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Abstract. Stackelberg games and their resulting nonconvex
programming problems have been used to model multilevel eco-
nomic systems. These formulations have suggested that inde-
pendent players, acting sequentially, may not produce Pareto-
optimal decisions. Such systems naturally encourage the intro-
duction of an n-player abstract game which permits coalitions of
players to form. This paper examines the mathematical charac-
teristics of these imbedded games and the implications of their
solution for the overdl problem.

1 Introduction

The problem of hierarchical management has existed ever since
people have attempted to organize. Today, hierarchies arefound
controlling our government, places of work, schools, churches,
and even our families. By understanding them, we can perhaps
improve their effect and eliminate their inherent inefficiencies.

This paper will examine a class of multilevel management
control problems, and will extend the application of a model
proposed by Bidas and Karwan [1]{2] and many others. The
origind motivation for this work was to formulate multilevel
decision-making problems found in economics and management.
However, as one can quickly see, the mathematical foundations
are based on the theory of Stackelberg games (see Simaan and
Cruz[3]). Hence, theresults here should hel p strengthenthelinks
between optimal control theory and economic decision making.

There aretwoimportant limitationsin earlier works. Although
Bialas and Karwan [1] discuss a generd n-player model, the
geometric and agorithmic results of those authors and others
(Bard and Fak [4], Candler and Townsley [5], and Fortuny and
McCarl [6], for example) are chiefly limited to the two-player,
linear case. A second limitation was that the solution to such
problems need not be Pareto-optimal (see Bialas and Chew [7]).
That is, there may exist feasible solutions (e.g., Nash points)
which are of greater benefit to at least one participant, without
reducing the benefits to any participant when compared to the
Stackelberg solution (see Bagar [8]). This is not a shortcoming
of the formulation. Instead, it suggests that for those systems
which can be modeled as ahierarchy of planners, each executing
his policiesrationally and in sequence, the resulting behavior for
the entire system may be inadmissible.
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The purpose of thispaper istwo-fold. Itsfirstaimisto provide
aframework in which coalition formation in multilevel systems
can bemodeled. The second goal of thisexposition isto develop
amethodology for predicting codition formation in hierarchical
systems. In so doing, the mathematicad model might be used
to suggest modifications to the system structure to encourage or
dissuade players from banding together.

2 Definitions

This section will briefly reintroduce the problem as presented by
Bialas and Karwan [1]. For a more detailed discussion of the
problem definition, the reader isreferred to that paper.

Suppose the vector = € RY ispartitioned as (2%, 2%). Then let

max{f(z) : (x*]2%)}

denote the maximum of the function f : RY — R by varying z¢
for afixed 2°.

Definition 2.1 Let S C R be compact, and let f : S — R be
bounded. Then

W,(S) = {? €S| f(@)=max{f(x) : (z*] ?b)}}
isthe set of rational reactions of f over S.

To define the n-level (n-player) optimization problem, let the
vector of decision variables z € RV be partitioned among n
players with

= G :I;I}'Wk)) er¥® (k=12...,n)

where 7_; N(k) = N. Furthermore, suppose St C RV is
compact and let

fi(x), fo(x), ..., falz)

be a sequence of bounded functions (f;(x) : S* — R, for al 4).
Let the level-k feasible region, S*, be recursively defined as

Sk = Lpfkfl(skil)

for k = 2,3,...,n. The set S* represents the feasible out-
comes resulting from the rationa reactions of players at levels
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1,2, ...,k —1. Theoptimization problem which must be solved
by the player at level % isthen

(L) max{fi(x) : (2% 2"+ ... 2")}
st zesh

This establishes a collection of nested mathematical program-
ming problems {L' L2 ..., L"} representing a hierarchica
decision-making process. The problem L" is called an n-level
mathematical programming problem.
The results in this paper will be restricted to the linear case
where
fi(x) = cFw (k=12,...,n)

and
St={z e RN | Az < b, x >0}

Problem L" is then sometimes referred to as the n-level linear
resource control problem. For exposition, the problem may be
more clearly represented as

max{c"z : (z")}
st: max{c" 1tz : (2"t 2m)}

st: max{clz : (z1]2?%...,2")}
st: Ax <b
x> 0.

