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ABSTRACT 

The measurement of the  longi tudinal  coupling 

impedance of an acce le ra to r  component by coaxia l  wire 

methods i s  discussed. P o t e n t i a l  e r r o r s  i n t r i n s i c  t o  

this method a r e  pointed out  and analyzed. It i s  

concluded t h a t  measurements using the  transmission 

r a t h e r  than the  r e f l e c t i o n  c o e f f i c i e n t  a r e  preferable  

and a r e  expected t o  give adequate r e s u l t s  i n  the  l i m i t  

of t h i n  cen te r  conductors. 
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I. INTRODUCTION 

The longi tudinal  coupling impedance of an acce le ra to r  component 

i s  usual ly  measured by i n s e r t i n g  a wire i n  the  cen te r  of the  beam pipe 

t o  form a coaxia l  transmission l ine .  Under c e r t a i n  condit ions the  

measurable c i r c u i t  parameters a r e  r e l a t e d  t o  the wal l  impedance which 

couples t o  the  beam. Ei ther  the  r e f l e c t e d  wave or  the  transmitted 

wave have been used t o  determine the  coupling impedance. 
1-8 

The r e l a t i o n  between a s ing le ,  lumped wal l  impedance and the  

s c a t t e r i n g  matrix descr ib ing the  two-port is simple and t ransparent  

fo r  both r e f l e c t i o n  and transmission coef f i c ien t .  . . 

I n  t h i s  r epor t  i t  w i l l  be shown t h a t  i f  two o r  more impedances 

a r e  present  i t  becomes advantageous t o  use the  transmission-coef f i c i e n t ,  

a s  the  sum of a l l  impedances e n t e r s  d i r e c t l y  provided the re  i s  no . , .. 

change i n  cross  sec t ion  of the  beam pipe. 

A s  an example of a d i s t r i b u t e d  coupling impedance associa ted  

with changes i n  cross  sec t ion  a c y l i n d r i c a l  cavi ty ,  for  which the  

coupling impedance i s  well  known, 9910 i s  considered. The impedance 

determined from the  r e f l e c t i o n  c o e f f i c i e n t  may now be wrong' by a s  much 

a s  an order of magnitude, and the  e r r o r  i s  independent of the choice 
. . 

of diameter of the center  conductor. Again, b e t t e r  r e s u l t s  a r e  obtained 

1. A. Fal tens ,  E.C. Hartwig, D. &hl ,  and A.M. Sess le r ,  Proceedings 
8 t h  In ternat ional  Conference on High Energy Accelerators,  CERN, 
1971, p.338. 

2. H.H. ~ m s t i t t e r ,  CERN MPs/s~/Note 72-27. 
3. H.H. ~ m s t i t t e r ,  CERN MPS/SM/Note 74-15. 
4. H.H. ~ m s t x t t e r ,  IEEE Trans. NS-22, p.1875. 
5. M. Sands and J. Rees, SLAC Report PEP-95 (1974). 
6. P.B. Wilson, J .B .  S ty les  and K.L.F. Bane, IEEE Trans. NS-24, p.1496. 
7. H. Hereward, ISR-BEIC-145 ( ~ e v . ) / H ~ H / p s  (1976). 
8. P. Bramham, cERN-ISR-RF/76-49. 
9. E. Kei1,and Z. Zo t t e r ,  P a r t i c l e  Accelerators,  2, 11 (1972). 

10. P. Guidee, H. Hahn and Y. Mizumachi, BNL Formal Report ISA 78-4 (1978). 
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by using the transmission coefficient and the correct result is 

obtained in the limit of an infinitely thin center conductor. But 

for the diameters used so far in practice the errors are still substantial. 

In general, results from coaxial wire measurements should be inter- 

preted with caution. ~ransmission measurements are less erroneous. than 

reflectiori measurement's, especially when the center conductor is chosen 

as thin as measurement accuracy permits. 

11. SINGLE, LUMPED IMPEDANCE 

We consider a single localized impedance Z associated with a 
W 

short gap in the circular beam pipe, Fig. 1. Coupling impedance 

Z = z in this case. 
C W 

The characteristics of a two-port in a transmission line envirdnment 

is most conveniently described by the scattering matrix or the S-parameters 

as defined in appendix A. 

