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Abstract

The main focus of this thesis is to evaluate k,.(n, d), the minimal num-
ber of r-cliques in graphs with n vertices and minimum degree §. A
fundamental result in Graph Theory states that a triangle-free graph
of order n has at most n?/4 edges. Hence, a triangle-free graph has
minimum degree at most n/2, so if k3(n,d) = 0 then § < n/2. For
n/2 < § < 4n/5, I have evaluated k,(n,0) and determined the struc-
tures of the extremal graphs. For § > 4n/5, I give a conjecture on
k.(n,d), as well as the structures of these extremal graphs. Moreover,
I have proved various partial results that support this conjecture.

Let k7% (n,d) be the analogous version of k,(n,d) for regular graphs.
Notice that there exist n and § such that k,.(n,d) = 0 but k7% (n,d) >
0. For example, a theorem of Andrésfai, Erdos and Sés states that any
triangle-free graph of order n with minimum degree greater than 2n/5
must be bipartite. Hence k3(n, |n/2]) = 0 but k3%(n, |n/2]) > 0
for n odd. T have evaluated the exact value k5%(n,d) for § between
2n/5 + 124/n/5 and n/2 and determined the structure of these ex-

tremal graphs.

At the end of the thesis, I investigate a question in Ramsey Theory.
The Ramsey number Ry(G) of a graph G is the minimum number
N, such that any edge colouring of Ky with k colours contains a
monochromatic copy of G. The constrained Ramsey number f(G,T)
of two graphs G and T is the minimum number N such that any edge
colouring of K with any number of colours contains a monochro-
matic copy of G or a rainbow copy of 7. It turns out that these
two quantities are closely related when 7' is a matching. Namely, for

almost all graphs G, f(G,tKsy) = R,_1(G) for t > 2.
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Chapter 1

Introduction

1.1 Cliques in graphs - a classical problem

Let G be a graph of order n and size e unless stated otherwise. For a given
graph H, a graph G is H-free if it does not contain a subgraph isomorphic to H.
One of the trademark problems in Extremal Graph Theory is to determine the
maximum number of edges in a graph without any triangles. Mantel [34] first
proved that a triangle-free graph of order n has at most n?/4 edges. Moreover, he
showed that a complete bipartite graph with partition sizes [n/2] and |n/2] is the
only triangle-free graph of order n with [n?/4] edges. For a graph H, we denote
by ex(n, H) the maximum number of edges in a H-free graph of order n. Thus,
using this notation, ex(n, K3) = [n%/4]. The r-partite Turdn graph of order n,
T.(n), is a complete r-partite graph of order n with vertex classes of sizes either
|n/r| or [n/r]. Turan [45] proved that if G is K, i-free, then e(G) < e(T,) with
equality if and only if G = T,.(n). Thus, ex(n, K,11) = e(T,).

If we denote by IC,.(G) the set of K, in G and its size k,.(G) = |K,.(G)]|, then
Turdn’s Theorem states that if k,,1(G) = 0, then e(G) < e(T(n)). Given e(G) >
e(T,(n)), we would like to know what values of k,.(G) are possible. This naturally
leads us to the problem of which values of k,.(G) are possible if ¢(G) > e(T,.(n)),

a problem which many people have investigated.

Erdés [15] proved that k,(G) is at most (*) + (.

r—1

), where a > b > 0 are the
unique integers such that e = (;) +b. It should be noted that the above statement
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is independent of n. The graph obtained by joining a new vertex to b vertices of
a complete graph of order a has precisely (g) + b edges and (:f) + (rfl) r-cliques
(complete graphs of order ). Now, this problem of bounding k,(G) from above
for a given e is in fact a special case of the Kruskal-Katona Theorem [31, 30],

which is stated below, taking s =2 and ¢t = r.

Theorem 1.1.1 (Kruskal-Katona Theorem [31, 30]). Let s and t be two positive
integers with s < t. Let A be a family of s-sets of size |A| = (") + (7}) 4+ +
(”jﬂ'), where ng > ng_qy > --- >n; > j > 1. Let B be the union of all t-element

supersets of the sets in A. Then, |B| < (") + (7)) + -+ + (t_ijﬂ,).

Let f.(n,e) be the minimal k,.(G) for graphs G of order n and size e. De-
termining f,.(n,e) seems to be difficult. First, we give the structure of a family
of graphs that are conjectured to achieve f.(n,e). Let p be an integer such that
(1—-1/p)n?/2 <e < (1—1/(p+1))n?/2. Note that a simple calculation shows
that e(T,(n)) < (1 — 1/p)n?/2. We consider a (p + 1)-partite graph with vertex
classes V1, ..., V,41 with the following properties. Each vertex class Vi,..., V), has
size at least |V,41], and |V4| > --- > |V,,| > |V1| — 1. The graph induced by V; and
V; is a complete bipartite graph with partition V; and Vj forall 1 <i < j <p+1
unless 2 = p and j = p+1. The graph induced by V,, and V,, is a bipartite graph
with partition V,, and V41 and more than |V,||V,4+1| — |V,| edges. Since there is
a choice of missing edges between V,, and V,1, the above construction defines a
family of graphs. Each such graph achieves the conjectured f,(n,e). Note that
these graphs are independent of r, so is f,.(n, e) (provided that e > e(T,(n)). Also,
the structure of these graphs depends on the edge density e/ (72‘) Hence, one of
the main parameters of f,.(n,e) may be assumed to be the edge density e/ (g)
Hence, we sometimes say that e is in the interval between ¢; and ¢y, meaning
that c;n?/2 < e < cn?/2for 0 < ¢ < < 1.

Erdés [17] was the first to study f3(n,e) for e < n?/4 + o(1). Lovész and
Simonovits [33] proceeded to evaluate f3(n,e) for n?/4 < e < n*/4 +n/2. Bol-
lobds [5] then gave the first concave, actually linear, bound for each interval
between 1 — 1/p and 1 — 1/(p + 1) for positive integers p. Moreover, the lower
bound is sharp at the boundary points of each interval, i.e. e = (1 —1/p)n?/2 for
each integer p > r. Fisher [22] evaluated f3(n,e) asymptotically for the interval
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between 1/2 and 2/3, but it was not until nearly twenty years later that a dra-
matic breakthrough of Razborov [40] proved the asymptotic result of f3(n,e) for
a general e. The proof of this used the concept of flag algebra developed in [39].
Unfortunately, it seemed difficult to generalise Razborov’s proof even for fy(n,e).
Nikiforov [35] later gave a simple and elegant proof of the asymptotic result of
both f3(n,e) and fy(n,e) for general e. However, bounds for f,.(n,e) when r > 5
have not yet been determined. We recommend Chapter 6 in [6] for a survey of

other results related to complete subgraphs.

1.2 Bounding the minimum degree

In this thesis, we are interested in a variant of the classical problem described in
the last section, where instead of considering the number of edges we consider
the minimum degree. In this case, k,(n,d) is defined to be the minimum value of
k.(G) for graphs G of order n with minimum degree §. In addition, k7%(n, ) is
defined to be the minimum value of k,(G) for o-regular graphs G of order n. It can
be seen, by Turdn’s Theorem, that if k.(n,d) = 0 then § < (1 — 1/r)n. It should
be noted that there exist n and ¢ such that k.(n,d) = 0, but £/*(n,d) > 0. For
example, if r = 3, n odd and 2n/5 < on < 2, then k3(n,d) = 0 by removing edges
from T3(n) until we have minimum degree §. However, a theorem of Andrésfai,
Erdds and Sés [3] states that every triangle-free graph of order n with minimal
degree greater than 2n/5 is bipartite. Since no regular graphs with an odd number
of vertices can be bipartite, k3(n,d) > 0 for n odd and 2n/5 < 6 < n/2, whilst
k3(n,0) = 0. In Chapter 2, we determine the exact value of k5% (n,d) for n odd
and 0 in the interval between 2n/5 + 124/n/5 and n/2.

Theorem 1.2.1. For every odd integer n > 107 and even integer § with 2n/5 +
12/n/5 <6 <n/2, k5% (n,0) = 6(30 —n — 1)/4 holds.

In addition, we identify the structure of the extremal graphs for k3 (n, §). The
construction given in Chapter 2 implies that k3 = O(n?) for n/3 < 6 < n/2.
Therefore, the contribution from the parity of n should be o(1) in terms of density

of triangles.
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We have also studied k3(n,d) for § > n/2. Thus, in Chapter 3, we have given
what we conjecture to be the exact structure of extremal graphs for k,.(n,d)
subject to certain conditions on n and §. These extremal graphs for k,.(n, )
share many similarities with the ones for f,.(n,e). For example, the extremal
graphs are independent of r (provided 6 > (1 — 1/r)n). Our main result proves
a sharp lower bound on k,.(n,d) for n/2 < § < 4n/5.

Theorem 1.2.2. Let n and § be integers with n/2 < 6 < 4n/5. Let f =1—0/n.
Then for integers r > 3,

kT(n7 5) Z gT(6>nr7

where the function g.(3) is explicitly defined in Section 3.1. Moreover, for 3 <
r < B71+1 equality holds if and only if (n, 3) is feasible, and the extremal graphs

are members of G(n, 3), where feasible and G(n, 3) are also defined in Section 3.1.

The proof of the above theorem is spread over Chapters 3 to 6. In Section 3.3,
we give an elegant proof for the case n/2 < § < 2n/3 which then forms the
framework for proving Theorem 1.2.2 for 2n/3 < § < 4n/5. In Chapter 4, we
prove that Theorem 1.2.2 is true for K, o-free graphs, where p = 3 if 2n/3 <
0 < 3n/4, and p = 4 if 3n/4 < § < 4n/5. In fact, we prove a sharp lower
bound on k,(G) for K, o-free graphs G of order n and minimum degree J, where
n/2<d<nandp=1[(1-4§/n)"1] -1

Theorem 1.2.3. Let n and 0 be integers withn/2 < § <n. Let f =1—3§/n and
p=[B7'] —1. Then for integers r > 3,

k.(n,0; Kpio-free) > g.(5)n"

holds, where k,(n,0; Kpio-free) is the minimum value of k,.(G) for Kp,io-free
graphs G of order n with minimum degree . Moreover, for 3 <r < p-+ 1 equal-

ity holds if and only if (n, ) is feasible, and the extremal graphs are members

of G(n, ).

Various technical difficulties arise when we prove Theorem 1.2.2 for the case
2n/3 < 0 < 4n/5 for graphs G containing cliques of sizes p + 2. This is because

the existence of (p + 2)-cliques in G introduces error terms into our estimates
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for k,(G) for 3 < r < p+ 1, a situation which we discuss in Section 5.2 when
2n/3 < 0 < 3n/4 and G contains a 5-clique. Chapter 5 and Chapter 6 are
dedicated respectively to the cases for 2n/3 < § < 3n/4 and 3n/4 < § < 4n/5.
We study the case § > 4n/5 in Chapter 7, where we evaluate k,(n,d) exactly for
0/n € I, where I is a union of infinitely many non-empty intervals between 0 and

1. The following theorem is proved in Section 7.1.

Theorem 1.2.4. For positive integers p, there exists 1/(p+ 1) < 3, < 1/p such
that for all 1/(p+1) < 8 < B, and integers n, § = (1 — B)n and r,

kr(”ﬁ 5) > gr(ﬁ)nr

holds. Moreover, for 3 <r < p+ 1 equality holds if and only if (n,3) is feasible,

and the extremal graphs are members of G(n, [3).

1.3 Constrained Ramsey theory

For an edge colouring of a graph G, we say that G is monochromatic if and only
if all its edge colours are the same. The Ramsey number R(s,t) is the minimum
number N such that for any edge colouring of Ky with two colours, say red and
blue, there exists a red monochromatic copy of K or a blue monochromatic copy
of K;. It is easy to see that R(2,s) = s and R(s,t) = R(t,s). Also, it can be easily
shown that R(3,3) = 6. The existence of R(s,t) was first proved by Ramsey [38]
and rediscovered by Erdés and Szekeres [16]. Only a few of the numbers of R(s,t)
are known precisely. Erdés and Szekeres [16] showed that R(s,s) < (**77). This
bound was later improved by Rodl [24] and Thomason [42]. The best known
upper bound was proved by Conlon [12], that is, R(s,s) < § CTaglogs (253:12), whilst
the best known lower bound for R(s,s) is of order 2%/2, which is obtained by a
simple probabilistic argument.

The Ramsey number R(sq, ..., s;) is defined analogously to be the minimum
number N such that for any edge colouring of Ky with colours ¢y, ..., ¢k, there
exists a monochromatic copy of K, of colour ¢; for some ¢. If s; = s for all ¢, then
we simply write R(s). If an edge colouring of K uses infinitely many colours,

then it is possible to avoid monochromatic K for s > 3. Nevertheless, there
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exists a well-structured edge coloured complete subgraph in K. For example,
there may exist a complete subgraph that is rainbow (i.e every edge has a distinct
colour). If we let the vertices of G be vy, ..., v,, then a lexicographically coloured
(or colexicographically coloured) G is an edge colouring such that the edge v;v; has
colour ¢; for 7 < j (or i > j respectively) with ¢; distinct. It can be observed that
a lexicographically coloured finite graph becomes colexicographically coloured if
the ordering on the vertex set is reversed, and vice versa. Erdés and Rado [18§]
proved that for any edge colouring of Ky with any number of colours, there
exists a complete subgraph with one of the above colourings. This is known as

the Canonical Ramsey Theorem.

Theorem 1.3.1 (Canonical Ramsey Theorem [18]). For every positive integer s,
there exists an integer N(s) > 0 with the following property. For each integer N >
N(s) and every edge colouring of Ky, there exists a K in Ky such that it is
either monochromatic, rainbow, lexicographically coloured or colexicographically

coloured.

The Ramsey number R(G, H) of two graphs, G and H, is the minimum
number N such that for any 2-edge colouring of Ky with colours red and blue
say, there exists a red monochromatic GG or a blue monochromatic H. Hence,
R(K, K;) = R(s,t). For graphs G, ..., Gy, we define R(G1, ..., Gy) analogously
and write Ry(G) if G; = G for all 1.

Until now we have considered only monochromatic subgraphs. However, the
canonical Ramsey Theorem states that there exists a monochromatic, rainbow,
lexicographically coloured or colexicographically coloured subgraph in any edge
colouring of Ky for N sufficiently large. It should be noted that both lexico-
graphical and colexicographical colourings depend on the initial ordering of the
vertex set, so they are not preserved under vertex relabelling. Hence, we shall
focus our attention on study monochromatic and rainbow subgraphs.

The constrained Ramsey number f(S,T) of two graphs, S and T, is the
minimum number N such that for any edge colouring of Ky with any num-
ber of colours, there exists a monochromatic copy of S or a rainbow copy of 7T'.
In the literature, this is sometime called the rainbow Ramsey number or the

monochromatic-rainbow Ramsey number. If follows easily from the canonical
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Ramsey Theorem (see Proposition 9.1.2) that f(S,7) exists if and only if S is
a star of T' is acyclic. An obvious lower bound for f(S,T) is R;—1(S,T’), where
t = e(T). This is because there exists an edge colouring of Kp, (g)-1 using
t — 1 colours, which does not contain a monochromatic copy of S by the defini-
tion of R;_1(5). Since this edge colouring uses fewer than ¢ colours, there is no
rainbow 7.

Various people have investigated the exact values of f(S,T). Alon, Jiang,
Miller and Pritikin [2] studied the case when S = K ;. The number f(K;,T) is
closely related to an m-good colouring. An m-good colouring is an edge colouring
such that any vertex is incident with at most m edges of the same colour. Thus,
f(K1s,T) is the minimum number N such that any (s — 1)-good colouring of
Ky contains a rainbow 7. On the other hand, f(S, K;;) coincides with the
local (¢t — 1)-Ramsey number of a graph S. The local (t — 1)-Ramsey number
of a graph S, first introduced by Gyarfas, Lehel, Schelp and Tuza [26], is the
analogue of the Ramsey number of S restricted to edge colourings such that each
vertex is incident with at most ¢ — 1 edges of different colours. Jamison, Jiang
and Ling [28] studied f(S,T) when S and T are both trees. Wagner [46], Loh
and Sudakov [32] investigated further the important case when S is a tree and T’
is a path.

In Chapter 9, we study f(S,tK3), where tK5 is a set of vertex disjoint edges

of size t.

Theorem 1.3.2. Suppose S is a graph of order at least 5 and Ry,1(S) > Ry(S)+3
for all positive integers k. Then, f(S,tKs) = Ry_1(S) for all integers t > 2.

We also identify the graphs S that do not satisfy the hypothesis of the theorem
above in Proposition 9.3.1. If S has no isolated vertices, then S is bipartite and

one of its vertex classes has size at most 3.
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Chapter 2

Triangles in regular graphs with

density below a half

2.1 Introduction

Mantel [34] proved that a triangle-free graph of order n has at most n?/4 edges.
Hence, a triangle-free regular graph of order n has degree § < n/2. If n is even, it
is easy to construct n/2-regular bipartite graphs of order n. Recall that k3% (n, )
is the minimum number of triangles in d-regular graphs of order n. Therefore,
for n even, k3“(n,0) = 0 if and only if § < n/2. For n odd, we investigate the
largest possible 0 such that k5°(n,0) = 0. By considering a blow-up of a cycle
of length 5, § can be as large as 2n/5 when n is a multiple of 5. In fact, ¢ is at
most 2n/5 by a theorem of Andrasfai, Erdés and Sés [3]. We state the special

case of their theorem for r = 3 below.

Theorem 2.1.1 (Andrésfai, Erdés and Sés [3]). Any triangle-free graph of or-

der n with minimum degree at least 2n/5 must be bipartite.

Therefore, if n is odd and k3“(n,d) = 0, then 6 < 2n/5.
In this chapter, we evaluate k5 (n, d) for n odd and almost all § between 2n/5
and n/2.

Theorem 2.1.2. Let k > 22° and | > 0 be integers with k > 21 + 3+/3010 + 137.
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Suppose G is a 2k-reqular graph with order 4k + 21 + 1. Then,
ks(G) > (k1 — 1)

holds. Furthermore equality holds if and only if G € G™9(k,l) (defined in Sec-
tion 2.2).

By rephrasing the above theorem in terms of n and §, we prove Theorem 1.2.1.

Proof of Theorem 1.2.1. Let n = 4k + 2l + 1 and § = 2k. Since 6 > 2n/5, we
have k > 22, Note that [ = (n — 2§ — 1)/2 < n/10. By the hypothesis, we
have 2k > 2(4k + 21 4+ 1)/5 + 12v/101/5, that is k > 21 4+ 63/100 4 1. If [ > 22,
6v100 +1 > 3v/300 + 137. If [ < 2'2) 2] 4+ 3v/30] + 137 < 2 < k. Hence, k and
satisfies the hypothesis of Theorem 2.1.2. Therefore, k3 (n,d) = k(k —1—1) =
0(30 —=n —1)/4. O

In the next section, we define the family G(n, 3) of extremal graphs as stated
in Theorem 2.1.2. In Section 2.3, we investigate the sum of the squares of the
degrees of a graph, which turns out to be an important tool for our proof. Finally,

we prove Theorem 2.1.2 in Section 2.4.

2.2 Structure of the extremal graphs

First, we look at the case n = 4k+1 and § = |n/2] = 2k. Our task is to construct
a 2k-regular graph of order 4k + 1 by adding a new vertex to a triangle-free 2k-
regular graph of order 4k. The only triangle-free 2k-regular graph of order 4k is a
complete bipartite graph with vertex classes X and Y with | X| = |Y| = 2k. We
remove a matching M of size k and join all vertices that are incident with M to a
new vertex z. Let G be the resulting graph. Figure 2.2 is G for k = 2. Clearly, G
is 2k-regular and every triangle contains the vertex z. Hence, k3(G), the number
of triangles in G, is k(k —1). This is precisely the bound in Theorem 2.1.2. Next,
we extend this construction for 6 < n/2 as follows.

Let k and [ be integers with & > [ > 0. Consider a complete bipartite
graph Kook with vertex sets {z1,..., 2w} and {yi, ...,y }. First, we

remove an ([ + 1)-factor from the graph induced by the vertex set {z;,y; : 1 <i <

10
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Y1 Yo Y3 Y4

I T T3 Ty

Figure 2.1: G for k =2

k}, and an [-factor from the graph induced by the vertex set {z;,y; : k < < 2k+
[}. Joinxy,... .ok, 41, ..., Yk to anew vertex z. We denote by G"9(k, 1) the family
of graphs which can be obtained by the above construction. For G € G"9(k, ), G
is 2k-regular with 4k + 2] + 1 vertices. Each triangle in G contains the vertex z,
so there are k(k — [ — 1) triangles in G. Note that G™9(k, 1) is family of extremal
graphs stated in Theorem 2.1.2.

Also, |G™9(k,l)| =1for l=0o0r =k —1. The case [ = 0 corresponds to the
case when 0 = |n/2]|. On the other hand, for [ = k — 1, G"9(k,[) is a family of
n/3 + o(n)-regular graphs.

2.3 Sum of squared degrees

For a general graph H, we write ¢(H) for the sum of the squares of the degrees of
the vertices of H of order n. Clearly, by the Cauchy-Schwarz inequality, ¢(H) is
at least 4e(H)?/n. However, for given n and e, determining max{¢(H) : |H| =n
and e(H) = e} is non-trivial. Let a and b be the unique non-negative integers
such that e = (g) + b with 0 < b < a. The quasi-complete graph C}, with e
edges of order n is the graph with vertex set vq,...,v, and E(C¢) = {vv; : i <
j < a} U{vepv; i < b} The quasi-star S¢ is the complement graph of C¢
where ¢/ = (}) —e. Let S(n,e) = ¢(5%) and C(n,e) = ¢(C:). Ahlswede and
Katona [1] proved that the maximum of ¢(H) over all graphs H with n vertices
and e edges is either S(n,e) or C(n,e). This result was rediscovered by Olpp [37].

We paraphrase their theorem below.

11
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Theorem 2.3.1 (Ahlswede and Katona [1], Olpp [37]). Let H be a graph with n

vertices and e edges. Then

S(n,e) ifo<e<(})/2—n/2
¢(H) < max{S(n,e),C(n,e)} if(3)/2—n/2<e< (})/2+n/2
C(n,e) if (Z)/2+n/2<e§ (g)

holds. Moreover, for e < (3)/2 —n/2 ore > (3)/2 4 n/2, equality holds if and
only if H is S5 or Cf respectively.

However, both S(n,e) and C(n, e) are difficult to express in terms of e and n.
Clark, Entringer and Székely [10], de Caen [14] and Nikiforov [36] gave simpler
but weaker upper bounds on ¢(H). Das [13] bounds ¢(H) from above with an

extra constraint that the degrees of H are bounded.

However, for our purpose, we need to determine the exact maximum of ¢(H)
when the degrees are bounded from above and e is small. Formally speaking,
we are going to determine the maximum of ¢(H) over all graphs H with e edges
and maximal degree A(H ), where e and A(H) are specified in the lemma below.
Here, we do not specify n, the number of vertices of H, as it turns out that the

maximum value of ¢(H) is independent of n.

Lemma 2.3.2. Let r be a positive integer greater than 4500, and H be a graph
with A(H) <r and e(H) = pr for 1 < 3 <6/5. Then

O(H) < S(r+1,0r) = (82 = 28+ 2)r* + (58 — 4)r.
Furthermore, equality holds if and only if H is Sﬁl with isolated vertices.
Proof. Suppose H is a graph achieving the maximum value of ¢(H), so ¢(H) >
S(r + 1,0r). First, we would like to determine the number of vertices with

maximum degree A in H. Suppose that A < (e(H) + 1)/2. Let W be the set of
vertices v € V(H) with d(v) > e(H)/16. Clearly, [W| <32 and ) . d(w) <

12



2.3 Sum of squared degrees

e(H) + (W) < e(H) + 496 < 10e(H)/9. This means that we have

O(H) = dw)’+ ) d(v)’

weWw vgW
< %(G(H) +1) ) d(w) + 1—166(H) > d(v)
wew vgW
= Sl +1) 3 d(w) + ce(H)2e(H) ~ 3 d(w))
< ge(H)2 + ée(l—!f = %e(ﬂ)2 <r?

contradicting the maximality of ¢(H). Hence, A > e(H)/2 + 1 and there exists

a unique vertex u with d(u) = A.

Next, we would like to identify the isolated vertices of H. Suppose vw is an
edge of H with v ¢ N(u) U {u}. If A <r, the graph H' = H — vw + uv has

S(H') — ¢(H) = (d(u) +1)* + (d(w) — 1)* = (d(u)* + d(w)?)
= 2(d(u) — d(w) + 1) > 0.
This contradicts the maximality of ¢(H), so we may assume A = r. Since

d(w) < r, there exists # € N(u)\N(w). If d(v) > d(z), then

$(H — uz +uv) — p(H) =2(d(v) — d(z) + 1) > 0.
Otherwise,

S(H — vw + vw) — ¢(H) =2(d(z) — d(v) + 1) > 0.

Hence, d(v) > 1 if and only if v € N(u)U{u}. This means that the set of isolated
vertices of H is precisely the vertex set V(H)\(N(u)U {u}). From now on, we

may assume that H contains no isolated vertex.

We now claim that A is in fact equal to r. Suppose the contrary. Since

A < e(H), there exists an edge lying entirely in the neighbourhood of u. Let

13



Chapter 2. Triangles in regular graphs

wywy be such an edge with d(w;) + d(ws) minimal. Note that
dwy) +d(wy) <e(H)—(du) —2)+1=e(H) —A+3<A+1

as A > e(H)/2 + 1. Then the graph H which is obtained by removing the

edge wyw, and joining u to a new vertex ws, has
¢(H) = ¢(H) + 2(A — dy(w1) — du(ws) +2) > ¢(H),

a contradiction and proves the claim. Hence, V(H) =r+1 and e(H) = Br. This
is a special case of Theorem 2.3.1, so ¢(H) = S(r + 1, 8r). Furthermore, this is
achieved if and only if H = 577 . O

Clearly the bound on r > 4500 is just an artifact of the proof. This bound
could be reduced by a more careful counting argument. In addition, the argument
still holds for # < 2 and r sufficiently large. Furthermore, we believe for a graph H
with degree at most » > 2 and e < (;) /2 —r/2 edges, the extremal graph which

achieves the maximal ¢(H), is St ; with isolated vertices.

2.4 Proof of Theorem 2.1.2

Let G be a 2k-regular graph with order 4k + 2[ + 1 and k3(G) minimal. By the
construction of G™9(k, 1), k3(G) < k(k—1—1). Let X and Y be a vertex partition
of V(G) with e(X,Y) maximal. Without loss of generality |X| =2k +1+p+1
and |Y'| = 2k+[—p for some non-negative integer p. We further define e(X) = k.
Since 2k|X| = > v d(z) = e(X,Y)+2e(X) < 2k|Y|+2e(X), we have 5 > 2p+1.
For any vertex v, dx(v) denotes the number of neighbours of v in X, i.e. dx(v) =
|N(v)NX], and dy (v) is defined similarly. By the maximality of e(X,Y), dx(z) <
k for all x € X and dy(y) < k for all y € Y. For an edge vv9, d(v1v2) denotes

reX

the number of common neighbours of v; and vy. Hence, d(vyvy) is the number of
triangles containing the edge vvy. Similarly, we define dy (v1v2) to be the number

of common neighbours of v; and vy in Y. For z259 € E(X),

dy (r129) >dy (1) +dy(29) — |Y| =2k +p — 1 — (dx(x1) + dx(z2)). (2.1)

14



2.4 Proof of Theorem 2.1.2

Let t be number of triangles with two vertices in X and one vertex in Y. Summing

(2.1) over all edges in X, we get

t= > dy(eim) > > 2k+p—1— (dx(z1) + dx(a2))

r122€E(X) z122€E(X)
=e(X)(2k+p—1) — ¢(G[X])
= Bk(2k +p — 1) — ¢(G[X]).

But t < k3(G) < k(k—1—1) and so k(k —1—1) > Bk(2k + p — 1) — ¢(G[X]).
Since p > 0, this implies

k(k—1—1)> pk(2k — 1) — ¢(G[X]). (2.2)
Moreover since > 1 and [ < k/2 this gives
20(G[X]) > (38 — 1)k (2.3)

In order to apply Lemma 2.3.2 to ¢(G[X]), we need to bound [ from above.
We call the edge e heavy, if e is contained in more than 2(k—1—1)/3 triangles.

We write d(e) to denote the number of triangles containing e. Equivalently, an
edge e is heavy if and only if d(e) > 2(k —1 —1)/3. Let T be a triangle with
edges ey, e; and e3. Fori =0, 1,2, 3, let n; denote the number of vertices in G with
exactly ¢ neighbours in 7. Clearly, Y “n; = n, Y in; = 6k and ny+3n3 = > d(e;)
by counting vertices, edges and triangles respectively. Thus, > d(e;) > no+2n3 >
ding — > n; =2k — 2l — 1, so one of ey, eq, €3 is heavy. This means that every
triangle contains at least one heavy edge. Hence, G is triangle-free if we remove all
the heavy edges. Let h be the number of heavy edges in G. Notice that h < 9k /2,
because 2h(k —1—1)/3 <> d(e) = 3k3(G) < 3k(k—1—1). Let W be the set of
vertices incident with at least 31/3k/5 heavy edges. Then |[W| < 2h/(3+/3k/5) <
V15k.