Bard and Falk [4], Biadas and Karwan [2], Candler and
Townsely [5], and Fortuny and McCarl [6] have provided so-
lution algorithms for the problem (1) when n = 2. Asof yet, no
efficient solution procedure existsfor thecase n > 2.

3 A Special Case

Although an efficient agorithm for the n-level linear resource
control problem is not available, an efficient agorithm can be
devised for aspecia subclass of such problems. Thiswill permit
one to illustrate the results on codlition formation. However, it
must be emphasized that those results hold for any n-level linear
resource control problem, not simply this specid, illustrative
case.

The specia casewe want to consider isthe multilevel contin-
uous knapsack problem of theform

K(n) max{c"z : (z")}
st: max{c" 1z : (2"t a2™)}

st: max{ctz : (zt|2%...,2")}
st Yraai <b
>0 fori=1....n

whereb > 0, N = n, and 2’ = («;) aresingle component vectors
fori=212,...,n.

The agorithm to solve K (n) requires ¢i > 0. The procedure
merely inspects the cost coefficients of then objective functions
to obtain the solution:

Step O: Initidizei=1and j=1. Set 73 = b and &), = Ofor k # .
Gotostep 1.

Step 1: If i = n, stop. T isthe solution. Otherwise, go to step
2.

Step 2 Seti =i+ 1 Ifc >c§,thenset:?;i =band Z; = Ofor
k # i. Goto step 3. Otherwise, go to step 1.

Step 3: Set j =i. Gotostep 1.

If notiesoccur instep 2 (i.e, ¢ # ¢;), then it can be shown that
the above procedure solves the problem K (n) (see Chew [9]).

As an example, consider a decision-making game with three
players, named 1, 2 and 3, each of whom controls a different
commodity. Their task istojointly fill acontainer (or knapsack)
of unit size (b = 1) with an amount of their respective com-
modities, never exceeding the capacity of the container. This
will be performed in a sequentia fashion, with player 3 taking
histurn first. Suppose that at the end of the sequence, areferee
pays each player one dollar for each unit of his own commodity
which has been placed in the container. Since player 3 has pre-
emptive control over the container, hewill fill it completely with
his commodity, and collect one dallar.

However, suppose that the rulesare changed slightly sothat, in
addition, player 3 could collect fivedollarsfor each unit of player
one'scommodity which isplaced inthe container. Since player 2
does not reap such abenefit from player one’'s commodity, player
2 would fill the container with his own commodity on his turn,
if given the opportunity. For this reason, player 3 has no choice
but tofill the container with his commaodity and collect only one
dollar.

The three-level continuous knapsack problem which models
this second scenario is (dropping the (- | -) notation):

K( max 5z1 + 3
max x,
maXx x1
T1+a+a3<1
z; >0,i=123

4488w

Notethat therearesix dollars avail abletothethree players, which
simply divided equaly could benefit each of them. However,
because of the sequentia and independent nature of the decisions,
such a solution cannot be attained. The solution to the above
problem is not Pareto-optimal .

4 Coalition Formation

As suggested by the previous example, the formation of coali-
tions among subsets of the players could provide a means to
achieve Pareto-optimality. The members of each codition act
for the benefit of the coalition asawhole. The question immedi-
ately raised is “which coalitions will tend to form, and what will
be the resulting benefits?’

The abstract game and the solution concept proposed by
Shenoy [10]* provides the foundation for answering this ques-
tion.

Definition 4.1 Anabstract gameisapair (X, dom) where X is
a set whose members are called outcomes and dom is a binary
relation on X called domination.

1See also the earlier work of Lucasand Thrall [13].
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Let G = {1,2,...,n} denote the set of n playersinalinear
resource control problem. Let 2¢ denote the set of al coditions
of Gandlet P = { Py, P, ..., Py} denote acoalition structure
(c.s) orpartition of Gintocoditionswhere P; # @, PNP; = @
forali+# jand PLUP,U---U Py = G. Let T denote the set
of al codlition structures. Let Po = {{1},{2},...,{n}} denote
the codlition structure where no coditions have formed and et
Pe = {G} denote the grand coalition. The linear resource
control problem corresponding to Po, say L(Po), is precisely
problem (1).