The two-port above can be described as 3 cascaded two-ports, a, B, 

and Y (Fig. 2),. 

Fig. 2 
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where 

is the characteristic impedance of the transmission line. Z is 
0 

the impedance of free space, Zo = cpo 377 0. From the definitions 

of the S-parameters we get: 

L 
cr.W for Z << R 

2Ro W 0 

L 
W - 1  - -  
2R 

for Z << R 
W 0 

0 

where 

is the propagation constant for the transmission lines. From the cascading 
* -  . 

formulaes (appendix B) we get the total S-matrix: . . 
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where d = d + d is the total length. It is seen that the S parameters 
1 2  

do not change in magnitude along the transmission lines, only their 

phase is changed. The measured ref lection-coefficient , S;1By, must thus 

be corrected for the phase shift caused by 2d 1' 

and Z can be determined: 
W 

LS 2 ~ ~ s  for IzW I << Ro . 
aB Alternatively the transmission-coefficient, S y, must be corrected for 
2 1 

the phase shift caused by the total line length, d: 

and Z can be determined: 
W 

For a single localized impedance the two methods appear equally good 

except that the exact location of the gap must be known in case of the 

reflection-coefficient while only the total length has to be known in 

case of the transmission-coefficient as the transmission is independent 

of the location of the gap. 

Transmission measurements may also be preferred if the impedance 

to be measured is large compared to R (accelerating cavity e.g.), as it 
0 
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is much easier to measure a transmission close to zero than a 

reflection close to unity. 

111. TWO LUMPED IMPEDANCES. DISTRIBUTED IMPEDANCES. 

For two localized impedances we have the circuit equivalent Fig. 3. 

. . Fig. 3 
The elements of the scattering matrices are: 

For the combined S-matrix we find: 
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- 6 -  

Even i f  the r e l a t i v e  loca t ion  of the  two lumped impedances is  

known one cannot i n  general determine the  impedances from the  r e f l e c t i o n  

c o e f f i c i e n t  as  they en te r  with d i f f e r e n t  phases. Only i f ,  a  p r i o r i ,  

it i s  known t h a t  the two impedances a r e  i d e n t i c a l  we ge t :  

- jk2 2Zw1 cos k t 2  - , . i f  Zwl = Zw2 
2Ro 

and the  measuring frequency w i l l  have t o  be r e s t r i c t e d  (kg << 1 ) .  
2 

I n  the  transmission-coefficient  the  two contr ibut ions  simply 

add up independently of t h e i r  locat ion,  and we ge t  immediately the  

t o t a l  impedance provided t h a t  each contr ibut ion i s  small compared 

t o  R . 
0 

This r e s u l t  can e a s i l y  be extended t o  more than two impedances 

. or  t o  a general ,  nonuniform, d i s t r i b u t e d  impedance: 

dZ = z (x) dx 
W 
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By spl - i f . t ing  the impedance i n t o  i t s  r e a l  and imaginary p a r t s ,  

One can see  t h a t  the imaginary p a r t  a f f e c t s  the  phase while the  r e a l  

,, part af 'fects '  the  amplitude of tlie t ransmitted s igna l .  . *, ?. & 

I 

. . 

'. .:.I.. , .. ..... . . .  
This r e s u l t  agrees with Faltens e t  a l . A  although they mainly . . . . . . . . . . . . .  . . . . .  . . <. XI: 

emphasized the  phase s h i f t  caused by the  imaginary par t .  I f  the  

transmitted s igna l  i s  compared with a reference  s igna l  from a t rans-  

mission l i n e  with same delay, one should be ab le  t o  measure small  

amplitude va r ia t ions  too and thus the  - r e a l  par t .  
* - .  . . . . .  

It i s ,  however, important t o  point  out  t h a t  t h i s  de r iva t ion  

assumes t h a t  the coupling impedances a r e  not associated with tiny change 

i n  cross-sect ion 'of  the beam pipe. 
. . . . 