Let G’ be the subgraph formed by removing all the heavy edges and the
vertex set W. Note that |G'| = n — |W| = 4k + 20l + 1 — |[W| and §(G") >
2k — |[W| — 3+/3k/5. We claim that §(G") > 2|G"|/5, i.e. 2k — |W| — 3+/3k/5 >
2(4k + 21 +1 — |[W|)/5. This is equivalent to 2(k — (21 + 1)) > 3(vV/15k + |W).

15



Chapter 2. Triangles in regular graphs

Setting |W| = v/15k, this is true provided (k — (21 + 1))* > 135k as k > 2] + 1.

Expanding and rearranging the inequality we have
k? — (4l + 137k + (21 +1)* > 0,

which is true as k > 2l + 3v300 + 137 > 2l + (3+/120] + 2085 + 137)/2 by
the hypothesis of the theorem. Thus, the claim holds and so §(G’") > 2|G'|/5.
Moreover, GG’ is triangle-free and so is bipartite by Theorem 2.1.1. Now, G’ has

at least
e(G) — 2k|W| — h > e(G) — 2kV/15k — 9k /2 > e(G) — 8kVk

edges. Since e(X) + e(Y) is minimal, it follows that e(X) < 8kv/k, in other
words 3 < 8Vk.

Now let U be the set of vertices x € X with dx(z) > a/fk, where a < \/k/[
is some number to be decided later. Then, |U| < 28k/av/Bk = 2v/Fk/a . Also,
Ser dx(u) < e(X) + (1) < (1+2/a?)Bk . Hence,

SGIX]) =D dx(u)+ Y dx(v)’

uelU veX\U
<kY dy(u)+ay/Bk Y dx(v)
uelU veX\U

< (14 2/0®)8K* + a(1 — 2/a?)(Bk)*/?
< (14 2/a*)Bk* + a(ﬁk)?’/Q,

The penultimate inequality is true as o < y/k/3. Set a = (16k/3)Y/°, s0 ¢(G[X]) <
Bk? + 3(B8*°/2)'/3. By (2.3), we know that

B—1-=3(48"/k)"?

is negative. Now we claim that 5 < 6/5. It is enough to show that the above
equation is strictly positive when 3 € [6/5,8v/k]. In fact, we only need to check
the cases when 8 = 6/5 and 3 = 8k by convexity. If 3 = 6/5, we are done
as k > 22 If 8 = 8Vk, B — 1 — 3(45*/k)"/? is an increasing function in k
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2.5 Remark

for k > 229, It is strictly positive when k = 22°. Hence, this proves the claim,
so 3 < 6/5.

Recall that § > 2p + 1, so we have p = 0. By Lemma 2.3.2, ¢(G[X]) <
(8% — 28 + 2)k* + (53 — 4)k, Notice that

BR(2k — 1) = 6(GIX]) = Bh(2k — 1) — ((82 = 26+ 2k + (56— 4)k)
= k(k=1= 1)+ (8= 1)~ Ak — (5 1)1 +5)k
> (k= 1= 1)+ (8- 1)(2 - B)?
> k(k—1—1)

Thus equality holds in (2.2). For equality to hold, we need 8 =1, so e(X) = k,
and by Lemma 2.3.2 G[X] is a star Kj ;. Let z be the centre of Ky, X, =
XNN(z)and Y, = Y N N(z). By (2.1), each x € X, has at least k — [ — 1
neighbours in Y. In fact, each has exactly k—I—1 neighbours in Y, as k(k—[—1) =
k3] > ex. IN(@) NY.] > [Xe|(k —1—1) = k(k — 1 —1). By regularity of G,
IN(x) N Y\Y,| =k +1+1=|Y\Y,|. Thus, G[X,,Y\Y.] is a complete bipartite
graph. Similarly, G[Y,, X\ X.] is complete bipartite by considering X' =Y U z
and Y’ = X\z. Once again, by the regularity of the graph, G[X\(X,U{z}), Y'\Y,]
is (k — [)-regular. Hence, GG is a member of G"9(k, ). Thus completes the proof
of Theorem 2.1.2. U

2.5 Remark

In summary, the main idea of the proof is to first consider the bipartition of the
vertex set into X and Y with e(X,Y") maximal. Then, we estimate the number of
triangles with exactly two vertices in X using a bound on ¢(G[X]) (Lemma 2.3.2).
Observe that the lower bound on £ in the assumption of Theorem 2.1.2 is also
an artifact of the proof. This bound on k can be significantly improved if we
improve the argument of bounding 3 from vk to a constant term. Another way
to improve the bound on k would be to prove Lemma 2.3.2 for 3 < 8Vk.

We are now interested in k3(n,d) for n odd and § < 2n/5. Also, we would

like to identify the structures of graphs that achieve k5% (n, d). Clearly, G"9(k, )

17



Chapter 2. Triangles in regular graphs

is a suitable candidate for the extremal graphs for k5(n, ). Other possible can-
didates are graphs that are obtained by modifying triangle-free d-regular graphs
of order n — 1. Hence, we would like to know the structures of the triangle-
free regular graphs with degree § < 2n/5. Fortunately, triangle-free graphs with
minimum degree ¢ have been well studied. We now give a brief overview.

A homomorphism f from a graph G to a graph H maps V(G) to V(H) such
that f(v)f(u) € E(H) if vu € E(G). We say that G is homomorphic to H, if
there exists a homomorphism from G to H. Therefore, with this notation, Theo-
rem 2.1.1 states that any triangle-free graph G of order n with minimum degree
at least 2n/5 is homomorphic to an edge. Haggkvist [27] extended this result and
showed that if the minimum degree is at least 3n/8, then GG is homomorphic to
a C5. Jin [29] classified the structures of triangle-free graphs for §(G) > 10n/29.
Later, Chen, Jin and Koh [9], and Brandt [7] identified the structures of graphs
which do not contain a Grotzsch graph, or a modified Petersen Graph (with ei-
ther an edge deletion or contraction) respectively. It is worth pointing out that
such structural results for triangle-free graphs are only valid for §(G) > n/3. For
example, Hajnal (see [19]) used Kneser graphs to show that there exist many
triangle-free graphs with minimum degree (1/3 — €)n and arbitrarily large chro-
matic number. Therefore, it is possible to evaluate k3(n,d) as well as identify the
extremal graphs for n/3 < § < n/2. Also, it might be true that k3“(n,d) = 0 for
all n and 0 < n/3.

From the theorem of Andrasfai, Erdés and Sés [3], we know that for r > 4,
there also exists n and 6 < (1—1/(r—1))n such that £.*(n, ) > 0, but k,(n,0) =
0. It is easy to see that such n is not divisible by » — 1. The construction of
G™(k,l) can be easily extended for the case (r —1)|0 and n =1 (mod r — 1).

Moreover, we believe that k7¢9(n, d) is of order n" .

18



Chapter 3

Cliques in graphs with bounded

minimum degree

Recall that k.(G) is the number of r-cliques in a graph G. Define k.(n,d) to be
the minimum number of r-cliques in graphs of order n with minimum degree §.
In the next section, we give an explicit construction of a family of graphs G(n, (),
which we believe are the extremal graphs for k,.(n, (1—3)n). In Section 3.3, we are

going to prove that the conjectured value of k3(n, d) is correct for n/2 < § < 2n/3.

Theorem 3. Let 1/3 < 3 < 1/2. Suppose G is a graph of order n with minimum
degree (1 — B)n. Then

k3(G) > (1 —28)Bnks(G) > gs(B)n”.

Furthermore, equality holds if and only if (n, ) is feasible and G is a member

of G(n, ).

The definitions of the term feasible and the family G(n, 3) are given in Sec-

tion 3.1 below.

3.1 Conjectured extremal graphs and k,(n,0)

Recall that f,.(n,e) is the minimum number of r-cliques in graphs of order n and

e edges. In Chapter 1, we observed that the structure of the conjectured extremal
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Chapter 3. Cliques in graphs

graphs for f.(n,e) depends on p, where (1 —1/p)n?/2 <e < (1—1/(p+1))n?/2.
We believe that a similar result holds for k,.(n,0) as well. Let 6 = (1 — §)n with
0<B<1landp=[B"1'] -1 Hence, $and Bn are assumed to be a rational
and an integer respectively. Note that p is defined so that by Turan’s Theorem
k.(n, (1 —B)n) > 0 for all n (such that Sn is an integer) if and only if r < p+ 1.
Since the case § = 1 implies the trivial case 6 = 0, we may assume that 0 < 3 < 1.
Furthermore, we consider the cases 1/(p + 1) < 3 < 1/p separately for positive
integers p. Hence, the condition p = 2 is equivalent to 1/3 < g < 1/2, that is,
n/2 <06 <2n/3.

Now, we give an upper bound on k,.(n,d) by construction. Let n and (1 —3)n
be positive integers not both odd with 0 < 3 < 1. Let p = [37!] — 1. Consider
a graph G = (V| E) with the following properties. There is a partition of V" into
Vo, Vi, ..o, Vpoy with |Vo] = (1 — (p—1)B)n and |V;| = fn for 1 <i <p—1. For
0<i<j<p—1,G[V;,V;]is acomplete bipartite graph. For 1 < j < p—1, G[V}]
is empty and G[V;] is a (1 — pf)n-regular graph such that the number of triangles
in G[Vp] is minimal over all (1 — p@)n-regular graphs of order (1 — (p — 1)8)n.
We define G(n, ) to be the family of graphs, which are obtainable by the above
construction. Observe that G(n, 3) is only defined if n and (1 — 3)n are not both
odd. Thus, whenever we mention G(n, 3), we automatically assume that n and
(1 — B)n are not both odd.

We say (n, 3) is feasible if G[Vy] is triangle-free. Note that G[Vj] is regular of
degree (1 —pfB)n < (1 —(p—1)B)n/2 = |Vp|/2. Thus, if |Vp| is even, then G[V;)
is triangle-free. Therefore, for a given (3, there exist infinitely many choices of n
such that (n, ) is a feasible pair. If (n, 3) is not a feasible pair, then |V] is odd.
Notice that k3(G[Vp]) < k3(G') < n?/16, where G' € G™9(k, 1) (see Section 2.2)
Vol = 4k + 20+ 1 and (1 — pB)n < 2k. Thus, k3(G[Vp]) = O(n?).

By our construction, it is easy to see that every G € G(n, () is (1 — ()n-
regular. In particular, for positive integers r > 3, the number of r-cliques in G is

exactly

(@) =g+ (7

) (1 = pB) " ks(GIVA)) (3.1)
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3.1 Conjectured extremal graphs and k,(n, d)

where,

r

w9 =" o+ (P2)) 0 - gy
+5(P ) - - s

2\r—2

with (z) defined to be 0 if < y or y < 0. Since k3(G[Vy]) = O(n?), the term with
k3(G[Vo]) in (3.1) is of order at most n"~!. Therefore, this term only contributes
o(1) in terms of density of r-cliques. In fact, most of the time, we consider the
case when (n, [3) is feasible, i.e. k3(G[Vp]) = 0. In Chapter 8 (Section 8.2), we
discuss the case when (n, (3) is not feasible including the case when neither n nor
(1 — B)n is even.

If 3 =1/(p+1), then (p+ 1)|n and G(n,1/(p + 1)) = {T,41(n)}. Also,
kr(Tpyi1(n)) = g-(n,1/(p+ 1))n" > ky(n,(1 —1/(p + 1))n). Bollobas [5] proved
that ife = (1-1/(p+1))n?/2 and (p+1)|n, then f.(n,e) = k.(T)41(n)). Moreover,

Tp+1(n) is the only graph of order n with e edges and f,(n,e) r-cliques. Hence,

kr(Tyia(n)) > ky <n (1 - ]ﬁ) n) > fr (n (1 - ]ﬁ) %2) = kr(Tp41(n)),

so ky(n, (1-1/(p+1))n) = k.(Tp11(n)) = g,(n,1/(p+1))n". Moreover, G(n, 1/(p+
1)) is the extremal family.

We conjecture that if (n, 3) is feasible then G(n, 3) is the extremal family for
ke(n, (1 = B)n).

Conjecture 3.1.1. Let 0 < 3 < 1 and p= [37'] — 1. Let n and Bn be positive

integers. Then

ke(n, (1= B)n) > g.(B)n”

for positive integers r. Moreover, for 3 < r < p—+ 1 equality holds if and only if

(n, B) is feasible and the extremal graphs are members of G(n, [3).

By our previous observation, the conjecture is true for the following three
cases: p=1,r>p+1and f=1/(p+1). Hence, we consider the situation when
3<r<p+1landj¢{0,1,1/2,1/3,...}. In Section 3.3, we prove Theorem 3,
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Chapter 3. Cliques in graphs

so Conjecture 3.1.1 is true for p = 2, that is n/2 < 6 < 2n/3. Chapters 4-7 are

devoted to proving the conjecture for p > 3.

3.2 Key observation

We look at the structure of the extremal graphs G(n, 3). Recall that G[V;, V] is
complete bipartite for ¢ # j and G[Vy] is (1 — pf)-regular. Figure 3.2 illusrates
the structure of G(n, 8) for 1/5 < 8 < 1/4, that is p = 4. It is natural to see that
there are three types of edges e according to the number of vertices of e in V4.
However, if we consider d(e) the number of triangles containing e, then there are

only two types. To be precise

d(e):{ (1—28)n if |V(T)N V| =0,1and 52)

(p—1)pn if |V(T)N V| =2,

for e € E(G) and p = [37!] — 1. This simple observation plays an important

role.

3.3 Proof of Theorem 3

In this section, 1/3 < 3 < 1/2 and p = 2, s0 n/2 < § < 2n/3. Note that the only
non-trivial case of k,(n, d) is when r = 3, that is evaluating the minimum number
of triangles. Let G be a graph of order n with n/2 < §(G) = (1 — B)n < 2n/3.

0o

Figure 3.1: a typical member of G(n, 3) for p =4
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3.3 Proof of Theorem 3

Our aim is to show that

ks(G) > (1 —28)Bnks(G) > gs(B)n”.

Since G has at least (1 — 3)n?/2 edges, the second inequality is true.

Recall that for an edge e, d(e) is the number of triangles containing e. We
write D(e) = d(e)/n. Clearly, > D(e) = 3k3(G)/n with sum over E(G), where
k.(G) is the number of r-cliques in G. In addition, D(e) > 1 —24 for each edge e,
because each vertex in G misses at most On vertices. Since § < 1/2, D(e) > 0.
Thus, every edge is contained in a triangle. Let T' be a triangle in G. Similarly,
define d(T') to be the number of 4-cliques containing 7" and write D(T") = d(T") /n.
We claim that

Z D(e) >2—33+ D(T). (3.3)

ecE(T

Let n; be the number vertices in G' with exactly ¢ neighbours in 7" for i = 0,1, 2, 3.
Clearly, n = ng+mnq +ng +ns3. By counting the number of edges incident with 7',

we obtain

3(1—0)n < Z d(v) = 3ng + 2ny + ny < 2n3 + ng + n. (3.4)
veV(T)

On the other hand, ng = d(T) and ns + 3ns = > (s d(e). Hence, (3.3) holds.
Notice that equality holds in (3.3) only if d(v) = (1 — 8)n for all v € T..

Next, by summing (3.3) over all triangles 7" in GG, we obtain

n Y D(e)?=> > D(e)>(2-38)ks+4ki/n>(2-30)ks. (3.5)

e€E(Q) T ecE(T)

We would like to bound >~ D(e)? above in terms of > D(e), which is equal to
3ks3(G)/n. Tt is well known (or by Proposition 3.3.1 stated below) that > D(e)?

is maximal if D(e) takes only two values.

Proposition 3.3.1. Let A be a finite set. Suppose f,g: A — R with f(a) < M
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and g(a) > m for all a € A. Then

S Ha)gla) <mS" fla) + MY gla) — mM|A,

acA acA acA

with equality if and only if for each a € A, f(a) = M or g(a) =

Proof. Observe that > (M — f(a))(g(a) —m) > 0. O

From (3.2), for G € G(n,3) with (n, ) feasible, either D(e) = 1 — 23 or
D(e) = f3 for each edge e. Suppose first that D(e) < [ for all edges e. Recall
that D(e) > 1 — 20 for all edge e. By Proposition 3.3.1 taking A = E(G),
f=9g=D, m=1-23and M = (3, we have

> De) Z D(e) = (1 —28)8ky = 3(1 = B)ks/n — (1 — 28)k;

ecE(GQ) e€cE(G

as ko = e(G). Substitute the above inequality into (3.5) and rearrange; we get

ka(G) = (1—28)BKka(G)n = (1 — B)(1 — 28)Bn* /2 = go(B)n®

as required.

Thus, we may assume that there exists an edge e with D(e) > /3. For an edge e,
define D_(e) = min{D(e), 8} and D (e) = D(e)—D_(e). Notice that > D(e)? =
Y>> D(e)(Dy(e) + D_(e)) = >.D(e)Ds(e) + > D(e)D_(e). By the definition,
D_(e) is at most (. Thus, we can bound ) D(e)D_(e) using Proposition 3.3.1
taking A = E(G), f=D_,g=D, m=1-20 and M = 3. Hence,

n Y D(e)D_(e)<(1-28n » D +ﬁnz D(e) — (1 —28)Bnk,
e€E(G) e€E(Q) ecE(G
<(1-Pmn Y. D(e)—(l—%)ﬂnka (3.6)
e€E(G)
n Y De ) < 3(1 — B)ks — (1 — 28)Bnks. (3.7)
e€E(Q)

However, there is no non-trivial upper bound on Y~ D(e)D, (e). Fortunately, we
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3.3 Proof of Theorem 3

can avoid the term Y D(e)D,(e) by the following trick. We claim that

> D_(e)>2-383 (3.8)

ecE(T)

for every triangle T. If D(e) = D_(e) for each edge e in T, then (3.8) holds
by (3.3). Otherwise, there exists e € E(T') such that D(eg) # D_(ep). This
means that D_(ey) = 3, so > D_(e) > 4+ 2(1 —20) = 2 — 35. Hence, (3.8)
holds for every triangle T'.

Next, we sum (3.8) over all triangles. We obtain an inequality very similar to
(3.5) but with the left hand side equal ton 3  p o) D(e) D (e). After substitution
of (3.7) and rearrangement, we have k3(G) > (1 — 23)Bks(G)n > g3(8)n3. Thus,
we have proved the inequality in Theorem 3.

Now suppose equality holds, i.e. k3 = (1 —2(3)5kyn. This means that equality
holds in (3.6), so (since 8 < 1/2) D(e) = D_(e) for alle € E(G). Because equality
holds in (3.8), >~ D(e) = 2 — 3. Hence, D(T') = 0 for every triangle T" by (3.3).
In particular, by the remark following (3.3), G is (1 — §)n-regular, because every
vertex lies in a triangle as D(e) > 0 for all edges e. Moreover, G is K,-free as
D(T) = 0 for every triangle T. Since equality holds in Proposition 3.3.1, either
D(e) =1—20 or D(e) = (8 for each edge e. Recall that equality holds for (3.3),
so every triangle 7' contains exactly one edge e; with D(e;) = 3 and two edges,
es and ez, with D(ey) = D(e3) = 1 — 3. Pick an edge e with D(e) = 3 and
let W be the set of common neighbours of the end vertices of e, so |W| = (n.
Clearly W is an independent set, otherwise G contains a K4. For each w € W,
d(w) = (1 — B)n implies N(w) = V(G)\W. Therefore, G[V(G)\W] is (1 —28)n-
regular. If there is a triangle 7" in G|V (G)\W], then T'Uw forms a K, for w € W.
This contradicts the assumption that G is Ky-free, so G[V (G)\W] is triangle-free.
Hence, G is a member of G(n, 3) and (n, 3) is feasible. Therefore, we have now

proved Conjecture 3.1.1 for the case p = 2.
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Chapter 4

Degrees of cliques and K, o-free
graphs

We define the degree for a general clique in the coming section. Also, we study
some of its basic properties. By mimicking the proof of Theorem 3, we show that

the conjecture is true for all K, ,-free graphs in Section 4.2

Theorem 4. Let 0 < f <1 andp =[] — 1. Suppose G is a K, o-free graph

of order n with minimum degree (1 — 3)n. Then

gs(B)ns — gi(B)nt

(4.1)

holds for 2 < t < s < p+ 1. Moreover, the following three statements are

equivalent:
(i) Equality holds for some 2 <t < s <p+ 1.
(11) Equality holds for all2 <t < s<p+1.
(111) The pair (n,3) is feasible and G is a member of G(n, ().

Notice that the theorem implies Theorem 1.2.3, that is, Conjecture 3.1.1 for
K, o-free graphs and all 3 € (0, 1), because ko(G) > (1 — 3)n?/2 = g2(5).
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Chapter 4. Degrees of cliques and K, ;o-free graphs

4.1 Degree of a clique

Let G € G(n,3) with (n,3) feasible. Let T" be a t-clique in G. It is easy to see
that there are three types of cliques according to |T'NVg|. However, if we consider
d(T), the number of (¢ + 1)-cliques containing 7', then there are only two types.

To be precise

4T) = (1 —tB)n if [V(T)NVy| =0,1 and
T pH1-1)8n V(TN =2,

for T € Ki(G),2 <t <p+1and p= [B'] —1. This observation helps us to
define the correct notion of degree for a general clique.

For a graph G and a vertex set U C V(G), we write IC;(U) to be the set
of t-cliques in G[U]. Let k(U) = |[Ky(U)|. If U = V(G), we simply write K;
and k;. Define the degree d(T') of a t-clique T to be the number of (¢4 1)-cliques
containing T'. In other words, d(T") = [{S € K;11 : T C S}|. If t = 1, then d(v)
coincides with the ordinary definition of the degree for a vertex v. If t = 2, then
d(uv) is the number of common neighours of the end vertices of the edge uv, that
is the codegree of u and v. The number d(uv) is known as the book number in
the literature. Clearly, n) ;. x d(T) = (t + 1)k for t > 1. For convenience,
we write D(T') to denote d(T")/n.

Next, define the functions D, and D_ as follows. For a graph G with 6(G) =
(1—0B)nand 1 <t <p+1 (where p=[p71] —1),

D_(T) = min{D(T), (p +1 —t)3}, and
D.(T)=D(T)— D_(T) = max{0,D(T) — (p+1—1t)3}

for T € K;. We say that a clique T is heavy if D, (T) > 0. Let K (U) denote
the set of heavy t-cliques in G[U] and k;f(U) = |K](U)|. A graph G is heavy-
free if G does not contain any heavy cliques. Note that both D_ and D, are
functions depending on [ i.e. 6(G). Hence, the notation of a heavy clique is

defined only if the base graph is known. Now, we study some basic properties of
D(T) and D_(T).

Lemma 4.1.1. Let 0 < 3 < 1 and p = [f7'] — 1. Suppose G is a graph of
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4.1 Degree of a clique

order n with minimum degree (1 — B)n. Suppose S € Ky and T € KCi(S) for
1<t<s. Then

(i) D(S) =1~ sp,
(1) D(S) = D(T) — (s — 1),
(iii) Di(T) < Dy(S) < Di(T) + (s — )8 for s <p+1,
(iv) if D4(S) >0 and s < p+ 1, then D_(S) = (p — s + 1)3.
Moreover, G is K,4o-free if and only if G is heavy-free.

Proof. For each v € S, there are at most n vertices not joined to v. Hence,
D(S) > 1 —sp, so (i) is true. Similarly, consider the vertices in S\T', so (i7) is
also true. If s <p+1and D, (T) > 0, then by (ii) we have

Di(S)+(p—s+1)8=D(5)
>D(T) — (s —1)p
=D, (T)+(p—t+1)8—(s—1)83,

so the left inequality of (zii) is true. Since D(S) < D(T'), the right inequality
of (i4i) is also true by the definition of D, (S) and D, (T). Finally, (iv) is a
straightforward consequence of the definition of D, (S). Notice that D(U) =
D, (U) for U € Kp41. Hence, by (iii), G is K, o-free if and only if G is heavy-
free. [l

Notice that (i77) implies that if a t-subclique T" of a clique S is heavy, so is S.
However, the converse is false even if all t-subcliques are not heavy. For example,
consider an isolated clique of size (p —t+ 1)Bn +t. Then, D(T) = (p—t +1)p
for every t-sunclique 7. However, for an s-clique S with t < s < p+ 1, D(S) =
(p—t+1)B—(s—1t)/n,so S is heavy provided n is not too small.

In the next lemma, we prove a generalisation of (3.3).
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Chapter 4. Degrees of cliques and K, ;o-free graphs

Lemma 4.1.2. Let 0 < § < 1. Let s and t be integers with 2 < t < s. Suppose

G is a graph of order n with minimum degree (1 — S)n. Then

Z D(T ﬁ)sC:f)—(t—l)(321>+<j:§)19(5)

Tek(

for S € Ks. Moreover, if equality holds, then d(v) = (1 — 8)n for allv € S.

Proof. Let n; be the number of vertices with exactly ¢ neighbours in S. The

following three equations :

Zni:n, (4.2)
Zmi— > dw) = s(1-B)n, (4.3)

veV(S)
zi: (t) n; = TG%:(S) D(T)n, (4.4)

follow from a count of the number of vertices, edges and (t+1)-cliques respectively.
Next, by considering (¢ — 1)(521) (4.2) — (::f) (4.3) + (4.4), we have

S D(T)n > <(1—ﬁ)s<j:f> —(t—l)(s_l))n+ 3 2,

TeK(S) 0<i<s

where z; = (z) +(t—1) (521) —z(ij) Notice that x; = x;41 + (‘Z:l) (t 1) > T

for 0 <i<s—2. Fori=s—1, we have

= (1) () e (23)
() e =
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4.2 K, yo-free graphs

For i = s, ng = D(S)n and

s s—1 s—2
.= t—1 _
n=(o) () =00)
—t s—1 n s—1 s—2
A t—1) "\t—1
s—1 5—2
—(s — 1 _
(s—t+ )(t—l) S(t—l)
5s—2 5—2
—(s—t+1 (-1
s-ten(525) -0 (;2})
_(s—2
\t—-2)
In particular, if equality holds in the lemma, then equality holds in (4.3). This
means that d(v) = (1 — @)n for all v € S. O

In fact, most of the time, we are only interested in the case when s =t + 1.

Hence, we state the following corollary.

Corollary 4.1.3. Let 0 < 8 < 1. Suppose G is a graph or order n with minimum
degree (1 — B)n. Then

> D(T)=2—(t+1)B+ (t—1)D(S)

TG’Ct(S)

for S € K11 and integer t > 2. Moreover, if equality holds, then d(v) = (1 — )n
for allv € S. O

4.2 K, o-free graphs

Here, all graphs are assumed to be K, o-free. Lemma 4.1.1 implies that these
graphs are also heavy-free. This means that D, (7) =0 and D(T) < (p+1—1t)3
for all T' € K. We would also like to point out that the family of K, s-free graphs
is a natural family to study in its own right. Let G be a graph of order n with
minimum degree (1 — #)n. Note that G contains a K, by Turdn’s theorem,
because e(G) = 6(G)n/2 = (1 — B)n?/2 > ex(n,Kp11) as 1/(p+1) < B <
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Chapter 4. Degrees of cliques and K, ;o-free graphs

1/p. Hence, K, o-free graphs are those graphs with the minimum possible clique
number given 6(G).

Following the same approach as in proof of Theorem 3, we are going to first
sum Corollary 4.1.3 over S € ;1 and then apply Proposition 3.3.1. We obtain

the following lemma.

Lemma 4.2.1. Let 0 < 8 < 1 and p = [p7] — 1. Suppose G is a K, o-free

graph of order n with minimum degree (1 — 3)n. Then

(1 —18)(p =t + Bnky(G) + (¢ = Dt + 2)ki15(G)/n

ki1 (G) > t—1+(p—-2t+2)(t+1)p

for 2 <t < p. Moreover, if equality holds, then G is (1 — §)n-regular and, for
each T € ICy, either D(T)=1—1t8 or D(T) = (p—t+1)5.

Proof. Summing Corollary 4.1.3 over S € Ky gives

2= (t+D)Dk(G)+(t=1) Y D)< >, Y DT)=n)y DT

Sekii Sei+1 TEK(S) Tek:

(4.5)

Recall that G is heavy-free, so 1 —t8 < D(T) < (p —t + 1), where the lower
bound is proved in Lemma 4.1.1 (). By Proposition 3.3.1 taking A = K, f = D,
g=D,m=1—tfand M = (p—t+1)p, the right hand side of (4.5) is at most

(1—tB)n Z D(T)+ (p—t+1)Bn Y  D(T)

Tel:(S Tek(S)
— (1 —t3)(p—t +1)Onk,
=(1+(@-2t+1)B)n Y  D(T)—(1—tB)(p—t+1)3nk

TeK(S)

=14+ (@ —-2t+1DB)(t+ Dk — (1 = tB)(p — t + 1)Bnk,.

