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Abstract. A vector bundle E on a smooth irreducible algebraic variety X is called a Steiner bundle
of type (Fo, F'1) if it is defined by an exact sequence of the form

OﬁFf)ﬁFt]%Eﬁo,

where s5,¢ > 1 and (F, F'1) is a strongly exceptional pair of vector bundles on X such that F(\)’ R F1
is generated by global sections.

Let X be a smooth irreducible projective variety of dimension n with an n-block collection B =
(€0, %1,...,€,), € = (EL, ... ,Eioéi), oflocally free sheaves on X which generate DP(Ox —mod). We
give a cohomological characterisation of Steiner bundles of type (Eﬁ), EJI?O) onX,where0 <a <b<n
and 1 <ip <oy, 1 <jo < ap.

2000 Mathematics Subject Classification: 14F05, 14J10, 14J60.

Introduction

Since Horrocks’ criterion [23], which states that a vector bundle on a projective space de-
composes into a direct sum of line bundles if and only if it has no intermediate cohomology,
cohomological characterisation has become a useful tool to study vector bundles. Several
authors, such as Ottaviani [33, 35], Madonna and Chiantini [29, 30, 31, 12, 11], Arrondo,
Costa and Grafa [2, 3], Faenzi [18, 19], or Costa and Mir6-Roig [13], have obtained co-
homological classifications of vector bundles on varieties other than the projective spaces,
approaching either the problem of whether they split or whether they have no intermediate
cohomology. Cohomological characterisation was also used by Horrocks in [24] as a tool
to characterise the sheaf of p-differential forms on IP". This result was later generalised in
[13] to vector bundles on multiprojective spaces.
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Our goal is to characterise cohomologically Steiner bundles on smooth projective va-
rieties. Steiner bundles were first defined by Dolgachev and Kapranov in [16] as vector
bundles E on a projective space IP"* defined by an exact sequence of the form

0— Opr(=1)* = Opy — E — 0.

These bundles had been considered earlier by others (see [17], [5]) and, after [16], they have
been studied by many authors such as Vallés [38, 39], Ancona and Ottaviani [1], Cascini
[9], Brambilla [7, 6], Jardim and Martins [25] and also by us. More precisely, in [36] we
defined and studied Steiner bundles on the smooth hyperquadric Q, c P**!.

So far a few cohomological characterisations of Steiner bundles have been given. In [16]
Dolgachev and Kapranov showed that a vector bundle £ on IP" is a Steiner bundle defined
by an exact sequence of type

0— Opn(—=1)* = Opy > E— 0

ifand onlyiqu(E®Q£”(p)) = Oforg > Oandalsoforg = 0,p > 1.Morerecently, Jardim
and Martins [25] gave an alternative cohomological characterisation of Steiner bundles on
IP"* defined as above and moreover, they gave a cohomological characterisation of Steiner
bundles on the smooth hyperquadric 0, c P**!, n > 3, defined by

0— 0Og,(=1)" = 0, — E— 0.

Furthermore, in [32], Mir6-Roig gave a cohomological characterisation of vector bundles
of the form F,,,, = Ker(Opn(—r)® — Opn), where r > 1,n > 2and ag = (""). When
r < n, the F)/ are Steiner bundles on P in the sense of Dolgachev and Kapranov.

In this paper we generalise the concept of Steiner bundle on IP” and on Q, to smooth
irreducible algebraic varieties and we give a cohomological characterisation of this larger
class of vector bundles. One of the main tools to prove our central result will be the Beilinson
type spectral sequence. Beilinson’s theorem stated in [4] became a fundamental tool for
classifying vector bundles on projective spaces and, in particular, for their cohomological
characterisation. The growing interest in this latter problem lead to the generalisation of
Beilinson’s result to other varieties such as hyperquadrics and Grassmannians [27, 26], to
smooth projective varieties with a geometric collection [ 14] and more generally, to smooth
projective varieties with an m-block collection [15]. The duality properties of an m-block
collection and its dual will also play an important role for proving the referred cohomological
characterisation.

The paper is organised as follows. Section 1 provides preliminary material such as the
notions of m-block collections and their mutations, dual m-block collections, as well as the
Beilinson type spectral sequence for smooth projective varieties with an m-block collection.

In section 2 we first define Steiner bundles of type (Fo, F'1) on a smooth irreducible
algebraic variety. We give some examples and, in particular, we see that Steiner bundles
of type (Fo, F'1) include the Steiner bundles defined so far. We then prove our main result.
Namely, we fix an n-dimensional smooth irreducible projective variety X with an n-block
collection B of locally free sheaves generating D?(Ox —mod), and we give a cohomological
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characterisation of Steiner bundles of type (Fo, F'1) on X, provided that Fy and F'| belong to
two different blocks of B (Theorem 2.4). The theorem allows us to deduce that extensions of
Steiner bundles of type (Fo, F'1) are again Steiner bundles of the same type. We then apply
our main theorem to characterise cohomologically some Steiner bundles of type (Fo, F'1) on
IP" and Q,. More precisely, first we characterise cohomologically Steiner bundles of type
(Opn(a),Opn (b)) and(Qﬁ;,,(p),@]pn)on IP",with0 < a <b <nandl < p < n.Then, when
n > 3 is odd, we characterise cohomologically Steiner bundles of type (Og, (a),0g, (b))
and (Op,(c),X(n — 1)) on Q,, with0 <a <b <nand0 < c <n—1 Whenn > 2
is even, we characterise cohomologically Steiner bundles of type (Og,(a),0¢, (b)) and
(X +(—n),00,(c))on Qp, with—n+1<a<b<0and—n+1<c<0.

