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Abstract This paper concerns the cohomological aspects of Donaldson—
Thomas theory for Jacobi algebras and the associated cohomological Hall
algebra, introduced by Kontsevich and Soibelman. We prove the Hodge-
theoretic categorification of the integrality conjecture and the wall crossing
formula, and furthermore realise the isomorphism in both of these theorems as
Poincaré-Birkhoff—Witt isomorphisms for the associated cohomological Hall
algebra. We do this by defining a perverse filtration on the cohomological Hall
algebra, a result of the “hidden properness” of the semisimplification map
from the moduli stack of semistable representations of the Jacobi algebra to
the coarse moduli space of polystable representations. This enables us to con-
struct a degeneration of the cohomological Hall algebra, for generic stability
condition and fixed slope, to a free supercommutative algebra generated by
a mixed Hodge structure categorifying the BPS invariants. As a corollary of
this construction we furthermore obtain a Lie algebra structure on this mixed
Hodge structure—the Lie algebra of BPS invariants—for which the entire
cohomological Hall algebra can be seen as the positive part of a Yangian-type
quantum group.
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1 Introduction
1.1 Background

The critical cohomological Hall algebra H(Ap w) associated to a noncom-
mutative smooth algebra B and potential W € B/[B, Blyect Was introduced
by Kontsevich and Soibelman in [29] as a way of categorifying the theory of
Donaldson—-Thomas invariants. The meaning of “critical” here is that the Hall
algebra is built out of the hypercohomology of the sheaf of vanishing cycles
of the superpotential Tr(W) on the stack of finite-dimensional B-modules.
This sheaf is supported on the critical locus of Tr(W), which is identified with
the stack of representations of the Jacobi algebra associated to B and W. The
critical cohomological Hall algebra can thus be thought of as the Hall algebra
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CoHAs and quantum enveloping algebras 779

categorifying the Donaldson—Thomas theory of representations of this Jacobi
algebra.

Donaldson—-Thomas invariants, first introduced in [46], already have an
extensive literature. We refer to the sequence of papers by Dominic Joyce [19-
23] for a comprehensive account, or the book [24] by Joyce and Song,
and also [27,28] for the more general and abstract account by Kontsevich
and Soibelman using motivic vanishing cycles. In all of these treatments of
Donaldson—-Thomas theory, a key role is played by the integrality conjecture,
as proven in [29] in the case of quivers with potential. In this paper we describe
and prove the natural categorification of the integrality conjecture in the con-
text of the cohomological Hall algebra for a quiver with potential, and explain
how this gives rise to a mathematical definition of the Lie algebra of BPS states,
for which the cohomological Hall algebra can be thought of as the positive half
of an associated quantum group. See [17] for a Physics-oriented construction
of Hall algebras of BPS states.

From now on we assume that B = CQ is the free path algebra of a quiver,
that we are given a Bridgeland stability condition C on the category of CQ-
modules, and that p € (—o0, oo] is a slope. We denote by /\ﬁ C N9 the
union of the zero vector with the subset of dimension vectors of slope u
with respect to the stability condition C. Let zmg-ss denote the stack of (-

semistable CQ-modules with dimension vector in Aﬁ. For full generality, we

consider a locally closed substack Dﬁﬁ'ss’s C smf;“, the closed points of
which correspond to (-semistable CQ-modules in a Serre subcategory S of
the category of C(Q-modules. When S is the entire full subcategory of finite
dimensional CQ-modules, we will omit all superscripts S.

Via natural correspondences there is an algebra structure on the /\ﬁ—graded

Borel-Moore homology of the normalised vanishing cycle complex on Sﬁﬁ‘“,

restricted to Emﬁ'ss’s, that we denote

(&) o (-ss,S —di (mé-ss) ) \4
H(AW-u> = D He <fmd + By ys Qs ® LT/ ) M
deAg

as in [29]. These notions are properly defined and explained in Sect. 3. This
algebra categorifies Donaldson—-Thomas theory in the sense that Donaldson—
Thomas invariants for the category of (-semistable modules in S are obtained
by considering the class in the Grothendieck group of the /\ﬁ—graded mixed
Hodge structures (equipped with a monodromy action) of the underlying mixed
Hodge structure of (1).

The main conclusion of this paper is that the introduction of the coho-
mological Hall algebra structure associated to a quiver, a potential and a
Serre subcategory S should be seen as a first step towards forging a con-
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nection between the theory of refined Donaldson—-Thomas invariants and the
theory of quantum enveloping algebras, and that the proof of the integral-
ity conjecture is the motivic shadow of a Poincaré-Birkhoff-Witt theorem
for the associated quantum enveloping algebra. In fact we reach this con-
clusion by providing all of the remaining steps, proving this PBW type
theorem, and defining the associated Lie algebra of BPS cohomology. This
programme was already articulated in [29] but several components had yet to
be found.

Firstly, a coproduct turning the algebra H(.A%{,Su) into a Hopf algebra had
to be defined. A localised coproduct was found in the first author’s paper [9],
reinforcing the hope that H(A%’,‘Sp) could be turned into a quantum envelop-
ing algebra. Meanwhile the intégrality conjecture in the case of free path
algebras of quivers with zero potential was reproven by the second author
and Markus Reineke in [34]. We recall that, loosely speaking, the integral-
ity theorem states that the class of H(Aéft) in the Grothendieck group of
graded monodromic mixed Hodge structures is equal to that of the free
supercommutative algebra generated by Sym (H(B(C*)Vir ® Q) for some ele-
ment €2 for which the graded pieces are finite-dimensional. This is of course
much weaker than the claim that we have an isomorphism between these
two objects, which in turn is weaker than the existence of a PBW isomor-
phism.

Nevertheless, the proof of [34] has the attractive feature of explicitly con-
structing €2, in terms of intersection complexes. This at least gives us a natural
candidate for a choice of 2 with which to try to upgrade equality in the
Grothendieck group to a bona fide isomorphism. In addition, it is proven
in [12] that due to formal properties of the vanishing cycle functor, the methods
of [34] are enough to prove a very general version of the integrality conjecture,
even in the presence of a nonzero potential. Similarly, the proof in [12] gives
explicit formulae for the class of €2, and the construction lifts to cohomology,
or mixed Hodge modules, which is the lift that we develop in this paper. The
claim that there is an isomorphism in the category of /\ﬁ—graded monodromic

mixed Hodge structures between H(Aa’,it) and Sym (H(BC*)vir ® Q) for
some €2 depending on W, u, ¢, S is what we call the “cohomological inte-
grality conjecture”. The proof of the cohomological integrality conjecture,
and the existence of a coproduct, are the main ingredients of our proof of the
PBW theorem.

1.2 Absolute versus relative Donaldson—-Thomas theory

For the Donaldson-Thomas theory and cohomological Hall algebras asso-
ciated to quivers, a vital role is always played by the grading by N0, the
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CoHAs and quantum enveloping algebras 781

semigroup of dimension vectors, which should be seen as a weight space
decomposition in the language of Lie algebras and quantum groups. As an
illustration, consider the case in which we forget about potentials and stability
conditions, set S to be the category of all finite-dimensional C Q-modules, and
consider the N20-graded vector space

P HOM, Qdim@a))). 2)

deN2o

Considering the resulting cohomology as a N20 x Z-graded vector space,
where the extra Z factor keeps track of cohomological degree, each graded
piece is finite-dimensional. The initial role of the N20 grading is to break
the above infinite-dimensional vector space into infinitely many manageable,
finite-dimensional pieces. Moreover, the cohomological Hall algebra struc-
ture respects the N0 x Z-grading, so that this grading provides a route to
understanding this algebra.

Choosing a bijection between the vertices Q¢ and the numbers {1, ..., n},
motivic DT partition functions are expressed as formal power series in variables
ql/z, X1,...,%xp. Ford = (dy, ..., d,) the coefficient of

d._ d;
= T
i€Qo

is a formal Laurent power series in ¢!/2, given by the characteristic function
of the dth graded piece of the right hand side of (2)—for now ¢'/? records
the cohomological degree. These power series may have finite order poles at
g'? = 0, due to the shifts appearing in (2). In the general case this formal
Laurent power series is replaced by a formal Laurent power series recording
the finite dimensions of the weight filtration of an infinite-dimensional N0-
graded (monodromic) mixed Hodge structure associated to the quiver Q, a
potential W and a stability condition (—in the final version of the theory, ¢!/
records weights.

