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❆❜str❛❝t

❲❡ s❡t ✉♣ ❛ ♠♦❞❡❧ ✇✐t❤ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡rs ❛♥❞ ❛ ❝❧✐♠❛t❡ ❞❛♠❛❣❡ ♦♥ t❤❡

✇❡❛❧t❤ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s✳ ❲❡ s❤♦✇ t❤❛t✱ ✉♥❞❡r t❤❡ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ ❝r❡❞✐t ♠❛r❦❡ts ❛♥❞

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥ ❛❝r♦ss ❤♦✉s❡❤♦❧❞s✱ ❛ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝❧✐♠❛t❡ ♣♦❧✐❝② ♠❛②

✇✐❞❡♥ t❤❡ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ r✐❝❤ ❛♥❞ t❤❡ ♣♦♦r ❝❧❛ss✳ ❆ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♠❛② ❝r❡❛t❡

♣♦s✐t✐✈❡ ❡✛❡❝ts ♦♥ t❤❡ ✇❡❛❧t❤ ♦❢ ❤♦✉s❡❤♦❧❞s ❜✉t t❤❡s❡ ❡✛❡❝ts ❛r❡ ❛s②♠♠❡tr✐❝ ❛❝r♦ss ❤♦✉s❡❤♦❧❞s ✐♥

t❡r♠s ♦❢ ❜♦t❤ ♠❛❣♥✐t✉❞❡s ❛♥❞ t❤❡ tr❛♥s♠✐ss✐♦♥s ♦❢ t❤❡ ❣❛✐♥s ❢r♦♠ ❝❧✐♠❛t❡ ♣♦❧✐❝② ✇✐t❤✐♥ ❤♦✉s❡❤♦❧❞s✳

❚❤❡ ♣♦♦r✬s ❣❛✐♥s ❢r♦♠ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② ❛r❡ ♠❛✐♥❧② tr❛♥s♠✐tt❡❞ ✐♥t♦ ✐♠♣r♦✈✐♥❣ t❤❡ ❧✐✈✐♥❣ st❛♥❞❛r❞

❛♥❞ t❤❡♥ t♦ ✐♥✈❡st ✐♥ ❤✉♠❛♥ ❝❛♣✐t❛❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❤✐❣❤❡r ♠❛r❣✐♥❛❧ r❡t✉r♥ t♦ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t✳

■♥ ❝♦♥tr❛r②✱ t❤❡ r✐❝❤✬s ❣❛✐♥s ❢r♦♠ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② ❛r❡ tr❛♥s♠✐tt❡❞ ❜✐❛s❡❞❧② ✐♥t♦ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧

❛❝❝✉♠✉❧❛t✐♦♥ ❛♥❞ ❡♥❤❛♥❝❡ t❤❡✐r ♠♦♥♦♣♦❧② ♣♦s✐t✐♦♥ ✐♥ ♣r♦❞✉❝✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✳ ❲❡ s❤♦✇

t❤❛t✱ ❢♦r ❛♥② ❝❧✐♠❛t❡ ♣♦❧✐❝②✱ t❤❡r❡ ❡①✐sts ❛ ❝♦rr❡s♣♦♥❞✐♥❣ t❤r❡s❤♦❧❞ ♦❢ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✳

❲❤❡♥ t❤❡ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ♦❢ t❤❡ ❡❝♦♥♦♠② ❡①❝❡❡❞s t❤✐s t❤r❡s❤♦❧❞ t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❝❧✐♠❛t❡ ♣♦❧✐❝② ♠❛② ✇✐❞❡♥ t❤❡ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡rs ❛♠♦♥❣ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s✱

t❤❡r❡❢♦r❡✱ ❝♦♥tr✐❜✉t✐♥❣ ❡♥❧❛r❣❡ t❤❡ ✇❡❛❧t❤ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ r✐❝❤ ❛♥❞ t❤❡ ♣♦♦r ❝❧❛ss ✐♥ t❤❡ ❧♦♥❣ r✉♥✳

❏❊▲✿ ❉✻✷✱ ❉✻✸✱ ❖✶✺✱ ◗✺✷✱ ◗✺✹✳

❑❡②✇♦r❞s✿ ❈❧✐♠❛t❡ ♣♦❧✐❝②✱ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ♣♦❧✐❝②✱ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ ❝r❡❞✐t ♠❛r❦❡ts✱ ✐♥t❡r✲

❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡r✱ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t②✳

✯■ t❤❛♥❦ t❤❡ ❝♦♠♠❡♥ts ❛♥❞ ❞✐s❝✉ss✐♦♥s ♦❢ ♣❛rt✐❝✐♣❛♥ts t♦ t❤❡ ❲♦r❦s❤♦♣ ♦❢ ▼❛❝r♦❡❝♦♥♦♠✐❝s ❛♥❞ ❈❧✐♠❛t❡ P♦❧✐❝② ♦r❣❛♥✐③❡❞ ❜②
t❤❡ ▼❡r❝❛t♦r ❘❡s❡❛r❝❤ ■♥st✐t✉t❡ ♦♥ ●❧♦❜❛❧ ❈♦♠♠♦♥s ❛♥❞ ❈❧✐♠❛t❡ ❈❤❛♥❣❡ ✭▼❈❈ ❇❡r❧✐♥✮ ❞✉r✐♥❣ ♠② r❡s❡❛r❝❤ st❛② t❤❡r❡✳

❸■♥st✐t✉t❡ ♦❢ ❙♦❝✐❛❧ ❛♥❞ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✱ ❖s❛❦❛ ❯♥✐✈❡rs✐t②✱ ✻ ✲ ✶ ▼✐❤♦❣❛♦❦❛✱ ■❜❛r❛❦✐✱ ❖s❛❦❛ ✺✻✼✲✵✵✹✼ ❏❛♣❛♥✱ ❡♠❛✐❧✿
❞❛♦♥❣✉②❡♥❅✐s❡r✳♦s❛❦❛✲✉✳❛❝✳❥♣❀ ❛♥❞ ▲❡✐❜♥✐③✲■♥st✐t✉t❡ ❢♦r ❋r❡s❤✇❛t❡r ❊❝♦❧♦❣② ❛♥❞ ■♥❧❛♥❞ ❋✐s❤❡r❡✐s✱ ▼ü❣❣❡❧s❡❡❞❛♠♠ ✸✶✵✱ ✶✷✺✼✽
❇❡r❧✐♥✱ ●❡r♠❛♥②✱ ❡♠❛✐❧✿ ❞❛♦❅✐❣❜✲❜❡r❧✐♥✳❞❡✳

✶



✶ ■◆❚❘❖❉❯❈❚■❖◆

✶ ■♥tr♦❞✉❝t✐♦♥

❚✇♦ ✐ss✉❡s ❡♠❡r❣✐♥❣ ✐♥ t❤❡ t✇❡♥t② ✜rst ❝❡♥t✉r② ❛r❡ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ❛♥❞ ✐♥❝♦♠❡✴✇❡❛❧t❤ ✐♥✲

❡q✉❛❧✐t②✳ ❚❤❡ P❛r✐s ❈❧✐♠❛t❡ ❆❣r❡❡♠❡♥t ♦♥ ❧✐♠✐t✐♥❣ ❣❧♦❜❛❧ ✇❛r♠✐♥❣ t♦ ✇❡❧❧ ❜❡❧♦✇ ✷➦❈ ❛❜♦✈❡

♣r❡✲✐♥❞✉str✐❛❧ ❧❡✈❡❧ ✐♥❞❡❡❞ r❡q✉✐r❡s str✐❝t tr❛♥s✐t✐♦♥s t♦ ❝❧❡❛♥ ❡❝♦♥♦♠✐❡s✳ ❚❤❡s❡ tr❛♥s✐t✐♦♥s

❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ t❤r♦✉❣❤ ❛ ❝❛r❜♦♥ t❛① ♣♦❧✐❝② ✐♥ ✇❤✐❝❤ t❤❡ ❣♦✈❡r♥♠❡♥t ✐♠♣♦s❡s ❛ P✐❣♦✉✲

✈✐❛♥ t❛① ♦♥ t❤❡ ❞✐rt② ♣r♦❞✉❝t✐♦♥ s❡❝t♦r✱ ❛♥❞ ✉s❡ t❤❡ t❛① r❡✈❡♥✉❡ t♦ s✉❜s✐❞② ❢♦r t❤❡ ❝❧❡❛♥

♣r♦❞✉❝t✐♦♥ s❡❝t♦r ✭❆❝❡♠♦❣❧✉ ❡t ❛❧✳ ✷✵✶✷✱ ✷✵✶✻✮✳ ❙✉❝❤ ❛ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♠❛② ✐♠♣r♦✈❡ t❤❡ ❡♥✲

✈✐r♦♥♠❡♥t❛❧ q✉❛❧✐t② ❛♥❞ ❧✐✈✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r ❤♦✉s❡❤♦❧❞s✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❡✛❡❝ts ♦❢ ❝❧✐♠❛t❡

♣♦❧✐❝② ♠❛② ❜❡ ❛s②♠♠❡tr✐❝ t♦ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s t❤❛t ✐s ♥❡❡❞ t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡

❛tt❡♥t✐♦♥ ♦♥ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t② ✇❛s ❛❞❞r❡ss❡❞ s✐♥❝❡ ❧♦♥❣ ❛♥❞ ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ♣✉t ✐♥ t❤❡ ❝❡♥✲

t❡r ♦❢ ❞❡❜❛t❡ ❛♠♦♥❣ ❡❝♦♥♦♠✐sts ❛♥❞ s♦❝✐❛❧ s❝✐❡♥t✐sts ❛❢t❡r t❤❡ ♣✉❜❧✐❝❛t✐♦♥s ♦❢ ✏❈❛♣✐t❛❧ ✐♥ t❤❡

t✇❡♥t②✲✜rst ❝❡♥t✉r②✑ ❜② P✐❦❡tt② ✭✷✵✶✹✮✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♠♣♦rt❛♥t ❧✐♥❦ ❜❡t✇❡❡♥ ❝❧✐♠❛t❡ ♣♦❧✐❝②

❛♥❞ ✇❡❛❧t❤✴✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ❤❛s ♥♦t ❜❡❡♥ s✉✣❝✐❡♥t❧② ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤✐s

♣❛♣❡r ❛✐♠s t♦ ❝♦♥tr✐❜✉t❡ ❛ t❤❡♦r❡t✐❝❛❧ ✇♦r❦ ❧✐♥❦✐♥❣ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② ❛♥❞ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t②

t♦ ✐❞❡♥t✐❢② t❤❡ ❝♦♥❞✐t✐♦♥ ✉♥❞❡r ✇❤✐❝❤ ❛ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♠❛② ✇✐❞❡♥ t❤❡ ✇❡❛❧t❤ ❣❛♣ ❜❡t✇❡❡♥ t❤❡

r✐❝❤ ❛♥❞ t❤❡ ♣♦♦r ❝❧❛ss✳

❚❤❡r❡ ❤❛s ❜❡❡♥ ❛ ❤✉❣❡ ❧✐t❡r❛t✉r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤s ♦❢ ❣❧♦❜❛❧ ❡♠✐ss✐♦♥ ❛♥❞ ♦♣t✐✲

♠❛❧ t❛①❛t✐♦♥ t♦ ❞❡❝❡♥tr❛❧✐③❡ s✉❝❤ t❤❡ ♦♣t✐♠❛❧ ❣❧♦❜❛❧ ❡♠✐ss✐♦♥ ✭◆♦r❞❤❛✉s ✶✾✾✷✱ ✶✾✾✸❀ ◆♦r❞❤❛✉s

❛♥❞ ❇♦②❡r ✷✵✵✵❀ P✐③❡r ✶✾✾✾❀ ❆❝❡♠♦❣❧✉ ❡t ❛❧✳ ✷✵✶✷❀ ●♦❧♦s♦✈ ❡t ❛❧✳ ✷✵✶✹❀ ❛♠♦♥❣ ♦t❤❡rs✮✳ ❚❤❡s❡

❧✐t❡r❛t✉r❡✱ ❤♦✇❡✈❡r✱ ✐❣♥♦r❡ t❤❡ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts ♦❢ t❛① ♣♦❧✐❝② ♦♥ t❤❡ ✇❡❛❧t❤ ♦❢ ❤♦✉s❡❤♦❧❞s ✐♥

❛♥ ❡❝♦♥♦♠②✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❤✐❧❡ ❛ ❧❛r❣❡ ❜♦❞② ♦❢ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ❢♦❝✉s❡s ♦♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣

❜❡t✇❡❡♥ ❝❧✐♠❛t❡ ♣♦❧✐❝② ❛♥❞ ✐♥❡q✉❛❧✐t② ❜❡t✇❡❡♥ ❝♦✉♥tr✐❡s✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥ ❛❜♦✉t

t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❝❧✐♠❛t❡ ♣♦❧✐❝② ❛♥❞ ✐♥❡q✉❛❧✐t② ❜❡t✇❡❡♥ ❤♦✉s❡❤♦❧❞s ❛r❡ ✈❡r② ❧✐♠✐t❡❞✳

❚❤✐s ♣❛♣❡r ❛✐♠s t♦ ✜❧❧ t❤✐s ❣❛♣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

❚❤❡r❡ ✐s ❛❧s♦ ❛ s✐③❛❜❧❡ ❧✐t❡r❛t✉r❡ ❡①♣❧❛✐♥✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✇❡❛❧t❤✴✐♥❝♦♠❡ ✐♥❡q✉❛❧✲

✐t② ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ❛s ✇❡❧❧ ❛s ❡①♣❧❛✐♥✐♥❣ t❤❡ ♣❡rs✐st❡♥t ✇❡❛❧t❤✴✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ✭●❛❧♦r ❛♥❞

❩❡✐r❛ ✶✾✾✸❀ ●❛❧♦r ❛♥❞ ▼♦❛✈ ✷✵✵✹✱ ✷✵✵✻❀ P✐❦❡tt② ✶✾✾✼❀ P✐❦❡tt② ❛♥❞ ❩✉❝♠❛♥ ✷✵✶✹❀ P✐❦❡tt② ❡t ❛❧✳

✷✵✶✾❀ ▲❛❦♥❡r ❛♥❞ ▼✐❧❛♥♦✈✐❝ ✷✵✶✸❀ ▲✐❜❡r❛t✐ ✷✵✶✺✱ ❛♠♦♥❣ ♠❛♥② ♦t❤❡rs✮✳ ❚❤❡s❡ ❧✐t❡r❛t✉r❡ str❡ss

t❤❛t t❤❡ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ ♣❡rs✐st❡♥❝❡ ❞✉❡ t♦ t❤❡ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ ❝r❡❞✐t ♠❛r❦❡ts ❛♥❞

t❤❡ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡rs ✇✐t❤✐♥ ❤♦✉s❡❤♦❧❞s✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢

❝r❡❞✐t ♠❛r❦❡ts ✉♥❞❡r t❤❡ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t② ❝r❡❛t❡s ❛ ❧♦♥❣✲❧❛st✐♥❣ ❡✛❡❝t ♦♥ ✐♥✈❡st♠❡♥t ✐♥ ❤✉♠❛♥

❝❛♣✐t❛❧ ❛♥❞ ❡♥tr❡♣r❡♥❡✉r✐❛❧ ❛❝t✐✈✐t✐❡s✱ ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t②✳

