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Abstract

A differential encoder is developed that preserves the phase trellis of continuous
phase frequency shift keying (CPFSK) through differential demodulation. This differential
encoder interfaces well with the decomposed model of CPFSK, creating a decomposed
model of differentially-encoded and differentially-demodulated CPFSK (DCPFSK). The
normalised minimum squared Euclidean distance d2 of uncoded DCPFSK is calculated.
A code search model is developed, allowing codes over rings to be specifically designed for
DCPFSK. The results of code searches show that there is very little loss in d2, when
comparing coded DCPFSK systems with coherently-demodulated coded CPFSK systems.
The performance of uncoded and coded DCPFSK systems in both additive white Gaussian
noise (AWGN) and Rayleigh flat fading is analysed and simulated. DCPFSK is shown to
be relatively robust to medium to slowly-varying fading, without the use of any additional
techniques.

Rate-1/2 encoded quaternary DCPFSK with modulation index A = 1/4 is com-
pared with coherently-demodulated uncoded MSK and differentially-encoded and different-
ially-demodulated minimum shift keying (DMSK) without error-control coding, in AWGN

and Rayleigh flat fading. The coded system shows that significant performance improve-

ment can be obtained through simple coding, particularly in Rayleigh flat fading.
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Chapter 1

Introduction

1.1 Introduction

Telecommunications—and particularly digital communications—are a very important part
of today’s society. People like being able to communicate across long distances. This
communication can be the most common of human communications—that of voice—or
it can be the more recent and rapidly-growing field of computer data. No matter how
advanced communication systems become, high-end users want to be able to communicate
faster and more cheaply. At the same time, there are many parts of the world that do not
have even the most basic communication systems. This means that there is an enormous
range of communication needs and desires in the world, and that there is scope for the
development of many different communication systems and products.

It is perhaps at the lower end of the spectrum that the research in this thesis is
placed. We seek to further the development and analysis of a simple wireless communica-

tion scheme that will provide a low-cost, low-to-medium capacity digital service.

1.2 Background

Our communication scheme is called differentially-encoded and differentially-demodulated
continuous phase frequency shift keying (DCPFSK). DCPFSK is based on continuous
phase frequency shift keying (CPFSK) which is a simple continuous phase modulation
(CPM) scheme. The main advantage of CPM schemes is the fact that they are constant-
envelope modulations. This permits the amplifiers in CPM schemes to run in their non-
linear but power-efficient regions. There are many different and complex CPM schemes,

of which CPFSK is one of the simplest. In turn, the simplest CPFSK scheme is known



as minimum shift keying (MSK) and is very widely used, a particular example being the
Global System for Mobile Communications (known as GSM) that uses Gaussian minimum
shift keying (GMSK).
| The state of the art of CPFSK systems up to 1986 is very well presented in [A AS86].
From then on the most important development was that of Rimoldi in [Rim88], who showed
that the important class of CPFSK schemes with modulation index h = K/P where K
and P are relatively prime positive integers, could be represented by a decomposed model
[Rim88] consisting of a continuous phase encoder (CPE) and a memoryless modulator
(MM). This model provides insight into CPFSK, and allows its inherent coding and mod-
ulation to be studied individually. Rimoldi showed how this model could be used to design
codes specifically for CPFSK in [Rim89]. Yang and Taylor went further and developed
codes over rings for CPFSK using the decomposed model in [YT94]. They found codes
that performed better than previous techniques developed without the model. Rimoldi
and Li found similar results in [RL95].

The coded CPFSK schemes use coherent demodulation which requires an accurate
carrier reference. Acquiring the carrier in more extreme channels can be difficult and/or
very computationally intensive. Differential demodulation uses the previous symbol to de-
modulate the current signal, thereby avoiding the need for a carrier reference at the receiver
at the expense of incurring a performance penalty. Differential decoding also modifies the
transmitted data. To avoid this, a differential encoder can be used. A standard differential
encoder—such as that used in differential phase shift keying (DPSK)—does not work with
CPFSK as it removes CPFSK's inherent coding and suffers a further performance loss.
Differentially-demodulated CPFSK has been discussed in various papers [AS81], [Mas90],
[YL90] and [SZ98] for example, but only binary CPFSK systems are considered, and no
differential encoder is proposed. A differential encoder that preserves the inherent coding
has been developed in [YT92], but it too only works with binary CPFSK schemes, and
does not interface well with the decomposed model.

We seek to design and analyse coding schemes for CPFSK that work well x&ith
differential demodulation in additive white Gaussian noise (AWGN) and Rayleigh flat

fading.

1.3 Scope

We consider only the AWGN and Rayleigh flat fading channels. No intersymbol interfer-
ence (ISI) other than that introduced by fading or filters at the front end of the receiver is

2



present in the channel. Additionally, we do not restrict the bandwidth of the transmitted
signal, as we wish to determine the optimum performance of our system. We do not con-
sider synchronisation issues, although the only synchronisation that the DCPFSK receiver
would require is that of symbol timing. Finally, we only consider the code structures used

in [YT94] as they were shown to perform the best.

1.4 Overview

In Chapter 2 we present and discuss coherently-demodulated CPFSK and its decomposed
model and other relevant background material. We then discuss differential demodulation
and develop a differential encoder that interfaces very well with the decomposed model and
enables CPFSK to be differentially demodulated without losing its structure in Chapter 3.
Our DCPFSK receiver structure is based on minimising the squared Euclidean distance
(SED) between the received signal and all the possibly-transmitted signals. To aid us
in determining the receiver’s error performance, we calculate the normalised incremental
SED (NISED) and normalised minimum SED (NMSED) of DCPFSK. We approximate
the theoretical error performance of DCPFSK in additive white Gaussian noise (AWGN)
and compare this to simulation results.

Chapter 4 discusses the coding method and models used in [YT94] with the aid
of some examples. We develop the DCPFSK models required to perform similar code
searches for DCPFSK. We show how these codes interface with DCPFSK and how they
can be implemented through examples. We present the results of code searches that show
that very little NMSED is lost between a coded CPFSK and a coded DCPFSK scheme.

We look at the performance of coded CPFSK and DCPFSK systems in AWGN in
Chapter 5. We use some of the work in [YT94] to derive an expression for a union bound
on the bit error probability of coded CPFSK and DCPFSK systems in AWGN. We then
apply a limited-length, exhaustive search to find the significant terms in the union bound
and compare the computed results to those generated in simulations. In almost all the
casés the two sets of curves agree very well.

In Chapter 6 we investigate the performance of DCPFSK in various Rayleigh flat
fading channels. A CPFSK receiver using coherent demodulation will not work at all in a
fading channel without additional algorithms to recover the faded carrier. The DCPFSK
receiver performs reasonably well in fading as the inherent operation of the differential de-
modulator partially compensates for the fading. We first determine the form of the faded

and differentially-demodulated received signal, and then develop the pairwise probability



of error of DCPFSK in fading using the Gaussian quadratic form and the residue theorem.
Using the union bound techniques of Chapter 5, we calculate the error performance of
coded and uncoded DCPFSK in fading and compare the computed curves with simulated
results, Irreducible bit error rates are observed, as the effect of the deep nulls and rapid
phase changes associated with Rayleigh flat fading cannot be totally removed. In compar-
isons between comparable coded and uncoded systems, the coding is seen to significantly
lower the irreducible error rates.

The work in the thesis is summarised in Chapter 7. We also draw some conclusions

and discuss future research options that have been opened up.

1.5 Contributions

The original contributions in this thesis are Chapters 3 and 6 and parts of Chapters 4 and

5. Specifically they are:

e Development of a differential encoder that preserves the phase trellis of CPFSK
through differential demodulation and interfaces well with the decomposed model of

CPFSK.

e Analysis and discussion of differentially-encoded and differentially-demodulated con-
tinuous phase frequency shift keying (DCPFSK) including the calculation of the
normalised incremental squared Euclidean distance and the normalised minimum
squared Euclidean distance and the development of an approximate performance

measure.

e Development of a code search model for M-DCPFSK systems (M-ary DCPFSK
systems with h = 1/M).

e New codes for M-DCPFSK systems.

e Calculation of the performance of selected coded M-DCPFSK systems in AWGN’
including the finding of significant distance terms and error coefficients for selected

coded M-DCPFSK systems.

e Analysis and calculation of the performance of selected M-DCPFSK systems (both
coded and uncoded) in Rayleigh flat fading.



1.6 Publications

The following papers have been written on the work in this thesis, and have been published,

or are awaiting publication:

e A. Griffin and D. P. Taylor, “On differentially demodulated CPFSK,” in Proc.
IEEE International Conference on Communications, Dallas, TX, June 1996, vol. 1,

pp. 354-358.

e A. Griffin and D. P. Taylor, “Coding CPFSK for differential demodulation,” Ac-

cepted for publication in IEEE Transactions on Communications.






Chapter 2

Continuous Phase Frequency

Shift Keying

2.1 Introduction

Continuous phase frequency shift keying (CPFSK) is a true constant-envelope modula-
tion, which makes it an attractive communication scheme for wireless communications. It
is basically frequency shift keying (FSK) with the added restriction that the phase is con-
tinuous between symbol intervals. This restriction decreases the bandwidth requirement.
The phase-continuity introduces a definite trellis structure into CPFSK, which complicates
analysis and understanding. A decomposed model of CPFSK was presented in [Rim88],
that allows CPFSK’s inherent coding and modulation to be explored independently, and

provides insight into this important communications scheme.

We present a mathematical description of CPFSK in Section 2.2. This provides
the necessary definitions to proceed. We then discuss the phase tree generated by CPFSK
in Section 2.3 and develop the phase trellis of CPFSK in Section 2.4. This leads to the
decomposed model of CPFSK which is described in Section 2.5. The optimum detection of
CPFSK is discussed in Section 2.6, and a receiver that performs this optimal detection is
presented in Section 2.7. The distance properties of CPFSK are presented in Section 2.8,
From there the error performance of CPFSK is discussed in Section 2.9. In Section 2.10
we present our simulation results and compare them to computed curves. Finally, in

Section 2.11 we present a brief summary of the chapter.



2.2 Continuous Phase Frequency Shift Keying

A CPFSK signal can be described by [Rim88|

st U) = 1/?cos(27rf1t+¢(t,U)+goo), £> 0, 2.1)

where F is the symbol energy, T is the symbol period, g is the initial phase offset, and

f1 the asymmetric carrier frequency, which is related to the symmetric carrier frequency
Je by

h

Jio= fom (M = 1) (22)

P(t,U) is called the tilted (information-carrying) phase, and is given by

(i, U) = 4m‘zi Upg(t —nT), ¢>0. | (2.3)

n=0

This is assumed to be 0 at £ = 0. The M-ary daote sequence U is given by
U = (Uy,U,...), Up€{0,1,... (M- 1)} (2.4)

We assume that the symbols U, are independent and equiprobable. The symbol energy F
is related to the bit energy I by

E = Ey-r-logy M, (2.5)

where r is the rate of any external error-control coding (ECC), that is, the average number
of information bits per symbol period 7. In the case of no ECC, r = 1.
The parameter h in (2.2) and (2.3) is called the modulation indez. We consider

here only rational modulation indices of the form

K
h= % (2.6)

where K and P are positive integers with no common factors. This ensures that the phase
of the CPFSK signal has a structured form as we will see in Sections 2.3 and 2.4. The
phase response q(t) for CPFSK is

0, £<0

g(t) = ¢t/2T, 0<t<T 2.7)
1
L t>T

Figure 2.1 illustrates ¢(¢). It is the fact that g(¢) is continuous and semi-infinite that



q(t)

N |

T i

Figure 2.1: Phase response for CPFSK

ensures that the phase is continuous in CPFSK.

The two most important parameters in a CPFSK scheme are h and M, as they
determine the scheme’s information bit-rate, band-width and performance. As we will
see later, an important class of CPFSK schemes results when h = 1 /M. An example
is minimum shift keying (MSK) which is CPFSK with M = 2 and h = 1/2. We will
refer to an M-ary CPFSK scheme with A = 1/M as M-CPFSK. Thus 4-CPFSK denotes
quaternary CPFSK with h = 1/4, and MSK could be referred to as 2-CPFSK.

2.3 Phase Tree of CPFSK

If we take the phase of a CPFSK signal (described by (2.1)) and take out the contribution
of the carrier frequency term 27 fit and the initial phase offset ¢g, we are left with the
tilted phase term (¢, U). Assuming that 1 (t,U) is zero at time ¢ = 0, we can show
its development over time by hypothesising all the possible values the elements of U can
take. This is called a phase tree. An example for MSK is shown in Figure 2.2(a). A more

complicated phase tree is shown in Figure 2.2(b), that of 4-CPFSK.

Looking closely at (2.3), we can see that 9(¢,U) is made up of various scaled and
time-shifted versions of ¢(t). The superposition of these semi-infinite phase responses can
be clearly seen in the phase trees. At each branch point, M different phase trajectories
emerge, corresponding to M different frequencies, and the M possible transmitted symbols.
The phase tree also shows us that in each symbol period, the CPFSK signal also contains
the “memory” of all the previous symbols, which is the branch point in the tree, or the
starting phase of the symbol. Unfortunately, the phase tree expands with each symbol

period and quickly becomes too complex to be useful.
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(b) 4-CPFSK (M = 4, h = 1/4)

Figure 2.2: Phase tree examples for CPFSK
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2.4 Phase Trellis of CPFSK

A more useful form of signal phase information is the phase trellis. Let us define the
modulo-z operator as R.[f], which denotes the remainder after @ is divided by z (the
modulo operator 1s defined and discussed in Appendix A). Using the fact that the cosine

function operates modulo-27 on its phase, and noting the property (A.2), we can write

Roy [Q?Tflt + Q/J(t, U)+ 900] = Ror [27Tf1t + Roy ["p(t> U)] + (PO]
= Ror [zﬂflt + 1»E(]&: U)+ 990] . (28)

We call 9(t,U) the physical tilted phase, defined as

$(t,U) £ Rax (2, U)]. (2.9)

Letting £ = 7 + nT, and noting the properties (A.2) and (A.3), we can further develop

P(t,U) as

Y(t,U) = $(r +nT,U), 0<r<T

r n

= Roy 47{'hZU§Q(T—{—%T-’§T} , 0<r<T
L i=0
r n—1 r

= Ron 27rh¥Ui+27rhUnT , 0<7r<T
e =
[ K\ T

= Roy| Hor 2”(?) ;Ui +27ThUnT , 0<r«<T
i K n—1 r

= Rgﬂ 2?&'(?) RP ZOU% +27I'hUn§ s UgT(T
L. 3=
i T

= Ryr ZWh(Vn + Un%ﬂ , 0<r<T. (2.10)

The quantity V,, is called the accumulated symbol phase, and represents the con-

tribution of all the previously transmitted symbols. Tt is defined as
n—1
o
2=0

We can see from (2.10) that the phase of a CPFSK signal has a very structured

Vo £ Rp . (2.11)

form and depends on two terms. The U, term is a frequency component that depends
only on the current symbol, and the V,, term is a starting phase that depends on all the
previous transmitted symbols and creates the trellis. It is this V,, term that ensures the
phase is continuous in CPFSK. The number of possible starting phases at time nT is P,

and the physical tilted phase is equal to 2whV,, at time nT.

11
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Figure 2.3: Phase trellis examples for CPFSK

A plot of (¢, U) produces a phase trellis, which shows the possible phase trajec-
tories at any point in time, but unlike the phase tree, does not grow with each symbol
period. It is the fact that the phase trellis is time-invariant that makes it more useful

than the phase tree. We can think of the modulo-27 operator as “

wrapping” the phase
tree around a cylinder so that all multiples of 27 sit on top of each other. The remnant
around the cylinder in one symbol period is the phase trellis. The phase trellises for var-
ious CPFSK schemes are shown in Figure 2.3. The phase trellises of Figures 2.3(a) and
2.3(d) correspond to the phase trees of Figures 2.2(a) and 2.2(b) respectively. The dotted

lines show where the phase is continuous modulo-27. From each of the P phase states,

M different phase trajectories emanate, each one corresponding to one of the M different

12



symbols, Thus there are M - P different signals possible in any one symbol period, and
they are clearly shown on the phase trellis. The phase trellis is a very important aid to
the understanding of CPFSK, and is analogous to the signal-constellation diagrams used

in PSK.

2.5 The Decomposition of CPFSK

Using the definitions in Sections 2.2 and 2.4, CPFSK can be decomposed into a two-
part model, consisting of a continuous phase encoder (CPE) and a memoryless modulator
(MM)[Rim88], as shown in Figure 2.4, This provides for greater understanding of CPFSK,
as its inherent coding and modulation aspects are isolated and can be studied indepen-

dently. We now discuss each part.

Un Continuous Xn Memoryless s(7, X )
Phase Encoder Modulator

Figure 2.4: Decomposition of CPFSK

2.5.1 Memoryless Modulator

The advantage of the memoryless modulator is that it needs no knowledge of the previous
transmitted signal. We have seen in Section 2.4 that the physical tilted phase has a time
invariant-trellis. Thus the modulator only needs to know which of the M - P different

signals are to be transmitted. We define the input to the memoryless modulator as

X, & X (2.12)
no XSIZ) : .

The M-ary value X:,%U selects the frequency to be transmitted, and the P-ary value X,(f)

selects its starting phase. In the coherent case with no external ECC,
xV =v, and X2 =, (2.13)
Following [Rim88], we write

(7, X,) instead of ¥(r +nT,U), 0<7<T,

13



and

s(t,X,) instead of s(r +nT,U), 0<7<T,
allowing us to write the output of the memoryless modulator as
2E -
s{r,X,) = T cos2m f1 (7 + nT) + ¥(1, X,)], 0<r<T, (2.14)
where we have chosen the initial phase ¢y to be zero with no loss of generality, and
B, Xn) = R%{zm (X,@ + X,g}%)] . 0<T<T (2.15)
Decomposing (2.14) into in-phase and quadrature components, we have

s(t, X,) = si(r, X,) cos[2m f1(7 + nT)]

— 8g (7, X ) sin[27 f1(7 + nT)], 0<r<T. (2.16)

where sj(7, X ) and s (7, X») are the in-phase and quadrature components of s(r, X )

respectively, referenced to f1. They are defined as

si(m, Xp) = cos[w (7, X )], 0<7r<T (2.17)

18I

8,(2<T?Xﬂ) £ e Sin[TZ’(T, Xn)]} 0<7T<T. (2.18)

Figure 2.5 shows a possible realisation of the memoryless modulator as defined by (2.10)-
(2.11) and (2.16). As X, takes on a relatively small number of values, the calculation

of the signal terms in Figure 2.5 could easily be implemented as lookup tables in a DSP

[ B cex

X T os(r, X0

cos[2n f1(r + nT)] @D—’i_}.

&

X

.
2
FE IR —

Figure 2.5: Memoryless modulator
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implementation. Note that although we may generate the CPFSK signal in the manner

above, we will also refer to it using
s(t,U) = s1(¢,U) cos(2m ft) — sq(t,U) sin(2x f 1), (2.19)

where s1(t,U) and sq(t,U) are the in-phase and quadrature components, referenced to

fer of s(t,U) respectively. They are defined by

si(t,U) 2 \/? cos[p(t, U) — 27 fot] (2.20)
sq(t,U) = \/?sin[z/)(t,U) — 27 fot], (2.21)

and fo is the difference between f, and f;, defined as

fo & fe—f1 = (M~ 1)%. (2.22)

Including the fo term ensures that the spectra of the base-band quantities si(¢,U) and

sq(t, U)v are symmetric around zero Hertz.

2.5.2 Continuous Phase Encoder

The purpose of the continuous phase encoder (CPE) is to generate the inputs to the
memoryless modulator from the input data stream. These inputs are specified in (2.12)
and (2.11), however a recursive form of (2.11) is required. Replacing n by n + 1 in (2.11)

and again using (A.2), we obtain

n n—1 n—1

Vay1 = Rp|> Ui| = Rp|Y Ui+ Us| = Rp|Rp|Y Uil +Un| = Rp[Va+Uy].
=0 =0 t=0

(2.23)

A diagram of the CPE to implement (2.12), (2.13) and (2.23) is shown in Figure 2.6. The
addition in the CPE is modulo-P, and thus the CPE is a linear convolutional encoder over

the ring of integers modulo-P (Zp), which outputs X, and has the state V.

Risa)

Figure 2.6: Continuous phase encoder
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2.6 Optimum detection of CPFSK

We now discuss the optimum detection of CPFSK following [AAS86]. In the additive
white Gaussian (AWGN) channel, the received signal r(¢,U) is given by

r(t,U) = s(t,U) + w(t), (2.24)

where s(t,U) was given in (2.19) and w(t) is zero-mean Gaussian noise with a two-sided
power spectral density (psd) Sy, (f) equal to Ny/2.

As the transmitted signal in each symbol interval depends on all the previously
transmitted symbols, we must determine the state sequence (and the transitions) of the
transmitter to detect the transmitted data U. This is called maximum-likelihood sequence
estimation (MLSE) [For72]. Using the time-invariant phase trellis and the memoryless
modulator, the transmitter can be thought of as a Markov source, that is the transmitted
signal s(t,U) in the n-th symbol period depends only on the state of the CPE V,, and the
current information symbol U,.

Let us use U to denote a hypothesised transmitted data stream. As discussed in

[AAS86], the MLSE receiver maximises the log likelihood function

[P {r(t,0)0)] = - / ” [re0) = s, 0] at (2.25)

O

with respect to U. Pr {r(t, Yy } is the probability density function (pdf) of the received
signal r(t, U) conditioned on U. The maximising sequence U is the maximum-likelihood
sequence estimate that minimises the squared Euclidean distance between the received
signal 7(¢,U) and a hypothesised transmitted signal. As CPFSK is a constant-envelope
modulation, we can equivalently maximise the correlation

J(U) = / ” r(t, U) s(t, U) dt. (2.26)

-0
To simplify processing, we define

. (n+1)T .
Tn@) = [ e st 0 (2.27)

— 00
which allows us to write the recursion equation

~

Ten(0) = Jen1(U) + Aen(U), (2.28)
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where

. (n+1)T .
Nen(DT) = /T r(6,U) s(t, 07) dt

(n+1)T _ .
/ (t,U0) cos [2nfit + (1, 0)] s
nT

N N (71+1)T “ t R
S AenlUn, V) = / r(t,U) cos [27rf1t+27rhUnf+27rhVn] dt  (2.29)
nT

Thus Ac,n(ffn, V,,) can be generated using a bank of M - P filters and sampling the output
of the filters at ¢ = (n + 1)T". The receiver correlates the received signal over one symbol
period with all possible transmitted signals over that symbol period. Note that we have

left out the amplitude scaling of +/2E/T in (2.29) as it does not affect performance.

2.7 Coherent Receiver for CPFSK

We now present the receiver structure of [AAS86] that will perform maximum likelihood
sequence estimation of CPFSK. The receiver consists of two main parts: a coherent de-

modulator and a Viterbi processor.

(t,U) Coherent Ye(t, U) Viterbi U
Demodulator Processor

Figure 2.7: A MLSE receiver structure for coherent CPFSK

2.7.1 Coherent Demodulator

The first part of the receiver is the coherent demodulator shown in Figure 2.8, which
moves the received signal in quadrature to baseband. The low-pass filters (LPFs) are
ideal, passing only frequencies less than f1,/2. As fi, << f., the unwanted terms at twice

the carrier frequency f. are removed. The canonical form of the noise in (2.24) is
w(t) = wi(t) cos(2m fet) — wq(t) sin(2w fet), (2.30)
where wi(t) and wq(t) are both uncorrelated, zero-mean, Gaussian processes with psd’s
given by
Ny, —fe gl

0, otherwise.

17



r(t,U) L)— LPF > yea(t,U)

cos(2m f.t)

.
2
I

X

Figure 2.8: Coherent demodulator

() LPF —— yq(t,U)

Thus we assume that the noise is band-limited and that the bandwidth of the noise is some

value fy, (fuw << f.). Making use of (2.19)-(2.21) and (2.30), we can write the canonical

form of r(t,U) as

r(t, U) = ri(t,U)cos(2n f.t) — rq(t,U) sin(2n ft),

where

TI(ta U) = si(t, U) + wl(t)

rq(t,U) = sq(t,U) + wq(t).
We define the complex envelopes of s(t,U), w(t) and r(¢,U) to be

5(t,U) & si(t,U) +jsq(t,U)

W(t) £ wi(t,U) + jwg(t,U)

Ft,U), = ri(tU) +jro(t,U)
‘: 3(t,U) + w(t).

We show in Appendix B that the psd of #(t) is given by

2o, —H i<k
S-u”(f): 2= ?

g, otherwise.

Using (2.37), we can write the received signal of (2.32) as

r(t,U) = Rel[f(t,U)exp(j2nft)]
1

=3 [f(n U exp(j2n fot) + 7 (t, U)exp(—72n f,t) } ,

18
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(2.35)

(2.36)

(2.37)

(2.38)

(2.39)



where Re[u] denotes the real part of u, and u* denotes the complex conjugate of w.

Similarly, the local oscillator output can be written as

cos(2rf.t) = Relexp(j2nf.t)

= %{exp(j%’fci) +exp(—j2ﬁfct)]. (2.40)

We look first at the in-phase component of the demodulated signal. Using (2.39) and
(2.40), we can write y.1(t,U) in Figure 2.8 at the input to the low-pass filter (LPF) as

Ye1(t,U) = r(t,U) cos(2n fet)
- —;- (76, U) exp(2mfet) + 7 (1, U) exp(~ 2 fet)|

1 , .
X3 {exp(ﬂwfct) + exp(—j27rfct)]
1 - - s )
- ﬂfs(g U)exp(jan fob) + 7, U) + 7#(t, U) + 7 (t,U)exp(—yzlwfct)]
(2.41)
The LPF removes the double frequency terms and further band-limits the noise. For
convenience, the noise component at the output of the LPF is still denoted by w(t), with

psd given by (2.38), but now

fw = Jfu. (2.42)

Thus we can write the output of the LPF as

yc,I(tx U) =

Re [7(t, U], (2.43)

which is the in-phase component of the demodulated received signal.

We now turn to the quadrature component of the demodulated signal. The phase-

shifted version of the local oscillator is given by

cos(2mfot — w/2) = sin(2nf.t)
= Im[exp(j27 f.t)]
1 . .
= 5 [exp(ﬂwfct) — exp(—j2n ft) }, (2.44)
where Im [u] denotes the imaginary part of u. We can thus write yc,q(¢, U) in Figure 2.8
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at the input to the LPF as

Ye,0(t, U) = r(t,U) sin(2x fot)

_ 1 [F(t, U)exp(2n fot) + 7 (¢, U) exp(—j2m f 1) ]

2
X 2%; {exp(jz’ﬂ"fct) — exp(—j2 fet) }
- % [7(t, U explfdr ) + 7 (6, U) = (6, U) = 75, U) exp(—jdr )|

(2.45)

Again the LPF removes the double frequency terms, so that we can write the quadrature

component of the demodulated complex-baseband received signal as
vea(tU) = 2 [7(6U) = (1, U)]
Im [7(¢, U)]. (2.46)
We define the demodulated received signal y.(¢,U) as
Wt 1) 2 VRt ) - vealt, U], (247

where the factor /2 has been introduced to ensure that a noiseless y. (¢, U) will integrate

to E, similar to the transmitted signal s(¢, U). Substituting (2.43) and (2.46) into (2.47)

3

we obtain

Vet U) = —=[Re[F(t,U)] + jIm[7(1, )]

[5(t, U) + @ (2)]. (2.48)

Note that from (2.20) and (2.21), 5(¢t,U) is given by

tU) = y/%cos[d)(t, U) — 27 fot] + j \/?sin[w(m U) — 2rfot]

= \/? exp(f[(t,U) — 2m fot]) , (2.49)

so that the demodulated signal in a coherent CPFSK system is given by

ye(t, U) = \/gexp(j[?/)(t, U) - 2r fot]) + -\% w(t). (2.50)
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2.7.2 Viterbi Processor

The Viterbi processor takes (¢, U) and forms the metric

{(n+1)T

Aen(Uns Vi) = COS(ZWhVn)/

Y, 1{t, U) cos [Q’m‘szni] dt
nT T

R (n+1)T ot
— cos(2nh V) / yeo(t, U) sin [QmUﬂﬂ dt
nT'
N (n+1)T .t
— sin(27hV},) / Ye,qlt, U) cos [QWhUn~} dt
JnT T
R (n+1)T ot
- sin(QﬁhVn)/ Ye,1(t,U) sin [27rhUn§;] dt, (2.51)
nT

which is equivalent to the metric given in (2.29) [AAS86]. This can be implemented by
2M baseband filters with the impulse responses

2 cos (27Thﬁnw) , 0t<T

hoyp () = 4 T (2.52)
0, otherwise,
2sin (Q:rrhffnu) , 0<t<T

he g0, (8) = T (2.53)
g, otherwise.

