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Abstract
Using the Al-Oboudi type operator, we present and investigate two special families of bi-univalent functions connected

with the activation function φ(s) = 2/(1 + e−s), s ∈ R and k-Fibonacci numbers. We derive the bounds on initial coefficients

and the Fekete-Szegö functional for functions of the type gφ(z) = z+
∞∑
j=2

φ(s)djz
j in these introduced families. Furthermore,

we present interesting observations of the results investigated.
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1. Preliminaries

Let R and N := {1, 2, 3, . . .} = N0\{0} be the sets of real numbers and positive integers, respectively.
Let C be the sets of complex numbers and the set of normalized regular functions in D = {z ∈ C : |z| < 1}
is symbolized by A. Such a function g ∈ A has the expansion about the origin in the form

g(z) = z+ d2z
2 + d3z

3 + · · · = z+
∞∑
j=2

djz
j, (1.1)

and the set of all elements of A that are univalent in D is symbolized by S. The famous Koebe theorem
(see[12]) ensures that every function g ∈ S has an inverse g−1 satisfying g−1(g(z)) = z, z ∈ D, g(g−1(ω)) =
ω, |ω| < r0(g), ω ∈ D and 1/4 6 r0(g), where

g−1(ω) = f(ω) = ω− d2ω
2 + (2d2

2 − d3)ω
3 − (5d3

2 − 5d2d3 + d4)ω
4 + · · · . (1.2)
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A function g of A is called bi-univalent in D if g−1 and g are both in S. Let Σ denote the set of

bi-univalent functions having the form (1.1). The functions
z

1 − z
,

1
2

log
(

1 + z

1 − z

)
and− log(1 − z) are in

the class Σ, but the Koebe function as well as
z

1 − z2 and z−
z2

2
(members of S) are not members the

class Σ. Historically investigations of the family Σ begun fifty years ago by Lewin [30] and Brannan and
Clunie [9]. Few years later, Tan [45] found the upper bounds for few coefficients of bi-univalent functions.
Brannan and Taha [10] presented certain subfamilies of Σ similar to known subfamilies of convex and
starlike functions of order σ (0 6 σ < 1) in D. Many results concerning initial bounds for some special
families of Σ have been found in [6, 11, 23, 39]. However the general coefficient bounds for many of the
special families of functions g ∈ Σ are not completely addressed.

In the paper [19], Falcón and Plaza have investigated the sequence of k-Fibonacci number
{
Fk,j
}∞
j=0,

k ∈ R+, defined by
Fk,j+1 = kFk,j + Fk,j−1, j ∈N (1.3)

with Fk,0 = 0, Fk,1 = 1, and

Fk,j =
(k− tk)

j − tjk√
k2 + 4

where tk =
k−
√
k2 + 4
2

. (1.4)

If k = 1, then we get the familiar Fibonacci numbers Fj.
Özgür and Sokól [34] in 2015 proved that if

p̃k(z) =
1 + t2

kz
2

1 − ktkz− t
2
kz

2 , z ∈ D, (1.5)

then

p̃k(z) = 1 + (Fk,0 + Fk,2)tkz+ (Fk,1 + Fk,3)t
2
kz

2 + · · ·
= 1 + k tkz+ (k2 + 2)t2

kz
2 + · · · ,

where tk = k−
√
k2+4

2 . Clearly if p̃k(z) = 1 + Σp̃k,jz
j, then we have

p̃k,j = (Fk,j−1 + Fk,j+1) t
j
k, j ∈N.

The bounds for first two coefficients and the celebrated Fekete- Szegö inequality were found for bi-
univalent functions connected with certain polynomials like (p,q)-Lucas polynomials, Chebyshev poly-
nomials, Fibonacci polynomials, Gegenbauer polynomials and Horadam polynomials. We also note that
these polynomials as well as their extensions, are potentially very important in a variety of physical, sta-
tistical, engineering, and mathematical disciplines. Additional information related to these polynomials
can be found in [2, 4, 7, 8, 21, 22, 46]. More about the estimates on initial coefficient bounds and the
solution of Fekete- Szegö problem for functions in Σ linked with k-Fibonacci numbers can be seen in
[5, 13, 14, 24, 26, 27].

The recent research trend is the study of functions of Σ associated with any of the above mentioned
polynomials using well-known operators, which can be seen in the research papers [1, 15, 25, 32, 36, 40–
44]. Generally interest was shown to estimate the first two coefficients and the Fekete-Szegö inequality
for the introduced families of Σ using known operators.