Note that Y D(S) = (t + 2)ki12/n. Thus, we prove the inequality in the lemma
by rearranging (4.5).

Suppose equality holds in the lemma, so that equality holds in Corollary 4.1.3
for every (t+1)-clique S. Since D(T) > (1—t5) >0for T € Ky and t =2,...,p,
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4.2 K, yo-free graphs

every vertex v is in a (t 4+ 1)-clique. Therefore, G is (1 — )n-regular by the case
of equality in Corollary 4.1.3. In addition, we have equality in Proposition 3.3.1,
so for each T' € Ky, either D(T) =1—tBor D(T)=(p—t+1)p. O

For a fixed (3, Lemma 4.2.1 gives a linear relationship between k;, k; 1 and k;yo.
Note that k42 = 0 and ke > (1 — 3)n?/2. By taking ¢t = 2,...,p, we obtain p— 1
linear relationships with p — 1 unknowns variables, ks, ..., k,11. Therefore, we
can solve this set of equations. To keep our calculations simple, we are going to

establish a few relationships between ¢;(3) and g¢11(() in the next lemma.

Lemma 4.2.2. Let 0 < 3 < 1 and p = [7'] — 1. Let t be an integer with
2<t<p. Then

(t+ 1)gi+1(B) =(1 —t3)g:(3)
*3 (p : 1) ((p+1)5 =11 = (p= DA pA)F2 (46)

2\t —2
(1=t8)(p —t+1)Bg:(B) + (t = 1)(t + 2)ge+2(5)
g () = t—14+t+1)(p—2t+2)8 = (4.7)
Moreover
9B _ 1 Bgp—1(8)
= ) (48)

where ' = B/(1 — ).

Proof. We fix 3 (and p) and write g; to denote g,(3). Pick n such that (n,3) is
feasible and let G' € G(n, ) with partition classes Vp, V4,...,V,_1 as described
in Section 3.1. For T' € Ky, D(T) = 1—t6 or D(T) = (p —t+ 1)B. Since
D(T) = (p—t+ 1) if and only if |[V(T) N Vp| = 2, there are exactly

3(175)a- - v - poys2n
t-cliques T' with D(T) = (p — t + 1)3. We have

(t+ Dgean™ = (t+ Dk =n Y D(T).
TeK:
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Chapter 4. Degrees of cliques and K, ;o-free graphs

Hence, (4.6) is true, by expanding the right hand side of the above equation. For
2 <s<p,let fs and fsy1 be (4.6) with ¢ = s and t = s + 1 respectively. Then
(4.7) follows by considering (p — s+ 1) fs — (s — 1) B fs11.

Now let G' = G\V,—;. Notice that G’ is (1 — 2@)n-regular with (1 — B)n
vertices. We observe that G’ is a member of G(n/, '), where ' = (1 — §)n.
Observe that [#71] —1 = p—1,5s0 1/p < B < 1/(p —1). Recall that
k(G) = gi(B)nt for all 2 < ¢t < p, s0 kp1(G)gp(B) = kp(G)gps1(B)n. Simi-
larly, k,(G")gp—1(8") = kp—1(G")gp(')n. By considering IC,(G) and K11 (G), we

obtain the following two equations :

kpi1(G) = Bk, (G), (4.9)
_ ! "o gp—1(6/>kp(G,) !
kp(G) = Bnk,—1(G") + kp(G") = Bn () + k,y(G)
o 5gpfl<ﬁl) ) !
- (1 25 0
By substituting (4.9) and (4.10) into k,(G)n/ky1(G) = g,(5)/gp+1(5), we ob-
tain (4.8). The proof is complete. O

We are now ready to prove Theorem 4.

Proof of Theorem /j. Fix 3 and write g; to denote g;(3). First, we are going to
prove (4.1). In fact, it is sufficient to prove the case when s = ¢t + 1. We proceed

by induction on ¢t from above. For ¢t = p, Lemma 4.2.1 gives

(p—1—=(p—2)(p+1)B)kps1 > (1 — pB)Lnk,.

Since g,12 = 0, (4.7) implies kyi1/gpi1n?™ > k,/g,nP. Hence, (4.1) is true
for t = p. For t < p, Lemma 4.2.1 shows that

(t =14+ 1)(p—2t+2)B)kia
>(1—tB)(p+1—1t)Bnk,+ (t — 1)(t + 2)kpa/n
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4.2 K, yo-free graphs

and by the induction hypothesis,

Thus, (4.1) follows from (4.7).

It is clear that (zi¢) implies both (i) and (i7) by the construction of G(n, ()
and the feasibility of (n, ). Suppose (i) holds, so equality holds in (4.1) for
t =ty and s = sy with ty < sg. We claim that equality must also hold for ¢t = p
and s = p+ 1. Suppose the claim is false and equality holds for ¢t = t; and s = sy,
where sy is maximal. Since equality holds for ¢ = g, by (4.1), equality holds for
t=tp,...,50— 1 with s = so. We may assume that t = so— 1 and sg # p+ 1 and
ksyi1/Gsgr1n > ksy/gs,- However, this would imply a strictly inequality in (4.11)
contradicting the fact that equality holds for s = sy and ¢t = sy — 1. Thus, the
proof of the claim is complete, that is, if (7) holds then equality holds in (4.1) for
t=pand s=p+ 1.

Therefore, in order to prove that (7) implies (éi7), it is sufficient to show that
if kpy1/gprin?tt = ky/gpnP, then (n, B) is feasible and G is a member of G(n, 3).
We proceed by induction on p. It is true for p = 2 by Theorem 3, so we may
assume p > 3. Since equality holds in (4.1), we have equality in Lemma 4.2.1
and Corollary 4.1.3. Thus, G is (1 — @)n-regular. In addition, for each T' € IC,,
either D(T) = 1 — p or D(T) = 3. Moreover, Corollary 4.1.3 implies that
Yrer,s) P(I) 22— (p+ 1) for S € Kyy1. Thus, there exists T € K,(S) with
D(T) = 3. Pick T € K, with D(T) = g and let W = ({N(v) : v € V(5)},
so [W| = f. Since G is K,o-free, W is a set of independent vertices. For each
we W, d(w) = (1-F)n,so N(w) = V(G)\W. Thus, the graph G' = G|V (G)\W]
is (1 — p')n'-regular, where n’ = (1 — @)n, f'n’ = (1 — 26)n and ' = 3/(1 — B).
Note that [#'7'] =1 = p — 1. Since G is K, o-free, G' is K,1-free. Also,
Fpia(G) = Bk, (G) and

y (4.1) 18k (G
G) k() (G 27 5l ;ﬁ()ﬁ’f><e)

_ gp-1(5') by (48) Gp(B)B
- (”ﬁ i —ﬁ)gp(ﬁ’)> WO = a2

+ ky(G")
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Chapter 4. Degrees of cliques and K, ;o-free graphs

Hence,

9p(ﬁ)ﬂnkp(G/):gp(ﬁ)ka(G) =" gpr1(B)nkp(G) < gp(ﬁ)ﬁnkp(G/)'

Therefore, we have k,(G")/g,(3)n"? = ky-1(G")/gp—1(3")n’?~1. By the induction
hypothesis, G’ € G(n/, '), which implies G € G(n, (3). This completes the proof
of the theorem. O
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Chapter 5
Heavy cliques

In the previous chapter, we have proved that Conjecture 3.1.1 holds for K, o-free
graphs. By Lemma 4.1.1, K, o-free graphs do not contain any heavy cliques.
Hence, in order to prove Conjecture 3.1.1 completely, it remains to tackle heavy
cliques. In the proof of Theorem 3, we apply D_ and (3.8) to handle heavy
cliques. In the following section, we look at the natural generalisation of (3.8).
Unfortunately, this natural generalisation is not sufficient to prove the Conjec-
ture 3.1.1 even for p = 3. By a detailed analysis of heavy cliques, we prove that

Conjecture 3.1.1 is true for p = 3.

Theorem 5. Let 1/4 < < 1/3. Let s and t be integers with 2 < t < s < 4.
Suppose G is a graph of order n with minimum degree (1 — 3)n. Then

gs(B)n* — gu(B)nt

Moreover, the following three statements are equivalent:

(1) Equality holds for some 2 <t < s < 4.

(ii) Equality holds for all2 <t < s < 4.

(111) The pair (n,3) is feasible and G is a member of G(n, (3).
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Chapter 5. Heavy cliques

5.1 Basic inequalities for heavy cliques

When p = 2 (see Section 3.3), we tackled the heavy cliques by considering (3.8),
that is, - cpe D-(e) = 2 =33 for T € K3. The contributions of the heavy
cliques are completely removed when we sum (3.8) over all triangles T'. Therefore,
we need to generalise (3.8) for a general clique S and p > 3. Clearly the left hand
side of the desired inequality would be Y  D_(T) with sum over subcliques T
in S. Notice that for p = 2, D_ is the zero function on triangles. Hence, (3.8) is
equivalent to Y D_(e) > 2—35+ D_(T). Thus, a natural generalisation of (3.8)

is to replace the function D with D_ in Lemma 4.1.2.

Lemma 5.1.1. Let 0 < < 1 and p = [37'] — 1. Let s and t be integers with
2 <t<s<p+1. Suppose G is a graph of order n with minimum degree (1— [)n.
Then

Y D7) =1 —ﬁ)s(j:f> —(t— 1)(5 B 1) + (jj)z)_(sy

TeICt(S)
for S € K.

Proof. Since D, (S) > D, (T) for every T' € K¢(S) by Lemma 4.1.1 (¢ii), there

is nothing to prove by Lemma 4.1.2 if there are at most (::S) heavy t-cliques

s—2
t—2

S contains a heavy t-clique, so S is itself heavy with D_(S) = (p+ 1 — )3
by Lemma 4.1.1 (iv). Thus, the right hand side of the inequality is (f)(l —
t3)+ (=) ((p+ 1)8 — 1). By Lemma 4.1.1 (i) we have that D_(T) > (1 —t3)
for T' € IC;(S). Furthermore, by Lemma 4.1.1 (iv) D_(T) = (p—t + 1) if T is

heavy, so summing D_(T) over T' € K;(S) gives

in S. Now suppose there are more than ( ) heavy t-cliques in S. In particular,

> oz e-t s+ (7)) a- 0

TEK:t(S)
s
= () a1+ SN+ DI,
This completes the proof of the lemma. n

The following notation will help us to keep the calculations simple. For 2 <
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5.1 Basic inequalities for heavy cliques

t < p, we define the function D: Ki+1 — R such that

D)= > D) - (2 (DB (t— 1)D_(S)>

TE’Ct(S)

for S € Kyy1. Hence, Lemma 5.1.1 has the following corollary for s =t + 1.

Corollary 5.1.2. Let 0 < 3 < 1 and p = [$7Y] — 1. Let t be integer with
2 <t < p. Suppose G is a graph of order n with minimum degree (1 — B)n.
Then D(S) >0 for S € Kuy1. O

Next, we sum D(S) over S € K;41 and bound it from above. The proof is an

application of Proposition 3.3.1, which is similar to the proof of Lemma 4.2.1.

Lemma 5.1.3. Let 0 < 3 < 1 and p = [7'] — 1. Let t be an integer with
2 <t <p. Suppose G is a graph of order n with minimum degree (1 — 3)n. Then

Y D)< (t—-1+(p—2t+2)(t+ 1Bk +(t—1) > D(S)

SeRt+1 Seki+1
k
—(1—t3)(p—t+1)Bnk, — (t — 1)(t + 2)t—+2 —(1—tB)n Y D(T
TeK:

Moreover, equality holds if and only if for each T € Ky, either D_(T) = 1 —tf3
or D_(T)=(p—t+1)p.

Proof. Notice that the sum D(S) over S € K41 is equal to

> Y D — Q2=+ 1Bk —(t—1) Y D_(S). (5.1)

SeER+1 TeK(S) SeERi41

We look at each term separately. Recall that D = D_ + D, so

Y D_(S)=)_D(S)=> Di(S)=(t+2) ﬁ—Zm

By interchanging the order of summations, Y Y D_(T) =n)Y  D_(T)D(T) with
sum over T' € ;. Hence, by Proposition 3.3.1 taking A =K, f=D_, g = D,
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m=1—tfand M = (p—t+ 1)5, we obtain

n Y _ D_(T)D(T)

TeK:
<A —=tBn > D(T)+(p—t+1)8n Y D(T)—(1—1p)(p—t+1)3nk,
TeK: TeK:
=(1+(p—2t+1)Bn Y D(T)—(1—tB)n > D(T)
Tek: Tek:

— (L=tB)(p =t + 1)Bnk,

=(14 (p =2t + 1)B)(t + Dk — (1= tB)n Y Dy(T)

— (1 —=1t8)(p—t+1)0nk,.

Hence, substituting these identities back into (5.1), we obtain the desired inequal-

ity in the lemma.

By Proposition 3.3.1, equality holds if and only if for each T" € K,, either
DT)=1—tBor D_(T)=(p—t+1)5. O

By Corollary 5.1.2, ZSE,Ct+1 15(5) > 0. Together with Lemma 5.1.3, we obtain
that for 2 <t <p+1,

(t=1+(p=2t+2)(t+ DBk + (t—1) Y Di(5)>

(1—t3)(p—t+1)Bnk,+ (t — 1)(t + 2)% +(1—tB)n > D(T). (5.2)

Tek:

In fact, the above inequality implies Lemma 4.2.1 as D, is the zero function for
K, o-free graphs. Following the proof of Theorem 4, our next task is to solve for
ks, ..., kpt1. In the next section, we look at the case when p = 3. However, we

are going to see that (5.2) is not sufficient to prove Conjecture 3.1.1.
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5.2 k.(n,d) for 2n/3 < § < 3n/4

From now on, p is assumed to be 3, s0 1/4 < § < 1/3 (that is 2n/3 < § < 3n/4).
Explicitly, (5.2) becomes

(L+3B8)ks + Y Dy(T) > 2(1 — 28)Bnks + 4ks/n+ (1 —28)n Y D (e)

TeKs eelCo
(5 3)
(2—48)ks +2 ) Do(S) > (1 —38)Bnks + 10ks/n+ (1= 38)n Y _ Dy (T
Sey TeKs
(5.4)

for t = 2 and t = 3 respectively. Since D_ is a zero function on 4-cliques,

Y oserc, P+(S) = Dgexc, D(S) = > gex, D(S) = 5ks/n. Hence, the terms with
ks and Y~ D, (S) cancel in (5.4). Since (1 — 23) > 0, we may ignore the term

with > D, (e) in (5.3). Substituting (5.4) into (5.3), we get

(1+38)ks + Y Do(T) > 2(1 — 28)Bnk,
TeKs

4
+<2—4@)n<( BNk (=300 2, DT )

TeEKs

(1= B)ks > 21— 28)28nk; — (48— 1) S Dy(T), (5.5)

Teks
Recall that go(3) = (1 —3)/2 and g5(3) = (1 —28)%3. If (43 —1) > 0, then (5.5)
would imply

k3(G) = 2(1 = 28)*Bnkz(G) /(1 = B) = (1 = 28)*Bn* = g5(B)n’,

which prove Conjecture 3.1.1 for 1/4 < 8 < 1/3 and r = 3. However, (45—1) >0
only if # = 1/4. Thus, the natural extension of (3.8) is not sufficient even for the

case p = 3.

Therefore, we are going to strengthen both (5.3) and (5.4). The methods used
to strengthen (5.3) and (5.4) are different. Thus, we will look at them separately.
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5.2.1 Strengthening (5.3)

Recall that (5.3) is a consequence of Corollary 5.1.2 and Lemma 5.1.3 for ¢ =
2. Therefore, a strengthening of Corollary 5.1.2 would lead to a strengthening
of (5.3). For t =2 and p = 3, Corollary 5.1.2 explicitly states that

> D_(e) >2-33+ D_(T) (5.6)

EEICQ(T)
for T € K3. Even though we already know that the above inequality is not
sufficient to prove the Conjecture 3.1.1 for p = 3, they are indeed the best pos-
sible by considering G(n, 3). Therefore, a strengthening of Corollary 5.1.2 must

involve D, .

Note that the coefficient of > D, (e) term on the right hand side of (5.3) is
(1 —20) > 0. Next, observe that

Y Di(e)n=>Y_ Y Di(e)/Dle)

e€ks TeK3 eeKo(T)

Hence, in order to exploit the > D, (e) term, we are going to prove

D(T)+(1=28) Y Di(e)/D(e) > c(45 — 1)D4(T)/(1 - 28),

eck2(T)

for some constant ¢ > 0. Notice that for a heavy edge e, D(e) = Dy (e) + 20.
Thus, Dy (e)/D(e) is equivalent to Dy (e)/(Dy(e) + 203) for all edges e

Suppose we have proved that the above inequality is true for ¢ = 1. Hence, we
obtain a strengthening of (5.3). It turns out that if we substitute this strength-
ening of (5.3) into (5.4), we would obtain (5.5) without the > D, (T') terms on
the right hand side. Thus, Conjecture 3.1.1 is true for p = 3 without need-
ing to strengthen (5.4). Unfortunately, we are only able to prove it for the
case c =1—2/(29 — 7503) < 1.

Lemma 5.2.1. Let 1/4 < 3 < 1/3. Suppose G is a graph order n with minimum
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degree (1 — B)n. Let T € K3. Then

D(T)+(1-28) Y
€EIC2(T)
with ¢ = 1 —2/(29 — 7503). Moreover, equality holds only if T is not heavy and
d(v) =1 —=p0)n forallveT.

Proof. Corollary 5.1.2 gives l~)(T) > 0, so we may assume that 7" is heavy. In
addition, Corollary 4.1.3 implies that

BT+ S Dite) > DT, (53)
e€ka(T)

Since (48 —1)/(1 —20) < 1, we may further assume that 7" contains at least one
heavy edge, or else (5.7) holds as (5.8) becomes D(T) > D..(T). Let ey € Ko(T)
with D(ey) = max{D(e) : e € Ko(T)}. By substituting (5.8) into (5.7), it is

sufficient to show that the function

(.12 N (@81 123
/= (1 D (eo) + 25) b ( 1-28  Dy(eo) + 25) D7)

is non-negative.
First consider the case when D, (T) < 1 — 33. Lemma 4.1.1 (i7) implies
D, (ey) < D (T) <1—33. Hence,

1-28  (4B-1) _1-28 (45-1)
Di(eg)+23 ~1-28 ~1-8 1-23
(1 —38)(56 — 2338 + 2008?)

S p0 2525

Also, 1 — 283 < 23. Therefore, f > 0 by considering the coefficients of lN)(T)
and D(T).

Hence, we may assume D, (T) > 1 — 33. Since T is heavy, D_(T) = [.
Therefore, by the definition of l~), we have

D(T) =Y _D_(e) —2(1— ). (5.9)
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We split into different cases separately depending on the number of heavy edges
inT.

Suppose all edges are heavy. Thus, ﬁ(T) = 2(48 — 1) by (5.9), because
D_(e) = 20 for all edges e in T'. Clearly D, (T) = D(T) — 3 < 1 — /3. Hence,
(5.7) is true as

D(T) = 2048 — 1) > (48 — 1)(1 - B)/(1 - 28) > (48 — 1)D.(T)/(1 - 28).

Thus, there exists an edge in 7" that is not heavy. We now show that D (T") < .
If not, Lemma 4.1.1 (i4i) implies that Dy (e) > D, (T) — 5 > 0 for all edges e
in T, which is a contradiction. Since D, (T) < /3,

D(eo) = D_(e0) + D+ (e0) <268+ D (T) < 3.

Suppose T' contains one or two heavy edges. We are going to show that in

both cases

D(T) 2 2(D(T) — (1 - 30)).
First assume that there is exactly one heavy edge in T'. Let e; and ey be the two
non-heavy edges in 7. Note that D_(e;) = D(e;) > D(T) =D (T)+3>1-20
fori = 1,2. Thus, (5.9) and Lemma 4.1.1 imply that D(T) > 2(D,(T)—(1—38)).
Assume that T contains two heavy edges. Let e; be the non-heavy edge in T.
Similarly, we have D_(e;) > D (T) + > 1 — 20. Recall that D (T') < j3, so
(5.9) and Lemma 4.1.1 imply

D(T) 2(48 + Do(T) — (1 - 35))
46— 1+ D (T) - (1-36) > 2(D4(T) — (1 — 30)).
Since D(T) > 2(D,(T) — (1 — 33)), in proving (5.7), it is enough to show that

Dfeo)f 22(D4(e0) +46 — 1)(D(T') — (1 = 30))

- (o v —a-m) o G

is non-negative for 0 < Dy (ey) < D (T) and 1 — 38 < D, (T) < B. Notice
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that for a fixed D, (T) it is enough to check the boundary points of D (eg).
For D, (eg) = 0, we have

(1—38)(29 — 508 — 1003?)
(29— 758)(1 — 25)

D (T) = 2(45 = 1)(1 = 35)

D(eo)f 22(40 — 1)(D+(T) — (1 = 30)) +

_150043% — 1314/8* + 3615 — 29
T (1-20)(29-750)

150033 — 13143 + 3613 — 29
= (1-20)(29 - 750)
~(1—3p)%(29 — 505 — 1005?)
T (1-20)(29-750)

For D, (eo) = D4 (1),

D(T)

(1=30) —2(46 — 1)(1 - 3p9)

> 0.

Deo)f 22(D(T) + 43 = 1)(D4(T) — (1 = 33))

~((1- 2555) g+ D) - (1= 20)) Do),

Notice that this is a quadratic function in D (7). Moreover, the coefficients
of D(T)? and D, (T) are (6005% — 4493 + 85)/(29 — 755)(1 — 23) and 3(4/ —
1)(20032 — 1513 4+ 29) /(1 — 26)(29 — 7503) respectively. More importantly, they
are both positive. Thus, it enough to check for D, (T") =1 — 3.

For D(T'), =1 — 30, we have

(1 —33)2(2008% — 2330 + 56)
(20 — 758)(1 — 28)

D(eo)f > > 0.

Hence, we have proved (5.7).

It is easy to check that if equality holds in (5.7) then D (7") = 0. Thus, for all
edges e in T, D (e) = 0 by Lemma 4.1.1. Furthermore, equality holds in (5.8), so
equality holds in Corollary 4.1.3 as D, (7)) = 0 = Dy (e). Hence, d(v) = (1 —)n
for v € S. This completes the proof of the lemma. n

Now we sum (5.7) over all T' € 5. After rearrangement, we have

S° B(T) > (1 - _2755) S > Do)~ (1=200 3 D@

TeEKs
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The left hand side is bounded above by Lemma 5.1.3 with t = 2. Thus, we obtain
a strengthening of (5.3).

Corollary 5.2.2. Let 1/4 < 3 < 1/3. Suppose G is a graph of order n with

minimum degree (1 — 3)n. Then

(1+30)ks +

2 ka
1_26(1—6 T 75ﬁ>ZD+ >21—25)5nk2+4—

TeKs

holds. Moreover, if equality holds, then G is (1 — B)n-reqular and for each edge e,
either we have D(e) =1 — 203 or D(e) = 203. O

As mentioned before, if Lemma 5.2.1 holds for ¢ = 1, then Conjecture 3.1.1
is true for p = 3 without needing to strengthen (5.4). However, for € > 0, it is
easy to construct graphs which contain a triangle 7" with D, (T) = 1 — 30 + ¢
and edge degrees 1 — 23 +¢, 1 — 25 + € and 23 + € respectively. For ¢ =1, (5.10)

becomes

Dieo)f = — (457 + 267 = 1)(1 — 38)/(1 — 28) + o(e).

Hence, for e sufficiently small, the right hand is greater than zero only if § <
(vV5—1)/4~0.309 < 2/3. It can be checked that for 1/4 < 3 < (v/5 —1)/4, the
proof of Lemma 5.2.1 also holds with ¢ = 1. Thus, we can prove Theorem 5 for

1/4 < B < (Vb—1)/4.

Surprisingly, it is easier to prove Conjecture 3.1.1 for § = (3/4 — €)n than
for § = (2/3 + €)n for small ¢ > 0. To see this, suppose that we can prove
Conjecture 3.1.1 for p = 3 providing for each T' € K3, we can approximate
ZeE,CQ(T) D_(e) accurately, say within an absolute error. By definition of D_,
1—28 < D_(e) <23 for all edges e. Notice that the interval is of size 45 — 1,
which tends to zero as (3 tends to 1/4. Thus, approximating > ..«, ) D-(e)
accurately for § = 1/3 — € is likely to be more difficult than for § = 1/4 + ¢,

where € > 0 sufficiently small.
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5.2.2 Strengthening (5.4)

Next, we are going to strengthen (5.4). Note that by mimicking the proof of
Lemma 5.2.1, we could obtain a strengthening of Corollary 5.1.2 for t = 3. It
would lead to a strengthening of (5.4). However, it is still not sufficient to prove
the Conjecture 3.1.1 when (3 is close to 1/3.

Fortunately, we are able to prove the following strengthening of (5.4). The

proof requires a detailed analysis of Kj, so it is postponed to Section 5.3.

Theorem 5.2.3. Let 1/4 < 3 < 1/3. Suppose G is a graph of order n with

minimum degree (1 — B)n. Then

(2—408)ky > (1 — 30)Onk; + (1 — 36+ 59 — 75&) Z D (T (5.11)

TeEKs

Moreover, if equality holds, then (n,3) is feasible and G € G(n, 3).

5.2.3 Proof of Conjecture 3.1.1 for 1/4 <3< 1/3

By using the two strengthened versions of (5.3) and (5.4), that is, Corollary 5.2.2

and Theorem 5.2.3, we prove Theorem 5.

Proof of Theorem 5. Note that in proving the inequality in Theorem 5, it is suf-
ficient to prove the case when s = ¢t + 1. Recall that p = 3 as 1/4 < 3 < 1/3,

SO

92(8) = (1= P)/2, g3(8) = (1 —20)*5 and g4 = (1 — 26)(1 — 36)5"/2.

Theorem 5.2.3 states that (2 —43)ks > (1 —33)Snks. This implies k4/g4(8)n* >
ks/gs(8)n3 by (4.7) with ¢t = 3. Hence, the theorem is true for ¢ = 3.
For t = 2, by substituting Corollary 5.2.2 into Theorem 5.2.3, we obtain

(14+38)ks +

(1_ 39+ - 45 755) S™ DL(T) > 2(1 - 28)Bnks

Teks

o 46 (1—366nk3+(1—35+29 756> S DT >

1-23
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Observe that the > D (T) terms on both sides cancel. Hence, after rearrange-
ment, we have (1 — 3)ks > 2(1 — 23)?8nk,. Thus, ks3/gs(B)n* > ko/ga(B8)n3

This is clear that (i7i) implies (7) and (77) by the construction of G(n, ) and
the feasibility of (n,3). Suppose (i) holds, so equality holds for ¢t =ty and s = s
with tg < s¢. Since equality holds for ¢y < sg, equality holds for t =tg,..., 50— 1
and s = sg. Hence, we may assume that s = ¢t+1. In both cases, we have equality
in Theorem 5.2.3. Hence, (n, 3) is feasible and G € G(n, 3). O

5.3 Proof of Theorem 5.2.3

In this section, T, S and U always denote a 3-clique, 4-clique and 5-clique re-
spectively. First, we establish some basic facts almost 7', S and U, which we use
in the proof. Observe that D_(S) = 0 for S € K4, so D(S) = D(S). Recall
that 5(5) =D rery(s) P-(T) — (2 —45). Let Ty,..., Ty be triangles in S with
D(T;) < D(T}41) for 1 <i < 3. Since D_(T') < 3, we have

2(43 — 1) if k3 (S)
D(S) =14 48— 1+ (D(T1) — (1-38)) if kj (S)
D(Ty) + D(Ty) — 2(1 —36)  if k57 (S)

4
3, (5.12)
2

9

where k5 (S) is the number of heavy triangles in S. Also recall that D(T') > 1—303
by Lemma 4.1.1 (). We will often make reference to these formulae throughout

this section.

Our first aim is to prove a result corresponding to Lemma 5.2.1 for the sum

of the degrees of triangles in a 4-clique. Define the function 7 : 4 — R to be

) = D)~ 355 Y s

for S € K4. Recall that for a heavy triangle T', D(T') = D, (T') + 3. Thus, only
heavy 3-cliques in S contribute to > D (T)/(D+(T) + 3). Ideally, we would like
n(S) > 0 for all S € K,. This would imply » ¢ i, 7(S) > 0. Therefore, we would
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have

0< Y n(s)= Y Bs) 2;‘ﬁ_‘75lﬁn > Dur

SeEK, Sey

§(2 - 4B)k4 - (1 o 3ﬁ)ﬁnk3 o <1 - 35 + 75ﬁ) Z D+

TeKs

+2 > Di(S) — 10ks/n,
Seky

where the last inequality is due to Lemma 5.1.3 with ¢ = 3. Observe that

Y oser, P+(S) = D e, D(S) = 5ks/n, so the terms with » D, (S) and ks/n
cancel. Rearranging the inequality, we obtain the inequality in Theorem 5.2.3.