Figure 2.9 shows how this might be implemented. The Viterbi processor uses the Viterbi
algorithm (discussed in Appendix C) to perform MLSE and produce an estimate U of
the transmitted data. Note that the multiplication and addition structure is repeated P

times, to hypothesise each possible value of V.

2.8 FEuclidean Distance Properties of CPFSK

As discussed in Section 2.6, the Euclidean distance properties of a modulation are very
important, as they determine its performance. Let U and U be two information sequences,
the normalised squared Euclidean distance (NSED) between two signals s(¢, U) and s(¢, U)

is defined as

. logs M [° 2

LU, ) 2 O%}; Is(t,U)-—s(t, U)’ dt. (2.54)

e COKY
This can be re-written as
N 1 M {(n+1)T e
2U,U) 2 % ) s(az;f)—s(zs,v)] dt
, ~ Jn

= Y di(U, D), (2.55)
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Figure 2.9: Detection Processor

where d2 (U, U) is called the normalised incremental squared Euclidean distance (NISED),

and is defined as

i logy M [ DT
GU.0) & =5 |

5(,0) — s(6,0) ? dt. (2.56)

The most important Fuclidean distance property is the normalised minimum squared

Euclidean distance (NMSED), defined as

2, 2 gﬂg AU, T). (2.57)
U%ff

We now present the NISED and NMSED of coherently-demodulated CPFSK.
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2.8.1 Normalised Incremental Squared Euclidean Distance of CPFSK

The NISED for uncoded coherently-demodulated M-ary CPFSK modulation with A =
K/P, where K and P are relatively prime positive integers is given by [Rim91]

log, M |1 — sin(2eh[ S0, Ui=30 Ui])—singzm[zg‘__-ol Ui-Y 15 Us]) U, £ 0
2w,y =4 300, o A
K14 3
logy, M [1 — €08 (Zﬂ'h {Z?:o U=, Uz])} 3 U, = U,
(2.58)
This can be written in terms of U,, and V}, as
A _ sin(i’?rh[Un—)—Vn—ffn —17n])~—sin(27rh[vn—ffn]) S
2 U, U, _ 10g2M [1 Zah(Un—U) } 3 Un # n
T ? ~
Val Vo logy M [1 — cos(2mh[V,, — vn])} ,’ U, =0,
(2.59)

and in terms of the inputs to the memoryless modulator as

di(xn) Xn} =

in (2| x4 3P - X0 - X)) ~sin (2en [ x P -2 )
]0g2 M [1 B Bm( - [ 2ﬂh(X£1)_1§‘)£1)3m( &{ Djl ) X?gl) # X'r(zl)
logy M [1 = cos (2mh [x{ - 2P )], X0 _ g0,

(2.60)

2.8.2 Normalised Minimum Squared Euclidean Distance for CPFSK

The NMSED for coherently-demodulated M-ary CPFSK modulation with h = K/P < 1/2

where K and P are relatively prime positive integers is [Rim91]

min [log2 M, 2log, M (1 _ sin2rh H M>P

27h
Mn2wh>

Ay =
2log2M(1— o

min

(2.61)

M<P

2.9 FError Performance of CPFSK

For coherently-demodulated CPFSK in the additive white Gaussian noise (AWGN) chan-
nel, the probability of bit-error P, at high SNR is closely approximated by [AAS86]

P, = Q( fi?nwn@) (2.62)
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where Ej is the bit energy and Ny is the one-sided power spectral density of the noise,

d? . is the NMSED of the scheme in question. The (-function is defined as

Q) = -\/-15_; / Ooexp(-§) . (2.63)

2
min

In Table 2.1 we present d2 . for various CPFSK schemes, calculated using (2.61).

There is an obvious loss in d2;, as M increases, and from (2.62) this results in poorer per-
formance. However this performance degradation is tempered by an increase in throughput
measured in bits/symbol. The degradation is very similar to that experienced by phase

shift keying (PSK).

Table 2.1

d? ., for various CPFSK schemes

Scheme a2
MSK 2 2
4-CPFSK | 4-% |1.45

8-CPFSK | 6 — 12/2 | 060

2.10 Simulation of a CPFSK system

To reduce the long run-times of the simulation of a band-pass system, simulations were
run in complex baseband. Appendix D discusses the receiver and simulation model used
to obtain the results. The data was assumed to be uniformally distributed, 16 samples
per symbol were generated, and the Viterbi algorithm had a decision depth of at least 10
symbols. Figure 2.10 shows the results of the simulations compared with the theoretical
performance of various coherently-demodulated CPFSK schemes. The theoretical curves
were calculated using (2.62) and the results in Table 2.1. The simulation results agree well

with the computed curves.

2.11 Summary

In this chapter we have introduced CPFSK and its properties. We looked at the structure of
the phase of a CPFSK signal and presented the idea of a phase tree and then a phase trellis.
This led to the two-part decomposed model of CPFSK, which provides greater insight

into how its inherent coding and modulation aspects interact. A coherent CPFSK receiver
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Figure 2.10: Computed and simulated performance of various M-CPFSK schemes

structure was presented and discussed. The distance properties of CPFSK were presented,
followed by the theoretical error performance of coherently-demodulated CPFSK., We then

discussed how simulations had been performed and showed how their results compared very

well with the theoretical curves previously presented.
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Chapter 3

Differential Continuous Phase

Frequency Shift Keying

3.1 Introduction

Although coherent demodulation performs very well, phase and frequency differences be-
tween the oscillators in the transmitter and receiver must be compensated for, and the
required algorithms can be very computationally intensive. A possible solution is differ-
ential demodulation. The idea is to use one symbol as a phase reference to demodulate
and detect the next, thereby avoiding the need for a local escillator in the receiver. This
simplifies receiver structure at the expense of performance, as the carrier reference is cor-
rupted by the channel. However we find that without specific differential encoding, we can
detect the original data values, but lose the knowledge of the phase trellis, and thus suffer
a further performance loss.

The work of [YT92], developed a differential encoder for CPFSK that preserves
the phase trellis through differential demodulation, However that encoder is designed
for binary multi-h CPFSK, and does not extend to M-ary signals. It accepts standard
binary bi-polar CPM symbols (e, = £1) and outputs symbols in the set {-F,... , -1,
0,1,... ,P — 1}, and will not interface well with the decomposition of CPFSK, or any
external error-control encoders.

As a consequence, we now develop an M-ary differential encoder for CPFSK that
is also a linear encoder over the ring of integers modulo-P (Zp). This should interface
well with the decomposition of CPFSK and provide greater understanding of differentially-
encoded and differentially-demodulated CPFSK (DCPFSK). A linear differential encoder

will allow us to cascade the channel encoder, the differential encoder and the CPE to form
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an overall linear encoder over Zp and thus simplify code searching.

In Section 3.2 we discuss differential demodulation and the form of a differentially-
demodulated CPFSK signal. This leads on to a method to differentially encode CPFSK in
Section 3.3, and then to the decomposition of DCPFSK in Section 3.4. We then discuss the
phase trees and trellises of DCPFSK in Sections 3.5 and 3.6 respectively. The detection
of DCPFSK is discussed in Section 3.7, and a receiver structure for DCPFSK based on
Euclidean distance is presented in Section 3.8. In Section 3.9 we analyse DCPFSK to
determine its Fuclidean distance properties. The error performance of DCPFSK is then
discussed in Section 3.10. We compare our simulation results to computed curves in

Section 3.11. Finally, we present a summary of the chapter in Section 3.12

3.2 Differential Demodulation

A general structure for differential demodulation is shown in Figure 3.1. The received
signal is multiplied in quadrature by a copy of the received signal that has been phase-
shifted and delayed by a symbol period. The resulting signals are low-pass filtered to
obtain the desired in-phase and quadrature base-band signals. As a delayed version of the
received signal is used as the carrier reference, extra noise is introduced into the system and
performance suffers. Note that as there is no local oscillator, the receiver is much simpler
to build as the only synchronisation required is that of symbol timing. Thus differential
demodulation trades off receiver complexity against performance.

As in the coherent case, the received signal r(¢,U) is given by
r(t,U) = s(t,U) + w(t). (3.1)
Using (2.32)-(2.38), we can write the received signal as

r(t,U) = Rel[7(t,U)exp(j2nf.t)]

= %[f(t; U)exp(j2mfet) + 7 (1, U) exp(—527 fet)). (3.2)

This allows us to write yq1(¢,U) in Figure 3.1 at the input t0 the low-pass filter (LPF) as
ya1(t,U) = r(t,U)r(t —T,U)
1 _ _ .
= 3 {?‘(t, U)exp(j2nfct) +7*(t, U)exp(—j2n fcl) }

2
X % [ﬁ(t -7,U) exp(jzﬁfc[f — T]) + 7 (?f -7, U)exp(_jQﬂ-fc[t — T])
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LPF = ya1(t,U)

2
s
©

™
2
A\ LPF

\/

X

b y4,q(t,U)

Figure 3.1: Differential demodulator

- H (£, U)7(t — T, U) exp(j2r fol2t — T))
+ 7, U) 7t~ T,U)exp(—j2n f.T)
+ 7, U) 7 (¢t — T, U)exp(j2nf.T)

LA U (t— T, U exp(—j2m fo[2t — T)) ] . (3.3)

The low-pass filter removes the double frequency terms, and assuming f.T" is equal to some

integer, we may write the output of the LPF on the in-phase chain as

yar(t, U) = %[ﬁ*(t,U)f(t—T, U) +7(t, U)f*(t — T, U)}

= % Re[f(t, U)7*(t — T,U)]. (3.4)

Note that if f. T is not equal to some integer, then exp(j2=f.T) and its conjugate will
cause some phase rotation. However, as both f, and T are known, the rotation can easily

be accounted for.

Before proceeding with yq q(t, U), we need to consider the effect of the m/2-phase
shifter. Let us denote the T-delayed and n/2-phase shifted version of r(t,U) as 7 (t—1,U),
then from (3.2)

Mt —T,U) = Reli(t — T,U)exp(j2n f [t — T} — 7/2]]
= Re[f(t = T,U)exp(j2n f.[t — T]) exp(—jn/2)]
[7(t = T,U) exp(2m folt — T) exp(—jm/2)

+ 7 (= T, U) exp(—j2n folt — T1) exp(jn/2) |

DI et
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35 [F(t = T D)expla2mfofe - T)
~ (= T,U) exp(—j2n fu[t - T)) } (3.5)
We can now write yq (¢, U) in Figure 3.1 at the input to the low-pass filter (LPF) as

yd,Q(t, U) = ?‘(i, U)’f‘(t -7, U}
- % [f'(t? U)exp(j2nf.t) + 7 (¢, U)exp(—j?wfct)}

X % {fi‘(t —T,U)exp(j2nfeft — T))

- 7t - T,U)exp(—j2n fo[t — T])]

_ %j[f(t, U)i(t — T, U)exp(j2n fo[2t — T))

+ 7, U)F(E — T,U)exp(—j2n f.T)
—7(t, U)7* (t — T, U) exp(s2n f.T)

— (4 U)F (= T, U) exp(— 52 fo[2t — T1) ] (3.6)

Following the LPF, and again using the assumption that f.T is equal to some integer, we

have

yaqt,U) = 4%,[;*@, U) (i~ T,U) - #(6,U)#(t — T,U)]

- W%Im{?*(i,U)f*(t_Ta U)l. (3:7)

We define the demodulated signal y4(t, U) as

gd(éa U) = \/g {yd,‘l(t: U) - .? ?}d.Q(?% U)] 5 ’ (38)

where the factor /T/E has been introduced to facilitate energy calculations. Substituting
(3.4) and (3.7) into (3.8), we obtain

ya(t,U) = \/g a1, U) — 7 yaq(t, U))

= /% Relf(6,U)7 (6~ T,U)] + T (s, U)#* ¢~ T, U)])
1 [T |
= 4/ F L U)F(E - T, U). ' .
S\ D~ TU) (39)
Substituting (2.37) into (3.9), we find that the output of the differential demodulator is
1 [Ty, e .
valt,U) = 53/ 2 [0 0) + b HE (¢~ T,U) + 9 - T))]
_ L z{(é(i.U) Ft-T,U)+w(t)§"(t —T,0)
2 E H b ?
(L U)@ ( —T) + w(t) 0" (t T)J (3.10)
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It is important to note that the power spectral densities of @(t) and its components, given
by (2.38) and (2.31), are limited to f,, as in the coherent case.
The information we are interested in is contained in the signal x signal term. Using

(2.49), this can be developed as

ya(t,U) = %\/% 5, U)5°(t - T, U))
1 [T

2V E

y \/? oxp(= it = T, U) = 2 folt — T))

- \/g exp(j[¢(t,U) = ¢(t — T,U) - 2nfoT)])
— B exp(itpute, v) — 2mp0m. (3.11)

where

wd(ta U) S 'be(t> U) - ?/)(ﬁ - T, U)

) n—1
= 4drh E Uig(t —iT) — E Uig[t — (i + )T
L i=0 3=0
M—1 n—2
t—nT t—nT
= 2nh |S Ui+ U =Y Ui~ Ut e |, aT <t < (n+1)T
3 T , T
Le=0 1==0
[ t—nT
= 27h |Up-y + (Up — Up-1) Tn } , nT <t < (n+ 1T

) (3.12)

Note that from now on we will ignore the 27 T term in (3.11) as it is just a known phase
rotation and can easily be accounted for. Thus the noise-free version of y4(¢,U) is given

by

E t—mnT
ya(t, U) = 4/ T exp (j 2nh I;Un_1 + (Un = Up-1) Tn ]) , nT <t < (n+1)7T.-

(3.13)

Looking at the phase of y4(t,U), we see that we can detect Uy, but we have lost the phase
trellis, as there is no term depending on all the previously transmitted symbols. Without
the phase trellis, yq(f,U) is memoryless and the performance suffers. This is because

the use of the Viterbi algorithm provides no performance improvement in the case of a

memoryless signal.
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Figure 3.2: Differentially-encoded CPFSK system

3.3 Differentially Encoding CPFSK

Let us assume that there exists a differential encoder preceding the CPE as shown in
Figure 3.2, that accepts the uncoded M-ary symbols U and outputs the differentially-
encoded symbols 3.

The transmitted signal in such a system is given by

1=0

n—1
t—nl
s(t,B) = 1/?; cos (27rf1t + QW}EZ/BZ' + 2whf, T’n ) , nT <t<(n+1T.
' (3.14)

As shown in Section 3.2, this would result in a noise-free differentially-demodulated signal

of

E ) t—nT
it ) = [ esp(i2ah [Bos + n -8 0* |} AT <E< DT
(3.15)
The noise-free output of a coherent system can be written as
E = t—nT
v, U) = /= exp|j2rh | S U+ Unm | |, nT <t< (n+1)T.  (3.16)
T s T

We now require the phases of (3.15) and (3.16) to be equal. Taking the first term in the

phases, we have

n—1
T .17
i=0
The second term gives us
Bn —ﬁn—l = Up,. (3-18)
An obvious solution is to define 3, as

Bn &Y U, (3.19)

i=0
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as this would satisfy both (3.17) and (3.18). Although this is a mathematically elegant
solution, it is unfortunately not a practical one. Looking at the transmitted signal, given
by (3.14), we see that there are three terms in the phase of s(¢, 3). The first term 27 f1tis a
term dependent solely on the carrier frequency and thus unaffected by differential encoding.
The second term 27h Z:;:ol B; is a data-dependent phase term that is constant over each
symbol period, and thus is also not significantly affected by differential encoding. The
third term 27hB3,(t — »T)/T is a data-dependent frequency term. As U, is non-negative,
the definition in (3.19) has f§, increasing without bound, thus the third term in (3.14)
would result in an ever-increasing frequency. This of course would mean that s(¢,3) had
an ever-increasing band-width, a highly undesirable characteristic. Thus (3.19) is not a
good choice as the definition of the differential encoder.

As seen in Section 2.4, we can reduce any term in the phase of a signal modulo-27.
Noting our restriction on h, given by (2.6), we can take the constant phase terms of (3.15)

and (3.16) and write (3.17) as

711
Rox[27hB,] = Ra zthU{L

1==0
n—1

o o (5)a] = nefar (5) 5]

" n—1
& Ry, [271' (%) Rp[ﬁn]:l = Ron |27 %) Rp ;]U

-1
& Rp[Bn] = Rp {ZU} : (3.20)

3=0 )

where we have made use of the pfOperties (A.2) and (A.3). Thus we could define j, as
Bn & Rp{ Ui] (3.21)
i=0
In this case f§, can take on one of P values, namely {0,1,...,P — 1}. Thus the data-

dependent frequency term in s(t, ) is limited to P different frequencies.

Using the definition (3.21), £, is a P-ary symbol, so that
ﬁ'n_ﬁn—l E{—(p-l),—(P—Q),...,P—l}. (3'22)

Thus (3.18) is not satisfied. However, once we have detected the value of 8, — 8,1, we

can reduce this modulo-P to find Rp[Uy,] as (from (A.2))

Rplfh — fna] = Rp [R” {Z Ui] o {i UH

i=0 i==0
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= Rp

n n—1
Z U, — Z Ug}
=0

=0

= Rp[Uy]. (3.23)

This leaves us with the question: is Rp[Up,] equal to U,? Obviously it is if M = P. If
P > M then we can further reduce (3.23) modulo-M to obtain U,, as (from (A.5))

Ru[Rplfn — Bu-1l] = Ru[Rp[Uy]]
- Rz’\/[ [Un]

= U,, (3.24)

if and only if P is a multiple of M. So the differential encoder of (3.21) generates P states
for the demodulated trellis, and allows us to detect the transmitted symbol U,, if P is a
multiple of M.

For the case where M > P, the differential encoder of (3.21) does not preserve
enough information to transmit M symbols. A solution is to define the differential encoder

as

-1
M {Z Uz} . (3.25)
i=0

Once the quantity 3, — 3,1 has been detected, U,, can be detected by modulo-M reduction

as
n n—1
M[Bn = Bn-1] = Ry |Ru {Z Ui| —Rm ZUZ}
=0 =0
= Ry ZUz ZUE
1=l g
= RM[Un]
= U,. (3.26)

We need to show that the definition of (3.25) also produces P states for the phase trellis
to fulfil the requirement of (3.17). As discussed above, we can reduce the constant phase

term of (3.15) modulo-27, and using the definition of (3.25) and noting (2.6), we have

]

- e (5) e |

(K
= Rz,r 2w (F) RP {
i=0

K
Royr[27hB,] = Rox |27 (F) Rur

'M'
L
@4
SN
| SN {



(3.27)

n—1
= Ry [%h >0

i=0

where we have made use of the properties (A.2), (A.3) and (A.5), and incurred the re-
striction that P must be a factor of M. Thus the differential encoder of (3.25) allows us
to detect the transmitted symbol U, and generates P states for the demodulated trellis,
it P is a factor of M.

We can now finally define the differential encoder in general terms as

7L
B = B> U, (3.28)
i=0
where
B = max{P, M}, (3.29)
with the restriction that
max{P,M} = kmin{P, M}, (3.30)

where k is an arbitrary positive integer. We can write (3.28) in a recursive form as

Bn = Rp|> Ui

= Rp U+ U,

= Rp[Bn1+Us). (3.31)

This differential encoder is shown in Figure 3.3, where the addition is modulo-B. The
differential encoder is a linear encoder over Zg. If B = M, then the differential encoder
is a scrambler [For70], as it replaces one stream of }M-ary symbols with another stream of

M-ary symbols in a one-to-one permutation.

Un bn

=

Figure 3.3: Differential encoder
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Figure 3.4: Decomposition of DCPFSK

3.4 The Decomposition of DCPFSK

A DCPFESK system can be decomposed into two parts, a differential continuous-phase
encoder (DCPE) and a memoryless modulator (MM), as shown in Figure 3.4. The purpose
of the DCPE is to provide an input to the memoryless modulator so that the memoryless
modulator produces a CPFSK signal suitable for differential demodulation. The DCPE
consists of a differential encoder cascaded with a CPE. It has the information symbol
U, as input, and outputs two quantities: S, and v,. S, is the differentially-encoded
information symbol, defined in (3.28)-(3.31), and v, is the accumulated symbol phase of

the transmitted DCPFSK signal, defined as

"n—1
vy, £ Rp [Z ;Bz}. (3.32)

i=0

Note that we can re-write (3.32) in a recursive form as

'n—1
v = Rp| > pi
Li=0
'n—2
= Rp| Y Bi+Pot
Li=0

= Rp|Rp

= Rp[?)n_l + ﬁn_ﬂ . (3.33)

T2

> B

=0

+ ﬁn—l}

The DCPE is shown in Figure 3.5, where all the addition is modulo, with the modulo base
denoted by the quantity above each adder. It is important to note that if M and P are
such that B = P, the DCPE will be a linear encoder over the ring of integers modulo-P.

The memoryless modulator in Figure 3.4 is exactly the same as that of Section 2.5.1.

Its input is defined in (2.12) with elements
XV =8, and XP = o, (3.34)
for a DCPFSK system with no external error-control coding.
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As with CPFSK, the two most important parameters in a DCPFSK scheme are h
and M as they determine the scheme’s information bit-rate, band-width and performance.
Again, an important class of DCPFSK schemes result when A = 1/M, and it is convenient
to refer to an M-ary DCPFSK scheme with h = 1/M as M-DCPFSK. Thus 4-DCPFSK
denotes quaternary DCPFSK with A = 1/4, and DMSK could be referred to as 2-DCPFSK.

3.5 Phase Tree

As discussed in Sections 2.3 and 2.4, the phase tree (and therefore the trellis) of a CPFSK
system is based on the information-dependent part(s) of the transmitted signal. With
coherent demodulation, the phase tree is unchanged by the demodulation process. This
is because the only part of the modulated and demodulated signals s(¢,U) and y.(¢,U)
that depends on the information symbols is (¢, U). This is not the case with differ-
ential demodulation. In a differential system, the transmitted signal is s(¢,3), whose
information-dependent part is (¢, 3). The demodulated signal y4(¢, 3)’s information con-
tent is contained in v4(t, 3), which defined in (3.12). Thus the phase trees of the modulated
and demodulated signals are different in a DCPFSK system.

The phase tree is generated in the same manner as the coherent case, namely
by hypothesising all the possible signal paths and plotting them on the same axes. In
Figure 3.6(a) we show the phase tree of a modulated DMSK signal. The phase tree is
identical to that of coherent MSK. This is not surprising as in a DMSK system M and P
are both equal to 2, and therefore B = 2. Thus the differential encoder will just substitute
one binary sequence for another, as discussed in Section 3.3, and the modulated signal will
just be another MSK signal. The phase tree of the demodulated DMSK signal is shown
in Figure 3.6(b). As a result of the differential encoding, demodulation and detection,
Pq(t, B) for DMSK never goes above 7. The phase trees of modulated and demodulated 4-
DCPFSK are shown in Figures 3.7(a) and (b) respectively. They exhibit similar behaviour
to those of DMSK. The phase tree of the modulated signal is identical to that of 4-CPFSK.
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Figure 3.6: Phase trees for DMSK

This will always be the case when M and P are such that B = M. Also, the phase tree
of the demodulated signal does not go above 27. In fact, the phase tree of a demodulated
DCPFSK signal will never go above 2rh(B — 1), so that only DCPFSK schemes with
M > P will have demodulated signals whose phase trees go above 27. It is important to
note that the demodulated phase trees in Figures 3.6(b) and 3.7(b) contain new slopes
when compared to their demodulated coherent counterparts. As the slope of the phase
of signal determines its frequency content, demodulated DCPFSK signals have different

spectra to that of demodulated CPFSK signals.
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Figure 3.7: Phase trees for 4-DCPFSK

Although we have again looked at the phase trees of DMSK and 4-DCPFSK, they
are used only as a development towards the phase trellises. As in the coherent case, these

are more important, and are considered in the next section.
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Figure 3.8: Phase trellis examples for modulated DCPFSK

3.6 Phase Trellis

The phase trellis is generated in the same manner to Section 2.4, by taking the phase tree
modulo-27. Consequently, modulated and demodulated signals in a DCPFSK system have
different phase trellises. We look first at some examples of the phase trellises of modulated
DCPFSK signals, shown in Figure 3.8. Except for DCPFSK with M = 2 and h = 1/4,
these are identical to those in Figure 2.3. As discussed in Section 3.5, this is because the
case in Figure 3.8(b) is the only one where B # M. Note too that DCPFSK with M = 2
and A = 1/4 and 4-DCPFSK have the same modulated phase trellis. However, this is

a little misleading. In the 4-DCPFSK case, the signal transmitted depends only on the
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Figure 3.9: Phase trellis examples for demodulated DCPFSK

starting phase v,. Whereas in the M = 2 and h = 1/4 case, the signal path taken depends
on the two previous values of v,. Nonetheless, Figure 3.8(b) shows all the signal paths

that can be transmitted in a DCPFSK system with A =2 and h = 1/4.

Figure 3.9 shows some example phase trellises of demodulated DCPFSK signals.
All the phase trellises are very different to those in both Figures 2.3 and 3.8. The most
important point is that the slope of the phase path taken depends on the starting phase
value. In the coherent case the phase slope was independent of the starting phase value.
Again, as in the phase trees of the demodulated DCPFSK signals, the phase trellises have

new slopes, and therefore different spectra to the equivalent coherent cases.
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Note that only DCPFSK with M =4 and h = 1/2 “wraps” modulo-27, as it is the
only case where M > P. The DCPFSK with M = 4 and h = 1/2 case is also unique as
it is the only one where more than M different slopes are possible from each phase state.
As discussed in Section 3.3, we can detect the transmitted symbol by reducing the slope
modulo-M.

Previously, we pointed out that the signal path taken in Figure 3.8(b) depended
on the two previous values of v,,. This is not the case with the demodulated phase trellis
in Figure 3.9(b), as its signals depend only on the starting phase. The phase trellis of
a demodulated DCPFSK signal is always time-invariant and thus we can again use the

Viterbi algorithm to detect the transmitted symbols.