❍♦✇ ✐s ❛❜♦✉t t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ♣♦❧✐❝② ❛♥❞ ✇❡❛❧t❤✴✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②❄ ❙✉r♣r✐s✲

✐♥❣❧②✱ t❤❡r❡ ✐s q✉✐t❡ s♠❛❧❧ ❧✐t❡r❛t✉r❡✱ ♣❛rt✐❝✉❧❛r❧② ❢r♦♠ t❤❡♦r❡t✐❝❛❧ ❛s♣❡❝t✱ ♦♥ t❤❡ ✐♥t❡r❛❝t✐♦♥

❛♥❞ ❞②♥❛♠✐❝s ♦❢ t❤✐s ❧✐♥❦✳ ■♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤✱ ❱❛s❝♦♥❝❡❧♦s ❡t ❛❧✳ ✭✷✵✶✹✮ st✉❞② ❝❧✐♠❛t❡

♣♦❧✐❝✐❡s ✉♥❞❡r ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t② ✐♥ ✇❤✐❝❤ t❤❡ ❛✉t❤♦rs ❢♦❝✉s ♦♥ t❤❡ ❝♦♥✢✐❝t✐♥❣ ♣♦❧✐❝✐❡s ❜❡t✇❡❡♥

t❤❡ r✐❝❤ ❛♥❞ ♣♦♦r ❝♦✉♥tr✐❡s✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝❤❛❧❧❡♥❣❡s ✐♥ ❛❝❤✐❡✈✐♥❣ t❤❡ ❝♦♦♣❡r❛t✐♦♥ ❜❡t✇❡❡♥

✷



✷ ❚❍❊ ❇❊◆❈❍▼❆❘❑ ▼❖❉❊▲

t❤❡ r✐❝❤ ❛♥❞ t❤❡ ♣♦♦r✳ ❇❧♦♥③ ❡t ❛❧✳ ✭✷✵✶✶✮ ❛♥❞ ❲✐❧❧✐❛♠ ■■■ ❡t ❛❧✳ ✭✷✵✶✹✮ st✉❞② ❡♠♣✐r✐❝❛❧❧②

t❤❡ ♥❡❛r t❡r♠ ❡✛❡❝ts ♦❢ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♦♥ ✇❡❧❢❛r❡ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s ✐♥ ✇❤✐❝❤ t❤❡②

❝♦♥s✐❞❡r s✉❝❤ t❤❡ ❡✛❡❝ts ♦♥ ♣♦♣✉❧❛t✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥t ❛❣❡ ❣r♦✉♣s✳ ❉❡♥♥✐❣ ❡t ❛❧✳ ✭✷✵✶✺✮ ❛❞✲

✈❛♥❝❡ ❛ ❉■❈❊ ♠♦❞❡❧ t♦ str❡ss t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❛❝❝♦✉♥t✐♥❣ ✐♥❡q✉❛❧✐t② ✇✐t❤✐♥ r❡❣✐♦♥s ❛♥❞

♣♦✐♥t ♦✉t t❤❡ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts ♦❢ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♦♥ ✇❡❧❢❛r❡ ♦❢ ❤♦✉s❡❤♦❧❞s✳ ❘❛✈❛❧❧✐♦♥ ❡t ❛❧✳

✭✷✵✵✵✮ ❡♠♣✐r✐❝❛❧❧② s❤♦✇ t❤❛t ❤✐❣❤❡r ✐♥❡q✉❛❧✐t② ✐♥ ✐♥❝♦♠❡✱ ❜♦t❤ ❜❡t✇❡❡♥ ❛♥❞ ✇✐t❤✐♥ ❝♦✉♥tr✐❡s✱

✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧♦✇❡r ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ❛t ❣✐✈❡♥ ❛✈❡r❛❣❡ ✐♥❝♦♠❡s✳ ●r✉♥❡✇❛❧❞ ❡t ❛❧✳ ✭✷✵✶✶✮

♣r♦✈✐❞❡ ❛ ❯✲s❤❛♣❡❞ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ❛♥❞ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✳ ❈❤❛♥❝❡❧ ❛♥❞

P✐❦❡tt② ✭✷✵✶✺✮ ❛r❣✉❡ t❤❛t t❤❡ r✐❝❤ s❤♦✉❧❞ ❜❡ r❡s♣♦♥s✐❜❧❡ ❢♦r ❝❧✐♠❛t❡ ❜✐❧❧s ❜❡❝❛✉s❡✱ ✐♥ t❡r♠s ♦❢

❝♦♥s✉♠♣t✐♦♥✲❜❛s❡❞ ♣♦❧❧✉t✐♦♥✱ t❤❡② ❝♦♥tr✐❜✉t❡ ♠♦r❡ t♦ ❣❧♦❜❛❧ ✇❛r♠✐♥❣✳

❉✐✛❡r✐♥❣ ❢r♦♠ t❤❡ r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡♦r❡t✐❝❛❧❧② ✐♥ t❤✐s ♣❛♣❡r ♥♦t ♦♥❧② t❤❡

❡✛❡❝t ♦❢ ❛ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♦♥ t❤❡ ✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥ ❜✉t ❛❧s♦ t❤❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡

❝❧✐♠❛t❡ ♣♦❧✐❝② ✇✐❧❧ ✇✐❞❡♥ t❤❡ ✇❡❛❧t❤ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ r✐❝❤ ❛♥❞ ♣♦♦r ❝❧❛ss❡s✱ ✇❤✐❧❡ t❤❡ ♣♦♦r ❝❛♥✲

♥♦t ❡s❝❛♣❡ t❤❡ ♣♦✈❡rt② tr❛♣✳ ❲❡ s❡t ✉♣ ❛♥ ♦✈❡r❧❛♣♣✐♥❣ ❣❡♥❡r❛t✐♦♥s ♠♦❞❡❧ ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s

❤♦✉s❡❤♦❧❞s ✉♥❞❡r ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ ❝r❡❞✐t ♠❛r❦❡ts ❛♥❞ ❛♥ ❝❧✐♠❛t❡ ❡①t❡r♥❛❧✐t② ♦♥ t❤❡ ✇❡❛❧t❤

♦❢ ❤♦✉s❡❤♦❧❞s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✐❞❡♥t✐❢② ❛ t❤r❡s❤♦❧❞ ♦❢ ❛❣❣r❡❣❛t❡ ❝❛♣✐t❛❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦

t❤❡ ❡❛❝❤ ❝❧✐♠❛t❡ ♣♦❧✐❝②✳ ❲❤❡♥❡✈❡r t❤❡ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❡①❝❡❡❞s t❤✐s t❤r❡s❤♦❧❞ t❤❡♥

s✉❝❤ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② t❡♥❞ t♦ ✇✐❞❡♥ t❤❡ ❣❛♣ ✐♥ ✇❡❛❧t❤ ❜❡t✇❡❡♥ t❤❡ r✐❝❤ ❛♥❞ ♣♦♦r ❝❧❛ss❡s✳

❚❤❛t ✐s ❜❡❝❛✉s❡ t❤❡ ❣❛✐♥ ❢r♦♠ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♠❛② ❜❡ tr❛♥s♠✐tt❡❞ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧❧② ✐♥t♦

❤✉♠❛♥ ❝❛♣✐t❛❧ ✐♥✈❡st♠❡♥t ❢♦r t❤❡ ♣♦♦r ♦r ✐t ❥✉st ♣✉r❡❧② ✐♠♣r♦✈❡s t❤❡ ♣♦♦r✬s ❧✐✈✐♥❣ ❝♦♥❞✐t✐♦♥

✇✐t❤♦✉t ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ tr❛♥s❢❡r ✇✐t❤✐♥ ❛ ♣♦♦r ❤♦✉s❡❤♦❧❞✱ ✇❤✐❧❡ ✐t ✐s tr❛♥s♠✐tt❡❞ ❜✐❛s❡❞❧②

✐♥t♦ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❢♦r t❤❡ r✐❝❤✳ ❚❤❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ ❤✉♠❛♥ ❝❛♣✐t❛❧ ♦❢ t❤❡

✇❤♦❧❡ ❡❝♦♥♦♠② ❜❡♥❡✜ts ❜✐❛s❡❞❧② ❢♦r t❤❡ ♣r♦✜ts ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❞✉❝✐♥❣ ✜r♠s ♦✇♥❡❞ ❜② t❤❡

r✐❝❤ ❝❧❛ss✱ ♣r♦❜❛❜❧② ❛♠♣❧✐❢②✐♥❣ t❤❡ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t② ❛♥❞ ❡♥❤❛♥❝✐♥❣ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛❝❝✉♠✉✲

❧❛t✐♦♥✳ ❚❤❡ ❣r❡❛t❡r ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❧❡❛❞s t♦ t❤❡ ♠♦r❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛❧❧♦❝❛t❡❞

✐♥ ♣r♦❞✉❝✐♥❣ ❞✐rt② ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✱ ❣❡♥❡r❛t✐♥❣ ♠♦r❡ ❜✉r❞❡♥ ❢♦r ❢✉t✉r❡ ❝❧✐♠❛t❡ ♣♦❧✐❝②✳

❚❤❡ r❡st ♦❢ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s ❛❧❧ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡

❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❡q✉✐❧✐❜r✐❛ ❛♥❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠♦❞❡❧✳

❚❤❡ ❡✛❡❝ts ♦❢ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♦♥ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ ✇❡❛❧t❤ ♦❢ ❤♦✉s❡❤♦❧❞s ❛r❡

♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✹✳ ❙❡❝t✐♦♥ ✺ ♣r♦✈✐❞❡s s♦♠❡ ❞✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❡ ♣❛♣❡r✳

✷ ❚❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧

❲❡ ❝♦♥s✐❞❡r ❛ ❞✐s❝r❡t❡ t✐♠❡ ♦✈❡r❧❛♣♣✐♥❣ ❣❡♥❡r❛t✐♦♥s ❡❝♦♥♦♠② ✇✐t❤ ❝♦♥st❛♥t ♣♦♣✉❧❛t✐♦♥✳ ❋♦❧✲

❧♦✇✐♥❣ ❆❝❡♠♦❣❧✉ ❡t ❛❧✳ ✭✷✵✶✷✮✱ ✇❡ ❛ss✐♠❡ t❤❛t t❤❡r❡ ✐s ♦♥❡ ❤♦♠♦❣❡♥❡♦✉s ✜♥❛❧ ♦✉t♣✉t ✇❤✐❝❤

✐s ♣r♦❞✉❝❡❞ ♦✉t ❜② ❤✉♠❛♥ ❝❛♣✐t❛❧ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✳ ■♥ ❡❛❝❤ ♣❡r✐♦❞ t ∈ N✱ ✇❡ ❞❡✜♥❡

It ❛♥❞ Jt ❛r❡ ♥♦♥❡♠♣t② s❡ts ♦❢ ❛❞✉❧t ✭♦r ✇♦r❦✐♥❣✮ ✐♥❞✐✈✐❞✉❛❧s✴❤♦✉s❡❤♦❧❞s ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡

✐♥♣✉ts✱ r❡s♣❡❝t✐✈❡❧②✱ ✐✳❡✳ ❡❛❝❤ ❛❞✉❧t ✐♥❞✐✈✐❞✉❛❧ i ✐♥ ♣❡r✐♦❞ t ❜❡❧♦♥❣s t♦ t❤❡ s❡t It ❛♥❞ ❡❛❝❤ ✐♥t❡r✲

✸
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♠❡❞✐❛t❡ j ✐♥ ♣❡r✐♦❞ t ❜❡❧♦♥❣s t♦ t❤❡ s❡t Jt✳ ❊❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❧✐✈❡s ❢♦r t✇♦ ♣❡r✐♦❞s ❛s ❝❤✐❧❞❤♦♦❞

❛♥❞ ❛❞✉❧t❤♦♦❞✳ ❆❧♦♥❣ ✇✐t❤ ❝❤♦♦s✐♥❣ ♦♣t✐♠❛❧ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t✱ ✐♥❞✐✈✐❞✉❛❧s ❛❧❧♦❝❛t❡ t❤❡✐r

✐♥❝♦♠❡s ✭✇❤❡♥ t❤❡② ❛r❡ ❛❞✉❧t✮✱ ✇❤✐❝❤ ❝♦♠❡ ❢r♦♠ ❧❛❜♦r ✐♥❝♦♠❡✱ ❝❛♣✐t❛❧ ✐♥❝♦♠❡ ❛♥❞ ♠♦♥♦♣♦❧②

♣r♦✜t✱ ❜❡t✇❡❡♥ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❜❡q✉❡st tr❛♥s❢❡r ❢♦r t❤❡✐r ❝❤✐❧❞r❡♥ s♦ ❛s t♦ ♠❛①✐♠✐③❡ t❤❡✐r

❧✐❢❡✲t✐♠❡ ✉t✐❧✐t②✳

✷✳✶ ❋✐♥❛❧ ❣♦♦❞ s❡❝t♦r

❚❤❡r❡ ✐s ♦♥❡ ❤♦♠♦❣❡♥❡♦✉s ✜♥❛❧ ♦✉t♣✉t ✇❤✐❝❤ ✐s ♣r♦❞✉❝❡❞ ♦✉t ❜② ❤✉♠❛♥ ❝❛♣✐t❛❧ ❛♥❞ ✐♥t❡r♠❡✲

❞✐❛t❡ ✐♥♣✉ts ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❛❣❣r❡❣❛t❡✮ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✶

Yt = H1−α
t

(∫

Jt

a1−α
cj xαcjtdj +

∫

Jt

a1−α
dj xαdjtdj

)

; α ∈ (0, 1) ✭✶✮

✇❤❡r❡ Yt ✐s ❛❣❣r❡❣❛t❡ ✜♥❛❧ ♦✉t♣✉t ❛♥❞ Ht ✐s ❛❣❣r❡❣❛t❡ ❤✉♠❛♥ ❝❛♣✐t❛❧ ❡♠♣❧♦②❡❞ ✐♥ ✜♥❛❧ ❣♦♦❞

♣r♦❞✉❝t✐♦♥ ✐♥ ♣❡r✐♦❞ t✱ ✐✳❡✳

Ht =

∫

It

hitdi

✐♥ ✇❤✐❝❤ hit ✐s ❤✉♠❛♥ ❝❛♣✐t❛❧ ♦❢ ✐♥❞✐✈✐❞✉❛❧ i ∈ It✳

❚❤❡ s✉❜s❝r✐♣ts ”c” ❛♥❞ ”d” ❞❡♥♦t❡ ❢♦r ✏❝❧❡❛♥✑ ❛♥❞ ✏❞✐rt②✑ r❡s♣❡❝t✐✈❡❧②✳ ❙♦ t❤❡ xcjt ❛♥❞ xdjt

❛r❡ t❤❡ ❛♠♦✉♥ts ♦❢ t❤❡ ❝❧❡❛♥ ❛♥❞ ❞✐rt② ✐♥♣✉ts j ∈ Jt ❡♠♣❧♦②❡❞ ✐♥ t❤❡ ✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝t✐♦♥✳

❚❤❡ acj > 0 ❛♥❞ adj > 0 ❛r❡ q✉❛❧✐t② ✭♦r ♣r♦❞✉❝t✐✈✐t②✮ ✐♥❞❡①❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡r♠❡❞✐❛t❡

✐♥♣✉ts j ∈ Jt✳

❙✉♣♣♦s❡ t❤❛t t❤❡ ✜♥❛❧ ❣♦♦❞ s❡❝t♦r ♦♣❡r❛t❡s ✉♥❞❡r t❤❡ ♣❡r❢❡❝t❧② ❝♦♠♣❡t✐t✐✈❡ ❡♥✈✐r♦♥♠❡♥t✳

