ining M (f, U) solves the recognition 

problem. However, to  do this in  practice, we need a slightly  d ifferent concept of 

higher-order terms. In order to define this we introduce some terminology first.

1.2  D efin itio n . Let G be a subgroup o f E. A subspace V o f  M ^ i s  called 

G -intrinsic, i f  it is invariant under the action o fG .i.e . G .V  c  V . I f  a subset M  o f  

M X'X contains a unique maximal G-intrinsic subspace, then this is called the 

G -intrinsicpart o fM  and is denoted by Ut q M .

1.3 Definition. Let U be a unipotent subgroup o f E. We call

P(f, V) • -  {P  e  Mx,x I g + p e U . f f o r a l l g e U . f }



28

the module o f  U-higher-order terms.

1.4 T h eo rem . Let f  be a germ in M x % o f finite codimension and U a unipotent 

subgroup o f E. Then

A) P(f, U) = I  tr y  M(f, U) ,

B) P(f,U ) = ltru T(f,U ) .

P roo f: See [11]. The facts that U  is unipotent and its action on M x,x is linear are 

crucial. The proof works for the two-param eter case as well.

Part B) o f the preceding theorem is useful for calculations. The first step to determine 

P(f, U ) is to  calculate T(f, U). the second is to find its U -intrinsic part. To do this we 

use the following criterion:

1.5 P ro p o sitio n . Let M c  M x ^ b e  a subspace o f  fin ite  codimension. Then M is 

U -intrinsic if  and only i f  LU .M  czM.

P roof: See [11].

1.6 R em ark . To find intrinsic parts o f  subspaces it is useful to  note that spaces o f  the 

form

k
M  < X 1,X2 >  .
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where k, t  e  DJ0 are obviously E-intrinsic and hence G-intrinsic for any subgroup G of 

E.

1.7 Example. Let f  = A x 3 + B x +  C \ 2 * where A, B, C ^ 0 . Then

T(f,U ) = M4 + « X j . X j ï 3 +  IR |  x2 X ,, x2 X2, x X, X2, x X.2 x *-2. Xt X2' Xl }  

By remark 1.6

M  +  < X 1,X.2 >

is U-intrinsic and hence

M +  < X r X2 >  c  P(f,U)

holds. By applying the criterion in proposition 1.5 it follows that

P(f,U ) = M4 + < \ V X2 >3 +  b | x 2 X2, x >.1 X2, x X | x i »7 A j }  ■

For later use we define another concept related to intrinsic subspaces.

1.8 Definition. Let V be a vector subspace o f Mx x and G a subgroup o f E. Then

v °  . = X  a  •»  ■
v e V
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1.9 Proposition. Ve  is the smallest G-intrinsic subspace containing V, i. e. it satisfies 

the following two conditions:

A) V  c  Ve  and Ve  is G-intrinsic.

B) I f  W c  Mx x  is a G-intrinsic subspace containing V, then Ve  c  W .

The proof is straightforward.
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2. D ete rm in ing  th e  U -orbits

Once P(f, U) is known, it is possible to determ ine the U-orbit o f  f, more precisely we 

determine

U . f

P (f .u )  '

This is done by explicitly performing the coo rd inate  changes giving U-equivalent 

germs to  f.

2.1 Example. Let f  = A + B x Xj + CX2 , w here  A, B, C £  0 . P(f,U)was

determined in the preceding section, example 1 .7 . W orking modulo P(f, U) we obtain 

the U-orbit o f  f  by first truncating equivalences (S , X, A j, A2) in the following way:

X (x,X j,X 2) = x +  pX 1 +  q X 2 

A jf t j .X j )  “  +  r *-2
2  2

A2(X,j , = X 2 +  sX,j +  tX.jX2 + u X 2 ;

S (x ,X |,X 2> = 1 +  a x  .

Now define

h(x, Xj, X2) S(x, X j, X2) f(X(x, X j ,  X j), A |(X j, X2), A2(X j , X2) ) .

Then
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(1 +  a x) ( a  (x +  p Xj +  q Xj)3 +  B (x +  p Xj + q X2) (X, +  r  X j 2 +

C  ^ X2 +  s X j +  t X| x2 +  u x2 ̂  )

M odulo P(f, U) this reduces to

(1 +  a  x) ^ A (x +  p  Xj +  q  X2)3 +  Bx>?1 + C ^ X 2 +  s X j j j  . 

Expanding this yields

C sX j +  3 A p x 2 Xj +  A x 3 +  C X 2 +  C a x X 2 +  ( b  +  C a s  +  3 A p2 )  x X2 

+ terms in P(f, U )

Using this result, w e obtain a param etrisation o f U . f  /  P(f, U ) . T he coordinates in 

this space are the T ay lo r coefficients o f  h. The parametrisation is

h = 0  

h = 0
X

h »  0
X X

h, « 0

hxxX, “  6 A P

c
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• C a

2 B  +  2 C a s  +  6 A p 2 .

According to  theorem II. 5. 1 U . f  /  P(f, U) is an algebraic variety. Eliminating the 

parameters p, s and a yields the equations defin ing it:

h -  0  

hx = 0

h x x 'O

\ - o

h x X ," 0

hxxx “  6  A

6 A c h x l , l l  "  6 A h l 1X1hxX2 * C h x x l, - 1 2 A B C  .

These are the U-recognition conditions for the germ  f, i. e. each germ h whose Taylor 

coefficients satisfy these equations is U -equivalen t to f. We rewrite the equations in 

the following way:

h -  0 

hx = 0

hxx = °

\ - 0

I'xJl, "  ®

hxxx = 6 a



- J
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3. Solving the  B -recognition  problem

In this section we show  how to obtain the B-recognition conditions o f a germ, when 

the U-recognition conditions are already know n. T he following exam ple illustrates 

the procedure.

3.1 Example. Let f  =  e x3 + 8  x X2 +  X2 , where e, 8 e  {-1, +1 }. Since 

B = T U  = U T

h e  B . f  holds if  and only if  h e  U . k  for some k e  T . f . The T-orbit o f f  is

T . f  = ^ e j x v 3 x3 +  8 n  v  m 2 x X2 +  n  n Xj | v > 0 ; m ,n  £  0  ̂  . 

This expression shows that k G T  . f  holds, if  and only if  k is o f the form 

A x3 +  B x X2 +  C X2 ,

where A, B and C satisfy the following conditions: 

sg A = e

sg B = 6 (3.1)

C * 0 .

The conditions for h g  U . k were derived in exam ple 2. 1 in the previous section. 

Combining these with (3.1), it follows that the B-recognition conditions for f  are
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h = 0  

hx = 0

sg h xxx =  e

\ - 0

• v °

h x X , - °

» « „ hx xX ,
0

h x x l , ^xXj Xj h xX2

0

V . s

W e now give a  list o f certain germs and the corresponding B-recognition conditions. 

T he germ s have been chosen according to  the fo llow ing consideration: A K-versal 

unfolding o f  the germ x m (m £  2) is given by

m
x

where (Xj........a m_i e  IR (See [1], [4], [5] and [10]. ). Hence every tw o-parameter

germ  f(x, X2, X j) is E-equivalent to some germ o f  the form

* "  +  <P,(X,,X2) x m"2 +  . . .  +  <l>m_2<*T*2>* + <Pm-1<5Cl - X2> '

w here <pj. . . ., <pm-i 6 T o  obtain germ s o f  low  codim ension w e consider 

m  = 2, 3, 4 and choose the germs <pj to be linear o r quadratic in ^  and X-2 .
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e x 3 +  x  Xj  +  X2 

where e e  { -1,+1 }

h -  0 

hx = 0

h x *= 0

s g h Xxx = e

Table 3.3
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e x 2 +  5 (X 2 +  X^)

where e, 8  e  {-1, +1 }

h - 0  

hx » 0

\ - o

hx2 " 0

sg hxx = e

sg D j = e 8 

sg H  = e ,

where

and

D .  -

h . x ,

1
X

A1A1

h „ h . x , h . X j

H  - \ x ,
V .

' '» X j h x , x , - x *

T a b le  3.5
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1 2 2 

e x  +  8 ( X ,  -

where e, 8 g  { -1 ,+ 1  )

h -  0 

hx = 0

\ - o

sg h xx =  e 

sgD ! =  e 8  

sg H = - e ,

where

hx x  h xX ,

c
i  -

N x , \ x ,

\ x , hxXj

H - h*>M V i
hx1x2

^X ^ V a V a

T ab le  3 .6







4. Solving the  E -recognition problem

Once the B-recognition problem has been solved, there is one additional step to solve 

the E-recognition problem. This procedure is based on proposition II. 2. 2 and is 

therefore a consequence o f the B ruhat decom position fo r G L(2, IR). Since this 

decomposition is valid for GL(n, IR), the method described  below can be applied to 

bifurcations having more than tw o parameters.

4.1 P roposition . Let f  and h be germs in M x Then the following statements are 

equivalent:

A) h e  E . f  .

B) Either h e  B . f  or there exists c  e  IR such that h(x, a X j  + X2,& j) e  B  . / .

Proof: W e use the decomposition o f  E given in proposition n . 2. 2 .

A) =► B): Let h = e  . f , where e e  E . A ccording to remark II. 2. 4  and proposition II. 

2. 2 either e  e  B or e = n w b ,  where n e  N , w e  W  and b e  B . In the latter case 

it follows that

( w"1 n '1) . h = b . f  .

By the definition o f the groups N and W  there exists a o e R  such that 

(  (  w '1 n '1)  . h )  (x, Xj, Xj) = h(x, o  Xj +  Xj, Xj)

holds. Hence h(x, a  Xj +  X2 , Xj) e  B . f .



The implication B) =» A) is proved similarly. □

In order to apply part B) o f the proposition it is necessary to  know how the Taylor 

coefficients o f  h(x, a X 1 + X2, ^ l )  relate to those o f h. This relationship is as follows:

4.2  P roposition. Let h be a germ in and

h*(x, X j, X ^  h(x, 0  X j  + X2, Xj)

for some a e  F t. Then

P roo f: Fix ( a ',  y') e  No3, choose an integer m such that m £  a '  +  P' +  Y  and

consider the m-jet o f  h:

This implies

o  x lij Ç
k a .y + k .p -k

o+P+Y^m

The coefficient o f x °  Xj X^ in this expression is
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To ob ta in  h we multiply by a '!  P'! y i  :

W e now  solve the E-recognition problem for three particular germs. These results are 

stated in theorems 4.3, 4.4 and 4.6.

2 2 2
4.3 T heo rem . Let f  = e  x  + S (A j + X2) , where e ,S e {  -1, +1} and let h b ea  

germ in M x ̂  . Then h is E-equivalent to f  i f  and only i f  h satisfies the following 

conditions:

h  = 0 (4 .1 )

hx  = 0 ( 4 2 )

s g h „ = e (4 3 )

h i  — 0  
Al

(4 .4 )

h i  — 0
X2

(4 5 )

s g D j  = e S (4 .6 )

s g H  = e . (4 .7 )

where
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D t -

hxx

1
\A f x

and

h„

hx l l ^A/A2

hxX2 ^*1*2 ^A2*2

Proofs both o f this and the next theo rem  will be given following remark 4.5 .

4.4 Theorem . Let f  = e x 2 + X2 -  - where e e f - 1 , ^ 1 )  and let hbe a germ

in ■ Then h is E-equivalent to  f  i f  and only i f  h satisfies the following 

conditions:

h = 0 (43)

hx = 0 (4 9 )

s g h „ = e (4.10)

h i = 0  
*l

(4.11)

hx  = 0
*■2

(4.12)

sg  H  = - e . (4.13)

where
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hxx hxXxAt hxX2

hxX* A1
hx  x

AiA1 hxtx2

hx l2 \ * 2 ^*2*2

4.5 R em ark . The determinant H appearing in theorems 4.3 and 4.4 is the determ inant 

o f the Hessian of the function h . The results show that no  third-order-term s appear in 

the recognition  conditions. That is, f  is 2-determined. T herefore the classification 

corresponds here to the classification o f quadratic forms allow ing linear coordinate 

changes which preserve the sign o f hxx . For example, tak ing  e = 5 = 1 in theorem

4.3 the recognition conditions

hx* > 0

D j > 0

H > 0

are exactly  the conditions for the quadratic form defined by th e  symmetric matrix

«X, hx,x, ^1̂ 2

h* * 2 i

to  be positive definite.

P ro o f  o f th e o rem  4.3: W e apply proposition 4.1. C ond itions (4.1) —  (4 .7) are 

identical w ith the conditions that h e  B . f  (Compare table 3 .5 . ). Hence the aim  is to 

show that (4.1) —  (4.7) are invariant under the transform ation o f  Taylor coefficients 

given in proposition 4.2. For a  e  IR let h*(x, Xlt X2) := h (x , a  Xj +  X2, M ) • The 

relevant Taylor coefficients o f h* are given by
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h -  h

h* "  hx

“  hxx

\
= h , +  o h ,  

*2 A1

= h.

hà , -  K k t  *  a h xX,

"  h ,x ,

-  W 2 0 l v .

^1 * 2 ^ 1 ^ 2  +  ° ^ 1 ^ 1

^*2*2 hA.,A.i

Applying the B-recognition conditions to  h* and substituting these expressions yields 

the following: (4.1), (4.2) and (4.3) are obviously preserved . (4.4) and (4.5) are 

transformed into

\  + c\

■ 0  ,

and these equations are equivalen t to

\ - 0

Hence (4.4) and (4.5) are preserved.
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Now consider conditions (4.6) and (4.7). Let := hxx H . By  (4.3) condition (4.7) is 

equivalent to

The fo llowing identity holds:

where

and

hxx h,X , 

hxXj hX,X2

hxx hxJ4 

hxX2 hX2X2

(4.14)

(4.15)

Now we determine the transforms o f the three determ inants D lt  D* and D 2  . After 

some calculations it turns out that D j transforms into D 2 +  2 a  D* + o 2 D j, D* into 

D* + a  D j and D 2 into D j. Now consider conditions (4.6) and (4.14). (4.14) implies

s g D , = s g D 2 ,

since
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D , D 2 > ( D ’ )

H ence (4.6) is equivalent to  sg D2  = e 8 . This transforms into sg D j = e 8 . Hence 

condition (4.6) is preserved. The transform o f the determinant in (4.15) is

• 2  •
D2 + 2 o D  + 0  D j D + o D j 

D* + a D j D j

-  D , D 2 +  2 0 0 , 0 *  +  <j 2 D 2 - ( d ’ )  - 2 a D 1D, - o 2 D^ 

D 1 D'

Hence 'F  is invariant under the transformation and condition (4.14) is preserved as 

well. Since hxx is invariant under the transform ation, it fo llow s that H is invariant. 

This proves the result. □

P roo f o f theo rem  4.4: A ccording to table (3.6) the B-recognition conditions for f  are 

(4.8) — (4.13) plus

s g D , - e .  (4.16)

The invariance o f  (4.13) under the transformation o f  the Taylor coefficients follows in 

the same way as in the preceding proof. Using the same definition for 'F  as above 

(4.13) is equivalent to

' F  <  0  . (4.17)
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Now consider condition (4.16), which transforms into

sg(E>2 + 2  oD *  + o 2 D ,) = e . (4.18)

Suppose that D j ^ 0 . Then the quadratic polynomial in  (4.18) has - 4 'F  as its 

discriminant. By (4.17) this discriminant is positive. Hence the polynom ial assumes 

negative and positive values, since it has two distinct real roots. Suppose now that 

D j = 0 . By (4.17) D* does not vanish and hence the expression in (4.18) assumes 

positive and negative values.