111. A DOUBLE STEP -CROSS SECTION CHANGE 

As an example of a  d i s t r i b u t e d  coupling impedance associa ted  with 

cross  sec t ion  changes a c y l i n d r i c a l  cav i ty  is  considered. 

b-a 
Fig. 4 
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For frequencies we l l  below the  cu to f f  frequency of the  beam pipe the  

coupling impedance i s  purely inductive. 9 y  lo I f  the  c a v i t y  length  

4, i s  longer than the  pipe radius  the  inductance i s  independent of 4, 
2 2 

as  the re  i s  no i n t e r a c t i o n  between the  two s teps .  The wa l l  can, 

therefore ,  be charac ter ized  by a s e r i e s  inductor associa ted  with 

e a c h  s tep ,  and we g e t  the  following c i r c u i t  equivalent  with the  

cen te r  conductor inse r t ed ,  Fig. 5 :  

Fig. 5. 

z z b 
where K = t n  - d 

and R1 = t n  - a r e  the  c h a r a c t e r i s t i c  impedances 
o 277 a 277 a : .  of the  transmiss ion l i n e s  ' involved. 

For the  two-ports I3 and 6 we use reference  impedances fo r , . t he  

S-matr ix equal t o  the  c h a r a c t e r i s t i c  impedances of the  transmiss ion 

l i n e s  a t tached t o  them a s  t h i s  gives simple S-matrices f o r  the  

transmission l ines .  We ge t :  
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From the cascading formulaes (appendix B) w e  ob ta in  a f t e r '  some 
. . 

. . 
manipulations : 

. " 

where AR = R1 - R . 
0 

. . ,  . . - .  , 

22 
is  i d e n t i c a l  to  S except t h a t  4 i s  replaced by 4, 

11 1 3' . . . ,  .. 

We w i l l  f i r s t  consider the  r e f l e c t i o n  coef f i c ien t .  I f  the  s t e p  
. . - .  . , .  

height  is  r e l a t i v e l y  small, AR << R and 5 << Ro, and w e  r e t a i n  only 
0 

lowest order terms i n  A R / R ~  and X /R 
L 0'  

- e -jk(2JlG2) - { J2AR s i n  kc2 + j 2 5  cos k4 } 
2Ro 2 
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where the  phase term exp[-jk(24 + 4, ) 1 corresponds t o  the  cen te r  of 
1 2  

the  cavi ty .  We g e t  the  beam coupling impedance term j2 wi th  the  5, 
cos ine  f a c t o r  a s  i n  Eq. (11) plus an apparent a d d i t i o n a l  inductive 

term associa ted  with the  coaxia l  wire se tup and caused by the  change 

i n  c h a r a c t e r i s t i c  impedance, nR. For low frequencies , 

and Eq.  (16) reduces f u r t h e r  t o  

from which i t  i s  seen t h a t  the  add i t iona l  measured "inductancel ' , . is 
. . 

propor t ional  t o  the  s t e p  separa t ion  4 
2' 

9 ~ r 6 m ~ e i . l  and Zot ter  we ge t  the  low frequency impedance of  the  . 
I .  . . . 

double" s t e p  (4 >> b) : . < -  - .  , .  

2 .,..-:- . . . . . . , . . .  

If n = wR/c i s  el iminated:  

f o r  d - b << b . 
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and the  inductance of two s teps  i s  thus: 

The change i n , c h a r a c t e r i s t i c  impedance i s  

so  the  add i t iona l  measured "inductance" Lr becomes 

which becomes equal t o  the  s t e p  inductance 2L f o r  
S 

It follows that 'we ge t  a f ac to r  2 e r r o r  i n  the  measured r e s u l t  a l ready 
11 .. . . .  . 

f 0 r . a  cav2ty .length which ' i s  about ha l f  the  s t e p  height.  

For the  example of the  ISABELLE prototype pickup and c l e a r i n g  

e lec t rode box with 

4, = 31 cm, d = 5.8 cm, b = 3.6 cm 2 

the  s t eps  can be considered reasonably independent and the measured . . 

inductance as  given by Eq. (18) w i l l  be 30.4 times l a r g e r  than the . 
' 

double s t e p  inductance 2Ls. 