❚❤❡ ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ♣r♦❞✉❝✐♥❣ ✜r♠s ✐♥ t❤✐s s❡❝t♦r ✐s

max
Ht,{xvjt}vj∈{c,d}×Jt

H1−α
t

∑

v∈{c,d}

∫

Jt

a1−α
vj xαvjtdj − wtHt −

∑

v∈{c,d}

∫

Jt

pvjtxvjtdj

✇❤❡r❡ wt ✐s r❡t✉r♥ ♦♥ ❤✉♠❛♥ ❝❛♣✐t❛❧ ❛♥❞ pvjt ✐s ♣r✐❝❡ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t vj ∈ {c, d}× Jt ✐♥

t❤❡ ♣❡r✐♦❞ t✳ ❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ wt ❛♥❞ pvjt ❣✐✈❡ ✉s

wt =
1− α

Hα
t

∑

v∈{c,d}

∫

Jt

a1−α
vj xαvjtdj ✭✷✮

pvjt = αH1−α
t a1−α

vj xα−1
vjt ; ✭✸✮

✷✳✷ ■♥t❡r♠❡❞✐❛t❡ s❡❝t♦rs ❛♥❞ ❝❧✐♠❛t❡ ♣♦❧✐❝②

❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t ✐♥❞❡①❡❞ ❜② vj ∈ {c, d}×Jt

✐s ♣r♦❞✉❝❡❞ ✐♥ ♣❡r✐♦❞ t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥
✶❙✉❝❤ ❛ ✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞ ❡①t❡♥s✐✈❡❧② ✐♥ ❆❣❤✐♦♥ ❛♥❞ ❍♦✇✐tt ✭✷✵✵✾✮✳

✹
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xvjt = kvjt ✭✹✮

✇❤❡r❡ kvjt ✐s ❛♠♦✉♥t ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✉s❡❞ ❛s ✐♥♣✉t ✐♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ s❡❝t♦r vj✳ ❲❡ ❛ss✉♠❡

t❤❛t t❤❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❢✉❧❧② ❞❡♣r❡❝✐❛t❡s ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ♦❢ ✉s❡✳ ❙♦ t❤❡ ❝♦st ♦❢ ♣r♦❞✉❝✐♥❣

xvjt ✉♥✐ts ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t vj ✐♥ ♣❡r✐♦❞ t ✐s rtkvjt✱ ✇❤❡r❡ rt ✐s t❤❡ r❡♥t❛❧ r❛t❡ ♦❢ ♣❤②s✐❝❛❧

❝❛♣✐t❛❧ ✐♥ ♣❡r✐♦❞ t✳ ❚❤❡ ♣r♦❞✉❝❡r ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞ vj ✐♥ ♣❡r✐♦❞ t ❞❡❝✐❞❡s t❤❡ q✉❛♥t✐t②

xvjt t♦ ❜❡ ♣r♦❞✉❝❡❞ s♦ ❛s t♦ ♠❛①✐♠✐③❡ ✐ts ♠♦♥♦♣♦❧✐st ♣r♦✜t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠♦♥♦♣♦❧✐st ♣r♦✜t

♦❢ t❤❡ ❡♥tr❡♣r❡♥❡✉r vj ✐♥ ♣❡r✐♦❞ t ✐s

πvjt = max
kvjt

(1− τvt)pvjtkvjt − rtkvjt ✭✺✮

❣✐✈❡♥ rt ❛♥❞ τvt✱ ✇❤❡r❡ τvt < 1 ✐s P✐❣♦✉✈✐❛♥ t❛① r❛t❡ ✭♦r s✉❜s✐❞② ✐❢ ♥❡❣❛t✐✈❡✮ ✐♠♣♦s❡❞ ❜②

t❤❡ ❣♦✈❡r♥♠❡♥t ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❡❛❝❤ ✐♥t❡r♠❡❞✐❛t❡ ❣♦♦❞ v ∈ {c, d} ✐♥ ♣❡r✐♦❞ t✳ ❚❤❡s❡

t❛① r❛t❡s r❡♣r❡s❡♥t t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♦❢ t❤❡ ❣♦✈❡r♥♠❡♥t✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡

❝❧✐♠❛t❡ ♣♦❧✐❝② ✐♥ ✇❤✐❝❤ τdt ∈ [0, 1) ❛♥❞ τct ≤ 0✱ ✐✳❡✳ ✐♥ ❛♥② ♣❡r✐♦❞ t t❤❡ ❣♦✈❡r♥♠❡♥t ✐♠♣♦s❡ ❛

P✐❣♦✉✈✐❛♥ t❛① r❛t❡ τdt ∈ [0, 1) ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❞✐rt② ✐♥t❡r♠❡❞✐❛t❡ s❡❝t♦rs ❛♥❞ ✉s❡ t❤✐s t❛①

r❡✈❡♥✉❡ t♦ s✉❜s✐❞② ❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❝❧❡❛♥ s❡❝t♦r ❛t ❛ r❛t❡ −τct ≥ 0✳ ❚❤❡ ❡①tr❡♠❡ ✈❛❧✉❡s

(τct, τdt) = (0, 0) ✐♠♣❧✐❡s t❤❡ ❝❛s❡ ♥♦ ❛♥② ❝❧✐♠❛t❡ ♣♦❧✐❝② ✐s ❝❛rr✐❡❞ ♦✉t✳

❙✉❜st✐t✉t✐♥❣ ✭✸✮ ❛♥❞ ✭✹✮ ✐♥t♦ ✭✺✮ ✇❡ ❤❛✈❡

πvjt = (1− τvt)αH
1−α
t a1−α

vj kαvjt − rtkvjt with kvjt ∈ argmax
kvjt

(1− τvt)αH
1−α
t a1−α

vj kαvjt − rtkvjt

❍❡♥❝❡✱

kvjt =

[

α2(1− τvt)

rt

]
1

1−α

Htavj ✭✻✮

❋r♦♠ ✭✻✮✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥ ♣❡r✐♦❞ t ✐s

Kt =
∑

v∈{c,d}

∫

Jt

kvjtdj =

(

α2

rt

)
1

1−α

Ht

∑

v∈{c,d}

(1− τvt)
1

1−αAv ✭✼✮

✇❤❡r❡

Av =

∫

Jt

avjdj

✐s ❞❡✜♥❡❞ ❛s t❤❡ ❛❣❣r❡❣❛t❡ q✉❛❧✐t②✴♣r♦❞✉❝t✐✈✐t② ♦❢ ❛❧❧ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts t②♣❡ v ∈ {c, d} ✐♥

t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t s❡t Jt✳

✺



✷✳✷ ■♥t❡r♠❡❞✐❛t❡ s❡❝t♦rs ❛♥❞ ❝❧✐♠❛t❡ ♣♦❧✐❝② ✷ ❚❍❊ ❇❊◆❈❍▼❆❘❑ ▼❖❉❊▲

❋r♦♠ ✭✼✮✱ t❤❡ r❡♥t❛❧ r❛t❡ ♦❢ ❝❛♣✐t❛❧ ✐s ❞❡t❡r♠✐♥❡❞ ❜②

rt = α2





Ht

Kt

∑

v∈{c,d}

(1− τvt)
1

1−αAv





1−α

✭✽✮

▲❡t s✉❜st✐t✉t❡ ✭✽✮ ✐♥t♦ ✭✻✮ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛❝r♦ss ✐♥t❡r✲

♠❡❞✐❛t❡ s❡❝t♦rs vj ✐♥ ♣❡r✐♦❞ t

kvjt =
(1− τvt)

1
1−αavj

∑

v′∈{c,d}

(1− τv′t)
1

1−αAv′

Kt ✭✾✮

❚❤❡ ♠♦♥♦♣♦❧✐st ♣r♦✜t πvjt ✐s ❞❡t❡r♠✐♥❡❞ ❜② s✉❜st✐t✉t✐♥❣ ✭✾✮ ❛♥❞ ✭✽✮ ✐♥t♦ ✭✺✮✱ t❤❛t ✐s

πvjt = α(1− α)H1−α
t (1− τvt)

1
1−αavj









Kt
∑

v′∈{c,d}

(1− τv′t)
1

1−αAv′









α

❆♥❞ t❤❡ ❛❣❣r❡❣❛t❡ ♠♦♥♦♣♦❧✐st ♣r♦✜t ✐♥ ♣❡r✐♦❞ t ✐s

Πt =
∑

v∈{c,d}

∫

Jt

πvjtdj = α(1− α)



Ht

∑

v∈{c,d}

(1− τvt)
1

1−αAv





1−α

Kα
t ✭✶✵✮

❇② s✉❜st✐t✉t✐♥❣ ✭✾✮ ✐♥t♦ ✭✷✮✱ ✇✐t❤ ❛ ♥♦t❡ t❤❛t xvjt = kvjt ❢♦r ❛❧❧ v ∈ {c, d} ❛♥❞ j ∈ Jt✱ ✇❡

❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ r❡t✉r♥ ♦♥ ❤✉♠❛♥ ❝❛♣✐t❛❧ ✐s

wt = (1− α)

∑

v∈{c,d}

(1− τvt)
α

1−αAv

[

∑

v∈{c,d}

(1− τvt)
1

1−αAv

]α

(

Kt

Ht

)α

✭✶✶✮

❚❤❡ ❣♦✈❡r♥♠❡♥t ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝♦♥str❛✐♥t r❡q✉✐r❡s

∑

v∈{c,d}

τvt

∫

J

pvjtxvjtdj = 0 ⇐⇒
∑

v∈{c,d}

τvt(1− τvt)
α

1−αAv = 0 ✭✶✷✮

▲❡♠♠❛ ✶✳ ❯♥❞❡r t❤❡ ❣♦✈❡r♥♠❡♥t ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝♦♥str❛✐♥t ♦❢ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈

ℜ− × [0, 1)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s

∑

v∈{c,d}

(1− τvt)
1

1−αAv =
∑

v∈{c,d}

(1− τvt)
α

1−αAv

Pr♦♦❢✳

✻



✷✳✸ ❉②♥❛♠✐❝s ♦❢ ♣♦❧❧✉t✐♦♥ st♦❝❦ ✷ ❚❍❊ ❇❊◆❈❍▼❆❘❑ ▼❖❉❊▲

■♥❞❡❡❞✱ ❢r♦♠ ❣♦✈❡r♥♠❡♥t ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝♦♥❞✐t✐♦♥ ✭✶✷✮ ✇❡ ❤❛✈❡

∑

v∈{c,d}

(1− τvt)
1

1−αAv =
∑

v∈{c,d}

(1− τvt)
1

1−αAv +
∑

v∈{c,d}

τvt(1− τvt)
α

1−αAv =
∑

v∈{c,d}

(1− τvt)
α

1−αAv

❯♥❞❡r t❤❡ ❣♦✈❡r♥♠❡♥t ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭✶✷✮✱ ❛♥❞ ❢r♦♠ ❧❡♠♠❛ ✶✱ t❤❡ r❡t✉r♥ ♦♥

❤✉♠❛♥ ❝❛♣✐t❛❧ ✭✶✶✮ ❜❡❝♦♠❡s

wt = (1− α)





∑

v∈{c,d}

(1− τvt)
1

1−αAv





1−α
(

Kt

Ht

)α

✭✶✸✮

✷✳✸ ❉②♥❛♠✐❝s ♦❢ ♣♦❧❧✉t✐♦♥ st♦❝❦

❲❡ ❛ss✉♠❡ t❤❛t ♦♥❧② t❤❡ ✉s❡ ♦❢ ❞✐rt② ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts ❞❡❣r❛❞❡ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❙♦ t❤❡

❞②♥❛♠✐❝s ♦❢ ♣♦❧❧✉t✐♦♥ st♦❝❦ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②

Pt = P̄ + (1− δ)(Pt−1 − P̄ ) + ξ

∫

Jt

xdjtdj

✇❤❡r❡ Pt ✐s ♣♦❧❧✉t✐♦♥ st♦❝❦ ✐♥ ♣❡r✐♦❞ t ✇❤✐❝❤ ❝❛♥ ❜❡ ✈✐❡✇ ❛s t❤❡ ❝❛r❜♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡

❛t♠♦s♣❤❡r❡✳ t❤❡ t❡r♠ ξ
∫

Jt
xdjtdj ✐s t❤❡ ✢♦✇ ♦❢ ♣♦❧❧✉t✐♦♥ ✐♥ ♣❡r✐♦❞ t ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✉s❡s ♦❢

❞✐rt② ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts j ∈ Jt❀ t❤❡ ξ > 0 ✐s ❞✐rt✐♥❡ss ❝♦❡✣❝✐❡♥t ♦❢ ❞✐rt② ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉t✳

P̄ ✐s t❤❡ ♥❛t✉r❛❧ st❛t❡ ♦❢ ❝❛r❜♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✱ ✐✳❡✳ t❤❡ st❛t❡ ♦❢ ❡❝♦❧♦❣✐❝❛❧

s②st❡♠ ✇✐t❤♦✉t ❛♥② ❤✉♠❛♥ ❛❝t✐✈✐t②❀ δ ∈ (0, 1] ✐s t❤❡ ❞❡❝❛② r❛t❡ ♦❢ ♣♦❧❧✉t✐♦♥ ✇❤✐❝❤ ♠❡❛s✉r❡s

t❤❡ ❝♦♥✈❡r❣❡♥t s♣❡❡❞ ♦❢ ♣♦❧❧✉t✐♦♥ st♦❝❦ t♦ t❤❡ ♥❛t✉r❛❧ st❛t❡ P̄ ✳ ❋♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ✇✐t❤♦✉t

❧♦ss ♦❢ ❛♥② ❣❡♥❡r❛❧✐t② ✇❡ ♥♦r♠❛❧✐③❡ P̄ = 0✳ ◆♦t❡ t❤❛t xdjt = kdjt ❛♥❞ ✇✐t❤ t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡

♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥ ✭✾✮✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣♦❧❧✉t✐♦♥ st♦❝❦ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s

Pt = (1− δ)Pt−1 + ξ
(1− τdt)

1
1−αAd

∑

v∈{c,d}

(1− τvt)
1

1−αAv

Kt ✭✶✹✮

✇❤❡r❡

(1− τdt)
1

1−αAd
∑

v∈{c,d}

(1− τvt)
1

1−αAv

Kt = Kdt

✐s ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✇❤✐❝❤ ✐s ❛❧❧♦❝❛t❡❞ ✐♥ ♣r♦❞✉❝✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts {dj}j∈Jt ✳

✼
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✷✳✹ ■♥❞✐✈✐❞✉❛❧s✴❍♦✉s❡❤♦❧❞s

❲❡ ❛ss✉♠❡ t❤❛t ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t ∈ N t❤❡ ❡❝♦♥♦♠② ✐s ♣♦♣✉❧❛t❡❞ ❜② ❛ ❝♦♥st❛♥t ❛♥❞ ❝♦♥t✐♥✉✉♠

♣♦♣✉❧❛t✐♦♥ ♦❢ ✇♦r❦✐♥❣ ✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ❛r❡ ✐❞❡♥t✐❝❛❧ ✐♥ ✐♥♥❛t❡ t❛❧❡♥t ❛♥❞ ♣r❡❢❡r❡♥❝❡✳ ❲✐t❤♦✉t