3.7 Detection of DCPFSK

The presence of the noise x noise and signal x noise terms in yq4(t,3) makes it non-
Gaussian, and thus the optimal detection of DCPFSK is a very complex problem. More-
over, a simpler differential modulation scheme—differential phase shift keying (DPSK)—
shows very little improvement in performance when an optimal differential metric is used
in place of a sub-optimal one based on the optimal coherent metric [van96]. We choose
to use a receiver for DCPFSK similar to the coherent case, that seeks to minimise the
squared Euclidean distance between the differentially-demodulated received signal and the
possible differentially-demodulated transmitted signals. This may perform worse than an
optimal receiver, but will be considerably less complicated. |

Thus our receiver seeks to maximise the function
o0 .12
[ s - d| a (3.35)
-0

with respect to U, where §4(t, 8) is the signal x signal term of y4(t, ). Pr {yd(t,ﬁ)l{:’}
is the probability density function (pdf) of the received signal 34(t, ) conditioned on U.
The maximising sequence U is the sequence estimate that minimises the squared Euclidean
distance between the differentially-demodulated received signal y4(¢, 8) and a hypothesised
differentially-demodulated transmitted signal. As DCPFSK signals are constant envelope,

we can equivalently maximise the complex correlation

J(©) = [ walt,B)ii(e ) . (3.36)
To simplify processing, we define
. {n+1)T .
@) = [ wd) 5B (337
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which allows us to write the recursion equation

Jé,n(ﬁ) = Jdﬂ—l(ﬁ) + Ad,ﬂ(i’r)a

where

. {n+1)T .
A (0) [ va(t, B) (¢, B) dt

T
{(n+1)T

= /ﬂ vya(t, B) exp {%fot - Q,Ed(talé)] di

T

o

(3.38)

L. (n+1)T Lt .
= }\d,n(/gmﬁn«l) = / Ud(taﬁ) €Xp [27‘7]%1?& - 2?"}3(:5?@ - ;Bn—l)? —~ 2mhfin—1| dt.

T

(3.39)

As in the coherent case, Ad,n(ﬁn, Br—1) can be realised using a bank of M - P filters that are

sampled at t = (n + 1)T. The receiver correlates the differentially-demodulated received

signal over one symbol period with all possible differentially-demodulated transmitted

signals over that symbol period. Note that we have left out the amplitude scaling of

v/ E/T in (3.39) as it does not affect performance.

r(t,58) Differential
Demodulator

yd(ta rB)

Figure 3.10: A receiver structure for DCPFSK

Viterbi
Algorithm

3.8 Receiver Structure for DCPFSK

Qur receiver consists of two main blocks: a differential demodulator and a Viterbi processor

as shown in Figure 3.10. The differential demodulator was discussed in Section 3.2, it

accepts the received signal r(t,8) given in (3.1) with U replaced by £, and outputs the
demodulated DCPFSK signal yq(t, ) given by (3.10), again with U replaced by 8. We

now discuss the Viterbi processor.
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3.8.1 Viterbi Processor

The metric given in (3.39) can be rewritten as

(n+1)T ) ) .
Ya,1{t, B) cos {%h(ﬁn - ﬂ"‘l)f] dt

(n+1)T
[ as

K

dt.

AenlUn, Vi) = cos(27rh,§n_1)/
al

R _ L. t

~ cos(27hfn—1) / yd,0(t, B) sin [27(&(6?1 — Bn-1)=

T
(n+1)T

e N

— Sin(QWth_l)/ yd,Q(i’ﬁ) Cos [QWh(Bn - /én-l)

nT
R (n+1)T N . "
- Siﬂ(?ﬂ"hﬂn_l)/ yd,I(tuB) sin [Zﬁh(,@n - ﬁn—l)f

T

e

(3.40)

Due to the M — 1 possible values of Bn - 5n_ 1, this can be computed by 4M ~ 2 baseband

filters with the impulse responses

o A ' —1
2 cos l:ZWh(ﬁn - 5n—1)TT :| , 0T
hd)Lén—fg‘n—l (t) = 3 (3‘41)
g, otherwise,
, A 4 Tt
2 sin [277}5(:8?% - an-l) T i{ 3 0<t<T
"0 b (B) = 9 ' (3.42)
0, otherwise.

Figure 3.11 shows how this might be implemented. The Viterbi processor uses the Viterbi
algorithm (discussed in Appendix C) to perform MLSE and produce an estimate U of the
transmitted data. Note that the multiplication and addition structure is repeated up to
P times (depending on the filter), to hypothesise each possible value of 3, ;.

The Viterbi algorithm then proceeds as described in Appendix C to produce an

estimate of the transmitted data sequence U.

3.9 FEuclidean Distance Properties of DCPFSK

As discussed in Section 3.8, our receiver structure is based on squared Euclidean distance
(SED). Thus the Euclidean distance properties of a DCPFSK scheme will contribute signif-
icantly to the scheme’s performance. With coherent demodulation, the signal paths before
and after demodulation are the same, and the SED can be calculated using the inputs
to the memoryless modulator, shown in Section 2.8. This is not the case with differen-
tial demodulation, as the differential demodulator in Figure 3.1 also performs differential

decoding. However, the differential decoding is not the exact inverse of the differential
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Figure 3.11: Detection Processor

encoding, so that the signal paths are changed. Thus the SED of DCPFSK is different to
that of CPFSK, we must look at the SED between demodulated DCPFSK signals rather

than the transmitted signals as in the coherent case.

Thus we define the normalised squared Euclidean distance (NSED) between two

DCPFSK signals yq(t, 8) and ya(t, B) as

oy o logg M [

—E | ]’yd(i,@) ~ yalt, B) gd‘é: ' (3.43)
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which can be re-written as

N (n+1)7
d*(8,8) = IOgQ Z/ lyd (t,8) — yalt 6)

= > di(8,5), (3.44)

where d2 (8, B) is called the normalised incremental squared Euclidean distance (NISED),

and is defined as

R 1 M (n4+1)T
26,8 = 22 [ o) vt (3.45)

Finally, the most important Euclidean distance property is the normalised minimum

squared Euclidean distance (NMSED), which is defined as

doin £ win d*(8,h). (3.46)
B#B

We now calculate the NISED and NMSED of DCPFSK.

3.9.1 Incremental Squared Euclidean Distance

Let us write the noise-free version of y4(t, 8) as

ya(t,8) = \/gexp(j [Qn-1+ dn(t —nT)]), nT <t < (n+1)T, (3.47)

where, for convenience, we have defined

Q1 £ 27whBp 1 (3'48)
a 27h
b 2 G o) (3.49)

Note that ¢, = Q, — Q,_1, as we will use this in the following. We can re-write the
NISED given in (3.45) as

, log, M [T log, M 0T 2
2 __ logy 1 logy M ]
R S— i, 3
log, M (n+1)T .
_ logs Mg / BB dr). (3.50)
.
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Now as ya(t,8) and yq4(t,B) are both constant envelope, the first two terms are easily

calculated. Looking at the first term, we have

2
logy M [(H1T 2 logy M {(n+1)T \/’E .
= kel gt — E ) B
2F /n’f lyd(t"@)l t 2 Jop TGXp(][Qn 1+ ¢p(t —nT)])| dt
_ loge M {(n+1)T E it
2E  Jur T
N IOggM
= g ¥
logy M
- Og; ‘ (3.51)
Similarly
logy M [ +1T L2 logs M
%/ vt B)| e = =E= (3.52)
nT

The integral in the third term is

{(n+1)T .
/ b B ()

= % :H}T exp(J [Qn—1 + ¢t — nT)+]) exp (—j [fln_l + Gt — nT)D dt
- % :MT exp ([ o1 = Qs + (b0 = Ga)(t = nT)] ) at
= JTW)E—"&) [GXP (j [Qn-l — Qn1 + (fn = )t — RT}D }Z:;;}T
= m [exp (j [ﬂn_1 — O + (b — g?)n)TD —exp (j {Qn_l - Qn_l}) ]
- m [exn (5 [0 — 2] ) — exo (3 [nr — 0] (3.59)
Substituting (3.51)-(3.53) into (3.50), we have
d%(B,B) = log, M ~ % Re E eXp(ﬁ [Qn - Qn]) - eXP(j [Qn—l - Qn~1})]
= logy, M — r}% Im {exp(j {Qn - Q"’D - exp(j [Qn_l - Qn_lJ)]
- log, M loge M [Sin (Qﬂ ~ Qﬂ> i ?in (Qn..l - Qn_l)}
T(ﬁén - ‘?5?1)
=t

Using (3.48), we can write (3.54) in terms of g,

&2 B Bu — log, M {1 _ sin(27h[B, — Bal) - sin(ZZrh[ﬁnA_l — Bu]) .
" 71 , Bn—l 27T}7,(,5n - /3n~1 - /Bn + ﬁn—l)

(3.55)
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In the case where

Bn — /6n~1 = Bn . Bn—la (3.56)

the denominator of the second term in (3.55) equal to zero and dZ(8, /) is undefined.

However (3.57) also implies

Bn — %én = Bp-1— 57&-1
& sin 27h(Bn — Bn) = sin2xh(Bn_1 — Bn_1), (3.57)

so that the numerator of the second term in (3.55) is also equal to zero. For convenience,

we define ©, as

(pn = /Bn - Bn (3.58)

We will use L'Hépital’s rule to find the limit of d2(8, B) as &, = ®,_1 by differentiating

the numerator and denominator of the second term in (3.55) with respect to ®,,. Thus,

lim d2(8,8) = lim 10g2M[1—

Dp—rPy .1 [ T

sin27h®,, — sin27hd,
2rh(®, — ®p1)

[ . sin2xh®,, — sin2rh®,_4
= Mi1- 1
log, M |1 = I o h (@, — %, 1)

Pn—Pyr

= log, M |1 - lim cos,?fzrhcl)n}

= logy M [1 — cos 2wh®,_]

— logy M |1 — cos 2nh(Bu_r — én_l)} (3.59)

We can now define the normalised incremental squared Euclidean distance of DCPFSK as

aflo] [5]) <
n—1 ;én—l

) _ sin(2rh[Bn — fa]) — sin(2mhffn 1 — Brl) B it B B
o6 M {1 271 (B ~ Bt — B+ Br)  bn = Bt # o= foa
log, M [1 —cos 2rh(fp—1 — 5;14)} ; Bn — Bno1 = ﬁn - Bn—l

(3.60)
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3.9.2 Minimum Squared Euclidean Distance

The NMSED of DCPFSK can be found in a manner similar to [Rim91]. We first note that

from the definition of 3,

Sin{??{‘hﬁn) = g§in (Rpr?{hﬁnD

K 1—1
= Sin(RgW 27 (;) Ry ZU?: )
L =0
r n—1
= sin(ng o (F) Rp | Ry ZéU )
B n—1
= sin (R% 2thRp | > U )
L i=
n—1
= sin(QTthp >U; ) (3.61)
i=0

where the second-to-last step holds because, by definition, B = P, or P is a factor of B,
Let us look further at the NISED of DCPFSK given by (3.60). For simplicity, we only
consider the case where B — Br—1 # Bn — Bn—1. Substituting (3.28) into (3.60), and noting
(3.61), we obtain

d2(B,B) = logy M x

{1 sin (2 (Rp[S30g U = Re[ 2o U] )| - sin[2mn (Be [0 U] - Be (5200 0] )]
amh (R[S Uil = Re [0 U] - Ba [0, 0] + Re | 4 03] )

(3.62)
~ log, M |1 - sin(27h[O, — O,]) — sm(QZrh[G)?_l - Op_1]) ’ (3.63)
27{h(ﬁn - /87;—1 - /3;'; -+ ﬂn—l)
where we have defined
On £ Rp|Y Ui|, (3.64)
i=0
and
On = Rp|> U (3.65)
i=0

We can think of ©,, and ©,, as the state of the transmitter and receiver respectively.
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0O,, can be determined from ©,_4 as

n—1

> Ui+ Un

i=0

O,

i

Rp

n—1

U

i=0

= Rp[On_1 + Un (3.66)

Rp|Rp + U,

and ©,, can be determined from ©,4+1 using

n+1
©n = Rp Z{&-—Un}
=0
n+1
= R;{RP > U —Un}
=0
= Rp[Oni1 — U], (3.67)
Similarly
(‘:)n = Rp [én—l‘{"{jn} (3.68)
and
8, = Rp [énﬂ - lffM} . (3.69)

We can construct a super trellis whose states are defined by the super states
(©n,6n), and whose transitions depend on the inputs Uy, and Uy, as in (3.66) and (3.68).
As ©,, and ©,, each have P states, there are P? super states in the super trellis, When
On # @)m there are errors in the system. Consequently we call such a state an error state.
There are P error-free states, occurring when @, = ©,,. We call the P paths that trace
through these error-free states in the super trellis the error-free paths. It is clear that the
error-free paths will have the input U, = li?'n, Y n.

We wish to find one path that achieves the smallest non-zero squared Euclidean
distance and to compute the SED of that path. Such a path will lie on an error-free path
for most of the way. As the trellis is time-invariant, it is not important when such a path
leaves an error-free path. Let us assume that this happens in the i-th interval. So we are
looking for a detour that leaves an error-free path in the ¢-th interval, stays unmerged over
an unknown number of L intervals and merges with any error-free path in the (i + L)-th
interval, such that the total SED is minimal. We refer to the first interval of the detour

as the diverge and the last interval as the merge.
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We first consider detours of length 1. In this case the diverge and the merge are in

2

the same interval. We will denote the minimum SED of such a detour as d

mnin,1* Since the

detour begins in the i-th interval, we have ©; 1 = ;7 and U; 5 (}z As the merge is in

the same interval we must also have ©; = ©;. Using (3.66) and (3.68) gives us

A

0; = 0
& Rp[@g_1+U»g] = HRp {@5_1 +0}}

“» RP[U@} = RP{{}@}
& Ui = U; + kP, (3.70)

where we have made use of (A.6). We have already stated that U/; # U;, so k must be a
non-zero integer in (3.70). As U; and U; are M-ary digits, condition (3.70) can only be
satisfied if and only if M > P. Substituting ©;,_; = ©,_1 and ©; = 6, into (3.63), we find

0
21h(B; — Bict — fi + Bi-1)

d?

m

i1 = loga M |1— = log, M. (3.71)

However, we need to show that 8; — Bi_1 — fBi -+ fi—1 # 0. Let us look at the quantity
B; — Bi—1 first. Let us suppose that 8;_1 equals some M-ary value, 2. Then, from (3.31)
with B = M, we have

Bi = Rum[Bim1 + Uy

= RM[Q B Ui]
= Q+U;, - kM (3.72)
where
0 Q+U; < M
k= (3.73)
1 O+ U, > M.

Thus we can write

Bi—Bi1 = Q+U; —kM - Q
= U — kM (3.74)

and through similar reasoning,

Bi—fic1 = Uy — kM (3.75)



where

. 0 O+ Ai < M
k= (3.76)
1 Q4U; > M,
and Q is some M-ary value. Using (3.74) and (3.75),
Bi—Pior — Bi+ biy = Ui = Ui — (k- k)M. (3.77)

As U; and U; are M-ary symbols, U — U < |M — 1]. Also k — k € {~1,0,1}, so that the
only way that the RHS of (3.77) can be equal to zero is if k — k = 0 and U; = U;. But we
have already stated that U; # U;, so B — Biet — ﬁz + Bi_l must be non-zero, and (3.71)
holds.

Thus the NMSED of detours of length 1 when M > P is given by

diny = logy M. (3.78)

For the case where M < P, there are no detours of length 1.
We now consider detours of length L > 1. We look first at a diverge, as we start

in an error-free state we must have
Oi-1 = Oi1 (3.79)

and

~

©; # O (3.80)

which imply U; # U;. 1t is convenient to consider the cases M < P and M > P separately.
We first consider the case where M < P, so that B = P, 3, = ©, and @n = ©,. This

allows us to re-write (3.63) as

. in(27h[0, — 6,]) — sin(27h[On_1 — Oy _1])
2(8.5) = log, M |1 S -] . 3.81
n(B:f) = logy [ 2h(O — O — O, + ©) .
Substituting (3.79) and (3.80) into (3.81), we find the NSED of a diverge is
. in(27h[0; — ©;))
2 B = log, M |1 - S Lo
z?dlverge()@ /8) 9 I: Zﬂh(@i — @1)
sin 2w h\;
where we have defined
¥ 2 0; - ;. (3.83)

52



Note that ¥; € {#1,£2,...,+(P — 1)} as ©; # ©;. Thus the normalised minimum SED
of a diverge in the i-th interval is

. sin 2rh¥;
GEr%liﬂ,di\ferge = logQM n‘%‘ln {1 - W}
sin 27h T,
2nh¥;

:logzM(l—né%x[ D T; e {£1,...,£(P-1)}. (3.84)

Theorem 1 of [Rim91] states that for any non-zero integer k, and for 0 < h < 1/2,

sin 2whk  sin27h

< . w
omhk © amh (3.85)
with equality if and only if & = +1. Applying (3.85) to (3.84) we obtain
sin 27h
i diverge = 108y M [l ~ ok ] : (3.86)

Thus a diverge occurring in the ¢-th interval achieves minimum SED if ¥; = £1.
For the case where M = kp, P, with kjs being an integer greater than one, B = M

and (3.81) does not hold. However from (A.1), we can write 3, U; as

Ti k13
z{fg = Rp ZU@ + kP
3==0 =0
= O, +kP (3.87)

where k is a non-negative integer. Using (3.87) in the definition of 8, with B = M, we

have

ﬁn = Ry

n
>
i=0

= Rl\ff[en. + k'P]

— Rum[On + RulkP]]
= RMK”)n + kljnp]
= O, + fGLnP (3.88)

where k; 5, is a non-negative integer less than ks, and the last step makes use of (A.8) as

On + k1P is non-negative and less than M. Similarly, we can show that
Bn = (:)n + kZ,nP (3.89)

where ko, is a non-negative integer less than kj,. Using (3.88) and (3.89) in (3.90), we
obtain

sin(2mh[0y, — O,]) — sin(27h[On_1 — O,_1])

Gl (3.90)

di(ﬁaé) = ]-Og?M 1-
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where

kn = 5{;17“ - kl,n—l - ’iﬁiz,n + k?,n—l; (391)
and kl,'na kl;ﬂ—l; k‘g)n, kz,n——l € {0, 1, [ }}CM - 1} Note that kn S {0, :tl, . ,ﬁ:Q(k‘M - 1)}
Substituting (3.79) and (3.80) into (3.90), we find the NSED of a diverge is

sin(27h[0; — ©y])
27h{(0©; — 0; + kP)

. (3.92)

d?,diverge (18: B) = logy, M [:1 —_

We note now that we can replace ©; — é’i with ©; — ©; + ki P in the argument of the sine

function as

sin(2rh[0; — ©; + k;P]) = sin(Rax [zm[@)i ~ 6, + k@P]})

— sin (Rgﬁ on (%) Rp {@i -0, + kiP}D
= sin (R% on @g) Rp [@z ~0; + Rp[kip}}D
= sin (Rg,, _27r (%) Rp [@@ — C:)QH)
— sin(27h|©; — éiD- (3.93)
Using (3.93) in (3.92) we have
B ,) = logs M [1 - Sl Ot )
27h(0; — O; + ki P)
= logy M {1 - % (3.94)
where we have defined
T 2 0, -0, + kP (3.95)

Note that ¥; € {£1,42,...,+([2kss — 1]P — 1)} as ©; # ©;. Equation (3.94) is in the
same form as (3.82), so we can apply similar reasoning to find the NMSED of a diverge in

the 7-th interval is

in(27h T, -
i giverge = 1082 M min |1 - sin@rhly) | g o (1,22, ..., £([2ky — 1]P — 1)}
4 v, Qﬂh\I/i )
sin2wh
= log — X .
ogQM[l o J (3.96)

and attained when ¥; = +1.
We now turn to a merge, occurring in any interval, say the I-th interval. Our detour

will be returning from an error state to an error-free state. Thus we will have

Q1 # O, (3.97)
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and
0, = (3.98)

which imply U; # U;. Again we consider the cases M < P and M > P separately. We
first look at the case where M < P, so that B = P and (3.81) holds. Substituting (3.97)
and (3.98) into (3.81), we find the NSED of a merge is

U U1) = logy M [1 _ sin(2rhO), - 6,1) }
,merge b]

2rh{(©)_1 — ©11)
sin27h¥;_; ]

2’31'?2.‘1’{-1 (3'99)

= log, M [1 —

Note that ¥;_1 € {£1,42,...,+(P—1)} as ©;_; # ©,_1. As (3.99) is in a similar form to
(3.82), we can apply similar reasoning to obtain the normalised minimum SED of a merge

in the I-th interval as

9 _ _ ] sin 2rhW;_1
@rninmerge = 1082 M fin [1 T Upg € {£1,£2,..., (P - 1)}
sin 27h
= log, M [1— 5 ] (3.100)

Thus a merge occurring in the I-th interval achieves minimum SED if ¥;_; = 1.
For the M > P case, B = M so we must use (3.90). Substituting (3.97) and (3.98)
into (3.81), we find the NSED of a merge occurring in the [-th interval is

sin(27h[©_, — 6;_1))
27h(©1_1 — O1_1 + ki_1 P)

di,merge(ﬁﬁé) = log, M {1 - . (3.101)

Again we replace ©;_1 — 01 with ©;_1=0;_1+k,_1 P in the argument of the sine function

to obtain

dz mers ) A e 10 M ]. - A
, erge(ﬂ ,3) g2 [ 271'h(®l—1 e @z_l + kl—lp)

sin(?wh\il,l)
2mh¥_y

sin(27h[0;_1 — O;_1 + kl—lpp}

= log, M |1 — , (3.102)

where ¥;_; € {£1,£2,...,£([2kps — 1P — 1)} as ©;_1 # (:).3_1. As (3.102) is of the same
form as (3.82), we can again apply similar reasoning to find the NMSED of a merge in the

[-th interval is

in(2rh¥,_ .
o merge = logy M min |1 — SmCrhVi-1) |G e ra1, 42, (2 — 1P — 1)}
Wy 271'111,\111_1
in 27h
= logy, M [1 - S‘;ﬁ;: } , (3.103)
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and attained when ¥;_; = +1.

So we have found the NMSED of a diverge and a merge for the cases where P < M
and P = M. Let us now consider detours of length 2, which consist only a diverge and
merge. If there exists a path (or path) of length 2 whose diverge and merge achieve

d? and d? respectively, then this path would clearly achieve d2 the

min,diverge min,merge 'min,2’

minimum distance for any path of 2 intervals. As d2(8, 8) is non-negative and zero on the

error-free paths only, the SED of any detour of greater than two unmerged intervals will

2
min,2°

be larger than d
+d? can be achieved by

Thus our task is to show that dZ; , = d2 2 in,merge

min,diverge
one or more paths. Such a path will start on an error-free path, diverge in the i-th interval
to a state such that ¥; = £1 (or ¥, = +1) and then merge to an error-free path. The

following equations describe this sequence,

Qi1 = Oy (3.104)
0; = 6;+1 (3.105)
O = C:)@'_H. (3.106)

At the start of the detour, ©;_; and ©,_1 are both equal fo a certain value. We will call

this value Q, where ) € {0,1,...,P —2}. With the inputs

Uip1 = 0 U1 = 1, (3.108)
we obtain the sequences
O;i_1 = Q 61 = 0 ¥, 1 =20 Uy =0
O, = Q+1 6, =0 U =1 U =1
O = Q+1 é’i+1 = 0O+1 Vi =0 \HI}H.]A = {.

So we have shown that ¥, and ¥,, can indeed follow the sequence (...,0,1,0,...), and

thus
d?nin,?l = drznin,diverge + d%nin,merge
sin 2mwh
= 21 M1~ .
0g9 { 9T } (3 109)

Note that although we have only shown above that there are P — 1 paths that achieve
d2

min2» they are by no means the only paths to do this. Indeed, if we reverse the inputs
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in (3.107) and (3.108) we find another P — 1 paths, and more can be found using other
inputs. We are now in a position to present the generalised result.

The minimum normalised squared Euclidean distance (NMSED) of a DCPFSK
system with h = K/P < 1/2, where K and P are relatively-prime positive integers, and
whose choice of M and P follow max{M, P} = kmin{M, P}, where k is a positive integer,

is given by

in 2
min [logzM, 2logy M (1 _om Wh)] M>P

27h
sin 2ﬁh)

d?
2log, M (1— P

min

(3.110)

M<P

It is interesting to note that this is the same as the result for CPFSK.

3.10 Error Performance of DCPFSK

The differential demodulator uses the previous symbol which is corrupted by AWGN to
demodulate the current symbol. The presence of this “extra” AWGN means that yq(t, 8)
has a non-zero mean, quadratic Gaussian form which makes exact analysis very difficult.

Let us look at y4(t, ) again,

1

yd(tvﬂ) = 5\/%[5(1:, 6) 5*(t - Taﬁ) + @(t) gx{t - T; 1{3)

+5(t, B) 0 (t — T) + B(t) & (¢ —T)}. (3.111)

We assume that at high SNR the noise x noise term is dominated by the other three terms,
and we neglect it. We further assume that the two noise x signal terms are independent,
and that they act so that the performance of DCPFSK is equivalent to that of CPFSK
with twice the noise. Thus we assume that the probability of bit error for DCPFSK at
high SNR is

Pe o Q dlgninEb

| (3.112)

Similar assumptions and conclusions can be found in [AS81] for DCPFSK and [Pro95!
for differential PSK (DPSK). For the simplest DCPFSK case, that of DMSK, there is a
solution that avoids the above assumptions. The probability of bit error for DMSK is
given by (see for example [Mas90})

1 E
Pepmsk = §®XP(‘§%>7 (3.113)

which is exactly the same as the result for differential binary PSK [Hay88][Pro95].



We present the d2. for various DCPFSK schemes in Table 3.1, calculated using

(3.110). As (3.110) is identical to (2.61), the values in Table 3.1 are the same as those in
Table 2.1.

Table 3.1
d? . for various DCPFSK schemes

TN

Scheme 2
DMSK 2 2
4-DCPFSK | 4-8 | 145
8-DCPFSK | 6 — 122 | 0,60

3.11 Simulation of a DCPFSK system

The simulation of a DCPFSK system is a much more complicated problem than that of
its coherent counterpart. We discuss the simulations and the model used in Appendix F.
It is important to note that the simulations do not use the assumptions discussed in
Section 3.10, and thus they take into account the effect of noise x noise and signal x noise

terms.

Figure 3.12 shows the results of the simulations compared with the computed per-
formance of various coherently-demodulated CPFSK schemes. The computed curves were
calculated using (3.113), (3.112) and the results in Table 2.1. The simulation results and
the computed curves agree reasonably well at high SNR, given that the computed curves
are only approximations based on significant assumptions. The data was assumed to be
uniformally distributed, at least 16 samples per symbol were generated, and the Viterbi
algorithm had a decision depth of 20 symbols.

It is interesting to compare the performance of CPFSK with DCPFSK, and in
Table 3.2 we tabulate the approximate SNR values required in the simulations to achieve
a BER of 107% for different M-CPFSK and M-DCPFSK schemes. For the cases with M
equal to 4 and 8, an increase of approximately 3dB is required when going from CPFSK
to DCPFSK. An increase of less than a dB is required when going from MSK to DMSK.
Similar figures have been observed in [Hay88] in comparisons of M-ary PSK and M-ary
DPSK.
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Figure 3.12: Computed and simulated performance of various M-DCPFSK schemes

Table 3.2

Comparison of empirical SNR values required to achieve a BER of 107° for different
M-CPFSK and M-DCPFSK schemes

Approximate SNR. values .
M | M-CPFSK | M-DCPFSK
2 9.9 10.6
4 11.0 14.0
8 14.8 17.9

3.12 Summary

In this chapter we have presented and discussed DCPFSK. The differential encoder de-
veloped preserves the phase trellis through differential demodulation and combines well
with the decomposed model of CPFSK. The differential demodulator operates in such
a manner that the phase tree and trellis of a demodulated DCPFSK signal differs from

those of a modulated DCPFSK signal. Both phase trees and trellises are important as
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they provide important insight into the behaviour of DCPFSK.

We presented a receiver structure for DCPFSK that was based on Euclidean dis-
tance and discussed each of its components. We also calculated the normalised incremental
squared Euclidean distance (NISED) and normalised minimum squared Euclidean distance
(NMSED) for DCPFSK. The NISED of DCPFSK differs from that of CPFSK, but both
have the same NMSED in the case with no external error-control coding. Our receiver
is not maximum-likelihood due to the extra noise components introduced by differential
demodulation. These noise components make analysis very difficult, but through some
simple assumptions the error performance of DCPFSK is found to be approximately 3dB
worse than that of a CPFSK system with the same NMSED. The results of our simulations

were seen to agree with this approximation.
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Chapter 4

Coding DCPFSK

4.1 Introduction

Trellis coding has long been used to improve a system’s performance without increasing
its bandwidth. CPFSK has previously been encoded using a binary convolutional channel
encoder, but work in [MM89] suggests that the most “natural” codes for M-ary phase
modulation are linear codes over the ring of integers modulo-M (Zs). This idea has been
combined with the decomposed model of CPFSK [Rim88]|, using convolutional encoders
over the ring of integers modulo-P Zp [YT94] [RLI5]. This allowed the structure within
CPFSK to be exploited to improve the code performance while minimally increasing the
complexity. The codes found performed better than any previous coding schemes used.