In Mathematics, an activation function plays an important role for scientist and engineers. The func-
tion that maps the net input to the output signal value is known as the activation function. Certain
functions such as the identity function, the step function, the sigmoid function, the hyperbolic tangent
function etc. are widely used as activation function in an artificial neural network. Some artificial neural
network training algorithm requires that the activation function be continuous and differentiable. The
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step function is not suitable for such cases. The sigmoid function ξ(s) = 1/(1 + e−s), s ∈ R has the nice
property that they can approximate the step function to the desired extent without loosing its differentia-
bility. The sigmoid function has the following advantages:

i) it increases monotonically;
ii) it gives real numbers between 0 and 1;

iii) it never loses information because it is one-to-one function; and
iv) it maps a very large domain into a small range of outputs. For more details about activation functions,

see [28].

In the real-valued case, a lot of research has been devoted to this topic, but a very limited literature
exists for complex valued neural networks, where most activation functions are generally developed in a
split fashion (i.e., by considering the real and imaginary parts of the activation separately) or with simple
phase-amplitude techniques (for more knowledge, see [38]). In this direction, Ezeafulukwe et al. [16]
proposed and studied certain properties of complex-valued sigmoid function G(z) = 1/(1 + e−z), z ∈ D.
In this article, they have found the starlikeness and convexity of a sigmoid function G(z). Fadipe-Joseph
et al. [18] have studied some properties of the modified sigmoid function F(z) = 2/(1 + e−z), z ∈ D. For
more details, see [29, 33].

Let Aφ be the set of regular functions of the form

gφ(z) = z+

∞∑
j=2

φ(s)djz
j,

where φ(s) is the real-valued modified sigmoid function defined by

φ(s) = 2/(1 + e−s), s ∈ R. (1.6)

Clearly φ(0) = 1 and hence A1 := A (see [17]).

Definition 1.1. For gφ ∈ Aφ, n ∈N0, β > 0, an Al-Oboudi type operator Dnβ : Aφ → Aφ, is defined by
D0
βgφ(z) = gφ(z), D

1
βgφ(z) = (1 −β)gφ(z) +βzg

′
φ(z), . . . ,Dnβgφ(z) = Dβ(D

n−1
β gφ(z)), z ∈ D.

Remark 1.2. If gφ(z) = z+ Σφ(s)djzj ∈ Aφ , then

Dnβgφ(z) = z+

∞∑
j=2

(1 + (j− 1)β)nφ(s)djzj, z ∈ D.

If φ(s) = 1, then we obtain the operator due to Al-Oboudi [3], which reduces to the operator presented
by Sălăgean in [37], when β = 1.

For regular functions g and f in D, g is said to subordinate to f, if there is a Schwarz function ψ in D,
|ψ(z)| < 1, ψ(0) = 0 such that g(z) = f(ψ(z)), z ∈ D. This is indicated as g ≺ f or g(z) ≺ f(z). Specifically,
when f ∈ S in D, then g(z) ≺ f(z) ⇐⇒ g(0) = f(0) and g(D) ⊂ f(D).

Motivated by the recent papers on bi-univalent functions using the real-valued modified sigmoid
function φ(s) given by (1.6), we present two new special families of Σ making use of the Al-Oboudi type
operator which was precisely defined in the paper [25], and k-Fibonacci numbers defined by the formula
(1.3) with Fk,j as in (1.4). We determine the initial coefficient estimates and also obtain the relevant
connection to the celebrated Fekete-Szegö functional for functions in these new families.

Throughout this paper we assume that Tk = k− (k2 + 2)tk with tk as in (1.4), p̃k as given by (1.5) and
the modified sigmoid activation function φ(s) as in (1.6).
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Definition 1.3. A function g ∈ Σ having the power series as in (1.1) is said to be in the set
SRSΣ(µ,γ, β, n, φ(s), p̃k), if

z(Dnβgφ(z))
′ + µz2(Dnβgφ(z))

′′

(1 − γ)z+ γDnβgφ(z)
≺ p̃k(z), z ∈ D,

and
ω(Dnβfφ(ω))′ + µω2(Dnβfφ(ω))′′

(1 − γ)ω+ γDnβfφ(ω)
≺ p̃k(ω), ω ∈ D,

where µ > 0, β > 0, 0 6 γ 6 1, n ∈N0 and g−1
φ (ω) = fφ(ω) is an extension of g−1 to D as in (1.2).

