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COllERENr SIAII”S WITH C1.ASSICAL MOIIONg FROM AN ANALYIIC METHOD COMPLEMENTARY
TO GROUP lli[ONY

Hichael Martin Nieto
Theoretical Division, Los Alamos National Laboratory, University of California
Los Alamos, New Mexico 87545, USA

ABSTRACT—...___

From the motivation of Schrodinger, that of findinq states which follow the

motion which a classical particle would in a given potential, we discuss gener-

alizations of the coherent states of the harmonic oscillator. We focus on a

method which is the analytic complement to the group theory point of view. It

uses a minimum uncertainty formalism as its basis. We discuss the properties

and time evolution of these states, always keeping in mind the desire to find

quantum states which follow the classical motion.

1. lNIRODUC”IION.——



~’

This fun(l,]mentdl []lleslion of Schrtidillger f,lscin’~ted me and my coworkers

(L. M. Sinunons, Jr. and V. P. Gutschick). Is it pnbsihle to find quantum states

which follow L.he motion that a classical particle would in Any given potential?

Giving the intuitive answer now, I will show that it is, “Yes, up to a point,

and depending. ..” Effectively, the more highly bound a particle sta+e is and,

giv~n that, the qrcater [lumber of eigenstatcs with which the “coherent state”

has significant overlap and, finally, the closer to .>qually spaced (i.e.,

hdrmonic) these eiyellst.at.es are, then the better and longer the “coherent

state” will follow the classical motion wiLhout dispersing.

The h~rnlonic oscillator is, of course, that systcm which is the best of all

possi!]le worlds. it’s coherent states never change their shape and follow the

c?assical motion forever. When we began this problem we knew the h,lrmonic

oscillator is very 5pecial. However, its very special properties h~came

clearer and clearer to us as we understood the problem better.

Me wanted to find out hGw important it is to have sysLems with [’qually

spaced cignevalues. W’? also wanted to know if coh~rcnt state’s could be found

for systems which hacl nofl-eqllally spaced [’ig(’nvalu~s anti/or had c(~lll.inuums

and/oi- could not be solved ~l]alylically, We follnd a gun(!ral m~’thocl Lo Ilanclle
:4-19 III-24

such syslems, and at. Lhe Ulld of the study wp ~~ln)pto thv inLuit.jvc

arlswcr I ha~!e just givvl~ al)ove.

What. I int.t’n(lto do hcrp is ~irst, t,u review tllp h(lrmonic o~(illr]t.(~r,.111(1th~

l)iir-

ttl(’

!!,y!,-
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2. jlil;IIARI!ONICOSCILLA”IOR AND ITS COIILREN”TSTAIES

Let us begin by recalling the properties of a bound classical system of

!.otal el~crgy E. Tl~e Hamilto!lian equation is

E= z~pz+V(x) =~m~Z+V(x) , (2.1)

or

~ = (2/m)*[E - v(x)]+ .

ror the ~imple harmonic oscillator with

V(x) = %kxz = ~11’RIJ2X2,

t.hu solution for x(t) is

+x(t) = (21./uu~2)sin wt ,

(2.2)

(2.3)

(2,4)

I)(I.) “111X
$111(2[ /111) Cos U)L , (2.!);

I01” t11(’ (Illrlntlllll I)rol)l(wl, wi 11] I Ill’ ll(milt.~)lli,ll) II(lLl,I1 iun I)lj(,omill!l l,hf!

!,(.1))’;i[lil)!llll IItlll,Il ion, II ● (ti/i )(1/I lx,

Ill!’IIilll’ll’l[lllltil)ll:,,111(I~li!l(tllv,llllt”l,1111*

()
il $

[1
II,, 1’ l’\ll(‘)d;, x’’)l!,, (dox) ,

,, ~+’ll!
(7 /)

I HI,,(II~ $) .
II
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Two of the most important I]rupr:rties of this sy~tum are tl~at Lhc cl~e;’gylevels

are indc~endcnt of n (equally sp,lced) and t.h~t,the raising ,~nd lowering oper--. ——.- .—-.—

ators are inrt~ycnclent of n,—.—— . .—-.—

x = [11/(2nku)J a- + a+) , (2.11)

P = [M)fw/2]*(a- - a+)/i , (2.12)

[a-la+] = 1 . (2.14)