In order to make the presentation in this paper conceptually uniform, we
slightly change the perspective on the N20-grading. We consider N90-graded
vector spaces (respectively, mixed Hodge structures) as sheaves of vector
spaces (respectively, mixed Hodge modules) on the monoid N0, considered
as a scheme with infinitely many components, each isomorphic to Spec(C).
Then our main object of study (1) can be thought of as the direct image of the
restriction to the stack of modules in S of

~ T (-ss
3¢, = @ LTV @ ) Qs 3)
den§
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along the map
EON C-ss ¢
Dim: i)ﬁu — Au

taking each component of the moduli stack to the dimension vector of the
modules it parametrises. Instead of studying this direct image directly, we
study the direct image

&
H(AY,,) =H ((sntg-ss R Mﬁ-“)*m@,o )

where the map pﬁ takes a C Q-module to its semisimplification in the category
of (-semistable (CQ modules, i.e. the associated polystable object. Since Dim
factors through p understanding the direct image along pC turns out to be
the key to understandmg the direct image along Dim.

We flag at the outset the curious role of the symbol H on the right hand side
of (4). Firstly, its purpose is to make our lives simpler: we will not actually
give a definition of the pushforward of 3¢, nor indeed of J@C W itself,
and we only define the result of applying the total cohomology functor to
this pushforward, i.e. we define the right hand side of (4) without defining its
constituent pieces. This apparent bug turns out to be a feature; because of this
extra H, taking the dual compactly supported hypercohomology of the right
hand side of (4) does not produce something that is a priori isomorphic to
the right hand side of (1), and the comparison between them turns out to be a
central aspect of the paper. In brief: the compactly supported hypercohomology
of the right hand side of (4) is the associated graded of the perverse filtration

of H (A%,‘i). This perverse filtration is one of the central structures that we

introduce in order to understand the cohomological Hall algebra.

Here and elsewhere, if £ € D is an element of a triangulated category with a
t-structure (for example the bounded derived category of an Abelian category
A, such as the category of monodromic mixed Hodge modules on Mﬁ'ss) then

H(L) == P H (L),

nez

considered as an element in D with zero differential. If moreover D has infinite
coproducts (for example, the unbounded derived category of A as above) then
the natural functor from Z-graded objects in A to the essential image of the
functor H is an embedding of categories; it is bijective on isomorphism classes
of objects and faithful, but not full in general.

Note that DlmfL = dlm& pu, where dimﬁ: ME — /\fL is the natural map.

n
We furthermore prove that there is an isomorphism of cohomologically graded
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CoHAs and quantum enveloping algebras 783

monodromic mixed Hodge modules

. ~ ~ . _ pC _ ~
H (Dlmﬁ’* JQ%V,p) =H <d1mfl’*H ((imﬁ ss ZH Mﬁ SS)*JQ:%VJ/L
=N (dimﬁ’* M (Afy’ u)) )

in Sect. 4, so that an understanding of (4) can indeed be used to gain an
understanding of the left hand side of (5). As noted above, because of the
second H on the right hand side of (5), this isomorphism would not follow
directly from the usual six functor formalism for monodromic mixed Hodge
modules on stacks, but instead relies essentially on the “hidden properness”
of the morphism pﬁ. The key observation is that pﬁ, while not proper or
representable, is in some sense approximated by proper maps of schemes (see
Sect. 4.1).

Working over the base Mﬁ'“ instead of /\fL is what we mean by the relative
theory. The payoff for working in the relative setting is that we obtain more
refined results, which are nevertheless easier to prove, since in this relative
setting, because of hidden properness, we are able to make extensive use of
Morihiko Saito’s version [39,41,42] of the famous decomposition theorem of
Beilinson, Bernstein, Deligne and Gabber [3], as well as the rest of Saito’s
theory of mixed Hodge modules.

The idea of proving local results on Mﬁ'ss to deduce global results about
Donaldson—-Thomas invariants was already present in the work of Joyce and
Song [24], and later the proof of the integrality conjecture for path algebras
in the absence of a potential by the second author and Markus Reineke [34],
which utilised Efimov’s theorem [15] on free supercommutativity for coho-
mological Hall algebras without potentials to understand the local behaviour
of the morphism pﬁ.

1.3 Cohomological integrality

Now that we have introduced the relative version of Donaldson—Thomas the-
ory, we can state the first main result of this paper, a cohomological refinement
of the integrality conjecture.

Theorem A (Cohomological integrality theorem) Let Q, W be a quiver with
potential, let i € (—00, o0] be a slope, and let ( be a \-generic stability con-
dition. Let imﬁ'“’s be a locally closed substack of the stack of C-semistable
CQ-representations, the closed points of which correspond to the represen-
tations in a Serre subcategory S of the category of CQ-representations. For
d € N90\{0} a nonzero dimension vector of slope , define the following ele-
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784 B. Davison, S. Meinhardt

ment of MMHM (/\/lfl'ss), the category of monodromic' mixed Hodge modules
on the coarse moduli space of (-semistable CQ-representations:

mon . C-st
N
' 0

otherwise

and let BPSy, ¢ W, be the direct sum of all the BPS ‘C)V a.for d of slope w with
respect to the stabzltty condition (. Define

BPSG;S = M (dimy (MG — MG ™) BPSY, ) e DIMMHM(AS)),

where the superscript denotes the dual in the category of monodromic mixed
Hodge modules, so in particular,

BPS{, o = (dim. BPSY, 4)

by Verdier self-duality of BPS%V a- Define BPS%’,‘i to be the direct sum of all
the BPS%’,‘?d for d of slope u. Then

Symg, <H(B(C*)Vir ® BPS%{,"S ) H(A ) (absolute integrality theorem)

in D(MMHM(/\EL)). Furthermore, working over the coarse moduli space of
(-semistable representations Mﬁ'ss, there is an isomorphism

Symg, <H(BC*)vir ® BPS %V u) 'EH(A%,’ ) (relative integrality theorem)

in DIMMHM (M),

The definition of H(B(C*)Vir is given in Sect. 2.1. Requisite notions from
the theory of representations of quivers, including the functors Symg_ and

Sympy, , and the definition of Mﬁ'“, are recalled in Sect. 3. The functor
Symyp, , via the correspondence between monodromic mixed Hodge modules

on N20 and N20-graded monodromic mixed Hodge structures, is the functor

1 See Sect. 2.1 for an introduction to this category. It is an enlargement of the ordinary category
of mixed Hodge modules, taking account of the monodromy operation on the vanishing cycles
functor.
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CoHAs and quantum enveloping algebras 785

that sends an N0-graded monodromic mixed Hodge structure F satisfying
Fo = 0 to the N90-graded monodromic mixed Hodge structure

Symg, (F) := @) Sym' (F)

i>0

given by taking the free N20-graded supercommutative algebra generated by
JF and then forgetting the algebra structure.

We briefly explain the relation to earlier, less “categorical”, incarnations of
the integrality conjecture in terms of generating functions of weight polyno-
mials, as that is the language in which the integrality conjecture is perhaps
most familiar. In the literature, this is most commonly referred to as “refined
Donaldson-Thomas theory”. Given an element £ € DP(MMHM (N90)), we
define the formal power series

Z(L, g7 x1,x) = ) Xg(Lar g PG,
deN%

where we have used the weight polynomial

Xq(La,q"?) ==Y (=) dim(Gr} (H' (La))g’/*.
i,JEZ

AsinTheorem A we fix aquiver Q, potential W, stability condition (, and slope
i. Although the total cohomology H(A%,‘i) (defined as in (1)) is not in the

bounded derived category Db (MMHM(/\EL)) c DP’(MMHM (N20)), since

each H(.A%,‘?d) will typically be nonzero in arbitrarily high cohomological
degree, the partition function

2 (HOAGS).¢" 2 3,

still makes sense as a formal power series in x1, . . ., X, with coefficients given
by Laurent series in ¢ /2. This is because for each d € /\ﬁ, and foreach j € Z,

the element Gryv (H! (A%,"Sd)) is nonzero for only finitely many values of i; we

denote by D> !{(MMHM(N20)) ¢ D(MMHM(N20)) the full subcategory
of monodromic mixed Hodge modules satisfying this condition and also the
condition that for fixed d the element Gr}V (H(Lq)) vanishes for j < 0. Then
one way to define the plethystic exponential