It is interesting to note the following subsets of SRSΣ(µ,γ, β,n,φ(s), p̃k) which are obtained for
certain choices of µ and γ:

1. SRKΣ(γ, β, n,φ(s), p̃k) ≡ SRSΣ(0,γ, β,n,φ(s), p̃k) is the set of functions g ∈ Σ satisfying

z(Dnβgφ(z))
′

(1 − γ)z+ γDnβgφ(z)
≺ p̃k(z) and

ω(Dnβfφ(ω))′

(1 − γ)ω+ γDnβfφ(ω)
≺ p̃k(ω), z,ω ∈ D,

where β > 0, 0 6 γ 6 1, n ∈N0 andg−1
φ (ω) = fφ(ω) is an extension of g−1 to D as in (1.2).

2. When γ = 0, we have SRLΣ(µ, β, n,φ(s), p̃k) ≡ SRSΣ(µ, 0, β, n,φ(s), p̃k), the group of functions g
∈ Σ satisfying

(Dnβgφ(z))
′ + µ z(Dnβgφ(z))

′′ ≺ p̃k(z) and (Dnβfφ(ω))′ + µω(Dnβfφ(ω))′′ ≺ p̃k(ω),

where z,ω ∈ D, n ∈N0, β > 0, µ > 0 and g−1
φ (ω) = fφ(ω) is an extension of g−1 to D as in (1.2).

3. SRMΣ(µ, β, n,φ(s), p̃k) ≡ SRSΣ(µ, 1, β, n,φ(s), p̃k) is the set of functions g∈ Σ satisfying(
z(Dnβgφ(z))

′

Dnβgφ(z)

)
+ µ

(
z(Dnβgφ(z))

′′

Dnβgφ(z)

)
≺ p̃k(z), z ∈ D

and (
ω(Dnβfφ(ω))′

Dnβfφ(ω)

)
+ µ

(
ω(Dnβfφ(ω))′′

Dnβfφ(ω)

)
≺ p̃k(ω), ω ∈ D,

where n ∈N0, β > 0, µ > 0 and g−1
φ (ω) = fφ(ω) is an extension of g−1 to D as in (1.2).

Letting n = 0 and φ(s) = 1 in the Definition 1.3, we get the family SRNΣ(γ,µ, p̃k) ≡ SRSΣ(µ,γ,β, 0, 1, p̃k)
of functions g ∈ Σ satisfying

zg′(z) + µz2g′′(z)

(1 − γ)z+ γg(z)
≺ p̃k(z) and

ωf′(ω) + µω2f′′(ω)

(1 − γ)ω+ γf(ω)
≺ p̃k(ω),

where z,ω ∈ D, 0 6 γ 6 1, µ > 0 and f(ω) = g−1(ω) is as in (1.2).

Definition 1.4. A function g ∈ Σ having the power series of the form (1.1) is said to belong to the set
SRBΣ(γ, τ, β, n, φ(s), p̃k), if

z[(Dnβgφ(z))
′]τ

(1 − γ)z + γDnβgφ(z)
≺ p̃k(z) and

ω[(Dnβfφ(ω))′]τ

(1 − γ)ω + γDnβfφ(ω)
≺ p̃k(ω), z,ω ∈ D,

where n ∈N0, 0 6 γ 6 1, τ > 1, β > 0 and g−1
φ (ω) = fφ(ω) is an extension of g−1 to D as in (1.2).
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Certain values of γ lead the family SRBΣ(γ, τ, β, n,φ(s), p̃k) to interesting sets as below:

1. SRPΣ(τ, β, n,φ(s), p̃k) ≡ SRBΣ(0, τ, β, n,φ(s), p̃k) is the class of functions g ∈ Σ satisfying

[(Dnβgφ(z))
′]τ ≺ p̃k(z), z ∈ D and [(Dnβfφ(ω))′]τ ≺ p̃k(ω), ω ∈ D,

where n ∈N0, τ > 1, β > 0 and g−1
φ (ω) = fφ(ω) is an extension of g−1 to D as in (1.2).

2. SRNΣ(τ, β, n,φ(s), p̃k) ≡ SRBΣ(1, τ, β, n,φ(s), p̃k) is the family of functions g ∈ Σ satisfying

z[(Dnβgφ(z))
′]τ

Dnβgφ(z)
≺ p̃k(z), z ∈ D and

ω [(Dnβfφ(ω))′]τ

Dnfφ(ω)
≺ p̃k(ω), ω ∈ D,

where n ∈N0, τ > 1, β > 0 and g−1
φ (ω) = fφ(ω) is an extension of g−1 to D as in (1.2).

SRNΣ(τ, β, nφ(s)) is the family of Al-Oboudi type τ-bi-pseudo-starlike functions connected with a
modified sigmoid activation function and k-Fibonacci numbers.