The implications of the above are many. But for us what is fori~most is that

any wave IJ;chct, I}o mLILtcr what its shape, wil 1 ruturl) to its Ori!jil]:lI :Il]dpe

dftcr on[? cla:)sical period of ~lscillation

1 71T/ul . (?.1!))

lllis (:ill) 11(? !)(’( ’l) by (lILIJml)(I’tiI)fj,IIIy t il]l(’-(ll’l)(!l](l(’l]t,‘)t,\L(’ illl.f)(Ii[j(’l]’ll.rlt.(’s,

‘1’(X,L) j ,ll;lIl,(X)t’Xl~[ - iwt.(11 I $)] , (?,1(1)
11

‘I’*(x,lo)’l’(x,t.(,) Y*(X,I. ;’/l.j/lllI L(,)’1’(x ,L 21[,j/111~ t.()) , (?,1/)

will’r[~.i iII,IIIVilll.(”(l!tr.

Illi’lI]t’[)1)[’t’ly wi I I 1)11 II I,II fIIl it) 11111 IIIIXI ~,[1:,1.i[)ll, ,)111 fl)l” IIIIW WI, 111111)1iol]

tlllll lot” till’ Ill)wllll}i([11.Iill,lll)rtl~fi(f)ll(’lv’111,‘It,ltl’f,II(1Iolll,y t’~’t(lt’11III 1111’ir

,~1’i!lil~,ll‘hllill~i’,111(’)-[~11(11]~’ti[)[l (If of.ti I 1,11 i~)l), llIIIy )llt ,Iil] till’ir tlli[lill,il

I,II(IIMI It)r II I I I im~ ,111(1 llfIV~’ ,1 i.1’lll;v~i(lwlli(”l}1[)1If)w!,II)(!rll II.ll i[ ,11 ml){ i[~l}.

lillW ,11.(’ llll’’lt’ 11111111’11111‘,t,llill, (Illlill{l[l’? Ill 1110(1[’1’11 Illll(llllllj l’, II)(’V ill-l’ ‘, ‘ rlllll -

,If’(lly 11111itli’[1 ill llllv~il I,lllliv,lll,llt w,ly~,. 11)11 I ir’,1 Wli,y it, 11,.1,11111illlI,y wlllll
I

‘~1111.i]llillll[’r[Ii”ll I) VI IHIII,

i, Millimlml11111lll’liiit]ly (’111~11111111 ‘it,ll[’,i (IoIIIC! I). II(WI Ill. (;JI()), II}!Illilmil-

tlllli(lll(JI llliIlllllwllll~i([)”1[iI lIlijr i!, {~II,ItlI’,i[ i( ill II ,IIM1 x. I )“!)Ill I Ill’ ( (mllllll,l-

t iillllVIltili(]ll



[x,pl = iM , (2.18)

there is an ~lllc~rtainty relation

(Ax)2(Ap)2 > %)fz .

NGW, an~’ ctimmut.at.iotlrelation

[A,B] = iG

has an Lllrc(’+tairltyrelation

(2. 19)

(2.20)

,

(,3A)2(J~B)2> !,,\G>?— (?.21)

W’l(l!l(! (’(llldl iLy Cilll 1)(’ f,iitisfi[~d Ijy Llliltt,llrC(!-l)illiilllll?t.pt’S[’t of St,lt.(+swhich

~liiti:Ifio:l Lhr i~j:’t~vdluo[’[ltliltioll
!1,?!),26

r41)11’ Ihtlt II)(I loll)” l),ll”,lllll~tpr!, ,r,’, .[]. , ,11~ ,, ill)(l .(; . ,]]’(* l~[lt ill:l(’11(’ll[lt’lltl)r-

(.(111’!(’lhIIy !,ilti:lfy1,111,l~(lll,llily ill I(1. (2,?1). ‘

Aj]lllyill!j ll]i~, 10 x (11)(1 1) yl(’l(ls

I
l]

?
111(:(,(A) 1:’/l(i9k)’’~-’~I’k]li- x;,~,,;;’ Ii

I

~’1)’x .

(,’\x/.\l))” 1/(1111));’, (?.?4)

01”

(4fx;~’ (;J.,;))”’1Y7
(1 ‘

(;’,?!))
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yielding a two-pa ram~ter set of sLates. This Iabt restriction is physically

necessary bccduse it corresponds to a classical particle at rest. With this

rt?striction the coherent-state wave packets will follow the n~oLion of a class-

ical particle and retain their shape. If a different value of (dx/Ap) w~re to

be chosen, ~he packet would not keep its shape.