Actually, it is enough to show that )¢ . 7(S) > 0.

Suppose Y geic, 1(S) < 0. Then, there exists a 4-clique S with n(S) < 0.
Such a 4-clique is called bad, otherwise it is called good. The sets of bad and
good 4-cliques are denoted by K2 and K¢ respectively. In the next claim, we

identify the structure of a bad 4-clique.
Claim 5.3.1. Suppose S is a bad 4-clique. Let
A= (1-33)(1+¢) and e = (45 —1)/(1503* — 13753 + 30).
Then, the following hold
(1) S contains exactly one heavy edge and two heavy triangles,
(11) 0 < D(S) < A,
(1it) D(T)+ D(T") < 2A, where T and T" are the two non-heavy triangles in S.

Proof. Let T, ..., Ty be triangles in S with D(7T;) < D(T;41) for 1 <i < 3. We
may assume that D, (T}) > 0, otherwise S is good by Corollary 5.1.2 as n(S) =
5(5) > 0. Hence, S is also heavy by Lemma 4.1.1. We separate cases by the
number of heavy triangles in S.

First, suppose all triangles are heavy. Hence, D(S) = 2(46 — 1) by (5.12).
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Clearly, D (T;) <1— [ for 1 <i <4, so

0(S) >2(46 — 1) — L Z

29 — 756 + ﬁ
21-0)\ (45 — 1)(27 — 73p)
2246 -1) (1 B m) =T wm-mp 2

This contradicts the assumption that S is bad. Thus, not all triangles in S are
heavy. By Lemma 4.1.1 (éii), we see that D, (T) > D, (S) — 3 = D(S) —
for T € K3(5), so 0 < D(S) < [ or else all T € K3(S) are heavy. Also,
D(T) < D.(S) = D(S) < 3.
Suppose all but one triangles are heavy, so 5(5) > 43 — 1 by (5.12). Hence,
45-1 D+ 3 D(S)
S)>46 -1 — 46—-1) 11—
n(s) 245 29750 Z D)+ 5 = (49 )( 20 — 756 D(S) + 8
3 (45— 1)(11 — 303)
>4 —-1)(1— = >0
2(45-1) ( 2(29 — 755)) 2(20 — 758)  —

Suppose there is only one heavy triangle, Ty, in S. Corollary 4.1.3 implies
that D(S) + D, (Ty) > 2D, (S) = 2D(S). Note that D, (Ty) < D,(S) = D(S),
so D(S) > D(S). Thus,

431 D (Ty)
29 — 758 D(Ty) + 3

~(1- = -1
(- m=mrmes) 292 (1~ @omp) 29 >0

Hence, S has exactly two heavy triangles, namely T3 and Ty. If D(S) > A,
then

461 D(S)
29 — 756 D(S) + 3

n(S) =D(S) — > D(S) -

n(S) =D(T1) + D(T3) = 2(1 - 36) — 24916__7515 (

2486-1) D(S)
246-1) A 246 — 1)A
20— T56 A+ 3~ 2 21 =3p)e = (29 — 753)(1 — 28)

DTy DT )
D (T3)+ 8 Dy(Ty) + 8

>2(1 — 383)e — = 0.
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Thus, D(S) < A. If D(T}) + D(T) > 2A, then D(S) > 2(A — (1 — 30)) =
2(1 — 38)e by (5.12). Moreover, since D, (T;) < D(S) < A for i = 3,4,

246-1) A 2048 — 1)A

ST N R G Ll o w7 T

1n(S) >2(1 —3B)e —

Thus, (4i7) is true.

We have shown that S contains two heavy triangles. Therefore, to prove
(1), it is sufficient to prove that S contains exactly one heavy edge. A triangle
containing a heavy edge is heavy by Lemma 4.1.1 (i7i). Since S contains two
heavy triangle, there is at most one heavy edge in S. It is enough to show that
if S does not contain any heavy edge and D(S) < A, then S is good, which is
a contradiction. Assume that S contains no heavy edge. Let e; = T; N Ty be an
edge of Ty for i = 1,2,3. We claim that D(S) > D, (T}). By Corollary 4.1.3
taking S =T, and t = 2, we obtain

D(ex) + D(es) + Dles) >2 — 33 + D(Ty)
D(e1) + D(eg) 22 — 43 + Dy (1)

as D(e3) <20 and D_(Ty) = 5. By Lemma 4.1.1 (ii), we get

Hence, D(S) > D, (T}) by (5.12). Therefore,

46 —1
n(S) 2D (Ty) — 295_ 755 Z +ﬁ

C suson
= (1 (29— T50)(D; (T3) © ﬁ)) D(T4)

2043 — 1)
S (1 - m) D (Ta) >0

and so S is good, a contradiction. This completes the proof of the claim. Il

Since a bad 4-clique S must be heavy, that is, D(S) > 0, it is contained in

some 5-clique. A 5-clique is called bad if it contains at least one bad 4-clique. We
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denote K2 to be the set of bad 5-cliques.

Notice that

2 Y DM)= > > DT (5.13)

TeKs(U) SeK4(U) TEK3(S)

for a 5-clique U. For a 4-clique S, Corollary 4.1.3 states that

> D(T)>2-48+2D(S) >2—48.
TeKs(S)

Therefore, this implies (5.13) is at least 5(2—43). On the other hand, Lemma 4.1.2
taking s = 5 and t = 3 implies that

> D(T)>7-158+3D(U) > 7 - 15.
Teks(U)

Hence, (5.13) is at least 2(7—155) > 5(2—45) as 1/4 < 3 < 1/3. This observation
suggests that summing D(T') over T' € K3(U) would give a better lower bound
than summing D(T') over T' € K3(S) followed by summing over S € KCy(U).

Recall that a 4-clique S lies in D(S)n bad 5-cliques U. We define 77(.S) to be
n(S)/D(S) for S € K4 with D(S) > 0. Clearly for a fixed S € K4 with D(S) > 0,
summing 77(S) over U € K5, which contains S, is exactly equal to n(S)n. Thus,

"2 MH=2, 2 2. ).

Ses Ueks Seka(U SEK4:D(S)=0

Recall that our aim is to show that 3 ¢ 1(S) > 0. Since D(S) = 0 implies that
S is good, we have n(S) > 0. Hence, it is enough to show that > g i, ¢y 1(S) = 0
for each bad 5-clique U.

Now, we give a lower bound on 7(S) for bad 4-cliques S. By Claim 5.3.1,

45— 1 D (T)

. _2048-1) D(S)
20— 750 | 4

() =~ DT)+B= 29-753 D(S)+ 3’

(5)
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Hence,

_ 2(48 — 1) 2(48 — 1)
15 2 = G = mADE) 15 (@ -5 (5.14)

Next, we are going to bound D(S) above for S € K, (U)\K4¢ and U € K. Let
St e K4d(U). Observe that S N S° is a 3-clique. Then, by Lemma 4.1.1 and

Claim 5.3.1, we have
D(S)<D(SNS") =Dy (SNS")+B<D(SY) +B<A+p. (5.15)

Recall that a bad 4-clique S contains a heavy edge by Claim 5.3.1 and hence
so does a bad 5-clique U. We split K2 into subcases depending on the number
of heavy edges in U. The next claim studies the relationship between the number

of heavy edges and bad 4-cliques in a bad 5-clique U.

Claim 5.3.2. Suppose U € K24 with h > 2 heavy edges and b bad 4-cliques.
Then b < 2h/(h — 1) =2+ 2/(h —1). Moreover, if there exist two heavy edges

sharing a common vertex, b < 3.

Proof. Define H to be the graph induced by the heavy edges in U. Write ug for the
vertex in U not in S € KCy(U). This defines a bijection between V(U) and Ky(U).
If S'is bad, ug is adjacent to all but one heavy edges by Claim 5.3.1. By summing
the degrees of H, 2h = 3 g, 1) d(us) = b(h —1). Thus, b < 2h/(h —1).

If there exist two heavy edges sharing a common vertex in H, then every bad 4-

clique must miss one of the vertices of these two heavy edges. Hence, b < 3. [

Suppose U € K% has at least two heavy edges, say e and ¢’. In the following

two claims, we study the cases whether e and €’ intersect or not respectively.

Claim 5.3.3. Suppose U is a bad 5-clique and there exist two heavy edges e and €’
in U sharing a common vertez. Then Y scpc,1r 1(S) > 0.

Proof. Suppose U contains b bad 4-cliques. Clearly b < 3 by Claim 5.3.2. Notice

that > gepceary 7(S) > —by = =37 by (5.14), where v = 2(45 — 1) /(29 — 753) 3.
Observe that there are exactly two heavy 4-cliques containing both e and €.
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Chapter 5. Heavy cliques

Therefore, it is enough to show that n(S) > 3D(S)y/2 for each S € Ky(U)
containing both e and €.

Since S contains two heavy edges, namely e and €', it contains at least three
heavy triangles. Let S’ be a 4-clique in U distinct to S. Then, for T = SN Y,
D (T) < min{D,(5),D+(S")} < D4(5) = D(5') by Lemma 4.1.1 (i7i). In
particular, if S is bad, then D, (T) < D(S’) < A by Claim 5.3.1.

Suppose S contains exactly three heavy triangles. Since not all triangles in S
are heavy, D, (S) < § by Lemma 4.1.1 (iii). Also, D(S) > 43 — 1 by (5.12).
Therefore, n(S) is at least

D.(T) D(s)

43—-1— ——— i s Sl Y R [ e — 7
g 29—755%%8) Do)+ 5= 29—7555,6%)\51)(5f)+ﬁ
1B-1 [ A  3—b B-1 [ A
>46_1_29—756(A+5+ 2 >Z4ﬁ_1_29—755<a+5+1>

>3037/2 2 3D(5)7/2

as required.
Now suppose all triangles in S are heavy. Notice that D(S) < A+ by (5.15)
and D(S) = 2(48 — 1) by (5.12). Hence,

B 48 —1 D (T)
n(S) =2(45—1) — 20 — 753 TG%:(S) m
2(A + 5)
>2(46 - 1) (1 T (29-T58)(A + 26))

>3(A+ B)y/2 > 3D(S)v/2

as required. The proof of the claim is completed. O

Claim 5.3.4. Suppose U is a bad 5-clique and there exist two vertex disjoint

heavy edges e and €' in U. Then 3 g i, qry1(S) > 0.

Proof. By the previous claim, we may assume that U has exactly two heavy edges.
Otherwise, there exist two heavy edges sharing a vertex. Hence, U has b < 4 bad
4-cliques by Claim 5.3.2. Clearly, ZSE,CZM(U) n(S) > —by by (5.14), where as
before v = 2(48 — 1)/(29 — 753)5. Also, there is exactly one heavy 4-clique S

o4



5.3 Proof of Theorem 5.2.3

containing both e and ¢’. Therefore, it is sufficient to prove that n(S) > bD(S5)y.

Since S contains two disjoint heavy edges, all triangles in S are heavy by
Lemma 4.1.1. Thus, D(S) = 2(46 — 1) by (5.12). Observe that T = SN S’
is a triangle for S’ € K4 (U)\S. Moreover, D, (T) < min{D,(S),D,(5")} <
D, (S") = D(S") by Lemma 4.1.1 (4iz). Hence

§(S) 22045 -1 — 0Ly~ D)
O\

29 — 750 Srerns D(S")+p

1 A (4—b)(A+8)
_29—75ﬁ(A+ﬁ+ A+ 23 >)

>(46 —1) (2

Therefore, n(S) —bD(S)y is at least

1 bA (4-0b)(A+P)
<4ﬂ_1)(2_29—75ﬁ<A+ﬁ+ A+ 20 ))‘b(A+ﬁ)7
4A
>(46 —1) (2— (29—755)(A+5)) —4(A+ B)y > 0.
This completes the proof. O]

Recall that a bad 5-clique contains at least one heavy edge. Thus, we are left

with the case U € K8 containing exactly one heavy edge.

Claim 5.3.5. Suppose U is a bad 5-clique and there is exactly one heavy edge e
inU. Then, U contains at most two bad 4-cliques. Moreover, 3 sy, 1(S) > 0.

Proof. Let uq,...,us be the vertices of U and uyus be the heavy edge. Write S;
and 7; to be U — u; and n(.S;) respectively for 1 < i < 5. Similarly write 7} ; for
U—wu;—u; for 1 <i < j <5. Recall that a bad 4-clique contains a heavy edge by
Claim 5.3.1. Hence, 5; is a bad 4-clique only if ¢« < 3. Without loss of generality,
Si, ..., Sy are the bad 4-cliques in U.

Since S3 contains a heavy edge, it contains at least 2 heavy triangles. First
suppose that all triangles in S5 are heavy. Thus, S5 is not bad, so b < 2 and it is
enough to show that n3 > 2yD(S3), where as before v = 2(45 — 1) /(29 — 7503)0.
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Chapter 5. Heavy cliques

Notice that D(S3) < A+ 8 by (5.15) and D(S3) = 2(48 — 1) by (5.12). Hence,

- 43 -1 D (T)
ns =2(48 —1) — 20 — 758 TEKZ?)(S : m
2D(S3)
>2(46 — 1) (1 (29— 758)(D(S5) + ﬁ))

A + B)
>2(46 = 1) ( T 29— 758)(A + 28)

) > A2+ B)y > 2D(S)n.

Second, suppose that S; contains exactly three heavy triangles. Once again,
it is enough to show that 1y > 2vD(S3). If D(S3) < 1—38, then D(S3) > 43 —1
by (5.12). Hence

~ 43 -1
ns =D(S5) — 295_ 750 Z

S5) +
3D(53)
231 (1~ ot T >>
>(4ﬁ—1)( o %gﬁf)_%)) 2(1 - 30)y > 2D(S5)1.

So we may assume D(S3) > 1 — 3. Since not all triangles in S3 are heavy,
D(S3) = D4(S5) < 3 by Lemma 4.1.1 (iii). Also, D(S3) > 76 — 2 + D(Ss)
by (5.12) as D(T') > D(S3). Therefore,

348—1) D(S;)
29 — 753 D(S3) + 3

ns >70 — 2+ D(S3) —

348 - 1)
>78 — 24 D(S3) <1 - (29 — 758)(1 — 25))
348 —1)

>78 -2+ (1—30) (1 — ) > 283~ > 2D(55)y.

(29— 758)(1 — 25)

Hence, S5 contains exactly two heavy triangles. By a similar argument, we
may assume there are exactly two heavy triangles in S; for 1 < ¢ < 3. More-

over, D(S;) < B for 1 < ¢ < 3, otherwise all triangles in S; are heavy by
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5.3 Proof of Theorem 5.2.3

Lemma 4.1.1 (i4i). For 1 <i <b,
D(Tia) + D(Ti5) < 2A =2(1 = 308)(1 + ¢)

by Claim 5.3.1 (iii). For b < i < 3, D(S;) = D(Ti4) + D(T}5) — 2(1 — 33)
by (5.12). Thus,

D(T,) + D(Tys) =ni + 21— 36) + 5. m Z()
TeKs(S,

2(46 — 1)D(S;)
(29 = 756)(D(Si) + 9)
<ni +2(1 = 36) +76/2.

ﬁ

<n; +2(1—-306)+

After applying Corollary 5.1.2 to Sy and S5 taking ¢ = 3, and adding the two

inequalities together, we obtain

22-48) < > (D_(Tra) + D_(Ti5)) + 2D_(Ty )

1<i<3

<Y (D_(Tis) + D_(T;5)) + 28

1<i<3

22-58) < > (D(Tis) + D(Ti5)) + > (D(Tis) + D(T;5))

1<i<b b<i<3

<2b(1—38)(1+€)+ > mi+(3—0)(2(1—38)+~5/2)

b<i<3

2(48 — 1) <26(1 = 3B)e+ Y m; + (3 — b)yB/2 (5.16)

b<i<3

If b = 3, the above inequality becomes 2(43 —1) < 6(1 —30)e < 2(43 — 1), which

is a contradiction. Thus, b < 2.

Notice that n; > —D(S;)y > —v for 1 < i < b. Hence, > geypaa 1(5) >
—by. Also, recall that D(S;) < g for 1 < i < 3. It is enough to show

that >, _;.sm: > byB. Suppose the contrary, so Y, ;.4 < by3. Then, (5.16)
becomes

2(48 — 1) <2b(1 — 3B)e + (34 b)v53/2 < 4(1 — 3B)e + 5v3/2 < 2(43 — 1),
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Chapter 5. Heavy cliques

which is a contradiction. The proof of the claim is complete. Il

By combining Claim 5.3.3, Claim 5.3.4 and Claim 5.3.5, we obtain that
> Sera(U) n(S) > 0 for a bad 5-clique U. Now, we ready to prove the inequality of
Theorem 5.2.3. By the remark at the beginning of the section, it is sufficient to
show that Y n(S) > 0 with sum over the 4-cliques S. Recall that by Claim 5.3.1
n(S) = 0 for S € Ky with D(S) = 0 and } gcpc, oy n(S) = 0 if U is not a bad
5-clique. Notice that

ny )=y >, aS)+n Y aS)

SeKy Ueks Sek4(U) SeK4:D(S)=0

=2 >

UeKbed Sekq(U)

Hence, we prove the inequality in Theorem 5.2.3.

Now suppose equality holds in Theorem 5.2.3. Claim 5.3.3, Claim 5.3.4 and
Claim 5.3.5 imply that no 4-clique is bad. Furthermore, we must have n(S) =0
for all S € K4. It can be checked that if the definition of a bad 4-clique includes
heavy 4-cliques S with n(S) = 0, then all arguments still hold. Thus, we can
deduce that G is Ks-free. Hence, G is also Kj-free. By Theorem 4 taking s = 4
and t = 3, we obtain that (n, ) is feasible and G € G(n, 3). O
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Chapter 6

kr(n,d) for 3n/4 < < 4n/5

In this chapter, we evaluate k,.(n,d) for 3n/4 < § < 4n/5, which is implied by
the theorem below as ko(G) > (1 — B)n?/2 = go( B)n>.

Theorem 6. Let 1/5 < § < 1/4. Let s and t be integers with 2 <t < s < 5.
Suppose G is a graph of order n with minimum degree (1 — B)n. Then,

g9s(B)n* — ge(B)nt

Moreover, the following three statements are equivalent:
(1) Equality holds for some 2 <t < s <5.
(11) Equality holds for all2 <t < s <5.
(i1i) The pair (n, ) is feasible and G is a member of G(n, ().

The general approach of the proof is the same as the proof of Theorem 5,
so often lemmas and claims are very similar to ones in Chapter 5. However,
additional arguments and refinements are needed in various places. We will point
out the similarities and differences before giving the proofs.

We would also like to make the following remark about proving Conjec-

ture 3.1.1 for all p. Our proof of Theorem 5 boils down to proving Corollary 5.2.2
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Chapter 6. k.(n,0) for 3n/4 <6 < 4n/5

and Theorem 5.2.3. Each statement is an inequality of the form

A Y Du(S) + ki1 (G) >chki(G) + cikiea(G) + ¢ Y D(T), (6.1)

Seit1 TeK:

for 2 <t < p(= 3), where each ¢! is a positive coefficient depending only on f3,
p and t. Note that (5.2) is an inequality of this form. However, by considering
K, o-free graphs (see Section 4.2 for the case p = 3), it is easy to deduce that
the coefficients ¢4, ¢, ¢} in (5.2) are optimal. Thus, the key to proving Conjec-
ture 3.1.1 is obtaining suitable ¢! and ¢k. Since ¢ ranges from 2 to p, for a given p,
it seems very likely that one may obtain an ad-hoc proof of Conjecture 3.1.1
for 1/(p+ 1) < < 1/p by mimicking the proof of Corollary 5.2.2 and Theo-
rem 5.2.3. However, finding a proof that works for all p looks very hard due to

the inequalities involved.

6.1 Fk.(n,0) for 3n/4 < § <4n/5

for p = 4, (5.2) gives three inequalities, namely for t = 2,3,4. All three inequali-
ties require strengthening in order to prove Theorem 6. One obvious choice would
be to use the method of Section 5.2.1 for t = 2, and of Section 5.2.2 for ¢ = 4.
We are now left with a choice when ¢ = 3. It turns out that the method of
Section 5.2.1 for ¢ = 3 is not sufficient to prove Theorem 6 when £ is close to 1/4.
Thus, we adapt the method of Section 5.2.2, namely the proof of Theorem 5.2.3,
to strengthen (5.2) for t = 3. We state the three strengthened versions of (5.2) for
t = 2, 3,4 respectively below. Each lemma improves the coefficients of > D (T)
and > D, (S). These coefficients are not the best possible, but are chosen to be

linear in 3 if possible.

Lemma 6.1.1. Let 1/5 < [ < 1/4. Suppose G is a graph of order n with

minimum degree (1 — f)n. Then

(1+66)ks(G) + (1 -5 1) 3" Do(8) > 8(1— 28)mb, + 2E)
Seks

Moreover, if equality holds then G is (1 — B)n-regular, and for each edge e, either
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6.1 ky(n,d) for 3n/4 < < 4n/5

we have D(e) =1—23 or D(e) = 305.

Lemma 6.1.2. Let 1/5 < [ < 1/4. Suppose G is a graph of order n with

minimum degree (1 — B)n. Then

260G+ (2= ) ¥ Duts)

35 SEK,

> 2(1 — 38)Bnks(G) + (1 —33 - w) ny Du(T)+ 10k5(C)

15 ol n

Lemma 6.1.3. Let 1/5 < [ < 1/4. Suppose G is a graph of order n with
minimum degree (1 — B)n. Then

4183 — 92

3= 109)(6) = (1= 18)uki(@) + (1= 45+ =2 ) 0 3 D).
TeK,

Moreover, if equality holds, then (n,3) is feasible and G € G(n, ).

Their proofs are postponed to later sections. Here, we give an outline of each
proof. Lemma 6.1.1 is proved in Section 6.2, using virtually the same argument
as the one in Section 5.2.1. We then skip Lemma 6.1.2 and prove Lemma 6.1.3
instead in Section 6.3. Lemma 6.1.3 can be seen as the natural generalisation
of Theorem 5.2.3. Thus, its proof bears many similarities to the proof of The-
orem 5.2.3 (Section 5.3). However, some refinements are needed. Finally, in
Section 6.4, we prove Lemma 6.1.2. Roughly speaking, the proof proceeds by
applying the proof of Theorem 5.2.3 twice.

Assuming these three lemmas, we now prove Theorem 6.

Proof of Theorem 6. Recall that

92(8) = (1-0)/2, g93(8) = (208% — 153 + 3)B,
94(B) = (1=3B)(3 - 108)?/2, and g5(8) = (1—303)(1 —48)5%/2.

First, we are going to show that the inequality in Theorem 6 holds. Observe that

it is enough to prove the case s =1t + 1.
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By Lemma 6.1.3, we have
4180 — 92
(3—103)ks >(1 — 46)Bnks + (1 — 48 + 4185 — 92 n Y Dy(S
175 o

ks ke 1—48+ (4183 — 92 /175
gs(B)nd 294(5)”4‘ (3 —108)g5(8 Z D5

(6.2)

Thus, the inequality in Theorem 6 holds for ¢ = 4 (and s = 5) as the coefficient
of > gex, D+(T) is non-negative.
Next, we substitute (6.2) into Lemma 6.1.2 replacing the k5 term. We obtain

b+ (2= 225 S0

Sey
>2(1 = 38) Anks + (1 _ap- 2o 475) S DT
TeKs
g5(B)ks 1 —4B+ (4188 — 92)/175
10 D (
! <g4(6) i 3—103 s%c: + )

A simple calculation shows that the coefficient of » ¢ D, (S) on the left hand
side is less than the one oo the right, so we can remove the terms involving

> seic, D+(S). After further rearranging, we obtain

ks ks (1-33— (13— 475 /15 S DT
N

94(B)n* 293(5)713 " 2(1 —308)Bgs(8 TeKs (63)

Therefore, the inequality in Theorem 6 holds for ¢t = 3, because once again the

coefficient of } ;... is non-negative.

Finally, we substitute (6.3) into Lemma 6.1.1 replacing the k, term. We obtain

(1+68)ks + (1 —~ 141555 1) > D(T)

TeKs

ks (1-36— (13— 475 )/15
D (
93(6) " (1 - 35 Bgs(B TGZ,C + >

>3(1 — 20)Bnks + 494(3) (

Again, a simple calculation shows that the coefficient of » ;. Dy(T) on the
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right is at least 1—(143—1) /158, so we can remove the terms involving > " . D1 (T).
After rearrangement, we have k3 /gs(3)n® > ko /g2(8)n?. Therefore we have shown
that inequality in Theorem 6 holds.

It is clear that (i7i) implies (i) and (i7) by the construction of G(n,3) and
the feasibility of (n,3). Suppose (i) holds, so equality holds in Theorem 6 for
t =ty and s = sg with tg < sg. We claim that equality must also hold for
t = 4 and s = 5. Suppose the contrary, so k5(G)/g5(0) = ki(G)/g4(5). By
(6.2), > gex, D+(S) > 0. This implies a strict inequality in (6.3). Moreover, this
implies that we have strict inequality in Theorem 6 for 2 < t < s < 5, which
contradicts (7). Therefore equality holds for ¢ = 4 and s = 5 and so we have that
equality holds in Lemma 6.1.3. Hence, (n, ) is feasible, and G € G(n, 3). O

6.2 Proof of Lemma 6.1.1

The proof follows by mimicking Section 5.2.1. We prove the corresponding version
of Lemma 5.2.1 below. First, recall that the definition of D(S) and the results in
Section 5.1 hold for all p.

Lemma 6.2.1. Let 1/5 < [ < 1/4. Suppose G is a graph of order n with
minimum degree (1 — B)n and S € K3(G). Then

- 148 — 1

D.(T)
D(S) 2z —=3 -

D(T)+35"

D.(S)—(1-28) Y

TeK2(S)

(6.4)

Moreover, if equality holds, then S is not heavy, and d(v) = (1—[)n for allv € S.

Proof. Suppose the lemma is false and let S be such a 3-clique in G. Corol-
lary 5.1.2 states that D(S) > 0, so S is heavy as (148 — 1)/158 > 0. Also, by
Corollary 4.1.3, we have

D(S)+ Y D(T) = D(S). (6.5)
TeK2(S)

Thus, S contains at least one heavy edge, or else (6.4) holds as (6.5) becomes

D(S) > D, (S) > (148—1)D,(S)/158. Let Ty € K»(S) with D(Tp) = max{D(T) :
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T € Kyo(S)}. By substituting (6.5) into (6.4), if

1-28 )5(3)_<14ﬂ—1 1-23

/= (1 ~ D.(Ty) +38 158  Di(To)+ 35) D.(5)  69)

is non-negative, then S satisfies (6.4), which is a contradiction.

Suppose that D, (S) < 1 — 4. Since Tj is heavy, D(Ty) > 36 > 1 — 23 by
Lemma 4.1.1 (iv). Lemma 4.1.1 (4ii) gives D(Tp) < D(S) + 3 =308+ D4(5) <
1 — 3. Notice that

MB-1 1-28 _148-1_ 1-23  (1-40)(1+40)

53 D) - 155 1-5 Al "

Therefore, by considering the coefficients of both D(S) and D..(S) in (6.6), f > 0.
Hence, D, (S) > 1 — 4. We address different cases separately depending on the

number of heavy edges in S.

First, suppose all edges are heavy. Then, D(S) = 2(53—1) by Lemma 4.1.1 (iv).
Note that 2(58 — 1) < D, (S), otherwise (6.4) holds as D(S) = 2(53 — 1) >
D, (S) > (148 — 1)D4(S)/155. Clearly, D(1T;) < 1 and D, (S) = D(S) — 26 <
1 —273. Hence,

1-25 148-1 1-283
for (1 - D(T0)> - ( 153 D(Ty) ) D+8)
>4(56 —1)6 — 1+ 661>5(g’ﬁ — 1)D+(S)
>4(58 — 1)8 — (1+ 65)(5€5—ﬁl)(1 —20) _ (56— 1)(?55; 151

Thus, there is an edge in S that is not heavy. This implies D, (S) < 5. If not,
Lemma 4.1.1 (¢i¢) implies D, (T") > 0 for all T' € K;(S), which is a contradiction.
Since Dy (S) < 3, s0 D(T) < for T € K,(S).

Suppose there are either one or two heavy edges in S. We claim that in

both cases 5(5) > 2(D4(S) — (1 —403)). Assume that S contains exactly one
heavy edge. Let 77 and T5 be the two non-heavy edges in S. By Lemma 4.1.1 (iii),
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6.2 Proof of Lemma 6.1.1

D_(T;) = D(T;) > D(S) = D4 (S)+26 > 0fori = 1,2. Thus by Lemma 4.1.1 (iv),

D(S)=S"D(T) ~ (2 - 8) > 2AD4(S) — (1 - 48)).

Next, assume that S contains two heavy edges. Let 77 be the non-heavy edge
in S. By Lemma 4.1.1 (4ii), we have D_(T1) > D, (S)+28 > 1 —204. Recall that
D (S) < 8. Therefore, D(S) > 53 —1+D,(S)—(1—48) > 2(D,(S)— (1—48)).
This completes the claim, so D(S) > 2(D,(S) — (1 — 473)).