❧♦st ♦❢ ❛♥② ❣❡♥❡r❛❧✐t②✱ ✇❡ ♥♦r♠❛❧✐③❡ t❤❡ s✐③❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❜② 1✳ ❊❛❝❤ ✇♦r❦✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ✐♥

❛♥② ♣❡r✐♦❞ t ❤❛s ❛ s✐♥❣❧❡ ♣❛r❡♥t ❛♥❞ ❛ s✐♥❣❧❡ ♦✛s♣r✐♥❣✱ ❛♥❞ ❧✐✈❡s ❢♦r t✇♦ ♣❡r✐♦❞s✱ s❛② t− 1 ❛♥❞

t✳ ■♥ t❤❡ ✜rst ♣❡r✐♦❞ ♦❢ ❧✐❢❡✱ ♣❡r✐♦❞ t−1 ✭s❛② ❝❤✐❧❞❤♦♦❞ ♣❡r✐♦❞✮✱ ✐♥❞✐✈✐❞✉❛❧s s♣❡♥❞ ❢✉❧❧ t✐♠❡ ❢♦r

❤✉♠❛♥ ❝❛♣✐t❛❧ ❢♦r♠❛t✐♦♥✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ♦❢ ❧✐❢❡✱ ♣❡r✐♦❞ t ✭s❛② ❛❞✉❧t❤♦♦❞ ♣❡r✐♦❞✮✱ t❤❡②

s✉♣♣❧② t❤❡✐r ❡✣❝✐❡♥❝② ✉♥✐ts ♦❢ ❧❛❜♦r t♦ t❤❡ ♠❛r❦❡t ✐♥✲❡❧❛st✐❝❛❧❧②✱ ❛♥❞ ❛❧❧♦❝❛t❡ t❤❡✐r ✇❡❛❧t❤

✭❝♦♠✐♥❣ ❢r♦♠ ❧❛❜♦r ✐♥❝♦♠❡ ❛♥❞ ✐♥❤❡r✐t❛♥❝❡ ❢r♦♠ t❤❡✐r ♣❛r❡♥ts✮ ❜❡t✇❡❡♥ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞

✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡rs t♦ t❤❡✐r ♦✛s♣r✐♥❣ s♦ ❛s t♦ ♠❛①✐♠✐③❡ t❤❡✐r ✉t✐❧✐t✐❡s✳ ❚❤❡

❤✉♠❛♥ ❝❛♣✐t❛❧ ✐♥❝r❡❛s❡s ✐❢ t❤❡ t✐♠❡ ❢♦r ❡❞✉❝❛t✐♦♥ ✐s s✉♣♣❧❡♠❡♥t❡❞ ✇✐t❤ ❝❛♣✐t❛❧ ✐♥✈❡st♠❡♥t ✐♥

❡❞✉❝❛t✐♦♥✳ ❚❤❡ ❤✉♠❛♥ ❝❛♣✐t❛❧ ♦❢ ❛❞✉❧t ✐♥❞✐✈✐❞✉❛❧ i ∈ It✱ h
i
t✱ ✐s

hit = h(eit)

✇❤❡r❡ eit ≥ 0 ✐s ❝❛♣✐t❛❧ ✐♥✈❡st♠❡♥t ✐♥ ❡❞✉❝❛t✐♦♥ ❢♦r ✐♥❞✐✈✐❞✉❛❧ i ✇❤♦ ❜❡❝♦♠❡s ❛♥ ❛❞✉❧t ✐♥

♣❡r✐♦❞ t✳

❆ss✉♠♣t✐♦♥ ✶✳ h(0) = 1✱ h′(e) > 0✱ h′′(e) < 0✱ lim
e→0+

h′(e) = +∞ ❛♥❞ lim
e→+∞

h′(e) = 0✳

❚❤❡ ❛ss✉♠♣t✐♦♥ ✶ ✐♠♣❧✐❡s t❤❛t ✇✐t❤♦✉t ❝❛♣✐t❛❧ ✐♥✈❡st♠❡♥t ✐♥ ❡❞✉❝❛t✐♦♥✱ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✐s

❡♥❞♦✇❡❞ ♦♥❡ ✉♥✐t ♦❢ ❧❛❜♦r✳ ❚❤❡ ❤✉♠❛♥ ❝❛♣✐t❛❧ ❢♦r♠❛t✐♦♥ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥

✐♥ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t ❛♥❞ s❛t✐s✜❡s ■♥❛❞❛ ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ✉t✐❧✐t② ♦❢ ✐♥❞✐✈✐❞✉❛❧ i ∈ It ❝♦♠❡s ❢r♦♠ t❤❡ ❝♦♥s✉♠♣t✐♦♥ cit ❛♥❞ t❤❡ ❜❡q✉❡st t♦ ✐ts

♦✛s♣r✐♥❣ bit+1✱ ♦❜❡②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉t✐❧✐t② ❢✉♥❝t✐♦♥

U(cit, b
i
t+1) = (1− γ) ln cit + γ ln(θt + bit+1); θt > 0 ✭✶✺✮

✇❤❡r❡ γ ∈ (0, 1) ✐s ♣r❡❢❡r❡♥❝❡ ✇❡✐❣❤t t♦✇❛r❞s t❤❡ ✐♥❞✐✈✐❞✉❛❧✬s ♦✛s♣r✐♥❣✳✷ ❚❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t

♦❢ ✐♥❞✐✈✐❞✉❛❧ i ∈ It ✐s

cit + bit+1 ≤ W i
tφ(Pt) ✭✶✻✮

✇❤❡r❡ W i
t ✐s t❤❡ ✇❡❛❧t❤ ♦✇♥❡❞ ❜② ✐♥❞✐✈✐❞✉❛❧ i ∈ It✳ ❚❤❡ ❢✉♥❝t✐♦♥ φ(Pt) ✐♥ ✭✶✻✮ ✐s t❤❡ ❞❛♠❛❣❡

❡✛❡❝t ♦❢ ♣♦❧❧✉t✐♦♥ st♦❝❦ Pt ✐♥ ♣❡r✐♦❞ t ❛♥❞ s❛t✐s✜❡s φ′(Pt) < 0✱ φ(Pt) ∈ (0, 1)✳ ❲❡ ❛ss✉♠❡ t❤❛t

t❤❡ ♣♦❧❧✉t✐♦♥ st♦❝❦ ✐♥ ❡❛❝❤ ♣❡r✐♦❞ ❞❛♠❛❣❡s t❤❡ ✇❡❛❧t❤ ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ ✐t ♣❧❛②s ❛s ❛ ♥❡❣❛t✐✈❡

❡①t❡r♥❛❧✐t②✳ ❲❡ ❞❡✜♥❡

ψ(W i
t , Pt) = W i

tφ(Pt) and ψ(wt, Pt) = wtφ(Pt)

✷❲❡ ❢♦❧❧♦✇ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❢r♦♠ ●❛❧♦r ❛♥❞ ▼♦❛✈ ✭✷✵✵✹✱ ✷✵✵✻✮ t❤❛t ❛❧❧♦✇s ❛ ❝♦r♥❡r s♦❧✉t✐♦♥ ❢♦r ❜❡q✉❡st tr❛♥s❢❡r✱ ✐✳❡✳
bit+1 = 0✱ ✇❤❡♥ t❤❡ ✇❡❛❧t❤ ♦❢ ✐♥❞✐✈✐❞✉❛❧ i ✐s t♦♦ s♠❛❧❧✳

✽
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❛s r❡s♣❡❝t✐✈❡❧② t❤❡ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ❛♥❞ ❛♥❞ t❤❡ ♠✐♥✐♠❛❧ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧

i ∈ It✳ ◆♦t❡ t❤❛t t❤❡ t❡r♠s ψ(wt, Pt) ❛r❡ ✐❞❡♥t✐❝❛❧ ❛❝r♦ss ✐♥❞✐✈✐❞✉❛❧s i ∈ It ❛♥❞ t❤❡ t❡r♠

ψ(wt, Pt) ✐s t❤❡ ✇❡❛❧t❤ ✇❤✐❝❤ ✐s ❝♦♥st✐t✉t❡❞ ♦♥❧② ❜② ❛ ✉♥✐t ♦❢ ♣❤②s✐❝❛❧ ❧❛❜♦r ❡♥❞♦✇♠❡♥t ♦❢ ❛♥

✐♥❞✐✈✐❞✉❛❧✳

❚❤❡ ln θt✱ ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✇❤❡♥ bit+1 = 0✱ ✐s t❤❡ ♠✐♥✐♠❛❧ ✏❡①♣❡❝t❡❞✑

✉t✐❧✐t② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♦✛s♣r✐♥❣ ♦❢ ❛♥ ❤♦✉s❡❤♦❧❞✳ ❙♦✱ t❤❡ ♣❛r❛♠❡t❡r θt ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s

t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ i ∈ It ♦♥ t❤❡ ♠✐♥✐♠❛❧ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ♦❢ ❤✐s✴❤❡r ♦✛s♣r✐♥❣

i ∈ It+1 ❝❛♥ ♦✇♥ ✐♥ ♣❡r✐♦❞ t + 1✳ ❚❤✐s ❡①♣❡❝t❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧✬s ♦✇♥ ♠✐♥✐♠❛❧

❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤✱ ✐✳❡✳ ψ(wt, Pt) = wtφ(Pt)✳ ■♥❞❡❡❞✱ t❤❡ ♠✐♥✐♠❛❧ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ψ(wt, Pt)

✐s ✇❤❛t ❛♥ ❛❞✉❧t ✐♥❞✐✈✐❞✉❛❧ i ∈ It ♦❜s❡r✈❡s ✐♥ ♣❡r✐♦❞ t✳ ❇❛s✐♥❣ ♦♥ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ❤❡✴s❤❡

❛ss✐❣♥s ❛♥ ❡①♣❡❝t❛t✐♦♥ ♦♥ t❤❡ ♠✐♥✐♠❛❧ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ t❤❛t ❤✐s✴❤❡r ♦✛s♣r✐♥❣ ♠❛② ♦✇♥ ✐♥

t❤❡ ♥❡①t ♣❡r✐♦❞✳ ❙♦✱ ✇❡ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥

❆ss✉♠♣t✐♦♥ ✷✳ θt = θψ(wt, Pt), θ > 0✳

❚❤❡ ♣❛r❛♠❡t❡r θ ♠❛② ❝❤❛♥❣❡ ♦✈❡r t✐♠❡ ❞❡♣❡♥❞✐♥❣ ✭❡♥❞♦❣❡♥♦✉s❧②✮ ♦♥ ♦t❤❡r ❢❛❝t♦rs t❤❛t ❛r❡

♥♦t ❝❛♣t✉r❡❞ ✐♥ t❤❡ ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ θ ✐s ♥♦t ❛ ❢♦❝✉s ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ ❤❡♥❝❡✱ ❢♦r s✐♠♣❧✐✜❝❛t✐♦♥

✇✐t❤♦✉t ❧❡ss❡♥✐♥❣ t❤❡ ♣♦✇❡r ♦❢ t❤❡ ♠♦❞❡❧✱ ✇❡ tr❡❛t θ t♦ ❜❡ ❛ ❝♦♥st❛♥t✳

❚❤❡ ✉t✐❧✐t② ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ✐♥❞✐✈✐❞✉❛❧ i ∈ It ✐s

max
cit>0,bit+1≥0

(1− γ) ln cit + γ ln(θt + bit+1)

s✉❜❥❡❝t t♦

cit + bit+1 ≤ ψ(W i
t , Pt)

❣✐✈❡♥ W i
t ❛♥❞ Pt✳

❙♦❧✈✐♥❣ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛❜♦✈❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧ i ∈ It✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡

♦♥ ❜❡q✉❡st tr❛♥s❢❡r ✐s

bit+1 = max

{

0, γ

[

ψ(W i
t , Pt)−

θt(1− γ)

γ

]}

✭✶✼✮

❚❤❡ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡r bit ≥ 0 t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ i r❡❝❡✐✈❡s ❢r♦♠ ❤✐s✴❤❡r

♣❛r❡♥t ✐s ❛❧❧♦❝❛t❡❞ ❜❡t✇❡❡♥ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t✱ eit✱ ❛♥❞ ❢♦r ❝❛♣✐t❛❧ s❛✈✐♥❣✱ sit✱ ✇❤✐❝❤ ✐s ❧❡♥t

t♦ t❤❡ ❝❛♣✐t❛❧ ♠❛r❦❡t ✐♥ ♣❡r✐♦❞ t t♦ ❡❛r♥ ❝❛♣✐t❛❧ ✐♥❝♦♠❡✳ ❍❡♥❝❡✱

bit = eit + sit

❛♥❞ t❤❡ ✇❡❛❧t❤ ♦❢ ✐♥❞✐✈✐❞✉❛❧ i ∈ It ✐s

W i
t = wth(e

i
t) + (bit − eit)rt + ρitΠt

✾
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❋✐❣✉r❡ ✶✿ ❇❡q✉❡st tr❛♥s❢❡r

✐♥ ✇❤✐❝❤ wth(e
i
t) ✐s t❤❡ ❧❛❜♦r ✐♥❝♦♠❡✱ (bit − eit)rt ✐s t❤❡ ❝❛♣✐t❛❧ ✐♥❝♦♠❡✱ ❛♥❞ ρitΠt ✐s t❤❡ ✐♥❝♦♠❡

❢r♦♠ t❤❡ ♠♦♥♦♣♦❧✐st ♣r♦✜ts✳ ❚❤❡ ρit ∈ (0, 1) ✐s t❤❡ s❤❛r❡ ♦❢ t❤❡ ♠♦♥♦♣♦❧✐st ♣r♦✜ts ❛ss✐❣♥❡❞ ❢♦r

✐♥❞✐✈✐❞✉❛❧ i ∈ It✱ ❤❡♥❝❡ {ρit}i∈It ❤♦❧❞s

∫

It

ρitdi = 1

■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❜♦rr♦✇✐♥❣ ❝♦♥str❛✐♥ts✱ t❤❡ r❛t✐♦♥❛❧ ❤♦✉s❡❤♦❧❞ i ∈ It ✇✐❧❧ ❝❤♦♦s❡ e
i
t s✉❝❤

t❤❛t

eit ∈ argmax
eit

[

wth(e
i
t) + (bit − eit)rt + ρitΠt

]

✭✶✽✮

◆♦t❡ t❤❛t t❤❡ t❡r♠ ρitΠt ✐♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✽✮ ❛❜♦✈❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ eit✳

❙♦ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✶ ❛♥❞ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❜♦rr♦✇✐♥❣ ❝♦♥str❛✐♥t✱ t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢

❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t ✐s

eit = e∗t ∀i ∈ It where h′(e∗t ) =
rt
wt

❲❡ ❛ss✉♠❡ t❤❛t ✐♥❞✐✈✐❞✉❛❧s ❝❛♥♥♦t ❜♦rr♦✇ ❢♦r ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♠♣❡r✲

❢❡❝t✐♦♥s ♦❢ ❝r❡❞✐t ♠❛r❦❡ts✱ ✐✳❡✳ t❤❡ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t eit ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ i ✐s ❧✐♠✐t❡❞ ❜②

t❤❡ ❜❡q✉❡st tr❛♥s❢❡r bit t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❡❝❡✐✈❡s ❢r♦♠ ❤✐s✴❤❡r ♣❛r❡♥t✳ ❙♦✱ t❤❡ ❡❞✉❝❛t✐♦♥