It will turn out that the generalization of this m~thod is the one we will

concentrate cn when we generalize from our classical motion point of view.

ii, ~l~llj[lilation-~]]eratorCoher~nt States (AOCS). These states are defined

as the C?igcnvalues of the destruction operator with complex eigenvdlue a:

a I(YJ= (YI(Y> .

ThPy can be written in Lerms of the nmber states as

(111(1 ((1) ’[1; (11’ I’xl)t’(’!l’!l’(lfl’1thII 5(!L of C(l(lshiars,

. x“
(v

;)AX

‘!() I:,(IL

t*()~,l.I’i(:t.i(Jll:l,llJflvI’,IY [:1111 I)() !ltlowll () I)P

(:.26)

(2.27)

(2,28)

(? :H))

iii. I)i’,111,1{1’11111111OI1lII,II(JI”V(.1)111(1111‘llt~!i’~.(A[)[:!]). I1)1’”,(’ ‘.1111(”!(11’1’II(IIill(’[1

,1’! [11[)”.1’ I.lllllll wllilli ,1)11 ( t’tIlllfI(lIly II)(’:l~i!lll’yIIi’,lllll[1111111111l)lll’l”llll~t’

* +.
11((1) i,y~l((y,) “(VII) (;’.:1!)
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acting on the grcund state. With the aid of the i3aker-Campbel l-Hausdorff

identity, one can show that

L(u)IO> = exp(-%l[y12)exp(rra+)9xp(-ua)l O>

Thus, the DOCS

This method

point of view,

(tYa+ - cr*a-).

point of view.

It is from

= exp(-%j u12)exp(ma+)10>

= exp(-%la12) ~ ~n~# 10>
n=O “

= 1(-Y> ,

are equivalent to the AOCS afid MUCS.

is the one wh~ch is most easily generalized from the group theory

since it involves the exponential of the anti-Hemiti I operator

Incleed, Perelomovll has championed and greatly explored this

these MUC5 dnd L)GCS sllrting points that the complementarily of

the analytic vs. group theory points of view is seen. As always, an advantage

of the qroup theory point of view is that the symmetry is a useful tool to

dl)e cdl)

3. ~llAN

the analytic point of view will LIP that

col~stri!ct st~t.es aIId num~’rit(llly see how th(~y evolve ii~time.

[114AND CIASSICAI IIAI{I11[I141CI’(IIINT’AI.S
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The d~mollstration that clu,m]LumIlat’monicand classical hdrmonic [JCIt1217tiFi15 are

not equivalent classes war a proof by example. What was usrd was an idea of

Abrah~m and Moses 28 (AM) based on the Gel ’fand-Levitan fornlalism.2g One can

take an exactly solvable potential with a known spectra and generate an exactly

solvable potential with the same spectra, but with one or, i~deed, any number of

eigenstates removed.

In ~Jarticular, when applied to the harmonic oscillator, one can show that22’28

if the harmoliic oscillator ground state is removed, one has the exactly solvable

AM28 potential v (in dimensionless units)

z = aox , a
o

= (nwl/H+ , (3.1)

v = V/tiw , Cn = En/lku , (3.2)

V=v+v
o 1’

(3.3)

v = }222 ,
c1 ‘1 “

;ql(ql- z) , (3.4)

-~2

(~l(z)-~ .~ -e- --— , (3.5)
/-’L’rfc(z)

()

[11(’!,ol~lt, oI15 are

/, ‘- 11 l+,, 11”- 1,7,,..
11

xl,(/) 1:1,,(/) - (:)’! 4mlJ,,_1(7) ,

(3.6)

WI)(’W 1.1)1’ Ill,, ,I~s[’ II](I tl(lrm[)l~ic []l,cill,ltl]r W,IVP ;I;l}[:l.ioll!, 01 [:1. (?./). 111(’ !!hq)l?

of” [I)v I)ol(’1][.i.11 ill :Jllowll ill I ill. 1.

11~11AH ljol.~’llLi,lli:, LIIu!,(I IIUiIIl[[IIIIIl,lrmoni(:l)(ll~)I}Lii~l.Ilow(”v(”t”, l)y 1111111(’1’-

i[:,lllyI,IltIIl,Il il}fj[IIV fill’)’,i(:,ll iIII,SiI)Il I(i) ,1:, ,1 11111[1.i[]l] [Iillll’l]:liolll[’:ls

[’11(’l”(j,y1., l’l~i’I il](l’,Llltll.tll(’llillll’ll’lilll]l~l’.:, tlu(lllt.it.,y

1’(1) :(I )/1 I(1 )111/71r (3, !1)

v,!tlii~!, wit,ll I*ll~Ir!jy. Illi..i:,:Ill(lwllillI if.j.2, wili(:llII,I!,I,w(I I,(iIl(’:, on iL.
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Figure 1.