As discussed in Section 3.9, the normalised incremental squared Euclidean distance
(NISED) of DCPFSK is different to that of CPFSK. Although CPFSK and DCPFSK have
the same normalised minimum squared Euclidean distance (NMSED) in the uncoded case,
it does not necessarily follow that the coded systems will have the same NMSED. We wish
to use the decomposed model of DCPFSK developed in Chapter 3 to develop convolutional
codes over the ring of integers modulo-M Zjus for M-DCPFSK in a similar manner to
[YT94]. We restrict ourselves to M-DCPFSK coded systems. The differential encoders
and continuous phase encoders (CPE) in these systems will both be linear encoders over
Z g, allowing for easier interfacing with a channel encoder.

We begin this chapter in Section 4.2 by reviewing the method used in [YT94] to
code CPFSK. We then discuss in Section 4.3 why a feedback-free CPE is necessary when
performing code searches for CPFSK systems. In Section 4.4 we present the appropriate
terminology and the structure of the channel encoder in [YT94] that we will be using. This

allows us to present the code search model for an encoded CPFSK system in Section 4.5.
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The overall encoder in an encoded CPFSK system is discussed in Section 4.6, and the
implementation of such a system is discussed in Section 4.7. We then move on to coded
DCPFSK systems. We first develop a Euclidean distance model of DCPFSK in Section 4.8,
which allows us to construct a code search model for an encoded DCPFSK system in
Section 4.9. We discuss the overall encoder in an encoded DCPFSK system in Section 4.10,
and in Section 4.11 we discuss the implementation of such a system. Having presented
and developed the necessary material, we discuss the code search procedure used in this
thesis in Section 4.12, and present its results in Section 4.13. The important points from

the chapter are summarised in Section 4.14.

4.2 Coding CPFSK

Figure 4.1 shows the general idea of a coded M-CPFSK systerﬂ [YT94]. The channel
encoder (CE) accepts {—~1 M-ary data symbols and outputs { M-ary encoded symbols. The
commutator then allows the continuous phase encoder (CPE) and memoryless modulator
(MM) to process these encoded symbols individually to generate the transmitted signal.
The channel encoder and CPE form an overall encoder. If, as we specify, the channel
encoder and CPE are both linear encoders over Zjy, the overall encoder is also a linear

encoder over Zy.

Overall Encoder

_________________________

_________________________

Figure 4.1: Coded CPFSK system

4.3 Feedback-free Continuous Phase Encoder

The CPE of Section 2.5.2 is a feedback encoder, and catastrophic convolutional channel
encoders may combine with the feedback-CPE to produce an overall encoder that is non-
catastrophic [MMP88]. This means that catastrophic channel encoders should also be
considered when finding the best codes for CPFSK. The problem of determining which
catastrophic channel encoders combine to produce overall non-catastrophic encoders would

also need to be solved. By using a feedback-free CPE these problems can be avoided, as
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non-catastrophic channel encoders combined with a feedback-free CPE always produce
overall non-catastrophic encoders, and catastrophic channel encoders combined with a
feedback-free CPE always produce overall catastrophic encoders [YT94].

The feedback in the CPE can be removed by using the precoder shown in Fig-
ure 4.2(a), where U is some data sequence that will produce U when passed through the
precoder. Like the differential encoder, this precoder is also a scrambler [For70], as it re-
places one stream of M-ary symbols with another stream of M-ary symbols in a one-to-one
permutation. We will henceforth refer to this precoder as the scrambler.

The feedback-free CPE resulting from the cascade of the scrambler and the feedback
CPE is illustrated in Figure 4.2(b), and will combine with a non-catastrophic channel

encoder to form an overall non-catastrophic encoder.

U o U o Un.
s o [
D D — >
(a) Scrambler (b) Feedback-free CPE

Figure 4.2: Removing the feedback in the CPE

4.4 Channel Encoder

The channel encoder employed in [YT94] was a convolutional encoder defined over Zp,
but we will deal with one defined over Zps. Let us introduce the terminology for a delay

polynomial z(D) where
.‘Z‘(D) é.’},‘o‘{".’l,‘lD”{"‘}‘xkakv”‘“w (41)

and D is a unit delay. Let R = Zjs denote a commutative ring [MM90], and let R(D)
denote the ring of rational functions over R, whose numerators are the polynomials with
coefficients in Zys, as are the denominators, with the restriction that their zeroth delay
terms are equal to one. Every rate-(I — 1)/l convolutional code over R can be generated
by some encoding matrix G(D) = gi(D), 1 < i <1 —-1,1 < k < I, gn(D) € R(D)
with kernel Ker[G(D)] = 0. Every generator matrix whose components are causal, can be
realised with a finite number of memory cells capable of storing ring elements and a finite

number of modulo-M scalars and adders. The uncoded input sequence is denoted a(D),

63



A hél)
.......... | | &(2) (D)
JICHINTIOY
........... ] p(-1) (D)
hgb—-l) hgz_n
D+ o G D =& (D)
KOO
Figure 4.3: Rate-({ — 1)/ systematic ring convolutional encoder
where each ay,, is a vector of [ — 1 M-ary integers, that is,
it i
a, = [ o . oY, el el -1y (42)

where @' represents the non-conjugate transpose of . The coded output sequence b(D),

where each by, is a vector of | M-ary symbols similar to ag,,, is related to a(D) by
b(D) = a(D)IG(D). (4.3)

As in the field case, a systematic ring convolutional encoder is always minimal and
non-catastrophic [MMB89]. That is, there is no infinite weight input sequence that produces
a finite weight output sequence.

The feedback realisation of a rate-(I — 1)/l systematic convolutional encoder is
shown in Figure 4.3. The ® and @ symbols represent modulo-M multiplication and

addition respectively. The transfer function for such an encoder is

G(D) = :
H-D(D)
HO(D) |

where H)(D) = héi) + h(li}D 4+ +hYD¥ and v is the number of delay cells in the
encoder. Note that the element héo) is always equal to one,
Permutations between the redundancy-carrying output line and the information-

carrying output lines are necessary, as the different permutations may produce differ-
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ent overall encoders when combined with CPFSK [YT94]. A permutation between the
redundancy-carrying output line and the ¢-th information-carrying output line corresponds
to a permutation of the [-th column and the é-th column of G(D). Permutations of the
information lines are not necessary, as we assume the input data is random. For a rate-

(I — 1)/l encoder there are | permutations and thus { different encoders.

4.5 Code Search Model for CPFSK

As discussed in Section 2.9, the NMSED of a coherent CPFSK system significantly affects
its performance. A channel encoder seeks to increase the NMSED of the system. Thus
for a given throughput and complexity, coded CPFSK systems are compared the basis
of their NMSED., A code search model should allow the NMSED of the system to be
easily determined. In Section 2.8.1 we presented a formula for the NISED of a CPFSK
system which was based only on X, the input to the memoryless modulator at time n.
By determining the transfer function of the overall encoder formed by the cascade of the
channel encoder and the feedback-free CPE, we can calculate the NISED of the coded
system using X,.
The transfer function of the feedback CPE is
D
C(D) = [1 1_——1:)} , : (4.5)

and that of the scrambler
T(D) = [1-D]. (46)
The transfer function of the feedback-freé CPE is obtained by cascading T{D) and C(D),
C(D) = T(D)-C(D) = {1 -D D] : (4.7)

Figure 4.4 illustrates the feedback-free CPFSK system encoded with a convolutional chan-
nel encoder over Zyy. The input data sequence a(D) is encoded by G(D) and the [ elements
of the output encoded sequence b(D) are then individually selected by the commutator
and processed by the feedback-free CPE C(D) to produce the input to the memoryless
modulator X,,, from which the NMSED of the channel encoder can be calculated.

It is convenient to move the commutator through the system to just in front of
the memoryless modulator. Thus the scrambler and the CPE must process [ symbols at
a time. Let Ty(D) and Ci{D) denote the equivalent ! x [ and I x 2! versions of T(D) and
C(D) respectively. The equivalent [ x 2l-version of C(D) is denoted Cy(D) and its output

®
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QOverall Encoder

Figure 4.4: Coded CPFSK system with scrambler

QOverall Encoder

Figure 4.5: Coded CPFSK system model for code searches

is denoted (D) where each ¢y, is a vector of 21 M-ary symbols, similar to ay, . Figure 4.5
shows the system using these equivalent encoders. Note that X, is a 2-element vector,
and the commutator selects all the elements of each ¢y, in pairs, that is,

(2i~1)

Xn = k‘(IQi) ) 1 o= 172; NE kvl <n < (ECV + 1)l (48)

ckV

Using the model in Figure 4.5 the NISED between two encoded sequences ¢ and & over

the ky-th trellis interval, denoted &7 (c, &), is defined as

ngz 1) 221 1)
5kv Z dz V ’ }sz) ! (49}
Ckv (/kv
where

2i—1 ~{2i-1
2 Cl(w ) c}cv ) a
¢ 20T a2
kv kv

(21=1) (zz:) A(zz‘—l) 20 (28)  A(20)
rlogy M |1 — Sm(%h[ by Ry ‘zzl 1) kf@bnsm(zm (ry ey D ) C;(CZi“l} # 65623‘—1)
) 21rh( =8y ) v v
| Togy M |1 — cos (2mh [ — 6] )], Y = ),

(4.10)

and 7 is the rate of the encoder. Using (4.9), we write the normalised squared Euclidean
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distance between two coded sequences ¢ and ¢ as d?(c, &), given by
d*(c,8) = Y 8, (@), (4.11)
kv

Similarly, the NMSED of a coded CPFSK system is given as

d2,. = min d*(c,&). (4.12)
c)

c

4.6 Overall Encoder in a Coded CPFSK System

Like its components—the CPE and the channel encoder—the overall encoder is also a
linear encoder over Zys. Both the 1 x 2- and [ x 2[-forms of the CPE contain only one
delay element, so the overall encoder will contain v + 1 delay elements. Let Sg be the
number of states in the channel encoder. There will be M states in the CPE, but as the
overall encoder is not systematic, it will not necessarily have Sg - M states. In [YT94],
Yang and Taylor prove that the number of states in the overall encoder, denoted Sy, is

given by
Sy = Sg-ng, (4.13)

where ng is the number of different values that the 2/-th element in by, takes before the
channel encoder merges to the zero state. The quantity Sy will have a large influnence on
the complexity of an encoded CPFSK system, as the size of the system trellis will depend
on the number of states in the overall encoder Sy, and the number of branches per state,

which is equal to M1,

4.6.1 Rate-1/2 Ring-Coded 4-CPFSK Overall Encoder Example

Let us consider rate-1/2 encoded 4-CPFSK. The channel encoder used is then a convolu-

tional encoder over Z s, with transfer function

a(D) = {1 HIZD}. | (4.14)

Using the general form of G(D) given in (4.4) and Figure 4.3, an implementation of (4.14)
can be found. This is shown in Figure 4.6, where the summer to left of the delay element
has been removed as it only had one input. The ’minus sign into that summer has also been
removed, as 2 = —2 modulo-4. The trellis diagram of this channel encoder is shown in

Figure 4.7, where content of the delay element is shown, along with the input and output
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1(13
2 43%313 2

Figure 4.7: Trellis diagram of G(D) = [1 ﬁﬁ]

for each transition as o™ (b(V6()). Note that there are parallel transitions between the
states.
By cascading the channel encoder with the 2 x 4-version of the feedback-free CPE,

we obtain an overall encoder that is a rate-1/4 encoder with transfer function

1+D D 3+2D
1+2D 142D 142D

1. (4.15)

This overall encoder is shown in Figure 4.8, and its trellis is illustrated in Figure 4.9. The
contents of the two delay cells are used to identify the states, and the input and output for
each transition are labelled as a2 (M@ @), If we look at the value of b2 in each
codeword that merges to the zero state in Figure 4.7, we find that there are two distinct
values, zero and two, thus n, = 2, and from inspection of Figure 4.7 we find that there two
states in the channel encoder so that Sg = 2. Substituting these values into (4.13) we note
that there should be four states in the overall encoder, and from inspection of Figure 4.9,
we find this to be the case. It is important to note that each transition in the trellis of
Figure 4.9 represents two symbol intervals, as the memoryless modulator processes two

elements of ¢y, each symbol period.
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Figure 4.8: Implementation of G(D) Cy(D) = {1{:2% 1529 iigg 1]
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Figure 4.9: Trellis diagram of G(D) Cy(D) = [11;3% 1+DQD ?igg 1}
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Figure 4.10: Actual implementation of a coded CPFSK system

4.7 Implementation of a Coded CPFSK System

Although we may use the model in Figure 4.5 for code searches, the actual implementation
in a communication system is more like that shown in Figure 4.10. The code chosen to be
used in the system is scrambled by T;(D) to form G(D), which is then used to encode a
standard CPFSK system. Note that the scrambled code is no longer systematic.

4.7.1 Rate-1/2 Ring-Coded 4-CPFSK Implementation Example

We use the same channel encoder as that in the example in Section 4.6.1. This is then

scrambled by the 2 x 2-version of T(D) to form the transfer function
G(D) = G(D)-Tz(D)

el
- 142D 3D 1

B [1—}—1} 3+2})}

142D 142D (4.16)

This gcrambled channel encoder is shown in Figure 4.11, and its trellis is illustrated in
Figui:;éﬁ 4.12. The contents of the two delay cells are used to identify the states, and
the input and output for each transition are labelled as a{V) (6(1)6(2)). The output of the
scrambled channel encoder b(D) can then be sequentially fed into a standard CPFSK
system, to produce a coded CPFSK system with a system trellis which is that shown in

Figure 4.9.

4.8 FEuclidean Distance Model of DCPFSK

As discussed in Section 3.8, we have chosen to use a DCPFSK receiver that seeks to min-
imise the squared Euclidean distance (SED) between the received signal and the possibly-
transmitted signals. We assume that the performance of such a receiver is dominated by

its NMSED (see Section 3.10), thus we wish to find codes for DCPFSK with maximum
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NMSED. In order to preform code searches, we need to develop a model that allows the
SED characteristics of the demodulated DCPFSK signal to be calculated from the input to
the memoryless modulator. By comparing the NISED of CPFSK and DCPFSK given by

(2.60) and (3.60) respectively, we see that if we introduce a 2x1 vector X, with elements
XD & Bu=Paa and  XP) 2 By, (4.17)
then we can write the NISED of DCPFSK, as given in (3.60), as

d$z<Xn:Xn) =

sin (2?}'& {}?,21}—%—}{’?22}—/%;1)—%?)})—Sin <2?rh [}v(,(lz)—}:(iz)}) < (1) (1)
27.':‘&(}2}(})—)?,1
g % {2) . 5 ()
logy M [1 — €08 (27rh [XT(?) - X, })] , ?gl) =X, .
(4.18)

A coherently-demodulated CPFSK system with X, as the input to its memoryless modu-
lator will produce signals with a NISED given by (4.18). An encoder to produce X, from
B is shown in Figure 4.13. We call this encoder the differential decoder as it removes the
effect of the differential encoder. Note the use of the H to indicate standard addition and

not module addition. The transfer function of the differential decoder is-
R(D) = [1 HD D] : (4.19)

The H is used to denote standard subtraction and not modulo subtraction.

T X
L D i_.jf@)

Figure 4.14: Differential continuous phase encoder/decoder

The encoder to produce X n from U, is just the differential encoder of Figure 3.3

cascaded with the differential decoder, and is shown in Figure 4.14. We call this the
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differential continuous phase encoder/decoder (DCPED). The transfer function of the

differential encoder is

1
BD) = | — 4.20
o = [5] (4.20)
so the that the transfer function of the DCPED is
18D D
F(D) = ED)-R(D) = |- | 4.21
o) = 50)-r(D) - |22 2] (4.21)

Thus for Euclidean distance purposes, we can model a DCPFSK system as shown
in Figure 4.15. We have effectively split the differential demodulator in a DCPFSK system
into a differential decoder before the memoryless modulator and a coherent demodulator

in the receiver.

MM

Figure 4.15: Euclidean distance model of DCPFSK

4.9 Code Search Model for DCPFSK

We use the channel encoder from Section 4.4 to encode DCPFSK. Consequently, we
must remove the feedback in our DCPFSK model, and this is done by using the scrambler
discussed in Section 4.3, By cascading the scrambler with the DCPED we have the transfer

function
P(D) = T(D)-F(D) = [1BD D|. (4.22)

Note the similarity with the transfer function of the feedback-free CPE given in (4.7), the
only difference is in the arithmetic. The feedback-free DCPED is shown in Figure 4.16,
and the similarity with Figure 4.2(b) is evident.

iy

U, D T

Figure 4.16: Feedback-free DCPED
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Figure 4.17: Coded DCPFSK system with scrambler
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Figure 4.18: Coded DCPFSK system model for code searches

In Figure 4.17 we illustrate the coded DCPFSK system using the scrambler, which
is very similar to that of the CPFSK case shown in Figure 4.4. Let Fy(D) and Fy(D)
denote the equivalent | x 2{-versions of F(D) and F(D) respectively, and let the output
of F;(D) be denoted &(D) where each &, is a 2] x 1 vector whose elements é;:g are such

that
{(-(M -1),...,-1,0,1,... , M -1}, i odd

&) e (4.23)
{0,1,..., M -1}, i even

Although the overall range for the odd-numbered elements of &, has 2M — 1 values, it is
important to note that at any one time the odd-numbered elements of é, can only take
on one of M values due to the structure of the DCPED.

The final system model for DCPFSK code searches is shown in Figure 4.18, which
again compares to the CPFSK model in Figure 4.5. Note that Xnisa2x1 vector, and
the commutator selects all the elements of each &, in pairs, so that

S(2i-1)

v ()
X, = &‘ifza ci=1,2,...,0  kvl<n<(ky+1), (4.24)
&

as in the CPFSK case.

Using the model in Figure 4.18 the NISED between two encoded sequences & and
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& over the ky-th trellis interval, denoted 5,%‘/ (&,8), is defined as

! 4(2i=1) i)
2 o & Ay 2 kv kv
Oty (c,c) = Zdi e || s |0 ] (4.25)
= Chy Cy
where
(22 1) o(2i—1)
42 Chy Chy N
’ J20) | 7] 20 |
Chy Cly
gt |1 O (a2 2] e, g
2 27rh( g2 5{‘; ”) ’ Icv
) _ g\ 2i—1
r logy M [1 — cos (27rh [éf‘:) — C/(CVZ)D] , c% 1) _ ;‘j ).

(4.26)
Using (4.25), we write the normalised squared Euclidean distance between two coded

sequences ¢ and ¢ as d*(c, &), given by
&, &) Zékv (8,8). (4.27)
Similarly, the NMSED of a coded DCPFSK system is given as

). (4.28)

('3(>

dinin = d*(¢,

i

o E
[pled =

w6
oo

# &

4.10 Overall Encoder in a Coded DCPFSK System

Although the output of the overall encoder in Figure 4.18 follows the slightly peculiar
format of (4.23), the overall encoder is still a linear encoder over Zus. Also, all the delay
elements of the overall encoder will contain only elements of Zj;. Due to the similar-
ity between the feedback-free CPE and the feedback-free DCPED, similar reasoning to
Section 4.6 can be applied, and the number of states in the overall encoder in a coded

DCPFSK system can be determined using (4.13).

4.10.1 Rate-1/2 Ring-Coded 4-DCPFSK Overall Encoder Example

We again use the same channel encoder as that in the example in Section 4.6.1. When
this is cascaded with the 2 x 4-version of the DOPED we obtain an overall encoder that

is a rate-1/4 encoder with transfer function

. 1 1 0 8D 1
G(D)Fy(D) = 1520 lap b 1 o

[1+2DED D 18(1+2D)
1+2D 1+2D 1+2D

1. (4.29)
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Figure 4.20: Trellis diagram of G(D) Fy(D) = [142082 By J8LUD) o)
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This overall encoder is shown in Figure 4.19, and its trellis is illustrated in Figure 4.20.
The contents of the two delay cells are used to identify the states, and the input and output
for each transition are labelled as o( (¢ &2 &34, Note that some of the elements in
the first and third positions are negative, and this is the difference between the CPFSK
and DCPFSK cases.

As the channel encoder is unchanged from Section 4.6.1, n; = 2 and S¢ = 2 so that
from (4.13) we would expect the overall encoder to have four states. From inspection of
Figure 4.20 we find this to be the case. Again, each transition in the trellis of Figure 4.20
represents fwo symbol intervals, as the memoryless modulator processes two elements of

¢, each symbol period.

4.11 Implementation of a Coded DCPFSK System

In an actual coded DCPFSK system, the output of the channel encoder would be processed
by a standard DCPFSK transmitter, consisting of a differential continuous phase encoder
(DCPE) and a memoryless modulator. The transfer function of the DCPE C(D) is the
cascade of those of the differential encoder and the CPE,

1 D
1-D (I-D)?

C(D) = E(D)-CWD) = [ (4.30)

Figure 4.21 illustrates the implementation of a coded DCPFSK system, the chosen code
is scrambled and fed into a standard DCPFSK syStem.

b(D) K U, &) X, AL s(t, U)

|
|
|
|
|
I

Figure 4.21: Implementation of a coded DCPFSK system

4.11.1 Rate-1/2 Ring-Coded 4-DCPFSK Implementation Example

We continue to consider the channel encoder of Section 4.6.1, and as the scrambled code
is independent of the demodulation used, the transfer function of the scrambled code is
given by (4.15) and its implementation and trellis are illustrated in Figures 4.11 and 4.12
respectively. Once fed into a standard DCPFSK system, the demodulated received signal

would have the system trellis given in Figure 4.20.
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4,12 Code Search Procedure

For each value of v every possible generator matrix G(D) is generated and combined
with the [ x 2[-version of the either the feedback-free CPE or the feedback-free DCPE to
form the required overall encoder. Note that there will be M¥¥*+1~1 different generator
matrices. The NMSED of the coded system can be calculated using either (4.12) or (4.28)
and the Viterbi algorithm [BDMS91]. As well as the NMSED of the coded system, the
value of Sy must be recorded to ensure that coded systems of similar complexity can be

compared.

4,13 Code Search Results

Two coded CPFSK and DCPFSK systems were considered, rate-1/2 encoded 4-CPFSK
and rate-1/2 encoded 4-DCPFSK, which compare to uncoded MSK and uncoded DMSK
respectively, and rate-2/3 encoded 8-CPFSK and rate-2/3 encoded 8-DCPFSK which com-
pare to uncoded 4-CPFSK and uncoded 4-DCPFSK respectively, in terms of their infor-
mation bit-rates. Tables 4.1 and 4.2 show the results of the searches, an * by the NMSED
indicates that a search was not complete.

The results are ordered according to Sy as this determines the system complexity.
The G(D) given are just sample codes, as for each set of parameters there are a few codes

that have the d2

min

given, and the full list of codes can be found in Appendix G. All the

coherent results found agree exactly with [YT94]—in terms of d?

“in—except in the octal,

Sy = 16, v = 1 case. The best d2. given for this case in [YT94] was 2.38, compared

to the 2.81 found here. Only one code was given for each coherent case in [YT94], but
a later paper [LJKK97] performed similar code searches for rate-1/2 encoded 4-CPFSK
with Sy = 4,8,16. We found the same codes as [LJIKK97] along with one additional code
for the Sy = 4 case.

For rate-1/2 encoders working with 4-CPFSK and 4-IjCPFSK systems (Table 4.1),
there is always a loss in d2; going from coherent to differential demodulation, although

this may be as low as 0.03. Note that for the Sy = 4 and Sy = 8 cases, the same codes

2

have maximum d;; for both coherent and differential demodulation. In all the other

M = 4 cases, different codes are required to achieve the maximum d2. for coherent and

min
differential demodulation.

For rate-2/3 encoders working with 8-CPFSK and 8-DCPFSK systems (Table 4.2),
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Table 4.1
Search results for rate-1/2 encoded 4-CPFSK and 4-DCPFSK

Coherent Differential
Sy | v | dis, G(D) A in G(D)
41315 - 3.00 1 Q—Dlﬁ]
8 |1 4.09 [1 25;5} 4.00 [1 zj%iil_}
16 |2 515 | [25EPE ]| 404 ]

: D42 D41
32 | 3 6.00 [ﬁﬂ%ﬁ 1} 5.45 [1 Mﬂf}

‘ & 2D34D%+3 ] D24+ D42
64 |3 642 | [1 B 1630 |1 PR
2D*4+D342D41 D24 D42
128 | 4 7.60 {1 me] 7.00 [1 204+2.D31Dt+30+1}
Table 4.2

Search results for rate-2/3 encoded 8-CPFSK and 8-DCPFSK

(the * indicates that the search was not complete)

Coherent Diffeyential y
Sy | v drznin G(D) d?nin G(D)
[1 0 4D+ 6] | [t 0 4D +56]
8 |11 218 2.18 +
01 2 | 01 2
(1 0 6D +4] [1 0 6D + 4]
16 11 281 2.81 +
0 1 4D + 2] 0 1 4D+ 2]
2044 2D-+4
39 9| 203" [1 0 3D§+4D+1} 2.93* |:1 0 3D2+4D+1}
’ D+1 ) D41
01 3D%244D41 0 1 3D24+4D-+1

the d% . of a code was found to be the exactly the same for both coherent and differential
reception, at least for the Sy = 8 and Sy = 16 cases. A very limited search of Sy = 32
codes showed the same characteristic. Note that these trellises are very big, as a rate-2/3

encoder with octal symbols implies 64 branches from each state in the trellis.
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4.14 Summary

In this chapter we presented the method used to encode CPFSK in [YT94]. A systematic
convolutional channel encoder over Z s is combined with a feedback-free M-CPFSK sys-
tem. The combination of the channel encoder and the feedback-free CPE forms an overall
encoder that is also a linear encoder over Zjs. A model for code searching can then be
constructed using this overall encoder as in [YT94]. We then applied a similar method to
develop a Euclidean distance model of DCPFSK which led on to a code search model of
DCPFSK.

The results of the code searches. showed that very little performance is lost (in
terms of NMSED) when going from CPFSK to DCPFSK. In the case of rate-2/3 encoded
8-CPFSK and 8-DCPFSK, it was found that there was no difference in NMSED between

the encoded coherent and differential systems.
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Chapter 5

Performance of Coded (D)CPFSK
Systems in AWGN

5.1 Introduction

Although the normalised minimum squared Euclidean distance (NMSED or d2,,) of a
coded (D)CPFSK system is the most important performance figure, it does not tell the
whole story. In the uncoded cases, the simple approximations of (2.62) and (3.112) approx-
imate a system’s performance adequately, as an uncoded system has a very small system
trellis. In the coded cases, the system trellises are much more complicated, so that further
analysis is required to accurately predict their performance. The problem is that there

may be many different paths through the trellis that achieve d2; , so that each path’s

min’
contribution to the probability of bit error P, must be considered. Additionally, there
may be other paths through the trellis that have a normalised squared Euclidean distance

(NSED) very close to the d?

- in Whose contribution to F, may also be significant.