Consider the codition structure P = {Py, P,..., Py} and
suppose P; € P. Let P(i) denote that P; € P such that player
i € P;. Assuming utility is additive and transferable, the ob-
jective function of each player in codlition P; is the sum of
the coalition members’ individua objective functions under 7.
The corresponding linear resource control problem can then be
written as

L(P): max{Xicpm c'z © (a")}
st: maxX{Xicpp-y 'z 1 (z" 2"}

st: max{Yicpn 'z : (at|2?,...,2")}
st: Ax <b
x> 0.

Let the solution to L(P) be denoted by Z(P).

Definition 4.2 The value of (or payoff to) coalition P; € P
denoted by v(P;, P), isequal to

> EE(P).

icP;
Biaas and Chew [7] have shown that v(-) need not be superad-
ditive. Hence, one must take great care when applying some of
the traditional game theory results which require superadditivity
to this class of problems.

Definition 4.3 A solution configuration (s.c.) isa pair (r,P)
where r isan n-dimensional vector called animputation, whose
eements represent the payoff to each player ¢ under coalition
structure P.

Let SC(LR) denotetheset of all solution configurationswhich
arefeasiblefor thelinear resource control problem under consid-
eration. The we can define the binary relation dom as follows:

Definition 4.4 Let (r,P.), (s,Ps) € SC(LR). Then (r,P,)
dominates (s, P;), denoted by (r, P,.) dom (s, Ps), if and only if
there exists a nonempty R € P, such that

1 r, >s;foralie R, and

2. ZiER r; < ’U('E PR)-
Condition (1) implies that each decision maker in R prefers
coalition structure P, to codlition structure P,. Condition (2)

ensures that R isafeasible codlitioninP,.. That is, R does not
demand more from imputation r than itsvaue, v(R, P,).

Definition 4.5 The core, C, of an abstract game is the set of
undominated solution configurations.

When the core is nonempty, each of its elements represents an
enforceable solution configuration which may offer increased
benefits to the multilevel system. Once the players have ne-
gotiated an outcome within the core, no further negotiations or
outcomes are possible.

Proposition 4.1 If (z,P) € C # @, then
S =Y di(Pa).
i=1 i=1

Proof: 1. (30", 2z < S0, ¢'3(Pg)). Let

P:{P17P27...7P]\,j}.

Then
n M M . n
S <> w(P,P) =3 > JdEP) = dEP)
i=1 k=1 k=1j€P; i=1
Hence,

% 1
since P; maximizes "7, ¢'z(P) over dl P € M.
2. (XF 2 >0, ¢3(Pe)). Suppose

>z <Y i (Pe).
i=1 i=1

Then (z,P) must be dominated by some s.c. involving Pg.
Hence, (z,P) ¢ C, acontradiction. m

Proposition 4.2 IfC # @, then thereexistsan imputation z such
that (Z,P(;) eC.

Proof: If C # @, then there exists a s.c., (z,P), such that
(z,P) € C. From Proposition 4.1, we have

Sz =Y i (Pe).
i=1 i=1

Hence, (z,P) is a solution configuration which cannot be
dominated by any other solution configuration. Therefore,
(Z s P(;) cCm

Proposition 4.3 A linear resource control problem produces an
embedded game (SC(LR), dom) with an empty core if there
exist coalition structures Py, P, ..., P, and coalitions S; € P;
(t=12...,0)withS; NS, =@ for al j # k such that

n

Z Z (;i:AI;(Pj) > Z(Jifi(PG)-

j=1i€S; i=1

Proof: We will show that for any solution configuration,
(z,Pg), there exists a solution configuration, (y, P;), such that,
for some codlition S; € P;

S>> zn (i=1...,0. (2)

i€s; i€s;

Hence, for any feasible choice of z, there exists a solution con-
figuration, (y, P;), such that

(y,P;) dom (z,Pg).
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To prove this, suppose that for dl (y, P;),