The harmonic oscillator potential Vo(z) is a light curve, the contribution Vi(z)

is a light. (la~hed curve, and the complete AM potential v(z) is a heavy curve.

The nu,nber eigcnstates are also indicated.
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AI Lhough the variation of the classical period with energy is very small, it

does exist, and the AM potential is not a classical harmonic potential.

The above means a “coherent state” will not t’ollow the cl~ssical motion for

all time. As we rnenti~ned at Eq. (2,17), any quantum ~ystem with eqllally

spaced eigenvalues will have any wave packet return to its original shape after

every time 1 = 2n/w. But for the AM potential the classical period of oscilla-

tion is not independent of energy. Therefore, the quantum and classical systems

will diverge; slowly, but they will diverge.

Thus , we find that a potential with a little variation from the harmoriic

oscillator, i.e. , one which is quantum harmonic but not classical harmonic, will

no longer yi~ld perfect classical motion in the quantum system.

4. ANALYIIC COliERENT STATES FOR GEIJL:lAlPOTENTIALS—..—

We $ave just seen that the mor~ “harmonic oscillator-like” a pot~ntial is,

the more nearly there is a quantum state that can follow the classical motion.

The thing that produces the special features of the harmonic oscillator is that

its Hamiltonian !s quadratic in the variables Y and p, which vary sinusoidally

with time. We call these the “natural classical variables” for the hdrmonic

oscillator. What ~re the “natural classical variables” for other potentials?

My First physical ansatz is that the “natural classical variables” Xc and Pc—-—

for any bcu!ld syste.,,1are the variables whicil change the tot~l energy equation

into a q~ladratic equation in these two variables and which vary sinusuid~lly

with time. This makes the ecluation “harmonic oscillator-like” in these vari-

ables. It changes Lhe x-p phase space plot into an ellipse in an XC-PC plot,

.specifical’

xc

P
c

y, there exist variables

= A(E)sili[wc(E)t] ,

= mic = mX~(x)~

nlA([,)lllc(r)cos[lllc([:)t].

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)
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Equdtions (4.2) and (4.J) imply t.lmtthe class

ic=Pc/m ,

.. P
Xc = : = -UJ:(E)XC .

Thus, Eq. (2.1) is replaced by a form

oscillator equation for a given energy.

equivalent to rewriting (2.1) as

%WJ:(E)A2(E) = ; P: + %nlJl:x: .

I

Now

with

cal equations of motion are

(4.6)

(4.7)

which is similar to the harmonic-

That is, this transformation is

(4,8)

now define the analogous “natural quantum operators,” p = (Wi)d/dx,

x : xc(x) ,

F -:.+(x:p + Px;) .

(4.9)

(4.10)

obtain those states which minimize the uncertainty relation associated

the commutator

[X,?] = iG . (4.11)

My second physical ansatz is that tl!e coherent states are a two-parametel-—
subset of the above minimum uncertainty states d(’finpd by restricting AX/AP so

~hdt the ground state of the potential is a member of the set. @ priori it

was not clear at first that this would be true.) Finally, observe that just

as x and p can be written as sums and differences of raising and lowering

ope!.dt.orsfor tile hdrmonic oscillator, so too X tind P can be writtrn as the

Ikrmitian gums and diffrrpnccs uf the in-gt’neral n-drp[~ndpnt raisiilg and-—
low(?rill~l qwr,ltors of the sy~t~m A:,

(4.1.2)

p -- \ K2(IW;, I (A)? - [A:, I (A;)+]] , (4.13)
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where K (n) ~l~dK (n] are n-[lpl)~ndcutc-l~lmdmrs.
1 2

What wc have is a chain in which you can go in either direction. If you can

solve the classical problem, you will obtain the natural classical variables.

From these ycu obtain the natural quantum operators, and find the coherent

states as those which minimize the associated urlcertainty relation sklbject to

the ground ~tate being a member of the set. Finally, these natural quantum

operators carI be written as the Hcrmitian sums and oiffel’cnces of

raising and lowering operators.