The much too l a rge  inductance obtained from "black-box" i n t e r p r e t a t i o n  

As the  s t r u c t u r e  of the  r e f l e c t i o n  c o e f f i c i e n t  agrees with measurements. 

i n  t h i s  case is simple and wel l  known, one can, however, i n  p r i n c i p l e  

take the  change i n  c h a r a c t e r i s t i c  impedance properly i n t o  account. 
,212 

I 

11. The formulae (19)for the  double s t e p  inductance i s  not  even v a l i d  
f o r  lengths t h a t  shor t .  

12. S. Giordano, p r i v a t e  communication. 
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But as  the  correc t ion term i n  t h i s  example is  about 30 times l a r g e r  

than the  coupling impedance t e r m  t h i s  w i l l  drown i n  measurement 

inaccuracies. Furthermore, the  exact  formulae (14) w i l l  have t o  be 

used a s  the  correc t ion term must be p rec i se ly  known. Final ly ,  the  

r e f l e c t i o n  method cannot be used fo r  more complex s t ruc tu res ,  f o r  

which the  cor rec t ion  term is unknown. 

From Eq. (16) the  o r i g i n  of t h i s  e r r o r  is  obvious. I n  addi t ion  

t o  the  re f l ec t ions '  from the  s t e p  inductance which couples t o  the  beam 

there  a r e  two r e f l e c t i o n s  with opposite  s igns  except fo r  a small 

phase s h i f t  exp(-jk2d ). They o r i g i n a t e  from the change i n  impedance 
2 

AR (which i n  the r e l a t i v i s t i c  l i m i t  B = 1 does not  couple t o  the beam). 
0 

Added they appear s h i f t e d  90 and proport ional  t o  frequency and look 

therefore  exact ly  l i k e  an addi t ional  inductance. Only fo r  very shor t  

c a v i t i e s  the cor rec t  r e s u l t  i s  expected as  the  cav i ty  now can be 

considered a s  a lumped element associa ted  with a shor t  gap. For a . . 

gi.ven length C the  r e l a t i v e  e r r o r  increases a s  the  s t e p  height  decreases 
2 

because the  undesired r e f l e c t i o n s  a r e  proport ional  t o  the  s t e p  height ,  

Eq. (20), while the  s t e p  inductance i s  proport ional  t o  the  s t e p  height  

squared, Eq. (19). Notice t h a t  the r e l a t i v e  e r r o r  fo r  r e f l e c t i o n  : . . 

measurements i s  independent of the  radius  of the  c e n t r a l  conductor. 

Consider now the transmission, Eq. (15). I f  the s t e p  height  i s  

r e l a t i v e l y  small, 5 << AR << Ro , and we r e t a i n  only lowest order terms 

i n  AR/R. o and S IRo:  . 

For low frequencies, the approximation of Eq. (17) i s  va l id  and we ge t :  
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Thus Eq. (22) reduces to:  

It i s  seen t h a t  the  e f f e c t  of the  changes i n  c h a r a c t e r i s t i c  impedance 

again shows up as  an apparently increased inductance, although genera l ly  

much smaller  than i n  the  r e f l e c t i o n  case. 

The add i t iona l  measured inductance L has the  value 
t 

(AR) 242 . ko (d - bI2 t2  
m - 

It 
- 

R c  
0 

2 d n ( b / a )  b2 

. . 

which becomes equal t o  the  s t e p  inductance 2Ls f o r  

which genera l ly  is  much longer than 4 i n  Eq. (21). The e r r o r  can i n  2  
princip1,e be made as  small a s  des i red  by choosing a  s u f f i c i e n t l y  t h i n  

wire  a s  L 3 0 f o r  a  0, but the  e r r o r  does not decrease very rap id ly  
t 

due t o  the  logarithm function and the re  a r e  l i m i t s  t o  how t h i n  a  wire 

can .be used. 

For the  ISABELLE pickup box previously considered and assuming :, . 

3 b l a  = 10 , Ro = 60 Ln b/a  = 415 n (26) 

. . 

the  co r rec t ion  term is about equal t o  the  s t ep  inductance; a  s u b s t a n t i a l  

improvement over the  f a c t o r  30 i n  the  r e f l e c t i o n  case. 
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The assumption << AR used for  the  approximation, Eq. (23), 

can be shown t o  be equivalent  to: 

2nc = - 
W 

>>3.36 (d - b). 

which always can be considered t o  be f u l f i l l e d  f o r  frequencies fo r  

which our model i s  va l id .  