On taking n = 0 and φ(s) = 1 in the Definition 1.4, we obtain the family SRQΣ(γ, τ, p̃k) ≡ SRBΣ(γ, τ,
β, 0, 1, p̃k) of functions g ∈ Σ satisfying

z[(g′(z))]τ

(1 − γ)z + γg(z)
≺ p̃k(z), z ∈ D and

ω[(f′(ω))]τ

(1 − γ)ω + γ f(ω)
≺ p̃k(ω), ω ∈ D,

where 0 6 γ 6 1, τ > 1 and g−1(ω) = f(ω) is as in (1.2).

Remark 1.5. We note that

i) SRMΣ(0, β, n,φ(s), p̃k) ≡ SRKΣ(1, β, n,φ(s), p̃k) ≡ SRNΣ(1, β, n,φ(s), p̃k);
ii) SRPΣ(1, β, n,φ(s), p̃k) ≡ SRKΣ(0, β, n,φ(s), p̃k) ≡ SRLΣ(0, β, n,φ(s), p̃k); and

iii) SRKΣ(γ, β, n,φ(s), p̃k) ≡ SRBΣ(γ, 1, β, n, φ(s), p̃k).

Remark 1.6. The family SRNΣ(0, 1, p̃k) ≡ S∗Σ(p̃k) was studied by Güney et al. [26], when µ = 0 and γ = 1.

Remark 1.7. The family SRQΣ(1, τ, p̃1) ≡ S∗Σ(τ, p̃1) was investigated by Magesh et al. [31], when γ = k = 1.

We find the estimates for |d2|, |d3| and also, fix the famous Fekete- Szegö problem [20] for functions
belonging to classes SRSΣ(µ,γ, β,n,φ(s), p̃k) and SRBΣ(γ, τ, β,n, φ(s), p̃k). We present few interesting
cases and relavent connections of main results.

To prove our theorems, we need the below mentioned lemma.

Lemma 1.8 ([35]). If the function p ∈ P, then |pi| 6 2 for each i, where P is the set of regular functions p in D,
normalized by p(z) = 1 + p1z+ p2z

2 + · · · , such that <(p(z)) > 0, z ∈ D.

2. Estimates for the family SRSΣ(µ,γ, β,n,φ(s), p̃k)

We begin by obtaining the first two coefficients and the Fekete-Szegö bounds for functions in SRSΣ(µ,
γ, β,n,φ(s), p̃k).

Theorem 2.1. If the function g ∈ SRSΣ(µ,γ, β,n,φ(s), p̃k), then

|d2| 6
k
√
k |tk|

(1 +β)nφ(s)
√
|(γ2 − γ(2µ+ 3) + 3(2µ+ 1))k2tk + (2(µ+ 1) − γ)2Tk|

, (2.1)

|d3| 6
1

(1 + 2β)nφ(s)

[
k|tk|

3(2µ+ 1) − γ
+

k3t2
k

|(γ2 − γ(2µ+ 3) + 3(2µ+ 1))k2tk + (2(µ+ 1) − γ)2Tk|

]
, (2.2)
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and for δ ∈ R

|d3 − δd
2
2| 6


k|tk|

(3(2µ+1)−γ)(1+2β)nφ(s) ,
∣∣∣1 −

(1+2β)nδ
(1+β)2nφ(s)

∣∣∣ 6 J,
k3t2

k

∣∣∣1− (1+2β)nδ
(1+β)2nφ(s)

∣∣∣
(1+2β)nφ(s)|(γ2−γ(2µ+3)+3(2µ+1))k2tk+(2(µ+1)−γ)2Tk|

,
∣∣∣1 −

(1+2β)nδ
(1+β)2nφ(s)

∣∣∣ > J, (2.3)

where n ∈N0, 0 6 γ 6 1, µ > 0 , β > 0 and

J =
1

(3(2µ+ 1) − γ)

∣∣∣∣γ2 − γ(2µ+ 3) + 3(2µ+ 1) + (2(µ+ 1) − γ)2 Tk
k2tk

∣∣∣∣ . (2.4)

Proof. Let p(z) = 1 + p1z+ p2z
2 + · · · , and p ≺ p̃k. Then there exists a regular function u with |u(z)| < 1

in D and p(z) = p̃k(u(z)). Therefore, the function

m(z) =
1 − u(z)

1 + u(z)
= 1 + u1z+ u2z

2 + · · ·

is in the set P. It now follows that

u(z) =
m(z) − 1
m(z) + 1

=
u1

2
z+

(
u2 −

u2
1

2

)
z2

2
+

(
u3 − u1u2 +

u3
1

4

)
z3

2
+ · · ·

and

p̃k(u(z)) = 1 + p̃k,1

(
u1z

2
+

(
u2 −

u2
1

2

)
z2

2
+ · · ·

)
+ p̃k,2

(
u1z

2
+

(
u2 −

u2
1

2

)
z2

2
+ · · ·

)2

+ · · ·

= 1 +
p̃k,1u1z

2
+

(
1
2

(
u2 −

u2
1

2

)
p̃k,1 +

u2
1

4
p̃k,2

)
z2 + · · · .