1 Preliminaries

Let X be a smooth projective variety over an algebraically closed field K of characteristic
0 and let @ = D?(Ox — mod) be the bounded derived category of the abelian category of
coherent sheaves of Ox-modules on X.

Notation 1.1. For any pair of objects A, B € %, we will denote

Hom¢(A,B) = @ Ext{(A,B)
keZ

and Hom/;*(A, B) the dual of Hom¢, (A, B).

The shift functor will be denoted by £ — E[p]. When E is a complex this functor is
defined by (E[p]y = EP .

We will identify a coherent sheaf F on X with the object0 — F — 0 € &, the complex
concentrated in degree 0.

Definition 1.2. An object E € U is called exceptional if

K ifp=0

Exty(E, E) = {0 if p #£0

An ordered collection of objects of &, (Eq, . . ., E), is an exceptional collection if all objects
E; are exceptional and

Ext} (Ei,Ej) = 0 foralli > j andallp € Z.
If, in addition,
Ext) (E;,E;) = 0forallj <iandp # 0,
the collection (E1, ..., E,) is called a strongly exceptional collection.

An ordered collection (E1, ..., E,,) of objects of D is a full (strongly) exceptional col-
lection if it is a (strongly) exceptional collection such that 9 is generated by Ey,...,E,
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i.e., any full triangulated subcategory containing all objects E; is equivalent to % (via the
inclusion).

Example 1.3.

(1) The collections (Opn,Opn(1),...,0pr(n)) and ({2, (n), . .. ,Qﬁj,l(l),@nan) of locally
free sheaves on IP" are both strongly exceptional collections. In [4] Beilinson proved that
they are full.

(2) Let 0, c P"! be a smooth hyperquadric. If n is odd then the collection
(Z‘(—n),@Q”(—n +1),... ,@Qn), where X is the Spinor bundle on Q,, is a full strongly
exceptional collection of locally free sheaves on Q,. If n is even, the collection
(Z‘+(—n),2_(—n),@Qn(—n +1),... ,@Qn), where Yy and X_ are the Spinor bundles
on Q,, is a full strongly exceptional collection of locally free sheaves on Q, (see [27],
Proposition 4.9 and its proof, and [34], Theorem 2.1).

(3) Considerthe Grassmannian X = Gr(k, n) of k-dimensional subspaces of an n-dimensio-
nal vector space V. There exists a canonical exact sequence

059 —->0y >2—-0,

where & is the tautological k-bundle and 2 the quotient bundle.

Let X*¥ denote the space of the irreducible representations of the group GL(Y) with
highest weight « = (a1, ...,as) and let |a| = Zle a;. Denote by A (k, n) the set of locally
free sheaves XY on Gr(k, n), where a runs over Young diagrams fitting inside a k x (n —k)
rectangle. Set p(k,n) := #A(k,n). By [26], Proposition 2.2 and 1.4, A(k, n) can be ordered
in such a way that we obtain a full strongly exceptional collection (E1, . . . , E pk ) of locally
free sheaves on Gr(k, n).

Before introducing the fundamental concept of n-block collection we need to define muta-
tions of exceptional collections of objects of %. The use of mutations is essentially a way of
producing new exceptional collections.
Definition 1.4. Let X be a smooth projective variety and ¢ = (A, B) be an exceptional
pair of objects of %. Consider the object L4 B that completes the canonical morphism
Homg (A, B) ® A — B to a distinguished triangle

LaB — Homg(A,B) ® A — B — L4B[l],

and the object RpA that completes the canonical morphism A — HomZ*(A,B) ® B to a
distinguished triangle

RpA[—1] - A — Hom*(A,B) ® B — RpA.
A left mutation of the pair 0 = (A, B) is the pair

Lao = (LaB,A) = (LB,A)
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and a right mutation of the pair 0 = (A, B) is the pair
Rio = (B,RgA) = (B,RA).
Example 1.5. Consider the exceptional pair (Op», Opr(1)) of objects in the bounded derived

category of coherent sheaves of Op»-modules, where " = IP(V) and V is a vector space
over K of dimension n + 1. Since

Hom$,(Opn, Opn (1)) = Extd(Opn, Opn(1)) = V,
then R, (1)Opr is the element defined by the sequence

0 — Opr — Homg*(Opn, Opn(1)) ® Opn(1) = Ropu(1)0pr — 0,
which in this case is nothing but the Euler sequence up to a twist,

0 — Opr — Opn (1) = Rop(1)0pn — 0.

Hence, Rgp,(1)Op» = Tpr and the right mutation of the pair (Ops, Opn(1)) is the pair
(Opn (1), Tpn).

Definition 1.6. Let X be a smooth projective variety. If o = (Eo, ..., E;;) is an exceptional
collection of objects of & then a left mutation Lio of o, 1 < i < m, is the collection
obtained by replacing the i-th pair of subsequent elements (E;—1, E;) by its left mutation
(Lg,_ Ei, Ei1):

Lioc =Lg,_jo0=(Eo,...,Lg,_Ei,Ei_1,...,Ep).