EXP: Z((q)([x1, ..., xally = Z((q/*)Ilx1, - - ., x4]]
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786 B. Davison, S. Meinhardt

where the subscript “+” on the left hand side signifies that we take the subgroup
of elements ZdeNQO aa(q 1/2y x4 such that ag (q 1/2y = 0, is via the formula for
£ € D> (MMHM(N20\{0})):

EXP (Z(E, ql/z,xl, .. .,xn)) =Z (Sym&r(ﬁ), ql/z,xl, .. .,xn> . (6)

With the above conventions in place, we may finally state the integrality
conjecture in refined DT theory. It is the statement that there exist Laurent

polynomials Qa’,"gd (ql/ %) e Z[qil/ 2] such that

Z(H(.A ) q x1,...,xn)

=EXP| > @356 Y@ -7 |. (7)
deAG\(0)

The formal power series QC ala 172 are, by definition?, the refined Donaldson—

Thomas/Bogomol’ ny1—Prasad—Sommerﬁeld3 invariants for the slope p, stabil-
ity condition (, and Serre subcategory S. Note that

XgHBC", Qir, ¢'/?) = —¢'? = ¢*% . = (¢'? = ¢~/
and so we deduce from (6), (7) and Theorem A the equality

Q&S(q 1/2) Xq(BPSWd» 1/2)

where BPSG° w.a are the cohomological invariants defined in Theorem A. Note
also that since EXP is injective, one can always find formal Laurent power
series Q%V"Sd (q'/?) satisfying (7). The content of the integrality conjecture, as
proved in [29], is that these formal power series are in fact polynomials.

We can deduce the refined integrality conjecture from Theorem A; since
BPS %{,‘?d is the hypercohomology of a bounded complex of monodromic mixed
Hodge modules, its weight polynomial is a genuine Laurent polynomial instead

2 The substitution ¢1/2 — ¢~1/2 arises from the fact that DT invariants are typically defined
in terms of compactly supported cohomology, which is the dual to the cohomology theory we
consider.

3 Some authors refer to the coefficients in the partition function on the left hand side of (7) as
(refined) DT invariants, while some have reserved this term to refer to the ng a4 / 2) appearing
on the right hand side. In order to establish some distinction between the two types of invariants,
we will refer to the Q%, d(ql/ 2) exclusively as BPS invariants, and to the left hand side of (7)
as the DT partition function.
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of a formal power series. However, the cohomological lift provided by Theo-
rem A is much stronger than the integrality conjecture. It upgrades an equality
in the Grothendieck (lambda-)ring of D= (MMHM(N20)) to an isomorphism
in that category. This is a surprising result even before introducing the extra
structure of the cohomological Hall algebra, since it shows that there is an entire
theory of “cohomologically refined” BPS invariants waiting to be explored. For
early applications of this theory, we refer the reader to the first author’s reproof
of the Kac positivity conjecture [8] (originally proved by Hausel, Letellier and
Villegas [18]) and proof of the quantum cluster positivity conjecture [10].

1.4 Cohomological wall-crossing

Our second main result is a (relative) cohomological lift of the following
incarnation of the wall crossing formula, with [ denoting the Kontsevich—
Soibelman integration map:

/[ms’ byl = l_[ /[fmffss’s, bTew) - (8)
L

o0 o

This is an identity in the completed motivic quantum torus of finite-
dimensional modules of the Jacobi algebra for the pair (Q, W). Instead of
defining any of the terms in (8) we refer the reader to [22] and [27] for more
details on motivic Hall algebras and integration maps in the general theory
of motivic Donaldson—Thomas invariants, or [12] for the specific case of the
motivic Hall algebra of representations of a Jacobi algebra.

We define

HAw) ==H [ P Ma = Ma)sbzew)yQuy ®@ L™ 4"F02 ) (9)
deNQo

where g is the stack of d-dimensional CQ-representations, and My is the
coarse moduli space of d-dimensional C Q-representations, the closed points
of which are in bijection with d-dimensional semisimple C Q-representations.

Theorem B (Cohomological wall crossing theorem) There is an isomor-
phism

HAw) 2B 0 HAG,. (10)
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788 B. Davison, S. Meinhardt

inside D>'{(MMHM(M)). Here the product ™ is an ordered prod-

o
P, 00—> —00

uct, taken over descending slopes. Similarly, there is an isomorphism

H(AS) = &f o H(ARS) (11)

o0o—>

inside D=1 (MMHM(N20)).

Note that in general, the individual terms in the tensor products on the right
hand sides of (10) and (11) will depend on the stability condition, while the
terms on the left hand side do not. The fact that very different sheaves can give
rise to the same tensor product is explained by the fact that in contrast with the
product Xg, the product X is not symmetric; this is the categorification of
the fact that the quantum torus utilized in [27] as the target of the integration
map from the motivic Hall algebra is generally not commutative.

1.5 The perverse filtration

An advantage of considering constructions relative to the base Mﬁ‘ss instead
of /\fL is that it leads naturally to the introduction of the perverse filtration on
H(AGS).

Let f € N20 be a framing vector, and let ng’d: /\/lg 4= /\/lfl'ss, be the
forgetful map to the coarse moduli space of (-semistable Q-representations
from the fine moduli space of f-framed (-semistable representations, and let

Tr(W)g d: ./\/lg’ a — Cbe the induced function. We show that for fixed n, and
sufficiently large framing vector f, there is a natural isomorphism

IS LA OO QRS o 00", ()

in words, we can approximate the restricted vanishing cycle cohomology on the
stack M ( Q)f1 ** by considering restricted vanishing cycle compactly supported
cohomology on the moduli scheme /\/ltg 4- This may remind the reader of
Totaro’s construction [48] for calculating equivariant intersection theory, and
indeed, in a sense that will become precise in Sect. 4.1, our setup is a relative

compactification of Totaro’s construction, over the base ./\/lfl'ss. In particular,

since the maps 7{? 4 are proper, we can use the decomposition theorem along

with fundamental properties of the vanishing cycles functor to deduce that

mo ~ N mon
g 4,0 ,(W)c Queg, = ( fd*(b M QM“)
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CoHAs and quantum enveloping algebras 789

which in turn implies that the hypercohomology of the right hand side (and
hence the left hand side) of (12) carries a well-behaved perverse filtration.

1.6 Main results for cohomological Hall algebras

Assume that the stability condition ( is generic. The object H(Aa’,‘i) is a
unital algebra in the category of Aﬁ—graded monodromic mixed Hodge struc-

tures, which corresponds to a monoid in the category D(MMHM(/\&)). The
monoidal product in this category is defined by

FRL G :=+(FXG),

where F X G is the usual external tensor product, and +: N Qo x N90 — N0
is the addition map. A unital graded algebra structure is determined by a map

f®+f—>f

satisfying the obvious associativity condition, along with a unitmap Qq0y — F
from the constant sheaf supported at the monoidal unit 0 € N0, Although we
prove theorems regarding this monoid, we do so via theorems regarding the
monoid

H(A,,) € DZT(MMHM(MS™)) (13)

in the category of monodromic mixed Hodge modules on the coarse moduli

space of (-semistable CQ-modules of slope . After restricting to M%,'SS’S
and applying the monoidal functor obtained by taking the direct image along
the map

dim: Mﬁ'ss — N9,

the monodromic mixed Hodge module (13) becomes isomorphic to the per-
verse associated graded version of the monoid (1). In symbols, there is an
isomorphism of algebras

H(dim,, (H (MG > ME'AG, L) )) = Gre (HEAGS))
(14)
All of our main results regarding H(Aa’,‘it) and H(A%V’u) stem from the obser-

vation that all product and coproduct structures that we consider on H(AC’S )

and H(.A& ) respect the perverse filtration, giving rise to the algebra struc-
tures on the right hand side of (14) that are much easier to describe—precisely,
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790 B. Davison, S. Meinhardt

we prove that (in an appropriate sense) the algebras appearing in (14) are super-
commutative degenerations of the CoHA H(.Aa’,‘i).