In [Yan94], Yang applies average transfer function techniques to this problem. How-
ever, the computation is very complex and significant approximations need to be made.
In this chapter we apply a simpler brute-force method to determine the contribution of
the paths through the system trellis. In Section 5.2 we apply the work in [Yan94] to our
coded models of CPFSK and DCPFSK to obtain a union bound on P,, which consists of
a sum of distance terms and error coefficients. We discuss how to calculate these error
coefficients in Section 5.3. We present the computed and simulated results for various
coded and uncoded (D)CPFSK schemes in Sections 5.4 and 5.5 respectively. We compare

comparable systems’ performance in Section 5.6 to determine the improvements available

through coding. We summarise the chapter and draw some conclusions in Section 5.7.
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Figure 5.1: A transmitted path in the trellis of the overall encoder

5.2 Probability of Error Analysis

The analysis focuses on the code search models for coded CPFSK and DCPFSK shown
in Figures (4.5) and (4.18) respectively, as they enable us to treat all the encoders in a
system as a single overall encoder. Figure 5.1 shows the an example transmitted path
in an overall encoder. In each system trellis interval [ — 1 M-ary information symbols
are encoded and transmitted. The information symbols transmitted in the ky-th trellis
interval are denoted ay,,, as defined in (4.2), and the entire sequence is denoted a(D). The
elements agii are assumed to be independent and identically distributed. The received and
decoded sequence is denoted a(D). There are Sy states in the overall encoder and the

state sequence that the transmitter goes through is denoted S(D), where
S(D) 2 So+ 8D+ + S, D" +..., S, e{L,2,...,50} (5.1)

The state sequence that the receiver goes through is similarly denoted by & (D).

Let us assume that the transmitted sequence a(D) is L trellis intervals long. The
total number of information symbols in the transmitted sequence is then (I — 1) L, and the
total number of transmitted bits is equal to (I — 1) logy M L. Let mp[a(D), a(D)] be the
number of bits that differ between a(D) and a(D), using an appropriate mapping method
(e.g., natural or Gray). The probability of a bit error is defined as the expected number
of information bit errors per decoded information bit,

5 & Blmla(D),a(D)]
¢ (I—1)loga M L

(5.2)

where the expectation is over the sequence pairs (a(D),a(D)). The upper bound on P, is

then obtained by letting L — oo. Strictly speaking, unless the transmission is assumed to
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Figure 5.2: An example of an error event in a four-state trellis. §(D) is the transmitted
path, and S(D) the receiver’s decided path

start at time —oo and end at time +o00, this probability is a function of the discrete time
ky at which the error event starts. We assume that the transmission is long enough that

we may disregard this difficulty.

We now need to define what an error event is. An error event £ is said to extend
from time kv, to ky, if g(D) is equal to S(D) at times kv, and ky,, but nowhere in between,

so that

Sk, = Sk,
gkv # S;W; le < ky < kV2 (5.3)
Skyy, = Shy,-

The length of the error event is defined as { = kv, — ky,. An example error event in a
four-state trellis is illustrated in Figure 5.2. Note that for S(D) and S(D) to diverge at

time Ky, we must have ay, # ag,-

Whenever a decoding error occurs, an error event must be in progress or starting.
Assume the sequences a{D) and a(D) generate a sequence of error events. The random
variables Wy,,, ky = 0,1, ..., L, are defined in the following manner: if a(D) and a(D) are
such that an error event starts at time ky, then let Wy, denote the number of information
bit errors given by the entire error event in question. If a(D) and a(D) are such that
an error event does not start at time ky (or an error event is already in progress), then

let Wy, = 0. The total number of information bit errors caused by a{D) and a(D) is
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Figure 5.3: A specific error event &g, starting from state S at time kv

Z/%Jio Wi, , and the bit error probability can be written as

L-1

1
Fe = (I—-1)logy M L B kz Wy
V:
1 :L-l
- (5-—1)10g2MLkZO BWe]. (5.4)
Y=

To find E [W}, ], let us study the set of all error events starting at time ky. Take an
arbitrary state §, S € {1,2,...,Sy}. Find all the error events which start from this state
and number them &5 1,&s2, - - . ,53,m, ... Bach error event £g ,,, is completely described by
its start state and the pair of sequences (afsam(D)ﬁ dfg,m(D)) which generate £g n, as shown
in Figure 5.3. As (D)CPFSK codes are not linear, this process must 4hen be repeated for
the other Sy — 1 statésfi[; The length (in trellis intervals) of each.error event is called
¢s,m, and the numbérr of information bit errors contributed by each error event s m. The
normalised squared Euclidean distance (NSED) associated with the specific error event A
Esm is dg’m. So far, we have studied the set of all error events starting at time ky. Each
specific member in this set is (partially) characterised by the three parameters s m, (sm
and dg)

Our goal is to upper bound E[Wy, ] in (5.4). To be able to do this we define the

m*

events ey, sm and gy sm. kv = 0,1,...,L -1, 8§ =1,2,..., 8, m=1,2,..., (m is

finite), as
Eky,S,m: the event that &(D) is such that S, = S and

aky + gy 11D+ + kg g 1 DT = alg (D)

€ky,s,m: the event that a(D) is such that S'kv = & and

Gy 1D+ By g 1 DS = 6 (D).
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Thus the probability that the event ez, s, will occur is given by

Pl‘{&,‘kw‘s)m} = Pr{SkV =S} Pr{a’kv + g1 D+ akv-i—(s,m_lﬂgs’m_l = a‘iS,m(D>} .
(5.5)
As we are agsuming that the information bits are independent and equally likely,

we have

1
Pr{S, = S} = 50 S 1,2,...,5y, (5.6)

and

{l 1}§S,m
Pl‘{akv + @hyy1D A+ Grypis 1 DT = G:s,m(D)} = (—) : (5.7)

Substituting (5.6) and (5.7) in (5.5), we obtain

1 1\ s m
Priek, s,m} = 5 (?\7) . (5.8)

The situation when the specific error event &g, actually occurs is described by
the joint event (er, $,m, Ery,S,m) Starting at level ky. By applying the union bound to

E [Wy, ], we have
E[W,] = Z (Pr{Wy, =}
2
Z Z LS,m PI‘{Ekv,S,my ékv,S,m}

S m

= > tsm Pri{éry smlery s} Pricry sm} - (5.9)
S m

AN

For coherent reception, the quantity Pr{éx, smlex, sm} is given by [For72]

&2 E,
Priéw, smleky smt = Q ~§—§——— (5.10)
Using (5.8) and (5.10) in (5.9), we obtain
(l"l)c&m dz E
S, m b
E[Wk,| < Sy ZZesm(——) Q1 N | (5.11)

We can rewrite (5.8) in terms of the variables ¢, ¢, d as

{(I-1)¢ 2
EWiy] < g 050303 a(Siu e (%) elyEr].  ew)

L ¢ deD

where (S, 1, (,d) is the number of error events starting from state S, assuming the trellis
is infinite, having ¢ information bit errors, a length of { trellis intervals and a NSED equal

to d?, and D is the set of all NSEDs for the code in question.
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As we have assumed that the transmitted sequence is sufficiently long (L — oo),

we can say that E [W, ] is independent of &y [Vit71], so that
E[Wi,] = E[W], VYky, (5.13)

and consequently (5.4) becomes

1

Pe = o, 11

E[W,]. (5.14)

Using (5.12) in (5.14), we obtain

(-1¢ 2R
< (Z_“ngmvzzzz (8,0, d) ( ) Q(. mb) (5.15)

¢ ¢ deD

Pe

By defining the error coefficient Z(d) as
(=1)¢

=N A 1 1
30 & gy 2o S w6 (37) (5.16)

and using (5.15) we can write the union bound on the probability of bit error for a rate-

(Il —1)/l coded M-CPFSK system as

Pe,coh < Z E(d)Q (\/ dgvfb) 3 (5~17)
deDp

where Z(d) and d? in (5.17) can be calculated using (5.16) and (4.11).

By using the assumption that differential demodulation incurs a 3dB noise penalty
over coherent demodulation—as discussed in Section 3.10—we can write the union bound

on the probability of bit error for a rate-(l — 1)/l coded M-DCPFSK system as

- d’E
Pogig < Y ::(d)Q( W:) : (5.18)

deD
Note that Z(d) and d? in (5.18) should be calculated using (5.16) and (4.27).
At high SNR, the contribution of the Q-function to both (5.17) and (5.18) is gener-
ally more significant than that of 2(d). Thus the term with the NMSED d? ;  will dominate

min

performance, and approximations to (5.17) and (5.18) are given by

d*. E
Pe,coh ~ E(dmin) Q( m]l\? b) (519)
0
. Fy
Pogin # E(du st | 5.20
Jdiff (mln)Q( 2N, ) ( )

A further approximation may be obtained by setting Z(dmin) equal to one, indeed, (2.62)

and (3.112) can be obtained in this manner.
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5.3 Calculating the Error Coefficient

The expression for the error coefficient in (5.16) assumes an infinite trellis, which implies
that the sums over ¢ and ¢ may be infinite, and makes exact calculation of Z(d) by a search
method impossible. In [Yan94] Yang avoids this by reformulating (5.15) into an average
transfer function problem, but then has difficulty with computation requirements.

We choose instead to use a limited-length exhaustive search. By limiting the length
of the error events to a set number of trellis intervals, we ensure that all the sums in (5.16)

will be finite. To facilitate a limited-length search, we rearrange (5.16) into the form

_ . 1 1\ {¢-1¢
2(d) & = Tio5, 375 ‘Z‘C: (M) ;Z (S, ¢ d) e (5.21)

The quantity Y ¢, 7(S,¢,¢,d) ¢ in (5.21), can be thought of as the total number of bit
errors for all error events with length ¢ and NSED d2. This enables us to organise the error
event information by NSED and length. During the exhaustive search, each error event
that merges within the set number of trellis intervals must be noted, along with its length
(in trellis intervals), number of bit errors and NSED. Once this is done, an approximate
P, can be easily calculated. It is also very important to record the smallest NSED of the

unmerged error events. The reason for this will become apparent in the next section.

5.4 Performance of Coded (D)CPFSK Systems

In this section we present the results of the limited-length error coefficient searches, and
compare them with those of simulations. The simulation models used are the same as
those discussed in Sections 2.10 and 3.11, except for the extra encoding and decoding. The
graphs presented all follow a similar format, comparing various computed approximations
with simulation results, There are three different computed performance approximations
used: a partial union bound, a 2-dB approximation, and a simple approximation. Each
is based on the results of the error coefficient searches and either (5.17) or (5.18). The
partial union bound is denoted by a solid line and uses all the contributions of al/ the
error coefficients and distances found in the searches. It is important to note that this is
a truncated bound as the searches only find the error events up to a certain length. The

2-dB approximation is denoted by a dashed line, and only uses the contributions of the

error coefficients whose distances are less than 2 dB away from the d2 of the system.
2

The simple approximation is denoted by a dotted line, and uses only the d%;, term with

E(dmin) = 1, similar to (2.62) and (3.112) used in Sections 2.9 and 3.10 respectively.
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Figure 5.4: Computed and simulated performance of 4-state, rate-1/2 encoded 4-CPFSK
using G(D) = [1 ﬁ] . The computed approximations and bounds were calculated using
(6.17) and Table 5.2(a).

5.4.1 Performance of 4-state, rate-1/2 encoded 4-CPFSK

Table 5.1(a) shows the results of the exhaustive error coefficient search for 4-state, rate-
1/2 encoded 4-CPFSK using G(D) = {1 ﬁ}} the error events are limited to two trellis
intervals. The smallest d? of the unmerged error events is 2.09, which is less than the d2
of the system. The squared Euclidean distance (SED) incurred over each unmerged trellis
interval is always positive, but may be small enough to add to the error coefficient for the
3.15-distance term, or even to infroduce an entry between the 3.156 and 4.00 entries. In
Table 5.2(a), which has been truncated due to the large number of entries, we present the
results of the exhaustive error coefficient search for the same system but limited to six trellis
intervals, and it is evident that the longer error events introduce two new terms between
the 3.15 and 4.00 entries. The smallest d* of the unmerged error events in Table 5.2(a)
is 5.00, which is 2 dB greater than the d2;, of the system. Using (5.17) and results in

Table 5.2(a), we can produce computed approximations for the performance of this system,

as shown in Figure 5.4, All the computed curves agree with the simulation results at high
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Table 5.1
Error coefficients for 4-state, rate-1/2 encoded 4-(D)CPFSK using G(D) = [1

(2 intervals deep, smallest d of unmerged error events: 2.09)

(a) 4-CPFSK (b) 4-DCPFSK
d? | ¢ | ZE s | E(d) d* | (| XX swned | E(d)
3.15 | 2 72 0.56 3.00 2 64 0.50
4.00 | 2 368 2.88 3.15 2 120 0.94
4.85 | 2 72 0.56 349 2 24 0.19
4.00 2 232 1.81
4.34 | 2 24 0.19
4.85 | 2 48 0.38
Table 5.2

Error coefficients for 4-state, rate-1/2 encoded 4-(D)CPFSK using G(D) = {1

(6 intervals deep, smallest d? of unmerged error events: 5.00)

(a) 4-CPFSK (421 entries) (b) 4-DCPFSK (1000 entries)
AR ERIED £ [T o | 5(d)
3.16 | 2 72 0.56 3.00 | 2 64 0.50
3.73 | 3 288 0.56 3.15 | 2 120 0.94
3.88 1 3 96 0.19 349 | 2 24 0.19
4.00 | 2 368 2.88 3.73 | 3 320 0.62
445 4 576 0.28 3.88 | 3 320 0.62
4.51 13 192 0.38 4.00 | 2 232 1.81
4.58 1 3 192 0.38 434 | 2 24 0.19
4.60 | 4 120 0.06 4.45 | 4 1280 0.62
4.73 | 3 320 0.62 45113 384 0.75
4.85 | 2 72 0.56 458 | 3 128 0.25
5.09 | 4 1152 0.56 4.60 | 4 800 0.39
5.15 | 3 192 0.38 4.73 13 384 0.75
5.18 | b 364 0.11 4.85 | 2 48 0.38
524 | 4 480 0.23 5.00 | 3 128 0.25
530 | 4 384 0.19 509 {4 1536 0.75
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Figure 5.5: Computed and simulated performance of 4-state, rate-1/2 encoded 4-
DCPFSK using G(D) = [1 2D1—+1] The computed approximations and bounds were
calculated using (5.18) and Table 5.2(b).

SNR, but only the 2-dB approximation predicts the performance at lower SNR values.

The 2-dB approximation uses the 10 terms whose d? < 5.00.

5.4.2 Performance of 4-state, rate-1/2 encoded 4-DCPFSK

The results of the exhaustive error coefficient search for 4-state, rate-1/2 encoded 4-
DCPFSK using G(D) = [1 @:_—1] are presented in Table 5.1(b), where the error events
are limited to two trellis intervals. As in the coherent case, the smallest d? of the unmerged
error events is 2.09, which is less than the smallest d? of the merged error events. The
truncated results for the longer length search are shown in Table 5.2(b), and the smallest
2

d? of the unmerged error events is 5.00, which is 2.2 dB greater than the d

+nin Of the system.
Tt is also interesting to note that the differential system has more unique distances than
the equivalent coherent system. The simulated and computed performance of this system
is shown in Figure 5.5. The computed curves were calculated using (5.18) and the results

in Table 5.2(b). Again, the 2-dB approximation predicts the system’s performance very
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Figure 5.6: Computed and simulated performance of 8-state, rate-1/2 encoded 4-CPFSK

using G(D) = |1 gg—_;%] . The computed approximations and bounds were calculated using

(5.17) and Table 5.3(a).

well. The 2-dB approximation uses the 12 terms whose d? < 4.75.

- 5.4.3 Performance of 8-state, rate-1/2 encoded 4-CPFSK

Table 5.3(a) shows the results of the exhaustive error coefficient search for 8-state, rate-
1/2 encoded 4-CPFSK using G(D) = [1 %}‘ Due to the computation requirements,
the error events were limited to six trellis intervals. The smallest d?> of the unmerged

error events is 5.00, which is only 0.9 dB greater tha,n the d2.  of the system, but the

‘min
2-dB approximation still predicts the performance of the system very well, as shown in
Figure 5.6. The 2-dB approximation uses the 26 terms whose d? < 6.48. Note that the

simple approximation is slightly optimistic for all SNR values.

5.4.4 Performance of 8-state, rate-1/2 encoded 4-DCPFSK

Table 5.3(b) shows the results of the exhaustive error coefficient search for 8-state, rate-1/2

encoded 4-DCPFSK using G(D) = {1 ngf] As in the coherent case, the computation
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(6 intervals deep, smallest d? of unmerged error events: 5.00)

(a) 4-CPFSK (346 entries)

: Table 5.3
Error coefficients for 8-state, rate-1/2 encoded 4-(D)CPFSK using G(D) = [1

AP ED
4.09 | 3 1280 1.25
415 | 3 256 0.25
424 | 4 320 0.08
494 | 3 512 0.50
497 | 5 1600 0.10
5.00 | 3 1536 1.50
5.09 | 4 2176 0.53
5.36 | 3 1280 1.25
5.45 | 4 6400 1.56
5.61 | 4 320 0.08
5.4 | 5 7680 0.47
5.60 | 5 5120 0.31
5.69 | 6 5760 0.09
5.79 | 3 256 0.25
5.82 | 6 4608 0.28
5.85 | 3 256 0.25
594 | 4 2176 0.53
6.00 | 2 512 2.00
6.09 | 4 5120 1.25
6.18 | 5 12800 0.78
6.21 | 3 512 0.50
6.24 | 5 1600 0.10
6.30 | 4 5504 1.34
6.36 | 4 2176 0.53
6.39 | & 10752 0.66
6.45 | 5 12288 0.75
6.54 | 6 33920 0.52
6.67 | 5 8128 0.50
6.79 | 4 2816 0.69
6.82 | 5 23040 141
4 768
6.88 0.81
5 10240
691 | 6 102400 1.56
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(b) 4-DCPFSK (1080 entries)

4 | ¢ zsjz S 66 d) | E(d)
4.00 | 2 128 0.50
4.09 | 3 1728 1.69
415 | 3 576 0.56
4.24 | 4 1248 0.30
449 |3 192 0.19
4.94 | 3 576 0.56
497 | b 4032 0.25
5.00 2 206 1.94

3 960
5.09 | 4 5696 1.39
534 | 3 64 0.06
536 | 3 576 0.56
543 | 4 384 0.09
545 | 4 5184 1.27
554 | 5 35424 2.16
560 | b 12096 0.74
5.69 | 6 46080 0.70
5.79 | 3 192 0.19
582 | 5 10080 0.62
5.85 ; 256 0.34

4 384
588 | 4 2592 0.63
5.94 4 o728 1.66

5 4224

2 128
6.00 1.00

3 512
6.03 | 5 2496 0.15
6.09 | 4 13456 0.84
6.16 | 5 1472 0.09
6.18 | 5 15552 0.95
6.21 |3 768 0.75
6.28 | 4 12186 0.30
6.30 | 4 1.69

6912

2041
D+1
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Figure 5.7: Computed and simulated performance of 8-state, rate-1/2 encoded 4-
DCPFSK using G(D) = [1 2’%] The computed approximations and bounds were
calculated using (5.18) and Table 5.3(b).

requirements limited the length of the error events to six trellis intervals. The smallest d?

of the unmerged error events is 5.00, is only 1 dB greater than the d2,_ of the system, but

min
again the 2-dB approximation predicts the performance of the system well, as shown in
Figure 5.7. The 2-dB approximation uses the 29 terms whose d? < 6.34. Again the simple

approximation is optimistic.

5.4.5 Performance of 8-state, rate-2/3 encoded 8-CPFSK

Table 5.4(a) shows the results of the exhaustive error coeflicient search for 8-state, rate-2/3

encoded 8-CPFSK using G(D) = F O 4PH5 Due to the computation requirements,

0 1 2
the error events were limited to two trellis intervals, The smallest d? of the unmerged

error events is 1.45, less than the d2. of the system, so the computed curves would be
expected to be less accurate. However Figure 5.8 shows that the 2-dB approximation still
predicts the performance of the system adequately. The 2-dB approximation uses the 9

terms whose d? < 3.46.

93



[: T H i H H T ¥ 1
b~
1 -1 - - E
0 : o~ L 3 3
1072 REON 4
- ~ P \O
L R
ke
o 10—3 e -
5 g
g
=
2 I
1074 3
—— Partial union bound
10-5 - | - —- 2-dB approximation
Eol o Simple approximation 3
o) Simulated results
10-6 ! | I ; \ ! I .
0 1 2 3 4 5 6 7 8 9 10 11
Ey/Ng (dB)

Figure 5.8: Computed and simulated performance of 8-state, rate-2/3 encoded 8-CPFSK

using G(D) = [1

0

0 4D+ 6
1 2

using (5.17) and Table 5.4(a).

Table 5.4
Error coefficients for 8-state, rate-2/3 encoded 8-CPFSK using G(D) =F 0 4D 2+ 6]

0 1

(2 intervals deep, smallest d? of unmerged error events: 1.58)

(a) 8-CPFSK (1342 entries)

d2

2.18

2.44
2.56
2.58
2.93
3.03
3.26
3.31
3.45

L Sl o I R NS N (W I NG L A

S atsee | 5(d)
1152 0.57
37632
451584 2.30
43200 0.22
42336 0.22
33600 0.17
5376 0.03
87360 0.44
95508 0.49
2304 0.75
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(b) 8-DCPFSK (1986 entries)

a? | ¢ YL aEned | B(d)
218 | 23041 4 97
2 43008
2.44 | 2 602112 3.06
2.56 | 2 96768 0.49
2.58 | 2 96768 0.49
293 | 2 120960 0.62
3.26 | 2 152064 0.77
3.31 |2 193536 0.98
345 1 2304 0.75
2

3.63

120960

}. The computed approximations and bounds were calculated
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Figure 5.9: Computed and simulated performance of 8-state, rate-2/3 encoded 8-
DCPFSK using G(D) :Ll) 2 4D ; 6]. The computed approximations and bounds were
calculated using (5.18) and Table 5.4(b).

5.4.6 Performance of 8-state, rate-2/3 encoded 8-DCPFSK

Table 5.4(b) shows the results of the exhaustive error coefficient search for 8-state, rate-2/3

encoded 8-DCPFSK using G(D) = '(1) (1) 4D2+6

tion requirements limited the length of the error events to two trellis intervals, and the

. As in the coherent case, the computa-

2
min

smallest d? of the unmerged error events is 1.45, less than the d?  of the system, so the
computed curves would be expected to be less accurate. Figure 5.8 shows that this is
indeed the case, as none of the approximations predict the system’s performance satisfac-

torily. The 2-dB approximation uses the 8 terms whose d? < 3.46.

5.5 Performance of Uncoded (D)CPFSK Systems

With a slight modification to (5.16), (5.17) or (5.18) can be used to find the probability of
bit error for an uncoded M-CPFSK or M-DCPFSK scheme. The uncoded error coefficient
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Figure 5.10: Computed and simulated performance of various M-CPFSK schemes. The
2-dB approximations were calculated using (5.17) and (5.22) and Tables 5.5(a)-5.7(a).

is given by

A 1 1\¢ _
5(d) 2 %—M&/gzl‘; n(s, L,C,dn(ﬁ) , (5.22)

which we reformulate into

¢
@ 2 o o (%) 5SS (S, 6 Cd), (5.23)
¢

{11

for the error coeflicient searches.
In Tables 5.5(a)-5.7(a) we present the results of the error coefficient search for

uncoded M-CPFSK and M-CPFSK schemes to a depth of four intervals. All the smallest

d? of the unmerged error events are at least 3 dB greater than the respective d2, . In
Figure 5.10 we present a revamped version of Figure 2.10 where the computed curves
are the 2-dB approximations for each scheme. FEach curve uses (5.17) and the results
in Tables 5.5(a)-5.7(a). For the MSK case, the 2-dB approximation uses the only term

whose d? < 3.16, for the 4-CPFSK case the 2-dB approximation uses the two terms whose
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(4 intervals deep, smallest d? of unmerged error events - MSK: 6.00, DMSK: 4.00)

Table 5.5

Error coefficients for uncoded (D)MSK

Error coefficients for uncoded 4-(D)CPFSK

(a) 4-CPFSK (40 entries)

(a) MSK (b) DMSK
? || XX nEnad | B(d) ? | ¢ | ZX e n0d | B(d)
2.00 | 2 16 2.00 2.00 | 2 16 2.00
4.00 | 3 32 2.00 3.00 | 3 16 1.00
6.00 | 4 64 2.00 s00 |3 16 150

4 16
5.00 | 4 32 1.00
6.00 | 4 16 0.50

Table 5.6

(4 intervals deep, smallest d? of unmerged error events: 2.91)

(b) 4DCPFSK (46 entries)

Error coefficients for uncoded 8-(D)CPFSK

(a) 8-CPFSK (803 entries)

& | ¢ ;Z n(S.u¢d) | E(d)
0.60 | 2 1568 1.02
0.90 | 3 18816 1.53
1.20 | 4 169344 1.72
148 | 3 12544 1.02
1.78 | 4 301056 3.06
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(4 intervals deep, smallest d® of unmerged error events: 1.20)

& || s uea | B(d) d> | (| ZXaswad | B(d)
145 | 2 144 1.12 145 | 2 192 1.50
2.18 | 3 576 1.12 2.18 | 3 1152 2.25
2.91 | 4 1728 0.84 2.91 | 4 5184 2.53
3.15 | 2 96 0.75 3.45 | 3 576 1.12
3.45 | 3 576 1.12 4.00 | 2 256 2.00

Table 5.7

(b) 8-DCPFSK (624 entries)

d? | ¢ | X asued | B(d)
0.60 | 2 1792 1.17
0.90 | 3 25088 2.04
1.20 | 4 263424 2.68
1.48 | 3 12544 1.02

4

1.78

351232

3.57
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Figure 5.11: Computed and simulated performance of various M-DCPFSK schemes. The
2-dB approximations were calculated using (5.24), (5.18) and (5.22) and Tables 5.5(b)—

=

5.7(b).

.30 and the 2-dB approximation for the 8-CPFSK case uses the two terms whose

& <
d? <

2
0.95. The 2-dB approximations agree very well with the simulation results.
Tables 5.5(b)-5.7(b) list the results of the error coefficient search for uncoded M-

DCPFSK and M-DCPFSK schemes to a depth of four intervals. The smallest d? of the

2
min’

unmerged error events are 3 dB greater than the respective d In Figure 5.11 we present
a revamped version of Figure 3.12 where the computed curves are the 2-dB approximations
for each scheme. The DMSK case, the 2-dB approximation uses the two terms of 5.5(b)
whose d? < 3.16, and a bound based on (3.113), given by

P.pvsk € %Z E(d) exp ("’—b> (5.24)

deD

The other two cases use (5.18) and the results in Tables 5.6(b) and 5.7(b). For the 4-
DCPFSK case the 2-dB approximation uses the two terms whose d? < 2.30 and the 2-dB
approximation for the 8-DCPFSK case uses the two terms whose d* < 0.95. The 2-dB

approximations agree reasonably well with the simulation results.
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Figure 5.12: Computed 2-dB approximations on the probability of bit érror for of un-
coded MSK, uncoded DMSK, and rate-1/2 coded 4-DCPFSK in AWGN. The 4-state code

has G(D) = [1 ml:q], and the 8-state code has G(D) = {l zgjf].

5.6 Comparison of Uncoded DMSK with Rate-1/2 Encoded
4-DCPFSK

Having established the agreement between the simulation results and the 2-dB approxi-
mations, we can now compare systems using only their 2-dB approximations. Uncoded
DMSK and rate-1/2 encoded 4-DCPFSK are comparable system in that they have the
same information throughput. The computed 2-dB approximations for uncoded DMSK
and two rate-1/2 encoded 4-DCPFSK systems are shown in Figure 5.12, along with that
of uncoded coherently-demodulated MSK. The 4-state code does not perform quite as
well as uncoded DMSK, but the 8-state code shows a 0.5 dB gain, and performs within 0.1
dB of uncoded MSK. This is significant, as 8-state, rate-1/2 encoded 4-DCPFSK is not
much more complicated than uncoded DMSK, and could be considered less complicated
than uncoded MSK as the 4-DCPFSK does not require any synchronisation other than

symbol timing. Obviously if one of the more powerful codes in Table 4.1 were used, the
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performance of rate-1/2 encoded 4-DCPFSK would be even better. For example, a rate-
1/2 encoded 4-DCPFSK system using G(D) = { @%%?%%gﬁﬁ} should perform around
3 dB better than uncoded DMSK and over 2 dB better than uncoded MSK at a BER of
105,

5.7 Summary

In this chapter we have explored the computed performance of rate-(log, M — 1}/ log,
encoded M-CPFSK and M-DCPFSK systems. By following a similar method to [Yan94],
we developed an upper bound on the probability of bit error, consisting of a sum of dis-
tance terms and error coeflicients. Calculating the error coefficients is a computationally-
intensive task, and we chose to limit the length of the error events we would consider
and then perform an exhaustive search to determine the distance terms and their associ-
ated error coefficients. It was also found to be important to record the smallest squared
Euclidean distance of the unmerged error events, as this can indicate whether or not the
significant terms have been found.