W e have shown that in both cases there exist values o f  a  such  that (4.18) holds 

without further restrictions on D j, D* and D 2  . By proposition 4.1 the result follows. □

3 2
4.6 Theorem . Let f  = e x  + S x  + X2 , where e , S e  {-1, + 1 )  and let hb ea  

germ in . Then h is E-equivalent to f  if  and only i f  h satisfies the following 

conditions:

h = 0 (4 .19)

hx  =  0 (4 2 0 )

ha  = 0 (4 2 1 )

Sg hjoa  =  E (4 .2 2 )

A - 0 (4 .2 3 )

r t o (4 .2 4 )

where
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and where

and

K 1

hkAt

2 K  -  K 2

^xxx hxxXJ 0

K 1 -
hxxX, h xX,XJ hxX2

0 hX l hX*■2

hxxx hxxX2 0

K  « ^xxXj hxXtX2 hxX2

0 hXXK1K2

^ XXX hxxX2 0

k 2 . hxxX2 hxX2X2 hxX,

0 hx2x2 hX *■1

P roof: The proof is divided  into two steps.

Step 1: W e show th a t the B-recognition conditions for f  g iven in table 3.7 are 

equivalen t to  (4.19) —  (4.24) plus the condition hj^  = 0 . It is sufficient to show that

l \ - 0
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h x X ,= 0

K , * 0

are equivalent to

\ = 0  (4.25)

A « 0

r* o .

Assume the conditions sta ted  first hold. S ince h j^  = 0 , T = h ^  K j . Since h^ ^ 0  , 

it follows that T  jt 0 . = *1xX1 implies A = 0 .

To show the converse, n o te  that again T  = h ^  K] . Hence h ^  jt 0 and K ] ^ 0  . 

Since 0 = A =  - h ^  h ^ ^  , it  follows that h ^  = 0 .

Step 2: We apply conditions (4.19) —  (4.24) and (4.25) to  the function

h * ( x ,  X j .  X 2 )  h ( x ,  o  X ,  +  X2.  X, ) .

W e express the Taylor coeffic ients o f h* according to proposition 4.2. Apart from the 

formulae stated in  the p ro o f  o f  theorem 4.3 w e need

^ x x X j ■  hx x X j  +  ° h x x l ,

^ xxA ^

^x Xj Xj ■ h, » *  +  2 0 h > ‘ 1>5

h xX,X2 +  o l l xX1X1

h « ^
h xX,X ,

Condition (4.25) transform s into
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hi, + a  hi, =  0  .k2 A.,

The transform of A is

\ * a\  \

hxXj +  °  hxX, hxX,

(4.26)

\  \ \  hxA,  A,

l'xX2 hxX,
+  a

hxXj hxXj

-  - A  .

Hence (4.23) is preserved. Now consider the transform  of T . After some calculation it 

turns out that K , transforms into K 2 • 2 K* - a  K ,  . Let Q  denote the transform o f 

2 K* - K 2 . Then T transforms into

K j -  2 K* -  o  K j Q  

\  +  o \  \  

Condition (4.26) implies that this is equal to

hXj ( K 2 - 2 K *  - a  K , )

-  hX i( K 2 - 2 K* ) - a  hX( K ,

By (4.26) this is equal to

hx , ( K 2 ■ 2 K * ) +  h X jK ,
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2  K *  -  K j

\

- r  .

This calculation show s that T  is invariant under the transform ation a n d  hence 

condition (4.24) is preserved. By (4.24) h Xj and h* cannot both vanish. T herefore 

there exists a o e I R  satisfying (4.26) if  and only if  h j^  * 0  . It is trivial to  sh o w  that 

(4.19) —  (4.22) are preserved.

W e have shown that h * e  B . f holds if  and only if  (4.19) —  (4.22) hold and

\ + o

A - 0

r ^ o  .

By proposition 4.1 the result in the theorem follows. P
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5. D ata  fo r E-equivalence

W e now give lists of the E-recognition conditions for a collection o f normal forms. 

These germ s correspond to those in  section 3, except th a t some o f them are E- 

equivalent to each other like

2  2  
x +  Xj and x +  X2 .

The reasons for choosing the germs are discussed  in section 3.

Proofs fo r the recognition conditions in tables 5.3 , 5.4 and 5.5 are given in section 4. 

The proofs fo r the other results are considerably  easier. In fact, the relevant steps 

appear in the proofs in section 4 as well —  as the rather trivial parts. For this reason 

these proofs are omitted here.

As additional information we include the codimension and —  provided this is positive 

—  the unfolding terms are given. Details concerning how to calculate 8X i/T c(f, E) 

can be found in example n . 3. 6 fo r tw o cases. T he calculations for the other cases are 

straightforward and similar to exam ple II. 3. 6. 1 .
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e x 2 +  s a 2 +  4 )  

where e, 8  g  { -1,+1 }

codimension 1 

unfolding term: 1

h -  0  

h* * 0  

s g h „ -  e

\ - o

hx2 - 0

sg D i = e 8 

sg H = e ,

where

and

D 1 ■

h«x

hx l , \ x .

h xX,

H  - \ x , **X, Xi

T ab le  5 .3
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*■ A  ̂ A l
e x  +  -  ^ 2

where e e  { -1,+1 )

codimension 1 

unfolding term: 1

h -  0 

hx « 0  

sg h xx = e

sg H -  - e  ,

where

h» i ,  hx.,».1

h»>l2 hJl , l2 h^2X2

Table 5.4
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3 _ , 2  ,
e x  +  5 x A.j + ^ 2

where e, 8 e  { -1,+1 }

codim ension 1 

unfolding term: x

h - 0

hx - 0

h,x  = 0

sg h xxx = e 

A  -  0

r ^ o

w here

and w here

\  \

hx^l ^*^2

K ,  2 K *  -  K j

\  \

hxxX, 0

hxXjXj hxX,

hX,X, \
0
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6. T he classificatio n  theorem

In this sectio n  we give the c lassificatio n  o f  tw o-param eter bifurcations up to 

codimension one.

6.1 T heo rem . Let h be a germ in Bx Ji satisfying h = hx = 0 . Let the codimension of 

h be less than or equal to one. Then h is E-equivalent to one o f  the following germs:

where e . S e  f  -1 ,+ 1 }  .

e x 2  +  X j

2 .2  ,2  
e x  +  A j  -  X2

e x 2 +  SC X2 +  Ji2)

e x  +  x  X j  +  X2

e x 3 +  S x X 2  +  X2

e  x 4 +  x  X j  +  X2 ,

P roof: The essen tial part o f  the p roof co n s is ts  o f inspec ting the E-recognition 

conditions fo r the normal forms given in sectio n  5. The following diagram makes the 

procedure m ore transparent.



66

Fig. 6.1
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Suppose h e  Sx)l satisfies h = hx = 0 .  Starting with hxx and following the arrow s in 

the flow  chart, the diagram  shows how the Taylo r coefficients determ ine the 

equivalence class o f h.

There are five paths in the flow chart which term inate with the statement cod h ^  2 . 

This fo llow s from the fact that for each o f these h satisfies five defining conditions 

(including h = hx = 0 ) —  these are denoted by arrow s marked by ” = 0 The 

codimension o f  a germ  equals the number o f  independent defining conditions minus 

three —  provided this is a non-negative num ber. The proof o f  this statement is 

analogous to  the corresponding one for one-param eter bifurcations (See [7], corollary

III. 2 .6 ., p. 126. ). □
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CH A PTE R  IV

1. Efficient calcula tion o f the  h ig her-order te rm s

In this section we describe a result, which is relevant for choosing the normal forms 

which w ere used in section III. 2  to  calculate the U-orbits. The following example 

illustrates the importance o f choosing the normal form appropriately.

3 2
1.1 E xam ple. Consider the germ f  =  e x  +  8 x A.j + X2, where e, 6 e  {-1 , +1 }. f  is

3 2
E-equivalent to  g = e  x +  8  x +  X j. It is possible to solve the E-recognition problem 

for g instead o f f. However, the calculations are a great deal more complicated for the 

following reason: The higher-order terms for f  are given by

P (f,U ) = M4 + < .

(Compare example III. 2. 1.), whereas

P (g ,U ) «  M4 +  .

Hence U . g  /  P(g, U) has five ex tra dimensions compared to U . f  /  P(f, U) . As a 

consequence the parametrisation o f  U . g /  P(g, U) turns out to be very complicated. 

However, it is possible to  check that it eventually results in the same E-recognition 

condidons as for f . 1 Clearly, it is advantageous to  choose f  and not g as the normal 

form.

•T h is  c o m p u ta tio n  w as d o n e  u sin g  M A P L E  —  a p ro g ram m e fo r sy m b o lic  co m p u ta tio n .
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T he exam ple shows that it would be useful to  have a criterion which allows to 

distinguish  between f  and g. The result which will be given below is such a criterion, 

which works in many cases. It is based on the relationship between the groups U and

U.

Let f  be a  germ in M.x x  and g(x, X j, X2) := f(x, X2> X j) . We consider the tangent 

space T(f, U). Its relationship with T(f, U) is given by

H ence it is trivial to  compute T(f, U) once T(f, Û) is known. It is obvious that the 

expression

is symm etric in the differential operators appearing with respect to  exchanging Xj 

with X2 an d d /d X j and 9/9X 2. Let w e  W  be the equivalence interchanging Xj and X2 

(See section II. 2.). Then g(x, Xj, X2) = f(x, X2, Xj) = w . f  . From proposition II. 3. 9 

we obtain

This means that when T(f, U) is already know n, T(g, U) is obtained by exchanging Xj 

with X2 in  T(f, U). Again it is then trivial to  determine T(g, U ) by adding the one

dim ensional space IR • (X2 gj^} .

}

T(g, Û ) -  T(w  . f, Û ) «* w . T(f, Û) . O D

We now  state the criterion.
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1.2 T h e o re m . Let f  be a germ in o f  finite codimension. Then the following

statements are equivalent:

A) P ( f ,0 ) <=P(f.U) .

B) For all p e  P(f, U)

Xk2 ^ € T ( f . U )
dXj

fo r  all k  e  DJq .

1.3 R e m a rk . N ote that sta tem ent B) does not involve P (f, U ). H ence it can be 

checked once P(f, 0 )  and T(f, U ) are know n. F or this X2k 3 kp /d X 1k e  T(f, U ) has to 

be checked  only for a finite num ber o f  integers k and for a finite num ber o f germs p, 

since f  is finitely-determined.

Theorem  1.2 can be used in the following way: Let f  and g be defined  as above. The 

first step is to  calculate T (f, 0 )  and to  determ ine P(f, U) = Itr(; T (f, U) by theorem 

III. 1. 4. T h is  immediately yields P(g, U) by exchanging Xj w ith X2 in  P(f, U), since 

P(g, U ) =  Itr(j T(g, U) and by equality (1.1). Applying the theorem  it is possible to 

check, w hether

P(f, 0 )  c  P (f, U) o r P(g. 0 )  c  P(g, U ) (1.2)

holds. T he germ  which the corresponding inclusion is satisfied for will then be chosen 

for calcu la ting  its U -higher-order terms. F o r many o f the germ s appearing in the 

classification theorem in section III. 6 one o f  the inclusions in (1.2) is satisfied.

1.4 Exam ples. 1. Consider f = A x  + B x X j  +  C X 2 and g  =  A x  - t - B x A ^ + C X j
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w here A , B , C  £  0  . Then

T(f, U ) =  M  + < X ,, X>2 > +  I R ^  ^ x ^2» *  ^2* ^  ^  ^ 2 ’ ^1* ^1 ^2’ ^ 2 ^  »

P ( f ,0 )  = m “  +  « X j . X ^ 3 +  IR | x 2 X j, x X ,  X j ,x X y X ,  X2, X ^  ,

In th is  case  T (f, U ) =  T (f, U ) a n d  i t  tu rn s  o u t th a t con d itio n  B ) o f  th eo re m  1.2 is 

satisfied . T o  see th is  it is o n ly  n e c e s sa ry  to  check

X2 ^ T  e  W U )
ax,

w h ere  p  is  o n e  o f  the m onom ials

2 “X. X. X \  X X^

A s a  consequence P(f, U ) c  P (f, U )  . In  fact, in th is  c a se  P (f, U ) =  P (f, U )  .

F o r  g  w e  have

T (g , U ) =  M  +  <  X ,, X2  >  +  IR ^  x X j, x X2 , x  X , X^, x X,, x  X ,, X ,,  X, X2 , ^ 2 ^  >

P(g, 0 )  =  M  +  < X , ,X 2 >  +  IR ^  x  X ,, x  X , X2 , x X ,, X , X j, X , ̂  

an d  it tu rn s o u t that c ond ition  B ) is  n o t  satisfied . H en ce  P (g , 0 )  P (g , U )  —  in fact, 

P (g ,U )  =  M 4 +  i X j . X ^ » 3 .
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2. Consider f  = x3 + x + X2 and g = x3 +  x ^ 2  +  X j . F o r  these germs neither

P(f, Û) c: P(f, U) nor P(g, Û) c  P(g, U) holds. The codimension o f  f  is two.

W e now give the proof o f theorem 1.2. First we state a lemma.

1.5 L e m m a. Let f  be a germ in o f finite codimension. Then the following 

statements are equivalent:

A) P(f, Û) <=P(f, U) .

B) There exists a U-intrinsic subspace V o f T(f,U) such that P(f, Û) c  V .

C) For all p e  P(f, Û) U . p c  T(f, U) .

Proof: A) =» B): This is trivial, since P(f, U) is U-intrinsic.

B) =» C): Suppose P(f, Û ) c V c  T(f, U) for a U-intrinsic vector space V. Then

U . V c  V c  T(f, U) ,

which implies C).

Q  =» A): Condition C) implies

p *  P(f .Cl)

By proposition III. 1. 9 P(f, Û )u  is U-intrinsic. Hence it follows th a t
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Pif. Û)U c  ItruTif, U) = P(f, U) .

Hencc

P(f, Û ) c  P(f, Û)U c  P(f, U) . O

P ro o f o f theorem  1.2: Assume P (f, U ) c  P(f, U ) holds and let p e  P(f, U) . It is 

sufficient to  prove condition B) fo r the case, when p  is a polynomial. To see this note 

that since f  is finitely-determined T (f, U) can be written as

T (f, 0 )  = M + V ,

where V is a finite-dimensional vecto r space. Mk is obviously U-intrinsic, hence 

M k c  P(f, 0 )  .

Therefore we can write

P P + r  ,

where r  e  X  and p is a polynomial. It is trivial to show that X, — -  is in M and hence
ax.

X j- ^ 4  €  *  c  T(f, U)
d \ 2

for all k e  W0 .

Now consider a polynom ial p 6 P (f, Û) . By lemma 1.5 U . p c  T(f, U) . In 

particular p(x, Xj + 1 X2 , Xj) € T(f, U) for all t g  IR . Using the Taylor-expansion —  

which terminates —  with respect to t a t t = 0  we obtain
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k -J
p (x a ,  +  t x 2,x.2) -  p ( x ,x , .x 2) » y  i  x i  ~  p (x .x ,,

i - i  J ' 3 XJ,
X 2 )  i  ( 1 . 3 )

for some num ber k e  N0 . Applying this formula for k pairw ise  distinct values t j , . .  

tjj and using the abbreviations

w. := pix .X j +  t-A.2, X 2)  ~

Pj * jl  4  j pCx. x2.
oA.j

for i, j  = 1 , . . k  , we obtain the following linear system o f equations:

‘1 ‘1 • • • ‘l

*2 *2 • • • £

^  s. k

Since Wj e  T (f, U ) fo r i = 1, . . k and the matrix in the system  is invertible, it 

follows that

ax',

is in T(f, U) for j  =  1 , . . k , which implies B).
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To show the converse first note that it is again sufficient only to consider polynomials 

p e  P(f, U) and an equivalence u e  U . According to proposition II. 2. 5 we can 

write u = n u , where n e  N and u € 0  . We have

u . p = (n Q) . p

= n . (0 . p) .