(2.5)

Also, there exists a regular function v satisfying |v(ω)| < 1 in D such that p(ω) = p̃k(v(ω)). Therefore,
l(ω) =

1+v(ω)
1−v(ω) = 1 + v1ω+ v2ω

2 + · · · is in the class P. So it follows that

p̃k(v(ω)) = 1 +
p̃k,1v1ω

2
+

(
1
2

(
v2 −

v2
1

2

)
p̃k,1 +

v2
1

4
p̃k,2

)
ω2 + · · · . (2.6)

Suppose g ∈ SRSΣ(µ,γ, β,n,φ(s), p̃k). Then from Definition 1.3, we obtain

z(Dnβgφ(z))
′ + µz2(Dnβgφ(z))

′′

(1 − γ)z+ γDnβgφ(z)
≺ p̃k(u(z)) (2.7)

and
ω(Dnβfφ(ω))′ + µω2(Dnβfφ(ω))′′

(1 − γ)ω+ γDnβfφ(ω)
≺ p̃k(v(ω)), (2.8)

where z, ω ∈ D and g−1
φ (ω) = fφ(ω) is an extension of g−1 to D given by (1.2). By virtue of (2.5), (2.6),

(2.7), and (2.8), we obtain

(1 +β)nφ(s)(2(µ+ 1) − γ)d2 =
u1k tk

2
, (2.9)

(1 + 2β)nφ(s)(3(2µ+ 1) − γ)d3 − (1 +β)2nφ2(s)(2(µ+ 1) − γ)γd2
2

=
1
2

(
u2 −

u2
1

2

)
ktk +

u2
1

4
(k2 + 2)t2

k,
(2.10)
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−(1 +β)nφ(s)(2(µ+ 1) − γ)d2 =
v1k tk

2
, (2.11)

− (1 + 2β)nφ(s)(3(2µ+ 1) − γ)d3 + (1 +β)2nφ2(s)(γ2 − 2(µ+ 2)γ+ 6(2µ+ 1))d2
2

=
1
2

(
v2 −

v2
1

2

)
k tk +

v2
1

4
(k2 + 2)t2

k,
(2.12)

From (2.9) and (2.11), we get
u1 = −v1 (2.13)

and also

2(1 +β)2nφ2(s)(2(µ+ 1) − γ)2d2
2 =

(u2
1 + v

2
1)k

2 t2
k

4
. (2.14)

By adding (2.10) and (2.12), we obtain

2(1 +β)2nφ2(s)(γ2 − (2µ+ 3)γ+ 3(2µ+ 1))d2
2 =

1
2
(u2 + v2)k tk −

1
4
(k tk − (k2 + 2)t2

k)(u
2
1 + v

2
1). (2.15)

Substituting the value of (u2
1 + v

2
1) from (2.14) in (2.15), we get

d2
2 =

k3 t2
k(u2 + v2)

4(1 +β)2nφ2(s) [(γ2 − (2µ+ 3)γ+ 3(2µ+ 1))k2 tk + (2(µ+ 1) − γ)2Tk]
, (2.16)

which gets (2.1), on using Lemma 1.8.
Subtracting (2.12) from (2.10) and using (2.13), we obtain

d3 =
(1 +β)2nφ(s)

(1 + 2β)n
d2

2 +
k tk(u2 − v2)

4(1 + 2β)nφ(s)(3(2µ+ 1) − γ)
. (2.17)

Then in view of Lemma 1.8 and (2.16), (2.17) yields (2.2).
Using (2.16) in (2.17), for δ ∈ R, we get

|d3 − δd
2
2| = k |tk|

∣∣∣∣(T(δ) + 1
4(1 + 2β)nφ(s)(3(2µ+ 1) − γ)

)
u2 +

(
T(δ) −

1
4(1 + 2β)nφ(s)(3(2µ+ 1) − γ)

)
v2

∣∣∣∣ ,
where

T(δ) =

(
(1+β)2nφ(s)

(1+2β)n − δ
)
k2tk

4(1 +β)2nφ2(s) [(γ2 − (2µ+ 3)γ+ 3(2µ+ 1))k2 tk + (2(µ+ 1) − γ)2Tk]
.