Similarly, a right mutation R;o of o, 1 < i < m, is the collection obtained by replacing the
i-th pair of subsequent elements (E;_1, E;) by its right mutation (E;, Rg,E;—1):

Ric =Rg,_,0 = (Eo,...,Ei{,REEi_1,...,Ep).

If X is a smooth projective variety and o = (Ey, ..., E;) is an exceptional collection of
objects of & then any mutation of o is again an exceptional collection of objects of & (see
[21], Proposition 2.4.2). Furthermore, when o is a full collection (i.e. when Ey,...,E,,
generate the derived category %) then any mutation of o is also full (see [20]). Nevertheless,
a mutation of a strongly exceptional collection is not necessarily a strongly exceptional col-
lection. For instance, let X = IP! x IP! be the smooth quadric surface in I3 and consider the
full strongly exceptional collection o = (Ox,Ox(1,0),0x(0,1),0x(1, 1)) of line bundles
on X. We have

Hom$, (0 (0, 1), 0x(1, 1)) ~ Home(0x (0, 1), 0x(1, 1))
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and thus the exact sequence
0— L@X(O’l)@x(l, 1) — Hom@(@x(o, 1),@)((1, 1)) ® @x(o, 1) — @x(l, 1) -0

determines that Ly (0,1)Ox (1, 1) =~ Ox(—1,1) ([21], Example 4.5.2). Therefore, a left mu-
tation of ¢ is the collection L3o = (Ox,0x(1,0),0x(—1,1),0x(0, 1)) and this is no longer
a strongly exceptional collection of line bundles on X since Ext!(Ox(1,0),0x(—1,1)) ~
H'(Op1(=3)) ~ K? #0.

Notation 1.7. Let X be a smooth projective variety and let ¢ = (Ey, ..., E;) be an excep-
tional collection of objects of 9. We will use the following notation: for any 0 < i < m,
l<j<mandi+j <m,

RVE; = Ej,

RVE; = RV"VRE; = Rg,,, -+ R, R Ei = RE,Ei0E1y B
Forany 1 <i,j <mandi+j <m,

RY o=0, RY o=Ry: "R 0.
For composition of left mutations the notation is similar, that is, for any 0 < i < m,
l<j<mandi—j >0,

LVE; = E;,

LYE;=LY"VLE; = Lg,_, -+ Lg,_,Lg,_ Ei = Lg,_,..5,,E._ Ei.

Forany 1 <i,j <mandi—j >0,

0 . i
L%,‘)_] g =0, L(é,‘)_] 0= LE{E:’—? LEi_] g.

Next we introduce the important concepts of blocks and m-block collections. They were
first defined by Karpov and Nogin in [28] (see also [22]) and since then they have played
an essential role, for example, for Costa and Mird-Roig’s classification of vector bundles
on multiprojective spaces [15, 13] or for the study of exceptional collections of coherent
sheaves over Del Pezzo surfaces [28].

Definition 1.8. An exceptional collection (Ey,...,E,) of objects of & is a block if
Ext) (E;,E;) = 0 forall p and all i # j.

An m-block collection of type (a, . . . , auy) of objects of & is an exceptional collection
B=(60,....6m) = (EY,...,EQ El,....EL,.....E], ... EL ),
where each subcollection €; = (Ej e ,E{lj) is a block.

Note that an exceptional collection (Ey, . . ., E;, ) is an m-block collection of type (1,. .., 1).
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Example 1.9.

(1) AsseeninExample 1.3 (1), the collections (Opn, Opn(1),...,0pr(n)) and (£2p.(n),. . .,
Qﬁjn(l), Opn) are exceptional collections of locally free sheaves on IP”. Therefore, they are
n-block collections of type (1,...,1).

(2) Let 0, c P"*! be a smooth hyperquadric. Recalling Example 1.3 (2), we see that if n
is odd, the collection (€, ..., €,) defined by

€0 =2(—n), € =0g,(—n+j), forl <j <n,

is an n-block collection of locally free sheaves on Q, of type (1,...,1). If n is even, the
collection (€, ..., €,) defined by

€0 = (X4 (=n), X (=n)), ¢ =0g,(-n+/j), forl <j <n

is an n-block collection of locally free sheaves on Q, of type (2, 1,...,1).
(3) Let®B = (€op,...,én), ¢ = (E’i s Eioéi), be an n-block collection of coherent sheaves
generating 9. Then, the collection (€)/, ..., €y ), where €Y = ((Eioéi)v, .., (ED)Y), and the

collection (€9 ® L, ..., ¢, ® L), where €, ® L = (E{ ® L,...,E, ® L) and L is a line
bundle, are still n-block collections of coherent sheaves generating 9.