Since P(f, 0 )  is U-intrinsic, u . p is in P(f, U). Define p := 0 . p . Then

u .p (x , Xj .X j ) = n .jK x .X j.X j)

-  p( x. A., +  t X j . X j )

for some t e  IR By (1.2) it follows that p(x, X, +  t X2. Xj) 6 T(f, U) and hence 

u . p €  T(f, U). D
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C H A P T E R  V

1. G eom etrical descrip tion  o f tw o -p aram ete r b ifurcations

T his section contains diagrams depicting  the zero-sets and discrim inants o f the 

normal forms in the classification and their universal unfoldings. The discriminant 

associated to a given germ  f  e  M.x ^ \s the follow ing set

The coordinates in the diagrams are oriented as follows:

Coordinates for the zero-sets 

Fig. 1.1

*2,

*1

Coordinates for the discriminants

Fig. 1.2
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Chapter 1

Classification of 

two-param eter bifurcations

1  I n t r o d u c t i o n

T his chap te r conta ins a n  extension o f th e  w ork  in p a rt  one o f  th is  thesis . T h e  

re su lt  is a  classification o f  tw o -p aram eter bifurcations in  one s ta te  variable 

u p  to  codimension 3.

T h e  classification theorem  is s ta te d  in  subsection  2.1 . T h e  norm al fo rm s 

a re  o b tained  by classifying the o rb its  a ris in g  from  th e  action  o f  th e  group  

o f  equivalences inductively  on degree usin g  M ath er’s lem m a [M at70]. T h e  

necessary  dete rm inacy  resu lts  are th en  o b ta in ed  by calculating  the unipo- 

ten t tan g en t spaces using results  of M elb ourne  and Gaffney [Mel88], [Gaf86] 

based  on  work by B ruce, d u  Plessis a n d  W all [B dPW 87]. A lis t of m iniversa l 

unfo ldings  of  th e  germ s in th e  c lassification theorem  is also given.

Subsection 2.2 con ta ins some ex am p les  o f germ s th a t  have codimension 

g rea te r  th an  3.

T h e  work con ta ined  in  p a rt  one o f  th is  thesis has m eanw hile  appeared  

in  sum m arised  form  in  [Pet91]. T h e  n o rm a l form s given th ere  also arise  in 

a  com pletely  different con tex t as p a rt  o f  a n o th e r  c lassification by A rno l’d  in 

th e  p a p e r [Arn76].
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N o t a t i o n  i n  c h a p t e r  1 is  t h e  s a m e  a s  in  p a r t  o n e .

2  T h e  c l a s s i f i c a t i o n  u p  t o  c o d i m e n s i o n  3

2.1  T h e  c la s s i f i c a t i o n  t h e o r e m

Th e o r e m  2 .1 .1  L e t  h  G £x\ b e  a  g e r m  s a t i s f y i n g  h  = h x  =  0 .  L e t  t h e  

c o d i m e n s i o n  o f  h  b e  l e s s  t h a n  o r  e q u a l  t o  3 . T h e n  h  i s  E - e q u i v a l e n t  t o  o n e  

o f  t h e  g e r m s  i n  t a b l e  1 .1 .  H e r e  e , 6 , d  G { —1 ,+ 1 }  a n d  f i  G R  \  { 0}  . T h e  

c o e f f i c i e n t  f i  i n  t h e  n o r m a l  f o r m  f i x 7 +  e x 5 +  xA2 +  Ai i s  a  m o d a l  p a r a m e t e r .

Pr o o f .  I t  will b e  shown how to  derive th e  norm al fo rm s e x 3 +  S x X ^  +  A] 

and e x 3 +  xAj +  6 X \  . T he o th e r  cases can be tre a te d  sim ilarly. Also n o te  

th a t  th e  germ s o f  th e  form x 2 +  <£( A], A2) have been classified by  Izu m iy a  

up  to  codim ension five in [Izu84].

T h ro u g h o u t th e  proof fc-jets o f  germ s g  G £ x \  a re  w ritten  as

i k 9  =  X !  v iP a ? a ;  ,

OKp.q.r
where

1 d p + q+ rg  , 

apqr ~  d x p d X xq d X 2r  ( ° ’ ° ’0 ) '

Let £ * x  d en o te  th e  space o f fc-jets o f  germ s in £ x \  .

A) C onsider germ s in £ x \  h av in g  non-vanishing 1-jet an d  satisfy ing  h  =  

h x  =  0 .  W ith o u t loss of genera lity  j l h  =  Ai can be assum ed. Now consid er 

2-jets  o f  germ s, w hose 1-jets a re  equivalent to  Aj . B y apply ing M a th e r’s 

lem m a [M at70] one finds three o rb its  in  £ 7X listed  below  to g eth er w ith  th e ir  

corresponding recognition  conditions:

1. a 2oo ^  0 : Aj ±  x 2

2- « 2 0 0  =  0 , a io i 5̂  0 : X \  +  xA;

3. « 2 0 0  =  0» « lo i =  0 : Aj
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g e r m c o d i m e n s i o n

e x 2 +  A! 0

e x 3  +  xA2 +  Ai 0

e x 4 +  x X 2 +  Aj 1

e x 2 +  Aj -  A| 1

e x 2 +  ¿(A j +  A*) 1

e x 3  +  f> x \2 +  Ai 1

e x 2 +  iA j +  A^ 2

e x 3  +  xAj +  iA | 2

e x 3  +  xA^ +  Ai 2

£ X 5 +  f>x4 +  x2A2 +  Ai 2

e x 2 +  ¿A2 +  \1 X \ 3

H i 7 +  e x 5 +  x A2 +  Aj 3

ex3 +  h x .X \  +  Ai 3

£ X 5 +  ¿ x 4 +  t i x X \  +  Ai 3

£X6 +  ¿ x 5 +  x 2A2 +  Aj 3

e x 7 +  6 x 4 +  x 2X 2 +  Aj 3

Table 1.1: N orm al fo rm s for th e  germ s up to  codim ension 3
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Consider th e  last case. T h e  o rb its  in for germ s whose 2-je ts  are  equiva 

lent to  Ai are  given by

1. 0300 ^  0, D ^  0 : Ai ±  x3 ±  x\%

2. 0300 =  0, D ^  0 : Aj +  z 2A2

3. 0300 i1 0, D = 0 : Ai ±  x3

4. 0300 = 0, D =  0 : A] ±  zA2

Here

D  :=  6 0 3 0 0 0 1 0 2  — 2 o |0, .

C onsider th e  th ird  case . T h e  o rb its  *“  ¿ l x  fo r germ s whose 3-je t s  are  equiv 

alent to  Aj ±  z 3  are

1. a 103 /  0 : Ai ±  x3 +  zA^

2 - a io 3  =  0  : Ai ±  z 3

Taking th e  second case  one finds fo r the o rb its  in  £ * x  o f  germ s w hose 4-jets  

are  equivalent to  Aj ±  z 3  :

1 . O104 ^  0  : Aj ±  z 3  ±  zA j

2 . O]04 =  0  : A] ±  z 3

The second  case leads to  germ s o f  codimension g rea te r th an  3. In th e  first 

case th e  germ  A] ±  z 3  ±  zA j *s 5-determ ined  an d  has codim ension 3.

B ) C onsider germ s in  £ x \  hav in g  vanishing 1-jet. M ath er’s lem m a yields 

the following orbits in

1- o 2oo ^  0 ,  A' ji 0 : ± z 2 +  Aj — A |, ± z 2  ±  (A j +  A^)

2- « 2 0 0  ^  0 . A  or D  ^  0 : ± z 2  ±  A2

3. a 2oo ?  0. A  =  0 , D  =  0  : ± z 2

4. 0 2 0 0  =  0, L  ^  0 : zAj ±  A |
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5. a 2oo =  0 , L  =  0 ,  Oh o  or flioi ^  0 :  xAi

6. 0200  =  0 , a ,  10 =  0 ,a ,o i =  0 , 2?*  ±  0 :  ± (A ? +  A j ) ,  A f  -  X\

7. 0 2 0 0  =  0 . « n o  =  0 ,a io i =  0,2?* =  0, 0 0 2 0  o r 0 0 0 2  ^  0 :  ± A 3

8 . 0200 =  0 , Oh o  =  0 , a io i  =  0 , 2?*  =  0 ,0020  =  0 ,0002  =  0 : 0

Here

A  :=  —4«020«200 +  a?io >

2? :=  —4ooo2n 2oo +  «101 ,

K  :=  Oq j  j  O20O — «011«1 lOOlOl — 402000020fl002 +  O020O101 +  o f  10«002 •

L  : =  o o o 2 « ? io  -  a io i« o i iO n o  +  o j 01a 02 o ,

D" :=  Oq u  — 4aoo20o20 •

C onsider th e  fo ti r th  case. T he o rb its  in  £ 3A of germ s w hose 2-je t s  a re  equiv 

alent to  xAj ±  A | are

1- 0300 ^  0  : ± x 3 +  xA j ±  Aj

2. 0300 = 0,0 2 0 1  ̂0: xAj ± A| + 1 ^X2

3. 0 3 0 0  =  0 , 0 2 0 1  =  0 : xAj ±  A3

Proceeding  fu r th e r  in the second an d  th ird  case leads to  g erm s o f  codim en 

sion g rea te r  t h a n  3. The germ  ± x 3 +  xAi ±  A | is 3 -dete rm in ed  and has 

codimension 2. □

C o r o l l a r y  2 .1 .2  M i n i v e r s a l  u n f o l d i n g s  o f  t h e  g e r m s  i n  t h e o r e m  2 .1 .1  c a n  

b e  c h o s e n  a s  l i s t e d  i n  ta b le  1 .2 .

P r o o f .  It will b e  shown how to  derive miniversal unfo ldings for th e  germ s 

e x 7 +  6 x A +  x 2X2 +  Aj

and

ex 5 +  6 x 4 -I- X 3 X 2  +  Aj .
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g e r m u n f o l d i n g  t e r m s

e x 2 +  Ai -

e x 3 +  xA2 +  Ai -

e x 4 +  xA2 +  Aj X 2

e x 2 +  A? -  \ \ 1

e x 2 +  ¿(Af +  A2) 1

ex3 +  ¿ x A2 +  Ai X

e x 2 +  6  Aj +  Aj i , a 2

ex3 +  xAi +  ¿A| 1 , A,

e x 3  +  xAj + Ai x ,  x A2

e x s  +  6 x 4 +  x 2A2 +  A! x ,  x A2

e x 2 +  ¿A? +  tfAj 1 , a 2, A2

f i x 7 +  e x 5 +  x A2 +  A, x 2 , x 3 , x 7

e x 3 +  b x X \  +  Ai x , x A2, x A2

ex 5 +  S x 4 +  d x X \  +  Ai x ,  x a , x 2A2

e x 6  +  6 x 5 +  x 2A2 +  Ai x , x A i, x A2

e x 7 +  6 x 4 +  x 2A2 +  Ai x , x A j .x 3

Table  1.2: M iniversal unfoldings o f  th e  norm al forms
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A ) Let g  =  e x 7 +  6 x 4 +  x 2A2  +  • T h e  germ  g  is 7-determ ined. Th is implies

M a C T t ( g ) ,

w here

T , { g )  =  £ ,»  { e x ’  +  i x ‘  +  +  A , ,7 f i s  +  4 « is  +  2 iA ,}  +  A { l , * 2} .

A calculation shows th a t

T t ( g )  =  M * + <  A ,,A a > 4 + R { * “ A f A j : « € { 0 ,2 } }

+  R | z 3A i , i 3A2,xA j,xA t A2,zA2,iAi,2a:A2 +  4 ix 3|  .

H ence th e  only m onom ials x°A f Aj n o t contained in T e ( g )  a re  x3,xA 3, XA2 

a n d  x . Since 2xA2 +  4 ix 3 G T e ( g ) ,  it follows th a t  codim(<;) =  3 and th a t 

x , xA3 and x 3 can be chosen to  yield a  m iniversal unfolding o f  g .

B ) Let g  =  Aj + x 2A2  +  ̂ a:4 + £ i 5 • T he germ  g  is 5-determ ined, which can 

b e  show n by  using th e  p rep ara tio n  theorem . Since th is  m ethod  is described 

in  a  m uch m ore com plicated  case in  chap te r 2 in the p ro o f o f  lem m a 3.5.3 

th e  d eta ils  are o m itted  here.

A calculation shows th a t

T r ( g )  =  M 4 +  M 2 <  A,,A 2 >  +  < A,,A2 > 2 

+  R  j x 2, xA!, 2x A2 +  4 ix 3, Ai, A2, l }  .

I t  follows th a t g  has codim ension 2 and th a t  x and XA2 can  be chosen as 

unfolding  term s. □

R e m a r k  2 .1 .3  I t  is  possible to  o b ta in  the sam e result as in th e  preceding 

p ro o f for £x 5 +  6 x 4 +  x 2A2 +  Aj in a  different way using a  theorem  o f M ond 

a n d  M ontald i [MM91]. O ne can check by explicit coord inate  changes th a t  g  

is  equiva lent to

g  =  Ai +  +  x 4 ■
4

O ne can th ink of g  as being induced by th e  m apping 

7 : (A i ,A2) — ► ^ 2, -£A2, Aj^
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in to  th e  space (a , 6 , c) o f  unfolding p a ram e te rs  o f  a  AT-miniversal unfo lding 

o f  x4 given by x4 +  ax2 + bx + c . T h e  theorem  o f M ond an d  M onta ld i s ta te s  

th a t  T AV-7 and T t ( g )  have isom orphic norm al spaces. H ere T A V - 7  denotes 

th e  tan g en t space o f  th e  m apping 7  w ith  respect to  AV -equi valence, which 

preserves the d iscrim inan t o f  x4 +  ax2 + bx +c —  th e  swallow tail. Using the 

explic it fo rm ula for T K y - ' l  leads to  th e  sam e result as given above fo r the 

codim ension and unfolding o f  g  .

2 . 2  S o m e  a d d i t i o n a l  i n f o r m a t i o n

T h is  subsection con ta ins some exam ples concerning germ s o f  codim ension 

g rea te r  th an  3.

E x a m p le  2 .2 .1  C onsider th e  fam ily  o f germ s ¿7* :=  £x * + 1  +  XA2 +  A1 , where 

k  >  2  an d  £ €  { — 1, + 1}  . All germ s g k  are  fin ite ly-determ ined and

c o d i m ^ ) — ( 2 I )

g k  is k  +  1 -determ ined  only  fo r k  =  2 and  k  =  3 .

T h e  first step  to  show  th a t  2.1 holds is to  o b ta in  th e  form ula

codim((/jt) =  d im R   ----- ^ ¡ - — 7- ( 2 .2 )

b y  generalising th e  reason ing used in  exam ple 3.6 .2  o f  p a rt  o ne  o f  th is  thesis. 