In view of (1.4), we conclude that

|d3 − δd
2
2| 6

{
k |tk|

2(1+2β)nφ(s)(3(2µ+1)−γ) , 0 6 |T(δ)| 6 1
4(1+2β)nφ(s)(3(2µ+1)−γ) ,

4k |tk||T(δ)|, |T(δ)| > 1
4(1+2β)nφ(s)(3(2µ+1)−γ) ,

which gets (2.3) with J as in (2.4). This ends the proof.

We now present few interesting observations of our result.

Corollary 2.2. If the function g ∈ SRKΣ(γ, β,n,φ(s), p̃k), then

|d2| 6
k
√
k |tk|

(1 +β)nφ(s)
√
|(γ2 − 3γ+ 3)k2tk + (2 − γ)2Tk|

,
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|d3| 6
1

(1 + 2β)nφ(s)

[
k|tk|

3 − γ
+

k3t2
k

|(γ2 − 3γ+ 3)k2tk + (2 − γ)2Tk|

]
,

and for some δ ∈ R,

|d3 − δd
2
2| 6


k|tk|

(3−γ)(1+2β)nφ(s) ,
∣∣∣1 −

(1+2β)nδ
(1+β)2nφ(s)

∣∣∣ 6 J1,
k3 t2

k

∣∣∣1− (1+2β)nδ
(1+β)2nφ(s)

∣∣∣
(1+2β)n|(γ2−3γ+3)k2 tk+(2−γ)2 Tk|φ(s)

,
∣∣∣1 −

(1+2β)nδ
(1+β)2nφ(s)

∣∣∣ > J1,

where

J1 =
1

(3 − γ)

(
(γ2 − 3γ+ 3) + (2 − γ)2

∣∣∣∣ Tkk2tk

∣∣∣∣) .

Remark 2.3. Corollary 10 and Corollary 23 of [27] are particular cases of Corollary 2.2, when φ(s) = 1,
n = 0 and γ = 1. Further, we get the results of Güney et al. [26, Corollaries 1 and 4], if we allow k = 1.

Corollary 2.4. If the function g ∈ SRLΣ(µ, β,n, φ(s), p̃k), then

|d2| 6
k
√
k |tk|

(1 +β)nφ(s)
√
|3(2µ+ 1)k2tk + 4(µ+ 1)2Tk|

,

|d3| 6
1

(1 + 2β)nφ(s)

[
k|tk|

3(2µ+ 1)
+

k3t2
k

|3(2µ+ 1)k2tk + 4(µ+ 1)2Tk|

]
,

and for δ ∈ R,

|d3 − δd
2
2| 6


k|tk|

3(2µ+1)(1+2β)nφ(s) ,
∣∣∣1 −

(1+2β)nδ
φ(s)(1+β)2n

∣∣∣ 6 J2,
k3 t2

k

∣∣∣1− (1+2β)nδ
φ(s)(1+β)2n

∣∣∣
(1+2β)n|3(2µ+1)k2tk+4(µ+1)2Tk|φ(s)

,
∣∣∣1 −

(1+2β)nδ
φ(s)(1+β)2n

∣∣∣ > J2,

where

J2 =
1

3(2µ+ 1)

(
3(2µ+ 1) + 4(µ+ 1)2

∣∣∣∣ Tkk2tk

∣∣∣∣) .

Corollary 2.5. If the function g ∈ SRMΣ(µ, β,n,φ(s), p̃k), then

|d2| 6
k
√
k |tk|

φ(s)(1 +β)n
√
|(4µ+ 1)k2tk + (2µ+ 1)2Tk|

,

|d3| 6
1

φ(s)(1 + 2β)n

[
k|tk|

2(3µ+ 1)
+

k3t2
k

|(4µ+ 1)k2tk + (2µ+ 1)2Tk|

]
,

and for δ ∈ R,

|d3 − δd
2
2| 6


k|tk|

2(3µ+1)(1+2β)nφ(s) ,
∣∣∣1 −

δ(1+2β)n

φ(s)(1+β)2n

∣∣∣ 6 J3,
k3t2

k

∣∣∣1− δ(1+2β)n

(1+β)2nφ(s)

∣∣∣
(1+2β)n|(4µ+1)k2tk+(2µ+1)2Tk|φ(s)

,
∣∣∣1 −

δ(1+2β)n

φ(s)(1+β)2n

∣∣∣ > J3,

where

J3 =
1

2(3µ+ 1)

(
(4µ+ 1) + (2µ+ 1)2

∣∣∣∣ Tkk2 tk

∣∣∣∣) .