To define this “appropriate sense”, we must take some care over the signs
in the symmetrizing morphism

sw:FR, F—> FR, F.

It was noted already in [29] that the cohomological Hall algebra on the graded
vector space (2), while not commutative, becomes commutative after twisting
by a simple system of signs. There are two related ways of expressing this
idea, which we develop in tandem in this paper.

Firstly, the algebra is commutative, after replacing the usual symmetrizing
morphism for the category in which we consider it (involving the Koszul sign
rule) by a new one, which depends on N20-degree. We consider an adapted
symmetrizing morphism "sw for the categories of monodromic mixed Hodge
modules on /\fl and Mﬁ'ss, with respect to which Theorems C and D are
stated—see Sect. 6.1 for the provenance of these signs. At the level of elements,
the rule is easy to state. Consider the form T induced by

T d'@d" = x@,d") +x@, d)x@", d") (15)
on the Z/27Z-vector space V = (Z/27)20. Then
Tsw(a ® b) = (—1)T@- )+l bl @ 4

where d’ and d” are the N20-degrees of a and b respectively, and |a| and |b|
are their cohomological degrees. In other words, we modify the usual Koszul
sign rule by (—1)7@-d")

Now we describe the second approach to signs. As in [29, Sec.2.6] and [15]
it is sometimes more convenient to modify the definition of the product in
the CoHA H(A< S ) so that the algebra (or in the context of this paper, its
perverse ass001ated graded algebra) becomes supercommutative with respect
to the usual Koszul sign rule. The form T vanishes on pairs d ® d, and so there
exists a bilinear form 1\ on V such that

v, d") + @, d)=d,d). (16)

We define the underlying graded monodromic mixed Hodge structure of
H(II’A%,SLL) to be the same as that of H(.A%[’,‘i). We define the multiplication

on H(Ij’A%’,‘i) via

a®br— (— 1)‘P<dd>H(* )@ ®b) (17)
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where a € H(ll’AC y)and b € H(‘L’AC o ). Associativity of the twisted CoOHA
follows from asso<31at1V1ty for the untw1sted CoHA and bilinearity of 1.

Our first main result concerning CoHAs is an upgrade of Theorem A. It states
that the isomorphisms of Theorem A can be realised explicitly as PBW-type
isomorphisms defined using the structure of the relative, or absolute CoHA,
respectively.

Theorem C Let ( be a - generic Bridgeland stability condition. The localised
bialgebra structure on H(.A ) induces a (non-localised) Hopf algebra struc-
ture on Gryp (H(.A )) whtch is a free commutative algebra with respect to

the symmetrizing morphlsm sw. There is a canonical PBW isomorphism in
D= (MMHM(M™)):

“Symgg,, (HBC )i @ BPSY, ) — HA, ) (18)

that is realized via a canonical embedding®* HBC")yi; ®BPS%V’ e H(.A%V’ u)
and the relative cohomological Hall algebra multiplication. There is a similar
canonical PBW isomorphism over the base /\ﬁ.'

“Symyg, <H(B(C*)Vir ® Bpsé’v‘i) — HAGS). (19)

and the map is defined via the cohomological Hall algebra product on
H(AGS). If W is a bilinear form as in (16), then Groy(H(YAy")) is a free
supercommutative algebra, and there are canonically defined PBW isomor-
phisms

Symyg, (HBC)ur ® BPSY, ) - HOAG, ) (20)

Symg, (HBC)vir @ BPSS,) - HOAGS) 1)

to the relative and absolute CoHAs with the \D-twisted multiplication.

Note that we do not claim that in the “absolute” cases (18) and (20) the canon-
ical isomorphisms of Theorem C are isomorphisms of algebras—in many
interesting cases they will not be, hence the moniker “PBW theorem”. We
expect that the case of symmetric quivers with zero potential, for which it is
proved by Efimov in [15] that the \-twisted cohomological Hall algebra is
free supercommutative, is atypical.

4 Strictly speaking, these maps are embeddings in the category of Z-graded monodromic mixed
Hodge-modules, considered as maps in the derived category of monodromic mixed Hodge
modules via the natural embedding of categories.
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Our final theorem is a more general PBW type statement for the whole
CoHA. Just as Theorem C states that the integrality isomorphisms of The-
orem A can be realised in terms of PBW-type isomorphisms in the relative
CoHA, Theorem D states that the same is true of the combination of the inte-
grality isomorphisms (for every slope) and the wall crossing isomorphism, for
a generic stability condition.

Theorem D Let ( be a generic stability condition for Q. Then there are embed-
dings® (MG — M).BPSY, | C H(Aw,) and HMG™, BPSY, ) C
H(A‘gv) such that the resulting morphisms

B "Symyg, (HBC ) ® (ME™ — M)LBPSY, ) — HAw)

@B,00—> —00

t * _
K™  "Symg, (HBC) @ HMS™S, BPSY, ) — H(A)
induced by the relative and absolute cohomological Hall algebra multiplica-
tions, respectively, are isomorphisms. Similarly, if \) is a twist defined as in
(16), then the morphisms

XY Symg, (HBC v ® (ME™ - MYLBPSS, ) — H(Ay)

B, 00—> —0

t _
XY . Symg, (H(Bc*)vir ® HMS™S, BPSS, u)> — H(AS)
induced by the same embeddings as above and the \-twisted relative and
absolute cohomological Hall algebra multiplications are isomorphisms.

Theorems C and D together give a very general structural result on the rela-
tive and absolute CoHAs, namely that they are obtained by infinite extensions
of algebras (indexed by descending slope) that are themselves noncommutative
deformations of free supercommutative algebras, with characteristic functions
determined by the cohomological BPS invariants.

1.7 The BPS Lie algebra

One of the main contributions of the current paper, and a direct corollary
of the above structural theorems, is the definition of the BPS Lie algebra.
This is a natural Lie algebra, for any choice of Q, W, i1, S, and p-generic
stability condition (, the characteristic function of which recovers the (refined)

BPS invariants for this data. Part of Theorem C states that Gry (H(‘I’A%’,i))

is supercommutative. On the other hand, the perverse filtration on H(‘l’A%‘}Su)

5 See previous footnote.
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begins in degree one, and in degree one is given precisely by a half Tate-twist
of the cohomological BPS invariants. It follows that there is an inclusion of
Lie algebras

L2 @ BPSS, < H(UAGS). (22)

i.e. that the first perverse piece of the target is closed under the commutator
Lie bracket (since this bracket becomes zero in the perverse associated graded
algebra). We call the domain of (22) the BPS Lie algebra associated to the
data (Q, W, ¢, i, S, V). In a forthcoming paper the first author shows that for
a specific choice 9, W of quiver with potential depending on a given quiver

o,
0 1/2 ~
HOLY? ® BPSy) = g, .

where gzre is the positive half of the Kac—Moody Lie algebra for O, the quiver
obtained from Q by deleting all vertices for which there are loops, along with
all arrows to or from these vertices. In particular, the BPS Lie bracket can be
highly nontrivial.

1.8 Structure of the paper

The paper is broken roughly into three parts: there is the introduction above,
a second part which goes up to Sect. 4.3, and then a third part. The purpose
of the second part is to prove the cohomological integrality theorem (Theo-
rem A) and the cohomological wall crossing theorem (Theorem B). For many
applications of cohomological Donaldson—Thomas theory (especially positiv-
ity results) these two theorems are all one needs. In addition, there are a lot of
added technicalities (coproducts, perverse associated graded algebras, modi-
fied symmetrizer isomorphisms etc.) that go into the proofs, and indeed the
statements of Theorems C and D. Therefore the reader who is less interested
in the algebraic structure underlying the integrality isomorphism, or the task
of making the integrality isomorphism canonical, can safely treat this paper
as ending with Sect. 4.3. We hope that this reduces the technical burden of the
current paper for the “working mathematician”.