✐♥✈❡st♠❡♥t ✐s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥

✶✵



✷✳✹ ■♥❞✐✈✐❞✉❛❧s✴❍♦✉s❡❤♦❧❞s ✷ ❚❍❊ ❇❊◆❈❍▼❆❘❑ ▼❖❉❊▲

Pr♦♣♦s✐t✐♦♥ ✶✳

✭✐✮ ❯♥❞❡r t❤❡ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ ❝r❡❞✐t ♠❛r❦❡ts✱ t❤❡ ♦♣t✐♠❛❧ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t eit ♦❢ ✐♥✲

❞✐✈✐❞✉❛❧ i ∈ It ❞❡♣❡♥❞s ♦♥ t❤❡ tr❛♥s❢❡r ❜❡q✉❡st bit t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❡❝❡✐✈❡s ❢r♦♠ ♣❛r❡♥t✱ ✐♥

♣❛rt✐❝✉❧❛r

eit = min
{

bit, e
∗
t

}

✭✐✐✮ ❋♦r ❛♥② ❣✐✈❡♥ str✐❝t❧② ♣♦s✐t✐✈❡ ❛❣❣r❡❣❛t❡ st♦❝❦ ♦❢ ❜❡q✉❡st tr❛♥s❢❡r bt =
∫

It
bitdi > 0✱ t❤❡♥

e∗t > et ✇❤❡r❡ et ∈ (0, bt) ✐s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦

h′(et) =
α2

1− α

h(et)

bt − et

▼♦r❡♦✈❡r✱ et = e(bt) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ bt✳

Pr♦♦❢✳

✭✐✮ ■♥❞❡❡❞✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ eit ✐s ❣✉❛r❛♥t❡❡❞ ❜② t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡

❞♦♠❛✐♥ s❡t✱ 0 ≤ eit ≤ bit ∀i ∈ It✱ ❛♥❞ ❝♦♥t✐♥✉✐t② ✐♥ eit ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❲❤❡♥ bit = 0✱

✐t ✐s tr✐✈✐❛❧❧② t❤❛t eit = 0✳ ❲❤❡♥ bit ∈ (0, e∗t ]✱ s✉♣♣♦s❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t eit < bit ❛♥❞ ✇❡ ✇✐❧❧

♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ε ∈ (0, bit − eit) s✉❝❤ t❤❛t

wth(e
i
t + ε) + (bit − eit − ε)rt > wth(e

i
t) + (bit − eit)rt

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

h(eit + ε)− h(eit)

ε
>
rt
wt

⇐⇒ h(eit + ε)− h(eit) > εh′(e∗t )

s✐♥❝❡ h′(e∗t ) = rt/wt✳ ❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② tr✐✈✐❛❧❧② ❤♦❧❞s ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥❝❛✈✐t②

♦❢ ❢✉♥❝t✐♦♥ h(e) ❛♥❞ eit + ε < e∗t ✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❝❛s❡ eit < bit ✐s ♥♦t t❤❡ ♦♣t✐♠❛❧ ❡❞✉❝❛t✐♦♥

✐♥✈❡st♠❡♥t✳ ❚❤❡r❡❢♦r❡✱ eit = bit ✇❤❡♥ b
i
t ∈ [0, e∗t ]✳

❲❤❡♥ bit > e∗t t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t ✐s s❡t t❤❡ ❧❡✈❡❧ ✇❤✐❝❤ ❡q✉❛❧✐③❡s t❤❡

♠❛r❣✐♥❛❧ r❡t✉r♥ ♦❢ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t ❛♥❞ ♠❛r❣✐♥❛❧ ❝❛♣✐t❛❧ ✐♥❝♦♠❡✱ ✐✳❡✳ wth
′(eit) = rt✱ ✇❤✐❝❤

❣✐✈❡s ✉s eit = e∗t ✳

✭✐✐✮ ❲❡ ❤❛✈❡

h′(et) =
α2

1− α

h(et)

bt − et
⇐⇒ G(bt, et) = h′(et)−

α2

1− α

h(et)

bt − et
= 0 ✭✶✾✮

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✶✱

Ge(bt, et) = h′′(et)−
α2

1− α

h′(et)(bt − et) + h(et)

(bt − et)2
< 0

✐✳❡✳ G(bt, et) ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ✐♥ et ∈ (0, bt)✳ ■♥ ❛❞❞✐t✐♦♥✱ lim
et→0+

G(bt, et) = +∞ ❛♥❞

✶✶
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lim
et→+∞

G(bt, et) = −∞✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ et ∈ (0, bt) s❛t✐s❢②✐♥❣ ✭✶✾✮✳

❇② ❛♣♣❧②✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ G(bt, et) = 0 ✇❡ ❤❛✈❡✱ et ✐s ❛

❢✉♥❝t✐♦♥ ♦❢ bt✱ ✐✳❡✳ et = e(bt)✱ ✐♥ ✇❤✐❝❤

e′(bt) =
α2h(et)

α2[h′(et)(bt − et) + h(et)]− (1− α)(bt − et)
2h′′(et)

> 0

◆♦✇ ✇❡ ♣r♦✈❡ t❤❛t e∗t ≥ et✳ ■♥ ❡✛❡❝t✱ ❋r♦♠ ✭✽✮ ❛♥❞ ✭✶✸✮ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ rt ❛♥❞ wt

r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❤❛✈❡

h′(e∗t ) =
rt
wt

=
α2

1− α

Ht

Kt

=
α2

1− α

∫

It
h(eit)di

∫

It
(bit − eit)di

❲❡ s✉♣♣♦s❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t e∗t < et✱ ❤❡♥❝❡

h(et) >

∫

It

h(eit)di and et >

∫

It

eitdi since eit ≤ e∗t ∀i ∈ It.

◆♦t❡ t❤❛t✱ s✐♥❝❡ ✇❡ ♥♦r♠❛❧✐③❡ t❤❡ s✐③❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ ❜② 1 t❤❡♥ et ❛♥❞ h(et) ❛r❡ r❡s♣❡❝t✐✈❡❧②

❛❣❣r❡❣❛t❡ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t ❛♥❞ ❤✉♠❛♥ ❝❛♣✐t❛❧ ♦❢ ❡❝♦♥♦♠② ✇❤❡♥ ❡❛❝❤ ❛❞✉❧t ✐♥❞✐✈✐❞✉❛❧

i ∈ It ❤❛s ❛♥ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t et✳ ❙♦✱ ✐t ✇♦✉❧❞ ❤♦❧❞ t❤❛t

h′(e∗t ) =
α2

1− α

∫

It
h(eit)di

∫

It
(bit − eit)di

<
α2

1− α

h(et)

bt − et
= h′(et) ⇐⇒ e∗t > et

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❛ss✉♠♣t✐♦♥ e∗t < et✳ ❚❤❡r❡❢♦r❡✱ e
∗
t ≥ et✳

❋✐❣✉r❡ ✷✿ ❊❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t

✶✷
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❲❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ ❡ss❡♥t✐❛❧ ❛ss✉♠♣t✐♦♥s ❛❜♦✉t t❤❡ ♦✇♥❡rs❤✐♣ ♦❢ ♠♦♥♦♣♦❧② ✜r♠s✳ ❲❡

❛ss✉♠❡ t❤❛t ✐♥ ❡❛❝❤ ♣❡r✐♦❞ t✱ ❛ ❢r❛❝t✐♦♥ λ ∈ (0, 1) ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛r❡ ♠♦♥♦♣♦❧✐sts ♦❢ ✐♥t❡r♠❡❞✐❛t❡

❣♦♦❞s✳ ❲❡ ❞❡♥♦t❡ Iλt t♦ ❜❡ t❤❡ s❡t ♦❢ ♠♦♥♦♣♦❧✐sts ✐♥ ♣❡r✐♦❞ t✱ t❤❡♥ Iλt ⊂ It✳ ❚❤❡ ♦✇♥❡rs ♦❢

t❤❡ ♠♦♥♦♣♦❧② ✜r♠s ♦✇♥ t❤❡ ♠♦♥♦♣♦❧✐st ♣r♦✜ts✳

❆ss✉♠♣t✐♦♥ ✸✳ ❚❤❡ s❤❛r❡ ♦❢ ♠♦♥♦♣♦❧② ♣r♦✜ts ✐s ❛s ❢♦❧❧♦✇s

ρit



















= 0 if bit ∈ [0, e∗t + k̂)

> 0 if bit ≥ e∗t + k̂

; k̂ > 0.

❚❤❡ ❛ss✉♠♣t✐♦♥ ✸ ✐♠♣❧✐❡s t❤❛t ✐♥ ♦r❞❡r t♦ ♦✇♥ ♠♦♥♦♣♦❧② ✜r♠s ❛♥❞ ❡❛r♥ ♠♦♥♦♣♦❧② ♣r♦✜t✱

t❤❡ ❜❡q✉❡st tr❛♥s❢❡r bii t❤❛t ✐♥❞✐✈✐❞✉❛❧ i r❡❝❡✐✈❡s ❢r♦♠ ❤✐s✴❤❡r ♣❛r❡♥t ♠✉st ❡①❝❡❡❞s ❛ t❤r❡s❤✲

♦❧❞ ❛t ✇❤✐❝❤ ❛❢t❡r ✐♥✈❡st✐♥❣ ✐♥ ❡❞✉❝❛t✐♦♥ ❛t ❧❡✈❡❧ e∗t ✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧ i ♠✉st ❤❛✈❡ ❛ s✉✣❝✐❡♥t

♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✱ ✐✳❡✳ bit − e∗t ≥ k̂ ❤♦❧❞s✱ t♦ r✉♥ ❛ ♠♦♥♦♣♦❧② ✜r♠✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♣❧❛✉s✐❜❧❡

❜❡❝❛✉s❡ ♦❢ ✇✐❞❡❧② ♦❜s❡r✈❡❞ ❢❛❝t t❤❛t ✇❤❡♥ ❛ ♣♦t❡♥t✐❛❧ ❡♥tr❡♣r❡♥❡✉r ❛❝❝❡ss t❤❡ ❝❛♣✐t❛❧ ♠❛r❦❡t

t♦ ❜♦rr♦✇ ❝❛♣✐t❛❧ ❢♦r ♦♣❡r❛t✐♥❣ ❛ ♠♦♥♦♣♦❧② ♣r♦❞✉❝✐♥❣ ✜r♠✱ t❤❡ ❜❛♥❦s ♦r ✜♥❛♥❝✐❛❧ ✐♥t❡r♠❡❞✐❛t❡

✐♥st✐t✉t✐♦♥s ❛❧✇❛②s r❡q✉✐r❡ ❛♥ ✐♥✐t✐❛❧ ❝❛♣✐t❛❧ ❝❛♣❛❝✐t② ❜❡s✐❞❡ t❤❡ ❡♥tr❡♣r❡♥❡✉r✐❛❧ s❦✐❧❧s ♦❢ t❤❡

❛♣♣❧✐❝❛♥t✳✸

✸ ❊q✉✐❧✐❜r✐❛ ❛♥❞ ❉②♥❛♠✐❝s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ t❤❡ ❡q✉✐❧✐❜r✐❛ ♦❢ t❤❡ ❡❝♦♥♦♠② ❛♥❞ t❤❡♥ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❞②♥❛♠✐❝s

♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ ♦❜t❛✐♥ t❤❡ r❡❞✉❝❡❞ ❞②♥❛♠✐❝s ♦❢ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡rs ❢♦r ❛♥②

❤♦✉s❡❤♦❧❞ i ∈ It✳

✸✳✶ ❊q✉✐❧✐❜r✐❛

❉❡✜♥✐t✐♦♥ ✶✳ ■♥ t❤✐s ❡❝♦♥♦♠②✱ ✉♥❞❡r t❤❡ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ ℜ− × [0, 1)✱

t❤❡ ❝♦♠♣❡t✐t✐✈❡ ❡q✉✐❧✐❜r✐❛ ✐♥ ❛♥② ♣❡r✐♦❞ t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②✿ ✭✐✮ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥s ♦❢ r❡t✉r♥s

♦♥ ♣r♦❞✉❝t✐♦♥ ❢❛❝t♦rs❀ ✭✐✐✮ ♦♣t✐♠❛❧ ❝❤♦✐❝❡s ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ i ∈ It❀ ✭✐✐✐✮ t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ♦❢

♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ s❡❝t♦rs❀ ❛♥❞ ✭✐✈✮ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣♦❧❧✉t✐♦♥ st♦❝❦✳ ❆♥❛❧②t✐❝❛❧❧②✱

t❤❡ ❡q✉✐❧✐❜r✐❛ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿

✭✐✮ ❉❡t❡r♠✐♥❛t✐♦♥s ♦❢ r❡t✉r♥s ♦♥ ♣r♦❞✉❝t✐♦♥ ❢❛❝t♦rs✿

✸■♥ t❤✐s ♠♦❞❡❧✱ ✇❡ ❛ss✉♠❡ t❤❛t ✐♥❞✐✈✐❞✉❛❧s ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ✐♥♥❛t❡ t❛❧❡♥t✳ ❍❡♥❝❡✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t ❝r❡❛t❡s
t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❡♥tr❡♣r❡♥❡✉r✐❛❧ s❦✐❧❧s✳

✶✸
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wt = (1− α)





∑

v∈{c,d}

(1− τvt)
1

1−αAv





1−α
(

Kt

Ht

)α

rt = α2





Ht

Kt

∑

v∈{c,d}

(1− τvt)
1

1−αAvt





1−α

✭✐✐✮ ❖♣t✐♠❛❧ ❝❤♦✐❝❡s ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ i ∈ It✿

eit = min
{

bit, e
∗
t

}

cit = min

{

W i
tφ(Pt), (1− γ)

[

W i
tφ(Pt) +

θt
γ

]}

bit+1 = max

{

0, γ

[

W i
tφ(Pt)−

θt(1− γ)

γ

]}

W i
t = wth(e

i
t) + (bit − eit)rt + ρitΠt

✇❤❡r❡

Πt = α(1− α)



Ht

∑

v∈{c,d}

(1− τvt)
1

1−αAvt





1−α

Kα
t

✭✐✐✐✮ ❚❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥ ✐♥t❡r♠❡❞✐❛t❡ s❡❝t♦rs j ∈ Jt✿

kvj =
(1− τvt)

1
1−αavj

∑

v′∈{c,d}

(1− τv′t)
1

1−αAv′

Kt

✭✐✈✮ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ♣♦❧❧✉t✐♦♥ st♦❝❦

Pt = (1− δ)Pt−1 + ξ
(1− τdt)

1
1−αAd

∑

v∈{c,d}

(1− τvt)
1

1−αAv

Kt

❣✐✈❡♥ Kt✱ Ht✱ Pt−1✱ ❛♥❞ {bit, ρ
i
t}i∈It ✳

✸✳✷ ❉②♥❛♠✐❝s ♦❢ ❜❡q✉❡st tr❛♥s❢❡r

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡r ✇✐t❤✐♥ ❡❛❝❤ ❢❛♠✐❧② i✱ ❛s ❢♦❧❧♦✇ ❢r♦♠ ✭✶✼✮✱

✐s

✶✹
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bit+1 = max

{

0, γφ(Pt)

[

wth(e
i
t) + (bit − eit)rt + ρitΠt −

θwt(1− γ)