T o  dete rm ine £,*+> X* { l,x }  define tw o  sets A'o an d  A'i by

A' 0  :=  { p k  +  q ( k  +  1) : p ,  q  G N 0} ,

■^1 : =  { p k  +  q ( k  +  1 ) +  1 : p, q  G No}

an d  le t X  :=  A oU X \  . Also let /„ , :=  {n  €  N o  : n  >  m} . T h e  set A' has the 

following property : Suppose A' con ta ins a  sub set o f  k  successive in tegers , 

{ m , m  +  1 , . .  . ,m  +  ( k  — 1)} say, fo r som e m  €  No • T h en  I m  C X  . It 

follows th a t  it is sufficient for 7m C X  to  hold th a t  A'o con ta ins th e  subset 

{ m , m +  1 , . . . ,  m  +  ( k  — 2 )} o f  k  — 1  successive in tegers.
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Xo  =  y , <2-3)
»>o

w here

A .  =  { p k  +  q (k  +  1) : p  +  q  =  a; p , q  6  N 0} .

N ote  th a t  th e  se ts  A ,  are  p airw ise  disjoint and th a t  A „  consists o f  a  +  1 

successive in teg ers , since

T h e  s e t  Xo  c a n  b e  w r i t t e n  a s

A ,  =  { a k ,  a k  +  1 . , a k  +  a }  .

Hence k -  2 is th e  smallest value o f  a  such th a t A ,  consis ts  o f k  -  1 successive 

in tegers . T h is implies

I { k —2 )k  C X  ,

show ing th a t

I t  follows by  2 .2  th a t

co d im (jf jt ) <  (k  -  2 )k <  oo .

To d ete rm ine th e  precise value o f  codim (j7*) no te  th a t  by  th e  descrip tion  of 

A'o given in  2.3, N o  \  X  is th e  d isjo in t union of th e  se ts  

G .  :=  { ( a -  l ) ( A : + l )  +  2 ....... a k  -  1}

fo r a  =  1 , . . . ,  k  — 2  . Therefore

k —2

codim (<;*) =  ^ 2  ,
»=i

an d  since # G ,  =  k  — a  -  1 ,  th e  resu lt  is

. ( f c - 2 ) ( f c - l )
codim(jfe) =  -

I t  follows from
k  — 2

N o \  X  =  ( J  G .

th a t  th e  germ s =  e x k + l +  x \ 2 +  are  k  +  1 -dete rm ined  only  fo r * =  2  

and  k  =  3 .

1 1 5



Ex a m p le  2 .2 .2  Let k  >  1 an d  consider th e  germ s /i* :=  e x 3  +  ¿xA* +  Aj 

for even k  a n d  h k  :=  e x 3  +  xA* +  Ai fo r o d d  k , where e  G { — 1 ,+ 1 }  . 

Then codim(Zijt) =  k  — 1 an d  th e  term s x ,  x X j ,  ■ ■. ,xA * - 2  y ield  a  miniversal 

unfolding o f  h k  ,.

E x a m p le  2.2 .3  Let k  >  2 an d  consider th e  germ s p* :=  e x 3  +  xAj +  ¿A* 

for even k  a n d  p k  :=  £x3  +  xAi +  A* for o d d  k , where £ G { —1, + 1 }  . Then 

cod im (p i)  =  k  an d  th e  term s l ,A j  yield a  m iniversa l unfolding o f  p k  in  the 

case k  =  2  an d  th e  term s 1, Aj, A2 , . . . ,  Aj;- 2  fo r k  >  2 .

Ex am p le  2 .2 .4  T h e  germ s e x 4 +  £xA2 +  Aj an d  £x3  +  tfxA2 -f A2  +  A^ , where 

£,6 G { —1, + 1}  , b o th  have codimension 4 . M iniversal unfold ings a re  given 

by th e  te rm s x 2 , x 2A |,x ,x A i in th e first an d  by x , x A2 , 1 ,A j  in  th e  second 

case.

116



Chapter 2

E quivariant bifurcations 

with group action on state  

and param eter space

1  I n t r o d u c t i o n

T his ch ap te r  is devoted  to  to  a  generalisation o f  the sin gu larity  theory  ap 

p roach to  equ iv arian t b ifu rcation  theory . In th is  co n te x t one stu d ies th e  

equivalence re la tion  o f  p aram etrised  co n tac t equivalence on a  set o f  m ap 

pings R "  x  R *  — ► R "  , w here R "  is referred to  as th e  s ta te  space and R fc 

as  the p aram e te r  space. T h ese  concepts were in troduced  b y  G olubitsky an d  

Schaeffer [GS79b, GS79a]. M any cases have been s tu d ied , in  which th e  b ifu r 

cations a re  equ iv aria n t, see  e. g. [Mel8 6 ], [Mel8 8 ], [Mel87], [GR87], [GS84], 

[GSS8 8 ], [Ste8 8 ]. T h e  p ro p e rty  o f  equivariance is defined v ia  a  group  action  

o f  a com pact Lie g roup  T on the s ta te  space. T h e  aim  o f th is  ch ap ter is to  

s tu d y  cases where th e  g ro u p  F acts  on th e  p aram e te r  space as well. T his 

ty p e  of  g roup  action  h as  been studied in a  som ew hat d ifferent con tex t by  

Janeczko  a n d  R o b erts  [JR 91], who use th e  th eo ry  o f  Lagrang ian  singularities 

to  classify sym m etric  cau stics . (See also [JR] for their work o n  th is  topic.) 

T he prob lem s tre a te d  in  th is  chap te r a re  certa in  Z 2 -equivariant and D 4-
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equ iv arian t b ifurcations. T h e  first is a  simple exam ple tre a te d  to  show th a t 

th e  genera l theory  outlined in  section 2  works. T h e  case o f  D .|-equivariant 

b ifu rcations form s the m ain  exam ple  a n d  is trea ted  in  section  3. T h e  group 

action  o f  D 4  defined th ere  is m otivated  by a  p roblem  in  physics having this 

p a rticu la r  sym m etry .

2  G e n e r a l  d e f i n i t i o n s  a n d  b a c k g r o u n d

2 .1  N o t a t i o n

T he following is a  list o f  n o ta tio n  used in chap te r 2. M ore  n o ta tio n  will be 

defined w ith in  the tex t.

C oord in ates  in the s ta te  space R "  a re  denoted  by x  :=  ( x j . . . . ,  i „ )  and 

coord inates in  th e  p a ram eter space R*  by A :=  ( A j , . . . ,  A *).

£ U l....Um denotes th e  rin g  o f  real-valued C °°-function  germ s in  th e  vari

ables u i , . . . , u m a t  (0, . . . , 0 ) .  M U l....Um denotes th e  m axim al ideal in

£u,... um .
Let T b e  a  com pact Lie group  acting  linearly on  R n a n d  le t f fo m p fR " )  

deno te  th e  se t o f  linear m aps R "  — ► R "  th a t  com m ute  w ith  th e  action  of 

T . T h en  £ ( r ) °  is defined to  be th e  connected co m ponen t conta in ing the 

iden tity  m ap  o f  f fo m p (R " )  fl G L ( n ,  R ) .

T he id en tity  m atrix  in  G L (n .R )  is denoted  by /„  . T h e  triv ia l group is 

denoted  b y  1  .

T h e  sym bol ~  is used to  deno te  T-equivalence. See defin ition 2.2.4.

2 .2  D e f i n i t i o n s  a n d  d e t e r m i n a c y  t h e o r e m s

D e f in i t io n  2.2.1 Let T be a  com pact Lie group ac tin g  o n  R "  x  R * by

7 . (* ,A ) =  ( 7 X , j A ),

i. e. r  has o n e  representa tion  on the s ta te  space R "  a n d  an o th e r  one on the 

p a ram eter sp ace  R k .
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A ) A sm ooth  m a p  germ  g  : R n x  R *  — » R "  a t (0 ,0 )  is said  to  b e  T- 

e q u i v a r i a n t ,  if

g ( i x , y \ ) =

for all 7  G T , x  G R "  and A € R * .

B ) A sm oo t h  f u n c t io n  germ  /  : R "  X R * — ► R  at  (0 ,0 )  is sa id  t o  be 

r - i n v a r i a n t ,  i f

/ ( 7 x , 7 A) =  / ( x ,  A) 

for all 7  G T , x  €  R n and A g R 1 .

R e m a r k  2 .2 .2  L e t a  p articu lar g ro u p  ac tio n  of T be fixed. T hen th e  set of 

T-invarian t fu n c tio n  germ s forms a  ring  denoted  by £ lA( r ) . T he se t o f T- 

equ ivariant m ap  g e rm s  has the s tru c tu re  o f  an  £xA (r)-m odule and is d eno te d  

b y  £ , x  ( r ) .

D e f in i t io n  2 .2 .3  L e t g  G £ x \  ( T ) . I f  g  satisfies

5 (0 , 0 ) =  0 an d  ( D x g ) (  0 ,0 )  =  0 ,  

i t  is called a  b i f u r c a t i o n  p r o b le m .

D e f in i t io n  2 .2 .4  T w o  bifurcation prob lem s g , h  G £ x \  (T ) are said  to  be 

Y - e q u i v a l e n t ,  if th e r e  exist T-equ ivariant diffeomorphism germ s R  an d  5  

satisfying th e  c o n d itio n s  given below such th a t

h  =  S  ■ g  o  R .

R  is a  d iffeom orphism  germ  R " x  R l  — ► R n x  R* a t (0 ,0 )  o f  the form  

t f (x ,A )  =  (JV (x ,A ) ,A (A ) ) ,

where X  is a  sm o o th  m ap  germ R "  x  R * — * R "  a t (0 ,0 )  satisfying

and

A '(0 ,0) =  0 

D x X ( 0 , 0) G £ ( H 0 ;
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a n d  w h e r e  A  is  a  s m o o t h  m a p  g e r m  R * R fc a t  0  s a t i s f y in g

dct(D A (0 )) 0 .

S  is a  diffeomorphism germ R "  x R fc — * G L ( n , R )  a t  (0 ,0 ) satisfy ing

S( o , o ) € £ ( r ) ° .

R e m a r k  2 .2.5 T h e  property  o f  T -equivariance fo r 5  can be re s ta te d  as

S(  7 * ,7 A )  =  7 . 5 ( x ,A ) 7 - 1 ,

i. e. th e  action o f  T on G L ( n ,  R )  is defined by 

7 .M  =  7 .3 /7 - 1

for all 7  € T and M  €  G L ( n ,  R ) . T h e  set o f  all T -equ ivariant m atrix -valued 

germ s R "  x  R * — ► G i ( n ,R )  is denoted  by £ r \  (T ). The condition  of 

T-equivariance for R  can be res ta ted  as

A '( 7 x ,7 A ) =  7 .Y (x , A)

A (7 A) =  7 A (A ).

Using these sta tem en ts  it is easy to  show th a t  t h e  se t of all Inequivalences 

fo rm s a  g roup d eno te d  by E , in which m u ltip lica tio n  is defined in th e  s ta n 

d a rd  way. (C om pare [GSS8 8 , Mel8 8 ] o r  p a rt  1  o f  th is  thesis.)

D e f in i t io n  2 .2.8  Let g  £ £ T\  ( T ) .  T hen

T.r l a ) : »  ? . a (T) g  +  ( D , g ) e , a (H  +  (£>a s ) ?a (H

is  called the e x t e n d e d  t a n g e n t  s p a c e  o f the germ  g  . T h e  num ber 

codimr (tf) :=  d im R

is said  to  be the T - c o d i m e n s i o n  o f  the germ  g  .
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T h e  following is th e  determ inacy result fo r Inequivalence due to  D a 

m on [Dam84].

Th e o r e m  2 .2 .7  L et g  E £ z\ ( r ) . T hen g is finitely-determ ined  with re 

sp ect to T -eq uiva lence i f  a nd only ifT x (g)  ha s finite codim ension in £ z\ ( T ) . 

Pr o o f .  T his follows by slightly  modifying D am on’s result to  account for th e  

action  o f  T on th e  p a ram e te r  space R fc . (C om pare theorem  10.2 in [Dam 84].) 

□

D e f in i t io n  2 .2 .8  Let (5 , R )  =  (5 ,  A', A) be a  T-equivalence as defined in  

defin ition  2.2.4 . T h e  subgroup V  consisting o f all T -equivalences satisfy ing  

th e  add it io n al conditions

5 (0 ,0 )  =  /„

D ,X ( 0 , 0 ) =  /„

0 a A ( O)  =  / *

is called th e  subgroup o f  unipotent T-eq uiva lences.

D e f in i t i o n  2 .2 .9  Let g  E £ zx ( T ) . Then

» r r ( j,  u ) :=  M e .x  ( r) «  +  ( d ,9)(m I +  M x) c ,x  (r>

is called th e  restricted  unipotent T -ta ngent spa ce o f th e  germ  g  and

7-r (9 , V )  :=  X T r ( g ,  t r ) + ( D x g ) M l e x ( r )

is called th e  unipotent T -ta ngent spa ce of the germ  g .

Rem a r k  2 .2 .10  T h e  un ipo te n t T -tangen t space T r (g,U )  corresponds to  

th e  g roup U o f u n ip o ten t T-equivalences. I t  has fin ite  codimension if  and  

on ly  if T g( g)  has.

D e f in i t i o n  2 .2 .1 1  L et g  E £ x \  ( T ) . T h e  following £ ,* ( T)-subm odule Df

e , x  ( r >

p ( 9 )  =  { p £  £ t \  (T ) : h + p  ~  g  for all h  G £ x \  (T ) satisfying/» ~  g } 

is called th e  m odule o f  higher-order term s of th e  germ  g .
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D e f in i t io n  2 .2 .1 2  L et E  be th e  g ro u p  o f  T-equivalences an d  let V be a  

v ec to r  subspace o f  £ x \  ( T ) .

A ) V  is sa id  to  be intrinsic,  if i t  is in varian t u n d er the action  o f  E , i. e. if 

E .V  =  V .

B) T h e  vecto r space

I t r V  :=  p |  e.V
e€E

is  called th e  intrinsic pa rt o f  V .

T h e  following theorem  due to  G affney [G af8 6 ] based  on work by Bruce, du 

P lessis an d  Wall [BdPW 87] is a  d e te rm in acy  resu lt for T-equivalence.

Th e o r em  2 .2 .1 3  L et g € £ r\ (T ) be a  germ  o f  fin ite codim ension. T hen

/ > ( p ) D l t r ( r r ( s , C ) )  .

Pr o o f .  T h e  p roof o f  th is  resu lt is analo gous to  th e  one given in  [Gaf8 6 ] in 

th e  case  o f  o rd in ary  Inequivalence. □

2 . 3  A n  e x a m p le  w i t h  Z 2- s y m m e t r y

In th is  subsection a  sim ple exam ple for th e  g enera l theory  o u tlined  above is 

considered . Let a  g roup ac tio n  of T =  Z 2  b e  defined by

— ! . ( * ,  A)  : =  ( —x ,  —A ) .

I t  is  easy  to  check (see also  [GSS8 8 ]) t h a t  tti :=  x 2 , u2  :=  xA an d  U3  :=  A2 

a re  g en era to rs  of £ x a ( Z 2) an d  th a t  th ey  sa tisfy  th e  relation

« i « 3  -  « 2  =  0 .