Recall that our aim is to show that (6.6) is non-negative. By substituting
D(S) > 2(D.(S) — (1 — 43)) into (6.6) and multiplying by D, (Ty) + 343), it is
enough to show that

D(Ty) f 22(56 — 1) (D4(To) + 56 — 1)

- (B 0w +39) - 1-29)) D(s)

150
—2(58 — 1) (D4 (Tp) + 53 — 1) — ((14@ _115)6D+(To) 6 ; 40)

)DA$

is non-negative for 0 < D (Tp) < D4(S) and 1 — 48 < D,(S) < 3. By con-
sidering the Hessian matrix, all stationary points are saddle points. Thus, it
enough to check the above inequality on the boundary of D, (7y) and D, (S).
In fact, it is sufficient to check it at the extreme values of D, (Tp) and D, (S),
because if say D_(Tp) is fixed, then we take the extremal values of D, (), and, if
D, (T) = D4+(S), then the above inequality is a concave function. If D, (T) = 0,

we have
D(Ty)f >2(56 —1)* +6(1 —48)D,(S)/5 > 0

It D, (Tp) = D+(S) = 5,

(868 —19)3  8143% — 3113 + 30 -
15 N 15

D(To)f =22(58 —1) (68 — 1) —
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Finally, if D, (Ty) = D(S) =1 — 403, we have

D(To)f >2(58 — 1) + (1 — 48)%(1 + 45) /1506 > 0.

Hence, (6.4) holds.

It is easy to check thatif equality holds in (6.4) then D, (S) = 0. By Lemma4.1.1,
D (T) =0 for T € Ko(S). Furthermore, equality holds in (6.5) implies equality
also holds in Corollary 4.1.3 as D, (T) = 0 = D,(S). Hence, d(v) = (1 — B)n
for v € V(S). This completes the proof of the lemma. O

Proof of Lemma 6.1.1. Lemma 6.2.1 gives a lower bound on 5(5’) for S € K.
Lemma 5.1.3 gives an upper bound on ZSGIC3 lN)(S) Together, they prove the

lemma. O

6.3 Proof of Lemma 6.1.3

As we mentioned earlier, the proof of Lemma 6.1.3 closely follows the proof of
Theorem 5.2.3 from Section 5.3. Thus, many claims and statements are similar,

but sometimes the proofs require refinements e.g. Claim 6.3.1 and Claim 6.3.6.

Here we give an outline of the proof. In this section, 7', S and U will always
denote a 4-clique, 5-clique and 6-clique respectively. First, we are going to define
a function 7 on 5-cliques such that » ¢ .. 7(S) > 0 would imply the inequality
in Lemma 6.1.3. Call a 5-clique S bad if n(S) < 0. Claim 6.3.1 identifies the
structure of a bad 5-cliques, namely every bad 5-clique is contained in some
6-clique U. Note that > ;e o) 2seics@n 109) = 1D sexs.pis)=01(S), where
n(S) = n(S)/D(S) for S € K5 with D(S) > 0. Thus, it is enough to show
that ZSGICs(U) n(S) > 0 for 6-cliques U containing a bad 5-clique. Claim 6.3.4,
Claim 6.3.5 and Claim 6.3.6 verify this inequality.

We recall some basic properties of T, S and U. Observe that D_(S) = 0
for S € Ks, so D, (S) = D(S). Thus, D(S) = S D_(T)—(2—53). Let Ty, ..., T;
be 4-cliques in S with D(T;) < D(T;44) for 1 < i < 4. Since D_(T) < 3 by
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definition, we have

2(568 — 1) if k5 (9)
D(S) =14 56— 1+ (D(T1) - (1—48)) if ki (S)
D(Ty) 4+ D(Ty) — 2(1 — 43)  if kF ()

Y

5
4, (6.7)
3

)

where k; (S) is the number of heavy 4-cliques in S. Notice that D(T) > 1—4 for
T € K4 by Lemma 4.1.1 (7). Once again, these formulae will be used repeatedly

throughout this section. Now, we now give the formal proof.

Proof of Lemma 6.1.5. Define the function n : K5 — R to be

~ 41853 — 92 D.(T)
n(s) = D(S) 175 4 DAT)+ 7
for S € K5. For a heavy 4-clique T, D(T) = D, (T) + [ and so only heavy
4-cliques contribute to > e, sy D+(T)/(D+(T) + B). A 5-clique S is called bad
if n(S) < 0, otherwise it is called good. The sets of bad and good 5-cliques are
denoted by Kt and K2 respectively. For S € K5 with D(S) > 0, define 7(.5)
to be n(S)/D(S).
If > n(S) > 0 with sum over S € K5, then

0< Y n(s)= Y Bls) - Y D RGE

Ses SEKs SeEKs TE/C4
~ 4186 — 92
=Y D(S) - — " > D(T)
Ses TekK,
4186 — 92
<(3- 109k — (1= a9k — (1= 45+ 20 3 by

Tek,

The last inequality is due to Lemma 5.1.3. Thus, we have obtained the inequality
in Lemma 6.1.3.

Suppose to the contrary that we have Y 7(S) < 0, so there exists a bad 5-
clique S, i.e. n(S) < 0. By Corollary 5.1.2, 13(5) > 0. Thus, by the definition of
n(S), if < 46/209, then n(S) > 0 for all S € k5. Therefore, for the remainder
of this section, we assume that 46/209 < § < 1/4.
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In the next claim, we study the structure of a bad 5-clique S. It turns out that
S has similar characteristics to a bad 4-clique from Section 5.3. For example, S
has exactly one heavy edge e and every heavy subclique in .S contains e. Actually,
proving this statement requires a strengthening of Lemma 4.1.2, which we will

state in the proof, when it is needed.

Claim 6.3.1. Suppose S is a bad 5-clique. Let

_3(2095-46) 34188~ 92)

A={-4p)1+e) €= 339703 T 1mg

Then, the following holds

(1) S contains exactly one heavy edge e and every heavy subclique in S contains e.

In particular, S has exactly three heavy 4-subcliques.
(71) 0 < D(S) < A,
(zit) D(T)+ D(T") < 2A, where T and T" are the two non-heavy 4-cliques in S,
(iv) n(S) = =3(41853 — 92) D(5)/175(D(S) + B),
(v) 7(S) = =3(418F — 92)/175(D(S) + 5) > —.

Proof. Let T, ..., T5 be 4-cliques in S with D(T;) < D(T;41) for 1 <i < 4. Since
S is bad and D(S) > 0 by Corollary 5.1.2, D, (T3) > 0. Thus, S is heavy by
Lemma 4.1.1 (i77). We separate cases by the number of heavy 4-cliques in S.

First, suppose all 4-cliques are heavy. Hence, D(S) = 2(53 — 1) by (6.7).
Clearly, D, (T;) <1—pfor 1 <i<4, so

418 — 92 3 D.(T)

175l De(T) 45

(4185 — 92)(1 — B) 41862 — 1605 + 22
- 35 - 35 -

n(S) >2(56 1) -

>2(50 — 1) 0.
This contradicts the assumption that S is bad. Thus, not all 4-cliques in S are
heavy. By Lemma 4.1.1 (ii7), we see that D, (T) > D, (S) — [ for T € K4(S),
so 0 < D(S) = D(S) < Borelse all T € K4(5) are heavy. Also, D (T) <
D.(S) = D(S) < 8.
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6.3 Proof of Lemma 6.1.3

Suppose all but one of the 4-cliques are heavy, so 5(8) > 53 —1 by (6.7).

Hence,

4188 — 92 D.(T) 4(4185 — 92)D(S)
n(S) 250 =1 - 1—75T6KZ4(S) o +5-" T T mmE) £ )
51 2(4181575— 92) _ 39157; 9o,

which contradicts S being bad.

Suppose S contains at most two heavy 4-cliques, say kj (S) = 3 — i for i €
{1,2}. Recall that D, (T) < D, (S) = D(S) for T € K4(S), so D(S) > iD(S) by
Corollary 4.1.3. Thus, we obtain

D(5) — 1180 =92 DM
n(S) >iD(S) 175 TGKZM D (T)+ 3
>ip(g) — B )U185 = 92)D(S)

175(D(S) + B)
2(41843 — 92) (184 — 6618)D(S)

n(S) > (1 - W) D(S) = 755 ~0.  (68)

Again, this contradicts the fact that S is bad.

Therefore, S has exactly three heavy 4-cliques. This means that T} and 75
are non-heavy. Hence, D(S) = D(Ty) + D(Ty) — 2(1 — 4/3) by (6.7). Recall that
D(T;) > D(S) for i =1,2. If D(S) > A >1— 44, then

1) =D(Ty) + D(Ts) —2(1 —45) — o0 =22 > R
3(4185 — 92)D(S)
175(D(S) + B)
3(4188 — 92)D(S)
175(1 — 35)
3(4183 — 92)A
175(1 — 35)

>2(D(5) — (1 - 40)) -

>2(D(5) — (1 - 40)) -

>2(1 —4P3)e —

=0,

so S is good, a contradiction. Thus, (¢7) holds. If (iii) is false, then D(71) +
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D(T3) > 2A and so by (6.7) D(S) > 2(1 — 48)e. Once again, we have

4185 — 92 D.(T)
175 3<ZZ<5 D (T;) +
3(4188 — 92)D(5S)

175(D(S) + )

Thus, (i) holds. By the definition of 7(.S),

n(S) >2(1 — 45)e —

3(4188 — 92)A

>2(1 — 4f3)e — 175(1 — 33)

2(1 —408)e —

4183 — 92 D, (T) 3(4186 — 92)D(S)
(S z = — 7 2. D.(T)+f = 175(D(S) + 3)

K4(S)

Hence, (iv) and (v) holds.

Therefore, we are left to prove (i). Note that we have already shown that S
contains exactly three heavy 4-cliques. Since a 4-clique containing a heavy edge
is heavy by Lemma 4.1.1 (7i7), there is at most one heavy edge in S. Thus, it
suffices to show that S contains an heavy edge. Suppose the contrary, so S does
not contain any heavy edge and D(S) < A by (ii). Let the vertices of S be
v1,...,vs and Ty = S\v; for 1 <i < 5. If D(S) > D, (T3), then

n(S) 2D, (1) ~ T2 3 D o) >
> (1 _ w) DTy = (276 — 10795) D (T3)

>0
1758 1753 ’

which contradicts the fact that S is bad. Therefore, it is enough to show that
D(S) > D, (T3). By (6.7), it is equivalent to show that

D(T7) + D(T3) = 2(1 — 48) + D (T5). (6.9)

Let W; be T; N'T5 for 1 < < 4. The set of W; are precisely the 3-cliques in T5.
By Lemma 4.1.1 (ii), D(T;) > D(W;) — (3 for 1 < i < 4. Thus,

D(Wy) + D(Wa) > 2(1 — 38) + D (T5) (6.10)
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6.3 Proof of Lemma 6.1.3

implies (6.9). By Corollary 4.1.3 taking ¢ = 3 and S = T5, we have
D(W1) + D(Wy) + D (W3) + Dy (Wy) > 2(1 — 305) + 2D (T5s)

as D_(W3), D_(W,) < 28. We may assume that D, (W3) + D (Wy) > D, (T5),
otherwise (6.10) holds, which would imply (6.9) and that S is good, a contradic-
tion. First suppose that D (W3) =0, so D (Wy) > D4 (T5). The edges of W, are
precisely vvq, v1v3 and vovs. Again, by Corollary 4.1.3 taking t = 2 and S = Wy,

we have
D(U1U2) + D<U1U3> + D(U2U3) Z 2 — 36 + D+(W4) Z 2— 36 + D+(T5),

where the last inequality is due to Lemma 4.1.1 (#47). Since S has no heavy edge,
D(v1v9) is at most 3. Hence, we have D(vjvs) + D(vovsg) > 2(1 —23) + D (T5).
Notice that, by Lemma 4.1.1 (i),

D(W1) + D(W3) > (D(vavs) — ) + (D(vivs) — B8) = 2(1 = 38) + D (T5),

s0 (6.10) holds. By similar argument, we may assume that both D, (W3) and D (W)

are strictly positive.
We claim that

> D(e)>1-28+D(Wy)+ D(v) =1+ D (Wy)+D(vr).  (6.11)
e€E(Wy)

Notice that the above statement is a strengthening of Lemma 4.1.2 fort =2, s = 3
and S = Wy, The proof of (6.11) follows easily from the proof of Lemma 4.1.2 by
replacing (4.3) with

Zini = Z d(v) > 2(1 = B)n + d(vy).
i )

veV (S

Expanding the left hand side of (6.11) yields

D(Ulvg) + D(’UQ'U:J,) - D('Ul) 2 1— D(’Ul'l}g) + D+(W4) Z 1— 3ﬁ + D+(W4)
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By similar argument,

D(vivs) + D(vovg) — D(vg) > 1 =35+ D (W3).

By the pigeonhole principle, it is easy to see that D(W;) = D(vqvgvy) > D(vav3)+
D(vyvg) — D(vg). Similarly, D(W3) > D(vivs) + D(v1v4) — D(v1). Thus,

D(Wy) + D(Ws) >(D(vqvs) + D(vavy) — D(v2)) + (D(v1v3) + D(vy,v4) — D(v1))
>2(1 =30) + Dy (W3) + D (Wy) = 2(1 = 35) + Do.(T5).

Hence, (6.10) holds, which would lead to a contradiction. The proof of the claim

is complete. Il

Since a bad 5-clique S must be heavy by Claim 6.3.1, it is contained in some
6-clique U as D(S) > 0. A 6-clique is called bad if it contains at least one bad 5-
clique. We denote the set of bad 6-cliques by K. Let S, S* € K5(U) be distinct
such that S° is a bad 5-clique in a bad 6-clique U. Observe that SN S? is a
4-clique. Then, by Lemma 4.1.1 and Claim 6.3.1 (iz), we have

D(S)<D(SNSY) =D, (SNS)+3<D(S")+8 <A+ 3. (6.12)

A bad 5-clique S contains a heavy edge by Claim 6.3.1 and so does a bad
6-clique U. We study U according to the number of heavy edges it contains. The
next claim shows the relationship between the number of heavy edges and bad
5-cliques in U. The proof is identical to the proof of Claim 5.3.2. Hence, the

proof is omitted.

Claim 6.3.2. Suppose U € K4 with h > 2 heavy edges and b bad 5-cliques.
Then b < 2h/(h —1) =2+ 2/(h —1). Moreover, if there exist two heavy edges

sharing a common vertez, then b < 3. U

Now, our aim is to show that for a bad 6-clique U, > gcx. 1) 71(S) > 0. First
of all, for a 5-clique S that contains at least four heavy 4-cliques, we bound 7(.5)

below

Claim 6.3.3. (i) If S € K5 has exactly four heavy 4-cliques, then 1(S) > 3.
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6.3 Proof of Lemma 6.1.3

(13) If all 4-cliques in S € K5 are heavy and D, (S) < A+ (3, then 1(S) > 7.

Proof. (i) It is enough to show that n(S) > 3yD(S). If D(S) = D(S) < 1-—4p,
then D(S) > 53 — 1 by (6.7) and so
4188 — 92 D.(T)
175 TEICZM D.(T)+ 8
4(4183 — 92)D(S)
175(D(S) + 3)
>3(1 - 408)y > 37D(S).

n(S) =56 —1—

4(41803 — 92)(1 — 48)
175(1 — 383)

>58— 1 — >53—1—

If D(S) = D(S) > 1—4p3, then D(S) > 56 — 1+ D(S) — (1 — 43) by (6.7)
and Lemma 4.1.1 (éi7). Recall that D, (S) < 8 by Lemma 4.1.1 (¢i7) as not all

4-cliques in S are heavy. Hence
41803 — 92 D (T
n(S) —3yD(S) 296 — 2+ D(S) — f—% Z % —3yD(S5)
TeK4(S)
44188 — 92)D(S)
175(D(S) + B)

208 — 24 (1= 3y)(1 — 45) — 24180~ 92)

175
_ 3(50298% — 23553 + 276)
N 17503

290 =2+ (1 =37)D(5) -

>0

as required.
(it) Note that D(S) = 2(58 — 1) by (6.7). Hence,

0(8) =250 — 1) — I —92 3= D+(( )+ g5 1) (4189 = 92)D(5)

175 ot De(T) + 8 35(D(S) + )
— A
>2(59 - 1) - SR > (A gy > DIS)
as required. O

The next two claims consider the case when a bad 6-clique U contains at least

two heavy edges, e and €'.
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Claim 6.3.4. Suppose U is a bad 6-clique and there exist two heavy edges e and

¢ in U sharing a common vertex. Then 3 gcy iy 1(S) > 0.

Proof. Suppose U contains b bad 5-cliques and h heavy edges. Clearly, b < 3 by
Claim 6.3.2. Hence, } g ¢ycpadqry 1(5) > —by = =37 by Claim 6.3.1 (v). There are
exactly three heavy 5-cliques S containing both e and ¢’. Each such S contains
at least four heavy 4-cliques. Also, D(S) < A + [ by (6.12). Thus, 1(S) > v by
Claim 6.3.3 (). Therefore, > g i1y 1(S) > 0. O

Claim 6.3.5. Suppose U s a bad 6-clique. Suppose also that there exist two
vertex disjoint heavy edges € and €' in U. Then 3 gcxc. ry1(S) > 0.

Proof. By Claim 6.3.4, we may assume that any two heavy edges in U are disjoint
and so U has at most three heavy edges. If U has three disjoint heavy edges, then
every H-clique in U contains at least two heavy edges. Therefore, no 5-clique in
U is bad by Claim 6.3.1 (). Thus, the heavy edges in U are precisely e and €.
In addition, U has b < 4 bad 4-cliques by Claim 6.3.2.

Let Sy be a bad 4-clique in U with D(Sp) minimal. Note that ZSEICgad(U) n(s) >
—by3/(D(Sp) + ) by Claim 6.3.1 (v). Note that there are two heavy 5-cliques S
containing both e and ¢’. Recall that D(S) < D(Sy) + (8 by (6.12). Therefore, it

is sufficient to prove that

n(S) > by3/2
for each heavy 5-clique S containing both e and €', because the right hand side
of the inequality is at least byGD(S)/2(D(Sy) + 53).

Since S contains two vertex disjoint heavy edges, all 4-cliques in S are heavy
by Lemma 4.1.1. Thus, E(S) = 2(58 — 1) by (6.7). Note that for a 4-clique
T =5SnS"and S’ € K5(U)\S, D,(T) < min{D,(S), D, (S")} < D,(5") = D(5)
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by Lemma 4.1.1 (iii). Therefore,

n(S) =256 — 1) — 4183 — 92 3 D.(T)

175 TeK4(S) +(T) - ﬁ
41803 — 92 D(S")
>2(50 —1) = ——— Y]
175 S/g;w)\s D(S") + 3
4186 -92 [ bA  (5—b)(A+])
2266 = 1) - —% (A+ﬁ+ A+2p3 )

where the last inequality is due to Claim 6.3.1 (i¢) and (6.12). Hence,

4180 — 92 bA 5—0)(A
0(S) — /2 2250~ 1) - S22 (P BERE I
4186 — 92 [ 4A A
2256 —1) - 1675 (A+6 Ajfﬁ) —216>0
as required. The proof is complete. Il

Now, we look at the case when U € K% contains only one heavy edge.

Claim 6.3.6. Suppose U is a bad 6-clique containing exactly one heavy edge e.
Then, U contains at most three bad 5-cliques. Moreover, 3 ey 1(S) > 0.

Proof. Let uq,...,ug be the vertices of U and usug be the heavy edge. Write S;
and 7; to be U — u; and 7(S;) respectively for 1 < ¢ < 6. Since a bad 5-clique
contains a heavy edge by Claim 6.3.1 (7), if S; is a bad 5-clique, then ¢ < 4.
Without loss of generality, Sy, ...,.9, are the bad 5-cliques in U. Similarly, write
T;jtobe U —u; —ujfor 1 <i<j<6.

Since S; contains the heavy edge e for 1 < ¢ < 4, S; contains at least three
heavy 4-cliques. By Claim 6.3.4, 7(S;) > v if S; contains at least four heavy
4-cliques. Recall that ZSeicgad(U) n(S) > —by by Claim 6.3.1 (v). Thus, we may
assume that at most one of Si,...,9, contains at least four heavy 4-cliques and
that if there is one it is Sy. Otherwise, > gc. ) 1(S) > 0.

Suppose Sy contains exactly four heavy 4-cliques. Claim 6.3.1 (i) implies that
Sy is not heavy. Furthermore, 77(S4) > 37y by Claim 6.3.3 (i). Since there are at
most three bad 4-cliques in U, > gcic, 1y 11(S) > 0.
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Suppose all 4-cliques in Sy are heavy, so Ty 5 and T} ¢ are heavy. For 1 <7 <3,
S; contains exactly three heavy 4-cliques, because each contains the heavy edge
usug. Thus, T; 5 and T are not heavy for 1 < ¢ < 3. This implies both S5 and

Se contains either one or two heavy 4-cliques. By (6.8), it is easy to deduce that
1(S;) > 184 — 6618/1756 > ~/2

for i = 5,6. Note that > gccrayn(S) = —(b— 1)v3/(D(So) + B) + v by
Claim 6.3.1 (v), where S is a bad 5-clique with D(Sp) minimal and 1 < b < 3.
If 7(Ss) > (b —1)v8/(D(So) + B), then } 7, s7n(S;) > 0. Thus, it is sufficient
to prove that n(Ss) > (b — 1)y5 as D(Sy) < D(Sy) + 8 by (6.12). Note that
D(Ss) = 2(58 — 1) by (6.7). For i € [6]\{4}, D{(T.s) < Dy(Si) = D(S) by
Lemma 4.1.1 (#ii). Therefore,

4183 — 92 D (T} 4)
n(S1) =2(58 — 1) = ———— DT o
4 175 e D (Ti4) + 3
4186 — 92 D(S;)
22050 1) = —=— > Soios
175 o PO +8
4183 — 92 [ bA (5—b)(A+ )
2258 =1) = — = (A+ﬁ+ A+23 >

The last inequality is due to Claim 6.3.1 (i7) and (6.12). Hence, we have

n(S) — (b—1)8

4186 —92 [/ bA 5 b)(A

>2(56—1) — f75 (A+6+( A>+(2;m)—(b—1)vﬁ
4186 —-92 [ 3A  2(A

22(58 —1) - 1575 (A+ﬁ (A++2?) — 298>0

as required.
Thus, we may assume that there are exactly three heavy 4-cliques in .S; for
1 < i < 4 as each S; contains the heavy edge usug. Moreover, D(S;) < 3 for
1 < i < 4, otherwise all 4-cliques in S; are heavy by Lemma 4.1.1 (ii). For
1<i<b,
D(Ti5) + D(Tig) < 2A =2(1 = 45)(1 + ¢
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by Claim 6.3.1 (iii). For b < i < 4, D(S;) = D(T}5)+ D(T}6) —2(1—483) by (6.7).
Also D4 (T; ;) < D(S;) for b < i < 4. Thus,

41803 — 92 D (T)

175 e D)+ 5

<ni +2(1 = 48) +vBD(S)/(D(S) + )
<mi +2(1 —46) ++5/2

D(T5) + D(Tig) =n; +2(1 — 48) +

for b <1 < 4. By Corollary 5.1.2 taking t = 4 and S = S5, S¢ and adding the two

inequalities together, we have

2(2-5p) < Z (D-(Tis) + D_(Tip)) +2D-(T5)

1<i<4

< 3" (D_(Tis) + D_(Tig)) + 28

1<i<4

2(2-60) < Y (D(Tis) + D(Tig) + Y (D(Tis) + D(Tig))

1<i<b b<i<d
458 — 1) <2b(1 —4B)e+ > mi+ (4—b)yB/2. (6.13)
b<i<4
If b = 4, the above inequality becomes 4(53 — 1) < 8(1 —4()e < 4(56 — 1), which

is a contradiction. Hence, b < 3.

Note that ZSEKgad(U) n(S) > —by by Claim 6.3.1 (v). Recall that D(S;) < /8
for ¢ < 4. Hence, it is enough to show that Zb<i§4 n; > bBvy. Suppose the
contrary, so that > n; < bf7y. Then, (6.13) becomes

4056 — 1) <2b(1 —4B)e + (4 + b)v5/2 < 6(1 —48)e + Tv5/2 < 4(50 — 1),
which is a contradiction. The proof of the claim is complete. Il

By Claim 6.3.4, Claim 6.3.5 and Claim 6.3.6, we know that > g x_ ) 7(5) = 0
for all U € K. By the remark at the beginning of the section, in proving the

inequality in Lemma 6.1.3 it is sufficient to show that » g n(S) > 0. Recall
that if S'is bad, i.e. n(S5) < 0, then S is contained in some 6-clique by Claim 6.3.1,
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so D(S) > 0. Thus, we have

ny nS)=n > pS+n D> nS)

SEKs S€EK4:D(S)>0 S€EK4:D(S)=0
S ST S e
SeK4:D(S)>0 UeKs Seks(U)

Therefore, we have proved the inequality in Lemma 6.1.3.

Now suppose equality holds. By Claim 6.3.6, Claim 6.3.4 and Claim 6.3.5,
no 5-clique is bad. Furthermore, we must have n(S) = 0 for all S € 5. It is
easy to check that if the definition of a bad 5-clique includes heavy 5-cliques S
with 7(S) = 0, then the argument still holds. Thus, we can deduce that G is
Ke-free. By Theorem 4 taking s = 5 and ¢ = 4, we obtain that (n, ) is feasible,
and G € G(n, f).

O

6.4 Proof of Lemma 6.1.2

In this section, we are going to prove Lemma 6.1.2. We are going to mimic the
proof of Theorem 5.2.3 (Section 5.3). Here, T', S and U always denote a 3-clique,
4-clique and 5-clique respectively.

We now give an outline of the proof and show that it is not a straightforward
generalisation of the proof of Theorem 5.2.3 as we first thought. Again, we define
the appropriate function 1 on 4-cliques such that ) ¢ i, 1(S) = 0 would imply the
inequality in Lemma 6.1.2. Call a 4-clique S bad if n(S) < 0. Claim 6.4.1 identifies
the structure of a bad 4-cliques. Our next task is to show that for every 5-clique U
containing a bad 4-clique, > gcp, ) 1(S) = 0, where again 7(S) = n(S)/D(S5).
However, the above inequality does not always holds as one could construct a
5-clique U such that Y- g i, ) 71(5) < 0. Observe that Y g i, ) 71(5) is actually
a function on 5-cliques U. For a 5-clique U, define ((U) to be D gcx, 1) 1(S)-
It turns out that » ;. ((U) > 0 would imply » ¢, n(S) > 0. Thus, we
consider ((U) in the same way we consider 7(5), and repeat the same argument
on ((U). Thus, a 5-clique U is called bad if and only if ((U) < 0. It is not

surprising that a bad 5-clique is also contained in some 6-clique, which we will
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verify in Claim 6.4.3. Finally, in Claim 6.4.6, we show that >/ i ) CU) >0
for 6-cliques W containing a bad 5-clique, where ((U) = ((U)/D(U) for U € K
with D(U) > 0. We point out that the main difficulty is to bound D(U) above
and below for a bad 5-clique U.

Now, we recall some basic facts about degrees of cliques. For a 4-clique S,
D(S) = SSD_(T) — (2 — 48 + 2D_(S)). If S is heavy, then D_(S) = 3 by
Lemma 4.1.1 (iv). Let T1,..., Ty be 3-cliques in S with D(7;) < D(T;1;) for 1 <
i <3.Since 1 =38 < D_(T) <23, we have

2(58 — 1) if k3 (S)
D(S) =14 58— 1+ (D(T) — (1-38)) if ki (S)
D(T}) + D(Ty) — 2(1 - 38) it kf (S)

4
3, (6.14)
2

9

where k3 () is the number of 3-cliques in S. We often refer to these formlae

throughout this section.

Proof of Lemma 6.1.2. Let n: Ky — R be a function such that

Hog) 4 13478 5 D.(T) 645+4D+(S)

D.(T)+26 35

for S € Ky Let 7 : K4 — R be a function such that 7(S) = n(S)/D(S)
for S € k4. Note that D(S) > 1 —48 > 0 for S € K4 by Lemma 4.1.1 (i), so
n(S) is well defined. A 4-clique S is called bad if n(S) < 0.

Recall that for a heavy 3-clique T', D(T') = D(T) + 28. If Y g, n(S) =0,
then

0< 3 0(s) = X D)+ ST Y S S S S pus

Seky Seky SeK4TeKs Seky

=3 Bs)+ wn S Dy(T) - 642;4 Z D.(S)

Sey TeKs Seky
<2ks+2 Y Di(S) —2(1—303)Bnks — (1—38)n > _ D(T
Seky Teks
13 — 470 6453 + 4
" > D(T)- - > Di(S)

TeKs SeKy
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where the last inequality is due to Lemma 5.1.3 with ¢t = 3 and p = 4. Rearranging
the above inequality, we obtain the inequality in Lemma 5.2.3. Thus, our aim is
to show that » ¢ . 7(S) > 0.