We compared simulation results with a bound calculated using the error coef-

ficients whose distance terms were within 2-dB of the d%, of the system, which we
called the “2-dB approximation”. In all but one case, the 2-dB approximation agreed

very well with simulation results. The rate-2/3 encoded 8-DCPFSK case—encoded using

1 0 4D+6
GD) = 01 2

}*did not agree very well, but this can be explained by the fact
that the computational requirements meant that not all the siggiﬁcant distance terms and
associated error coefficients were calculated. Another important result to come out of this
chapter was that the simple performance approximations used in Chapters 2 and 3 provide
a reasonable indication of the coded system’s performance.

We also showed the improvement available through using rate-1/2 encoded 4-
DCPFSK over both uncoded DMSK and uncoded coherently-demodulated MSK. The
improvement against uncoded coherently-demodulated MSK is perhaps more interesting
as the coded 4-DCPFSK system uses more DSP processing powef to achieve its perfor-

mance but does not need the complicated phase and frequency synchronisation circuitry

and algorithms required for the coherent demodulation used in uncoded MSK.
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Chapter 6

Performance of DCPFSK Systems
in Rayleigh Flat Fading

6.1 Introduction

Due to the fact that a transmitted signal may travel many different paths on its way to a
receiver, the received signal in many communication systems is corrupted by a phenomenon
known as fading [Jak74]. Typically this results in the received signal signal undergoing
quasi-periodic deep nulls and rapid fade changes. A very important fading channel is the
Rayleigh flat-fading channel. The term Rayleigh is used to describe the phenomenon that
occurs when there is no direct path between transmitter and receiver, and the term flat-
fading further specifies that the fading is not frequency-selective,k that is, every frequency
across the band of interest experiences the same fading. Another important parameter
is the maximum Doppler shilt fp [Jak74], which determines the spectral properties of
the fading process, and thus its autocorrelation. Often the maximum Doppler shift is
normalised to the symbol period 7" and the expression fpT is used. A fading process
with fpT = 0.001 is said to be “slow” and one with fpT = 0.1 is said to be “fast”.
These channels can make coherent demodulation very difficult, as carrier recovery becomes
a complex problem. Differential demodulation avoids this problem, as its very nature
eliminates the need for carrier recovery.

In this chapter we investigate the performance of differentially encoded and demod-
ulated CPFSK (DCPFSK) systems, with and without external error-correcting coding. In
Section 6.2 we develop the differentially-demodulated received signal that has been per-
turbed by Rayleigh flat fading. From there we analyse the pairwise probability of error
of M-DCPFSK in Rayleigh flat fading in Section 6.3. This allows us to calculate the
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Figure 6.1: Power spectral densities of the Rayleigh fading components

performance of uncoded M-DCPFSK and coded M-DCPFSK systems in Section 6.4 and
Section 6.5 respectively. We then compare two systems to determine the improvements
available through coding in Section 6.6. Finally, we present a summary of the developments

of the chapter in Section 6.7.

6.2 The Differentially-Demodulated Received Signal
Let the narrow-band Rayleigh fading process be given by [Jak74]
z(t) £ z7(t) cos(2mfot) — 2g(t) sin(27 f.t), (6.1)

where z7(t) and zg(t) are zero-mean Gaussian processes with power spectral densities

(psd’s) shown in Figure 6.1 and given by

g1 —1/4
J
Saf) = SZQ(f) = lil - (f_D-) } . (6.2)
We can write the received signal in Rayleigh flat fading as |
r(t,B) & 2(t) s(t, B) +w(t), (6.3)

where s(t,3) was defined in (3.14), and w(t) is described by (2.30) and (2.31). Let us

define the complex envelope of z(t) as

A1) 2 z(t) + 70(0), (6.4)

Using (6.4) and the definitions of 3(¢,3) and @(t) given in (2.35) and (2.36) respectively,

we can define the complex envelope of r(¢, 3) as

7(t,8) = E(t)3(t,B) +alt), (6.5)
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and write (6.3) as

r(t,8) = Re[f(t,B)exp(s2n ft)]. (6.6)

We can then follow a similar development to that in Section 3.2 to obtain the differentially-

demodulated received signal y4(t, 8) given by

valt,8) = %@ R B)F (L~ T, 8). (67)

As the following analysis of the pairwise probability of error requires sampled signals, we
use the sampling receiver described in Appendix F. It should be noted that this receiver
is just a sampling version of the receiver for DCPFSK in additive white Gaussian noise
(AWGN) presented in Section 3.8. Thus we assume that the differential demodulator
accounts for the fading, and no a,dditional circuitry or processing is used to alleviate its
effects.

In the sampling receiver, the output of the differential demodulator is sampled at
rs Hz. The sample period T is equal to 1/rs. To ensure that we have an integral number

of samples per symbol, 7§ is chosen such that

TS - DS, (68)

where D is a positive integer. The sampled version of y4(t, 8) is yq(¢7s, ), given by

yd(ﬂ1s»ﬂ) £ %\/_g?:(iTmﬂ)f*(iTs_TuB)

- é\/% BT, 5T, B) + B(iLL)]
X [5T — T) 5 (T — T, B) + (il — T)]. (6.9)

This signal is then processed by the Viterbi processor described in Appendix F.

6.3 Pairwise Probability of Error of M-DCPFSK in Rayleigh
Flat Fading | |

The pairwise probability of error is the probability that the receiver will decide that a
particular incorrect data sequence has been sent instead of the actually transmitted data
sequence. Let the transmitted data be § and the receiver’s estimate of 8 be fi As
we require sampled signals for our analysis, we now introduce two instances of a discrete

metric that operates over the entire received signal. The first is based on the mean squared
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error (MSE) between the samples of the demodulated received signal yq4(iTs, 8) and the

samples of the complex envelope of a noise-free version of the demodulated transmitted

signal yq(iTs, B),

T(ydaﬂ) = z ’?/d(ZTsuB) _?)d(iTsaﬂ) 2) (610)
where g4(i7%, B) is defined as
A T .. vy ,
1417, B) = %\/%s(ﬂ’s,ﬂ)s («Ts = T,B). (6.11)

Note that the MSE is the sampled analogue of squared Euclidean distance. Due to the
effects of the differential noise and fading which has only been partially accounted for,
this metric is still not optimal, but we are seeking to determine the performance of our
DCPFSK AWGN recetver in Rayleigh flat fading.

The second instance of the metric is based on the MSE between yq(iTs, 8) and

some other demodulated possibly-transmitted signal g4 (i7%, ,L:'I), and is defined as
oG
T B) = 3 [vali%s, ) - 4aliTs, B)

G 00

2
. (6.12)

As the Viterbi processor in the receiver chooses the metric with the smallest value, an

error will occur if

~

T(ya,B) > T(ya,B). (6.13)

That is, the distance between the received signal y4(iTs, 8) and a reference signal based
on incorrect data 3 is less than that between 1q(iTs, 8) and the reference signal based on
the actual transmitted data B. We are interested in the probability of this occurrence,

which is given by

Pe{B#8} = Pr{T0.B) > T.B)}
= Pr{T(ys,8) - T(ya, 4) > 0}
= Pr{Y. >0}, (6.14)
where we have defined
T £ T(ye,8) - Tlya, B). (6.15)

If we can determine p(Y,), the pdf of T, then the pairwise probability of error can be
calculated by integrating p(Y.) from 0 to oo,

Pr{T, >0} = /m p(T,) dTe. (6.16)
0
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In this case, it is simpler to find Gr,(£), the characteristic function of Y., which is related

to p(T.) as
616 = [ p(x)erar,
Thus p(Y,) can be written as
LI A ~jET
p() = 5= | Gr(©e ¥,

and substituting (6.18) in (6.16) we obtain

P> 0} = [ oo [ Gr@eitaar,
0 TS0
1 oG o0 i
—_— —7€Te
o [w Gre(é)/o e dY, dt.

Using the unit-step function u{z), defined as

we can write the inner integral in (6.19) as

(X) . Oo .
/ e-ﬂfTedTe — f U(Te) e JETe dY,.
0

XD

The RHS of (6.21) is the Fourier transform of u(Y,) which is equal to [Hay83]

o0 ) 5 £
/ u(r,) et gy, = M) L

O

where §(-) is the delta function, with the properties

[_00 dz)de = 1
| r@s(F) ao - £FO)

where f(z) is some function of z. Using (6.21)-(6.24) in (6.19), we obtain

o0 &
Pr{Y.> 0} = i[ G, (€) (é(—;”—l—k-l—) d¢

27 J oo J€

_Gr (0 1 [*Gr(E)
= '*”2@/_00 g%

We now need to determine the characteristic function Gy, (€).
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(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)



6.3.1 Form of the Characteristic Function

We note that we can develop (6.10) as

T(ya,B) = Y |va(iTy, B) — galiTs, B)|°

= ;‘i {lva(Ty, B) + [§aliTs, B)° — 2Re [yd(iTs,ﬁ)@E(iTs,B)}}
= i lya(iTs, B)* + Z [a(iTs, B)” - 2 Z Re[ya(iTs, B) 4a (iTs, B)]
o o o (6.26)
and similarly, (6.12) can be re-written as
o) = Y alT®F + 3 1T B) — 23 Re[ualiTs 8)iati7.,B)].
o o o (6.27)

Substituting (6.26) and (6.27) into (6.15), and noting that CPFSK signals are constant-

envelope so that

~ 12
19T, B)* = [3a6Ts, B)| (6.28)
we have
=2 Z Re [ya(iTs, B) 430, B)| = 2 3 Relya(iTi, B) Ua(iTs, B)]

=2} Re [y, A0, B) 5367 9)}
=2 [yd(iTS,ﬂ){?JéGTs,B) ~ BT, B)} + VAT, B Ga(Ts, B) = 4aliTy, B}
= %\/% 2 {%(z‘Ts,ﬁw*(z‘Ts-T,m{y;(m,é)—.@su‘TS,ﬂ)}

7T, = T, B) F(iTs, B){a(iTs, B) = 9a(iTy, B)}] (6:29)

Let us now suppose that the signals are finite in length (say N, samples long, where

N is a multiple of Dy), so that we can define the vector # as

(s, 8)

A FGT,,B) | = 2@+, (6.30)

7(NsTs, 3)
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where
ATy AT, 8) | [ o(1,p) |
z 2| AT = | 56T,B) | W = | BTy, B) | (6.31)
NIy +T) | 5N, T, B), W(N; T, )

and the ® represents element-by-element multiplication, known as the Kronecker product.

Equations (6.30) and (6.31) allow us to write (6.29) in matrix form as

PH AR, (6.32)

Y, =
where zfl represents the conjugate-transpose of @, and A is a N,-by-N, matrix that scales

the required products, defined as

0 ... 0 Ap,y1 O 0
0  Ap,42
0 0 0
A*Dg+1 0 i . AZ ‘.
L * .,
A=1 0 Ay, O 0 . 0 (6.33)
. An
0 A 0 0
0 0 Ay 0 0
where
1T . - o
a(iTs, B) — 93 (iTs, B). (6.34)

42 L/E
i NE Y
Obviously, A is Hermitian. Equation (6.32) is a Gaussian quadratic form, whose charac-

teristic function is given by [SBS66]
. ~1H 1 . + y\—1 ~
exp{j¢ BIFI™ (A1 - 2j¢R%;) T Bl }
det (In, — 2€R, A)

(6.35)

?

Gr.(§) =

where Iy, is the Ny x N, identity matrix, and Rgz7 is the auto-covariance matrix of the

vector 7, defined as
(6.36)



The expected value of 7 is
E[f] = E[z®53+w] = QE[2]|+E[w] = 0, (6.37)

as both Z and w are zero-mean vectors. Applying (6.37) to (6.36), we obtain

1
Lt
Rz QE[TT}
1 I
— 5E[(2®s+w)*(z®s+w)*} (6.38)
1 1
_ llzen el inlaat
- 2E[(z®s) (2®35) +2E[ww] (6.39)
= Rizsz: + Raow, (6.40)

as we assume that Z(iTs) and @(iTs) are uncorrelated. The element in the i-th row and

the k-th column of Rzz3; is

3Ty, B) 5(kT, B) B [2(T,) (KT)] . (6.41)

Nl

L ik ks - .
2 E [z*(lTs) §*(1Ts, B) 2(kTs) 3(kTs, B)] =
Assuming isotropic scattering, the autocorrelation of fading samples is given by [Jak74|
E[2"(iTs) 2 (KT5)] = Jo(2nfpT |i — k| Ts), (6.42)

where Jy(+) is the zeroth order Bessel function. Thus the element in the i-th row and the

k-th column of Rzz33 is

(iTy, B) 8(kTy, B) Jo(2nfpT |i — k| T}) . (6.43)

| =

As 7 is zero-mean, we can reduce (6.35) to the much simpler form

1
det (Iy, — 2j¢R;;A)

Gr.(§) = (6.44)

As all the matrices in (6.44) are N;-by-Ng, the determinant will be a Ng-th order polyno-

mial in &. If we use &; to denote the i-th pole of G, (£), we can write (6.44) as

Ns 1

Gr.(§) = Hm (6.45)

i=1

As we are investigating the pairwise probability of error, we will specify a particular 3
and 3, so that the characteristic function Gx, (€) given in (6.44) is completely specified,

and we may proceed to its calculation.
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Figure 6.2: The closed curve I’

6.3.2 Calculating the Pairwise Probability of Error

The residue theorem states that if a function f(z) is single-valued and analytic inside and

on a simple closed curve I' except at the singularities z1, 29, z3,... which have residues

given by g-11,9-1,2,9-13, ... then
f f(2)dz = 2mj(g—11 +g-12+g-13+ ). (6.46)
T

That is, the integral of f(z) around I" (traversed counter-clockwise) is 27j times the sum
of the residues of f(z) at the singularities enclosed by I". By appropriate choice of the
simple closed curve, we can use the residue theorem to perform the integration in (6.25),
which is a line integral along the real axis.

A suitable curve I" is shown in Figure 6.2, which is made up of the real axis and
two semi-circles, one of radius R, and one of radius r denoted I'p and T',. The smaller
semi-circle I, is used to avoid the pole at £ = 0. As R — oo and r — 0, this curve will
encompass the entire real axis.

We need to calculate the contribution of I'g and I', to the sum of residues. The
following theorem addresses the large semi-circle I'p [Spi81].

Theorem 1

If| f(2)| € m/RF for z = Rel?, where k > 1 and m are constants, then if T4 is a semi-circle

such as I'p,
lim/ f(z)dz = 0. (6.47)
R—yo0 PA
Thus we require
G m .
] Tg(f) < B for £ = Rel?. (6.48)
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But this will be the case as from (6.45), G, (£) is an inverse polynomial in & that is at
least quadratic, and will therefore be bounded above by m/R* for ¢ = Re/®. Thus we

have shown that

lim —GTE (6)

d¢ = 0. .
Jim [ = € =0 (6.49)

The contribution of the smaller semi-circle I', can be directly calculated. Along I';, ¢ =

re’?, 0 € 0 <, and

0 70 ‘
lim/ G%@dg = lim gﬁh—e—)jmﬂ’de
Iy

70 =0 eld
= jGr, (0 / dé
= —jn Gy, (0). (6.50)

Thus using the results of (6.49) and (6.50) we can write

iy § S8 - [" IO g g [ O gy gy [ OO

R—o0

= / GTg(g} dé — jm Gy, (0). (6.51)

But from the residue theorem in (6.46), the LHS of (6.51) is equal to 277 times the
sum of the residues of Gy, (£)/€ whose poles are contained by the closed curve I'. Let us

define g_1 ; as the i-th residue of Gy, (§)/¢ at £ = &, this allows us to re-write (6.51) as

olE, _ .
/ T—g(%g = 21§ Y g-1; + jmwGr,(0). (6.52)
Tm{g;]>0

Finally, using (6.52) in (6.25), and noting that Gy, (0) = 0 we obtain

G, (0) 1

Pr{Y. >0} = 2 + Py 2wy Z; g-1; + 7 Gy, (0)
Im{g]>0
=1+ > g1 (6.53)
Imf£1>0

6.3.3 Calculating the Poles and Residues

The poles of G'v,(£) are the values of £ that satisfy
det (Ly, — 2j¢R%:A) = 0. (6.54)

Unfortunately, these poles cannot be determined analytically, and thus must be computed

numerically. Many numerical packages have library routines for finding eigenvalues, and
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the solutions to (6.54) are closely related to the eigenvalues of R%; A. The eigenvalues are

the values of A of that satisty
det (My, - Ri:A) = 0. (6.55)

Manipulating the LHS of (6.55), we obtain

1

(M) det (INS -5

R}.,,:A) = 0. (6.56)
Equating (6.54) and (6.56), we find that the poles of Gy, () are given by
—J
;o= 6.5

6= on (6.57)
However, the eigenvalue calculation can be numerically inaccurate, particularly if N, is
large [Har96]. The solution is to use only the eigenvalues greater than Ns X Apax X €, where
e is the floating point precision of the machine used for calculations.

Having found the poles, we now proceed to the computation of their residues. The

i-th residue of f(z) at # = z;, where z; is a pole of order k; is given by [Spi81]

g-1i = lim

1 g
z—z; (k; — 1)1 dzbki=1 [ T

—z)" f (z)} : | (6.58)

For the simple poles {order 1), we have

o e 1 Y GTe(&)
g1 = glg% (E-&) i
&)y 1 ,
= dm =l a=gay W7
R U ()
= — 1 :
5@,}1(1—&/&)@% (1-¢/&) &7 0
ksti o
Ns 1
N _,g (1= &/&) §#0 (6:28)
ki

The restriction &; # 0 is not important as I' does not encompass this pole.

6.4 Performance of Uncoded M-DCPFSK in Rayleigh Flat
Fading

In this section we present and discuss the results of the approximate performance calcu-
lations and simulations of uncoded M-DCPFSK in Rayleigh flat fading. The simulation

model used is described in Appendix F and we now discuss the performance calculations.
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Figure 6.3: Computed and simulated performance of uncoded DMSK in Rayleigh flat
fading with various values of fpT

6.4.1 Approximate Performance Calculations

The approximate performance curves were calculated using just the pairwise probabil-
ity of error for minimum distance term and its associated error coefficient as discussed in
Chapter 5. The transmitted signal 3(iT}, 3) and an appropriate incorrectly-detected signal
5(iTy, B) are required by the matrix A. If all the delay elements in the differential contin-
uous phase encoder (DCPE) are set to zero, the sequences U = [0 1 0] and U = [0 0 1]
will generate the necessary signals to create an error event with the minimum distance for
uncoded M-DCPFSK, as discussed in Section 3.9.2.

The autocorrelation matrix of the filtered noise Ry was approximated by gener-
ating noise samples, filtering them by the filter used in the simulations and determining
a mean for each time lag. It is important also to note that our approximate calculations
assume that the signal & and fading 2 are unchanged by the filtering in the demodulator,

which is not the case as the band-pass filter has quite a tight 3dB point. However, this
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Figure 6.4: Pairwise probability of error vs fpT of uncoded DMSK in Rayleigh flat
fading for various values of Ej/Ny

assumption greatly simplifies the calculations, and as will be seen, the computed perfor-

mance agrees very well with the simulated performance.

6.4.2 Computed and Simulated Performance of Uncoded M-DCPFSK

Figure 6.3 shows the computed and simulated performance of uncoded DMSK in Rayleigh
flat fading with various values of fpT. It is evident that the computed curves and the
simulated results agree very well. The performance for each value of fpT changes almost
linearly with the SNR until it reaches an irreducible error rate, also known as an “error
floor”. The error floor is due to deep fades and their associated rapid phase changes.
The performance is best in “slow” fading (fpT = 0.001) and gets progressively worse as
fpT is increased. This can be attributed to the fact that differential demodulation uses
a sample of the faded carrier from the previous symbol period to demodulate the current

symbol. As the value of fpT increases, the faded carrier changes more and more quickly
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Figure 6.5: Computed and simulated performance of uncoded 4-DCPFSK in Rayleigh
flat fading with various values of fpT

and so becomes a progressively worse reference for demodulation. This is well illustrated in
Figure 6.4, where the computed pairwise probability of error for uncoded DMSK for various
values of Ey/Ny is graphed against fpT. The curve with Ep/Ny = 60 dB best illustrates
the dependence on fpT', showing the degradation in performance as fpT increases. It is
interesting to note that the 60-dB curve can be thought of as the asymptotic performance
of uncoded DMSK as from Figure 6.3 we see that the performance has reached an error

floor when Ej/Ny = 60 dB and no further increase in Ey, /Ny will improve performance.

The computed and simulated performance of uncoded 4-DCPFSK and uncoded 8-
DCPFSK are shown in Figure 6.5 and Figure 6.6 respectively. Both uncoded 4-DCPFSK
and uncoded 8-DCPFSK exhibit similar error floors to those of uncoded DMSK, and the
computed curves and the simulated results agree very well. The performance of boyth
uncoded 4-DCPFSK and uncoded 8-DCPFSK exhibit similar dependence on fpT to that
of DMSK.
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Figure 6.6: Computed and simulated performance of uncoded 8-DCPFSK in Rayleigh
flat fading with various values of fpT

6.5 Performance of Rate-1/2 Encoded 4-DCPFSK in
Rayleigh Flat Fading

The theoretical performance of coded 4-DCPFSK is more complicated to calculate as more
terms than just the minimum distance in the union bound are required to adequately
predict performance. The calculation of the pairwise probability of error is just the same
as that described in Section 6.3, but the data sequences a and & to generate the error
events with the required distances must be determined to perform the calculations. In
Tables 6.1 and 6.2 we present the data sequences that will generate an error event with
the given distance in 4-state, rate-1/2 encoded 4-DCPFSK using G(D) = [1 M} and 8-
state, rate-1/2 encoded 4-DCPFSK using G(D) = [1 %‘Dﬁ%} respectively, if all the delay
elements in the transmitter and receiver are set to zero. It is important to note that
these are not the only data sequences that will generate the required error events. For

each distance there are many different error events and thus many different generating
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Data sequences to produce error events from the all zeros state for 4-state, rate-1/2

Table 6.1

encoded 4-DCPFSK using G(D) = {1 __wlﬂ}

Data sequences to produce error events from the all zeros state for 8-state, rate-1/2

a | ¢ | E(d) a é

3.00 {2050 | 0100 | [0120]
3152094 | [0100 | [0020]
349 (2019 (1100 | [1220]
373 (31062 |[00000]|[0100 0]
3.88 (3062 |[01220/{[0210 0
400|218 [0000] | [0020D)

Table 6.2

encoded 4-DCPFSK using G(D) = [1 2D+1}

116

D1

& ] ¢ 2@ a a

400 ]2]050 | [02000] 02220
4093|169 | [0100 0 00120
4153]05 | 010000 | [011100]
42414/030| 010000 | 000100
449 (21019 | 0200 0 01300
494131056 | 010020 | [01310 0
49731025 |[0102100|[000200 0
500 [2]094 | 02000 00200
500|3]1.00| [01000] 00300
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Figure 6.7: Computed and simulated performance of 4-state, rate-1/2 encoded 4-
DCPFSK using G(D) = [1 §D1—+1] in Rayleigh flat fading with various values of fpT.

sequences. Once the pairwise probabilities of error have been found, they are multiplied

by their associated error coefficient and then summed.

Figure 6.7 shows the computed and simulated performance of 4-state, rate-1/2
- encoded 4-DCPFSK using G(D) = {1 WIH} in Rayleigh flat fading with various values
of fpT. For the fpT = 0.1 case, the first 4 terms were used in the union bound. For the
fpT = 0.01 and fpT = 0.001 cases, the first 5 and 6 terms respectively were used. The
computed curves agree well with the simulation results. Only the fpT = 0.1 case exhibits
an error floor at SNR values less than 60 dB, but the computed curves do indeed show error
floors. The fpT = 0.01 case exhibits an error floor of 107 from about E/Ny = 65 dB
onwards, and the fpT = 0.001 case exhibits an error floor of 4 x 10~'% from about
Ey/Ng = 100 dB onwards. Thus the coding has dramatically reduced the error floors of
uncoded 4-DCPFSK, except in very fast fading.
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Figure 6.8: Computed pairwise probability of error vs fpT' of 4-state, rate-1/2 encoded
4-DCPFSK using G(D) = [1 §D‘—+1} in Rayleigh flat fading for various values of E}/Np.

Perhaps the most interesting point in Figure 6.7 is the fact that the fp7 = 0.01
case performs better than the fpT = 0.001 case up until the Ey/Ny = 70 dB point. In
Figure 6.8 we further highlight the variation in the performance versus fpT'. It is important
to note that the performance in Figure 6.8 is based simply on the minimum distance term
and its error coefficient. Whereas the performance of uncoded DMSK steadily worsens
as fpT increases, the performance in Figure 6.8 at Ej /Ny values greater than 30 dB can
improve somewhat as fp7 increases. This can be explained by the fact that the error
events in the coded case are much longer than those of the uncoded case, and as fpT
increases the fading becomes less and less correlated, and the coding can exploit time
diversity in the fading. However, once the fpT gets up to a certain value, the fading
becomes so uncorrelated that the differential demodulation corrupts the signal too much.
A similar improvement in coherent coded performance with increasing fpT has also been

noted in [van96].
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Figure 6.9: Computed and simulated performance of 8-state, rate-1/2 encoded 4-
DCPFSK using G(D) = [l ﬁ} in Rayleigh flat fading with various values of fpT.

We now turn our attention to the computed and simulated performance of 8-state,
rate-1/2 encoded 4-DCPFSK using G(D) = [1 ﬁ%}’ shown in Figure 6.9. For the
fpT = 0.1 case, the first 3 terms were used in the union bound. For the fpT = 0.01 and
fpT = 0.001 cases, the first 4 and 9 terms respectively were used. Again, the computed
curves agree well with the simulation results, and only the fpT = 0.1 case exhibits an
error floor at SNR values less than 60 dB. The computed curves show error floors. The
computed curve for the fpT = 0.01 case exhibits an error floor of 4 x 10719 from about
Ey/Ny = 65 dB onwards, and the fp7T = 0.001 case exhibits an error floor of 2 x 1071
from about Ey/Ny = 100 dB onwards. Figure 6.9 also exhibits a similar variation in

performance with fpT' to that of Figure 6.7.
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Figure 6.10: Computed and simulated performance of uncoded DMSK, 4-state, rate-1/2
encoded 4-DCPFSK using G(D) = [1 ﬁ} and 8-state, rate-1/2 encoded 4-DCPFSK

using G(D) = [1 %] in Rayleigh flat fading with fpT = 0.1.
6.6 Comparison of Uncoded DMSK with Rate-1/2 Encoded
4-DCPFSK in Rayleigh Flat Fading

Uncoded DMSK and rate-1/2 encoded 4-DCPFSK are comparable systems in terms of
information throughput. In this section we present a performance comparison of uncoded

DMSK, 4-state, rate-1/2 encoded 4-DCPFSK using G(D) = [1 ZD{TI} and 8-state, rate-

1/2 encoded 4-DCPFSK using G(D) = [1 25;*11}. These are the same systems that were

compared in Section 5.6, but note that we do not consider the coherently-demodulated

uncoded MSK case as it has no method to combat the fading.