Sim ilarly  one finds th a t  £  x \  (Z 2) is g en era ted  by x  and A over £ x a ( Z 2) and 

£ x \  ( Z 2 ) =  £ t a ( Z 2) . Hence th e  ex te nded  Z 2-tan g en t space is

7 ? > U )  =  eu: UJUJ { g , x g r , \ g x }  +  £Ui {A«7A} . (3.1)
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T he ex tended  tan g en t space in  th e  corresponding case w ith o u t sym m etry  

(i. e. r  =  1 ), which is studied  in [GS84, Key86] is

T } ( g )  =  £ r \  {g , g T} +  £ \  {firx} •

Since

T ? ’ ( g ) = T } ( g ) n  e , x  (r),
i t  follows th a t  an y  Z 2 -equivariant bifurcation  problem  g ,  which is finitely- 

de te rm ined w ith  respec t to  1-equivalence, is fin ite ly-determ ined w ith  respect 

to  Z j-equ ivalencc as well.

Ex am p le  2.3.1 Let g  =  e x 3  — A, where  e  €  { —1,+ 1}  . T h is is  called a 

hysteresis b ifu rcation  in [GS84]. C alcu la tin g  T j ‘, ( g )  yields

by e x 3  -  A +  a x  .

I t  is easy to  check th a t  g  =  e x 3  -  A is th e  b ifu rcation  o f  least possible 

Z 2 -codim ension an d  hence can be regarded  as the generic  Z 2 -equ ivarian t bi

fu rcation: C onsider first a  b ifu rcation  h  6  £ x \  (Z 2 ) h av in g  a  non-vanishing 

1-jet. It follows by M ath e r’s lem m a th a t  h  is in e ither o f  th e  tw o o rb its  in 

the space of  1-jets  represented  by A an d  A — e x 3 . C o n tin u ing  th is  reasoning 

one finds a  fam ily  o f  Z 2-equivariant germ s

T ? ' ( g )  =  £ UlUlU, { f * 3 - A , 3 f * 3,3ff*JA} +  £ u,{ - A }

=  ^ UlU2U, { i 3.A,a:2A}.

I t  follows th a t

T his implies th a t  cod im Z j((7 ) =  1 an d  a  »universal unfold ing o f  g  is given

g m  =  f i 2m+1 -  A for m >  1 ,

where
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so  th a t  codim Z ,(<7m) =  m .  This result corresponds to  th e  fam ily  g „ , =  

e x k + 6 A (where 6  € { — 1, +1})* in  th e  unsym m etric  case . (C o m p are  [GS84].) 

T h e  com plem ent of T j* * ( g m )  in £  x \  ( Z 2 ) can — as one would exp ect —  be 

o b ta in e d  by removing all th e  term s x 1 for even / from  th e  complem ent o f  

T } ( g m  ) in  £  rX  (1 ) =  £ x \  • These a re  precisely those  term s which are  n o t 

Z 2 -equ ivarian t. Now consider a  bifurcation  h  G £  x \  (Z 2 ) w ith  vanishing 

1-jet. I t  follows by form ula  3.1 th a t  codim z , (h )  >  2 .

3  E ) 4 - s y m m e t r y

3 .1  I n t r o d u c t i o n

In th is  section the following action  o f  D 4 on R 2 x R 2 g enera ted  by 

*•(* !«X2,A i ,A2) :=  ( * 1, -x a ,A i,A 3)

and

/ i . ( i i , r 2 » A i , A 2 )  : =  ( * 2 , * i , A j , - A 2 )

will b e  studied . This is m otivated  by a  problem  in  m echanics. C onsider a  

th in  sq u a re  p late  and tw o  pairs o f  forces F i  and ac tin g  on it horizontally  

and vertica lly  as shown in  figure 1.1. C o nstruc tin g  a  m ath em a tica l model for 

th is  s itu a tio n  leads to  a  descrip tion  where  tw o coord inates 1 1 , 1 2  rep resent 

d ifferent buckling modes an d  tw o p aram eters  F \ , F 2 give the values of th e  

forces. T o  study physically  in te restin g  phenom ena like buckling o f  th e  p late  

one can  t r y  to  exploit th e  fact th a t  th e  model has a  certa in  sym m etry: T he 

p hysical situation  does n o t change under th e  transfo rm ations

(* i ,* 2 ,F |,F a) — ♦ ( x i , - r 2 - F i ,F 2)

and

( x l , x 2 , F u F 2 )  — ► ( z a , * i , F 2,F i )

' T h e  s ig n  6 d o c s  n o t  a p p e a r  in  [G S 8 4 ], s in c e  th e r e  t h e  c o n d i t io n  A * (0 )  >  0  is  u se d  in 

t h e  d e f i n i t i o n  o f  e q u iv a le n c e .
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Figure 1.1: Forces acting  o n  a  square plate

These two transfo rm ations genera te  a  D ^ a c tio n .  In troducing th e  new  vari

ables Aj :=  F \  +  F j  and A2 :=  F t  — F j  th is  a c tio n  appears in  th e  form  given 

above.

T he following is an  outline of th e  m ate ria l con ta ined  in th is  section, from  

now  on  r  will always refer to  the p a rticu la r a c tio n  o f D 4 ju s t  described. T he 

subsections 3.2 an d  3.3 give results  w hich e x p lic itly  describe th e  rin g  £xA (r) 

o f  T-invariant function germ s, the m odule £ x \  (T) of r -eq u iv arian t m ap 

germ s and th e  m odule £ x \  (T ) o f  r-eq u i v a ria n t m atrix -valued germ s. For 

th e  la t te r  tw o sets of genera tors  are  found, which g enera te  these  m odules

freely over a  ring  £ U l... u< , where « i , . . . , « 4  a re  certa in  T -invariant germ s.

Using these resu lts  the tan g en t spaces T ^ ( g )  an d  T r ( g , U ) a re  dete rm ined 

in  term s o f th e  invarian ts and equ ivariants in  subsection 3.4 . T h is  is the 

m ost convenient way o f doing calculations involving T [ ( g )  an d  T r ( g ,  U ) . 

Subsection 3.5  contains th e  m ain  resu lt, n am ely  a  norm al form  for generic

1 2 5



D .|-equivariant bifu rcations, i t  is o b ta in ed  by using theorem  2 .2 . 1 1  to  de 

te rm ine th e  m odule o f higher-order te rm s for th e  norm al form , to  th is  end 

it is necessary to  work o u t T r ( g , U )  explicitly, th is  proves to  be ra th e r  

com plicated and involves usin g  the M ath er-M alg range p rep a ra tio n  theorem  

(see [Mar82] an d  also p a rt  one). T h e  nex t step  is to  show th a t  T r ( g ,  U )  

is in trin sic  in th e  sense o f  definition  2.2 .12 . F inally  the norm al form  is ob 

tained  b y  a  scaling transfo rm ation . T h e  las t subsection conta ins b ifurcation 

d iagram s for th e  normal form .

3 .2  I n v a r i a n t s

Let T  den o te  th e  action o f  D.|  on  R 2 X R 2 g enera ted  by  

/t.(xi,x2, Aj, A2) := (xj, -x2, A,,A2)

an d

/ i .(x , , x 2, A , , A 2) : =  ( x a, x , , A i , —A j ) .

Let N , 6 , A , u i  deno te  th e  following expressions

N

6

A

« 4

Also le t u :=  (« 1 , . . . ,  u5).

P r o p o s i t io n  3 .2 .1  T h e  r i n g  Î j-a IT ) o f  s m o o t h  T - i n v a r i a n t  f u n c t i o n s  c a n  be  

w r i t t e n  a s  £ u , w h e r e  u i =  N ,  u 2 =  A , u3  =  Aj, «4 =  A2, « 5  =  6 A2  .

Pr o o f .  By a  theorem  o f Schwarz [Sch75] it is sufficient to  show th a t  every 

T -invariant polynomial can b e  w ritten  as a  polynom ial in u.

Let /  b e  a  polynomial in  R [ x i , x 2, A j, A2]. A ssum e th a t  /  is T -invariant. 

Th is is equivalent to  the following tw o cond itions:

/ ( x , , x 2 , A . , A 2) =  / ( x j , - x 2 , A | , A a) (2.1)
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Ai.Aa)  =  / ( *  2 , * . , A „ - A 2) .  (2.2)

I t  follows from  (2 .1 )  th a t  /  is an even function  of x j .  H ence th ere  ex is ts  a 

polynom ial J  £  R [ x i , x ^ ,  Ai, A2] such th a t

/  = 7(«it«a*A i,A a).

Using th is  and (2 .2 )  i t  follows th a t

7 ( * 1 , A,, > j) =  7 ( * . .  (2 .3 )

T he right hand  sid e  o f  th is  equation is an  even function o f  * 1 , hence th e  left 

hand side is as well. Therefore there ex is ts  a  polynom ial/ such th a t

7  =  / ( x ? , x £ 'A i ,A  a)

a n d

and therefore

/< * „  *a, A„ A.) =  /<*?,

T he result o f  th e  a c tio n  o f  /i on (x f ,a r |,  Aj, A2 ) is (x ^ ,x f ,  Ai, — A2 ) . E quiva 

len tly the result o f  i t s  action  on I N , 6 , Aj, A2 ) is ( N , - 6 , Aj, —A2 ) . I t  is  easy  

to  see th a t  th e  in v a r ian ts  for the Z 2-ac tio n  on R 2 defined by

- l . ( x . y ) : = ( - x , - y )

are  x 2 , x y  and y 2  . H ence the invarian ts in  the case above a re  N , Aj an d  

6 2 =  A , ¿A2  an d  A | . I t  follows th a t  /  can  be w ritten  as a  polynom ial in 

« 1 , . . . ,  Uj. which p ro v es  th e  result. □

R e m a r k  3 .2 .2  T h e  invariants m , . . . , u 5 satisfy  one re la tio n , namely 

« 5  =  ” 2“ 4 •

Otherwise there  a re  n o  relations.
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3 .3  E q u i v a r i a n t s

P r o p o s i t io n  3 .3 .1  £ x \  (T ) i s  g e n e r a t e d  b y

a s  a n  £ z \ ( T ) - m o d u l e .

P r o o f .  By a  theorem  o f P oenaru  [Poe76] i t  is sufficient to  show th a t

(::)■ < U)  -  *•(■;)
g enera te  P  (T ) — th e  P (T )-m odule  of T -equ iv aria n t polynomials. L e t /  G 

P  ( f ) . /  can  be w itten  as

(  / i (* .,* * ,  A ,,  A2) \

\ i,x2i Aj, A2) /

where f u  / 2 G R [ x , ,x 2, Ai, A2] .

Since /  is T-equ ivariant, /  com m utes w ith  k . T h is  is equivalent to

/ i (* i»  ~ X 2 ,  Ai, A2) =  / i(* i,* 2 »  A i, —A2) 

/a(* i»  - * a ,  Ai, A2) = —/a(* i» * a»  A j, A2) .

It follows th a t  f i  is an  even an d  / 2 an o dd  function  o f  x 2. Hence th ere  exist 

polynom ials ~f\ an d  7 i  such th a t

/ , ( x , , X 2 ,A ,,A 2) =  7 iT (* i .x |,  A», A2 )

/ 2( x i ,X 2 ,A i ,A 2 ) =  A , , A 2 ) .

Using th e  fac t th a t  /  com m utes with  /i as well a  s im ila r argum ent shows 

th a t

/ ( x i , x 2,A |,  A2)
/  x i / i ( x f , x | , A i ,  A2) \  

\  x a /a ( * f t« a .A i ,  Aa) /
(3 .1 )
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fo r som e po lynom ials f \  an d  / 2 . Define a  :=  x j  and 0  :=  x \  an d  consider 

th e  m app ing  /  given by

/ ( o , / 3 , A i , A 2 )
/  / . (« , / ? ,A |,A a) \  

l  / , (« , / * ,  A .,  * a) )  ’

T h e  condition  \ i . f  =  f f i  can  be re s ta ted  as

M 0 ,a ,  A , , - A a )  =  / , ( « . / ?,  A , , A a ) 

/ » ( / ?, o ,  A ] , - A j )  =  fi (a ,0 ,  A t ,  A 2 ) .

(3 .2 )

(3 .3 )

Defining

:=  j i / 1 +  A )

and

92 ■■= \ u 2 -  h )

th e  la s t  two eq u a tions a re  equivalent to  g t f i  =  g t  and <72/i =  — g i . Since k  

ac ts  triv ia lly  on  ( a , /? ,  Aj, A2) th e  first condition m eans th a t  g \  is T -invariant. 

T h e  second condition  implies th a t

9 2  =  92) (<* -  0 )  +  9 2 2 * 2  ,

which can  be seen by considering th e  Z 2-action m entioned in th e  p roof o f  

p ropositio n  (3 .2 .1). R e tu rn in g  to  (3 .1 ) resu b stitu tin g  yields

/ i ( * i .* 2 .  Aj ,A 2 ) =  g i  ^  J  ^  — g u é  ^  ^  ^  + 9 2 2 * 2  ^  ’

which proves th e  resu lt. □

P r o p o s i t io n  3 .3 .2  £ x \  (T ) i s  g e n e r a t e d  b y

/ I O W A ,  0  W  6 0 \
V o  1 )  ' \  0 - A 2 )  '  V o - 6  )  '

{  0

*1*2 \
(  °

* i * 2A2 \
a n d (  °

* 1* 26  \

\  *1*2 o / ' V -X ,X 2A2 o ) V - x i X t S 0 )

a s  a n  £ X \ ( T ) - m o d u l e .
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P r o o f .  T h is p ro o f is  very sim ilar to  th e  one o f  p roposition  3.3 .1 . For this 

reason som e o f  th e  deta ils  are  o m itted . L et 5  €  £ x \  ( T ) . T his is equivalent 

to  th e  tw o conditions

S ( k . ( x , , x 2 ,A i ,A 2))  =  k . 5 ( x , , x 2, Alt A2)k  1

S ( / i . ( x , ,x 2,A i,A 2))  =  / i .5 ( x i ,  x 2, A |, A2)/i  1 .

As before we can assum e th a t  th e  com ponen ts o f  5  are  polynom ials. Using 

th e  defin itions for k  and /i i t  can  b e  show n th a t  th ere  exist polynom ials ¿¡j 

(1 <  i , j  <  2) such th a t

5 ( x j , x 2) Ai , A2)

T h e  following polynom ial m appings ( n

( ¿ll(*?.*2»Ai,A2) XiX2Si2(Xj, x2, A,, A2) \ 
x ix 2â i2(x |, x j .  Ai, — A2) ¿ n ( i 2,x f , Ai , —A2) )

(3.4)

5i(o,y3,A|,A2) = (  )

Sa(o , / J,A „ A 2) = f  )

b o th  satisfy  conditions (3 .2) an d  (3 .3 ) in  th e  p ro o f of proposition  3 .2.1 . T he 

reason ing  th ere  shows th a t  th e  d iagonal e lem ents  o f  th e  m atr ix  in (3 .4) are  

o f  th e  types

•C M - t M - ' )  - (:)•
w here  a , b ,  c  €  £ j -a ( F )  . T he las t case  occurs , w hen 5 j =  0 .

In th e  sam e way i t  follows th a t  th e  off-d iagonal e lem ents in  3.4 are  of 

th e  types

) ■•( )-(:)■
w here e , f , g £  £ r A ( r ) . T h e  result follows. □
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P r o p o s i t io n  3 .3 .3  A )  £ a (T )  =  £ \ lU,  > w h e r e  u 4 =  A^. 

B )  £ x  (T) i s  f r e e l y  g e n e r a t e d  b y

(i) and U)
a s  a n  £ \ ( T ) - m o d u l e .

P ro o f .  A) T liis  follows im m ed ia te ly  from  propositio n  3.2.1. 

B) Let

/  A ,(A „A a) \

\  Aa(Ai,Aa) /

t to  /i.A =  An , i . e.