Z yi < Z 2. (3
i€s; i€s;
Inparticular, (3) will be truefor asolution configuration, (y, P;),
with v
Syi=Y dE(Py).
i€, i€s;

Summing both sides of (3) over j will then yield
l l n
Z Z cE(P;) < Z Z T = Z(;I:Q(P(;),
j=1i€s; j=1i€s; i=1

which isa contradiction.
Therefore, frominequality (2), (z, Pc) ¢ C for any feasible z.
Using Proposition 4.2, thisimpliesthat C = @.m

5 Examples

Example 1: The following problem is athree-level continuous
knapsack problem with no core:

K(3) max2zy + 5z, + x3
st: max xy, + 3x3
st: max4dxy + xp + das
st: x1t+arx+az3 <1l

rz; >0,i=123.

Under codlition structure Py, the payoffs are v({1}, o) = 4,
v({2},Po) = 1, and v({3}, Po) = 2. Under the grand codlition,
Pq, the payoff isv({1,2,3},Pg) = 8.

Now consider the codlition structure P = {{1},{2,3}}. The
payoffs are v({1},P) = 1, and v({2,3},P) = 5. Note that
coditions {1} and {2, 3} aredisjoint and that

v({1},Po) +v({2,3},P) > v({1,2,3},Ps).

Therefore, from Proposition 4.3, the embedded game has an
empty core.

Example 2: A three-level problem with acoreis

K(3) max2z; + 3
st: max 2rq + 3xo + x3
st: max 3z1 + x2 + 13
st: x1t+arx+a3 <1

z; >0,i=123.

For athree-level problem, there arefive possible coalition struc-
tures:

Po = {{1}.{2}, {3}}
Pr={{1,2},{3}}
P2 ={{1,3},{2}}

The corresponding payoffs are

Ps = {{1},{2 3}}
P = {{1,2,3}}

2

From Proposition 4.1, dl solution configurations within the
core yield a payoff to the entire system equal to the amount
realized by the grand codlition, Ps. Hence, only solution con-
figurations with coalition structures which yield this amount are
possible candidates for the core. For this example, solution con-
figurations (r, P1), (s, Ps) and (¢, P ), wherer, s, and ¢ are, asof
yet, unspecified imputations, are possible el ements of the core.

The next step in determining the core is to partition imputa-
tionsr, s, and ¢ such that their respective solution configurations
cannot be dominated. Note that it is sufficient to partition only
imputation r since s and ¢ will be equivaent. The imputation
r = (r1,72,73) Must satisfy

r1 >3 r1+12>5
rp>1 r1+13>2
r3>2 ro+13>4

ri+ratry="7.

Inthis case, there is only one feasible imputation, r = (3,2, 2).
Hence

C= {((37 27 2)77)1)7 ((37 27 2)77)3)7 ((37 27 2)77)(1)}'

In general, the set of imputation in the core may be a convex
polyhedron rather than a single point. In such cases, the above
procedure does not specify afinal disbursement of payoffsamong
the players. This issue is examined extensively in the game
theory literature (see, for example, Lucas[11], and Shapley [12]).

6 Conclusions

This paper has presented a method for evaluating the effects of
coalition formation in a particular class of n-person Stackelberg
games. Most of the results here should be amenable to extension
into more genera cases. The solutions to such problems might
suggest ways in which a hierarchical system could be restruc-
tured to remove overal system inefficiencies. In addition, the
formulation can help predict the additiona benefits which would
accrue from such modifications.

The methods developed here have characterized the n-level
linear resource control problem as an abstract game. If a
nonempty core exists for such a game, then enforceable codli-
tionsexistswhich could gain additional benefits from the system.
It has been shown that there exist models of three (and higher)
level hierarchical systemswhere such cooperative arrangements
do not tend to arise.

There are anumber of issues which have yet to be addressed.
One of these is the development of an efficient agorithm to
construct the core if it is nonempty, Also, when the core is
empty, it is uncertain which solution concept should be used to
dlow the players to obtain the increased payoffs which still may
be available.

Of course, this approach will not be appropriate for al hi-
erarchical system management problems. However, for those
systemswhereit is applicable, it should assist inimproving sys-
tem performance.
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