(4) Consider the Grassmannian X = Gr(k,n) of k-dimensional subspaces of an n-dimen-
sional vector space V. We saw in Example 1.3 (3) that A(k, n) can be ordered in such a way
thato = (E1,. .., Epx,n)) is a full strongly exceptional collection of locally free sheaves on
Gr(k, n). In [27] Kapranov showed that Hom(X* ¥, 28 F) + 0 only if oy > f; for all i. So,
packing in the same block €, the bundles X*¥ € ¢ with |a| = k(n — k) — r and taking into
account that 0 < |a| < k(n — k) we obtain a k(n — k)-block collection of vector bundles
on X,

o= (Er....Epkn) = (€0, .., Exn—k)-
Other examples of m-block collection can be found in [15] or [28].
Remark 1.10. An m-block collection B = (€, ..., €,;) is, by definition, an exceptional
collection. Hille proved ([22], Theorem 1) that 9B is, furthermore, a strongly exceptional
collection.
We now define mutations of block collections.
Definition 1.11. Let X be a smooth projective variety and consider a 1-block collection
(€,%) = (E1,....,Ey, F1,...,Fy) of type (n,m) of objects of &. A lefi mutation of F; by

€ is the object

L¢Fj =Lg,Lg, - Lg,Fj = LgE,E,Fj.
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A right mutation of E; by % is the object

R5E; = Rr, RF

m m—1

““Rp Ej = RFp,F,_,..F Ej.
A left mutation of the pair (€, F) is the pair (Lg%, €), where
Ls%F = (L¢F1,...,LF )
and a right mutation of the pair (€, F) is the pair (¥, R5€), where

R3¢ = (RgE\,...,R35E),).

Let us remark that given a 1-block collection (€, %) the collections Lg% and R4 € are blocks
and the pairs (Lg%, €) and (¥, R5€) are 1-block collections (see [28], 2.1).

Notation 1.12. If B = (€, . . . , €,,) isan m-block collection we will denote the composition
of mutations of blocks as follows:

ROE, =€,

RV = RUTVRE =Ry, -+ Re,Re 6 = Reyy oty i
foralll <j <m,0<i<mandi+j <m,and

LO¢; =€,

LV =LU™DLE = L, - Ly L, € = L6y, i

foralll <j <m,0<i<mandi—j > 0.
The following definition will be central in what follows.

Definition 1.13. Let B = (€, ..., €,) be an m-block collection of type (v, . . ., ay). The
left dual m-block collection of B is the m-block collection

# = (RO, RVE_1,...,RME),

where by definition

ROE,_; = (RVE}, .. . ROE"T

Qm—i

_ m— l m—i
- (R%m%m—] Em— z-HE Rgm Em— 1"'C5m—i+1EO¢m_,' .

Similarly, one defines the right dual m-block collection of B as the m-block collection
% = (L(m)%M9L(m_l)(£m—l L 9L(1)(£1 7L(0)(£0)9

where
LY¢ = (LVE,, ... ,LYEL)
= (Ligofgl...fgi_]Ell, c. ,Lfgoig]...igi_]Eixi).
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The next proposition will also be fundamental to prove our main theorem. For the sake of
completeness we give a sketch of its proof (for a more detailed proof see [13], Proposi-
tion 3.9).

Proposition 1.14. If X is a smooth projective variety with an m-block collection B =
(€o,...,6m) of type (v, . ..,am) of objects of D which generate D, left dual and right
dual m-block collections of B are unique up to isomorphism and they are determined by
the following orthogonality conditions:

(1.1)  Hom&(RVE}"™", E}) = Hom$(E}, LVE}) = 0,

with the only exception of

(12)  Ext{ RWErF gr=Fy = Extr—kEr=F, LD En—+) = k.

Proof. We will make use of two facts about mutations of block collections (see also [13],
Remark 3.7): given a 1-block collection (€, F) = (Ey1,...,En, F1,...,Fn), one has:

(1.3)  Homg(Ej,L¢F;) =0, foralll <j <n

and

(1.4)  Hom$(E',H) = Hom$ (E',L¢H)[1],

for any H € % and any E’ such that Hom$(E', F;) = 0, forall I <j < n.

It follows from (1.3) that forall0 </ <i—1land 1 <j < «,
(1.5)  Hom$,(Ej,LYE}) = Hom&(E}, Ly, ¢, E}) =0,
On the other hand, since 9 is an exceptional collection we also have

Homgb(El»,EZ) =0, 1<j<a,l<qg<a,

foralli </ <mand0 <p <i—1.Hence, foranyi <! <mand1 <j < q, recursively
applying (1.4), we have
(1.6) Hom&(E!,LYE!) = Hom®(EL, EV)[—i] = 0 =i

' P Tk DTk K (indegree i) [=i,j =k.

Therefore, from (1.5) and (1.6) we deduce that the right dual m-block collection satisfies the
orthogonality conditions (1.1) and (1.2). The argument for the left dual m-block collection
is similar. O

Example 1.15.

(1) Consider the n-block collection B = (Opn,...,0Opr(n)) on P" = P(V), where V is a
K-vector space of dimension n + 1. Notice that 9B generates 9. We have the following exact
sequence

0— AMITpn 25 ANV ® Opn(k) — AFTpr — 0,
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obtained by applying exterior powers to the Euler sequence
0— Opn > V®Opu(l) > Tpn — 0,

and where the maps j ; coincide with the canonical morphisms. Hence, forj > 1,
RYOpi(n = j) = Ropuiny -+ Ropunj +1)0pr(n = j) = N Tpa(n — j),
and thus, the left dual n-block collection of & is
¥ = (Opn(n), Tpn(n —1),...,A"Tpn).