Next, we define the functions ¢ and gon 5-cliques. Let ¢ : K5 — R be
a function such that ((U) = ZS€K4 7(S) for U € K5. Define ¢ : K5 — R
to be the function such that ¢(U) = ( )/D(U) for U € K5 with D(U) > 0.
Analogously, a 5-clique U is called bad if ((U) < 0

Before identifying the structure of a bad 4-clique, we give a lower bound on
n(S) for S € k4. This lower bound will be used instead of the definition whenever

we evaluate 7)(.S) unless stated otherwise. Recall that

~ 13 —47p3 D, (T) 645+ 4

P — D, (S

* 2. D, (T) + 23 35 D+(5)

for S € K4. By Corollary 5.1.2, 5(8) > 0 for S € K4, so a bad 4-clique S must
be heavy. In addition, Corollary 4.1.3 states that for S € ICy

> D(T)>2D.(S). (6.15)

TeK3(S)

Moreover, this implies that a bad 4-clique contains at least one heavy 3-clique or
else n(S) > 2D, (S)— (648+4)D,.(S)/35 > 0. Also, (6.15) gives an upper bound
on > repey(s) D+(1). Recall that Do (T) < D.(S) by Lemma 5.1.3 (iii). Hence

o 13 — 473 D.(T) 645 + 4
n(S) =D(S) + 1—5T€%:(S) D(T)+23 35 D(9)
- 13 — 473 643 + 4
(6.15) — 13 — 470 - 643 + 4
> DS)+ 5p 51 25 (2D+(8) = D(S)) = ==—D=(5)

D
13 478\ ~ 643+4  2(13—470)
( +2ﬂ)) D) - ( 3B 15(D,(5) +2ﬂ>> D3
(6.16)

We will refer to this lower bound on 7(S) throughout this section.
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In the next claim, we identify the structure of a bad 4-clique S. The proof is

very similar to Claim 5.3.1.

Claim 6.4.1. Suppose S is a bad 4-clique. Let

32(1-40)(920—13) 7205+ 15495 — 416
456(31 — 160) 7= 7203

A =
Then, the following hold:
(1) S contains exactly one heavy edge and two heavy 3-cliques,

(i) 0 < D(S) < A,

(1it) D(T)+ D(T") < 2(A+ (), where T and T" are the two non-heavy 3-cliques
n S,

(iv) n(S) = =vD4(5),

(v) n(S) = —vA/(A + B).

Proof. First, we show that (i) implies both (iv) and (v). By (i7), D1(S) < A <
(. Recall that 5(5’) > 0 by Corollary 5.1.2, so (6.16) becomes

13-478  \ ~ 645 +4  2(13 — 478)
192 (1 50w 139) PO~ (U5 e L3m) PO
643 +4 213 — 475)
(" Ebm ) ™

64 4 2(13 —47
z—(*?‘— (%ﬂﬁvnawz—wnw»

v

so (iv) holds, and (v) easily follows as D(S) = D, (S) + 3 < A + (.

Next, we are going to show that (i) holds, and S contains two heavy 3-cliques
in S. By the discussion earlier, S must contain a heavy 3-clique and S is heavy.
We separate cases by the number of heavy 3-cliques in S.

First, suppose all 3-cliques are heavy. Hence, D(S) = 2(56 — 1) by (6.14).
Clearly from the definition D, (S) = D(S) — 5 <1 — 3. By (6.16), we have

n(S) >2(58 — 1) (1 _ 13 — 475 ) B (64ﬁ +4 2(13 — 475)

15(D,(S) + 2p) 35  15(D.(5) + 25)) D+(5).
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We claim the above inequality is strictly positive, so .S is good which is a con-
tradiction. Notice the right hand side of the inequality is a concave function
in D,(S). Hence, it is enough to check the inequality at the boundary points
of D4(S). If DL(S) =0, then n(S) > 0. If D.(S) =1— (3, then

13 — 470 640 + 4 2(13 — 47ﬂ)
n(S) 2258 - 1) (1 -2 ) - ( i AB

2406° + 1143957 — 38240 + 337
B 240(1 + 3)

Ja-n)

Thus, there is at least one 3-clique in S that is not heavy. By Lemma 4.1.1 (i),
we have D (T) > D, (S) — 3 for T € K3(5), so 0 < D,(S) < (3 or else all

3-cliques in S are heavy.

Suppose there are exactly three heavy 3-cliques in S, so E(S) > 560 —1
by (6.14). Hence, by (6.16), we have

13 — 478 )_(64B+4 2(13 — 478)

92081 (1 5555 1 7 5B 135 O

Again, we are going to show that the inequality is strictly positive. The right
hand side of the inequality is a concave function of D, (S), so it is enough to
check at the boundary points. If D, (S) = 0, then the right hand side is positive.
If D,(S) =3, then

13 — 47 64 4 2(13 —47
o) 260 -1 (1- 2 - (B HECT
:208 — 20963 + 58113% — 72033

7203 > 0.

Thus, S contains less than three heavy 3-cliques.

Now suppose, there is only one heavy 3-clique T in S. Since D (T) < D, (95)
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6.4 Proof of Lemma 6.1.2

by Lemma 4.1.1 (iii), (6.15) implies that D(S) > D, (S). Thus, (6.16) becomes

13 — 473 648 +4  2(13 — 475)
192 (1 5w 3m) O - (P - B 2m) )

_15(15 — 168) D (S) + 208 — 3023 — 4803
B 240(D, (S) + 20)

(208 — 30283 — 4803%) D, (S)
- 240(D (S) +23)

D (5)

> 0,

so S is good, which is a contradiction.

Therefore, S has exactly two heavy 3-cliques. Let 77 and 75 be the non-heavy
3-cliques in S. Hence, by (6.14)

D(S) =D(Th) + D(T3) — 2(1 — 30)
>2(D(S) — (1 =30)) = 2(D4(S) — (1 - 48)).

If D(S) > A, then (6.16) becomes

n(S) >2(D(S) — (1 - 45)) (1 - 15(11)?;(_5317525))

646 +4  2(13 - 475)
(% Epm 3 )

13 — 47 64 4  2(13 — 47
22Du(8) - (1 49)) (1- B - (B 2B p s
31— 16 2(1 — 48)(925 — 13)
16 D(9) - 453
3116, 2149923 -18)
16 450

This is a contradiction as S is assumed to be bad. Hence, (ii) holds.

Furthermore, if D(T7)+ D(T3) > 2(A+ (), then by (6.14) D(S) > 2(A—(1—
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4/3)). Again, by (6.16) with D, (S) < A < 3,

n 22(A = (1-4p)) (1 - 15(11)i(_5317f2ﬁ))
- (646+4 _ o 2(13—47p) )D (S)
35 15(D.(5) +20)) "
13_47ﬂ 6454‘4 2(13_47ﬁ) A=0
45ﬁ ) - ( 35 N 455 ) o

228~ (1-49) (1-

which is a contradiction. Thus, (i77) holds.

Therefore, we are left to prove (i), i.e. that S contains exactly one heavy
edge and two heavy 3-cliques. We have already shown that S contains ex-
actly two heavy 3-cliques. Since a 3-clique containing a heavy edge is heavy
by Lemma 4.1.1 (iii), there is at most one heavy edge in S or else S has more
than two heavy 3-cliques. Thus, it is enough to show that S contains exactly
one heavy edge. For the remainder of the proof, assume that S does not con-
tain any heavy edge and D(S) < A. Let T3 and T be the heavy 3-cliques in
S with D4 (T3) < D (Ty) < D, (S) < . Here, we introduce a lower bound on
n(S) which differs from (6.16). Observe that (6.15) also gives an upper bound on
D, (S). Then, from the definition of 7(S), we have

~ 328+2 [ ~ L 13- 47
w(s) 2b(s) - 222 (B + Y Dur L > s
TeKs(S TeKs(

- 33-328~ (32ﬁ+2 13 — 4783 )

=== _—"2D(S) - —~ D(T
35 (%) TG%S) 35 15(D.(T) + 2p) +(T)

.33 ;53255(5) Cap(1) (32@; 2 134—5;75>

33-320 ~ 2(2883% + 3473 — 91)

== D(9) - 3155 D (Ty). (6.17)

Next, we claim that D(S) > D, (Ty). Let e; = T; N'Ty be an edge of Ty for i =
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6.4 Proof of Lemma 6.1.2

1,2,3. By Corollary 4.1.3 taking S = T, and t = 2, we obtain

D(el) + D(eg) + D(eg) 22 - 36 + D(T4)
D(e1) + D(eg) 22 — 48 + D (1h)

as D(e3) < 303 and D_(T,) = 20. By Lemma 4.1.1 (i7), we get
D(Th) + D(T3) > D(e1) + D(e2) — 28 > 2(1 — 36) + D4 (T).

Hence, D(S) > D (T}) by (6.14). Therefore, by (6.17)

33 —328)D, (T. 2(288/3% + 3475 — 91
_ 91 — 2423 — 288

10543

D+<T4) > 07

which is a contradiction This completes the proof of the claim. O

Thus, by Claim 6.4.1 (iv), § > 0.241 for the remainder of the proof, else
v < 0 and so all 4-cliques are not bad. If a 4-clique S contains at least three
heavy 3-cliques, 77(S) > 0. In the following claim, we bound 7(S) away from zero
provided D(S) is not too large.

Claim 6.4.2. Suppose S is a 4-clique with at least three heavy 3-cliques. If S

contains exactly three heavy 3-cliques, then
n(S) = 4vA/(A+ B) +3v(28 — 11(58 — 1)/16) /5.
If all 3-cliques in S are heavy and D, (S) <28 —11(508 — 1)/16, then

n(S) = HYA/(A+ ) +67(28 — 11(56 — 1)/16)/5.

Proof. Suppose S contains exactly three heavy 3-cliques. Recall that n(S) =
n(S)D(S). Since not all 3-cliques in S are heavy, D, (S) <  and D(S) < 23 by
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Lemma 4.1.1 (i77). By (6.16), we obtain

n(S) >(53 — 1) (1 13 47f2ﬁ)) <64§5+ - 15%31-?(;)4?2)6))D+(S)
A (1 1345;%}) (64ﬁ+4 2(134gﬁ47ﬁ))5
(a5

Thus, the first assertion of the claim is true.
Now, suppose all 4-cliques in S are heavy and D, (S) < 28 — 11(54 — 1)/16.
Note that D(S) = 2(56 — 1) by (6.14). Thus, (6.16) becomes

n(S) >2(56 — 1) (1 5 13 — 475 ) _ (645 +4  2(13—470)

35  15(D,(S) + 25)) D+(5)

D.(5) +20)
22(56 = 1) (1 15(40 —131)1_(54676 1)/16))
- (64§;4 - 15(4;_(15’1(_5);7?)1)/16)) (28 — 11(53 — 1)/16)
> (AA"LAﬁ i ng - 1>/16)) (36 — 11(56 — 1)/16)
N (AAﬁAﬁ | 39(28 - 11;55 - 1)/16)) D(s)
as required. O

The structure of a bad 5-clique U is identified in the following claim. Recall
that a 5-clique U is bad if ((U) = > gcx ) n(S) < 0. It turns out that a bad
5-clique U has similar structure to a bad 4-clique S, namely both have exactly
one heavy edge e, and every heavy subclique contains e. We have shown in
Claim 6.4.1 that D, (S) < A and the right hand side tends to zero as [ tends to
1/4. However, the upper bound on D, (U) that we obtain does not tend to zero
as ( tends to 1/4.

Claim 6.4.3. Suppose U s a bad 5-clique. Then the following hold,
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(1) U contains exactly one heavy edge e and all heavy cliques in U contain e,
(1) 0 < D(U) < p—11(55 —1)/16,
(1it) D(S) < B —11(56 —1)/16 for S € K4(U) not heavy,

(iv) ¢(U) > =3vD(U)/(D(U) + ),

(v) C(U) > =37/8.

Proof. Let uy,...,us be the vertices of U. Write S;, n; and 7; to be U —u;, 1(.S;)
and 7)(.5;) respectively for 1 < ¢ < 5. Similarly, we denote by T; ;, the 3-clique
U—u; —u; for 1 <i < j <5 Since ((U) < 0, U contains a bad 4-clique.
Without loss of generality, S; is a bad 4-clique in U. Thus, D, (S;) < A by
Claim 6.4.1 (7i). Also, U contains at least one heavy edge, as S; contains one by
Claim 6.4.1 (z). Moreover, > gcjcrad(rry 1(S) > —byA/(A + ) by Claim 6.4.1 (v).

For 2 <1 <5, we have

by Lemma 4.1.1 and Claim 6.4.1 (7). Note that D(S;) < A+ 28 < 35 —
11(546 —1)/16. If there exists a S; containing at least three heavy 3-cliques, then
n(S) > 4yA/(A+ () by Claim 6.4.2, so ((U) > 0 as b < 4. This is a contradiction
as U is bad. Thus, all S; contain at most two heavy 3-cliques. Hence, D, (S;) < 3
for 1 < i <5, by Lemma 4.1.1 (i7i). Recall that a 3-clique containing a heavy
edge is itself heavy by Lemma 4.1.1 (ii7). Therefore, U contains exactly one heavy
edge, say ugqus, otherwise there exists a 4-clique containing at least three heavy
3-cliques namely the 4-clique contains two heavy edges. Furthermore, we may
assume that Si,...,.9, are the bad 4-cliques in U with b < 3.

Note that D(U) = D4 (U) > D4(S;) by Lemma 4.1.1 (i7i). By Claim 6.4.1 (iv),

CU) > Z ni > =7 Z D (S:)/(D4(S;) + )

== byD(U)/(D1(U) + ) =2 =3yD(U)/(D(U) + ).

Thus, (iv) of the claim is true. Also, (v) is an easy consequence of (iv).
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Next, we are going to show that (izi) implies (7) and (¢7). Since D(U) < D(S5;),
so (iii) easily implies (é¢). If (i27) is true, then neither Ty5, Sy nor Ss is not
heavy. Recall that a clique containing a heavy subclique is itself heavy and each
S; contains at most two heavy 3-cliques. Therefore, for 1 < i < 3, T;4 and 15

are not heavy. Hence, (7) is true. Therefore, it is enough to prove (iz).

Suppose D_(Ty5) > D_(S4) + D_(S5) + 11(55 — 1)/16. Recall from the
definition of D_ that D_(T,5) < 20 and D_(S4), D_(S5) < 3. Thus, at least one
of D_(S,) and D_(Ss) is strictly less than 24, i.e. one of S; and Sj is not heavy.
This implies that T} 5 is not heavy by Lemma 4.1.1 (¢i¢). If Sy is not heavy, then
by Lemma 4.1.1 (i) we have

D(S4) + D_(S5) + 11(56 — 1)/16 <D_(Ty5) = D(T45) < D(S4) + 3,  (6.19)

so D_(S5) < B —11(58 —1)/16. By a similar argument, D_(S;) < § — 11(55 —
1)/16. This implies ().

Finally, suppose D_(Ty5) < D_(Sy) + D_(S5) + 11(56 — 1)/16. Applying
Corollary 5.1.2 to Sy and S5 taking ¢ = 3, and adding the two inequalities to-

gether, we obtain

> (D_(Tia) + D_(Ti5)) >4(1 — 28) — 2(D_(Ty5) — D_(Ss) — D_(S5))

N >4(1—283) — 11(58 — 1)/8
—6(1—33) +5(53 —1)/8 (6.20)

Next, we bound each summand in the left hand side of (6.20) separately. Recall
that each .S; contains at most two heavy 3-cliques. Since S; contains a heavy edge
for 1 <14 < 3, it has exactly two heavy 3-cliques. Thus, T;4 and T;5 are both
non-heavy for 1 <i < 3. Also, D, (S;) < by Lemma 4.1.1 (iii). For 1 <i <b,

we have
D(Ti4) + D(Ti5) <2(A+8) =2(1-30) + (A — (1 —49))

by Claim 6.4.1 (iii). For b < i < 3, D(S;) = D(T}4) + D(Ti5) — 2(1 — 33)
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by (5.12). By (6.16), we have

13 — 473 - 646 +4  2(13—475)
w2 (o vam) P90 (U5 wmnm ram) D)

13— 473\ ~ 643 +4 2(13 — 470)
2(1_W)D(Si)_( 35 450 )ﬁ

928 — 13
S (D(Ta) + D(Ti) — 201 - 3)) ~ 75,
Hence,
4553
D(Tis) + D(T;5) <2(1-30) + 927 — 13 (n: +8) (6.21)
for b < ¢ < 3. Therefore, (6.20) becomes
458 45762
5(53 —1)/8 < 2b(A — (1 —473)) * 53513 ;;3 (3 - m. (6.22)

If b = 3, the above inequality becomes

5(50 — 1)/8 <6(A — (1 —48)) < 5(58 — 1)/8

which is a contradiction. Thus, b < 2. Recall that D(S;) < 8+ D,(S;) < 20
for 1 <4 <3and ), > —byA/(A+ B). Since U is bad, >, _,57(Si) <
byA/(A+ B). Thus, >, _;sm < 28byA/(A + B), so (6.20) becomes

450 260D 0 4595°
926 —13 A+ 928 — 13°

5(56 — 1)/8 <2b(A — (1 — 48)) +

It can be checked that for b = 1,2, the right hand side is strictly less than
5(58 —1)/8, which is a contradiction. This completes the proof of the claim. [

Now suppose U is a 5-clique with exactly one heavy edge. Moreover, D(S) +
D(S") > 26 — 11(58 — 1)/8, where S and S’ are the two 4-cliques that do not
contain the heavy edge. This means that U is not bad, as it fails condition (4i7) of
Claim 6.4.3. Thus, Z (U) > 0. The next claim shows that E (U) is strictly greater

than zero by a positive amount provided D(U) is not too large. The proof is very
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similar to the proof of Claim 6.4.3.

Claim 6.4.4. Let U be a 5-clique. Suppose U has ezxactly one heavy edge and
D(U) < 26 —11(58 — 1)/16. Futhermore, suppose that D(S) + D(S") > 206 —
11(56—1)/8, where S and S" are the two 4-cliques that does not contain the heavy

edge. Then, C(U) > 3v/p.

Proof. Write ¢ = 11(56—1)/16. Let uy, ..., us be the vertex of U and uqus be the
heavy edge. Let S; = U —u,; for1 <i<5andT;; = U —u;—u;for1 <i < j <5,
Thus, D(Sy) + D(S5) > 20 — 2¢. Also, notice that D(S;) < D(U) < 28 — ¢ for
1 <@ < 5. If there exists a 4-clique S; in U containing at least three heavy
3-cliques, then

dvA  3y(26 —¢) - AvA 3y

ﬁ(Si)ZAJrﬂJF 3 _AJFBJFED(U)

by Claim 6.4.2. Thus, ((U) > 3vD(U)/f3, because there are at most four bad

4-cliques S" in U and 7(S") > —yA/(A+f) by Claim 6.4.1. Hence, {(U) > 3v/8.

Suppose S; contains at most two heavy 3-cliques for 1 < i < 5. Recall that
D(S) < DWU) <28—¢,s0 Dy(S;) < f—ctforl <i <5 If D (Ty5) >
D_(S4) + D_(S5) + ¢, then Ty 5 is not heavy and one of Sy and Ss is also not
heavy. By (6.19), we have D(S;) <  — ¢ for i = 4,5, which contradicts the
hypothesis of the claim.

Finally, suppose D_(Ty5) < D_(Sy)+D_(S5)+c. Let b be the number of bad
4-cliques in U. Without loss of generality, we may assume that Sy, ..., S, are the
bad 4-cliques in U if b > 0. By the same argument in the proof of Claim 6.4.3,
we obtain (6.22). Note that D, (S;) < f—cfor 1 <i < 3. For b <i < 3, the

equivalent version of (6.21) is

453

D(Ti4) + D(Ti5) < 2(1 —306) + 92313

(n(Si) +v(B—¢)).
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Thus, we have the following stronger version of (6.22):
456 357808 — <)
5(56—1)/8 <2b(A—(1—4 —_—
b<i<3
(6.23)

Again, the case b = 3 implies a contradiction, so b < 2. Since D(U) < 23 — ¢, it
is enough to show that ((U) = >, 1(Si) > 37(28 — ¢)/B. Observe that this

would follow from the inequality

byA
> n(S) > (28— )( 75 %7(26—@)
b<i<3

Suppose this inequality fails, so (6.22) becomes

5(56 — 1)/8 <2(A (1 -48)) + 52 (26— ( S (2 - c))
WRLE Ty

It can be checked that for 0 < b < 2, the right hand side is strictly less than
5(58 — 1)/8, which is a contradiction. The proof of the claim is complete. O

Note that a bad 5-clique U is contained in a 6-clique as D(U) > 0. The
next claim shows the relationship between the number of heavy edges and bad
5-cliques in a 6-clique. In fact, the statement is identical to Claim 6.3.2. Hence,

the proof is omitted.

Claim 6.4.5. Suppose W is a 6-clique containing h > 2 heavy edges and b bad
5-cliques. Then b < 2h/(h — 1) = 2+ 2/(h — 1). Moreover, if there exist two

heavy edges sharing a common vertex, then b < 3. U
Now we show that for every 6-clique W, >y cx. C(U) > 0.

Claim 6.4.6. Suppose W is a 6-clique. Then ZU6K5(W) Z:(U) >0

Proof. We may assume that W contains at least one bad 5-clique or there is

nothing to prove. Since a bad 5-clique contains a heavy edge by Claim 6.4.3 (i),
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W also contains at least one heavy edge. We claim that D(U) < 25—-11(54—-1)/16
for all 5-cliques in W. If U is bad, then it is true by Claim 6.4.3 (i7). If U is not
bad,

DU)<DUNU®) =B+ D (UNU < DU <28—11(56—1)/16 (6.24)

where U? is a bad 5-clique in W. We separate cases by the number of heavy edges
in W.

First, suppose W contains two heavy edges e and €. If e and € share a

common vertex, there are at most three bad 5-cliques in W by Claim 6.4.5.

Thus, > yexpeayy C(U) > —97/8 by Claim 6.4.3 (v). Note that there are three

5-cliques U containing both e and €’. Thus, it is enough to show that (U) >
3v/p for each such U. Within U, there exists a 4-clique S containing both
e and €. Hence, S contains at least three heavy 3-cliques. By Claim 6.4.2,
n(S) > 4vA/(A + B) + 3v(28 — 11(56 — 1)/16). There are at most four bad
4-cliques S" in U with n(S") > —yA/(A + 3) by Claim 6.4.1 (v). This implies

C(U) >3v(26 —11(58 — 1)/16) /3, i.e. ((U) > 3~/ as required.

If e and €' are vertex disjoint, there are at most four bad 5-cliques in W

by Claim 6.4.5. Thus, >/ cxpeayy ((U) > —127/8. Note that there are two

5-cliques U containing both e and e’. Thus, it is enough to show that Z(U ) >
67/ for such U. Within U, there exists a 4-clique S containing both e and ¢’
Moreover, all 3-cliques in S are heavy. Thus, 7(S) > 4yA/(A + () + 6v(20 —
11(58 — 1)/16) by Claim 6.4.2. By a similar argument, ((U) > 67/0.

Suppose W contains exactly one heavy edge. Let wy,...,ws be the vertices
of W and wswg be the heavy edge. Write U; = W — w; for 1 < i < 6. Since a
bad 5-clique contains a heavy edge by Claim 6.4.3 (i), if U; is a bad 5-clique, then
1 < 4. Without loss of generality, U, ..., U, are the bad 5-cliques in W. Similarly,
denote by S; ; the 4-clique W —w; —w; for 1 <1 < j < 6,80 > e, ) Z(U) > 0.

Let g be the number of 5-cliques which satisfy the hypothesis of Claim 6.4.4.
Clearly if U; satisfies the hypothesis of Claim 6.4.4 then U; is not bad, so b < i < 4.

In addition, if b < g then ZUelcs(W) ¢(U) > 0 by Claim 6.4.3 (v) and Claim 6.4.4.

As a consequence, g < 1, and if ¢ = 1 then we may assume that U, is such a
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5-clique. Therefore for 1 <1 <4 — g,
D(Si5) + D(Sig) < 2(8 — 11(58 — 1)/16)

by Claim 6.4.3 (4i7) and Claim 6.4.4.
By applying Corollary 5.1.2 to both Us and Uy taking ¢ = 4, and adding the

two inequalities together, we obtain

22-508) < Y (D_(Si5) + D_(Sig)) +2D_(S5)

2(2 - 63) < _i (D(Si5) + D(Si6)) + Z (D(S;5) + D(Sig))

<2(4— g)(8 — 11(56 — 1)/16) + 293
11(4 — g)(58 — 1)/16 <2(55 — 1).

Since g < 1, the above inequality leads to a contradiction. Il

Recall that in proving Lemma 6.1.2, it is sufficient to show that ¢, 7(S) >
0. For U € K5 with D(U) =0, {(U) > 0 by Claim 6.4.3. Therefore,

n? Y n(S)=n)y Y aS)=ny (U

Seky UekKs SG’C4(U) UekKs
WeKe UeKs( UeK4:D(U)=0 Wg;cbad UeKs(W)

The inequality follows from Claim 6.4.6. The proof of Lemma 6.1.2 is complete.
O
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Chapter 7

kr(n,d) for 6 > 4n/5

In this chapter, we look at Conjecture 3.1.1 for p > 5. As we have mentioned
after Corollary 5.2.2 in Section 5.2.1, it is more difficult to prove Conjecture 3.1.1
for = 1/p—e€ than for 6 =1/(p+1) +¢€, with small € > 0 depending on p. This
is because in order to prove the case § = 1/p — €, we require a generalisation of
the proof of Theorem 5.2.3. Without such generalisation, we are going to prove

the following theorem.

Theorem 7.a. Let 0 < 3 < 1/5 and p = [~ — 1. Suppose G is a graph of

order n. with minimum degree (1 — 3)n. Then

9s(B)n® — gi(B)nt

forr(B) <t <s<p+1. Moreover, the following three statements are equivalent:
(1) Equality holds for some r(B) <t <s<p+ 1.
(i1) Equality holds for all v(f) <t <s<p+1.
(111) The pair (n,3) is feasible and G is a member of G(n, (3).

The definition of r(/) is given in Section 7.1. One important fact of r(3)
is that for each integer p there exists 5, > 1/(p + 1) such that r(8,) = 2 for
1/(p+1) < B < B,. Hence, Theorem 1.2.4 (stated below) follows easily from
Theorem 7.a as ky(n, (1 — B)n) > (1 — 5)n?/2.
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Theorem 1.2.4. For positive integers p, there exists 1/(p+ 1) < 3, < 1/p such
that for all 1/(p+1) < B < B, and integers n, 6 = (1 — B)n and r,

ki (n,0) = g:(B)n"

holds. Moreover, for 3 <r < p+ 1 equality holds if and only if (n,3) is feasible,

and the extremal graphs are members of G(n, [3).

In Section 7.2, we evaluate k,11(n, (1 — F)n), that is, the largest r such that
k.(n, (1 = B)n) > 0.

Theorem 7.b. Let 0 < 3 < 1 and p = [B7Y| — 1. Suppose G is a graph of
order n. with minimum degree (1 — 3)n. Then, for any integer 2 <t < p,

bpn(@) k(@)
Gpr1(B)nPt = g (B)nt

Moreover, for t = 2, equality holds if and only if (n,[3) is feasible and G is a
member of G(n, 3).

The main idea is to bound } ;¢ D-(T) above and below for S € K,

where s is no longer always equal to ¢ + 1 (as in Corollary 5.1.2).

7.1 ky(n,0) for 6 > 4n/5

In this section, our aim is to prove Theorem 7.a. The proof closely follows Sec-
tion 5.2.1.

First, we are going to generalise Lemma 5.2.1. Before stating the lemma,
we are going to define A;(5) and By(8) for 5 < 1/5. They will be used as the
coefficients for the terms involving D,. We stress that neither A;(3) nor By(3)
defined below is optimal, but they are chosen for their nice expressions. Let
0<p<1/5andp=[3""] —1 as before. For 2 <t < p, define
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where C;(3) satisfies the recurrence

Ci(B)+1=(p—t+1)BC,_1(B), (7.1)

with the initial condition C,(8) =0 for 0 < 8 < 1/5. Explicitly,

Cp i) == 3 i f0<j<p-2

Y
‘7'6 0<i<j

It is easy to see that Cy(3) is a non negative function for 0 < 8 < 1/5, and so are
Ai(B) and By(B). Note that

Ay(B) = (t = 1)Bi(). (7.2)

Next, we define the integer r(3) to be the smallest integer r > 2 such that
fort=r,....p

A4(B) <1 and By(B) < (p — )8 (7.3)

hold. Since C,(8) =0, r(5) < p. Let

By =sup{fo < 1/p:r(B)=2foral 1/(p+1) <[ < fo}.

Observe that A,(3), B;(8) and Cy((3) are right continuous functions of 3. More-
over, both A;(3) and B;(f) tend to zero as (3 tends 1/(p + 1) from above,
soB,>1/(p+1).