Sirnilarl’, you can go in the reverse direction if you can solve

problem. At a matter of fact.,when we were discovering this method

reverse procedure which led us to the solution. Now it appears to

the quantum

the quantun$

it was this

us thaL for

most Cxample’; i. is simpler to procc~d starting from the classical problem.

ln our series14-15 we also discussed analytic generalizations of annihila-

tlon-operator and displacement-operator coherent states. In general these are

not Lhe same as the generalized mininlum-uncertainty coherent states. For the

annihilation-operator cohe~scnt si.ates, one uses the i~ct that just as a- citnhe

written in terms of x and p for Lhc harmonic oscillator, so Loo A; can be

wriLLen in term’, of X ~nd P. This operator is used. Furtlicr, irlgeneral these

states are equivalent to states from a (Iisplaccmcrlt-[ll)el-atofowhich is rv.!an..—
exponential. One can un:iL)rstarldLhis by realizing !l~iiLfor very (.IJr]fir]ir~~

sys[.ems, like a scluarc WC1l, yGu cunnot clisplace the grm(~urldst.aLcunitarily to..—

the side. It llti~nowher~ 1.0go.

I rl’fer t,hr t’(’il(lP.rto ol.lrseries
14-19 for murr d(’tails. I will now corlcrn-

trate on Lhc fllilliilllllll-(lrlt:ertilirltyCoh(’r[’llt.!tilt(?~,which WV I(lurwlL[ IN’tllh’m~lsl

I)hysic,llilrl(t l~llli!lllt.[’r]irl~j to SLII(IY.

!).AN IXAMI’lJ

I(I!,iu)w how ~ill’ IIr(I(. II[luru works, J will u!luwhdl. I firm d v[Irv illumillrltirl!l

~’xllmll!t’,t.t:(~r[):;l!-7Illlt.[’nt.inl.N[)rnl,iIi,irl!l50 Lhlit.t.hrImt(lllt.irll’:)“lil~inluill1:1

dl.thr ori!lirl.t.hl’l)(lli’l~t.iillis

v(x) lJot.ilrlh7ilX

+;,!,(* ‘ 1)~.,ll]lli’ J , (!) 1)
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Th? solulions for our natural classical varinblos Xc iil)dPc are#

xc = ()sinh z = “-----1% sin wrt ,
0

Pc =
%p cosh z = (An~2E) cos wet ,

“’C(E)‘Y=lr

#

(5.3)

(5.4)

(5.5)

Onu callverify Li,(,t. t-hcse vfiritlb’les ohcy classical o[lu,]lion%of molion aIlillo!Ious

to Lhose for x and p in tlw hi{lsmol~ico~cill~t.or,

(5.6)

(!),7)

I11[’lltlLrlrClI i~(l,lllt 1111111111’).,11 Ol”!, arr

(!),[!)

(!l,!))

ho llIiIt WII ,II!V 1(1111.ill!ll[~t.1111111111whit II ‘t,ll. i’lf.y 11111 II(lIItIl il.v ill IIMI tllltl~t’lllinlhv

tv’ 1,11 ion

(,\x)~’(,w)”’ ‘ (ti:’/4),l.l.l”l):.l];’;’~ - (!l. 1(1)

(!l.11)

(!}. l?)



Finally, if

B=s

(5.13)

(5.14)

[

(,(s- n)l”(2s -Ill])

1

4
Ill
11

“-s(ti,,,,,z) ,l’(l)+ 1) - ~s (5.15)

(5.16)

(!). Ii’)

Il]i’l v{’1’il i~”. 111(11 illlll’l!(t [~llr l~(ll~lt.,ll 1111,111111111(IIII~!, Ilot’i, x 1111(1 1’ (’!111 Ill’ I’xlli’l’’!’ll’(l

11’I [Ill’ 111’lmil i,lll ‘)11111’, ,11]11 (Ii I 111)’1111, I!!, {J! ltIII 1111,111111111l$,~i,,ill~l ,111(1 lowl,l.ill(~

(11)111”,ll. {)1”1,, ,jll’lt ,1”, ill 1(1’,, (4, l?) ,Ill{i (4, l.~).