Note that the orthogonality relations (1.1) and (1.2) can be easily checked and are indeed
satisfied.

(2) Consider the n-block collection B = (£2pp.(n), . .., (2]{3,1(1), Opn) on IP" of locally free
sheaves generating 9. Its left dual n-block collection is the n-block collection

# = (Opn,Opn(1),...,0pn(n)). In fact, one can easily verify the orthogonality condi-
tions (1.1) and (1.2).

(3) Consider the smooth hyperquadric Q, ¢ P"*!, n > 2. Recall (Example 1.9 (2)) that
the collection B = (€, . .., é,) defined by

@ — (X4 (=n), X_(—n)) ifneven
R o ifn odd,

¢ =0g,(—n+j),1 <j <n,

is an n-block collection of locally free sheaves on 0, which generate %. To determine its left

dual n-block collection we set some notation first. We denote 2/ = Q]JP” 41 and we define
by induction the following locally free sheaves on Q ,:

o =0g,, 1 =02'1D)p,

and for j > 2, ¢; is defined as the unique non-splitting extension (note that
Ext! (v 2,2/ ()j0,) = K),

0= 2/(g, = ¥ = bj—2— 0.

Notice that 1); = 1; 42 forj > n. These sheaves 1); on Q, were first defined by Kapranov
in order to describe the bounded derived category %(0p, — mod).

The left dual n-block collection € of B is given as follows: if n is odd then ¥ =
(g, X)), and if niseven H = (Y, ..., ¢, X4, X_) (see [27]).

> ¥'n—1° n—1°

(4) Consider the smooth hyperquadric Q, c P"*!, with n > 2 odd, and the n-block
collection B = (0p,,0p,(1),...,00,(n —1),X(n — 1)) of type (1,...,1) of coherent
sheaves on Q,, which generate & (note that % is the dual of the n-block collection considered
in the previous example and recall Example 1.9 (3)). The left dual n-block collection of B
is the collection # = (X(n — 1), ¥,—1(n), ... ,1o(n)), as proved in [14], Proposition 4.2.
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In [15], Costa and Mir6-Roig generalised Beilinson Theorem, stated in [4], to any smooth
projective variety of dimension n with an n-block collection of coherent sheaves on X which
generate 2. The Beilinson type spectral sequence theorem will be a fundamental tool for
our work.

Theorem 1.16 (Beilinson type spectral sequence). Let X be a smooth projective variety of
dimension n with an n-block collection B = (€, ...,€,), € = (E},..., E\,) of coherent
sheaves on X which generate 9.

For any coherent sheaf F on X there exist two spectral sequences situated in the square
—n <p <0,0<gq <n, withE|-term

Ap+n

(1.7 B = @ Ext/RPEVTF)@E T
i=1

and

Xp+n
(1.8) pE? = @ Exti(EVT")Y,F) @ RPEVTY
i=1

and differentials d?? : EV? — E€+r’q_r+1 which converge to

F ifj=0
0 ifj#0.

Proof. See [15], Theorem 3.10. O

lEjoo = nEjoo = {

2 Steiner bundles and their cohomological characterisation

Steiner bundles were first defined by Dolgachev and Kapranov in [16] as vector bundles E on
a projective space IP" that are the cokernel of an injective morphism Opr(—1)* — Op,. In
[36] we defined Steiner bundles on the smooth hyperquadric Q, c IP**! as vector bundles
defined by an exact sequence of type

0— 0g,(=1)" - 0y, — E— 0.

We now generalise these definitions to vector bundles on a smooth irreducible algebraic
variety.

Definition 2.1. A vector bundle £ on a smooth irreducible algebraic variety X is called a
Steiner bundle of type (Fy, F1) if it is defined by an exact sequence of the form

21) 05 F)5F > E—D0,

where s, t > 1 and (Fo, F'1) is an ordered pair of vector bundles on X satisfying the following
two conditions:
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(i) (Fo,F1) is strongly exceptional;
(i) Fy ® F is generated by global sections.

Remark 2.2. If E is a Steiner bundle of type (Fo, F1) then rk(E) > n. In fact, denoting
by r; the rank of F;, i = 0, 1, since F g ® F is generated by global sections then a general
degeneracy locus,

Dyro—1(p) = {x € X | rank(p(x)) < sro — 1},
isasubvariety of X of codimension tr1 —sro+ 1 (see for example [10]). If tkE = tr1 —srp <

n then tr1 — srg + 1 < n and thus, Dg,,—1(¢) # 0. In particular, coker would not a be
vector bundle, contradicting our assumption on E.

We now see some examples and also that the above definition generalises the Steiner
bundles defined so far.

Example 2.3.
(1) Let E be a vector bundle on IP” defined by an exact sequence

0 — Opn(a)® = Ops(b) — E — 0,
where 1 < b — a < n. Thus, E is a Steiner bundle of type (Op»(a), Op» (b)) on P*. When
a = —1 and b = 0 these vector bundles are nothing but the classical Steiner vector bundles
as defined by Dolgachev and Kapranov.