γ

]}

✭✷✵✮

❲❡ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡r ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣✲

t✐♦♥

❆ss✉♠♣t✐♦♥ ✹✳ h(e(λk̂)) > θ(1− γ)/γ > 1✳

❚❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✐♥ ❛ss✉♠♣t✐♦♥ ✹ ✐♠♣❧✐❡s t❤❛t wth(e(λk̂))φ(Pt) > θwtφ(Pt)(1−γ)/γ✱ ✐✳❡✳

t❤❡ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ♦❢ ❛ ♥♦♥✲♠♦♥♦♣♦❧✐st ✐♥❞✐✈✐❞✉❛❧ ❛t t❤❡ ❡❞✉❝❛t✐♦♥ ❧❡✈❡❧ e(λk̂) ∈ (0, e∗t )

✐s ❤✐❣❤ ❡♥♦✉❣❤ ❛t ✇❤✐❝❤ t❤❛t ✐♥❞✐✈✐❞✉❛❧ ✇✐❧❧ ❧❡❛✈❡ ❛ ♣❛rt ♦❢ ✇❡❛❧t❤✱ ❛s ❜❡q✉❡st tr❛♥s❢❡r✱ ❢♦r

❤✐s✴❤❡r ♦✛s♣r✐♥❣✳ ◆♦t❡ t❤❛t ❜② ❝♦♥str✉❝t✐♦♥✱

λk̂ < inf
t∈N

∫

It

bitdi

✐✳❡✳ λk̂ ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ❜❡q✉❡st st♦❝❦ bt =
∫

It
bitdi ♦❢ t❤❡ ❡❝♦♥♦♠②✳

❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✐♥ ❛ss✉♠♣t✐♦♥ ✹ tr✐✈✐❛❧❧② ❤♦❧❞s ❢♦r s♦♠❡ ♣❧❛✉s✐❜❧❡ ✈❛❧✉❡s ♦❢ θ ❛♥❞ γ✱

❢♦r ✐♥st❛♥❝❡ θ ≥ 1 ✭✐✳❡✳ ✐♥❞✐✈✐❞✉❛❧s ♣✉t ❛♥ ❡①♣❡❝t❛t✐♦♥ ♦♥ t❤❡ ♠✐♥✐♠❛❧ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ t❤❛t

t❤❡✐r ♦✛s♣r✐♥❣ ❝❛♥ ❤♦❧❞ ❛t ❧❡❛st ❛s ♠✉❝❤ ❛s t❤❛t ♦❢ t❤❡♠✮ ❛♥❞ γ ✐s ❛r♦✉♥❞ 1/4 ✭t❤❛t ✐s ✇✐❞❡❧②

❡♠♣❧♦②❡❞ ❢♦r ♥✉♠❡r✐❝❛❧ ❡①❡r❝✐s❡s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✮✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✶✱ ✷✱ ✸ ❛♥❞ ✹✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ t❤r❡s❤♦❧❞ b ∈ (0, e∗t )

s✉❝❤ t❤❛t

bit+1



















= 0 if bit ∈ [0, b]

> 0 if bit > b

where b = h−1
(

θ(1−γ)
γ

)

Pr♦♦❢✳

■♥ ❡✛❡❝t✱ ✇❤❡♥ bit ∈ (0, e∗t )✱ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✷ ❛♥❞ ✸✱ t❤❡ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ♦❢ ✐♥❞✐✈✐❞✉❛❧

i ∈ It ✐s φ(Pt)wth(b
i
t)✳ ❋r♦♠ ✭✷✵✮✱ ✇❡ ❤❛✈❡

bit+1 > (=) 0 ⇐⇒ φ(Pt)wth(b
i
t) > (≤)

θwtφ(Pt)(1− γ)

γ
⇐⇒ h(bit) > (≤)

θ(1− γ)

γ

❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✶✱ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t t♦

bit > (≤)h−1

(

θ(1− γ)

γ

)

≡ b

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✹✱ ✇❡ ❤❛✈❡

h(b) < h(e(λk̂)) =⇒ h(b) < h(e∗t ) since e∗t ≥ e(λk̂)

✶✺
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❚❤❡r❡❢♦r❡✱ b ∈ (0, e∗t )✳

❚❤❡ st❛t❡♠❡♥ts ✐♥ ♣r♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷ ❛❧❧♦✇ ✉s t♦ r❡♣r❡s❡♥t t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜❡q✉❡st

tr❛♥s❢❡rs ❛s ❢♦❧❧♦✇s

bit+1 =































0 if bit ∈ [0, b)

γφ(Pt)
[

wth(b
i
t)−

θwt(1−γ)
γ

]

if bit ∈ [b, e∗t )

γφ(Pt)
[

wth(e
∗
t ) + (bit − e∗t )rt −

θwt(1−γ)
γ

]

if bit ∈ [e∗t , e
∗
t + k̂)

γφ(Pt)
[

wth(e
∗
t ) + (bit − e∗t )rt + ρitΠt −

θwt(1−γ)
γ

]

if bit ≥ e∗t + k̂

✭✷✶✮

■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ st✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❜❡q✉❡st tr❛♥s❢❡r ✐♥ t❤❡ s♣❛❝❡ (bit, b
i
t+1) ⊂

ℜ2
+✳ ❲❡ ❝❛❧❧ t❤✐s ❡✈♦❧✉t✐♦♥ ✐♥ t❤✐s s♣❛❝❡ ✐s ❝♦♥❞✐t✐♦♥❛❧ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✇❡ ❤❛✈❡ t♦

✜① ♦t❤❡r ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ✐♥❞❡❡❞ ❤❛✈❡ t❤❡✐r ♦✇♥ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ❡✈♦❧✉t✐♦♥

♦❢ t❤❡ ❜❡q✉❡st tr❛♥s❢❡rs✳ ❚❤✐s s✐♠♣❧✐✜❝❛t✐♦♥ ✇♦✉❧❞ ❜❡ ❤❡❧♣❢✉❧ ❢♦r ✉s t♦ ❢♦❝✉s ♦♥ t❤❡ ♠❡❝❤❛♥✐s♠

❧❡❛❞✐♥❣ t♦ t❤❡ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t②✳ ❲❡ ✇♦✉❧❞ ♥♦t❡✱ ❤♦✇❡✈❡r✱ t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ✐s ❝♦♠♣❧❡t❡❧②

✈❛❧✐❞ ✇❤❡♥ ✇❡ ❢♦❝✉s ♦♥ ❛♥② t✇♦ s✉❝❝❡ss✐✈❡ ♣❡r✐♦❞s ♦❢ t✐♠❡ t ❛♥❞ t + 1✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✇❤♦❧❡

❡✈♦❧✉t✐♦♥ ♦❢ ❜❡q✉❡st tr❛♥s❢❡rs✱ ✐♥❞❡❡❞✱ ✐s t❤❡ r❡♣❧✐❝❛t✐♦♥ ♦❢ ✇❤❛t ✇❡ tr② t♦ ❞♦ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❲❡

✇✐❧❧ st✉❞② t❤✐s ❝♦♥❞✐t✐♦♥❛❧ ❡✈♦❧✉t✐♦♥ ✉♥❞❡r ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡

♦❢ ♠✉❧t✐♣❧❡ ❝♦♥❞✐t✐♦♥❛❧ st❡❛❞② st❛t❡s✳

✭✐✮ φ(Pt)wt [γh(e
∗
t )− θ(1− γ)] ≥ e∗t ❀

✭✐✐✮ γφ(Pt)rt < 1❀

✭✐✐✐✮ γφ(Pt)
[

wth(e
∗
t ) + k̂rt −

θwt(1−γ)
γ

]

≤ e∗t + k̂❀

✭✐✈✮ γφ(Pt)
[

wth(e
∗
t ) + k̂rt + ρitΠt −

θwt(1−γ)
γ

]

> e∗t + k̂ ∀i ∈ Iλt ⊂ It✳

❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡rs ✐s ❞❡♣✐❝t❡❞ ✐♥

t❤❡s❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s

✶✻
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❋✐❣✉r❡ ✸✿ ❈♦♥❞✐t✐♦♥❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ ❜❡q✉❡st tr❛♥s❢❡rs ✭♠♦♥♦♣♦❧② ♣r♦✜t s❤❛r❡s ❛r❡ ❡✈❡♥ ❛❝r♦ss ♠♦♥♦♣♦❧✐sts✮

✹ ❊✛❡❝ts ♦❢ ❝❧✐♠❛t❡ ♣♦❧✐❝②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝❧✐♠❛t❡ ♣♦❧✐❝② ♦♥ str✉❝t✉r❡ ♦❢ ♣r♦❞✉❝✲

t✐♦♥ ❢❛❝t♦rs ✭♦r✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ r❡s♦✉r❝❡ ❛❧❧♦❝❛t✐♦♥ ❢♦r ❝♦♥st✐t✉t✐♥❣ ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐♦♥

❢❛❝t♦rs✮✱ ♦♥ ❞❡❝✐s✐♦♥s ❛♥❞ t❤❡ ✇❡❛❧t❤ ♦❢ ✐♥❞✐✈✐❞✉❛❧s✱ ❛♥❞ ♦♥ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t② ❛♥❞ ❜❡q✉❡st

tr❛♥s❢❡rs ❛❝r♦ss ✐♥❞✐✈✐❞✉❛❧s✳

❉❡✜♥✐t✐♦♥ ✷✳ ❲❡ ❞❡✜♥❡ ❛ s❡t ♦❢ t❤❡ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝❧✐♠❛t❡ ♣♦❧✐❝✐❡s ✐♥ ❛♥② ♣❡r✐♦❞ t ❛s ❢♦❧❧♦✇s✿

Ct ≡







(τct, τdt) ∈ ℜ− × (0, 1) such that
∑

v∈{c,d}

τvt(1− τvt)
α

1−αAv = 0







✶✼
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❋✐❣✉r❡ ✹✿ ❈♦♥❞✐t✐♦♥❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ ❜❡q✉❡st tr❛♥s❢❡rs ✭♠♦♥♦♣♦❧② ♣r♦✜t s❤❛r❡s ❛r❡ ✉♥❡✈❡♥ ❛❝r♦ss ♠♦♥♦♣♦❧✐sts✮

✹✳✶ ❖♥ r❡s♦✉r❝❡ ❛❧❧♦❝❛t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✸✳ ■♥ t❤❡ ❡❝♦♥♦♠② s❡t ✉♣ ❛❜♦✈❡✱ ✐♥ ❛♥② ♣❡r✐♦❞ t✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ✭❜❡q✉❡st✮ r❡s♦✉r❝❡

❢♦r ❝♦♥st✐t✉t✐♥❣ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ Kt ❛♥❞ ❤✉♠❛♥ ❝❛♣✐t❛❧ {eit, h
i
t}i∈It ✐s ✐♥❞❡♣❡♥❞❡♥t ♦♥

t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct✳

Pr♦♦❢✳

❲❡ ❤❛✈❡ ✐♥ ❛♥② ♣❡r✐♦❞ t✱ t❤❡ ❛❣❣r❡❣❛t❡ ❜❡q✉❡st bt =
∫

It
bitdi ✐s ❣✐✈❡♥✳ ❋r♦♠ t❤❡ ❡q✉❛t✐♦♥s

✭✽✮ ❛♥❞ ✭✶✸✮ ❞❡t❡r♠✐♥✐♥❣ r❡s♣❡❝t✐✈❡❧② t❤❡ r❡♥t❛❧ r❛t❡ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛♥❞ r❡t✉r♥ ♦♥ ❤✉♠❛♥

❝❛♣✐t❛❧ ✉♥❞❡r ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct✱ ✇❡ ❤❛✈❡

rt(τct, τdt)

wt(τct, τdt)
=

α2

1− α

Ht(τct, τdt)

Kt(τct, τdt)

✶✽
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✇❤❡r❡ rt(τct, τdt) ✐s r❡♥t❛❧ r❛t❡ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥ t❤❡ ♣❡r✐♦❞ t ✉♥❞❡r t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝②

(τct, τdt) ∈ Ct❀ ❛♥❞ t❤❡ ❛♥❛❧♦❣♦✉s ❧♦❣✐❝ ❛♣♣❧✐❡❞ ❢♦r ♦t❤❡r ✈❛r✐❛❜❧❡s ✐♥ ♣❡r✐♦❞ t✳ ❲❡ s✉♣♣♦s❡ ❛

♥❡❣❛t✐♦♥ t❤❛t

Ht(τct, τdt)

Kt(τct, τdt)
<
Ht(0, 0)

Kt(0, 0)
for some (τct, τdt) ∈ Ct

t❤❡♥

e∗t (τct, τdt) > e∗t (0, 0)

◆♦t❡ t❤❛t ✇❡ ♣r♦✈❡ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✶ t❤❛t eit(τct, τdt) = min {bit, e
∗
t (τct, τdt)}✱ ❤❡♥❝❡ t❤❡ ❧❛st

✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s t❤❛t



















eit(τct, τdt) = eit(0, 0) if bit ∈ [0, e∗t (0, 0)]

eit(τct, τdt) > eit(0, 0) if bit > e∗t (0, 0)

=⇒



















Ht(τct, τdt) =
∫

It
h(eit(τct, τdt))di >

∫

It
h(eit(0, 0))di = Ht(0, 0)

Kt(τct, τdt) = bt −
∫

It
eit(τct, τdt)di < bt −

∫

It
eit(0, 0)di = Kt(0, 0)

✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t Ht(τct, τdt)/Kt(τct, τdt) > Ht(0, 0)/Kt(0, 0)✳ ❆♥ ❛♥❛❧♦✲

❣♦✉s ❧♦❣✐❝ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡ ❝❛s❡ ♦❢ s✉♣♣♦s✐♥❣ ❛ ♥❡❣❛t✐♦♥ t❤❛t Ht(τct, τdt)/Kt(τct, τdt) >

Ht(0, 0)/Kt(0, 0)✳ ❚❤❡r❡❢♦r❡✱ ✐t ♠✉st ❤♦❧❞

Ht(τct, τdt)

Kt(τct, τdt)
=
Ht(0, 0)

Kt(0, 0)
∀(τct, τdt) ∈ Ct

✇❤✐❝❤✱ ❛❧♦♥❣ ✇✐t❤ ♣r♦♣♦s✐t✐♦♥ ✶✱ tr✐✈✐❛❧❧② ❣✐✈❡s ✉s ❢♦r ❛♥② ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct t❤❛t

Kt(τct, τdt) = Kt(0, 0), eit(τct, τdt) = eit(0, 0) and hit(τct, τdt) = hit(0, 0) ∀i ∈ It

Pr♦♣♦s✐t✐♦♥ ✸ s✉❣❣❡sts ✉s t❤❛t t❤❡ ❡✛❡❝ts ♦❢ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♦♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ i✬s ❞✐s♣♦s❛❜❧❡

✇❡❛❧t❤ t❤r♦✉❣❤ ✐ts ❡✛❡❝ts ♦♥ r❡t✉r♥ ♦♥ ❤✉♠❛♥ ❝❛♣✐t❛❧✱ ♦♥ r❡♥t❛❧ r❛t❡ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✱ ❛s

✇❡❧❧ ❛s ♦♥ t❤❡ ♣♦❧❧✉t✐♦♥ st♦❝❦✳

✹✳✷ ❖♥ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s

Pr♦♣♦s✐t✐♦♥ ✹✳ ■♥ ❛♥② ♣❡r✐♦❞ t✱ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct ❞❡❝r❡❛s❡s t❤❡ r❡♥t❛❧ r❛t❡ ♦❢

♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✱ r❡t✉r♥ ♦♥ ❤✉♠❛♥ ❝❛♣✐t❛❧✱ ❛♥❞ ❛❣❣r❡❣❛t❡ ♠♦♥♦♣♦❧② ♣r♦✜t ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❛s❡

✶✾
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♦❢ ♥♦ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) = (0, 0)✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ❤♦❧❞s

rt(τct, τdt)

rt(0, 0)
=
wt(τct, τdt)

wt(0, 0)
=

Πt(τct, τdt)

Πt(0, 0)
=
Yt(τct, τdt)

Yt(0, 0)
=









∑

v∈{c,d}

(1− τvt)
1

1−αAv

∑

v∈{c,d}

Av









1−α

Pr♦♦❢✳

■♥❞❡❡❞✱ ✉♥❞❡r t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ kvjt(τct, τdt)✱

❛s s❤♦✇♥ ✐♥ ✭✾✮✱ ✐s

kvjt(τct, τdt) =
(1− τvt)

1
1−αavj

∑

v′∈{c,d}

(1− τv′t)
1

1−αAv′

Kt 6=
avj
∑

v′∈{c,d}

Av′
Kt = kvjt(0, 0); vj ∈ {c, d} × Jt

❢♦r ❣✐✈❡♥ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ Kt✳

❇② s♦❧✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ♠❛①✐♠✐③❡s t❤❡ ✜♥❛❧ ♦✉t♣✉t ✐♥ ❛♥②

♣❡r✐♦❞ t✱

max
{kvjt}vj∈{c,d}×Jt

H1−α
t

∑

v∈{c,d}

∫

Jt

a1−α
vj kαvjtdj subject to

∑

v∈{c,d}

∫

Jt

kvjtdj = Kt

❣✐✈❡♥ Kt ❛♥❞ Ht✱✹ ✇❡ ✜♥❞ t❤❛t t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ k∗vjt = kvjt(0, 0) ✐s t❤❡ ✉♥✐q✉❡ ♦♣t✐♠❛❧

❛❧❧♦❝❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧✳

❇② s✉❜st✐t✉t✐♥❣ t❤❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s kvjt(τct, τdt) ✉♥❞❡r (τct, τdt) ∈ Ct ❛♥❞

kvjt(0, 0) ✐♥t♦ t❤❡ ✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❣♦✈❡r♥♠❡♥t ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t

❝♦♥str❛✐♥t ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❧❡♠♠❛ ✶✱ ✇❡ ❤❛✈❡

Yt(τct, τdt) =



Ht

∑

v∈{c,d}

(1− τvt)
1

1−αAv





1−α

Kα
t <



Ht

∑

v∈{c,d}

Av





1−α

Kα
t = Yt(0, 0)

❍❡♥❝❡✱ ✇✐t❤ (τct, τdt) ∈ Ct✱ ✐t ❤♦❧❞s

∑

v∈{c,d}

(1− τvt)
1

1−αAv <
∑

v∈{c,d}

Av

❙♦✱ ♥♦✇ ✐t ✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✽✮✱ ✭✶✵✮ ❛♥❞ ✭✶✸✮✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ r❡✲

s♣❡❝t✐✈❡❧② r❡♥t❛❧ r❛t❡ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✱ ❛❣❣r❡❣❛t❡ ♠♦♥♦♣♦❧② ♣r♦✜t ❛♥❞ r❡t✉r♥ ♦♥ ❤✉♠❛♥ ❝❛♣✐✲

✹◆♦t❡ t❤❛t ✐♥ t❤❡ ✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✇❡ r❡♣❧❛❝❡ xvjt ❜② kvjt ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✱ xvjt = kvjt✱ ✐♥
t❤❡ ✐♥t❡r♠❡❞✐❛t❡ s❡❝t♦r vj✳

✷✵
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t❛❧✱ ❛s ✇❡❧❧ ❛s t❤❡ ✜♥❛❧ ❣♦♦❞ ♣r♦❞✉❝t✐♦♥ t❤❛t✱ ✇✐t❤ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct✱

t❤❡② ❤♦❧❞

rt(τct, τdt)

rt(0, 0)
=
wt(τct, τdt)

wt(0, 0)
=

Πt(τct, τdt)

Πt(0, 0)
=
Yt(τct, τdt)

Yt(0, 0)
=









∑

v∈{c,d}

(1− τvt)
1

1−αAv

∑

v∈{c,d}

Av









1−α

< 1

❚❤❡ ❡❝♦♥♦♠✐❝ ✐♥t✉✐t✐♦♥ s✉♣♣♦rt✐♥❣ ❢♦r ♣r♦♣♦s✐t✐♦♥ ✹ ✐s ❢♦❧❧♦✇s✿ ❚❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈

Ct ❞✐st♦rts t❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ♣r♦❞✉❝✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✱ t❤❡r❡❢♦r❡

r❡❞✉❝❡s t❤❡ ❛❣❣r❡❣❛t❡ ✜♥❛❧ ♦✉t♣✉t✳ ❚❤❡ ❛❣❣r❡❣❛t❡ ✜♥❛❧ ♦✉t♣✉t✱ ✐♥❞❡❡❞✱ ✐s ❞✐str✐❜✉t❡❞ ❢♦r

❛❣❣r❡❣❛t❡ ❧❛❜♦r ✐♥❝♦♠❡✱ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥❝♦♠❡✱ ❛♥❞ ❛❣❣r❡❣❛t❡ ♠♦♥♦♣♦❧② ♣r♦✜t✳

❚❤❡ r✉❧❡ ♦❢ ❞✐str✐❜✉t✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡ ✜♥❛❧ ♦✉t♣✉t ❢♦r ❧❛❜♦r ✐♥❝♦♠❡✱ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥❝♦♠❡✱

❛♥❞ ♠♦♥♦♣♦❧② ♣r♦✜t ✐s ✐♥❞❡❡❞ ✐♥❞❡♣❡♥❞❡♥t ♦♥ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct✳ ❚❤❛t ✐s ❜❡❝❛✉s❡✱

❛s ♣r♦✈❡♥ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✱ Kt ❛♥❞ Ht ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦♥ (τct, τdt) ∈ Ct✳ ❍❡♥❝❡✱ t❤❡ ❛❣❣r❡❣❛t❡

❧❛❜♦r ✐♥❝♦♠❡ ✭❛♥❞ r❡t✉r♥ ♦♥ ❤✉♠❛♥ ❝❛♣✐t❛❧✮✱ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥❝♦♠❡ ✭❛♥❞ r❡♥t❛❧

r❛t❡ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✮✱ ❛♥❞ ❛❣❣r❡❣❛t❡ ♠♦♥♦♣♦❧② ♣r♦✜t ❛r❡ ❞✐st♦rt❡❞ ❡①❛❝t❧② t❤❡ s❛♠❡ ❜② t❤❡

❞✐st♦rt✐♦♥ ✐♥ t❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ♦❢ ❝❛♣✐t❛❧ ✐♥ ♣r♦❞✉❝✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ✐♥♣✉ts✳

✹✳✸ ❖♥ ❜❡q✉❡st tr❛♥s❢❡rs ❛♥❞ ✐♥❡q✉❛❧✐t②

❋r♦♠ t❤❡ ❞②♥❛♠✐❝s ❡q✉❛t✐♦♥ ✭✷✶✮ ♦❢ ❜❡q✉❡st tr❛♥s❢❡r ✇❡ ✜♥❞ t❤❛t ✇❤❡♥ bit ∈ [0, b] t❤❡♥ bit+1 = 0

✇❤❛t❡✈❡r t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct ✐s✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝ts ♦❢ ❝❧✐♠❛t❡ ♣♦❧✐❝②

♦♥ t❤❡ ❜❡q✉❡st tr❛♥s❢❡r bit+1 ♦❢ ❢❛♠✐❧✐❡s i ∈ It ❛♥❞ ❝❤❛r❛❝t❡r✐③❡❞ ❜② bit > b✳ ❆❧♦♥❣ ✇✐t❤ t❤❡

❡q✉❛❧✐t② st❛t❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✹✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡

bit+1(τct, τdt)

bit+1(0, 0)
=









∑

v∈{c,d}

(1− τvt)
1

1−αAv

∑

v∈{c,d}

Av









1−α

φ(Pt(τct, τdt))

φ(Pt(0, 0))
if bit > b

❋♦r ❡①♣♦s✐t✐♦♥ ♣✉r♣♦s❡ ✇✐t❤♦✉t ❧❡ss❡♥✐♥❣ ❝r✉❝✐❛❧❧② t❤❡ ♣♦✇❡r ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ ❛♥❛❧②s❡s✱ ✇❡

❢♦❧❧♦✇ ●♦❧♦s♦✈ ❡t ❛❧✳ ✭✷✵✶✹✮ t♦ s♣❡❝✐❢② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ t❤❡ ❝❧✐♠❛t❡ ❞❛♠❛❣❡ ❛s ❢♦❧❧♦✇s✺

φ(P ) = exp(−P ) for P ≥ 0

❋♦r t❤✐s ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ ❝❧✐♠❛t❡ ❞❛♠❛❣❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❢r♦♠ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣♦❧❧✉t✐♦♥

st♦❝❦ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ✭✶✹✮✱ ✇❡ ❤❛✈❡✱ ✇❤❡♥ bit > b

✺❙✉❝❤ ❛ ❞❛♠❛❣❡ ❢✉♥❝t✐♦♥ ❝♦✉❧❞ ❜❡ ❢♦✉♥❞ ❛❧s♦ ✐♥ ❉❛♦ ❡t ❛❧✳ ✭✷✵✶✼✮✳

✷✶
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bit+1(τct, τdt)

bit+1(0, 0)
=









∑

v∈{c,d}

(1− τvt)
1

1−αAv

∑

v∈{c,d}

Av









1−α

exp















ξ









Ad
∑

v∈{c,d}

Av

−
(1− τdt)

1
1−αAd

∑

v∈{c,d}

(1− τvt)
1

1−αAv









Kt















✭✷✷✮

❋r♦♠ t❤❡ ❧❛st ❡q✉❛t✐♦♥✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ♦✈❡r❛❧❧ ❡✛❡❝t ♦❢ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct ♦♥

t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❝❤❛♥❣❡ ✐♥ ❜❡q✉❡st tr❛♥s❢❡r bit+1(τct, τdt)/b
i
t+1(0, 0) ✇❤❡♥ b

i
t > b ❞❡♣❡♥❞s ♦♥ t❤❡

❝❧✐♠❛t❡ ♣♦❧✐❝② ✐ts❡❧❢ ✐♥ t❤❡ r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ s✐③❡ ♦❢ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥ t❤❡ ❡❝♦♥♦♠②✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ■♥ t❤❡ ❡❝♦♥♦♠② s❡t ✉♣ ❛❜♦✈❡✱

✭✐✮ ❢♦r ❛♥② ❤♦✉s❡❤♦❧❞ i ∈ It ✇✐t❤ bit > b✱ ✐t ❤♦❧❞s bit+1(τct, τdt) > (=)(<) bit+1(0, 0) ✇✐t❤

❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱

Kt > (=)(<)
1− α

ξ

[

τct − τdt

(

1−τdt
1−τct

) α
1−α

]

(τdt − τct)

[

1−
(

1−τdt
1−τct

) 1
1−α

]

(1− τct)τctτdt

ln







τct − τdt

(

1−τdt
1−τct

) α
1−α

(τct − τdt)(1− τdt)
α

1−α






= K̂t(τct, τdt)

▼♦r❡♦✈❡r✱ K̂t(τct, τdt) ✐s ❜♦✉♥❞❡❞ ❢♦r ❛❧❧ (τct, τdt) ∈ Ct✳

✭✐✐✮ ❆ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct ❛❧t❡rs t❤❡ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ψ(W i
t , Pt) ♦❢ ❛❧❧ ❤♦✉s❡❤♦❧❞s

i ∈ It ❜② t❤❡ s❛♠❡ ♠✉❧t✐♣❧✐❡r✱ ❛♥❞

ψ(W i
t (τct, τdt), Pt(τct, τdt)) > (=)(<)ψ(W i

t (0, 0), Pt(0, 0)) ⇐⇒ Kt > (=)(<)K̂t(τct, τdt)

Pr♦♦❢✳ ✭✐✮ ❚❤❡ ♣r♦♦❢ ❢♦r t❤✐s st❛t❡♠❡♥t ✐s ❢❛✐r❧② str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✷✮ ✇❤❡♥ ✇❡

❡✈❛❧✉❛t❡ t❤❡ ❜❡q✉❡st r❛t✐♦ bit+1(τct, τdt)/b
i
t+1(0, 0) ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ 1✳ ■♥❞❡❡❞✱

bit+1(τct, τdt)

bit+1(0, 0)
> (=)(<) 1

✐❢✱ ❛♥❞ ♦♥❧② ✐❢

(1− α) ln









∑

v∈{c,d}

(1− τvt)
1

1−αAv

∑

v∈{c,d}

Av









+ ξ









Ad
∑

v∈{c,d}

Av

−
(1− τdt)

1
1−αAd

∑

v∈{c,d}

(1− τvt)
1

1−αAv









Kt > (=)(<) 0

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

✷✷
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Kt > (=)(<)
1− α

ξ









Ad
∑

v∈{c,d}

Av

−
(1− τdt)

1
1−αAd

∑

v∈{c,d}

(1− τvt)
1

1−αAv









−1

ln









∑

v∈{c,d}

Av

∑

v∈{c,d}

(1− τvt)
1

1−αAv









> 0

❯s✐♥❣ t❤❡ ❜❛❧❛♥❝❡❞ ❣♦✈❡r♥♠❡♥t ❜✉❞❣❡t ❝♦♥❞✐t✐♦♥
∑

v∈{c,d}

τvt(1− τvt)
α

1−αAv = 0 ❛s ♠❡♥t✐♦♥❡❞

✐♥ ✭✶✷✮ ❛♥❞ s✉❜st✐t✉t✐♥❣ ✐t ✐♥t♦ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t②✱ ✇❡ ✇✐❧❧ ♦❜t❛✐♥

K̂t(τct, τdt)✳

❲❡ ❤❛✈❡ t❤❡ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝♦♥❞✐t✐♦♥

τct(1− τct)
α

1−αAc + τdt(1− τdt)
α

1−αAd = 0

❇② ❛♣♣❧②✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ ❢♦r t❤❡ ❧❛st ❡q✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ τct ❛♥❞ τdt✱

✇❡ ❤❛✈❡ τct ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ τdt✱ ✐♥ ✇❤✐❝❤ lim
τdt→0+

τct = lim
τdt→1−

τct = 0✱ ❛♥❞

lim
τdt→0+

∂τct
∂τdt

= −
Ad

Ac

❲❡ ❤❛✈❡

K̂t(τct, τdt) =
1− α

ξ









Ad
∑

v∈{c,d}

Av

−
(1− τdt)

1
1−αAd

∑

v∈{c,d}

(1− τvt)
1

1−αAv









−1

ln









∑

v∈{c,d}

Av

∑

v∈{c,d}

(1− τvt)
1

1−αAv









❙✐♥❝❡ K̂t(τct, τdt) > 0 ❢♦r ❛❧❧ (τct, τdt) ∈ Ct t❤❡♥ ✇❡ ❥✉st ♥❡❡❞ ♣r♦✈❡ t❤❛t K̂t(τct, τdt) ✐s ❜♦✉♥❞❡❞