The four terms i n  Eq. (22) can be explained as follows. The 

f i r s t  term i s  the  unperturbed transmission, the  ~ c c o n d  i s  the  transmission 

l o s s  from the  two s t e p  inductances, the t h i r d  is  the  transmission l o s s  

from two changes i n  impedance, which i s  p a r t i a l l y  compensated by the ' 

four th  term, which represents  the twice r e f l e c t e d  s igna l  and which, 

therefore ,  is  s h i f t e d  by 2kk i n  phase. A s  e i t h e r  two transmissions 
2 

o r  two r e f l e c t i o n s  a r e  involved i n  the undesired terms, the  r e l a t i v e  

change i n  impedance e n t e r s  squared, and the undesired terms become 

second order terms, which can be made small by choosing a high c h a r a c t e r i s t i c  

impedance or  a t h i n  center  wire. 

It i s  worth pointing out  t h a t  s ince  both des i red  and undesired terms 

a r e  proport ional  t o  the  s t ep  height  squared, the  r e l a t i v e  e r r o r  is  

independent of the  s t e p  height .  . . . , 

The importance of choosing the  proper wire diameter was already 

pointed out  by sands and ~ e e s ~ ,  although t h e i r  argumentation was d i f f e r e n t .  

Requiring t h a t  the  transmitted pulse i s  only s l i g h t l y  modified r e l a t i v e  

t o  the  inc ident  pulse is  the  same a s  requir ing t h a t  the transmission- 

c o e f f i c i e n t  does not devia te  too much from uni ty  w i t h i n . t h e  frequency 

spectrum of the pulse;  a requirement t h a t  was shown necessary fo r  

the  v a l i d i t y  of Eq. (12) : Izw I << Ro. I n  the  p resen t  case 5 << R 
0 

i s  a necessary condit ion f o r  a small e r r o r ,  but not always a s u f f i c i e n t  

condit ion. .  The necessary condit ion can-always be s a t i s f i e d  a t  low . . '  

frequencies. The requirement 
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' i s  o f t e n  a s t r i c t e r  l i m i t a t i o n  than << R f o r  the  choice of wire  
X L O  

s i ze .  There a r e  l imi ta t ions  t o  how t h i n  the  wire  may be chosen. 
5 

F i r s t ,  t he re  a r e  l i m i t s  t o  how t h i n  a wire can be s a f e i y  handled; 

second,' t he  losses  may l i m i t  the  wire  dimension although a ref'erence 
b 

l i n e  could e l iminate  t h i s  t o  ' a  l a rge  extent .  But the  most se r ious  

l i m i t a t i o n  is  probably l o s s  of measurement accuracy. A s  the  undesired 

terms a r e  reduced r e l a t i v e  t o  the  des i red  term by choosing a higher 

R and thus reducing the  systematic e r r o r ,  the  des i red  term is  
0 

simulkaueously reduced compared t o  un i ty  [ E ~ s .  (22) and (23) 1 and 

the  small  change i n  t ransmission may drown i n  inaccuracies and random 

e r r o r s  i n  the  measuring setup. 

, ' The low frequency requirement, Eq. (17),  i s  not  necessary when 

meas-uring transmiss ions. The per turbing terms, Eq. (22), w i l l  no t  appear 

purely induct ive  though, but i f  Eq. (27) i s  s a t i s f i e d  ' the per turbing 
. . 

terms w i l l  remain small. 

For higher frequencies (above waveguide c u t o f f )  the  model used 

i s  no longer v a l i d ,  and a f i e l d  c a l c u l a t i o n  and comparison between 

the  conductor/pipe and beam pipe systems w i l l  be required.  Not- 

withstanding,  the  transniission method is  expected t o  be super ior  t o  

the  r e f l e c t i o n  method as . . indica ted  by the  r e s u l t s  a t  low frequencies. 

Summarizing the  above d iscuss ion,  we suggest the  transmission 

se tup shown i n  Fig. 6 t o  measure the  longi tudinal  coupling impedance 

of wave guide d i s c o n t i n u i t i e s  and t y p i c a l  acce le ra to r  components. 