Let Q, c P"*!, n > 3 be the smooth hyperquadric. Then the restriction of the above
sequence to Q, gives us the short exact sequence

0— 0Og,(a)’ = 0g,(b) = E|, — 0,

and we see that E, O, is a Steiner vector bundle of type (Og, (a),0g, (b)) on Q,. When
a=—landb=0,E, O, is a Steiner vector bundle according to [36].

(2) Consider a short exact sequence of vector bundles on IP” of the form
0— 20.(p)* = Opn = E > 0,

where 1 < p < n. Then E is a Steiner vector bundle of type (Q]lp),l(p), Opn) on IP".

(3) Any short exact sequence of vector bundles on IP”
0— Opn(—1)" - 24.(p) - E — 0,

where 0 < p < n — 1, defines a Steiner bundle E of type (Opn(—1), Qﬂp)”(p)) on IP".
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(4) Consider the smooth hyperquadric Q, ¢ P"*!, n > 2, and let 2)(+) denote the Spinor
bundle X on Q,, if n is odd, and one of the Spinor bundles X' or X_ on Q,, if n is even.
Then if E is a vector bundle defined by an exact sequence of the form

0— 0g,(a) = Zayn—1) > E—0,

for some 0 < a < n — 1, E is a Steiner bundle of type (Op, (a), X(+)(n — 1)) on Q.

(5) The vector bundle E on the smooth hyperquadric Q, ¢ P"*!, n > 2, defined by an
exact sequence of the form

0 — Xy(—n)’ = 0Og,(a) > E — 0,
where —n + 1 < a < 0, is a Steiner bundle of type (X(+)(—n),0¢,(a)) on Q.

In the present work we approach the problem of the cohomological characterisation of Steiner
bundles of type (Fo, F'1). Other properties of Steiner bundles of type (Fo, F'1) were studied
in [37]. In particular, we characterise generic exceptional and generic simple Steiner bundles
of type (Fo, F1) and we prove that any exceptional Steiner bundle of type (Ox(—1),0x) on
a smooth hypersurface X C IP"” of degree 1 < d < n — 1 is stable.

We now prove our main result, that is, we give a cohomological characterisation of Steiner
bundles E of type (Fo, F1).

Theorem 2.4. Let X be a smooth irreducible projective variety of dimension n with an
n-block collection B = (€o,€1,...,%,), € = (EL, ... ,Eioéi), of locally free sheaves on
X which generate 9. Let E;‘O € €, EJI?O € €y, where 0 <a <b <nandl < iy < ag
1 <jo < oy, and let E be a locally free sheaf on X.

Then E is a Steiner bundle of type (E ?0, E jl?o) defined by an exact sequence of the form

0 () — (EV) — E— 0,
ifand only if(E?O)V ®Ejl?0 is generated by global sections and all Ext® (R(m)E?_m, E) vanish,
with the only exceptions of
—a—1 -
(22)  Ext"“"NRUTVEL E) =K,
(2.3) Ext"P(RU"PEP E) =K'

Jo’

Proof. Suppose E is a Steiner bundle of type (E ;‘0, E jl?o) defined by an exact sequence of the
form

0 (E}) = (EV) = E— 0.

Then in particular (E?O)V ® EJI?O is generated by global sections.
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Applying the functor Hom(R(m)E?_m, —) to the above sequence, where 0 < m < n and
1 <1 < au—g, we obtain the exact sequence

-+ = Hom"(RUE} ™" (E})*) — Hom"(R™E!™" (EV)") —

— Hom*(R™E}™" E)) — Hom* T (RMWE!™" (E)") — -

The orthogonal conditions (1.1) and (1.2) of Proposition 1.14 now imply the following
vanishing:

k - ; k - b
Ext*(R™E!™™, (E¢)") = Ext'(R™E] ™" (EV))') = 0,
with the only exceptions of

n—a, p(n—a) rpa aNsy _ xS n—b, p(n—>b) b b \t\ _ gt
Ext""“(R"VEL (E})) =K°, Ext""(R"PE} (E})) =K'

Sincea < bwethus deduce the vanishing of all Ext (R E ?7"™, E),withthe only exceptions
of

Ext" "~ \(R""9E¢ E) = K* and Ext”_b(R(”_b)Ejl-’o,E):K’.

Conversely, suppose that all Extf (R(m)E?_m,E) vanish, the only exceptions being condi-
tions (2.2) and (2.3). Recall that (E%,E]l-’o) is a strongly exceptional pair, as observed in
Remark 1.10. Since by hypothesis (Efi))V ® E]l-’o is generated by global sections, we only

need to see that there exists an exact sequence
0 (E}) = (E})) = E— 0.
To this end, we will apply Beilinson type spectral sequence. Indeed, by Theorem 1.16, there

exists a Beilinson type spectral sequence situated in the square 0 < ¢ < n, —n < p <0,
with E{-term

Qp+tn
EPY = @ Ext/(RTPEVT E) @ EVT"
A

and which converges to

; E ifi=0
Eo= i
0 ifi#0.

The vanishing of Extk(R(m)E?_m,E) and cohomological conditions (2.2) and (2.3) imply
that the E|-term looks like:
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q
0 0 0 n
0 Eymnmer 0 n—a—1
b—., —b
0 0 Epm n—b
0 0 0 0
p —n ... a —_— n .. b —_— n

and that the spectral sequence collapses at the E,_,1-term. Therefore,

ker(de™ """y =0, E = coker(d4"" 77",

that is, there exists a short exact sequence

0— EZ:Z’”_“_l - Elg:Z’”_b —> E— 0.