The third part of the paper is dedicated to proving that these isomorphisms
can be realised as PBW isomorphisms in the cohomological Hall algebra.
Theorem C can be construed as a second proof of the integrality theorem
(Theorem A) which is dependent on the first one. The conceptual payoff for
reproving the theorem is that the second time we prove the theorem, we are
able to make the isomorphism underlying the integrality theorem canonical—
this is a key step towards proving the integrality theorem for the category of
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coherent sheaves on a 3-Calabi—Yau variety, for example. That this category
locally looks like the category of representations for a quiver with potential is
an exercise in deformation theory if one works formally locally, and is proved
rigorously by Toda in the analytic topology [47]. The key step in proving the
integrality conjecture for coherent sheaves on a 3-Calabi—Yau variety, then,
is to prove it locally in a sufficiently canonical manner that the proof glues
naturally. This application will be the subject of a follow-up paper by the
authors.

2 Hodge theory and equivariant vanishing cycles
2.1 Monodromic mixed Hodge modules

Let X be a complex variety. Then we define as in [42,43] the category
MHM(X) of mixed Hodge modules on X. See [41] for an overview of the
theory. There is an exact functor raty : D(MHM(X)) — D(Perv(X)) which
takes a complex of mixed Hodge modules F to its underlying complex of per-
verse sheaves, and commutes with f, fi, f*, f 'D x and tensor product. If no
remark is made to the contrary, and a non-derived target or domain category
is not specified, all these functors, and indeed all functors for the entirety of
this paper, will be considered as derived functors, even if their non-derived
versions are well-defined.

Set B to be the full subcategory of mixed Hodge modules on A! containing
those F € Ob(MHM(A!)) such that (G,, — A!)*F is an admissible variation
of mixed Hodge structure. Set C to be the full subcategory of B for which the
objects are the admissible variations of mixed Hodge structure on A'. Then
we define the category of monodromic mixed Hodge structures MMHS to be
the Serre quotient B/C.

Fix X and let By be the full subcategory containing those 7 € MHM(X x
A') such that for each x € X, the total cohomology of ({x} x G, > X x
ANY* F is an admissible variation of mixed Hodge structure on G,,. Via Saito’s
description of MHM(X x A'), the category By € MHM(X x A') is the full
subcategory, closed under extensions, and containing the following types of
objects

(1) Mixed Hodge modules fCYxAl (L)[dim(Y) + 1], where ¥ C X is an
irreducible closed subvariety, and L is a pure weight n variation of Hodge
structure on Y’ x G,,,, for Y’ an open dense subvariety of Yieg, and n € Z.

(2) Mixed Hodge modules ic Y x{0y(£)[dim(Y)], for £ a pure weight n vari-
ation of Hodge structure on Y’ C Yreg C X as above.

Here ZCy 51 (£)[dim(Y) 4 1] and ZCy x 0y (£)[dim(Y)] are the lifts of inter-
section complexes to mixed Hodge modules defined in [43, Thm.3.21]. By
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semisimplicity, any object P of type (1) splits into a direct sum P = P @ Py,
where

Pi = ICy p1 (L)dIm(Y) + 1]

for £1 C L the maximal pure variation of Hodge structure to have trivial
monodromy around Y x {0}, and £ its complement.

Inside By there is a Serre subcategory Cx given by the full subcategory of
MHM(X x A') containing those objects F such that the total cohomology of
each ({x} x A — X x A")*F is an admissible variation of mixed Hodge
structure on A!. It is generated under extensions by simple objects of the form
P1.

By Schmid’s rigidity theorem, the total cohomology of the restriction to the
fibres {x} x A! of any such mixed Hodge module is constant, and Cy is the
essential image of the functor 7t*[1]: MHM(X) — MHM(X x A!), where

X x Al 5> X

is the projection. We define following [29, Sec.7] the category of mon-
odromic mixed Hodge modules MMHM (X) = Bx/Cx. Since the objects of
MMHM (X) are the objects of By, we deduce that all isomorphism classes of
objects in MMHM(X) are obtained from iterated extensions of simple objects
of type (1) satisfying £ = L, and of type (2). We identify MMHS with
MMHM (pt).

In [29] the category of monodromic mixed Hodge modules is presented as
a subcategory of MHM(X x Al!), whereas for us it is a quotient. We collect
together some category theoretic lemmas that clarify this shift in point of view.

Lemma 2.1 Let V: B — B be a functor, and let v: idg — WV be a natural
transformation satisfying

(D) (V) =vg: ¥ — W2 je U(vg) = vy (F) for all objects F in B.
(2) W (v) = vy is an isomorphism of functors.
Let D C B be the full subcategory containing those objects F of B such that

vr: F — W(F) is an isomorphism. Then the inclusion functor .: D — B is
right adjoint to \p

v
B z— D.

L

Condition (2) implies that W (F) € ob(D) for all 7 € ob(B3), and so we obtain

a factorization W: B — D — B. In the lemma, and from now on, we abuse
notation by denoting the resulting functor 5 — D also by W.
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Proof Via the above abuse of notation we consider v as a natural transforma-
tion idg — ¢ o W. We claim that this is the unit of the adjunction, while

n:i=lp) ' Wp—>idp=WVo:u

will be the unit. We need to check that the compositions of morphisms

7S A LA (23)
L N A ﬂ) L (24)

are the identity. Pick F € ob(3). Then

NwF) o Y(vr) = VE,E}-) o W(vr)

= idq;(]:) .

Pick F € ob(D). Then

-1
LME) oV F) =Vg OVFE
—idg.

O

Lemma 2.2 With the assumptions of Lemma 2.1, assume also that B is
Abelian, and WV is exact. Let C be the full subcategory of B containing those
objects F for which ¥ (F) = 0. Then C is a Serre subcategory. We denote the
Serre quotient B/C. The functor ¥ induces a functor W : B/C — B, which is
right adjoint to the canonical functor Q: B — B/C.

Proof The category C is a Serre subcategory by exactness of W. By the uni-
versal property of B/C, W induces a functor W: B/C — B. We claim that
v: idg — W provides a unit for the adjunction. Let F € B/C, and consider
the map vr: F — W(F). Since V(vr) is an isomorphism, and W is exact,
we deduce that W (ker(vr)) = W(coker(vr)) = 0, and so v represents an
isomorphism V£ in B/C. Arguing as above, (VF) ! provides the counit to the
adjunction. O

The proof of the following lemma is again constructed from the above adjunc-
tions, and is omitted.

Lemma ~2.3 With the assumptions of Lemmas (2.1) and (2.2), the induced
functor V: B/C — D is an equivalence of categories, with inverse equiva-
lence the composition of canonical functors D — B — B/C.
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Now we apply these abstractions to certain categories of mixed Hodge mod-
ules. We define as in [29] the exact functor Wx : Bx — Bx:

Wy (F) = (X x A2 225 X % A, (FR (G, — AY)Qg, [1]).

The functor is exact since it sends each of the simple mixed Hodge modules
identified at the start of this section to mixed Hodge modules. Consider the
distinguished triangle

Qut = (0} = A, Q) > G & AYQg, 1]

We define the natural transfromation v, for 7 € By, via the following com-
position of mixed Hodge modules on X x A!

F (X x A2 5 x Al (FR (0} = AD,Qq) >
(X x A2 225 X 5 AL, (FR (G — ANQg, [1]) = ¥ (F)

where

s = (X x A2 2H ¥ A, (dr Ks) .

Lemma 2.4 The pair (W, V) satisfies the conditions of Lemma 2.1.

Proof Consider the commutative diagram

id < 1 X+
X x Al x Al x Al —2% 7 x x Al x Al (25)
\Lidx ><+><idA1 lidx X+
idx X+

X x Al x Al X x Al

We have

Uy (vr) = (idx x+)«(vr Xidjqg, 11
= (idx x+)«(1dx x + x idy1)«(dr Ks Widqg, 117)
= (idy x+)«(idr W+, (s Kidjqq, (17)
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where we have used commutativity of (25) for the final equality. On the other
hand, we have

Vg () = (1dx X+):(dyy 7 Ks)
= (idx x+).(dx x + x idAl)*(id}'xidﬁQGm[l] Xs)
= (idX X—f—)*(id}' X +x (id]'!QGm[l] @S))

and

+4 (s Wid},qg,, (1) = ++(id g, (1 ¥s)
by commutativity of +. We compute

cone(Vyy (r)) = (idx x+)«(F K +,(1Qg,, [1]1 X cone(s)))
= (idx x ) (F R +4(1Qg,, [11 X Q41[1]))

but

+:(iQc, 11K Qui[1])) = H*(A', jiQc,) ® Q221 =0
proving that vy, () is an isomorphism. |
Lemma 2.5 Setting WV = Wy, B = By in Lemma (2.2), we have C = Cx.