Remark 2.6. Corollaries 10 and 23 of Güney et al. [27] are particular cases of Corollary 2.5 , when φ(s) = 1,
n = 0 and µ = 0. Further, we get the results of Güney et al. [26, Corollaries 1 and 4], if we allow k = 1.
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Corollary 2.7. If the function g ∈ SRNΣ(γ,µ, p̃k), then

|d2| 6
k
√
k |tk|√

|(γ2 − γ(2µ+ 3) + 3(2µ+ 1))k2tk + (2(µ+ 1) − γ)2Tk|
,

|d3| 6

[
k|tk|

3(2µ+ 1) − γ
+

k3t2
k

|(γ2 − γ(2µ+ 3) + 3(2µ+ 1))k2tk + (2(µ+ 1) − γ)2Tk|

]
,

and for δ ∈ R

|d3 − δd
2
2| 6


k|tk|

(1+2β)n)(3(2µ+1)−γ) , |1 − δ| 6 J,
k3t2

k |1−δ|
|(γ2−γ(2µ+3)+3(2µ+1))k2tk+(2(µ+1)−γ)2Tk|

, |1 − δ| > J,

where J is as in (2.4).

3. Estimates for the family SRBΣ(γ,τ, β, n, φ(s), p̃k)

We derive the initial Taylor-Maclaurin coefficients and the Fekete-Szegö inequality for functions in
SRBΣ(γ, τ, β,n, φ(s), p̃k) in the following theorem.

Theorem 3.1. Let 0 6 γ 6 1, τ > 1, β > 0, and n ∈N0. If g ∈ SRBΣ(γ, τ, β,n, φ(s), p̃k), then

|d2| 6
k
√
k |tk|

φ(s)(1 +β)n
√
|(γ2 + (2τ+ 1)(τ− γ))k2 tk + (2τ− γ)2Tk|

, (3.1)

|d3| 6
1

φ(s)(1 + 2β)n

[
k |tk|

(3τ− γ)
+

k3 t2
k

|(γ2 + (2τ+ 1)(τ− γ))k2 tk + (2τ− γ)2Tk|

]
, (3.2)

and for δ ∈ R,

|d3 − δd
2
2| 6


k |tk|

(3τ−γ)(1+2β)nφ(s) , |1 −
δ(1+2β)n

φ(s)(1+β)2n | 6 Ω,
k3t2

k

∣∣∣1− δ(1+2β)n

φ(s)(1+β)2n

∣∣∣
(1+2β)n|(γ2+(2τ+1)(τ−γ))k2 tk+(2τ−γ)2Tk|φ(s)

, |1 −
δ(1+2β)n

φ(s)(1+β)2n | > Ω,
(3.3)

where

Ω =
1

(3τ− γ)

∣∣∣∣γ2 + (2τ+ 1)(τ− γ) + (2τ− γ)2
(
Tk
k2 tk

)∣∣∣∣ . (3.4)

Proof. Suppose g ∈ SRBΣ(γ, τ, β,n, φ(s), p̃k). Then from Definition 1.4, we have

z[(Dnβgφ(z))
′]τ

(1 − γ)z + γDnβgφ(z)
= p̃k(u(z)), z ∈ D (3.5)

and
ω[(Dnβfφ(ω))′]τ

(1 − γ)ω + γDnβfφ(ω)
= p̃k(v(ω)), ω ∈ D. (3.6)

On account of (2.5), (2.6), (3.5), and (3.6), we have

(1 +β)nφ(s)(2τ− γ)d2 =
u1k tk

2
, (3.7)

(1 + 2β)nφ(s)(3τ− γ)d3 + (1 +β)2nφ2(s)(γ2 − 2τγ+ 2τ(τ− 1))d2
2

=
1
2

(
u2 −

u2
1

2

)
ktk +

u2
1

4
(k2 + 2)t2

k,
(3.8)
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−(1 +β)nφ(s)(2τ− γ)d2 =
v1k tk

2
, (3.9)

− (1 + 2β)nφ(s)(3τ− γ)d3 + (1 +β)2nφ2(s)(γ2 − 2(τ+ 1)γ+ 2τ(τ+ 2))d2
2

=
1
2

(
v2 −

v2
1

2

)
k tk +

v2
1

4
(k2 + 2)t2

k.
(3.10)

Now by following the proof of Theorem 2.1 with respect to (2.9)-(2.12), the results (3.1)-(3.3) of this
theorem are obtained from (3.7)-(3.10).

We now present few interesting observations of our result.