REFERENCE LlNE /-MATCHING SECTIONS 

- 
MEASURING LlNE 

Fig. 6 
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Tapered matching sect ions  a r e  required t o  change the  impedance from 

50 0, f o r  which standard high frequency components a r e  ava i l ab le ,  to  

the much higher Ro required i n  the  measuring l ine .  Imperfections 

i n  the  matching sect ions  a r e  cancelled out  by i d e n t i c a l  matching 

sect ions  i n  the  reference l i n e .  The two transmitted s igna l s  a r e  then 

subtracted i n  a hybrid junction,  and the  d i f fe rence  r e l a t i v e  t o  the  

reference  gives the  impedance r e 1 a t i v e . h  2R . It i s  important t h a t  
0 

the  two branches of the  generator  a r e  wel l  i s o l a t e d ,  a s  the  r e f l e c t e d  

s igna l  o f t en  is  much l a rge r  than the  change i n  transmissi.on, .and the  

r e f l e c t e d  s i g n a l  must not  per turb  the  reference s ignal .  
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. . . .. . 
APPENDIX A . . . . : . . ' i .  

. . 
. - 

The Scattering Matrix - Definitions 

The scattering matrix is a convenient way to describe a two-port 
13 . . ,  . 

I . . . .  
in a transmission line environment. . 

, . . . 
. .- 

. ... . . 
7 * . I  . 

. . . . 
, - , . "'. . . , . . 
, . . . .  . 

b l b 2  . . . . :, " : .. " . . . , . . .  , , . * .  , , . .\ .* . . . .a  

. .- ' ~ ~ f  R  : "  ., 
0 1 R e f ; =  RO2 .. , 

- .  

. Fig,.;. 7 . . . ,  
. . 

. .  . . . . . , * .,.., . .'<..,:' . . .. : , ,  . 
, . 

. . . _ / .  . . .. i ,+... . . 
. . .. 

. .  - . .  . 
; .  

Incident (a's) and reflected (b' s)  wave parameters are def inedb.b;y: ' 

', ' 
. ,  . .. - .  , " (Al) 

. . 
where R and RO2 are arbitrary.,: positive, real reference impedances. 

0 1 
The scattering parameters S are defined by: 

. . . . ij . . .  , . .  . . 

13. F.F. Kuo, Network Analysis and Synthesis,(John Wiley & Sons, 
. . New York, 19.62). . 
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The input  r e f l e c t i o n  c o e f f i c i e n t  S i s  thus given by: 11 

where z i s  the input  impedance with the output por t  terminated i n  t h e '  
1 

reference  impedance. 

The forward transmission ' coe f f i c ien t  S i s  given by: 
2  1 

where R = R gives a  simple re la t ionsh ip  between V and a  and 
1 01 g l '  1 ' 

R = R implies a  = 0. 
2  02 2. 

By revers ing input and output por t s  we get  the output refl-e-ction 

c o e f f i c i e n t :  

and the  reverse  transmission coef f i c ien t :  

I f  the  two-port i s . a  l o s s l e s s  transmission l i n e  i t  i s  convenient t o  

choose the  reference impedances equal t o  t h e  c h a r a c t e r i s t i c  impedance: 
- - 

RO1 - RO2 - ZO. 
The wave parameters can then be r e l a t e d  t o  inc ident  

and r e f l e c t e d  voltages.  The s c a t t e r i n g  matrix i s  then: 

where jk i s  the  propagation constant  and 4. the  l i n e  length. 
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APPENDIX B , 

. . 
The S-matrix f o r  cascaded Two-Ports . . .  . . 

A s  the  S-matrix gives r e f l e c t e d  waves i n  terms of inc ident  waves, 

the  S-matrix f o r  cascaded two-ports cannot be obtained by simple 

matrix mul t ip l ica t ion .  

Fig. 8 ;. . ,.+ 

I f  the  reference  impedances a t  the  junction point  a r e  chosen i d e n t i c a l ,  
B 

= RO1, we have 

B Q) B al = b2 and a = bl 
2 

and these four parameters can be el iminated i n  (Bl) and (B2): 
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from which we get  the S-parameters of the cascaded two-ports: . 
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