Now, cohomological condition (2.2) implies that

Ea—n,n—a—l

Qg
an — E,Bl Ext" "~ {(RU"DEY E) @ E¢

=

= Ext"" " N(RU"IEY E) @ Ef ~ (EL),

and cohomological condition (2.3) implies that

—np— b
E, 0" = @ Ext"P(R"VELE) @ E

j=1

= Ext""(R"PE} E)® E}, ~ (E}).

Thus, E is defined by an exact sequence
0 () — (EV) — E— 0,

and hence E is a Steiner bundle of type (E?O, EJI?O) on X.

885

O

The above theorem applies to any smooth projective variety X of dimension n which has an
n-block collection which generates %. This includes a large number of smooth projective
varieties, namely projective spaces, hyperquadrics, Grassmannians, multiprojective spaces
(see [13] for examples of n-block collections for all these cases), and also the Fano varieties

V5, Vs or Fano threefolds of genus 7 (see [18], [19] and [8]).
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As afirst corollary of the above theorem we see that extensions of Steiner bundles of type
(Fo, F1) are Steiner bundles of the same type. More precisely, we have the following:

Corollary 2.5. Let X be a smooth projective variety X with an n-block collection B =
(€0, €1,...,€n), € = (EY,....Ey,) of locally free sheaves on X which generate %. Let
Ef‘o e%a,E]l-’oe%b,whereO§a <b<nandl <ipg<agl<jo<a

If E and F are Steiner bundles of type (Eg), Ejl-’o) on X then any extension G of E by F,

0>F—>G—>E—DO,

is a Steiner bundle of type (Eg), Ejl-’o) onX.

Proof. Since E and F' are Steiner bundles of type (E7, E]l-’o) then (E7, Ve E]l-’o is generated

by global sections. Suppose E and F are, respectively, given by
0— (E4) > (E2) > E—0 and 0- (EL) — (E2) — F— 0.

From Theorem 2.4 we know that all Ext*(RUE}™™ E) and Ext*(R"™E~", F) vanish,
except in the following cases:

Ext"" " V(R"VE¢ E) = K*, Ext"""(R"PE} |E) =K',
Ext" "~ (RODES F) = K¥, Ext"?(R"PEL F) = K".

Applying the functor Hom(R"™E?~", —) to the sequence
0>F—>G—>E—DO,
we easily see that all Ext (R(m)E?_m, G) vanish, except
—a—1 _ S
Ext" " (RUIEL G) = K,
Ext"P(R"VE! G) =K'

Hence, by Theorem 2.4, G is a Steiner bundle of type (Eg), E]l-’o). O

We now see a few applications of Theorem 2.4. Our first result concerns Steiner bundles of
types (Opn(a), Opn (b)) and (Qﬂp),,(p), Opn) on the projective space.

Corollary 2.6. Let E be a vector bundle on IP". We have:
(a) E is a Steiner bundle of type (Opn(a), Opn (b)), for some 0 < a < b < n, given by an
exact sequence

0 — Opn(a)’ = Opn(b) - E— 0
if and only if

(al) h""NE @ Qp.%(—a)) =s;
(a2) W"P(E @ 20 (=b)) =1
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@3) hYE ® 257 (=j) =0, forall 0 < k,j < n, (k,j) # (n —a — 1,a) and
(k,j) # (n—b,b);

(b) E is a Steiner bundle of type (Qﬁ;n(p), Opn), for some 1 < p < n, given by an exact
sequence

0— 24.(p) = Opn > E— 0

if and only if
(bl) WY E(=p)) = s
(b2) hYE) =1
(b3) AK(E(=j)) =0, forall 0 < k,j < n, (k,j) # (p = 1,p) and (k,j) # (0,0).
Proof. Consider the n-block collection
B = (EY,El,....E}) = (Op,Opn(1),...,Opn(n))

of type (1,...,1) of locally free sheaves on IP" generating % (recall Example 1.9 (1)). We
saw in Example 1.15 (1) that the left dual n-block collection of 9B is

H = (Opn(n), Tpe(n —1),...,NTpa(n —j),..., N"Tpn).
Therefore, for all 0 < j < n we have
(RODE)Y = RODOpn(j)Y = (A" Tpa(j))” = 2’ (=)

Observe that (E{)" ®E11’ = Opn(a)” @ Opn(b) = Opn(b —a) is generated by global sections
since b —a > 0. So, by Theorem 2.4, E is a Steiner bundle of type (E{ = Opn(a), Ell’ =
Opn (D)), forsome 0 < a < b < n, given by

0 — Opn(a)® = Opu(a)) - E— 0

ifand only ifall X(EQ(RME!™™)V) = h*(E® 2’ (~j)) vanish, with the only exceptions
of

WNE® (RUTVEDY) = 1TTNE ® (9 (=) = 5,

WNE @ RUTVEDY) = 1 NE ® Q3" (b)) = 1.
This proves (a).