❢r♦♠ ❛❜♦✈❡✳ ❙✉♣♣♦s❡ ❛ ♥❡❣❛t✐♦♥ t❤❛t t❤❡r❡ ❡①✐st❡❞ (τct, τdt) ∈ Ct s✉❝❤ t❤❛t K̂t(τct, τdt) ❝♦✉❧❞

❛♣♣r♦❛❝❤ +∞✳ ❲❡ ❤❛✈❡ t❤❡ t❡r♠ ln

(

∑

v∈{c,d}

Av/
∑

v∈{c,d}

(1− τvt)
1

1−αAv

)

> 0 ✐s ❛❧✇❛②s ❜♦✉♥❞❡❞

❢r♦♠ ❛❜♦✈❡ ❜❡❝❛✉s❡ 0 <
∑

v∈{c,d}

(1− τvt)
1

1−αAv <
∑

v∈{c,d}

Av < +∞✳ ❍❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ K̂t(τct, τdt)

❛♣♣r♦❛❝❤❡s +∞✱ t❤❡♥ t❤❡ ♦♥❧② ♣♦ss✐❜✐❧② ✐s t❤❛t Ad∑

v∈{c,d}

Av
− (1−τdt)

1
1−αAd

∑

v∈{c,d}

(1−τvt)
1

1−αAv

❛♣♣r♦❛❝❤❡s 0 ❢r♦♠

t❤❡ r✐❣❤t✳ ❚❤✐s ♣♦ss✐❜✐❧✐t② ♦❝❝✉rs ♦♥❧② ✐❢ τdt ❛♣♣r♦❛❝❤❡s 0✳✻ ❍♦✇❡✈❡r✱

✻■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇ t❤❛t Adt∑

v∈{c,d}

Avt
−

(1−τdt)
1

1−α Adt

∑

v∈{c,d}
(1−τvt)

1

1−α Avt

> 0 ∀(τct, τdt) ∈ Ct✳ ❇❡❝❛✉s❡ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦

1−τct
1−τdt

> 1 ∀(τct, τdt) ∈ Ct✱ ✇❤✐❝❤ tr✐✈✐❛❧❧② ❤♦❧❞s✳

✷✸
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τdt → 0 =⇒ ln









∑

v∈{c,d}

Av

∑

v∈{c,d}

(1− τvt)
1

1−αAv









→ 0

❙♦✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❧✬❍♦♣✐t❛❧ r✉❧❡✱ ❛♥❞ ♥♦t❡ t❤❛t lim
τdt→0+

∂τct
∂τdt

= −Ad

Ac
✱ ✇❡ ❤❛✈❡

lim
τdt→0+

K̂t(τct, τdt) =
1− α

ξ
lim

τdt→0+

[

Ad +
∂τct
∂τdt

Ac

]

∑

v∈{c,d}

Av

Ad

∑

v∈{c,d}

Av − Ad

[

Ad +
∂τct
∂τdt

Ac

] = 0

❚❤❛t ✐s t♦ s❛②✱ K̂t(τct, τdt) ✐s ❜♦✉♥❞❡❞✳

Pr♦♣♦s✐t✐♦♥ ✺ t❡❧❧s ✉s t❤❛t ❢♦r ❛ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct ✇❤✐❝❤ ✐s ❝❛rr✐❡❞ ♦✉t ✐♥ ♣❡r✐♦❞

t✱ ✐❢ t❤❡ st♦❝❦ ♦❢ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐s r❛t❤❡r ❤✐❣❤✱ ✐♥ ♣❛rt✐❝✉❧❛r Kt > K̂t(τct, τdt)✱ t❤❡♥ t❤❛t

❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct ♠❛② ✐♥❝r❡❛s❡ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ❜❡q✉❡st tr❛♥s❢❡rs ❛❝r♦ss ❤♦✉s❡❤♦❧❞s✳

❚❤❛t ✐s ❜❡❝❛✉s❡ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② ✐♠♣r♦✈❡s t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ q✉❛❧✐t② ❛♥❞✱ ❤❡♥❝❡✱ ❡♥❤❛♥❝❡s

t❤❡ ❞✐s♣♦s❛❜❧❡ ✇❡❛❧t❤ ♦❢ ❤♦✉s❡❤♦❧❞s✳ ❯♥❞❡r t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct ✇❤❡r❡ Kt >

K̂t(τct, τdt)✱ ✇❤✐❧❡ t❤❡ ❝❤♦✐❝❡ ♦❢ ❜❡q✉❡st tr❛♥s❢❡rs t♦ t❤❡ ♦✛s♣r✐♥❣ ♦❢ t❤❡ ♣♦♦r ❤♦✉s❡❤♦❧❞s ❛r❡

✉♥❝❤❛♥❣❡❞ ❛♥❞ s❡t ❛t 0 ✇❤❡♥ t❤❡ ❜❡q✉❡st t❤❡ ❤♦✉s❡❤♦❧❞s r❡❝❡✐✈❡ ❢r♦♠ t❤❡✐r ♣❛r❡♥ts ❞♦❡s

♥♦t ❡①❝❡❡❞ b✱ t❤❡ ❜❡q✉❡st tr❛♥s❢❡rs t♦ t❤❡ ♦✛s♣r✐♥❣ ♦❢ t❤❡ r✐❝❤ ❤♦✉s❡❤♦❧❞s ❛♥❞ ♠✐❞❞❧❡✲❝❧❛ss

❤♦✉s❡❤♦❧❞s ✐♥❝r❡❛s❡✳

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛ ✈❡r② ✉♥❡q✉❛❧ ❡❝♦♥♦♠② ✐♥ ❜❡q✉❡st tr❛♥s❢❡rs✱ t❤❡ ❝❧✐♠❛t❡

♣♦❧✐❝② (τct, τdt) ∈ Ct ♠❛② ❡♥❤❛♥❝❡ t❤❡ ✐♥❡q✉❛❧✐t②✳ ❋♦r ❛ ❣✐✈❡♥ ❛❣❣r❡❣❛t❡ ❜❡q✉❡st tr❛♥s❢❡r✱ t❤❡

❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ t❡♥❞ t♦ ❜❡ ❤✐❣❤❡r ✐♥ ❛♥ ✉♥❡q✉❛❧ ❡❝♦♥♦♠② ✐♥ ❜❡q✉❡st tr❛♥s❢❡r t❤❛♥

✐♥ ❛ ♠♦r❡ ❡q✉❛❧ ♦♥❡ ❜❡❝❛✉s❡ ✇❤❡♥ t❤❡ ❜❡q✉❡st ✐s ♦✇♥❡❞ t♦♦ ❜✐❛s❡❞❧② t♦ t❤❡ r✐❝❤ t❤❡♥ ❛ ❤✐❣❤❡r

❢r❛❝t✐♦♥ ♦❢ ❜❡q✉❡st ✇✐❧❧ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧✱ ♠❛❦✐♥❣ Kt > K̂t(τct, τdt)✱ s✐♥❝❡

t❤❡ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t ✐s ❜♦✉♥❞❡❞✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct

❡♥❤❛♥❝❡s ✐♥❡q✉❛❧✐t②✳ ❇✉t ✇❤❡♥ t❤❡ ❜❡q✉❡sts s♣r❡❛❞ ♠♦r❡ ❡q✉❛❧❧② t♦ t❤❡ ♣♦♦r ❛♥❞ ♠✐❞❞❧❡

❝❧❛ss❡s t❤❡♥ t❤❡② ❛r❡ tr❛♥s❢♦r♠❡❞ ♠♦r❡ ✐♥t♦ ❡❞✉❝❛t✐♦♥ ✐♥✈❡st♠❡♥t✱ r❡❞✉❝✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡

♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♠♦r❡ ❧✐❦❡❧② ❢♦r ❛ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct

t♦ s❛t✐s❢② Kt < K̂t(τct, τdt)✱ ✇❤✐❝❤ ♠❛② r❡❞✉❝❡ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ❜❡q✉❡st tr❛♥s❢❡rs {bit+1}i∈It ❢♦r

t❤❡ ♥❡①t ❣❡♥❡r❛t✐♦♥✳ ❚♦ ❛ss❡ss ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ❡✛❡❝t ♦❢ ❛ ❝❧✐♠❛t❡ ♣♦❧✐❝② (τct, τdt) ∈ Ct ♦♥

t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ❜❡q✉❡st tr❛♥s❢❡r ❢♦r t❤❡ ❣❡♥❡r❛t✐♦♥ t+ 1✱ ✇❡ ♥❡❡❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ {bit}i∈It ✳

✷✹
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❋✐❣✉r❡ ✺✿ ❊✛❡❝ts ♦❢ ❝❧✐♠❛t❡ ♣♦❧✐❝✐❡s ♦♥ ❞②♥❛♠✐❝s ♦❢ ❜❡q✉❡st tr❛♥s❢❡r

✺ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❲❡ s❡t ✉♣ ❛♥ ♦✈❡r❧❛♣♣✐♥❣ ❣❡♥❡r❛t✐♦♥s ❡❝♦♥♦♠② ✇✐t❤ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ ❝r❡❞✐t ♠❛r❦❡ts ❛♥❞ ❛

❝❧✐♠❛t❡ ❞❛♠❛❣❡ ♦♥ t❤❡ ✇❡❛❧t❤ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡♦r❡t✐❝❛❧❧② t❤❡

❧✐♥❦ ❜❡t✇❡❡♥ t✇♦ ❡♠❡r❣✐♥❣ ✐ss✉❡s ✐♥ t❤❡ ✷✶st ❝❡♥t✉r②✱ t❤❛t ❛r❡ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ❛♥❞ ✇❡❛❧t❤

✐♥❡q✉❛❧✐t②✳ ❋♦r ❡❛❝❤ ❜❛❧❛♥❝❡❞ ❜✉❞❣❡t ❝❧✐♠❛t❡ ♣♦❧✐❝②✱ ✇❡ ✐❞❡♥t✐❢② ❛ ❝♦rr❡s♣♦♥❞✐♥❣ t❤r❡s❤♦❧❞ ♦❢

t❤❡ ❛❣❣r❡❣❛t❡ ♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ ❛❜♦✈❡ ✇❤✐❝❤ s✉❝❤ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♠❛② ❡♥❧❛r❣❡ t❤❡ ✇❡❛❧t❤

❣❛♣ ❜❡t✇❡❡♥ t❤❡ r✐❝❤ ❛♥❞ ♣♦♦r ❝❧❛ss✳ ❚❤✐s t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❞❡r✐✈❡❞ ❢r♦♠ ♦✉r ♠♦❞❡❧ ♠❛② ❜❡

❤❡❧♣❢✉❧ ✐♥ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♦♥ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t② ❛s ✇❡❧❧ ❛s ❞❡s✐❣♥ ❛

❝♦♠♣♦s✐t❡ ♣♦❧✐❝② t♦ ✐♠♣r♦✈❡ t❤❡ ❡q✉✐t② ❛♥❞ ♣r♦t❡❝t ❡♥✈✐r♦♥♠❡♥t✳

❚❤❡ ♠♦❞❡❧ s✉❣❣❡sts t❤❛t✱ ❢♦r ❛ ❣✐✈❡♥ st♦❝❦ ♦❢ ❛❣❣r❡❣❛t❡ ✐♥t❡r✲❣❡♥❡r❛t✐♦♥❛❧ ❜❡q✉❡st tr❛♥s❢❡r✱

✷✺
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♣❤②s✐❝❛❧ ❝❛♣✐t❛❧ st♦❝❦ t❡♥❞s t♦ ❜❡ ❤✐❣❤❡r ✐♥ ❛ ♠♦r❡ ✉♥❡q✉❛❧ ❡❝♦♥♦♠②✳ ❚❤❛t ✐s ❜❡❝❛✉s❡ ♦❢

t❤❡ ❛s②♠♠❡tr② ✐♥ ❛❧❧♦❝❛t✐♥❣ t❤❡ ❜❡q✉❡st tr❛♥s❢❡rs ❢♦r ❤✉♠❛♥ ❝❛♣✐t❛❧ ✐♥✈❡st♠❡♥t ❛♥❞ ♣❤②s✐❝❛❧

❝❛♣✐t❛❧ ❛❝❝✉♠✉❧❛t✐♦♥ ❛♠♦♥❣ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢

❝r❡❞✐t ♠❛r❦❡ts✳ ❋♦❧❧♦✇✐♥❣ t❤❡ st❛t❡♠❡♥t ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✱ t❤✐s ♠❛❦❡s ❝❧✐♠❛t❡ ♣♦❧✐❝② ♠♦r❡

❧✐❦❡❧② ❜❡♥❡✜t ❜✐❛s❡❞❧② t♦ t❤❡ r✐❝❤✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❤✐❧❡ t❤❡ ❝❧✐♠❛t❡ ♣♦❧✐❝② ♠❛② ♥♦t ❤❡❧♣ t❤❡ ♣♦♦r

❡s❝❛♣❡ t❤❡ ♣♦✈❡rt② tr❛♣✱ ✐♥ t❤❡ ❧♦♥❣ r✉♥✱ t❤❡ r✐❝❤ ♠❛② ❜❡❝♦♠❡ r✐❝❤❡r ❞✉❡ t♦ t❤❡ ♣♦s✐t✐✈❡ ❡✛❡❝ts

♦❢ ✐♠♣r♦✈✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡ ❤✉♠❛♥ ❝❛♣✐t❛❧ ♦♥ ♠♦♥♦♣♦❧② ♣r♦✜ts✳ ❚❤❛t ❝♦♥tr✐❜✉t❡s t♦ ✇✐❞❡♥

✇❡❛❧t❤ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ r✐❝❤ ❛♥❞ t❤❡ ♣♦♦r ❝❧❛ss✳ ❍❡♥❝❡✱ ❢r♦♠ ❡q✉✐t② ♣❡rs♣❡❝t✐✈❡s✱ ✇❡ s❤♦✉❧❞

t❤✐♥❦ ❛❜♦✉t t❛①✐♥❣ ♠♦♥♦♣♦❧② ♣r♦✜ts t♦ s✉❜s✐❞✐③❡ t❤❡ ❝❧❡❛♥ ♣r♦❞✉❝t✐♦♥ s❡❝t♦r ❛♥❞✴♦r s✉❜s✐❞✐③❡

❡❞✉❝❛t✐♦♥ ❢♦r t❤❡ ♣♦♦r t♦ r❡❞✉❝❡ ✐♥❡q✉❛❧✐t② ✐♥ ✇❡❛❧t❤ ❞✐str✐❜✉t✐♦♥✳

❖✉r ♠♦❞❡❧ s♦ ❢❛r✱ ❢♦r s✐♠♣❧✐✜❝❛t✐♦♥✱ ✐❣♥♦r❡s t❤❡ r♦❧❡ ♦❢ r❡s❡❛r❝❤ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t s❡❝t♦r

❛t ✇❤✐❝❤ t❤❡ t❛① r❡✈❡♥✉❡ ❢r♦♠ ❞✐rt② ♣r♦❞✉❝t✐♦♥ s❡❝t♦r ✐s ✉s❡❞ t♦ s✉❜s✐❞② ❝❧❡❛♥ t❡❝❤♥♦❧♦❣②
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