Proof We denote by 7t: X x A! — X the projection. By definition, C is the
full subcategory containing those objects F such that Wx(F) = 0. This is
equivalent to the condition that the natural composition

T F = (X x A2 5 X x A, (FRQu)
- (X x A2 5 X AD, (FRQ[]) = F
is an isomorphism. It follows that the objects of C are contained in the objects

of Cx. On the other hand, the natural transformation 7t*m,t* — 7 is an
isomorphism and the reverse inclusion holds. O

Via the same arguments, we deduce the following Lemma.

Lemma 2.6 Under the assumptions of Lemma 2.5 and with the terminology
of Lemma 2.1, D is the full subcategory of Bx containing those objects F
satisfying m,JF = 0.

The (sub)category D is identified as the category of monodromic mixed
Hodge modules by Kontsevich and Soibelman; as we have shown, it is equiv-
alent to our (quotient) category of monodromic mixed Hodge modules.
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The natural pushforward (X x G, — X x Al MHM(X x G,,)™on —
MMHM (X)) is an equivalence of categories, where MHM(X x G,,)™°" is the
full subcategory of MHM(X x G,,) containing those F such that the total
cohomology of each pullback ({x} x G,, - X x G,,)*F is an admissible
variation of mixed Hodge structure. An explicit inverse equivalence @y is
provided by

Ox: Fr> (X xGp — X x AHY Uy F. (26)

where Wy is functor induced by Wy, as above. In terms of the two types of
simple mixed Hodge modules identified at the start of the section, we have

OxZCy a1 (O)[Im(Y) + 11 = ZCy g, (L) [dim(Y) + 1]
OxZCyx(0y(L)[dim(Y)] = ZCy g, (L X Qg,,)[dim(Y) + 1].

From the existence of a right adjoint to the functor By — MMHM(X), one
can show (see e.g. [1, 06XM]) that the natural functor

D(Bx)/Dcy (Bx) — D(Bx/Cx) = DIMMHM(X))

is an equivalence of categories, where D¢, (By) is the full subcategory of
D(By) consisting of those objects whose cohomology objects lie in Cx. The
subcategory De,, (Bx) is stable under the Verdier duality functor Dy, 41, and
so we obtain a Verdier duality functor on D(MMHM(X)) which we denote
D¥°". The associated graded object GrY (F) of an object in Cx with respect
to the weight filtration is also in Cy, and so the weight filtration descends to
MMHM(X).

Definition 2.7 Given an element G € MMHM(X), we say it is pure of weight
iif Gr}” G is zero for all j # i. Given an element 7 € D(MMHM(X)), we

say that F is pure of weight i if each H/ (F) is pure of weight i 4 j, or we
just say that F is pure if it is pure of weight zero.

Remark 2.8 The equivalence (X x G, — X X Al MHM(X x G,,)™" —
MMHM(X) does not preserve the weight filtration; for instance Qg,, [1] is a
pure variation of Hodge structure of weight 1, while the monodromic mixed
Hodge structure (G,,, — Al)g(@@,m[l] = ({0} — AI)*@{O} is pure of weight
Zero.

If f: X — Y is a morphism of varieties, we define the functors f', f*, fi, fx
between the associated derived categories of monodromic mixed Hodge mod-
ules to be those induced by the functors (f x idy: ), (f x idy)*, (f x
1dg 1)1, (f xid 1), between the associated derived categories of mixed Hodge
modules.
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Definition 2.9 Assume X is a variety X 5 N0 over a monoid N20 of dimen-
sion vectors for a quiver Q. We define H(X, F) to be the total cohomology
of T,F. So H(X, F) may be thought of as a cohomologically graded N<o-
graded monodromic mixed Hodge module on a point, e.g. the N0-graded
monodromic mixed Hodge structure underlying the total hypercohomology of
F. Similarly, we define H. (X, ) to be the total cohomology of T\ F.

The monoidal structures ® on D=(MMHM(X)) and D=(MMHM(X)) are
defined by

FRG:=(XxA x A L5 x x A ort, F@pris0)  (27)

where pr; ;@ X x Al x Al - X x A! is the projection onto the ith and the
Jjth component.

Remark 2.10 More generally, let X be a monoid in Schy, the category of
schemes over Y, with finite type monoid map @: X xy X — X. Then define

FleG:=(X xy X X Al x A &5 x Al)*(prf3f®pr§’4 g9).

We recover (27) in the special case in which (X id—X> X) is considered as
a monoid in Schy. In addition, for F, G objects of D=(MMHM(X)), D=
(MMHM(Y)) or D=(MMHM(X)), D=(MMHM(Y)) respectively, we define

.
FRG:= (X x ¥ x Al x Al 220075,

€ DIMMHM(X x Y)).

X xY x Al)*(PrTﬁ]:@pr;A 9)

This external tensor product is biexact and preserves weight filtrations by [29,
Sec.4], [10, Prop.3.2], or the proof of Proposition 3.8 below.

There is a fully faithful embedding MHM(X) — MMHM(X) given by

x—(x,0)

i = (X 2228 X x A,

which is furthermore a monoidal functor, commuting with Verdier duality, as

i is proper.
1
Define ®x as in (26). Lete: X —XH—(X—L X x G, be the natural inclusion.
Then e*®x[—1]: MMHM(X) — MHM(X) is also faithful (again using
rigidity for variations of mixed Hodge structure [45, Thm.4.20]), and so we
can define an exact faithful (non-derived) functor

forgy®": MMHM(X) — Perv(X) (28)
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by setting forgy°" := ratx e*®@x[—1].

Let f be aregular function on a smooth algebraic variety X. Define X .o =
f‘l(R<0) and Xg = f‘l(O). We define the functor \ ¢: D(Perv(X)) —
D(Perv(X))

Yy = (Xo = X)x(Xo = X)"(X<0 = X)u(X<0 — X)*

and define ¢ s := cone((Xo — X)«(Xo — X)* — 1 r); this cone can indeed
be made functorial—see [25] for details, or the proof of Proposition 3.11
below for a functorial definition of ¢ ;. The functors \ s and ¢ s have lifts to
endofunctors of D(IMHM(X)), forming a key part of Saito’s theory.

In the sequel we consider vanishing cycles always as a functor D(MHM(X))
— D(MMHM(X)) via the definition of [29, Def.27]

" = (X x Gy > X x AN pju(X x Gy > X)*. (29)

In (29), u denotes the coordinate on G,,.

Example 2.11 Let f = 0.Then ¢ r(F) = F[1], since P y(F) = 0. Likewise,
PTNF = (X x G —> X % AN(X x G,, = X)*F[1]. We deduce that
d)r}lonf: j1j*G[1] where G = (X x A! - X)*Fandj: X xG,, > X xA!
is the inclusion. Let i : X x {0} < X x A! be the complement to j. Since
G is by definition trivial in MMHM(X), we deduce from the distinguished
triangle jij* — id — id* that $T"F = i, F in MMHM(X). In other
words, ¢g°"F = F, where we consider F on the right hand side of the

isomorphism as a monodromic mixed Hodge module via pushforward along
i:x—(x,0)

X ——= X x AL
Remark 2.12 Generalising the above example; in fact it follows from exactness
of the functors ¢ ¢/,[—1] (see [3]), w*[1] and jy that q;f}}on is exact in general.

We collect together some useful properties of c[)‘}‘on.

Proposition 2.13 (1) (Verdier duality): There is a natural isomorphism
D?Onc[)r}’on = r}’On]D)X: DMHM(X)) - D(MMHM(X)),

where Dy is the usual Verdier duality functor.

(2) (Interaction with adjunction): If p: X — Y is a map of varieties, and f is

a regular function on Y, then there is a natural transformation cl)I)I}O“ Dsx —

D+ I}lgn, which is moreover a natural isomorphism if p is proper.
(3) (Homotopy invariance): Let X' — X be an affine fibration with d-

mon

dimensional fibres. Then the natural map d)r}“’“}" — ped P p*F is an
isomorphism, as is the natural map pyd)r}ll‘;np*]: — cbr}‘on]: ® He(AY).
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(4) (Exactness): The functor d)r}“’“: DMHM(X)) — DMMHM(X)) is
exact, i.e. it restricts to an exact functor MHM(X) — MMHM(X).