The proof of (b) is analogous. In this case we consider the n-block collection B =
(Q]'l’é,,(n), 25 = 1), Qﬁ,n(l),(@w) of type (1,.. ., 1) of locally free sheaves on IP”
generating 9 (see Example 1.9 (1)). From Example 1.15 (2), we know that the left dual
n-block collection of B is # = (Opn,Opn(1),...,O0ps(n)). Note that the vector bundle
(EY7")Y @ E} = (24.(p))Y ® Opn = N Tpn(—p) is generated by global sections since
we have a short exact sequence

00— /\P_IT]pn(—p) e /\PV(X)@]Pn - /\PT]Pn(—p) — 0.
Then apply Theorem 2.4 to the pair (E] 7 = 0. (p), E} = Opn). O
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We now apply Theorem 2.4 to get a cohomological characterisation of some Steiner bundles
of type (Fo, F1) on the smooth hyperquadric Q, c IP"*!. For general facts about Spinor
bundles, and in particular their cohomology, we refer to [34], [27] and [14], whereas for
basic facts about the ¢; bundles introduced in Example 1.15 (3), we refer to [27].

When 7 is odd we have the following characterisation:

Corollary 2.7. Let E be a vector bundle on the smooth hyperquadric Q, C P"T! with

n > 3 odd. Then

(a) E is a Steiner bundle of type (Og, (a), X(n — 1)), for some 0 < a < n — 1, given by an
exact sequence

0— 0g,(a) > Xn—1 >E—0

if and only if

(@l) h" N E @ ¢y (—n)) = s
(@2) hUE ® X(—n)) =1;
(@3) KMNE®Y) (—n)) = ME®X(—n)) = 0,forall0 < k < n,(k,j) # (n—a—1,a).

(b) E is a Steiner bundle of type (Og, (a),0g, (b)), for some 0 < a < b < n, given by an
exact sequence

0— Og,(a)’ = 0g, (b)) > E— 0

if and only if

(bl) A" *"NE @ ¢y (—n)) = s

(b2) W"PE @) (—n) =1

(b3) KME ® ¢ (—n)) = WM(E® X(=n)) = 0, forall0 < k <n, 0 <j <n—1,
(k,j)# (n—a—1,a) and (k,j) # (n — b, D).

Proof. Consider the n-block collection

B = (EV.E),....EY) = (0g,.00,(1).....0p,(n = 1), 5(n — 1))
oftype (1,..., 1) of coherent sheaves on Q,, which generate %. According to Example 1.15
(4), its left dual n-block collection is

9 = (RVEL,RVET™ .., RWED) = (Z(n = 1),¢pu-1(n), ..., 90(n).
So, we have

ROEDY = X(n—1)Y = 2(=n), RMWET™™Y =¢Y_ (-n), 1<m<n.

Observe that the vector bundle (E{)Y ® Ef = Op,(a) ® X(n — 1) = X(n — 1 —a) is
generated by global sections since n — 1 — a > 0. Therefore, the corollary now follows
from Theorem 2.4 applied to the pair (E{ = Og,(a),E{ = X(n — 1)) in (a) and the pair
(E{ = Og,(a),E] = 0Og, (b)) in (b). O
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We now state two cases on the smooth hyperquadric Q,, ¢ P"t! withn > 2 even.

Corollary 2.8. Let E be a vector bundle on the smooth hyperquadric Q, c P"*T1 with

n > 2 even. Then

(a) E is a Steiner bundle of type (0, (a),0p, (b)), for some —n +1 < a < b < 0, given
by an exact sequence

0 — 0Og,(a)’ = Og,(b) = E — 0

if and only if

@) hNE®¢-a) =s;

@) hPE®Y-p) =1

(@3) WME®y)=mE®XY)=0frall0<k<n0<j<n-—1(kj)+#
(—a —1,—a) and (k,j) # (=b, —b).

(b) E is a Steiner bundle of type (X + (—n),0¢,(a)), for some —n + 1 < a < 0, given by
an exact sequence

0> Y+(—n) - 0g,(a)) > E—0

if and only if

b)) W HERILEY)=s

b2) hmUEQY-a) =1

(b3) WME®XLY)=0for0 <k <nk #n—1,and "(EQXF") = K(E®1);) =
0,for0<k<n0<j<n-—1,(k,j)#(—a,—a).

Proof. Consider the n-block collection

B =(EY,EEL, .. E") = (24 (=n), ¥_(=n),00,(—n +1),...,0p,)

oftype (2, 1,...,1) of coherent sheaves on Q,, which generate %. By Example 1.15 (2), the
left dual collection of & is

9% = ROEY, ... ,ROVELRWEY, RMWEY) = (Og,, ¥Y ... .01, X4, 52).
We then have

ROETTY =y, forall0 <j <n—1,

(RWEY)Y = XY and (RWEY)Y = XV,
and the result is a consequence of Theorem 2.4 E applied to the pair (E{ = Og,(a), Ell’ =

0g, (b)) in (a) and the pairs (E(l) = Y (—n),E{ = 0Op,(a)) and (EY = ¥_(—n),E¢ =
0g,(a)) in (b). O

As already observed, Theorem 2.4 applies to coherent sheaves on any smooth projective
variety of dimension n which has an n-block collection of coherent sheaves on X generating
9. So, we are led to the following open and interesting problem:
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Problem 2.9. To characterise n-dimensional smooth projective varieties X which have an
n-block collection of coherent sheaves on X generating 9.
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