/  A , ( A , , A j )  \  /  A , ( A , , - A a )  \

V, -Aa(Ai,Aa) / \ A2(Ai,-A2) )

be T -equ ivariant. T his is equivalent to  f i .A =  A / i , i

Hence Ai is a n  e ven and A2 an  o dd  function  o f  A2, which imp lies th a t

g e n e ra te  £ \  (T ) over £ a (T ).  I t  is stra ig h tfo rw ard  to  check  th a t  

these g enera to rs a re  free. □

Unlike as fo r £ \  (T ) the s e ts  o f  generato rs g iven  for £ z \  (T ) a n d  £ x \  (T) 

are  n o t free. T h is  is due to  th e  fac t th a t  th e  T- invariants u i , . . . ,  u$ satisfy  

a  relation. ( See rem ark  3.2 .2 .)  However, fo r th e  tan g en t space ca lc u lations 

in subsection 3 .4  i t  will be  advantageous to  work w ith  free m odu le s. T o  th is  

end we show th a t  b o th  £ x \  (T ) and £ z \  (T ) can  be w ritten  as free m odules 

over £ Ul... u, b y  increasing  th e  num ber o f  genera to rs .

P r o p o s i t io n  3 .3 .4  £ x \  (T) i s  f r e e l y  g e n e r a t e d  b y  

a s  a n  £ Ut... u< - m o d u l e .

0 )
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P r o o f .  L e t  g  €  £ , \  ( T ) .  B y  p r o p o s i t io n  3 .3 .1  g c a n  b e  w r i t t e n  a s

where p , q , r  €  £XA (r)  =  £ U l... «,,. Since u \  =  « 2 *1«, th ere  exist germ s

Pi . 9 i» r « €  £ u i ... .  (« =  1 ,2 )  such  t h at

p  =  P i  +  S X 3p 2  , 

q  =  q i  +  6 X 2 q 2  , 

r  =  r i  +  6 X 2 r 2  ,

) •

* (  - ) =  q i *  (  1 j +  & Q 2 X 2  ( ** )\  ~ z 2  J \  ~ * 2  )  V ~ * 2  J

r J  -  ) =  r iA2 [ * ) +  u 4 r 2 S  (
V - * *  / V ~ * 2  J  \ - X 2  J

It follows th a t

X '  ) , A 2 (  ** ) , i A a (
1 1  )\  * 2  /  V ~ z 2  J  \  - * 2  J  V z 2  /

g enera te  £ r \  (T ) as a n  £ Ut ....„«-module.

Now suppose

where a , 6, c, d  €  £ Ux....u<. T his is equivalent to  tw o equations:

o + M + CA2 + df> X 2  =  0 

a  — b 6  — c X 2  +  dSX2 =

132
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A d d i n g  th o s e  y ie ld s

2 a  +  2 d f iX j  — 0 ,

which is equivalent to

a  ~  —¿A jrf.

a  is an  even function  of A2. T his implies d  =  0  an d  hence a  =  0. Similarly, 

su b trac tin g  (3 .6 ) from  (3 .5) yields

2M  +  2cA2 =  0 ,

which imp lies c =  0  and 6 =  0. Hence the four m ap p in g s  given above are  

free g enera to rs o f  £ xX  (T ) over S u , ....U4. □

P r o p o s i t io n  3 .3 .5  £ xX  (T) i t  f r e e l y  g e n e r a t e d  b y

( 1  0
)  ( * * 0 ' l  1

f  6 0  \

l  0 1 )  '  \  0 - A 2 J  ’ 1< 0  - b  )  '

(  0  * ' * ■ )  (
0 * i * 2A2 n) (  0  x xx 2b \

V * l * a  0  J  \ - * , * 2. \2 » >1 V - * 1* 2 <  0 J

a s  a n  £ Ul _
(

0

* 1 * 2 )
- m o d u le .

P r o o f .  Let S i , . . . ,  S&  be th e  m atric es listed in p ro p o sitio n  3.3.2 and let

• "■(; ;)

Let F  £ U t... i-4 { 5 i , . .  .,5 * }  . T o show th a t F  -  £ x X  ( T ) ,  i t  is sufficient

to  check th a t  f iX  ? Sj G F  f o r  j  =  1 , . .  . , 6 .  Th is c o n d itio n  is shown to  hold
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b y  t l i c  fo l lo w in g  c a lc u la t io n s :

6X j S i  =  S j , 

* X2 S2 =  U4S3 , 

fX2 S3 =  AS‘2, 

SX2S4 =  5 » ,  

6X2 Si =  u4Se , 

6X2 56  =  A 5 s .

Now  suppose

w here <ij €  £ u , ....u, for 1 — T his condition is equivalent to  four

eq u ations involving a i , . . . , a a . I t  is easy  to  check th a t these equations con 

s is t o f  two pairs each o f  which can  be tre a te d  analogously to  th e  p roof of 

propositio n  3.3.4 . In th is  way it follows th a t  a , =  0 for t =  1 , . .  . , 8  and 

hence 5 1 ....... 58  are  free genera tors  o f  £  x \  (T ) over £ U t.... U4 . □

3 .4  T a n g e n t  sp a ce s  f o r  t h e  D . (- a c t io n

T o b e  able to  conveniently  calculate  w ith  T-equi variant germ s, we use in 

v a rian t notation . C om pare  [GSS8 8 , GR87] . From  now on th e  abbreviation  

H  : =  ( t i i ....... u 4 ) is used.

D e f in i t io n  3 .4 .1  A ) Let p , q , r , s €  £ n . T hen

B ) L et 7, be ideals in ¿"57 for i =  1 , . . . , 4 .  T hen we define th e  following 
subm odule o f  £  xX  ( T ) :

[ / i , / a , / 3, / 4] :=  7 i[ l ,0 ,0 ,0 ]  +  72 [ 0 ,1 ,0 ,0 ]  +  73 [0 ,0 , 1 , 0 ] +  7 ,(0 ,0 , 0 , 1].

R e m a r k  3 .4 .2  By proposition 3.3 .4  each  germ  g  €  £ x \  (T ) can be w ritten  

uniquely  as g  =  [p .g .r .a ]  for some p , q , r , s  G £z . In o th er words £ xX  (T) 

can  b e  identified w ith  £ n  ®  £ v  ® £ n  ©  £ n .
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T h e  rem ain der o f  th is  subsection is devo ted to  form ulae fo r th e  various 

tan g en t spaces.

P r o p o s i t io n  3 .4 .3  L e t  g  =  [p, q ,  r ,  s ] , w h e r e  p , q , r , s  £  S n  . T h e n  

T r ( 9 )  =  € u { g \ , - ■ • . 0 1 2 }  +  £ \ | u , { ? I 3 .0 1 4 }  .

w h e r e

9\  =  b »  9 . r «a] .

92 =  [ t i4r , u 4s , p , 9 ] ,

93 =  [ A q . p .  A s ,  r ] ,

9 4  =  [ N p -  A q , p -  N q , - N r  +  A s , - r +  N s ] ,

9 s  =  [ A p  — N A q , N p  -  A q , N A s  -  A r , A s  -  N r ] ,

9a — [—N u 4 r  +  A u 4 S , —t i4 r  +  N u 4 S , N p — A q , p — N q ] ,

37 = [Am4s , w^r, A t j . p ] ,

9 8 =  [ ~ A u 4 r  +  N A u 4 s , - N i i 4 r  +  A u 4 s , A p - N A q , N p - A q ] ,  

g o  =  [ 2 N p N  +  4 A p & + p , 2 N q N  +  4 A q &  +  3 q , 2 N r N  +  4 A r &  +  r ,

2 N s n  +  4  A s &  +  3 s ] ,

9 10  =  ( - 2 A p s  ~  4 N A p ±  +  A q ,  - 2 A q N  -  4 N  A q &  -  2 N q  +  p ,

“ 2 A r N  -  4 N A r &  +  A s , - 2 A s N  -  4 N A s a  -  2 N s  +  r ] ,

9 u  =  ( — 2A U4SN — 4 N  A u ^ s ^  — 2 N  U4S +  t i^ r ,  —2 i<4Ç/v — 4N\i4q& +  U 4S ,

- 2 A q \ -  4 NAq & -  2 q N +  p ,  -2p /v  -  4 Np & +  q ],

9\2 = [2ArA«4(pAf + s/v) + 4A2ti4(pA + sA) + 3Au4s,
2 N  u 4 r s  +  4 A u 4rA +  u 4 r , 2 N A q ^  +  4 A 2 q& +  3 A q , p ] ,

9  n  =  b A |.9 A ,.rA|, s A|] ,

9 m  =  [2 ti4p U4, 2«49u4. 2 u 4 r Ui +  r , 2 « 4S„4 +  s ] .

P r o o f .  By defin ition  2.2.6

TAg) = ?, a ( r j p  +  (D,g)e, x  ( r >  +  (Dxg)e* (d .
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T h e  g ene ra to rs  g \ , . . . ,  g s  are  o b tained  by p rop o sitio n  3.3.5. We have 

9> =  5 ,[p ,ç ,r ,a ]

fo r » =  1 , . . . , 8 ,  w here 5, are  th e  g enera to rs o f  £ x \  (T ) from  p roposi 

tio n  3.3 .5 . Table 4.1 displays a  lis t o f  all the  p ro d u cts  5 , j/j  (* =  1 , . . . ,  8  , j  =  

1 , . . . ,  4 ) ,  where y j  a re  th e  g enera to rs  o f  £ z \  (T ) f rom  p ropositio n  3 .3.4. T h e

! 2/1 2/2 y 3 y 4

S i [1 ,0 ,0 ,0 ) [0 ,1 ,0 ,0 ] [0 ,0 ,1 ,0 ] [0 , 0 , 0 , 1]

S 2 [0 ,0 ,1 ,0 ] [0 ,0 ,0 ,1 ] [u4, 0 ,0 ,0 ] [0, u4,0 ,0 ]

s3 [0 ,1 ,0 ,0 ) [A ,0 ,0 ,0 ] [0 ,0 ,0 ,1 ] [0,0 , A , 0]

S< j|JV , 1 ,0 ,0 ] - |[ A ,J V ,0 ,0 ] - j [ 0 ,0 ,J V ,  1] £ [0 ,0, A ,A r]

5s } (a , a t , o , o ] -Jp V A .A .O .O ) -  5 ( 0 ,0 ,  A ,  a t ) £ [0 ,0, JVA, A]

5 6 J [0 ,0 , N ,  1] - £ [ 0 ,0 ,  A , AT] — £[JVu4,t / 4,0 ,0 ] j [A u 4,iV u4, 0 , 0]

5 7 [0 ,0 ,0 ,1 ] [0 ,0 , A , 0] [0, u4, 0 ,0 ] [A u4, 0 ,0 ,0 ]

5s ±[0 ,0 , A , JV] - i f O . O . A ^ A ] — | [ A u 4, N 114, 0,0 ] i[A 'A i/,|, A u 4, 0 ,0 ]

Table  4.1: T he p ro d u cts  S , y }

expressions  for g \ , . . . , g 8  follow im m ed ia te ly  from  tab le  4.1 . (T able  4.1 will 

be used again  in th e  p ro o f o f  lem m a 3 .5 .7 .)

T h e  generato rs <79. • • • .<712 arise from  ( D x g ) £ x \  ( T ) . T hey are  o b tained  
as follows. We have

9 j  =  ( D x g ) y j

for j  =  1 , . . .  ,4  . N ote  th a t

- 4 ' ( : : ) ) W?<( - J ) +d- H  " J)
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(4 .1)+D- h  (:;))•
T he fo rm u lae  fo r <79, - ■ ■, <712 now follow by calculating  all th e  p ro d u cts  of 

th e  four te rm s  in  (4 .1) and y i , . . . ,  . One sam ple  calculation will be  given
for

Firstly , we have

/  Oq dq \
V & n ’ d x i )  =  ( 2 x ' q N  q N  + 4  X 2 S q A ) .

D* ^  ^  ^  -  6 (  _2 ^  (2 l iIN ~ 4xi6q^,2x2qN + 4x26q^)

4 U))+ qDx

(2ar2q N  -  4 x i f > q ± , 2 x 2 q N  +  4 x 2 fiq & )

- 3 - . )

T his yields

=  * ( ; ; ) ( - 2 , , - 4,V,a | i A, 

/  * , ( i - 2 J V )  \
2 V ^(¿ + 2JV) j+  9^2 ^

=  ( 0 , 0 ,  - 2 A q N  -  4 N A q &  -  2 q N ,  q] .

T h e  ca lc u lations fo r th e  generato rs g l3  and g u  arising from  ( D \ g ) S \  (T) 

are  considerably  easier and are  therefo re om itted . □
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P r o p o s i t io n  3 .4 .4  L e t  g  =  [p, q ,  r ,  s], w h e r e  p ,  q ,  r ,  s  G S u  a n d  l e t  g x , . . .  , g X4 

b e  a s  i n  p r o p o s i t i o n  3 . 4 .3 .  T h e n

T ( g , U )  =  € v { N g x, A p , , A is i , u 4 g x, g 2 , g 3 , g 4, g s , g 6 , g 7, g 8 , N  g 9 , A g 9 , A,</9 , 

«4fl9,5lO>5ll»î7l2}

+  £\,u« {*1013, «4ÿl3, -*1014, «4014} •

P r o o f .  T he resu lt follows in th e  sam e  way as fo r T e ( g )  —  th e  only  difference 

being th e  use o f  the conditions for u n ip o ten t D ^-equivalences. (C om pare 

definition 2 .2 .9 .)  □

P r o p o s i t io n  3 .4 .5  L e t  g  =  [p, q ,  r ,  a], w h e r e  p ,  q , r , s £  £ „  a n d  l e t  g x , . . . ,  g l4  

b e  a s  i n  p r o p o s i t i o n  3 - 4 -3 .  T h e n

T c ( g )  =  T ( g , U ) +  R{<7i , 0 9 , 0 1 3 * ^ 1 0 1 3 , 0 1 4 } •

P r o o f .  This follows im m ediately  from  p ropositio ns 3.4 .3  and  3.4.4. □

3 .5  T h e  g e n e r i c  n o r m a l  f o r m

T h e o r e m  3 .5 .1  L e t  g  =  [f0A| 4  aJV ,*i, 1 ,0 ], w h e r e  c0 , f i  G { -1 ,4 -1 }  a n d  

a  ^  0 , ( \  . T h e n  g  h a s  D 4 - c o d i m e n s i o n  1. A l l  b i f u r c a t i o n s  h  =  [/>, q ,  r ,  s ] , 

w h i c h  s a t i s f y  p  =  0 ,q  ^  0 ,  p n  /  0 ,  p/v -  9  ^  0 ,  p \ ,  /  0 a n d  r  ^  0 a r c  

e q u i v a l e n t  t o  g , w i t h  t h e  c o e f f i c i e n t s  e0 , <1 a n d  a  s a t i s f y i n g  th e  c o n d i t i o n s  

Co =  sgpA, , Ci =  sgq a n d  a  =  P n / \ q \ ■ B i f u r c a t i o n s  w h i c h  d o  n o t  s a t i s f y  a l l  

n o n - d e g e n e r a c y  c o n d i t i o n s  a r e  o f  h i g h e r  c o d i m e n s i o n  t h a n  g  .

T he proof o f  theorem  3.5.1 will be given a t th e  en d  o f  th is  subsection.