(5) (Vanishing cycle decomposition theorem) Let F € MMHM(X) be pure of
weight m for some m € Z, let p: X — Y be a proper map, and let f be a
regular function on Y. Then there is a non-canonical isomorphism

p*q)rfr)gnf = H(p*d)r}l[?nf)~

(6) (Thom—Sebastiani isomorphism): Let f;j: X; — C be regular functions,
for j =1, 2. Then there is a natural isomorphism of bifunctors MHM (X)) x
MHM(X) - MMHM(X):

d)r}llon(.) X q)rfn‘zon(.) — q)r}l]OBralfz (. X .)|fl—l(0)><f271(0).

(7) (Integral identity): Let V4 @ V_ be a C*-equivariant vector bundle on the
space X, given a C*-action, where the weights of the action on V. are all
1, and the weights of the action on V_ are all —1. Let f be a C*-invariant
function. Below, for a vector bundle V' we denote the total space of V' also
by V'. Then the natural map

Vi = X0V — Ve @ V) o7 Qviev. — (V4 — Vi@ Vo).Qy,)

is an isomorphism.

The first five statements follow from the corresponding statements for ¢ s. The
first of these is proved at the level of perverse sheaves as the main theorem
of [32], and for mixed Hodge modules as the main theorem of [40], see also
Schiirmann’s appendix to [5]. The second statement is given by combining [43,
Thm.2.14, Thm.4.3]. Homotopy invariance then follows from the homotopy
invariance statement for perverse sheaves. The hard part of the exactness state-
mentis the statement that the shift of the usual vanishing cycle functor, ¢ [—1],
is exact. This is a result of Gabber, and can be found in [3]. The version of
the decomposition theorem quoted here follows from Saito’s version of the
decomposition theorem [43], and statements (4) and (2). The statement regard-
ing the Thom—Sebastiani isomorphism is in fact false after replacing cb‘}“’n with
¢ r[—1]. The statement involving d)r}“’“ is due to Saito [38]; again we refer the
reader to Schiirmann’s appendix to [5] for the compatibility between this proof
and the proof of Massey [31] at the level of complexes of perverse sheaves.
The integral identity is proved in the above form in [29], and is a central back-
ground result in the proof of the integrality conjecture® in [29]. Somewhat

6 The similarity between the names of the “integral identity” and the “integrality conjecture”
is merely coincidencidental.
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surprisingly, given its crucial role in the theory in other treatments of Hall
algebras in Donaldson—Thomas theory, it is the only one of the seven facts
about vanishing cycles above that we will not use.

For ease of exposition we make the following simplification in what follows.

Assumption 2.14 For all functions f: X — C for which we wish to take
c[)'}?"“, if X is smooth, we assume that crit(f) C f~1(0) as sets.

Under the assumption, the Thom—Sebastiani isomorphism for mixed Hodge
modules simplifies to

d)mon(f) & (bmon(g) N d)I)ICIIOngz f & g)

The assumption can be dropped, with a little care. If it does not hold, one can
instead work with the functor d)l}lon ib.— P aehl ¢, or with exponential
mixed Hodge structures—see [12,29], respectlvely

Consider the embedding DP(MHM (pv)) Z pb (MMHM (pt)). The former
category contains the element

L:=H.(A', Q),

which is pure: it is concentrated entirely in cohomological degree 2, and has
weight 2. There is no square root of LL in Db (MHM(pt)), i.e. an element L2
such that (L'/2)®2 = L, but after embedding D (MHM(pt)) in D’ (MMHS)
there is a square root. We set

L1/2 H (AI d)mon@Al)

where x2: A! — Cis considered as a regular function, and Q1 is the constant
(cohomologically shifted) mixed Hodge module on A'. Using the Thom—
Sebastiani isomorphism one may show that this is indeed a tensor square root
of L. We fix an isomorphism

1 L'2eLYV?2 =1,

This amounts to fixing an isomorphism r: Q[—2] = forgy*" LL, since up to

sign there is a canonical isomorphism H. (A, $,2Qu1) = Q[—1] given by
picking one of the two natural basis elements of H.(A!, 2Q)=Qa Q.
In particular, since Al carries a canonical orientation, there is a canonical
choice of r and thus of /. We set

L2 == Hom ps vnimpryy (L2 Q). (30)
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so there is a canonical isomorphism
L2@L-12=Q

with target the monoidal unit in MMHM ((pt).

Since LL is pure, we deduce from Remark 2.10 that LY2is pure, concentrated
in cohomological degree 1. Note that due to the definition of the category of
monodromic mixed Hodge modules on a point (i.e. monodromic mixed Hodge
structures), this cohomological degree is with respect to the perverse t-structure
on the underlying derived category of constructible sheaves on A! = Al x pt.

If F e MMHM(X) and G € MMHM (pt) we use the abbreviation

FRG:=FQTG,

where T: X — pt is the map to a point.
For X a variety and d € Z we define

L;i(/z — L2 Qx.
If X is a smooth equidimensional variety, we define
ICx(Q) = Ly dim(X)/2

This complex of monodromic mixed Hodge modules is pure, and an element
of MMHM(X), again by Remark 2.10. If X is not smooth, but is irreducible,
we define the monodromic mixed Hodge module ZCx (Q) := L~ 4imXwe)/2
ICx(Q Xeg)» Where ICx(Q Xeg) 18 the usual intersection cohomology mixed
Hodge module complex of X given by intermediate extension of Qx,,. Since

7c X(@Xreg) is concentrated in cohomological degree dim(Xreg), it follows
that ZC x (Q) is indeed a monodromic mixed Hodge module. If X is a finite
disjoint union of irreducible varieties, we define

ICx(Q = P 12 (Q.

Zemy(X)

Remark 2.15 Because of the shift in the definition of ZCx(Q), there are
natural isomorphisms DY*"ZCx (Q) = ZCx(Q) and DI;}OHCIJI}‘O“IC x(Q) =

cbr}‘onIC x(Q) for X a finite disjoint union of irreducible varieties, and f a
regular function on X.
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For X a smooth equidimensional variety we define

H(X, Q)vir := H(X, ZCx(Q))
~ - 4m0/2 9 H(X, Q) € D (MMHM(pt)),

and since in the stack-theoretic sense the dimension of dim(BC") is —1, we
extend this notation by defining

H(BC*, Q)yir := L2 @ H(BC*, Q) € D(MMHM(pt)).

2.2 Equivariant vanishing cycles

We do not propose here to write down a full six functor and vanishing cycles
functor formalism for equivariant monodromic mixed Hodge modules via a
theory of monodromic mixed Hodge modules on stacks. Instead we mimic
the constructions of [4] and Totaro’s approximation [48] of the Chow ring of
classifying spaces by finite-dimensional algebraic approximations to produce
only the definitions and constructions we will need for the rest of this paper.

We will want to be able to work with equivariant monodromic mixed Hodge
modules, in the following generality. We assume that we have a G-action on
a smooth algebraic variety X, for G an affine algebraic group, and a regular
function f on the stack X/G, i.e. a G-invariant regular function on X. Fur-
thermore we assume that we are given a map of stacks p: X/G — Y, where
Y is a locally finite type scheme. We will also assume that G is special, i.e.
all étale locally trivial principal G-bundles are Zariski locally trivial—see [22,
Def.2.1] for a concise discussion of this condition in this context, or [7] for
the original references. As noted in [22], all such G are connected.

The element H ( p*d)r}‘O“IC X (Q)) will be an element of D=(MMHM(Y)),

the derived category of bounded below complexes of monodromic mixed
Hodge modules on Y.