Next, we state an analogue of Lemma 5.2.1 with the additional condition that
r(B) <t < p. Its proof is very similar to the proof of Lemma 5.2.1. The condition
r(B) <t < p allows us to use (7.3).

Lemma 7.1.1. Let 0 < 3 < 1/5 and p = [71] — 1. Let t be an integer with
r(B) <t < p. Suppose G is a graph of order n with minimum degree (1 — 3)n
and S € Kiy1(G). Then

D(T)
D(T)

D)+ B3 Y

TE’Ct(S)

> A1 (B)D+(S). (7.4)
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Moreover, if equality holds, then S is not heavy and d(v) = (1—)n for allv € S.

Proof. First we show (7.4) holds. Fix  and write A;, B; and C; for A:(3), Bi()
and C,(3) respectively. Corollary 5.1.2 states that D(S) > 0, so we may assume
that S is heavy or else 7.4 holds. Recall that Corollary 4.1.3 states

D(S)+ S Di(T) > (t—1)D(S). (7.5)
TeK(S)

If S does not contain a heavy t-clique, then (7.3) becomes

D(S) =2 (t = 1)D4(S5) =2 D4(S) =2 Ay D4 (5),

where the last inequality follows from (7.3) if ¢ < p and A,;; = 0. Therefore,
we may assume that S contains at least one heavy t-clique. Let Ty € IC;(S) with
D(Ty) = max{D(T) : T € K(S)}. By substituting (7.5) into (7.4), it is sufficient
to show that

By ) ~ ( (t — 1)Bt)
=(1———= | D) - A ———— ) D.(S
! ( D(Tv) ) " D(Ty) +()
is non-negative. As S is heavy, we have explicitly that

D)= 3 DT) - @-(t+18+(E-Dp—1)8).  (7.6)

TeK:(S)

First suppose that D (S) < 1—pg. Since T} is assumed to be heavy, D(Ty) > (p—
t+1)8 > By by Lemma 4.1.1 (iv) and (7.3). On the other hand, Lemma 4.1.1 (4i)
gives D(Ty) < D(S)+B=(p—-t+1)6+ D, (S) <1—(t—1)3. Hence,

D(T)) A, — (t — 1)B, <(1 — (t — 1)3)A, — (t — 1)B,
—— (=) (p+ 1B - 1) <.

Thus, A; — (t —1)B;/D(Ty) < 0. Therefore, f > 0 by considering the coefficients
of D(S) and D, (S). Hence, we may assume D, (S) > 1 — pB. We address
different cases separately depending on the number of heavy t-cliques in S.

Suppose all t-cliques are heavy. Thus, D(S) = 2((p+1)5—1) by (7.6), because
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D (T)=(p—t+1)pforall T € K;(S) by Lemma 4.1.1 (iv). Furthermore, we
may assume that 2((p + 1)8 — 1) < (t — 1)D4(5), otherwise (7.4) is true as
D(S) =2((p+1)—1) > (t—1)D,(S) > D(S) > A,D,(S) by (7.3). Note that
D(Ty) < 1 and Dy (S) = D(S) = (p —1)8 < 1 — (p — t)§. Thus,
t—1)B,
(- ) 2o
22((p+ 1) -1)(1 = By) — (A —
by (7.2) by (7.3

> 2p+1)f-DA=B) > 2+ 1)F-1)(A-(p-1)5) >0,

f=2(p+1)8-1) (1 - D?ﬁ))

=

which implies (7.4). Thus, we may assume that there is at least one t-clique 7" in
S that is not heavy. We further claim that D, (S) < 3,s0 D, (T) < 3. Otherwise,
Lemma 4.1.1 (4ii) implies D, (T) > 0 for all T' € K;(S), which is a contradiction.

Suppose there are at most t — 2 heavy t-cliques in S, sayprecisely t — 1 — ¢ of
them for 1 < i < t—2. Note that D(S) > iD,(S) by (7.5) and Lemma 4.1.1 (iii).

Hence

= (1 - DBt )z‘D+<S> - (At - %) D.(S)

(To)
> (1 ; % - At) D(8) > (1-4)D.(5) 20,

so (7.4) holds.

Now suppose there are either ¢ — 1 or ¢ heavy t-cliques in S. We are going

to show that in both cases D(S) > 2(D,(S) — (1 — p3)). First, assume that S
has t — 1 heavy t-cliques. Let T7 and T3 be the two non-heavy t-cliques in S. By
Lemma 4.1.1 (¢i1), D_(T;) = D(T;) > D(S) = D4(S)+(p—t)5 > 0 for i € {1, 2}.
Thus, (7.6) becomes

D(S) =3 D(T) = (2= (t+ 1B+ (t = 1)(p — t)5)
>2(D(S) — (1 —pp)).

Secondly, assume that all but one of the t-cliques in S are heavy. Recall that since
not all ¢-cliques in S are heavy, D, (S) < 8 by Lemma 4.1.1 (i4i). Let T3 be the
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Chapter 7. k.(n,0) for § > 4n/5

non-heavy t-clique in S. By Lemma 4.1.1 (i) we have D(T7) > D(S) — (s—t)3 =
Dy(S)+(p—1)B>1—tB. By (76),

D(S) > (p+1)8 — 1+ D4(S) — (1 - pB) > 2D (S) — (1 - ph).

Recall that our aim is to show f > 0. By substituting D(S) > 2(D4(S) —
(1 — pB)) and multiplying both side by D(Tj), it is enough to show that

D(To) f 22(D(Tp) — B)(D+(S) — (1 = pB)) — (D(To)Ar — (t — 1) B)) D+(5)

2(D(To) — Bi)(D+(S) — (1 = pB)) + (1 — D(1p)) D+(5) A by (7.2)
2((p —t+1)B+ Dy(To) — Bi)(D+(S) — (1 — pB))

+ (1= (p—t+1)8—D(To))D+(S)A

is non-negative for 0 < D (Ty) < D4 (S) and 1 —pB < D, (S) < . By consid-
ering the Hessian matrix, we deduce that all stationary points are saddle points.
Thus, it enough to check the inequality on the boundary. In fact, it is sufficient
to check at the extreme values of D (T,) and D, (S), because say if D, (Tp) is
fixed, then we take the extremal values of D, (S), and if D (T) = D, (S), then
the above inequality is a concave function. If D, (7y) = 0 and D, (S) =1 — pg,

we have

D(To)f >(1 = (p—t+1)B)(1 — pB)A; > 0.

If D4 (Tp) =0 and D4 (S) = 3, we have

D(To)f 22((p—t+1)8 = B)((p+ 1) -1) + (1 = (p -t +1)B)BA

B+ 1)8 = 1)+ (1 — (p— t+ 1)8)BA, > 0.

It D(Ty) = Dy(S) = 1 —pB, DTy)f > (t — 1)B(1 — pB)4, > 0. Finally,
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7.1 ky(n,d) for 6 > 4n/5

D(To)f >2((p—t+2)8—B)((p+1)B—-1)+(1— (p—t+2)3)5A
N+ B - 1B+ (1= (p—t +2)8)BA, > 0.

It can be checked that if equality holds, then D, (S) = 0, so S is not heavy.
Thus, D, (T) =0 for T' € K;(S) by Lemma 4.1.1. Furthermore, equality in (7.5)
implies equality in Corollary 4.1.3 as D (1) = 0 = D, (5). Hence, d(v) = (1-0)n
for v € S. This completes the proof of the lemma. n

Now, we are going to prove Theorem 7.a. The proof is the same as the the

proof of Theorem 4 with an additional argument that deals with the D, terms.

Proof of Theorem 7.a. Fix  and we write Ay, By, C; and g, for A, (5), Bi(f),
Cy(B) and ¢4(3) respectively. Actually, we are going to show that

ks ky 1—-t3— DB,
> + D (T), 7.7
o 2 gt T T 1+ g 2 DD 7-0)

for r(8) <t <s<p+1. Observe that 1 —¢5 — By > 1—pB > 0 by (7.3), so the
above inequality implies inequality in the theorem. Moroever, it is sufficient to

prove the case when s =t + 1. We proceed by induction on t from above.

Lemma 7.1.1 (after rearrangement) gives a lower bound on D(S) for S € K.

In addition, Lemma 5.1.3 gives a upper bound on ZSEICt+1 B(S) Thus, we have

(t=1+(p-2t+2)(t+1)B)ku +(t—1—A) Y D.(S)>
SeKi 1

(1—tB)(p—t+1)fnk, + (t —1)(t+ 2)% +(1=t8-B)n > _ D(T) (78)

TeK:

for r(8) <t < p. Suppose t = p. Recall that by definition

Gp1(8) = (1= (p— 1)B)(1 — pA)F~/2 and gy2(8) = 0.
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Thus, (4.7) with ¢ = p becomes

(1—pp)p

) = T - 2%

(8)-
By (7.8) with ¢ = p, we have

(p=1=(p=2)(p+1)B)kp1 = (1= pB)Bnk, + (1= pB = By)n Y Dy(T)

SEK,

kpi1 ky 1—-pB8— B,
I 2 5Bt T e 2 2

Hence, (7.7) is true for ¢ = p. Suppose 2 < t < p — 1, so by the induction
hypothesis (7.8) becomes

(t=1+(t+1D)(p—2t+2)Bke + (t—1—A) > Dy(5)

Seit1
>(1—tB)(p+1—t)pnk+ (t —1)(t + 2)% + (1 —t6— Bi)n Z D, (T)
Tek:
>(1—t8)(p+1—t)Bnk + (1 —t8— Bn > D(T)
TeK:
=D+ 2)gua(8) | iy L UEDIZ Ban _m ()

gen(B) (1=t + DB~ )91 (B) (&
(7.9)

Notice that if we ignore terms with D, the inequality above is identical to (4.11)
in the proof of Theorem 4. It turns out that if we rearrange (7.9) in the same
way as in the proof of Theorem 4, then we would obtain (7.7) with an additional
term ¢ D, (S), where ¢ is a constant depending on p, t and 3. Therefore, it is
sufficient to show that the terms with Y D, (S) in (7.9) can be removed, which

is equivalent to showing

(t =1t +2)ge2(1 — (£ +1)8 — Biyi)
(1—=(@+1)B)(p—1)Bgr

is non-negative. By (4.6), (t +2)gi2(8) > (1 — (t +1)5)ge+1(5). Hence, (7.10) is

(t—1-A). (7.10)
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at least
(=D -+ 18- By .,
(p—1)p (f-1-4)
=D (DI (DI~ DCur) i
_ oo (t—1)(1— ((p+ 1) —1)C))
_t-=-DHp+1)s-1) B oy by (@)
= p—1)f ((p—1)BC; — Cyy1 — 1) 0.

Hence, we can remove the terms with ) D, (S) and so (7.7) holds. The proof of
inequality in the theorem is complete.

If equality holds in Theorem 7.a, then equality holds in (7.7). Moreover,
> D, (T) must be zero as (1 — ¢t — B;) > 0. Therefore, G is heavy-free, so we
are done by Theorem 4. O

It is easy to see that Theorem 7.a implies Theorem 1.2.4 as r(3) = 2 for
1/(p+1) < B < B,

Recall that 3, is not optimal. Ideally, we want to generalise Theorem 5.2.3
and show that

i1 b, 1=p8—By(9)
a0 2 g+ T g 2 e (D

for some Ep(ﬂ) > 0. Then, we can redefine Cy(3) for 2 < ¢ < p with the initial
condition that B,(3) = ((p+1)3 — 1)Cy(8). As a consequence, we would obtain
a better 3,. However, as we saw in Chapter 6, it is unlikely that we would obtain
B, = 1/p just by proving (7.11).

In fact, defining A,(3) and B(/3) for a general (3 is where the main difficulty
lies in proving Conjecture 3.1.1. In fact, by analysing the proof of Theorem 7.a,
one can obtain a set of inequalities that needs to be satisfied by A;(5) and By(3)
for 2 <t < p. Thus, one can determine the functions A;(3) and B;(3). However,
in the proof of Theorem 5.2.3, there are many computations in the proof of Theo-
rem 5.2.3, (even more in proof of Lemma 6.1.2 in Section 6.4). Determining that
whether A;(3) and By(() satisfy all the required inequalities is difficult as both
A(B) and By(f3) are likely to involve binomial coefficients. Therefore, what we
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mean is that the main obstacle in proving Conjecture 3.1.1 is to define functions

Ay(B) and By(3), which have nice expressions to work with.

7.2 Counting (p + 1)-cliques

In this section, we are going to prove Theorem 7.b. This is equivalent to show-
ing that Conjecture 3.1.1 holds when r = p + 1, that is, k,41(n, (1 — 5)n) >

Ip+1 (B)nPHt.

In all previous sections, our aim is to bound » gcx D pex,(s) D-(T) with
s =t + 1 above and below using Corollary 5.1.2 and Proposition 3.3.1 respec-
tively. In this section, s is no longer always equal to (¢t + 1). A lower bound
on D gcrc, Dreiy(s) P— (1) can be obtained using Lemma 4.1.2 and mimicking
the proof of Lemma 5.1.1. Note that

Y. Y, DAT)= ) f(T)D(T)

Ses TeK¢(S) Teky

where f(T) is the number of s-cliques containing a t-clique 7. In order to bound
> sek, ZTE,Q(S) D_(T) above, an obvious approach would be to apply Propo-
sition 3.3.1 to Y e, f(T)D—_(T). However, f(T) is not a two-valued function
for G € G(n,B) and s > t + 1 even if (n,(3) is feasible. Thus, the upper bound
obtained by Proposition 3.3.1 is unlikely be sharp.

The following observation allows us to overcome this problem. For s =t + 2,

observe that

22, 2. D=3 > )

Selit2 TEK(S) SERt+2 UeK41(S) TEK(U)

=n Y  DU) Y D(T).

UeKit Tek:(U)

104



7.2 Counting (p + 1)-cliques

Note that Y D_(T) is two-valued for G € G(n, 3) and (n, 3) feasible. Explicitly

> D(T)

TeK:(U)
[ 21-1tp) if [V(U)N V| =0,1
| A=t E+2E+ D)+ ((p+ 1B — Dt — 1) if [V(U)N V| = 2.

Hence, thlS SuggeStS that ZSE/CS ZS’E/CS_l(S/) e ZT’G’CHJ(U) ZTE’Ct(T’) D_ (T) may
be more appropriate than g x> rex, ) D-(T)-
For positive integers ¢ < s, define the function ¢7 : K; — R to be

) [ D.(s) if t =s, and
9;(S) = { S U) U € K, (S)) ift <s

for S € Ks. Note that ¢;7(S) = (s —)! 3 rex,(5) P-(T), because each T € Ky (S)
misses s—t vertices of S, so each T  appears exactly (s—t)! times in the summation.
For G € G(n, 3) with (n, 3) feasible,

b5(S) = (s =1 —1tp) if [V(S)NVy| =0,1
T A=tB)s 4+ (p+1)B=1)(s = 2)1/(t—2)! if [V(S)NV,| =2

for S € KCs. We define the function ®f to be analogous of D_. Define ®7(S) =
min{¢;(S), v} for S € Ky and 2 <t < s <p+ 1, where

o =1 —=tB)s!/th+ ((p+1)B—1)(s —2)!/(t —2)\.

In the next lemma, we investigate the lower bound on ®$(S) for S € K,.

Lemma 7.2.1. Let 0 < 3 <1 and p = [37Y] — 1. Let s and t be integers with
2 <t<s<p+1. Suppose G is a graph of order n with minimum degree (1— 3)n.
Then,

O3(S) > (1—tB)s!/t! + (D_(S) — (1 — 58)) (s — 2)1/(t — 2)!

for S € K.

Proof. We fix 3 and t and proceed by induction on s. This inequality holds in
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the trivial cases s =t and s =t 4+ 1 by Corollary 5.1.2. Suppose that s >t + 2

and that the lemma is true for ¢,...,s — 1. Hence

G = > HNT= D> &)

Teks—1(5) TeKs—1(S)
> Z [(1 —t0)(s — )!/th 4+ (D,(T) —(1—(s— 1)5))(3 -3/ (t — 2)!}
TeKs—1(S)

=1 =t@)sl/tl+ [ > D(T)—s(1—(s—1)8) | (s—3)!/(t—2)!
Teks—1(S)

>(1—tf)s!/t!+ (2 — 58+ (s — 2)D_(S) — s(1 — (s — 1)B)) (s — 3)!/(t — 2)!

=(1—tB)s!/t! + (D_(S) — (1 — s8)) (s — 2)!/(t — 2)!,

where the last inequality comes from Corollary 5.1.2 with ¢ = s — 1. The right
hand side is increasing in D_(.S). In addition, the right hand side equals to ¢}
only if D_(S) = (p — s+ 1)3. Thus, the proof of the lemma is complete. O

Now, we bound ) ¢ . ®;(S5) from above using Proposition 3.3.1 to obtain
the next lemma. The proof is essentially a straightforward application of Propo-

sition 3.3.1 with an algebraic check.

Lemma 7.2.2. Let 0 < 8 <1 and p = [37'] — 1. Let s and t be integers with
2 <t<s<p+1. Suppose G is a graph of order n with minimum degree (1—[)n.
Then,

> () <ei sk 4 2A(p DA 1) Y ( ke IIo —j5)>

SeK. i=t+1 Jj=t
s—1
+ ((t+ Dher = (p— t+ 1D)Bkm) " ] (1 = 58).
j=t

Proof. Fix  and t. We proceed by induction on s. Suppose s = t + 1. Note
that ®/t1(S) < > reri(s) P-(T). By Proposition 3.3.1, taking A = Ky, f = D_,
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g=D, m=1—tfand M =(p—t+1)3,

doot(S)< Y. Y D(T)=n)_ D(T)D_

Seit1 Seit1 TEICt(S Tek:

<(p—t+1)Bn > DT)+ (1 —tB)n Y D_(T)— (1—tB)(p—t+1)3nk

Tek: Tek:

<+ 1)1 = (p— 2+ 1By — (1— 18)(p — £+ 1)Bnk.

Hence the lemma is true for s = ¢4 1. Now assume that s > ¢t +2 and the lemma
is true up to s — 1. By Proposition 3.3.1 taking A = K, f = &' ¢ = D,
M =it and m=1— (s —1)3, we have

Y (S)=n Y DT T)

Seks TeKs-1
<ot Y mD(M)+ (L= (s—1)B)n > THT) — ;ML= (s — 1)B)nkes
Teks—1 TEKs—1
=i sk (1= (s=1)B)m Y 7 HT) — ) (1= (s — 1)B)nkes

Te’Cs—l

<@y sk — (@) = (s = Dy ?) (1= (s = 1)B)nky_y

o i-1) Y (%kn I —jﬁ)>

i=t+1 j=i
s—1

+ ((t+ Ve — (p—t+ 1)Bkm) 0> [ (1= 3B).
j=t

The last inequality is due to the induction hypothesis on >~ ®;~!(T'). In addition,

it is easy to show that

(s =D ? =it =2((p+ 1) = 1)(s —4)!/(t = 2)".
Thus, the proof of the lemma is complete. n

Now we are ready to prove Theorem 7.b. The proof is very similar to the

proof of Theorem 4 with lots of algebraic checks.

Proof of Theorem 7.b. We fix § and write g; to be g;(3). We proceed by induction
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on t from above. The theorem is true for ¢ = p by Theorem 7.a as () < p.
Hence, we may assume ¢ < p. Recall that D_ is a zero function on Kp;;. Summing

Lemma 7.2.1 taking s = p + 1 over S € K, yields

Y. S 2 (L= tB)(p+ DYt = (L= (p+ 1)) (0 — DY/ (t = 2)) kpr.

SeKpi
(7.12)

By Lemma 7.2.2 and the induction hypothesis,

> OFS) <@ (p+ Dkpar +2((p +1)8 — 1) <

i=t+1 Jj=t

( 3; knpﬂ zﬁ(l —]ﬁ)>

+ ((t+ Dkyr — (p—t+ 1) Bnky) nP~ H 1—3P)

H.

p . p
i—3)!
<@ (p+ Dkpr +2((p+ 1) Z (gz Et Bl [Ja- )
i=t+1 Jj=t
1 p
+((t+1) Pl g — (p—t+1) 5”kt)nptH 1—jp)
Ip+1 j=t

Thus, after substituting the inequality into (7.12) and rearranging, we have
Aikpr1 > (p =t + 1) Bk~ [T]_,(1 - jB), where

p

Ay =(t + 1)9t+1 H(l - Jﬁ)

j=t

2 )3 —1
+ ((p(;r_)f)! ) (( 2)!gp1 + Z i—3 j];[ 1—]6))

i=t+1

Hence, it is enough to show that A\; = (p — ¢ + 1)8g; [[_,(1 — jB); that is,
p
((p—t+1)Bg — 1) g1 H (1—=78)
j=t

:2((p(4tr_1)2ﬁ)!— 1) <( Vg1 + Z i— jH (1 —Jﬁ)> (7.13)

1=t+1
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We prove (7.13) by induction on ¢ from above. By (4.7) with ¢ = p, the left hand
side of (7.13) becomes

(Bgy — (p+ 1)gps1) (1 — pB) = (P —1- (fjplﬂ)(p -2)3

=2((p+1)B8 = 1)gp+1.

e+ 1)) (1= pB)gors

Thus, (7.13) is true for ¢ = p. Suppose t < p. Notice that the right hand side
of (7.13) is equal to

2 (-2 STl )

~( -y <<p — 2)gpi1 + Z( ~3) H<1 - jm)
+2((p+ 1B = 1)gera 11(1 —JP)
PE 1) (0~ D89 — (t+2)gir2) -_11(1 —jb)
+2((p+1)B — 1) g1 '_tﬁl(l —JjB)
=<((p —t+2)(t+1)B = 2)gen — (= Dt + 2)9t+2> 11(1 —Jb)
:<(t 14 (p=2t+2)(t+1)8) g1 — (t — 1) (t + 2)gt+2) 11(1 —jB)
— (t+1)ge f[t(l —JjB)
YED (p—t+1)Bg — (t+ 1)gern) ﬁ (1—33).

Jj=t

Hence, (7.13) is true for 2 < ¢t < p. Therefore, the equality of the theorem is true.

Now suppose that equality holds, so equality holds in (7.12). Therefore,
D(S) = D_(S) = 0 for all S € K,41. Thus, G is K,o-free. By Theorem 4
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(n, ) is feasible and G € G(n, 3). This completes the proof of the theorem. [
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Chapter 8

Further directions

In this chapter, we discuss variants of k.(n,d). In the next section, we discuss
kr<9(n,d), that is, an analogue of k.(n,d) for regular graphs. In Section 8.2, we
show that if (n, ) is not feasible, then k,.(n, (1 — 5)n) < g.(6)n" + o(n”). Thus,
the lower bound on k,(n, (1 — §)n) given in Conjecture 3.1.1 is asymptotically
sharp.

In Section 8.3, we take a brief look at the natural opposite problem, that
is, determining the maximum number of r-cliques in graphs of order n with
maximum degree A.

Finally, in Section 8.4, we replace the condition on the minimum degree by

the minimum »_ .y, d(v) over all edges e.

8.1 Cliques in regular graphs, £k “(n,?)

Recall that k.¢(n, ) is the minimum number of r-cliques in d-regular graphs of
order n. In Chapter 2, we evaluated k3(n,d) for 2n/5 < § < n/2. We would like
to extend the result for 6 > n/2. Since G is d-regular, n or § is even.

Recall that G(n, §) is conjectured to be extremal for k,.(n, (1 —F)n) if (n, B) is
feasible. Moreover, all graphs in G(n, 3) are in fact regular graphs. Thus, if (n, 3)
is feasible, then Conjecture 3.1.1 would imply that &/(n, (1 — B)n) = g.(G)n"
and G(n,3) is the extremal family. Therefore, it is natural to conjecture that
G(n, () is also the extremal family for £7%(n, (1 — 3)n) when (n, 3) is not feasible
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with n or ¢ even. In summary, we conjecture the following for regular graphs.

Conjecture 8.1.1. Let 0 < 3 < 1 and p= [37'] — 1. Let n and Bn be positive

integers not both odd. Then, for any positive integer r

—1
k:eg(n7 (1 _ B)n) — gr(ﬁ)nr + (p 3) ﬁr—3k§eg(n/75/)n7“—3’
r—
holds, where n’ = (1—(p—1)B)n and &' = (1—pB)n. Moreover, when the equality
holds and 2 < r < p+ 1, the extremal graphs are members of G(n, [3).

Notice that ¢ < n'/2. Thus, k3% (n/,0’) was investigated in Chapter 2. Recall
that k3(n’,8’) > 0 only if n’ is odd. By the construction from Chapter 2,
kred(n’, ') < §'(38" —n/ — 1)/4, which is of order n?. Therefore, the difference
between k'®(n,d) and k,(n,d) is of order at most n"~!. Hence, k7% (n,d) and

k.(n,d) are asymptotically the same.

8.2 (n,f) not feasible

Equality holds in Conjecture 3.1.1 (that is k.(n, (1 — 5) = ¢.(8)n",) only if (n, 3)
is feasible. In this section, we discuss the situation when (n, () is not feasible.
Our aim is to show that k.(n, (1 — 8)n) < g.(8)n" 4+ o(n”) for (n, ) not feasible.
From the definition of feasibility, we can deduce that if (n, 3) is not feasible, then

(a) both n and (1 — B)n are odd, or

b) (1—=(p—1)B)n is odd..

Condition (a) means that G(n, 3) is not well defined, because all graphs in G(n, 3)
are (1 — B)n-regular graphs of order n. Condition (b) says that even if G(n, 3) is
well defined, then G[Vp] is not necessarily triangle-free by a theorem of Andrasfai,
Erdés and Sés [3], (Theorem 2.1.1), because G[Vp] is regular with |Vg| = (1 —(p—
1)B)n odd. In fact, (a) is a subcase of (b), as On is even. Suppose that n and
(1 — B)n are not both odd. By the construction of G(n, ) and the discussion in
the previous section, we have k,.(n, (1—08)n) < kI (n, (1—-0)n) < g.(B)n"+o(n").
However, this does not deal with the case when both n and (1 — 3)n are odd.
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8.2 (n, #) not feasible

Let n and fn be positive integers. Recall that p= [37'] — 1,50 1/(p+ 1) <
B < 1/p. We now define a family G’'(n, 3) of graphs such that each member G’
can be obtained by the construction below. We define the graph G' = (V| E)
with the following properties. There is a partition of V into Vp, V4, ..., V,_1 with
Wol=01—-(p-1p)nand |V;]=pnfori=1,...,p—1. For0<i<j<p-—1,
G'[V;,V;] is a complete bipartite graph. For 1 < j < p — 1, G'[V;] is empty.
For i = 0, G'[Vy] is an edge minimal triangle-free graph of order (1 — (p — 1)8)n
with minimum degree (1 — pf)n. Then, G'(n, 3) is the set of the graphs which

can be obtained by the above construction.

Observe that G'(n, 3) is defined as long as both n and (1 — #)n are positive
integers, whereas G(n, ) requires n and (1 — B)n to not both be odd. The
structures of the members of G(n, ) and G'(n, 3) are similar. Note that if (n, 3) is
feasible, then G(n, B) = G'(n, 3). However, for (n, 3) not feasible with n and (1 —
B)n not both odd, members of G'(n, ) are not necessarily regular, but members
of G'(n, B) are.

Let G’ € G'(n,3). Suppose (n,3) is not feasible, so [V;| is odd. Recall that
G'[Vy] is triangle-free with minimum degree (1 —pB)n. If G'[Vp] is bipartite, then
e(G'[Vo]) = (1 —pB)n(|Vo]+1)/2 by considering the larger partition class. Hence,
e(G'WVo]) < (1 —(p—1)B)n+ 1)(1 — pB)n/2. Therefore, there are

(p - 1) B’ + (T ) D (1—(p—1B)F " + <p - ;) G2 (G Vi)

r

S G L (R

r-cliques in G’ € G'(n, ). This means that if (n, 3) is not feasible, then k. (n, (1—
B)n) is also at most g.(B3)n" + O(n"~1).

However, we are unable to determine k,.(n, (1 — B)n) if (n, ) not feasible.
For example, pick n and § such that the integers k and [, where 4k + 21 + 1 =
Vol = (1 = (p—1)B)n and 2k = 6(G[Vy]) = (1 — pfB)n, satisty the hypothesis of
Theorem 2.1.2. Since 6(G[Vy]) > 2|Vo|/5, G'[Vo] is bipartite by Theorem 2.1.1 for
G’ € G'(n,B). Thus, e(G'[Vo]) = (n' + 1)(1 — 3')n'/2. Depending on r, G(n, 3)
would be preferred over G'(n, 3). Thus, it is possible that there exists a class of

intermediate extremal families of graphs depending on r, 3 and n, which achieve
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kT(”? /6)'

8.3 Maximum number of cliques

Recall that k,(n,d) is the minimum number of r-cliques in graphs of order n with
minimum degree §. Now, we ask the natural opposite question. Let h,.(n,A)
be the maximum number of r-cliques in graphs for a given n and maximum
degree A. The graph complement of G € G(n,[3) is a natural candidate for
hr(n,Bn — 1). It turns out that this is true for » = 3, because the following
theorem of Goodman|[23] states that the sum of triangles in a graph and its

complement is completely determined by its degree sequence.