[~, lll(,(:ll’,’}ION

(;ivl’rl()(11”millimllmiIllt[ll’lllirllyttllllII’tIlll1,1,11, ., (l.llt(:’, ), jli’.t l}f~w WIII I II(I I lII~y

I(JI IIIW 11111 ( l(l’.’ti[,ll 111111i[~l]”? Al t11~’!I{![l;llllill!lI {l, IVII 11111 il~tlli Iivll,IIII,WIII’, ,IIIt I

1 I)(1W

(Iiv[’11

“Ii!llli

t 111’’,(’

l’l~i)l~,ll it, I : (I(I ivl’ly, “ 1:111 III, ),,, l]i~~!lly 1111111111,1 1111101i~ II’ “,t,ll[~ i’, ,IIMI,
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intuitive answer. This article discusses work which was the basis for a

30
conq]uLer generated film which graphically displays the time cvolulion of our

st.atcs(this film tc be shown at the pr~sent seminar).

In this !~rinted version I wish to include one display of Lhe time evolution

of an MUCS, shown in Fig. 3. It is for the cosh‘2 potential of the last

section. s = 399.5 (400 bound states), the coherent state starts in the middle

and has an <H> that is 1./10the way up to the continuum at Uo.

Note that each Lime the wave packet hits a wall, part of it begins

pcrse until, at the end, after 8-5/8ths classical oscillations, there

nificant spread in the packet from the main hump and the packet’s

deviated from the classical I]osition.

to dis-

is sig-

<x> has

From this and other runs ?ike this18,30 we came to the intuitive d~bcription

of ~he time evolution 1 have given.

Ikrwever, we also considered Lhe time c’~ol[ltionof other types of col,~’rent

btates,14-18,31 Our conclusion there was that our MUCS always do as well as

or h[’t.l.cr‘.han other states invesliqated. Specifically, the less confining a

[J[lt.l’llt. ial iS, thp mnre the vari(~ils mptho(ls numerically yi~ld ahcrut the same

coherent states iIncitimo (’voluLion. Ilowevur, for highly conl;wd systems (lite

I works WP1l wl][~l’riis ~onl~ others

Lh is nl[’t.hod {o mu I1idinwnsional

r[ll,lt.ionsinvolvl’d are compli-

!,y!,L1’ill!,WI]1cl) (:llnll[)t, 1)(’ !,() I V(’(I

,~nlllyl.iclll Iym v i f h(~r lIy ,11111Iyl ic ,IIIIIIVIX ilhll. i(ln~ Or hy Ilwh(’ri(:,llly !iolvillq LII(I

lti
di I 11’)”1’1;1 iill [’{lul~l.ioll’l itlv(llv~~[l, (II} Illct., Ior Lh,IMl~r~v lM)l{InLi,lI our w[~rk

involv~’[1,In,llyti(,111111.[lxilll,lt.il]lllt~t”llfli[lu{~!,. ) 1 in,llIy, th(’mf’~hllli h,l!, ,11 !,(: tl(’(’11

,IIIIJI iv(l Lo t illli’ 1111111111111’IIL li(jl(’llt i,llh.
“1?

111(1 !., I f ()(’ I t.ll,lt t hit. m(’1 111)[1 i % il

!I1’llitl Ill Wllly 01 f ill{lillll ( I,ll,!,i( ,11 Il,it i(~l] ‘ttlll l”, ill,Irl]ilrllryII[lt[’nt.ittl!l,

A(:KN()\I!lI11(;141N I!,

1 Iir!,l,w i:,l]It) Ih,lI]h my 11,11.tlN’r:,ill t1)iI, I)ro,it’t-l, I. M. ‘Iimm[}nf,,tlr. iIINl

V. P. (;~ll’,lhick. AII,t~,I I11!111}. t Ill’ Hl!llly (III ll’ll(lll[’!. WIN) hlIVP IN* I IM*(I 1111i:1[)ur
w[~rk. Ihi’, i’,iII,lllI(;,lIIy 11.IIIS [if P, A, (ItII.I.IIl lIIIICI, , WIIIII,II illhi!lhl.till[Illi”ltit]ll

‘i,ll,~t’lv(lmII (~ii I Iii’. lilvlji’(1 , ,IIMI ,1. N. K1. itIIhIlc, WlUIItt’ tlIIIIIll illll iiri t hr [{mll.lri Ilf)ll

(~1 (Ii I 11~1.l~lltb illll’, III ~ 1111111’11111 111 ,If I*I, lt’~1 III ill’, illl~l t (II ll~lmvi’i~ ,11 w(,rk, lhi!.

Wllrl. W1l’. I.111111111.11111IlvIIMIIlllill’11’11,11 l“. Ih’lllil”t 1111’111 1)1 I 111’r(lv.
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