Figure 6.10 compares the three systems in Rayleigh fat fading with fpT = 0.1,

The coding lowers the error floor from 107! to about 1073, There is not much difference

120



1 T T T T
Computed
10-1 - -0~ — Simulated E
1072 5
2
ﬁg uncoded DMSK 1
§10—3_ 50‘—'0_—‘0—-—0———0——__)
EﬂH ]
=
_4 L N
10 4-state, rate-1/2 ]
encoded 4-DCPFSK
10_5;’ 8-state, rate-1/2 E
i encoded 4-DCPFSK
10—6 1 ] | |
0 10 20 30 40 50 60

By [Ny (dB)
Figure 6.11: Computed and simulated performance of uncoded DMSK, 4-state, rate-1/2
encoded 4-DCPFSK using G(D) = {1 ﬁ] and 8-state, rate-1/2 encoded 4-DCPFSK

using G(D) = {1 %] in Rayleigh flat fading with fpT = 0.01.

in the performance of the two coded systems, but this is to be expected as the 8-state
code has a dfnin of 4.00, which is only 1.25 dB better than the d?nin of the 4-state code,

and only a slight performance improvement was observed in the additive white Gaussian

noise (AWGN) case in Figure 5.12.

A much more dramatic performance improvement obtained from coding is evident
in the fpT = 0.01 case, shown in Figure 6.11. Up to the 25-dB point, the three systems
perform similarly, but any further increases in Ej/Ng do not improve the BER of uncoded
DMSK whilst those of the coded systems continue to decrease steeply. Again there is not
a great performance difference between the codes. Finally, we present the performance
of the two systems in Rayleigh flat fading with fpT = 0.001 in Figure 6.12. The three
systems perform similarly up to the 45-dB point, but from then on the DMSK encounters
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D+1

Table 6.3

Approximate BER values of the error floors of uncoded DMSK,

4«mmmrm@q/zemmdmi@DCPFSKlmmgcuD)z:ﬁ

.
2D+1

and 8-state, rate-1/2 encoded 4-DCPFSK using G(D) = [1 %Dﬁl]
foT
0.1 0.01 0.001
Uncoded DMSK 1x10-1 1x10-3 1x10°°
4-state, rate-1/2 encoded 4-CPFSK | 3 x 1073 1x107° 4x 10718
8-state, rate-1/2 encoded 4-CPFSK | 1 x 1073 4x10710 | 210715

an error floor while the coded systems continue to improve. We summarise the difference

in error floors for the three systems in Table 6.3. It is evident that the coding lowers the

error floor in all the cases, and that the error floor lowers as fpT decreases. There is only

a slight difference in the error floors of the two coded systems.
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6.7 Summary

In this chapter we have analysed the performance of uncoded and coded M-DCPFSK
systems. Once we determined the form of the differentially-demodulated received signal
that had been corrupted by Rayleigh flat fading, we were able to calculate the pairwise
probability of error for M-DCPFSK. This involved developing an error metric which turned
out to be a Gaussian quadratic form. We transformed the characteristic function of the
error metric using the residue theorem, and determined the pdf of the error metric which we
then integrated over the error region to find the pairwise probability of error. By applying
the bounds and error coefficients of Chapter 5, we calculated the bit-error probability of
both uncoded and coded M-DCPFSK systems. These computed curves were seen to agree
very well with simulation results, and could be used to predict performance outside the
scope of the simulations.

An interesting variation in error performance as the value of fpT changed was
observed. In the uncoded systems the error performance gets progressively worse as fp7'
increases as the corrupted carrier used in the differential demodulator becomes a less and
less reliable reference. The coded systems are able to exploit the time diversity introduced
by the increasing fp7 up to a point, where they too encounter the corrupted carrier
reference problem. It is also evident that there is a much bigger performance improvement
between the coded and uncoded cases in fading than in the AWGN case, as the simplest
of the coded 4-DCPFSK systems is able to significantly lower the error floor of DMSK.
However, the difference in performance between the two coded cases considered is similar

to that of the AWGN case.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this thesis we have developed a differential encoder that enables the preservation of
the phase trellis of CPFSK through differential demodulation. The differential encoder
is a linear encoder over the ring of integers modulo-B (Zp). Differentially-encoded and
differentially-demodulated CPFSK (DCPFSK) performs worse than coherently-demodu-
lated CPFSK in additive white Gaussian noise (AWGN), and this is due to the presence
of extra noise terms in the demodulated signal. These extra noise terms make exact
performance analysis very difficult, but through some assumptions the performance of
DCPFSK is found to be approximately 3 dB worse than that of CPFSK. Simulation
results agree reasonably well with this theoretical approximation. The DCPFSK receivers
are considerably simpler than their coherent counterparts, requiring no synchronisation
other than that of symbol timing. Thus receiver complexity can be reduced at the expense
of performance by using DCPFSK instead of CPFSK.

M-ary DCPFSK schemes with modulation index A = 1/M-—which we call M-
DCPFSK schemes—have a differential encoder defined over Zps. These schemes are par-
ticularly important as they have similar spectral characteristics to differentially-encoded
and differentially-demodulated minimum shift keying (DMSK) and interface well with the
decomposed model of CPFSK to form a decomposed model of M-DCPFSK. Additionally,
these schemes combine well with external error-control encoders defined over Z s to enable
codes to be designed specifically for M-DCPFSK. V

We developed a code search model of M-DCPFSK and used it find codes over Zy for
rate-1/2 encoded 4-DCPFSK and codes over Zg for rate-2/3 encoded 8-DCPFSK. Results
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of the code searches demonstrate that very little performance—in terms of the normalised
minimum squared Euclidean distance d2, —is lost when going from coded M-CPFSK to

coded M-DCPFSK.

The performance of both coded CPFSK and coded DCPFSK schemes can be ap-
proximated by a truncated union bound, which consists of a sum of pairwise probabilities
of error that are based on error event distances and their associated error coefficients. By
performing an exhaustive search on the error events up to certain length, we were able
to obtain a theoretical approximation which agreed well with simulation results of coded
systems in AWGN. We call this the “2-dB approximation” as it uses the contribution of
all the error events within 2 dB of the d?

< in Of the coded system. It was found that the
approximation was only reliable if all the error events within 2 dB had been found. In
coded systems with large trellises, the error event search may become very computationally

intensive.

By applying these performance measures, we were able to determine that the best
8-state, rate-1/2 encoded 4-DCPFSK system performs 0.5 dB better than uncoded DMSK
in AWGN, and within 0.1 dB of coherently-demodulated MSK. Thus for a slight increase
in the system’s trellis, expensive and computationally intensive carrier recovery algorithms

can be eliminated from the system.

Carrier recovery can be particularly difficult in a fading channel. By its very nature,
differential demodulation can alleviate some of the problems encountered in fading chan-
nels. We analysed the performance of uncoded and coded DCPFSK systems in Rayleigh
flat fading. A truncated union bound similar to the one encountered in AWGN was used,
with the only difference being the pairwise probabilities of error. This agreed well with sim-
ulation results. It was found that the bit error rate (BER) of uncoded DCPFSK decreased
almost linearly with increasing SNR until it encountered an irreducible BER, known as an
“error floor”. The level of this error floor is dependent on the maximum Doppler shift fp

multiplied by the symbol period T'. As fpT increases, so does the level of the error floor.

The performance of coded DCPFSK systems in Rayleigh flat fading exhibited quite
different behaviour to that of the uncoded systems. The BER. still encountered an error
floor whose level increased as fpT' increased, but the BER decreased with an increasing
rate of descent. Interestingly, the BER of the coded systems can improve somewhat as
fpT increases. This is due to the fact that the coding can take advantage of time diversity

as the fading becomes less and less correlated. However, at a certain point—dependent
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on SNR—the fading becomes too uncorrelated for the differential demodulation process
to work, and the BER. deteriorates as fpT is increased.

Comparisons between DMSK and rate-1/2 encoded 4-DCPFSK showed that the
simplest 4-state code was able to lower the error floor significantly—by 2 to 10 orders of
magnitude—in Rayleigh flat fading with values of fpT between 0.1 and 0.001. However,
the difference in performance between codes was similar to their performance difference
in AWGN, suggesting that the major gain was that of time diversity due to the fact that

the error events in a coded system span more symbol intervals.

7.2 DCPFSK Evaluation

Five of the most important areas of a communication scheme’s performance are power
efficiency, delay, capacity, bit error rate and cost. Let us investigate how our DCPFSK

system performs in each of these areas:

e Power Efficiency: DCPFSK transmitters are very power-efficient as DCPFSK is a
constant-envelope modulation and the power amplifiers may be run in their non-

linear, but power-efficient, regions.

e Delay: The DCPFSK systems considered here have very low delay, on the order of

tens of symbols.

e Capacity: The DCPFSK systems considered here are not particularly spectrally
efficient, so that they could not be used in a high-capacity system.

e Bit Error Rate: DCPFSK systems perform considerably worse than coherently-
demodulated schemes in AWGN. With relatively simple coding however, this perfor-
mance can be improved. In medium to slowly-varying flat fading channels, DCPFSK
systems require no additional circuitry to achieve a reasonable level of performance.

Again, simple codes can improve this performance markedly.

e (Cost: DCPFSK receivers are very simple as symbol timing is the only synchroni-
sation required. Combined with their power efficiency, DCPFSK systems are low

cost.

Thus DCPFSK systems are power efficient, low-delay, low-capacity, medium-level

BER performance and low-cost, most suitable for mobile voice or satellite applications.
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7.3 Future Work

There are many avenues of future work opened up by this thesis, some of them are:

e The coded systems considered here had h = 1/M. Codes for DCPFSK systems with
h # 1/M could be designed. This would allow for a wider range of coded DCPFSK

schemes to be considered.

e The coded performance improvement in fading secems to be due to time diversity.

This could be further explored by using lower-rate coded DCPFSK systems. For

instance, codes over Zg for rate-1/3 encoded 8-DCPFSK, which is comparable to

uncoded DMSK.

2

min

e The codes found here were designed for AWGN, where d

dominates performance.

The searches could be performed with other search criterin—such as error event

length~—to find codes specifically designed for fading.

e The use of multi-h DCPFSK would improve performance in fading, and could also

be combined with coding. However, the complexity would increase significantly, and

the differential encoder would need to be modified, as would the code search model.

e Performance in fading may also be improved by using partial response signalling.

This would serve to lengthen error events, possibly increasing time diversity. Com-

bining this with coding would also be an interesting problem. Again, complexity

would increase significantly, and the differential encoder and the code search model

would need to be modified. The resulting scheme would not actually be DCPFSK,

but some other form of differentially-encoded and differentially-demodulated contin-

uous phase modulation (DCPM).

e Using partial response signalling would also result in a scheme with better spectral

efficiency than that of DCPFSK. Use of a smoother pulse shape would also achieve

this. Yet again, the differential encoder and the code search model would need to be

modified, and the result would be some other DCPM scheme.

e Finally, improvements in computing power—or better algorithms—would result in

the ability to perform code searches for coded systems with larger trellises, and enable

performance aﬁalysis of larger coded systems than those analysed in this thesis.
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Appendix A

Properties of the Modulo
Operator

Let A and B be positive integers, let z and y be real numbers, and let I’ be a positive real
number. We define the modulo-I" operator Rr[z] as

Rr[z] 2 « - H r (A1)

where || denotes the floor function, i.e. the largest integer not exceeding the enclosed
number. Note that Rp[z] will always be non-negative, regardless of the sign of z.
We now present some properties of the modulo operator. This list is by no means

exhaustive, these are just some properties that are of use in this thesis

Rr{z +y] = Rrlz+ Rrly]] = Rr[Rrlz] + Rr[y]] (A.2)
()] - w3

Rrlzy] = Rr[Rr(z]y]  if and only if y is an integer. (A.4)
Ra[Rplz]] = Rale]  ifand only if A is a factor of B. (A.5)

Ralz] = Ralyl

& z = y+kA, k is an integer. (A.6)
Ralz] = y+ k4, 0 <y < A, and k is an integer. (A7)
Rulz] = =z, ifo<z <A (A.8)
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Appendix B

Complex Noise

Let wi(t) and wq(t) be independent, zero-mean, Gaussian processes, with psd’s given by

N07 _{ngfé%u

Su(f) = Suglf) = (B.1)

0, otherwise.

The autocorrelations of wi(t) and wg(t) are the inverse Fourier transforms of Sy, (f) and

Swq(f), given by

Ry (7) = E[wi(twi(t +7)] = Nofwsinc(fuwr) (B.2)

Ry (1) = Elwq(t)wq(t +7)] = Nofy sine (fu7). (B.3)
As stated, wi(t) and wq(t) are independent, so that
E[wi(t)wq(t +7)] = 0. (B.4)
Let w(t) be a complex noise process, defined as
B(t) £ wi(t) + jwg(t). (B.5)
Like its component processes, w(t) is also zero-mean, as shown by
Bla()] = Bla) +ja()] = Blo@)] +iB )] = o (B.6)
The autocorrelation of w(#) is given by

Ry(r) = E[w(t)@*(t + 7)]
= E[{wi(t) + j wo&) Huwr(t + 7) — jwgt +7)}]

= Ewi(t)wi(t + 1) — jwi®)wq(t + 1) + jwot)wi(t + 1) + wo{tywq(t + 7)]

131



= Elwi(t)wi(t + 7)] — j B [wi(t)wq(t + )] + j E [wot)w(t + 7))
+ E [wQ(i)wQ(t + 7‘):[
= Nyfysinc(fu7) = 70+ 70+ Nyfy sine (fo7)

= 2Ny fw sine (fuT) . (B.7)
The psd of w(t) is the Fourier transform of Ry(7), given by

2Ng, —LE < fg e
Sa(f) =4 2 2 (B.8)

0, otherwise.

The final remark is that the “unconjugated” autocorrelation of w(t) is equal to zero, as

E[w(t)w(t+7)] = E[{wi(t) + jwo(t)Hwi(t + 7) + juq(t + 7)}]
= Blui(t)wi(t+ 7) + jwit)wq(t + ) + j wo(t)wi(t +7)
— wq(thwg(t+ 7))
= Blwi(Qwi(t + 7)] +j E[wi{t)wq(t + 7)] + j E fwg(t)wi(t + 7)]
— B [wq(t)wq(t+ 7)]
= Nofysinc (f7) + 70+ 70 — Nofy sinc (f,7)

= 0. (B.9)
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Appendix C

The Viterbi Algorithm

In this Appendix we present a brief summary of the workings of the Viterbi algorithm

(VA) as it relates to this thesis. We draw largely from Forney’s paper [For73].

C.1 General statement of the problem

The VA can be thought of as a solution to the problem of maximum a posteriori probability
(MAP) estimation of the state sequence of a finite-state, discrete-time Markov process
observed in memoryless noise.

The underlying Markov process is characterised as follows. Time is discrete. The
state oy, at time ky is one of a finite number Sy. The state sequence is represented by
the vector o = [..., 0k, -1, Tky Oky 15+ -+ )-

As the process is Markov, the probability of being in state oy, 41 at time ky + 1,

given all states up to time ky, depends only on the state oy, at time ky:

Pr{ok,+1|oky,0ky—1,. -} = Priog, 11]ok, }. (C.1)

The transition probabilities Pr {0k, 41 | 0k, } may be time-varying, but we do not explicitly
indicate this in the notation.
It is convenient to define the transition &g, at time ky from oy, to oy, 41 as the

pair of states oy, 41 and oy,

€y £ {oky 41,08, }. (C.2)

We let = be the (possibly time-varying) set of transitions g, = {0k, +1,0%, } for which
Pr{ok,+1| ok, } # 0, and |Z| their number. Clearly |Z| < S%. There is evidently
a one-to-one correspondence between state sequences ¢ and transition sequences £ =

[‘ o }gky~1?€k§f)§ky+1>' . }
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The process is assumed to be observed in memorlyess noise; that is, there is a
sequence z of observations z, in which 2z, depends probabilistically only on the transition

szv at time k‘y:
Pr{z|o} = Pr{z|& = [[Prizm, &} (C.3)
kv

We can describe z as the output of some memoryless channel whose input sequence is €.
Again, though we shall not indicate it explicitly, the channel may be time varying in the
sense that Pr{oy, | £k, } may be a function of ky.

The Markov process can be described as a trellis, where each node corresponds to
a distinct state oy, at a given time kv, and each branch represents a transition §, to
some new state oy, .1 at the next instant of time kv + 1. The most important property
of the trellis is that every possible state sequence o corresponds to a unique path through
the trellis and vice versa.

Our problem is thus to find the state sequence o for which Pr {z| &} is maximum.
It is convenient however, to restate this problem as finding the state sequence o for which

the “length” —InPr{z| o} is minimum. Using (C.3) we find

—InPr{z|o} = —In|[[Pri{m, & }| = D (~InPr{z,|&,}). (C.4)

ky kv

We now define the “length” of each transition as

)‘VA (gkv) £ - InPr {zkv l ‘Skv} H (05)

which we call the branch meiric. This allow us to finally state our problem as that of
finding the state sequence o for which the “length” or path metric
> dva (ry) (C.6)
kv

is minimum.

C.2 The algorithm

At any particular time, there will be several paths terminating at a particular node (or
state) in the trellis. Amongst the paths terminating in state oy, at time ky, the one with
the smallest path metric is called the survivor corresponding to the state oy, and denoted

by & (ok, ). The path metric of the survivor & (oy,,) is denoted by Ava (o, ), defined as

ky 1
Ava (o) 2 7 dva (&), (C.7)
i=0
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where the transitions are all from the survivor & (o, ). Bach time step, an estimate of
the state sequence Kg4-time intervals previously is output. The quantity Ky is called the
decision depth. The choice of K is important as the delay through the VA and the storage

requirements are proportional to it. However if Ky is too small performance may suffer.

C.2.1 Storage

Only Kq states for each of the Sy survivor paths & (o, ), need to be stored, along with
the Sy path metrics Aya (o4, ). Unless the system starts in a known state, these should

all be initialised to the same arbitrary value.

C.2.2 Operation

For each time ky, the VA runs as follows:
e (Calculate the provisional path metrics f\vA (Oky41: Ty ):
Ava (Oky 41,05y ) 2 Ava (k) + Mva €y = {Oky+1,00, }) (C.8)
for each possible transition.

e For each state set

Ava (Oky+1) = %inAVA (Cky+1,0ky ) - (C.9)
Sy

Store Ava (ok, 1) and its associated path & (o, 41) for each trellis state.

o Find the Aya (04, +1) with the minimum value, and from its associated & (o4, 41),

output the state transition at time ky + 1 — K.

@

Set ky to ky + 1 and repeat,

C.2.3 Complexity

The complexity of the VA depends on the size of the trellis of the system, particularly the

total number of branches, as each one requires a metric calculation.
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Appendix D

CPFSK Simulations

Simulations on a computer must be performed in discrete-time. In this appendix we
describe our CPFSK simulation model and a sampling receiver for CFPSK, which relates
much more accuarately to the simulations that were performed. We show in Appendix E

that this receiver acheives the performance of (2.62).

D.1 A Sampling Receiver Structure for CPFSK

A sampling receiver for coherent CPFSK consists of three main blocks, a coherent de-
modulator, a sampler, and a Viterbi processor as shown in Figure D.1. The coherent
demodulator is exactly the same as that described in Section 2.7.1. We now discuss the

other two elements.

r(t,U) Coherent - ye(t,U) Ye(iTs, U) Viterbi U

Sampler v o
Demodulator P Processor

Figure D.1: A sampling receiver structure for coherent CPFSK

D.1.1 Sampler

The output of the coherent demodulator y.(t,U) is sampled at r; Hz. The sample period
T, is given by

T, = —. (D.1)
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f_w E\/fw 0 fuw fuw fuw

Figure D.2: Autocorrelation function of the low-pass filtered white Gaussian noise

To simplify processing, we choose T such that
— = Dy, (D.2)

where Dy is a positive integer. This ensures that we have an integral number of samples

per symbol. The sampled version of y.(t,U) is y.(iTs, U), given by

) = i Si2 w(1
Y (iTs, U) = \/2—[ (¢Ts,U) + (Ts)]' (D.3)

We want the samples of @ (t) to be uncorrelated. The autocorrelation of @(t) is the inverse

Fourier transform of Sy (f) in (2.38), given by
Ry(1) = 2N fuy sinc (fu7) . (D.4)

Ry(7) is shown in Figure D.2. It is clear that if we choose r; such that

rs = fwa (D5)
then
1
T, = 5 (D.6)

and the noise samples w(iTs) will be uncorrelated and thus white. Formally, their auto-

correlation is
Ry (iTs, kTs) = E[w(iTs)w* (kTs)] = 2Nofw i ks (D.7)

where J;  is the Kronecker delta function, defined as

0, otherwise,
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where 7 and k are integers. Thus as long as (D.5) is adhered to, the demodulated signal
will consist of the transmitted signal perturbed by AWGN. As the band-width of the low-
pass filters in the demodulator determine the band-width of the base-band noise, we must
mncrease the band-width of the low-pass filters in the demodulator if we wish to increase

the sampling rate, so that

fL = Ts. (D9>

D.1.2 Viterbi Processor

As the transmitted signal in each symbol interval depends on all the previously transmitted
symbols, we must determine the state sequence of the fransmitter to detect the transmitted
data U. This is called maximum-likelihood sequence estimation (MLSE) [For72]. Using
the time-invariant phase trellis and the memoryless modulator, the transmitter can be
thought of as a Markov source, that is the transmitted signal 5(¢,U) in the n-th symbol
period depends only on the state of the CPE V,, and the current information symbol U,.
Thus the output of the sampler, y.(iTy, U), consists of the output of & Markov source plus
AWGN.

Let us use §(U) and y.(U) to denote the sequences 5(iTs, U) and y. (T, U) respec-
tively. Our problem then is to find the sequence §(U) that maximises Pr{5(U) | y.(U)},
that is the probability that 5(U) was the transmitted sequence given that y (U) was re-
ceived. This is equivalent to finding the sequence §(U) that maximises the joint probability

Pr{3(U), yo(U)} [For73], as
Pr{3(U),ye(U)} = Pr{5(U)] yo(U)} Pr{ye(U)}. (D.10)

However, assuming Pr{3(U)} to be a uniform distribution, Pr{8(U), y.(U)} also factors

Pr{sU),y.(U)} = Pr{y.(U)|5U)} Pr{5(U)}, (D.11)

and our problem can be restated as finding the sequence §(U) that maximises the con-
ditional probability Pr{y.(U)}|&U)}. As discussed in Appendix C, this is a problem
suitable for the Viterbi algorithm.

In a CPFSK system with no external ECC, the system trellis interval is just the
symbol period, so that the transition in the ky-th trellis interval £, , is just the transmitted

signal in the n-th symbol interval, which we call §(n,U) and define in sampled form as
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the vector
§(n,U) £ [E;‘(nDSTs,U) §([nDs + 1T, U) --- §([{n+1)Ds—1]Ts,U)r, (D.12)

where a! represents the non-conjugate transpose of z. Let the coherently-demodulated

received signal in the n-th interval be similarly named and defined:

yc(na U) £ [yc(nDsTs, U) ’yc([nDs + 1]Ts: U) e yc([(n + 1)Ds _ 1}Ts> U):% T :
(D.13)
Following (C.3), we can write Pr{y.(U)| (U)} as
Pr{y.(U)|5(U)} = [[Pr{ye(n,U)|5(n,U)}. (D.14)

The probability density function (pdf) of Pr{y.(n,U)| 8(n,U)} is that of a Dy-dimension
Caussian random vector where each element y.(i7s, U) has mean 3(iT,,U)/+/2 and vari-

ance 2Ny fy,, as discussed in Section D.1.1. Thus

Pr{yc(n,U)| 3(n,U)}

1

1 1
= UnNos)P P <'4WNofw 2

2
yc(éTs,U)—ﬁé(z‘Ts,U) ) (D.15)

Before proceeding, we need to identify the different possible transitions. In each symbol

period there are P- M unique possible transitions, which we will call reference signals. Let
k' be an integer ranging from 1 to P - M, used to enumerate all the possible memoryless
modulator inputs X ;. The samples of the complex envelope of the &’-th reference signal

in the n-th symbol period are defined as

§(iTs, Xp) & \/gexp (j 2 [h Xip +hXop W + foz'Ts]) ,
nT <iTy < (n+1)T, (D.16)
The D; samples in the n-th symbol period are denoted
§'(n, Xp) = {5’(%933}}}(&:) §([nDs + 1|T5, Xp) -+ &([(n+1)Ds ~ 1]T%, Xk/)]T-
(D.17)

Following (C.5) and replacing the actual transition &(n,U) with the hypothesised ones

§'(n, X ) in (D.15), we can write the &’-th branch metric in the n-th symbol period as
Ava (Eeyo k') = Ava (8n, X i)
— —Pr {yeln, U) | 5/(n, X 1)}

Dy : o0
- 7ln (4 No fuw) + 47(1\170fw ; ]yc(sz,U) -8 (zTSQX;gt)]Q‘ (D.18)
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To minimise computation, we ignore the offset and scaling that are independent of k' so

that our branch metrics are

(n+1)D;~1
wa (8 Xel) = D |wliTy, U) ~ 3Ty, Xp) [ (D.19)

i=nl,
The Viterbi algorithm then proceeds as described in Appendix C to produce an estimate

of the transmitted data sequence U.

D.2 CPFSK Simulation Model

Figure D.3 shows the model used to generate y.(:Ts, U) for simulations. A modified
CPFSK transmitter generates samples of the complex envelope of the transmitted signal
5(1Ts, U), to which the independently identically distributed, zero-mean, white, complex
Gaussian random variables w(iT) are added. Note that the real and imaginary compo-
nents of w(iT}) are independent and that each has a variance of Npf,, as we assume that
(D.5) holds. The output of the summer is then scaled by 1/+/2 to generate y.(iTy, U) as
specified in (D.3). The scaling is not necessary, but ensures that the signal component
of y.(iTs, U) has energy E. The Viterbi processor then uses y.(i7s,U) to produce an

estimate of the transmitted data f)’, as desecribed in Section D.1.2.