R e m a r k  3 .5 .2  T h e  theorem  can be in te rp re ted  in  th e  following way: T he 

param ete r a  which satisfies a  =  p jv /l î l  can be reg ard ed  as a  m odulus. In 

th e  p roof o f theorem  3.5.1 it will be  shown th a t

T A g )  =  [<  JV2,JV A ,,A ?,A ,u 4

4- R  {o[JV, 0 ,0 ,0 ]  4- c, [0 ,1 ,0 ,0 ] , [ 1 ,0 ,0 ,0 ] ,  [A,, 0 ,0 ,0 ] ,  [0 ,0 ,1 ,0 ]}  .
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Here A4 deno tes th e  m ax im al ideal in S j i  . Hence [IV, 0 ,0 ,0 ]  can be chosen  

as an  unfolding te rm  since

re(p) + R[jv, o,o,o]= s,x (r>.

For th is  reason i t  is ju stified  to  regard th e norm al form  g  =  [fo^i +  a N ,  , 1 ,0 ] 

as th e  generic D 4-equ ivarian t bifurcation.

L e m m a  S .5 .S  L e t  g  =  [Aj +  a N , ( 3 , 1,0], w h e r e  a , / 3  ^  0 a n d  a  ^  ( 3 .  T h e n

T ( g , V )  =  [<  JV2,iV A ,,A ;,A ,u 4 .

P r o o f .  Apply ing p ro p o sitio n  3.4 .4  with  p  =  Aj +  a N , q  =  /?, r  =  l , s  =  0 

yields th e  following for th e  gene ra tors  o f  T ( g , U ) :

N g i = [ATA, +  o iV 2,/JJV,JV,01,

& 9 i = [AA, +  a N A ,  0 A ,  A , 0J ,

^ i 9 i = [a ;  +  o j v a , , / j a , , a , , o ] ,

«4ffl = [A|U, +  a N w,, 0 u , ,  h , , 0 ]  ,

92 = [w .,0 , A, +  oJV ,/3 ],

93 = l/JA .A , +  o A . 0 ,1 ] ,

94 = [ATA, +  a N 1  -  0 A ,  A, +  ( o  -  0 ) N , - N ,  - 1 ] ,

9 s = [AA, +  ( a  -  0 ) N A , N X ,  +  a N 2  -  0 A ,  - A ,  -A T ),

96 = [ - A n , ,  N X ,  +  a N 1 -  0 A ,  A, +  ( o  -  0 ) N ) ,

9 7 = [0 ,1I..A A .A ,

9 8 = [ - A n , ,  -A T » ,, AA, +  («  -  0 ) N A ,  N X ,  +  a N 1  -  0 A ) ,

N g 9 = [JVA, +  3aJV ,JV ,0 ],

Affg = (AA, +  3 a iV A .3 /?A . A .0 ] .

•̂ 1*79 = [Af +  3 a iV A ,, 3/?A,, A ,,0 ] ,

«409 = [A,ti, +  3 n  A ' i i , , 3/ in , ,  fi,, 0 ],

9 10 = [ ( - 2 o  +  0 ) A ,  A, +  ( a  -  2 0 ) N ,  0 ,1 ] ,

9 i \ = (« ,. 0 , A, +  ( a  -  2 0 ) N ,  - 2 a  +  0 ] ,
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[2a7V A u4, t<4,3/?A , A, +  a  AT],012 =

an d

A?fli3 =  (A?, 0 ,0 ,0 ] ,

«4013 =  [«4 ,0 ,0 ,0 ] ,

A ,P m  =  [0 , 0 , A ,,0 ] ,

«•1014 =  [0 ,0 , «4 ,0 ].

T h e  p ro o f is divided in to  th ree steps.

S te p  1: C a l c u l a t i o n  o f  t h e  m o d u le

________ £u________

R T ( g , U ) +  <  A] , « 4  > C a

I t  will be shown th a t

________ £u________

R T ( g , U ) +  <  A], « 4  > £ j j

is g en e ra ted  by [JV,0 , 0 , 0 ],[1 , 0 , 0 , 0 ],[0 , 1 , 0 , 0 ] and [0 , 0 , 1 , 0 ] as a  vector space

ov er R  prov ided a ,  ^  0 and a  ^  (3. T o  th is  end consid er th e  module

M : = £ N A { h t .......h u } ,

w here

A, =  [ a N 7 , 0 N , N , O ] ,  

h 3 =  [o JV A ,0A .A ,O ], 

h 3  =  [0 , 0 , o N , 0 ] , 

h 4 =  [ /3 A ,a JV ,0 ,l],

/>s =  [ a N 3  -  U A , ( a -  0 ) N , - N , - 1 ) ,  

h e  =  [ ( a -  0 ) N A , a N 3 -  0 A , - A , - N ] ,  

h 7 =  [O.O.aAT2  -  l l A , ( a  -  0 ) N ) ,
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ht

8 = [0,0,0 A, a AT],
9 = [0,0, (o  — 0)N A , a N 2 — 0 A ], 

h l0 = [3 a N 2,3 0 N ,  N ,0 ] ,

/in = [3aATA,30A,A,O], 
h i2 = [(—2q + 0)A, (a — 2 0 ) N , 0,1], 
/>I3 = (0,0, (a — 20)N,  —2a + 0 ] , 
hu  = [O,O,30A,aJV].

T h e  generato rs /i, are o b tained  from  th e  generato rs o f  R T ( g , U )  working 

m odulo <  A i,u* > S n ■ A s tra ig h tfo rw ard  — if  cum bersom e — calculation  

shows th a t

M  =  [<  N 2, A  M n & , -M/vA,£yva] , 

if c t , 0  0 and a  j t  0 .  (H ere  th e  subscrip t N  A  indicates th a t  all ideals 

are  to  be taken  in th e  ring £ n & )• T h e  conditions for o  and 0  arise in  the 

following way: T h e  calculation yields th e  term s

a 2 N 2 -  0 2  A

2a(0 -  a ) N 2 

a N 2 - aA
o 2(2o  -  0 )N 2 +  ( - 2 a  +  0)02A

genera tin g  th e  first component o f  M .  T he m atrix

' a 2 0 2 '

2 a (0  - a )  0
a  —a

k o 2(2a — 0 ) (-2a  + 0 )0 2 J

defined by  th e  coefficients o f  these  term s has ran k  2 ,  if a ,  0  ^  0 an d  a ,  0 . 

This implies th e  result for M .

I t  follows th a t

________ ¿J7________

R T ( g , U ) +  <  Ai,u* > £ ü
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is g en e ra ted  by [AT, 0 ,0 ,0 ] ,[1 ,0 ,0 ,0 ] ,[0 ,1 ,0 ,0 ]  a n d  [0 ,0 ,1 ,0 ]  as a  v ec to r space 

over R ,  if n j i  /  0 an d  a  ^  /?.

S t e p  2 :  L e t  R  :=  [<  AT2, ATA,, A}, A ,u 4 > , M ,  M , £ ) . T h e n  R / T ( g , U )  

i s  g e n e r a t e d  b y  [ATAi,0 ,0 ,0 ] , [Afu4,0 ,0 ,0 ] ,[0 , A j,0 ,0 ] a n d  [0, « 4 ,0 ,0 ]  a s  an  

£ X,Ui -  m o d u l e .

By th e  p rep a ra tio n  theorem  i t  follows from  th e  resu lt o f  step  1 th a t

€u
R T ( g , V )

is g en e ra ted  by [AT,0 ,0 ,0 ] ,[1 ,0 ,0 ,0 ] ,[0 ,1 ,0 ,0 ]  an d  [0 ,0 ,1 ,0 ]  as a n  £ \ ,„ 4- 

m odule. Now  suppose <p e  R . <t> can  be represen ted  as

<t> =  f a [ N , 0 ,0 ,0 ]  +  0 j [ l , 0 ,0 ,0 ]  +  ^ [ O , 1 ,0 ,0 ]  +  </>4[0 ,0 ,1 ,0 ]  +  f i ,

w here  f a  6  £ X, U,  (*’ =  1 , . . . , 4 )  an d  f t  €  R T ( g , U ) .  Since R T ( g , U )  C R  — 

com pare  th e  list o f genera tors  fo r R T ( g ,  U )  —  th is  implies

f a  [AT, 0 ,0 ,0 ]  +  <fo[l, 0 ,0 ,0 ]  +  <fcj[0,1 ,0 ,0 ]  +  <*>4[0 ,0 ,1 ,0 ]  G R  .

T his, in  tu rn , implies f a ,  f a , f a  G A 4 a , u4 and f a  G £ a , u 4{A2, u 4} . T herefore  

R / R T ( g , U )  is g enera ted  as an  £ \ lU<-m odule by

[ATA,, 0 ,0 ,0 ] ,  [JV«4, 0 ,0 ,0 ] ,  [A?, 0 ,0 ,0 ] ,  [u4, 0 ,0 ,0 ] ,

[0, A,, 0 ,0 ], [0, u4, 0 ,0 ], [0,0 , A,, 0], [0 ,0 , u4, 0].

Recalling th a t

T ( g ,  V )  =  R T ( g ,  U )  +  {[A?, 0 ,0 ,0 ] ,  (« ,,0 ,0 ,0 ] ,  (0 ,0 , A,. 0], ( 0 , 0 , 0 ] }

yields th e  resu lt.

S t e p  5 : T ( g , U )  =  R .

I t  rem ain s to  show th a t R  C T ( g ,  U ) . T h e  elem ents  o f  R T ( g , U )  give rise 

to  re la tions be tw een th e  g enera to rs o f  the CXi -m odule  R / T ( g ,  U ) .  In  o rder 

to  express th ese  rela tions m ore  conveniently  som e red u n d an t g en era to rs  are  

added yield ing th e  following list:

[AT2, 0 ,0 ,0 ] ,  [ATAj, 0 ,0 ,0 ] ,  [A^A, 0 ,0 ,0 ] , [N u„ , 0 ,0 ,0 ] ,  [A, 0 ,0 ,0 ] ,
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[0, JV, 0 ,0 ], [0, A , 0 ,0 ], [0, A,, 0 ,0 ] ,  [0, u 4 , 0 ,0 ], [0, JV2, 0 ,0 ] ,

[0 .0 ,  JV, 0], [0,0 , A . 0), [0 ,0 , JV*, 0], (0 ,0 , JV A , 0], [0 ,0 ,0 ,1 ) ,

[0 ,0 ,0 , JV], [0 ,0 ,0 , JV2], [0 ,0 ,0 ,  A ] .

Now consid er th e  relations  defined by th e  following elem ents o f  R T ( g , U ) :  

N g \ , A g \ , . .  . , g \3  ( the  generato rs o f  R T ( g , U ) , 18 rela tions) and

JV&2 , , N g 3 , N g 7 , N g l 0 , N g t i , A 51i  , -  ̂ JV(f fio -  g s ) ,

~ 2 ^ S i o  -  5 3 )* ~ 2 ^ S n  ~  9 2 )  1 "  9 2 )  ~  9 i )  »04 -  9 3  .

g s  -  A «71 , N ( N g \  -  g 4) , ^ (3 A g x -  A g 9) , ^JV(3 A«7i  -  A g o ) ,

9 s  +  A g u  , N g 7 +  g& , N g Xo  — g n  ,  N ( g 3 -  Aig 9) , 

ijV (3JV 9 , -  N S a ) , i & { 3 N g ,  - N g e ) , K  an d  l  

(an o th e r  25 re la tio n s), where

K  :=  <72 -  0 g 3  -  3 o , N g x +  2 a N g 9  

L  :=  0 ( g 3  +  5 4  +  JV5 , )  -  2 a N ( g 9  -  g x) .

T h e  g e n e ra to rs  an d  rela tions  define a  m a tr ix  w ith  entries in  S \ lU i — th e  

rela tions co rresp o n d  to  i ts  rows a n d  th e  g en e ra to rs  to  i ts  colu m ns. In order 

to  show R  c  T ( g ,  U )  we can ignore te rm s  in  A4a , u , R  by N akayam a 's lem m a. 

This sim plifies th e  m atr ix , which is d isplayed in  figure 5.1 — a  a n d  0  being 

replaced by  n  an d  6 , respectively  — a n d  yields th e  following: If  a , 0  ^  0 

an d  n  ^  0 ,  th is  m atrix  has ran k  18. 2 T h is implies

f ( s T F )  = 0

an d  hence R  C  T ( g , U ) .  □

T he fo llow ing propositions 3 .5.4 , 3.5 .5  a n d  3.5 .6  are d evo te d  to  proving 

th a t  th e  ta n g e n t  space T ( g , U )  o f  lem m a 3.5 .3  is  intrinsic  w ith  respect to

J T h i s  w an  c h e c k e d  u s in g  s y m b o l ic  c o m p u ta t i o n .
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the group of D 4- equivalences. This implies th a t the module P(g) o f higher- 

order te rm s contains T(g,U ), which is the content of lemma 3.5.7 below.

In order to  show th a t T(g, U) is intrinsic, it is necessary to  consider the 
eifect of D 4-equivalences on a  germ g by explicit coordinate changes.

Let e =  (S, X , A) be a  D 4-equivalence, where X  =  [a,6 ,c,rf], a ,  6, c, d €  

a(0) >  0 and

A(A,,A2) =  (A1(Ai , u 4),A2A2(A1,«h ) ) ,

where Ai G M \lUi , A2 € £ \lU, ■

The following list contains notation for some invariants in £n , which will 
be used frequently below.

Ni

N 2

D i

D 2

A i

A 2

a 3

À l

Â 2

a2N  + ft2IVA +  c3N u4 + d2N A u4 -  2abA -  2c<IAu4 , (5.1)

2bcN + 2adN -  2ac -  2bdA , (5.2)

a2 + b2A  +  c2u4 + d2Au4 -  2abN -  2cdNu4 , (5.3)

2i>cA +  2adA — 2acN -  2bdNA , (5-4)

O f, (5.5)

0 , 0 , ,  (5.6)

O f, (5.7)

AAi + »4A3 , (5.8)

2A2. (5.9)

P ro p o s i t io n  3.5.4  Let X  and A be defined as above and let N  := N  o A ', 

A :=  A o AT , Ai := Ai o A , ü4 :=  u4 o A . Then the following formulae hold:

N  =  Ni +6\2N2, (5.10)

À =  Â] + ¿A2Â 2 , (5.11)

Ài =  A ,(A ,,u4) , (5.12)

» , =  B4Af(A„»4). (5.13)

P ro o f . T he results are obtained by straightforward calculations. □
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P r o p o s i t io n  3 .5 .5  L e t  p  6  a n d  l e t  X  a n d  A b e  d e f i n e d  a s  a b o v e .  L e t  

p  :=  p  o ( X ,  A ) . T h e n  t h e r e  e x i s t  g e r m s  p \  , p ?  €  € v  s u c h  t h a t

P  =  p(iV i, Aj, A i, 6 4 ) +  S X 2p i  +  A u 4p 2  •

T h e  point of  th is  s ta tem en t is t h a t  th e  first term  in th e  expression for p 

d epends on JV ] ,A i ,A i , u 4 only  —  a n d  not on iV2 and  A2 . This will be 

relevan t in  the p roof o f  lem m a 3 .5 .7  below .

P r o o f .  Define

F ( f * u ( * 2 , x , y , z , w )  : =  p ( x  +  a \ , y  +  a 2, z ,  w ) .

T h en

F ( a \ , c > 2 , x , y ,  z , w )  =  F ( 0 , 0 , x , y , z , w )

+  ¿ > £ ( 0 . 0 . * .