Theorem 8.3.1 (Goodman [23]). Suppose G is a graph of order n. Then

= 1 ; n—1 > n(n—1)(n—>5)
(O) @ =y 3 (a0 - 25H) o+ M=)

Therefore, evaluating hz(n, fn —1) is equivalent to evaluating k3(n, (1— 3)n).
In particular, for 1/(p+1) < 5 < 1/p,

hs(n, Bn —1) < (1 = 28)n + 1)?n/8 + n(n — 1)(n — 5)/24 — g3(B)n®.

Next, we look at h,(n, A) for r > 4. Thomason [41] showed that k,(G)+k,(G)
for r > 4 is not uniquely determined by it degree sequences, even if ki(G) and

k:(G) are known for all ¢ < r. Nevertheless, it is natural to assume that the

extremal graph for h,(n,n — 1) is {G : G € G(n,5)}.

Conjecture 8.3.2. Let 0 < <1 andp= [37] — 1. Let n and Bn be positive
integers. Let G € G(n, ) Then, h.(n,Bn — 1) < k,.(G) for positive integers r.
Moreover, for 3 <r < p+1 equality holds if and only if (n,3) is feasible and the

extremal graphs are the complements of the members of G(n, 3).

As mentioned in the introduction (Chapter 1), determining the upper bound
on k.(G) for given e is a special case of the Kruskal-Katona Theorem. Hence,

h.(n,A) can also be viewed as a variant of the Kruskal-Katona Theorem.
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Notice that in all the evaluations of k3(n,d), we need to know that values of
kr(n,6) for 3 <r < p+1 (e.g. Theorem 4). Thus, k3(n,d) is considered to be the
most difficult case. Hence, if we can solve hz(n, fn—1) for all 0 < 5 < 1, then we

have k3(n, (1 — )n). It would lead to a new approach to prove Conjecture 3.1.1.

8.4 A degree sum condition

Let T be a t-clique. Denote by o(T') the sum of the degrees of the vertices in 7T
Define 04(G) to be the minimal o(7T') for all T' € IC;(G). Clearly, 6(G) > (1 —)n
implies 04(G) > t(1 — B)n for all t.

We would like to replace the condition on the minimum degree with o,(G) >
t(1 — B)n. We further restrict to the case when r > ¢ and conjecture that the

same result holds.

Conjecture 8.4.1. Let 0 < 3 <1 andp = [~ —1. Letr andt be integers with
1 <t <r. Letn and Bn be positive integers. Suppose G is a graph of order n
with 0y(G) = t(1 — B)n. Then,

ke (G) = gs(B)n”

holds. Moreover, equality holds if and only if (n,3) is feasible and the extremal
graphs are members of G(n, [3).

We could try to tackle this conjecture by the same method as before, replacing
the assumption of 6(G) = (1 — B)n by o.(G) > t(1 — f)n. We hope that the
corresponding result would also be true. However, Lemma 4.1.1 (i) holds, but
not (¢i). Lemma 4.1.1 (ii) states that D(S) > D(T) — (s — t)B for S € Ks(G),
T € Ki(S) and s < t. Suppose s = t+1 and all but one vertices of S join to every
other vertex and the remaining vertices have degree (1 —¢3)n + t. Then, clearly
D(S)=1—tp < D(T) — 3, where T is the set of vertices with degree n — 1. The
correct analogue of Lemma 4.1.1 (i7) would be D(S) > D(T) — max{r,s — t} 3.
Nevertheless, one can check that all the remaining results in both Section 3.3,
Section 4.1 and Section 4.2 hold by examining the proof. In summary, we can

prove the conjecture for p = 2 (i.e. 02(G) < 4n/3) and for K, o-free graphs.
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Theorem 8.4.2 (A degrees sum condition of Theorem 3). Let 1/3 < § < 1/2.
Suppose G is a graph of order n with 05(G) = 2(1 — f)n. Then

ks(G) > (1 — 28)Bnks(G).

Furthermore, equality holds if and only if (n,[3) is feasible and G is a member
of G(n, ).

Theorem 8.4.3 (A degrees sum condition of Theorem 4). Let 0 < 8 < 1 and
p=[B"'1—1. Letr and t be integers with r < t. Suppose G is a K, o-free graph
of order n with o,.(G) =r(1 — 8)n. Then,

ke (G) = g (B)n” (8.1)

holds. Moreover, equality holds if and only if (n,3) is feasible and the extremal
graphs are members of G(n, [3).

Once again, the difficulties lie in handling the heavy cliques. Since we have a
weaker version of Lemma 4.1.1 (ii), our argument might not hold even for the case
p = 3. Nevertheless, by modifying the arguments in Section 7.1, one would hope
that there exists a constant 8,; > 1/(p+1) depending only on p and ¢, such that
Conjecture 8.4.1 holds for 1/(p+ 1) < 8 < f,+. The proof of Conjecture 3.1.1
could be modified to prove Conjecture 8.4.1.
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Chapter 9

Constrained Ramsey numbers for

rainbow matching

9.1 Introduction

A k-edge colouring of a graph G is an edge colouring of G with exactly k colours.
A graph G is monochromatic if all its edges have the same colour. For integers s
and t, the Ramsey number R(s,t) is the minimum number N such that for every 2-
edge colouring of Ky with two colours, say with colours red and blue, there is a red
monochromatic K or a blue monochromatic K;. The existence of R(s,t) was first
proved by Ramsey [38] and rediscovered by Erdés and Szekeres [16]. Similarly,
R(s1,...,sk) is the minimum number N such that every k-edge colouring of Ky
with colours ¢y, ..., ¢, contains a monochromatic copy of K, of colour ¢; for
some i. If s; =sfori=1,... k, we simply write Rg(s).

If an edge colouring of Ky uses infinitely many colours, then it is possible to
avoid monochromatic K, for s > 3. Nevertheless, there exists a well-structured
edge coloured complete subgraph in K. For example, there may exist a complete
subgraph that is rainbow (i.e every edge has a distinct colour). If we let the
vertices of G be vy, . .., vy, then a lexicographically coloured (or colexicographically

coloured) G is an edge colouring such that the edge v;v; has colour ¢; for i <
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j (or i > j respectively) with ¢; distinct. A lexicographically coloured finite
graph becomes colexicographically coloured if the ordering on the vertex set is
reversed, and vice versa. Erdés and Rado [18] proved that for every n > 3, there
exists an integer N(n) such that every edge colouring of Ky contains a complete
subgraph K, with one of the mentioned edge colourings. This result is also known

as the canonical Ramsey theorem.

Theorem 9.1.1 (Canonical Ramsey Theorem [18]). For every positive integer s,
there exists an integer N (s) > 0 with the following property. For each integer N >
N(s) and every edge colouring of Ky, there exists a Ks in Ky such that it is
either monochromatic, rainbow, lexicographically coloured or colexicographically

coloured.

The Ramsey number R(G, H) for graphs G and H is the minimum num-
ber N such that every 2-edge colouring of Ky, with colours red and blue say,
contains a red monochromatic G or a blue monochromatic H. Similarly, we de-
fine R(Gy,...,Gg) and R(G). For a graph G and an edge colouring of Ky with
N sufficiently large, by the canonical Ramsey theorem we can deduce that there
exists a subgraph isomorphic to G with one of the four stated edge colourings.
Recall that both lexicographically and colexicographically colourings depend on
the ordering of the vertex set. Thus, they are not preserved under vertex re-
labelling, so we focus our attentions to monochromatic and rainbow subgraphs.
The constrained Ramsey number f(S,T) of graphs S and T is the minimum num-
ber N such that any edge colouring of Ky with any number of colours contains
a monochromatic S or a rainbow 7'. It is also called the rainbow Ramsey number
or the monochromatic-rainbow Ramsey number in literature. However, f(S,T)
does not exist for every choice of S and T'. Using the canonical Ramsey theorem,
it is easy to characterise the pairs (S,7) for which f(S,7') exists. For the sake of

completeness, we give the proof below.

Proposition 9.1.2. For graphs S and T, f(S,T) exists if and only if S is a star

or T s acyclic.

Proof. First we show that if S is a star or T is acyclic, then f(S,T) exists.

Consider an edge colouring of K with vertex set {vy, ..., vy} with N sufficiently
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large. By the canonical Ramsey theorem, there exists a complete subgraph K,
that is well-coloured. If it is monochromatic or rainbow, we are done providing
that n > max{|S|,|T|}. Without loss of generality, we may assume that K, that
is lexicographically coloured. Otherwise, reverse the ordering of vertex set. If S
is a star, then we are done by considering the centre of the star to be the smallest
element in K,,. Hence, we may assume S is not a star and 7" is acyclic. We are
going to show that there exists an ordering of the vertex set V(T') such that if T
is lexicographically coloured then T is rainbow. It is enough to show that such
a vertex ordering exists for T' connected, so T is a tree. First, we root T" at an
arbitrary vertex. Order the vertex set of T such that if v; is at a level larger than
vj, then ¢ < j. It is easy to verify that if 7" is lexicographic coloured, then 7" is
rainbow. Thus, there exists a monochromatic S or a rainbow 7" in K, so f(S,T)
exists.

Finally, suppose neither S is a star nor 7T is acyclic. We are going to show
that there is no monochromatic S nor rainbow 7T in a lexicographic coloured
of Ky for all N. Since T is not acyclic, T' contains a cycle. However no cycle
in K is rainbow (nor monochromatic), so there does not exist a rainbow 7 in
Ky. By similar argument, we may assume that S is also acyclic. Since S is not
a star, there exist two vertex disjoint edges in S. Observe that any two vertex
disjoint edges have different colours in K. Therefore, K does not contain a

monochromatic S. This completes the proof. n

From now on, we assume that either S is a star or T is acyclic. Thus, f(S,T)
exists. Notice that f(S,7) is at least Ry_1(S), where ¢t = e(T"). This is because
by definition of R;_;(S5), there exists a (¢ — 1)-edge colouring C' of Kpg, (s)-1
without a monochromatic S. Since C uses at most t — 1 colours, no subgraphs
isomorphic to T" are rainbow.

Various people studied f(S,T") for different cases of S and 7. Alon, Jiang,
Miller and Pritikin [2] studied the case when S is a star and T is a complete graph
and evaluated that f(K s, K;) = O((s—1)t3/Int). Notice that f(K;,T) is very
closely related to an (s —1)-good colouring. An edge colouring is called m-good, if
for every vertex v there are at most m different coloured edges incident to v. Thus,

f(Kis,T)is the minimum number N such that every (s—1)-good colouring of Ky
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contains a rainbow 7". On the other hand, f(S, K.) is the local (¢ — 1)-Ramsey
number of a graph T that was first introduced by Gyarfas, Lehel, Schelp and
Tuza [26]. The local (t — 1)-Ramsey number of a graph 7" is the Ramsey number
of T restricted to edge colourings for which to each vertex v there are at most ¢t —1
edges with distinct colours incident to v. Jamison, Jiang, Ling [28] studied f(S,T)
when S and 7" are both trees. Further, they conjectured that if S and 1" are paths
of lengths s and t respectively, then f(Ps1, Py1) = O(st). Wagner [46] showed
this is f(Psi1, Prr1) < O(s*t), and later on, Loh and Sudakov [32] showed that
f(Psi1, Prv1) < O(stlogt). Gyérfas, Lehel and Schelp [25] and independently
Thomason and Wagner [43] showed that f(G, P,yq) is equal to R;_1(G) for ¢t < 4.

9.2 Rainbow matching f(S,tK5)

From now on, T is a t-matching t K5, that is ¢ vertex disjoint edges. As mentioned
above f(S,tKy) > R;—1(S). Let C be an edge colouring of a complete graph
containing a rainbow (¢t — 1) K5 but not a rainbow tK,. Clearly, after removing
the vertices of the rainbow (f — 1)K, the resulting graph has at most ¢ — 1
colours. Moreover, the colours in the resulting graph are precisely the colours in
the rainbow (¢ — 1)K5. Hence, it is an easy exercise to show that f(S,tK;y) <
R, _1(S)+2t—2 for t > 3, which was first proved by Truszczynski [44]. Therefore,
f(S,tK>) is asymptotically equal to R;—1(S) providing R;_1(.S) is not linear in t.

Next suppose that S is also a matching but of size s. Cockayne and Lorimer [11]

evaluated Ry 1(sK3). In fact, they evaluated R(s1Ks, ..., spK>) for positive in-

tegers si, ..., Sg.
Theorem 9.2.1 (Cockayne and Lorimer [11]). Let s1,.. ., si be positive integers.
Then,

k
R(s1Ks, ..., s, K3) = max{sy,...,sp} + 1+ Z(sz —1).
i=1
In particular, Ri(sK3) = (s —1)(k+1) + 2.

Hence, f(sKs,tKs) > Ri_1(sK3) = (s — 1)t + 2. Bialostocki and Voxman [4]
showed that if s = ¢t > 3, then equality holds. Later, Eroh [20] extended the result

120



9.2 Rainbow matching f(S,tK>)

to s > t > 2 and conjectured that the equality holds for all s > 3 and ¢t > 2.
Eroh [21] also investigated the case when S is a star.

We are going to generalise their results and evaluate f(S,tK53) exactly for
almost all graphs S and all integers ¢ > 2. From now on, we say that two graphs

G and H are disjoint to mean vertex disjoint. We state Theorem 1.3.2 below.

Theorem 1.3.2. Suppose S is a graph of order at least 5 and Ry 1(S) > Ri(S)+3
for all positive integers k. Then, f(S,tKs) = Ry_1(S) for all integers t > 2.

Here, we give an outline of the proof. Suppose the theorem is false for some
t > 2. Let t > 2 be the minimal counterexample and N = R;_1(5). Hence, there
exists an edge colouring C' of K that contains neither a monochromatic S nor a
rainbow tK,. By the minimal counterexample, there exists a rainbow (¢t — 1)Ky,
say W ={e;: 1 <i<t—1}in G. For a subgraph G C Ky, the colour set C(G)
is defined to be the set of colours C(e) for e € E(G). Without loss of generality,
CW)={c;:1<i<t—1} withC(e;) =¢;for 1 <i<t—1. Since N = R;_1(5)
and C' does not contain a monochromatic S, C' uses at least ¢ colours and so there
exists an edge f; of colour not in C(W). Also, V(f1) NV (W) # 0 or else W + f
forms a rainbow tK5. Assume that V(fi) N V(er) # 0 and V(f1)NV(e;) = 0
for 2 < i <t —1. If there exists an edge f, of colour ¢; disjoint from both f; and
e1, then V(fa) NV (e;) # 0 for some i, else fi, fo,€9,€3,...,¢1 form a rainbow
tKy. Also, assume that V(f2) NV (e;) = 0 for all i except i = 2. Repeat this
argument and during each step we always assume that there exists an edge f;
with the following properties. The edge f; is coloured ¢;_; and it is disjoint
from e; unless j = i. Moreover, the set of f; are disjoint. The edge f; is disjoint
from WU {f;: 1 <:¢<t—1}. More importantly, {f; : 1 < i <t} is a rainbow
tK,, which is a contradiction. In our assumption, C(f;) = ¢; for all 4, but it
is not always true. This problem can be overcome if we relax the condition to
C(f;) = ¢j for j < i. However, it is possible that |V (f;) N V()| = 2, that is,
there exists j; # j2 such that |V (e;,) NV (fi)| =1 =|V(e;,) NV (fi)|- Thus, our
principle is to always pick f; such that [V (f;) N V(W)| is minimal. We now give

a formal argument of the proof.

Proof of Theorem 1.3.2. Let N be R;_1(S). From our previous observation, f(S,tKj) >
N. Hence, it is sufficient to show that f(S,tK5) < N.
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First we consider the case t = 2. Let C' be an edge colouring of K|g that
does not contain a rainbow copy of 2K,. Suppose there exists a path P with
three vertices whose edge colours are distinct. Since |S| > 5, there is an edge e
disjoint from P. Then, there exists a rainbow 2K, in P U {e}, contradicting the
assumption on C. Hence, K\g| is monochromatic, so f(5,2K,) = [S| = Ri(5)
and the theorem is true for ¢ = 2.

Suppose the theorem is false and let ¢ > 2 be the minimal counterexample.
Let C be an edge colouring of Ky that contains neither a monochromatic .S nor
a rainbow tKs. First, we show that there always exists at least one candidate for
fi in the claim below. The claim below states that given a vertex set U not too
large containing a rainbow matching pKs, we can always find an edge e disjoint
from U coloured by a member of C'(pKs). The proof of the claim follows easily
from the proof of Lemma 2.2 in [20].

Claim 9.2.2. Let U C V(Ky) satisfy |U| < 3p for positive integer p < t. Suppose
U contains a rainbow pKy with colours ci, ..., c,. Then, there exists an edge e in

Ky withV(e)NU =0 and C(e) € {c1,...,¢p}.

Proof of Claim. Since

Ul <3p=Ri1(S) — (Ri-1(S) = 3p) < Ri1(S) — Ri—p-1(95)
= Ri1(S) — f(S,(t = p)K>),

we may assume there exists a rainbow copy of (t — p)K; in the graph induced
by the vertex set V(Kn)\U. If C((t — p)K2) N{c1,...,c,} =0, then (¢t — p) K,
together with the rainbow pKs in U forms a rainbow tK,. Thus, the claim is
true. O

Next, we set up notation to keep track of the f;. Let A be the subset of
{0,1,2}\{1,2}" consisting of sequences a = (ay,...,a;), whose zeros all come at
the end; that is, a; = 0 implies a;41 = 0 for 1 <7 < t. Let z(a) = min{i : a; = 0}.
Thus, a; # 0 for i < z(a) and a; = 0 for ¢ > z(a). We say that a € A is a
matching sequence if

(a) there exists a set W = {e; : 1 <1i <t — 1} of independent edges which is

rainbow coloured, that is, W is a rainbow (t — 1) Kjy;
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(b) there exists a sequence fi,... f,, z = z(a), of independent edges not in W
with |[V(f)) N W|=aq; for 1 <i<z;

(c) for every edge e; € W, 1 <i <t—1, there exists at most one f;, 1 < j < z,
such that V(e;) NV (f;) # 0;

(d) C(f1) {C(ei) e € W

(e) for 2 < i <z C(f;) € {C(ej) : e € W;_1} where W,_; is the set of edges
e; € W that share a vertex with one of fi,..., fi_i.

Notice that if the all-zero sequence is a matching sequence then we are done,
because W + f; is a rainbow copy of tK5. To show that matching sequences exist,
let B be the set of initial sequences from the sequences in A, that is, B is the
subset of {A} U J;_{0,1,2}* U A consisting of sequences b = (by, ..., ) whose
zeros all come at the end, if any, (where A is the empty sequence of length 0). For
b= (by,...,b) € B, define z(b) = min{i : b; = 0}, if this set is non-empty, and
otherwise define z(b) = [. We say that b = (by,...,b;) € B is a partial matching
sequence if it also satisfies properties (a) — (e).

We claim that every partial matching sequence can be extended to a matching
sequence (and, in particular, matching sequences exist because A € B). Let b be
a partial matching sequence of length [. If [ = ¢, b is also a matching sequence.
Thus, it is enough to show that b can be extended to a partial matching sequence
of length [ + 1 for 1 <[ < t. First, suppose that b is the empty sequence. There
exists a rainbow (t — 1)Ky in Ky as N > f(S,(t — 1)K5); call it W. Since
N = f(S,tKy) = Ri—1(95), there are at least ¢ colours in Ky. Therefore, there
exists an edge fi not in W with C(f;) # C(e;) for 1 < i <t — 1. Hence, this
defines a partial matching sequence of length 1. Now, suppose b = (by, ..., b)) with
1 <l<tand W and fi,..., f. and z = z(b) are defined by properties (a) — (e).
If b, = 0, then (by,...,b,0,...,0) is a matching sequence with the same W
and fi,...,f.. b #0, 2 =1 Let U= V(W)UU_,V(fi). Observe that
|U| < 3|W,|/2, and W, is rainbow coloured from the construction. There exists
an edge f;.1 independent of W, with C(f;11) € C(W,;) by Claim 9.2.2. Thus, there
exists a partial matching sequence (by, ..., b, biy1) with by = [V (fip1)NW]. This

proves the claim.

123



Chapter 9. Constrained Ramsey numbers

Let Ajs be this set of matching sequences. Let a = (aq,...,a;) be the lex-
icographically minimal element of Ay;. Thus, for any (a},...,a}) € Ax\{a},
a; < aj where [ = min{i : a; # a}}. Define W, fi,..., f, with z = z(a) satisfy-
ing (a) — (e). Recall that we always choose f; with |V (f;) N V(W)| minimal. As
mentioned before, if a is the all-zero sequence, we are done. But if a is not the
all zero sequence, properties (¢) and (e) imply there exists integers j < ¢ + 1 and
| < z with C(f,) = C(ej) and |V(fi)NV(ej)| =a; #0. Set W =W —e; + f..
We define b = (ay,...,a;_1,a; — 1). This is a partial matching sequence with W’
fi,..., fi. By the previous claim, b extends to a matching sequence a’. But o
is lexicographically less than a contradicting the choice of a. This completes the

proof of the theorem. O

9.3 Consequences of Theorem 1.3.2

First, we are going to identify those graphs that fail to satisfy the hypothesis of
Theorem 1.3.2.

Proposition 9.3.1. Let S be a graph of order at least 5 with no isolated vertex.
If Ri1(S) < Ri(S) + 3 for some positive integers k, then S is bipartite and one

of its vertex classes has size at most 3.

Proof. Fix k and let N = Ry(S) — 1. Let C be a k-edge colouring of K that
does not contain a monochromatic S. If S is not bipartite, then define an edge
colouring of K,y as follows: take two copies of Ky each with edge colouring
C and join the vertices between the two copies with a new colour. Since S is
bipartite, there is no monochromatic S in Kyy. Therefore, Ryy1(S) > 2N +1 =
2Re(S) — 1 > R(S) + |S| =1 > Rk(S) + 3. Suppose that S is bipartite with
each vertex class of size of at least 4. We add three new vertices x,y, z,to Ky
and join z,y, z to all other vertices (including x,y, z) with a new colour. It is

easy to see that the resulting graph does not contain a monochromatic S, so

From the proof of Theorem 1.3.2, we can deduce the following result.
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Corollary 9.3.2. Let S be a graph with no isolated vertex satisfying one of the
following:

(1) S is not bipartite and |S| > 5, or
(71) S is bipartite with each vertex classes of size at least 4, or
(13i) S is bipartite and e(S) > 12.

Then, there exists an integer to(S) such that f(S,tK3) = Ry_1(S) for all t >
to(S).

Proof. By Proposition 9.3.1 and Theorem 1.3.2, the corollary is true for (i) and
(17) with £o(S) = 1. Suppose S satisfies (ii7). We may also assume that one
of its vertex classes has size at most 3, or else S satisfies (i¢). Since e(S) > 12,
A(S) > b5 andso K5 C S. By aresult of Burr and Roberts [8], Ry(K5) > 4k+1
and so Ry (S) > 4k + 1. Suppose f(S,2K3) = R;(S) + ¢ for some constant c¢. By
mimicking the proof of Theorem 1.3.2, we can deduce that R;_1(S) < f(S,tK;) <
R;_1(S)+max{0,c+2—t} for t > 2. Thus, f(S,tK3) = Ri_1(S) fort > c¢+2. O

Now we apply Theorem 1.3.2 to graphs G' with known Ry(S). Unfortunately,
the only graphs with known Ry (S) are star and matching. For S a matching,
Ri(S) is already mentioned before(see Theorem 9.2.1). For S is star, Burr and
Roberts [8] proved that

(s—1)k+1 if siseven and k is odd,
(s — 1)k +2 otherwise.

Ry (K ) = {

Hence, together with Theorem 1.3.2, we have the following corollary.

Corollary 9.3.3. For any integers s > 4 and t > 2,

f(SKQ,tKQ) = (S — 1)t + 2.
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For any integers s > 5 and t > 2,

s—1)(t—1)+1 ifsiseven andt is odd,
(Ko ) = (s =1)(—-1) f ‘
(s=1)(t—1)+2 otherwise.

|

This corollary improves both results of Eroh [21, 20]. Unfortunately, we are
unable to prove f(3Kj,tK3) = 2t + 2 as conjectured by Eroh. Instead, we have

managed to show a weaker result.
Proposition 9.3.4. For any positive integer t > 3, f(3Ky,tKy) < 3t — 1.

Proof. We proceed by induction on . Bialostocki and Voxman [4] proved the
case for t = 3. Thus, we may assume t > 3. Let N = 3t — 1. Let C be an
edge colouring of Ky with neither a monochromatic 3K, nor a rainbow tKs.
Let ¢q,c¢9,... be the colours of C. For an integer i, G; denotes the subgraph
induced by the edges with colour ¢;. Clearly, G; does not contain a copy of 3K5.
Modifying the proof of Claim 9.2.2, we have the following claim.

Claim 9.3.5. For any edge e and vertex v, there exists an edge €' independent of
e and v with C(e) = C(€).

Now we claim that G, is either a subgraph of Kj if it is connected or else
it is isomorphic to two disjoint triangles. First suppose G; is connected. We
say a path in G; is mazimal if it cannot be extended to a longer path. Since
G, is 3Ks-free, no path has length greater than 4. By Claim 9.3.5, any edge
of e in GG; can be extended to a 2K5. Hence, all maximal paths have length
exactly 4. Let pip:1...ps be a maximal path in GG;. In fact, pips is also an edge in
G; by Claim 9.3.5 taking e = pops and v = ps. Hence, p1ps ... ps forms a 5-cycle
in GG;. Thus, G; is a subgraph of Kj, for otherwise, there exists a 3K5 in Gj.
Next, suppose G is not connected. It is easy to see that G; has exactly two
components with each component being either a star or a triangle. Suppose one
of the components is a star. By taking the centre of the star as v and any edge
in the other component as e, we obtain a contradiction to Claim 9.3.5. Hence,
G; is an union of two disjoint triangles. In summary, G; is either a subgraph of

K5 or isomorphic to 2K3.
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Since N > f(3Ks, (t — 1)K3), there is a rainbow (t — 1)Ky, W = {z;y; :
C(zyy;) = ¢iforl < i <t—1}. Let H = Ky\V(W). Clearly, |[H| =t +1
and e(H) = t(t + 1)/2. Notice that H is coloured only with colours ¢, ..., i1,
or else there exists a rainbow tKj. Also, H; is a subgraph of a triangle, so
e(H;) < 3for1 < i <t —1. The number of colours used in H is at least
e(H)/3=1t(t+1)/6 >t—1ast>3. This is a contradiction and completes the
proof of the proposition. O

So far, the rainbow subgraph is always a matching. We would like to know
whether f(S,T) = R;—1(S) is still true for 7" with a similar structure to a match-
ing. It turns out that this is true if T'= P U (t — 2)Ky or T'= Py U (t — 3) K.

Corollary 9.3.6. For a graph S and an integer t,

f(S, P3 U (t — Q)KQ) S max{f(S, tKg), 2t + 1} th Z 2,
F(S, PyU (t — 3)Ky) < f(S, 1K) ift > 3.

Moreover, if S satisfies the hypothesis in Theorem 1.5.2, then equality holds.

Proof. First, we evaluate f(S, P3U (t — 2)K3). It is easy to see that f(S, P;) =
|S| < f(S,2K3), so it is true for ¢ = 2. Thus, we may assume that ¢ > 3.
Let N = max{f(S,tK,),2t + 1}. Consider an edge colouring C' of Ky without a
monochromatic S. Since N > f(S,tK>), there exists a rainbow tKy, say {z;y; :
C(zy;) = ¢; for 1 < i < t}. Let w be a vertex not in {x;,y; : 1 <i < t}. Note
C(z;w) = ¢; for i = 1,...t, otherwise there exists a rainbow P; U (t — 2)Kj.
However, zywxe U {x;y; : 3 < i < t} is a rainbow P3 U (t — 2)K,. This is a
contradiction and proves the first assertion of the corollary.

Now suppose that N = f(S,tK,) with t > 3. Let C' be an edge colouring
of Ky without a monochromatic S. We are going to show that there exists a
rainbow Py U (t — 3)K5. There exists a rainbow t Ky, {x;y; : C(x;y;) = ¢; for 1 <
i < t}. Clearly, if the graph induced by z;, y;, z;, y; contains an edge not coloured
by either ¢; nor ¢; for some 1 <7 < j <, then there exists a rainbow PU(t—3) K.
Actually, it is sufficient to show that there exists a rainbow P, with colours

1, Ca, 3 In {21, o, T3, Y1, Y2, Y3} Without loss of generality, C'(x1x9) = ¢;. Then
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yoy3 must be coloured by co. If C(z123) = ¢1, x123y3y9 is rainbow. If C'(zqy23) =

c3, 3x1ToYo is rainbow. Hence, the proof is complete. O
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