Corollary 3.2. If the function g ∈ SRPΣ(τ, β,n, φ(s), p̃k) , then

|d2| 6
k
√
k|tk|

φ(s)(1 +β)n
√
|(2τ+ 1)τ k2 tk + 4τ2Tk|

,

|d3| 6
1

φ(s)(1 + 2β)n

[
k|tk|

3τ
+

k3t2
k

|(2τ+ 1)τ k2 tk + 4τ2Tk|

]
,

and for δ ∈ R,

|d3 − δd
2
2| 6


k|tk|

3τ(1+2β)nφ(s) ,
∣∣∣1 −

δ(1+2β)n

φ(s)(1+β)2n

∣∣∣ 6 Ω1,
k3t2

k

∣∣∣1− δ(1+2β)n

φ(s)(1+β)2n

∣∣∣
(1+2β)n|(2τ+1)τk2 tk+4τ2Tk|φ(s),

∣∣∣1 −
δ(1+2β)n

φ(s)(1+β)2n

∣∣∣ > Ω1,

where

Ω1 =
1
3

(
(2τ+ 1) + 4τ

∣∣∣∣ Tkk2tk

∣∣∣∣) .

Corollary 3.3. If the function g ∈ SRNΣ(τ, β, n, φ(s), p̃k), then

|d2| 6
k
√
k|tk|

φ(s)(1 +β)n
√
|τ(2τ− 1)k2tk + (2τ− 1)2Tk|

,

|d3| 6
1

φ(s)(1 + 2β)n

[
k|tk|

(3τ− 1)
+

k3t2
k

|τ(2τ− 1)k2tk + (2τ− 1)2Tk|

]
,

and for δ ∈ R,

|d3 − δd
2
2| 6


k|tk|

(3τ−1)(1+2β)nφ(s) ,
∣∣∣1 −

δ(1+2β)n

φ(s)(1+β)2n

∣∣∣ 6 Ω2,
k3t2

k

∣∣∣1− δ(1+2β)n

φ(s)(1+β)2n

∣∣∣
(1+2β)n|τ(2τ−1)k2tk+(2τ−1)2Tk|φ(s)

,
∣∣∣1 −

δ(1+2β)n

φ(s)(1+β)2n

∣∣∣ > Ω2,

where

Ω2 =
1

(3τ− 1)

(
τ(2τ− 1) + (2τ− 1)2

∣∣∣∣ Tkk2tk

∣∣∣∣) .

Remark 3.4. The results of Corollary 3.3 coincide with Theorem 2.3 of Magesh et al. [31] for k = φ(s) = 1
and n = 0. Further, if we allow τ = 1, then we get the results of [26, Corollaries 1 and 4].
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Corollary 3.5. If the function g(z) ∈ SRQΣ(γ, τ, p̃k), then

|d2| 6
k
√
k |tk|√

|(γ2 + (2τ+ 1)(τ− γ))k2 tk + (2τ− γ)2Tk|
,

|d3| 6

[
k |tk|

(3τ− γ)
+

k3 t2
k

|(γ2 + (2τ+ 1)(τ− γ))k2 tk + (2τ− γ)2Tk|

]
,

and for δ ∈ R

|d3 − δd
2
2| 6

{
k |tk|
3τ−γ , |1 − δ| 6 Ω,

k3t2
k|1−δ|

|(γ2+(2τ+1)(τ−γ))k2 tk+(2τ−γ)2Tk|
, |1 − δ| > Ω,

where Ω is as in (3.4).

4. Conclusion

Two special families of regular bi-univalent functions are introduced by using Al-Oboudi type op-
erator connected with a modified sigmoid activation function and k-Fibonacci numbers. Bounds of the
first two coefficients |d2|, |d3| and the celebrated Fekete-Szegö functional have been fixed for each of the
two families. Through corollaries of our main results, we have highlighted many interesting new conse-
quences.

The special families examined in this research paper using Al-Oboudi type operator could inspire
further research related to other aspects such as classes using q-derivative operator, meromorphic bi-
univalent function classes linked with Al-Oboudi differential operator and classes using integro-differential
operators.

Acknowledgement

The authors express their sincere thanks to the esteemed referee(s) for their careful readings, valuable
suggestions and comments, which helped them to improve the presentation of the paper.

References

[1] I. Aldawish, T. Al-Hawary, B. A. Frasin, Subclasses of bi-univalent functions defined by Frasin differential operator,
Mathematics, 8 (2020), 12 pages. 1

[2] T. Al-Hawary, A. Amourah and B.A. Frasin, Fekete–Szegö inequality for bi-univalent functions by means of Horadam
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