+ XI Bi j ( a i ,a3,x ,y ,z,w )a\ o^
• + J= 2

fo r som e germ s H j } . P u ttin g  

O F
hi := -5—(0 ,0 , x , y ,  z, w) (* = 1,2 )

OOti

an d  apply ing the la s t  equa tion  to  o j  =  S X 2 JV2 , a 2 =  6 A2 A 2 , x  =  N \  , 

y  =  A j , z  =  A| an d  w  =  u4 yields

p(7V| +  W 2 JV2, A 1 +  A2A 2, A ] , u 4 )

=  p(iV j, A j ,  Aj, u4)

+  i  A2  ( jV ili,( X , ,  A , , A ,, » , )  +  a ,M J V , , A . , A,, 8 , ) )

•+ > = 2

Since the germ s /fi2 (£A2 JV2 , iA 2 A 2, JVi, A i ,A i ,t i4) are  T -invariant, there  ex 

is t germ s A',2, £ g  €  £57 such th a t

H i f i i X t N * , iA 2A 2, iVj, A | , A | , u 4 ) =  A i j ( v )  +  S X j L i j f V ) .
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D e f in in g

Pi :=  £ a M £ i . Â | , A | ( i 4 )  +  Â a M & . Â | , A | , f i 4 )

+  A n, Y .  # I J* iLH ’
i + j » a

n  := Y
•»= 2

yields th e  resu lt, since

p  =  P ( N i +  Î A j JV j ,  Â i  +  ¿ A 2 Â 2 , Â j ,  Û 4 ) .

□

P r o p o s i t io n  3 .5 .8  L e t  p ,  q ,  r , s 6  € w  T h e n

Ç» r ,s ]  =  [A ti4 , « 4 r ,  A ç ,p ] . 

P r o o f .  T h e  following calculation yields th e  result:

( ' Ch u :| + r \ 2U ) i+rfA>(:;))

( 2-' ) + 9 ^ 2  | + rurf )(-à,)+*A*4(

□

L e m m a  3 .5 .7  L e t  g  =  [Ai +  a N , 0 , 1 ,0 ] , w h e r e  o , / l  ^  0 a n d  n  ^  0  . T h e n  

P ( g ) D  [<  t f ’ .JV A i.A f.A .n , .

P r o o f .  Let

R  :=  | <  JV! ,J V A ,,a ; . A , o ,  > , M , M , C \  .

By lem m a 3.5.3 R  =  T ( g , U ) .  I t  will be  shown th a t R  is in trin s ic  w ith  

respect to  th e  group o f  D 4 -equivalences. T h en  a  theorem o f G affney  [GafSG] 

implies th e  result.
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Let e  =  (5 ,  A , A) be a  D 4 -equivalence as defined above,

I : = <

and let p ,  q , r , s  G such th a t  p  G 7 and q ,  r  G A4 . I t  will be  show n first 

th a t  e .h i  G l ì  for 1 =  1 , . . . ,  4 ,  where

h i =  [p, 0 ,0 ,0 ] ,  A2 =  [0 , g ,0 , 0 ], h3  =  [0 ,0 ,r,0 ],A 4 =  [0 , 0 , 0 ,* ] .

Consider th e  effect o f a  coo rd inate  change (A , A) on A,:

A, o (A ',A ) =  ( p o ( A ,A ) ) [ a , 6 ,c,rf]

=  p [ a , b , c , d \ .

Hence by proposition 3 5.5

Ai o (AT, A) =  p ( lV ,,Â ,,Â ,,S 4 ) [a ,6 ,c,<i]

+  ^A2P i[a , b , c ,  d]

+  A u Ap 2 [ a , b , c , d \ .

I t  follows from  proposition  3.5.6 th a t  th e  second an d  th ird  te rm  a re  in  R . 

C onsider th e  first term .

By form ula 5.1

N \  =  a ? N  +  m ,

where  m  G /  . Hence IV,2 G 7 .  Form u la  (5 .8 ) implies A 1 G J .  I t  is obvious 

th a t  À2 G 7 an d  Û4 G 7 .  Also IV,Âj G 7 ,  since Ài G M \ iU t . I t  follows th a t

p ( lV ,,À ,,Â ,,« 4 ) G 7 , 

since p  G 7 . Hence A, o (A ', A) G R -

Now consider h j  o (A , A ). Using form u lae (5 .3) and (5 .4) a  calculation  

shows th a t

A2  o ( A ,A )  =  q [ b A D i  +  c u AD 2 . n D x +  d u AD 2 , d A D \  +  a D 2 , c D \  +  6 D 2] , 

w here  q  =  q  o (A , A ) . By propositions 3.5 .5  and 3.5.6 it suffices to  consider 

q ( N \ , Â ] , À], û A) \ b A D \  +  c u AD 2 , n D \  +  d u AD 2 , d A D \  +  n D 2 , c D \  +  b D 2].
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Inspectio n  o f  th is  expression show s th a t  it is sufficient to  prove  th a t 

g(JVi, A i ,A ,,tk 4 )aZ?i G M  .

T his, how ever, follows im m ediately , since JV ,,A |,A ,,u «  €  M  by  form ulae

(5 .1 ), (5 .8 ),(5 .1 2) and (5.13), an d  since q  €  M  . Hence h 2 o ( X , A )  G R . 

Now consider h 2  o (AT, A ) G R ■ A  calculation yields

h 3 o ( X , \ ) =  f[u4cA 2 ,U4dA2 ,aA 2 ,5 A 2] ,

w here  r  =  r  o (AT, A ). Since f ti4 cA 2 G /  and f  G M  , i t  follows th a t  h 3  o  

(A ', A) €  R .

For /14  o (A ', A ) one  obtains

/>4 o (A , A) =  .s[^ i A2 +  D 2 A 2 U4 0 , D 1A 2 U4 C +  D 2 A 2 t1.il>,

D \  A2Aft +  D 2 A 2 U4 C, 2?iA2a  +  Z?2A2 «4 if] ,

w here  à =  a  o (A ', A ), showing th a t  o (A , A) G R  .

So fa r  i t  has  been shown th a t  h  =  [p, 9, r , s] G R  imp lies h  o (A ', A ) G Æ .

I t  rem ains to  show th a t  A g J? implies 5,A G i? for 1 =  1....... 8 , w here 5 ,

a re  th e  g en era to rs  o f £ ( T ) . (C o m p are  proposition  3.3 .5 .)  This can  easily  

be verified by  looking a t  th e  m ultip licatio n  tab le  4.1 in subsection  3.4 . It 
follows th a t  R  is in trinsic . □

P r o o f  o f  t h e o r e m  3 .5 .1 : C onsider a  b ifurcation h  =  [ p ,g ,r ,s ]  satisfy ing 

th e  recognition  conditions p  =  0 . 9  *  0 , p N  *  0 , p N  -  q  #  0 , p x , ?  0  an d  

r  ^  0 .  Let e  =  (5 , A ',A ) be a  D 4 -equivalence as above an d  let

a o : = n ( 0 ) ,  /1 0  :=  (A i )Ai (0 , 0 ) and mo : = A 2 (0 , 0 ) .

By lem m a 3.5 .7

r (g)D [<  N*.NX,.A?, A , « ,  >.M.M,e] .

W orking m odulo  P ( g )  th e  germ  h  reduces to

^  :=  Ip A|A | +  p /v JV ,j ,r ,0 ).
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Again  working m odu lo  P ( g )  it is easy  to  check  using fo rm ulae (5 .1 ), (5 .12) 

and  table  (4 .1 ) th a t  e . h  reduces to

[PA, oofioAi +  P N a % N ,  qa.%, r a o m 0 ,0 ]. (5 .14)

Let f0 :=  sgpAi and f t  : =  sgq . T h e  scaling  equivalence defined by

Define a  :=  p jv /k l  • T h is  shows th a t  all b ifu rcations h  sa tisfy ing  th e  condi

t io ns in th e  theorem  a re  D ^-equivalent to  th e  norm al form  g .

I t  follows by p rop o sitio n  3.4.5  th a t

A  sh o rt calculation  show s th a t

T ' ( g )  =  [<  JV M V A ,,A ï,A ,u 4

+  R  {«[AT, 0 ,0 ,0 ]  +  f ,[0 ,1 ,0 ,0 ] ,  [1 ,0 ,0 ,0 ] , [A ,,0 ,0 ,0 ] ,  [0 ,0 ,1 ,0 ]} .

H ence T e ( g )  an d  th erefo re  g  is  o f  D <-cod im ension 1.

To prove  th e  las t s ta te m e n t no te  f irst t h a t  for h  =  [p, q ,  r ,  s] to  be a  

b ifu rcation , i t  has to  sa tis fy  p  =  0 .  I f  o n e  o f  th e  degenaracy conditions is 

n o t satisfied, it follows by proposition  3 .4 .3  th a t

< k> : = | « l Jio  ; =  Ip a , I  * | ç | *  m o : = r - , | ç | l

(5.14) becomes

T e ( g )  =  T ( g , U ) +  R  {(A, +  a N ,  1 ,0 ), [A, +  3 n N ,  3 c , , 1,0], 

(1 ,0 ,0 .0 ) ,  (A,, 0 ,0 ,0 ) ,  [0 .0 ,1 ,0 )}  .

codim D ,(/i) >  2 .

□
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3 .6  G e o m e t r i c a l  d e s c r i p t i o n  o f  t h e  g e n e r i c  n o r m a l  f o r m

This subsection  con tain s g y ra to ry  b ifu rcatio n  d iagram s for th e  generic nor 

m al form  in th eo rem  3.5.1. T hese schem atic  d iagram s con ta in  th e  following 

in fo rm atio n : T h e  curves d raw n  in th e  d iag ram s represent th e  b ranches of 

th e  zero  set o f th e  norm al form . T h e  case fo =  <1 =  0 is considered  —  i. e. 

9  =  [Ai +  o N ,  1 ,1 ,0 ] .  C hoosing o th e r  values for th e  signs t 0  a n d  <i yields 

sim ilar d iagram s. T he vertical c o o rd in a te  corresponds to  N  =  i f  +  x \  . The 

horizon tal coo rd in a te , which is deno te d  b y  s , p aram etr ises a  c ircle around 

th e  origin  in p a ra m e te r  space given by Ai =  co ss  and Aj =  s i n s .  (This  

explains th e  te rm  g y r a t o r y ) .  T h e re  a re  th re e  different cases to  consider: 

a  <  0 , 0  <  a  <  1 an d  a  >  1 .
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Figure  6.2: 0 <  o  <  1

1 5 2



Bibliography

[Arn76] V . I. A rnol’d. W ave fron t evolution and  equivariant M orse 

lem m a. C ommun. P ure A ppl. Math., 29 :557-582, 1976.

[B dPW 87] J .  W . Bruce, A. A. du  Plessis, and C. T . C. W all. D eterm in acy  

a n d  unipotency. I nvent. Math., 88:521-554, 1987.

[Dam84] J . D am on. T he unfolding and determ inacy theorem s fo r su b 

g roups of A and K . M em. A m. Math. S oc., 50(306), 1984.

[Gaf8 6 ] T . Gaffney. Some new resu lts  in  the classification theory  o f  b i 

fu rca tion  problem s. In M. G olubitsky a nd  J .  Guckenheim er, ed i 

to rs ,  M ultiparameter B ifurca tion T heory. Am . M ath . Soc., 1986.

[GR87] M . Go lubitsky and  R. M. R oberts . A classification o f degenera te  

H opf bifu rcation w ith  0 ( 2 )-  sym m etry . J . D iff. E qns., 69:216- 

2 6 4 ,1987 .

(GS79a) M . Golubitsky an d  D. G. Schaeffer. Im perfect b ifu rcation  in  th e  

presence of sym m etry . C ommun. Math. P hys., 67:205-2 32 ,1979 .

[GS79b] M . Golubitsky an d  D. G . Schaeffer. A theory  for im perfect b i 

fu rca tio n  via singularity  theory. C ommun. P ure A ppl. M ath., 

32 :21-98, 1979.

(GS84] M . Golubitsky and D. G. Schaeffer. S ingula rities a nd G roups in 

B ifurca tion T heory, volume 1. Springer-V erlag, Berlin, Heidel

b e rg , New York, 1984.

1 5 3



[Izu84]

[JR]

[JR91]

[ Key86 ]

[Mar82]

[M at 70] 

[M0 I8 6 ]

[Mol87]

[M0I88]

[G S S 8 8 ] M. G olubitsky, I. S te w a rt ,  and D. G . Schaeffer. S ingula rities 

and G roups in B ifurca tion T heory, volum e 2. Springer-Verlag , 

Berlin, Heide lberg , N ew  Y ork, 1988.

S. Izum iya. G eneric b ifu rcations o f  varieties. M anuscripta  

math., 46:137-164, 1984.

S. Janeczko and  R. M . R o b e r ts .  Classification o f  sym m etric c aus 

tics II: C austic  equivalence. Unpublished.

S. Janeczko an d  R . M . R o b e r ts .  Classification of sym m etric  caus 

tics I: Sym plectic  equivalence. In R. M. R o b erts  and  I. N. S tew 

a r t ,  ed ito rs. S ingula rity T heory and I ts A pplica tions, W arwick  

1989, vol.2 , volum e 1463, Berlin, Heidelberg, New York, 1991. 

University  o f  W arw ick, Springer-V erlag.

B. L. Keyfitz . C lassification  of one s ta te  variable bifurcation  

problem s u p  to  cod im ensio n  seven. D yn. Stab. S yst., 1:1-142, 

1986.

J . M artin e t. S ingula rities o f  S mooth F unctions a nd Maps. Lon 

don M ath em atica l S ociety  L ec tu re  N otes Series. C am bridge Uni 

versity  P ress, C am bridge , 1982.

J . N. M a th er. S tab ility  o f  C 00-m appings IV: classification of 

stable  germ s by r-a lg eb ras . Publ. Math. IHE S, 37:223-248,1970.

I. M elbourne. A s in g u la rity  theory  analysis o f  b ifurcation p ro b 

lems w ith  o c tah ed ra l sym m etry . D yn. Stab. S ys., 1:293-321, 

1986.

I. M elbourne. B ifurca tion prob lems with octa hedra l sym m etry. 

PhD  thesis, U niversity  o f  W arw ick, 1987.

I. M elbourne. T h e  reco g n itio n  problem  for equivariant singular 

ities. N onlinearity, 1 :2 15-240 , 1988.



[Pot91]

[Poé76]

[Sch75]

[Sto88]

[M M 9 1 ] D. M ond and J . M ontald i. Deform ations o f  m ap s o n  com ple te  in 

te rsections, D am on's  A’v-equivalence an d  b ifu rca tio n s. P reprin t, 

U niversity  of W arw ick, 1991.

M . P eters. Classification of tw o-param eter b ifu rca tio n s . In R. M. 

R oberts  and I. N. S tew art, ed itors, S ingula rity T h eory a nd I ts 

A pplica tions, W arvnck  1989, vol.2 , volum e 1463, B erlin , Heidel

be rg , New York, 1991. University  of W arw ick, Springer-V erlag.

P oénaru . S ingula rités C°° en  P résence de S ym étrie,  volum e 510 

o f  L ecture N otes in M athema tics. Springer-V erlag , B erlin , Hei

delberg , New York, 1976.

G. Schwarz. Sm ooth  functions invariant u n d e r th e  ac tio n  of a 

com pact Lie group. T opology, 14:62-68, 1975.

I. S tew art. B ifurcations with  sym m etry. In T .  B edford  and

J . Sw ift, ed itors. N ew D irections in D yna mica l S ystem s,  pages 

235-283. Cam bridge University  Press, C am b rid g e , 1988.

1 5 5