1
w(iTs) V2
5(4T,, U) ye (T, U)

Figure D.3: Model used to produce y.(iTs, U) for simulations of CPFSK in AWGN
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Appendix E

CPFSK Sampling Receiver

Performance

The Viterbi algorithm in the receiver operates on the signal

y(iTs, U) = %[é(iTs,U)ﬂb(z’Ts)]. (B.1)

Note that the noise samples are zero-mean, white and Gaussian, with an autocorrelation

given by
E[w(iTs)w™ (kTs)] = 2Nofw 6ik (E.2)
where 6; , was defined in (D.8). Another important property of @(iT}) is
E [@(iTs)w(kTs)] = 0. (E.3)

Let the transmitted data be given by U and the receiver’s estimate of U be given
by U. We now introduce two instances of a discrete metric that operates over the entire
received signal. The first is based on the mean squared error (MSE) between the samples
of the demodulated received signal y.(:Ts, U) and the samples of the complex envelope of

the transmitted signal 5(¢T%, U), which we define as

[ele] 2
. 1.,
T (ye, U) 2 Z Ye(iTs, U) ~ —=3(iTs, U) (E.4)
1=—00 \/5
The second is based on the MSE between y,(iTs, U) and 3(iT, U) and defined as
[ele] 1 2
T(ye,U) & ) |veliTs, U) = —=5(T;, U) (E.5)
1=—00 \/5
As the VA chooses the metric with the smallest value, an error will occur if
T(ye, U) > T(ye, U), (E.6)
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that is the distance between the received signal y.(iTs, U) and a signal based on incorrect
data U is less than that between yc(iTs, U) and the transmitted data U. We are interested
in the probability of this occurance, which is called the pairwise probability of error, and

given by

Pr{U‘;éU} - Pr{T(yc,U) > T(yc,ff)}
= Pr {T(yc,U) — Yy, U) > 0}

= Pr{Y. >0}, (E.7)

where we have implicitly defined

We note now that we can develop (E.4) as

= | . ’
T(y,U) = i:\;oo ye(iTs, U) — Es(sz,U)
= . 1. . i
= Z {|yc(sz,U)|2+§|s(TS,U)|2—\/§Re[yC(zTS,U)s (sz,U)]}
= Z |y (iTs, U)| + > Z |5 ZTS)U \/_Z Re [ye ZTSaU) (iTsaU)]’
(E.9)
and similarly, (E.5) can be re-written as
T(ye, U Z Iue (4T3, U) 24 = Z { (T, ) ‘ V23" Re[yeliTs, U) 5T, U)] -
(E.10)

Substituting (E.4) and (E.5) into (E.8), and noting that CPFSK signals are constant-

envelope so that

sen, o) = [san, o), (B.11)
we have
Te = V2 Z Re[ (1T, U) § (iTs,l}')] - V2 i Re [y (iTy, U) 5" (iT,, U)]
— fZ Re[ (T, U){5 (iTS,ﬁ)—E*(iTS,U)}] (E.12)

144



Using (E.1) in (E.12), we obtain

Te = 3 Re[{5UT,,U) + GUT)HE (T, U) - (T, U)}]

1=—00

- i Re [g(z’TmU) 5 (iTy, U) — 5T, U)? + 0T, {5* (iT,, U) — 5*(iTS,U)}} :

(E.13)

As w(iT,) is Gaussian, Y, is also Gaussian. Its mean is

[ZR@[ (iTs, U) 5 (6T, U) — |3GT, U) 2 + 0(iT3) (" (iT3, 0) - §° (sTs,U)}ﬂ

= 37 Re[5(T0, U) (T3, U) = [8GL:, U + B[(T)] {3 (T, U) - 5 (T, 1))
=3 {Re {g(z’TS,U) 5*(z‘Ts,ff)] _ |§(z’TS,U)|2} (E.14)

We now use (E.11) to note that

ST, O)P = LS, Uy + 2 |sem, 0 (E.15)
which allows us to write (E.14) as
E[Y)] = - = Z { (iT,, U)[? +] zTS,U] —21:{8{ (:Ts,U) § (z'TS}{AI)}}
_ ! }: 56Ty, U) — (iif;.,ff)]2 (E.16)

'L——OO

We now define the normalised MSE (NMSE) between the two signals 3(:7,,U) and
5(iT,,U) as

- log, M ~ ]2
U, U) 2 % §(6T, U) — 5(iT,, U] (E.17)
g
Using (E.17), we can re-write (E.16) as
2F .
B[T,] = —— 22 g2
[Te] 7 10g2 M € (U$ U}
= —2E,e2(U,U), (E.18)

as from (2.5), By, = E/(r logy M).
Having found the mean of T,, we now turn our attention to its variance. We first

note that from (E.13) and (E.14)

o0

Te-B[T] = 3, Re [@(T){5" (T, U) - 5 (T, U)}
= %Z ['&(éTs){g*(éTmﬁ)—§*(21TS,U)}+*§;*(iTs){.§(iTs,(7)~§(z‘T3)U)}},

(E.19)
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Using (E.19), the variance of T, is given by

Var (1o} = B[(Y, ~B[1.)’]

= iE (i [w(iTs){g*(iTs,U)5*(iTS,U)}+w*(z‘T5){§(iTs,fJ)g(z’Ts,U)}Dz]
— 1 ( i @(iTy){5* (iTs, U) — 3" (iTs,U)} +1;OO (iT5){3(:Ts, U) —s(sz,U)}>
(kimw § (KT, U) — 5*(kT,, U)} +k§)o W* (kT,){3(kTs, U) — (kTs,U)}>]
_ i é‘_{mg_{m BRT,) {5 (iTs, U) ~ §* (T, U)HE* (KT, U) — 5 (KT}, U)}
+i§mk§m W(iTs )i (KT5) (5% (1T, U) — 8 (¢T5, U)H5(kT5, U) — 3(kTy, U)}
4 iﬁ:@ k:ioo B* (Ts) w0 (KT ) {5(iTy, U) — 55Ty, U) 5" (kTs, U) — 5*(kT, U)}
i :‘im:i @* (iT5)w* (kT) {3(iTs, U) — 5(iTs, U)H{3(kTs, U) — 5(kT,, U)}
- i Zimkimmw (iTs) W (kTs)] {5*(iT5, U) — 5 (iTs, U)}{5* (KT}, U) — 5* (KT, U)}

+ 3 S BGT) " (kTL)) {5 (iTy, U) = 3 (i, U) M3 (kTs, U) — 5(kTs, U)}

i=—o0 k=—o00
+ > > E[@ To)| {3(T5, U) — 3(iT5, U) {5 (KT, U) — 5 (T, U)}
i=—00 k=—o00
+ >, ) Bl (kT {3(:Ty, U) — 5(iTy, U)HE(KT,, U) — 5(kT;, U)}
1=—00 k=—00
= i > 2Npfu i {55 (1T, U) — 5 (6T, UYHE (KT, U) — 5(kTy, U)}
i=—00 k=—00

+ YD 2Nofwbip {8(Ts, U) = 36T, UYHE (1T, U) - 5 (6T, U)}

1=—00 k=—00

= Nofo 3 {80, U) — 5 (T, U)HE(T, U) - (T3, U}

i=—00

s R 2
= Nofw (1T, U) - 3(iTs, U)

1=—00

= 4Ny fuEy e2(U,U). (E.20)

Let us use gy, to denote B[T.], and 0% to denote Var{Y.}. The probability density
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function (pdf) of T, is a Normal distribution, given by

1 (Te - /J*'f;)g
Pr{Y¥.} = exp| —————2— | . E.21
e = Voo, p( 2o (21
The pairwise probability of error can then be written as
1 Do (Te = pr,)?
Pr{Y,>0} = / exp| — 75— | dT,. E.22
r{Te } \/%O‘TE 9 P ( 2 orgfe ¢ ( )

We wish to get this into a standard form. Let

T, —
7= 4 _HLe (E.23)
oy,
so that

dY. = oy, dz (E.24)

Note that as T, — co, z — 00, and
when T, =0, 2z = vy (E.25)

or,

Using (E.23)-(E.25) in (E.22), we obtain

1 oe 2
Pr{Y.>0 =——/ ex (——)dz
{ } o P =3
= Q(ZHX&) 7 (E.26)

oy,

where Q(z) is called the @-function and defined as

Olz) = \/—% / " exp<-f’2—2> dz. (B.27)

Substituting (E.18) and (E.20) into (E.26), we find the pairwise probability of error be-
tween two CPFSK signals based on the data sequences U and U, is given by

Pr{f, >0} = Qf ——22% W0
’\//lNOwab 62(U>, [7)

Eb EQ(U, f])
= i I E.28
Q ( N T (E.28)
Let us look at the quantity (U, U )/ fuw. As we have specified that f, = 1/T%, we have
SU0) _ (U, )T, = oM i ]§(éT U) - (T, @*)]ET (E.29)
T = (U, s = B s 3(iTs, 5. .

=00
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As we increase the sampling frequency, Ts — 0, so that the summation approaches an
integration, and

e2(U,T) . rlogg M [
f’w 4F —00

5(t,U) - 3(t, r_‘“f)]2dt = U, 0). (E.30)

Using (E.30) in (E.28), we obtain pairwise probability of error for a DCPFSK system is

By

Pr{T. >0} = Q( EdZ(U,ﬁ)). (E.31)

The performance of the receiver will be dominated by the pairwise probability of

error of the minimum distance error event d2

< in- Lhus probability of error for our receiver

is

P = Q( Edfm)a (E.32)

which agrees with the result in Section 2.9.
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Appendix F

DCPFSK Simulations

Simulations on a computer must be performed in discrete-time. In this appendix we
describe our DCPFSK simulation model and a sampling receiver for DCFPSK, which

relates much more accuarately to the simulations that were performed.

F.1 A Sampling Receiver Structure for DCPFSK

Our sampling receiver for DCPFSK consists of three main blocks, a differential demodu-
lator, a sampler, and a Viterbi processor as shown in Figure F.1. The differential demod-
ulator is exactly the same as that described in Section F.1. We now discuss the other two

elements.

r(t, B) Differential | ¥a(t,8) Samplor ya (1T, B) Viterbi 1)
Demodulator Processor

Figure F.1: A sampling receiver structure for DCPFSK

F.1.1 Sampler

The output of the differential demodulator, y4(t,3) is sampled at r; Hz. The sample
period T is equal to 1/r;. To ensure that we have an integral number of samples per

symbol, T is chosen such that

— = D,, (F.1)



where D; is a positive integer. The sampled version of y4(t, 8) is ya(iTs, B), given by

1

Wit 8) = 1[I0, 8) 6T, - 7,0) + 00T, 7T, - 7,

+ W (ils — T) 3(iT, B) + w(iTy) 0" (iTs - T)). (F.2)

F.1.2 Viterbi Processor

Our Viterbi processor seeks to minimise the squared Buclideaﬁ distance between the re-

ceived signal and the possible transmitted signals (see Section 3.7). We use the trellis

structure of y4(i7Ts,8) discussed in Section 3.6 to estimate the transmitted data. Let us

look at the noise-free version of y4(i7s, 8). From (3.13) this is given by

wiit, 8) = 1L s, )77, - 7,)
= \/g-jexp (j 27h [ﬁnhl + (Bn — ﬁnml)ﬁﬁ_;n_’li}) , nT <iTy < (n+ 1T,

(F.3)

In the n-th symbol period this depends only on 3, and f,-1. As discussed in Section 3.6

there are only possible M x P combinations of f, — fn—1 and f,-1 that produce unique

values of the signal x signal term. Let us use &’ to enumerate these possible combinations,

and the 2 x 1 element vector X to identify them. We denote the samples of the complex

eﬁvelope of the k'-th reference signal as §'(i7T%, X ) and define them as

y 3 y (1) iTs — nT
F6Ty, X ) 2 4 /% exp (j 2k {X,ﬁ,” + X0 Z—TLD ,
nT <iTs < (n+1)T. (F.4)

The D, samples in the n-th symbol period are denoted as

§'(nDTs, X 1)

. §'([nDy + 1]Tys, X )

§(n, Xp) = (F.5)

§([(n+1)Dy — T, X 1)

Using (F.4) and (F.5), the k’-th branch metric in the n-th symbol period is defined as
(n+1)Ds-1 .
Ava (é"[n}Xk;]) - ¥ {yd(?:Ts,,e) — FTy, X )| (F.6)

j=nl
The Viterbi algorithm then proceeds as described in Appendix C to produce an estimate

of the transmitted data sequence U.
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LPF ' X
i

Figure F.2: Model used to produce yq(iT5, 8) for simulations of DCPFSK in AWGN

F.2 DCPFSK Simulation Models

The simulation of a DCPFSK system is a much more complicated problem than that of its
coherent counterpart. Figure F.2 illustrates how yq(iT5, B) was generated for the AWGN
simulations. A modified DCPFSK transmitter generates samples of the complex envelope
of the transmitted signal 5(:7s, ), to which the independently identically distributed,
zero-mean, white, complex Gaussian random variables ) (¢7;) are added. The real and
imaginary components of 1, (iT,) are independent and each has a variance of Nyrg. It
was found that a low-pass filter (LPF) was needed to obtain the best possible performance
in the simulations. Note that in our receiver model, the LPF would be a Band—pass filter
before the differential demodulator. For the LPF, we chose to use a 2D;-tap finite impulse
response (FIR) filter whose transfer function is & Hamming window with a cut-off frequency
equal to fg/2. The output of the LPF is multiplied by a copy that has been delayed by
T and conjugated. The result is scaled by \/Tm to produce yq(iT5, ,8): as specified
in (F.2). The scaling is not necessary, but ensures that the signal x signal component of
ya(iTs, B) has energy of E. The Viterbi algorithm uses y4(17s, 8) to produce an estimate
of the transmitted data U, as described in Section F.1.2. It is important to note that the
simulations do not use the assumptions discussed in Section 3.10, and thus they take into

account the effect of noise x noise and signal X noise terms.

The choice of fg is important as it significantly affects performance. The power
in the noise x noise term increases as fp is increased, but decreasing fp damages the
desired signal x signal term, and the best-performing values of fg were found empirically.

Table F.1 shows the choice of fg for each of the cases shown in Figure 3.12.

The simulation model used to generate yq(i7%, B) for the fading simulations is shown

in Figure F.3, which is very similar to that in Figure F.2, the only difference being the mul-
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Table F.1

Normalised cut-off frequency of noise-limiting filter for various DCPFSK schemes

Scheme BT

DMSK 1.0
4-DCPFSK = 2.5
8-DCPFSK @ 2.5

tiplication of 3(iT%, 8) by Z(1Ts). The samples of the fading process z(iT) were generated
using the model in [Jak74], which simply sums up a number of appropriately-weighted
offset oscillators. It was found that 15 oscillators produced an adequate representation of

a Rayleigh flat fading process.

W

%

e

) s (iT)

é_‘ LPF L % ya(iTs, B)
T ()

Figure F.3: Model used to produce y4(iTs, ) for simulations of DCPFSK in Rayleigh
flat fading

5(iTs, B)
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Appendix G

Full Code Search Results

In this appendix we present the full results of the code searches. When more than one

2 .
min

code is given for a particular set of parameters, the given codes have the same dZ . - to four
decimal places. Tables G.1-G.3 list the best codes found for rate-1/2 encoded 4-CPFSK
~and 4-DCPFSK. For rate-2/3 codes, it was found that the codes performed exactly the
same for both 8-CPFSK and 8-DCPESK, so the results in Table G.4 are not separated for
the coherent and differential cases.

It must be noted that these are the best codes for CPFSK and DCPFSK sys-
tems using feedback-free continuous phase encoders (CPE’s), for standard CPFSK and
DCPF3SK systems (systems employing feedback CPE’s), the given codes G(D) should be

scrambled by T;(D) to produce
G(D) = G(D)-Tu(D), (G.1)

which are suitable for feedback systems. In the case of the rate-1/2 coded quaternary

systems, the form of the scrambler is

1 3
Ty(D) = ap 1]’ (G-2)

and the form of the scrambler for the rate-2/3 coded octal systems is

1 70
Ts(D) = [0 1 7]. (G.3)
YD 0 1
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Table G.1

Search results for rate-1/2 encoded 4-CPFSK and 4-DCPFSK

1 204430341
3D342D34D242D+1
1 204430341202 42D+1
3DT13D%41 1
304430241 1'
2D443D342D%42D+1 :

30442034 D2+2D+1 1'
SDIT3D5+1

Coherent Differential
5v [ | dian G(D) 2 G(D)
1 1 1 1
[1 —2D—{—ll? [“21)+’1 1}’ [1 —'“21>+1}2 {—2D+1 1}»
4 3.15 [D+2 1], 3.00 [p+2 1,
[1 2D+1],[2D+1 1} [1 2D+1},{2D+1 1}
D41 2D+1 D41 2D+1
8 4.09 (5% 1) |1 2] a0 | (B 1) 1 Y]
=
70243041 |*
3D+2 2D%43D+2 D%43D42

16 515 |pptPad 1) [ 1] s |[Zape ],

{1 wQﬁﬁiZ}
s 1] b 1],
2D3+ D1 ' +2D? 43D+ :

32 6.00 T | 545 16 entries,
[2D3+D+2 1] {zp3+292+p+2 1 see Table G.2
2DI+ D1 ; 3DF1

D342D? 43 1R 208 +D%+3 | '1 D24 D42
D3 DI 301 ’ D3320F1 | |t Dt D2IDF1)’
V 2D34+3D%+2D%+3 [ D43D2 D242
64 6.42 {l W}’ 6.39 | 2DZ4D+1 1]’
[393+2D+3 1] 4 333i3D2+D2+2]
2D313D7 41 i 3DTYD+1
[.D“ 8D?42D+1  q
3DTF D3T3 D41 ’
[wﬂ 1]
5D+ D3+2D+1 '
[1 21}4iD3+2Dj;1]
DifeD3+D241 |°
{1 2D4+D3+202+1] A
DT+3DT2DH |’ .
128 7 60 7.00 38 entries,

see Table G.3

154




Table G.2

Search results for rate-1/2 encoded 4-DCPFSK with v =3, Sy = 32 and d2, = 5.45
G(D)
[1 D41 } [1 3D+1 ] [1 2D2—|—D+1} [1 2D2+3D+1}
2D+ D243D+1 |’ D3 1D?+30+1 |° 3024 D41 | 3D2Y D1 |’
3D%24+ D41 1 3D?4+D+1 1 D342D241 1 D342D%41
2D+ D+1 » | 2D%F3D+1 " | 2D+ D241 ' | 3D3F3D212DF1 )

1 2D34+ D241 1 2D34+D%41 2D34+D?4+3D+1 1 2D%4D243D+1
D342D%%1 | 3D34+2D+1]? D+1 ) 3D+1

2D343D%42D+1 2D343D%+2D+1 3D34+2D+1 3D342D+1
1 1 1
D3Y2DZ+1 ’ 3D342D+1 » | 2D3¥DZ¥I ’

2D3+3D212D+1 1i|

1],

Table G.3
2

Search results for rate-1/2 encoded 4-DCPFSK with v = 4, Sy = 128 and dZ;, = 7.00

2D342D%4+ D42 2D343D%4+ D42 2D343D%4 D42
1 == A Tore 1
3D313D+1 |’ D*+D23D¥1 |? 2DIF3DIYDYI |

1 2D343D%43D+2 1 2D343D%*+3D+42 3D34+D+2 1
2D+ D2+3D+1 |’ 3D*+3D33D22D+1 |’ |2D%+3D2+D+1 ’

3D34+ D%+ D42 3D342D24+ D42 1 1 3D342D%43D42
2D3+3D%4+2D+1 ? | 2D3+43D243D+1 ? 2D¥F3D3F1 ?

3D343D%4 D+2 1 D42D243D+2 1| [pi+D%+p243D12 4
2D343D2+1 '’ |2D*+3D343D?+3D+1 ' | 2D%43D3+2D+1
D442D343D42 1 D442D342D%2 1 D42 1_ [ D443D3+3D24+3D+2

2D%43D34+ D24+ D+1 ’ 2D34+3D?%4+1 ’ 2D%43D3+2D2+1

1 2D44 D243D 42 1 2D443D?+ D42 ] '1 2D*43D243D42
Di43D3+D?12D+1 |’ 2D+ D24 D+1 | 2D%13D%43D+1 |

1 2D443D%243D+2 2D44+ D34 D24 D42 1 1 2D44D342D243D+2
3DYF3D3 13D +1 |’ 3D242D+1 ’ D33+2D%+1

G(D)
1 D24+ D42 1 D243D+42 1 D3+43D+2
2D442D3+D24+3D+1 ]|’ 2D4+2D3+3D2+D+1 |? 3DAFD32D24+2D+1 |’
1 2D34+ D42 1 2D34 D24+ D42 1 2D34+D%24+3D42
2D%4+3D3+2D%4+D+1? 3D*+2D3+D?+D+1 |? DI+3D3+ D241’

?

1],
]

3D2+1 3D2+3D+1 DZ4+D+1

2D%4+3D34+D4+2 2D*43D3+3D+42 2D443D342D%4+ D42
43D +D+2 )] , 1{,

2D4+D343D2+D+1 2D+ D3+2D+1

[ 3D442D%43D42 1} [3D4+3D3+D2+3D+2 1}
?

[2D4+D3+3D2+D+2 1] [1 2D4+2D3+D2+D+2} [1'2D4+2D3+D2+3D+2}
b) b 3

D2+ D+1 3D3+2D+1 D243D+1
3DY4+ D42 1 3D442D%4+3D+2 1 3D44+D343D243D+2 1
2D3+D?+2D+1 » | 2D*+D3+D?+3D+1 ’ 2D%*+D3+2D2%241 ’
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Table G.4
Search results for rate-2/3 encoded 8-CPFSK and 8-DCPFSK

(the * indicates that the search was not complete)

4046

{1 0 4D+6) 10 ﬁ}
01 2 01 &
I 4D+67 [ 1
10 3D4-1 10 %%—fﬁ
2 3 i

0 1 sp] 101 Eﬁ%-—lj

0 4D+67 10 4D+6]

8 1 2.18 5D+1 7TD+1
2 ? 2 ?
_0 1 50414 -0 1 7D+41.

. 6 -
10 2D+1 [‘1 0 3§+1
4D42 1’ 4
0 1 355i] (001 335

6
[1 0 6D+1} [1 0 mﬁa}
4D+2 |’ 4D+2
0 1 eprl 101 753t
D
{1 0 i"zgi‘%}
’ 4D
0 1 i

1 0 6D+4
0 1 4D+2

16 | 1] 2.81 {

D41

10 2D-+4
32 2| 2.93* 3D7H4D+
01 3DTEAD 1
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Appendix H

Glossary of Abbreviations

AWGN
BER
BPF

CE
CPE

CPFSK
CPM

DCPE

DCPED
DCPFSK
DCPM
DMSK
DPSK
ECC
FSK
GSM

GMSK
LHS
LPF

M-CPFSK
M-DCPFSK
MLSE
MM
MSK
NISED
NMSED
NSED
pdf
psd
PPE
PSK
RHS
SED
SNR.

additve white Gaussian noise

bit error rate

band-pass filter

channel encoder

continuous phase encoder

continuous phase frequency shift keying
continuous phase modulation

differential continuous phase encoder
differential continuous phase encoder/decoder

-differentially-encoded and differentially-demodulated CPFSK
-, differentially-encoded and differentially-demodulated CPM

differential minimum shift keying
differential phase shift keying

error-control coding

frequency shift keying ;
Global System for Mobile Communications
Gaussian minimum shift keying

left-hand side

low-pass filter

M-ary CPFSK with h = 1/M

M-ary DCPFSK with h = 1/M
maximum-likelihood sequence estimation
memoryless modulator ’
minimum shift keying

normalised incremental squared Euclidean distance
normalised minimum squared Fuclidean distance
normalised squared Euclidean distance
probability density function

power spectral density

pairwise probability of error

phase shift keying

right-hand side

squared Euclidean distance

signal-to-noise ratio
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Appendix 1

Glossary of Symbols

vector of [ — 1 uncoded M-ary symbols input to the channel
encoder in the ky-th trellis interval

matrix in Gaussian quadratic form
elements of A

vector of [ coded M-ary symbols output by the channel encoder
in the ky-th trellis interval

modulo base of the differential encoder

vector of 2 coded M-ary symbols output by C;(D) in the ky-th
trellis interval

vector of 21 coded M-ary symbols output by Fg(D) in the ky-th
trellis interval

transfer function of the feedback CPE

equivalent | x 2! version of C{D)

transfer function of the feedback-free CPE

equivalent [ x 21 version of C(D)

normalised SED between two CPFSK signals, s(t,U) and s(¢, U)
normalised incremental SED between two CPFSK signals,
s(t,U) and s(t,U) in the n-th symbol period

normalised minimum SED of a (D)CPFSK scheme

a dummy variable representing delay

number of samples per symbol (integer value)

the set of all NSEDs for a particular code

symbol energy

bit energy

the i-th error event starting from the state S

transfer function of the differential encoder

variable representing frequency

carrier frequency

asymmetric carrier frequency

frequency representing the difference between f. and fi

one-sided band-width of BPF at the input of differential
demodulator

one-sided band-width of LPFs at the output of demodulators
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hc,I,ﬁn (t>
he,q,0, (2)

hdyluén —Bn—l ({;)
hd:Q)lén—}én— 1 (t)

one-sided band-width of w(f)

maximum Doppler shift

transfer function of the feedback DCPED
equivalent { x 2/ version of F(D)
feedback-free version of ¥(D)

equivalent [ x 21 version of F(D)
elements of G(D)

the i-th residue of Gy, (£)/€ at £ = ¢&;
characteristic function of T,

transfer function of the channel encoder
scrambled version of G(D)

modulation index

impulse response of in-phase matched filter in coherent receiver

impulse response of quadrature matched filter in coherent
receiver

impulse response of in-phase matched filter in differential receiver
impulse response of quadrature matched filter in differential
receiver

general purpose index

the Ny x Ny identity matrix

the square root of —1

infinite correlation performed in coherent receiver to determine U/

semi-infinite correlation performed in coherent receiver to
determine U

infinite correlation performed in differential receiver to
determine U

semi-infinite correlation performed in differential receiver to
determine U

general purpose index or integer

positive integer relating M and P

non-negative integer less than ks

non-negative integer less than kps

integer used in NMSED of DCPFSK calculations
index used to enumerate reference signals in VA
index used to identify system trellis intervals
numerator of h

number of symbols output by the channel encoder
number of transmitted symbols (in system trellis intervals)
size of symbol alphabet

index representing symbol period

number of different values that the 2/-th element in by, takes
before the channel encoder merges to the zero state

one-sided psd of white noise

total number of elements in vectors used in fading performance
calculations

probability density function of T,
denominator of h
probability of bit error
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phase response of CPFSK

the (J-function

information bit-rate of the channel encoder
sampling rate

received signal

T-delayed and 7 /2-phase shifted version of r(¢, U)
autocorrelation of w(t)

the autocorrelation matrix of #

transfer function of the differential decoder
transmitted CPFSK signal

transmitted DCPFSK signal

symmetric in-phase component of s(t, U)
symmetric quadrature component of s(t,U)
output of the memoryless modulator in the n-th symbol period
asymmetric in-phase component of s(r, X )
asymmetric quadrature component of s(r, X )
power spectral density of w(t)

number of states in the channel encoder

number of states in the overall encoder

state of the transmitter in the ky-th trellis interval
state of the receiver in the ky-th trellis interval
variable representing time

symbol period

bit period

sample period

transfer function of the scrambler

equivalent [ x [ version of T(D)

the unit step function

uncoded M-ary symbol at the input of the CPE in the n-th
symbol period

vector of successive U,

accumulated symbol phase of the transmitted DCPFSK signal in
the n-th symbol period

accumulated symbol phase of the transmitted CPFSK signal in
the n-th symbol period

vector of successive V,

(Gaussian noise process

number of information

input to the memoryless modulator in the n-th symbol period
differential input to the memoryless modulator in the n-th
symbol period

coherently-demodulated CPFSK signal
differentially-demodulated CPFSK signal
differentially-demodulated DCPFSK signal

narrow-band Rayleigh flat fading process

ring of integers modulo-P
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Ac,n([}m i}n)

FS

Agn(U)

)\d,n (Bna Bn—l)

1%

£

standard CPM symbols

output of the differential encoder in the n-th symbol period
vector of successive f3,

the Kronecker delta function

the delta function

an event used in calculating the performance of coded
(D)CPFSK systems

an event used in calculating the performance of coded
(D)CPFSK systems

normalised SED between two encoded sequences, ¢, and &, in
the ky-th trellis interval

length of an error event (in system trellis intervals)

the number of error events starting from state S, assuming the
trellis is infinite, having ¢« information bit errors, a length of ¢
trellis intervals and a NSED equal to d?

term used in NMSED of DCPFSK calculations

number of bit errors in an error event

the i-th eigenvalue of Rjz A

metric used in coherent receiver to perform sequence estimation

of U

metric used in coherent receiver to perform sequence estimation

of U

metric used in differential receiver to perform sequence
estimation of U

metric used in differential receiver to perform sequence
estimation of U

the number of delay cells in the encoder

dummy variable used to transform Gy, (¢)

poles of Gy_(¢)

the error coefficient for error events with NSED equal to d?
alternate time variable

error metric used in performance calculations

metric used in performance calculations

initial phase offset

frequency term in yq4(t, 8) in the n-th symbol period
difference between /3, and f,

tilted phase

physical tilted phase

physical tilted phase in the n-th symbol period
differentially-demodulated tilted phase

physical differentially-demodulated tilted phase
difference between ©; and @Z

difference between ©; and 6; plus a multiple of P
phase term in y4(¢, 4) in the n-th symbol period

the complex conjugate of x(¢)

the complex envelope of z(t)
the in-phase component of (%)
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zq(t)
(1)
z(D)

ot

the quadrature component of Z(?)

an estimate (or hypothesised value) of z()
delay polynomial of

the non-conjugate transpose of x

the conjugate transpose of x
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