We define H ( Dx dDI}wnI Cx (Q)) as follows. Let V| C V5 C ...beachain of

inclusions of G-representations, and let Uy C U, C ... be an ascending chain
of subvarieties of the underlying vector spaces of Vi, V», ..., considered as G-
equivariant algebraic varieties. We suppose that G acts scheme-theoretically
freely on each U;, that each principal bundle quotient U; — U, /G exists in
the category of schemes, and that codimy, (V;\U;) — oo as i — oo. The map
X x U; — X x¢g U; exists as a principal bundle quotient in the category of
schemes by [14, Prop.23]. We define f;: X xg U; — C to be the induced
map, and (;: X xXg U; = X X U;4+1 to be the inclusion.
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To fix notation, we fix an embedding G C GL,(C) for some . We set
V; := Hom(C!, C),

and define U; C V; to be the subscheme of surjective maps; if i > ¢ then U;
does indeed carry a free G-action via the GL,(C)-action on C. For each i, we
define X; := X x U;. We obtain an explicit sequence of maps

Pi+1xP TN Qxiyy = Pit1 i OF"Qx; = pis " Qx,
and so a sequence of mixed Hodge modules
Fi = pixdF"Qx,
and morphisms F;; — F; fori’ > i.
Proposition 2.16 Fixn € N. Then fori > 0 the map
A HYY, Fip) > H'(Y, Fi) (€29)
in MMHM(Y) is an isomorphism.

Proof Since the functor forgy®" : MMHM(Y) — Perv(Y) of Eq. (28) is faith-
ful, it suffices to show that (31) induces an isomorphism at the level of perverse
sheaves. So let F; denote the complex of perverse sheaves p; & rQx,. Say
we can prove the same proposition, but with the map A replaced by the map

ACOH: Hgon(y’ ‘E+l) g H:;l()n(Yv f’l)

of constructible sheaves on Y (here and below we use Hcon to denote con-
structible cohomology sheaves). Then for sufficiently large i,

cone(Fit1 — Fi) € D=+l (y) c PD="T(y)

con

and the original proposition follows. .
Consider the space U; ;j+1 C Hom(Ci*t!, C) of linear maps which are
surjective after precomposing with the map
it CiJrl N (Ci+1

given by (z1, ..., zi+1) — (21, ..., 2, 0). This subspace is open and dense
for i > t. We denote by j; the inclusion

Jii Uiiv1 = Uiqa.
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Note that G acts freely on U; ; 11, and there is a G-equivariant affine fibration

Tii+1: Uiiv1 = U;
(Ti,i+18)(2) = g(z, 0).

Define X; ;41 := X x¢ Uj i+1, denote by f; iy1: X; ;41 — C the function
induced by f, and denote by

ti+1: Xiiv1 = Xit1 (32)

the open embedding induced by j;. The projection T; ;41 induces an affine
fibration

tiiv1: Xiiv1 = Xi
and we define the induced morphism
pii+1: Xijit1 —> X; — Y. (33)
We factorise A¢on as the composition

Heon Pi+1,5P 1, Qx,0 ) 4 Heon (Pi+1sbii+1,+P 1 Qx; i)
- Hgon(pl,*(bf.,@x,)

where the second map is an isomorphism by homotopy invariance. So it is
enough to show that the map a is an isomorphism for sufficiently large i.
Consider the function f;,;: X x U;;; — C given by the composition

X x U4 > X EA C, and define f;; : X x Ui;4+1 — C similarly. Let
lii+1: X x U;j+1 = X x U;41 be the inclusion. Then

¢7,, Qxxvi = ¢rQx ¥ Qu,y,
and

<d)?i+1QXXUi+1 - Zivi"‘lv*d)?i,iﬂQXXU”“)
=id¢ 0y MQu;, = JinQuii)-

con
large i, since the codimension of U;4+1\U; ;41 inside U;41 goes to infinity as i

For fixed m, Heo, (Qu,,) = Heon(Qu;,.,) is an isomorphism for sufficiently
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goes to infinity. Since the external tensor product is exact, we deduce that for
fixed m and sufficiently large i,

Heon (@7, Qxxviyy = Uit d7, Qxxv;ii1)

is an isomorphism. On the other hand, taking a Zariski open subspace C C
X 11 such that the principal bundle C = C xx,,, (X x Ujy1) — C is trivial,
we have that

Hcon(d)?iHQXinH - Zi,i-l—l,*(b?i,iHQXin_,-H)|f

= Heon( £ Qi = tisit15P £ Quxg Uy 40)) Widgg,

and so using exactness of external tensor product again, we deduce that for
fixed n and sufficiently large i, the map

Heon (@1 Qxiyy = tiit1,5$ 5,0, Qxi o))

is anisomorphism. The pushforward p; 1 « maps D=+ (X, 1) — DZF(Y),
and so

1
cone (p["']v*d)fi+l(@xi+l - pi+1,*‘i,i+1,*¢ﬁ,i+1Qxi,i+1) € Dczorrll—i_ (X)

and the map a is an isomorphism for sufficiently large i, as required. O
Proposition 2.17 The complex

D lim HT (T Qx) > Tim H (p Q) >
100 1= 00
(34)

is well defined up to canonical isomorphism in D(IMMHM(Y)).

Proof The proposition says that if, for [ = 1,2 we have two choices Vl.(l),
and Ul.(l) for the spaces V; and U; in the definition of H" ( p,-,*d)‘}:on(@ x;), and

we define X l.(l), pl.(l) etc. with reference to them, then there is a canonical
isomorphism, for each n, and for sufficiently large i:

1 2
H BT = H (P00,

By another application of [14, Prop.23], X; x (U M 5 Ul.(z) ) is a principal G-

1

bundle over Xl.(lz) = X, Xg; (Ui(l) X Ui(z)). We denote by pl.(lz): Xl.(lz) - Y
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@)

the projection; note that it factors through both p ) and p;” . Via the same

argument as Proposition 2.16, each of the morphisms
1 12
T H(p )¢m?f; x) = H (P} )dDmf’S)@Xam)

2 12
K: H"(P,-(,Zd);g? X<2)—>H"(P( )¢I}]<°12>QX§12>)

is an isomorphism, and ¢(!? = ! is the desired isomorphism. From the
obvious commutative diagrams of projections between different principal G-
bundles, there are equalities 01> ¢(!? = ¢13 and o'V = id. m|

We denote by H ( p*d)r}‘on(@ X) the element defined in Proposition 2.17.

If M = [[cg My, with M, = X;/G, and each X a smooth algebraic
variety, and each Gy a special affine algebraic group, and p: 9 — Y =
[Ises Y5 is amap to alocally finite type scheme respecting the decompositions
of the source and the target, for ¢ € Z we define

H(m.f?“@@m) =@ (-5, 0x5.)

seS seS
mon c/2 rnon c/2
(1’*4’ @Lm> @H( Flxs/6s X.;/Gs)
seS seS
and
d Gy)—dim(Xy))/2
seS seS

We define H <p!d)r}’°n D,cs ngs> € D(MMHM(Y)) in similar fashion.

We give the definition in the case that 9t = X/ G, for X a smooth irreducible
variety and G a special affine algebraic group, and extend to the case of a
disjoint union of such stacks as above.

Consider the isomorphism

H(Ll il d)r}lon QXi,i+l) ~ H(djr}:on@xi) ® Ldim(X,-H)—dim(X,-)

where ¢; ;11 1s as defined in (32). Arguing as in Proposition 2.16, for fixed n
the natural map

2dim(Up 1)+
con R (X i1 = Xig) T Qxi i)

2dim(U; 1)+
oo VTR (@mONQ )
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is an isomorphism for sufficiently large i, and we can define H" ( D d)‘}“’“@ X /G>

to be the limit of H" ( pi?!d)r;l‘,"nL;idim(U" ) ) as i tends to infinity, and we set

(P'Cbmon S(/G) =L®H" <P'¢f QX/G)

H (PP ICx)6 (@) = H (pperL i @ im2)

Remark 2.18 Note that we do not offer here a definition of pxPmon, rQx/G»
or p1®mon, rfQx/G as objects of the derived category, but instead limit our-
selves to defining the total cohomology of these direct images with respect
to the natural t-structure on D(MMHM(Y)). Of course in case X/G is an
actual scheme, p*d)‘}“’“(@ x/G and pycl)r}l"“@ x/G are well defined monodromic
mixed Hodge modules before passing to cohomology, and our definitions of

H ( D+ d)‘}“mQ X /G) and H ( p!cbr]‘}on(@ X /G> recover their respective total per-
verse cohomology.

Remark 2.19 As a special case of the above construction, if T: — N Qo jg
a stack over a monoid of dimension vectors, with each g = Xgq/Ggq, we
define

H{m @ 07" | == D H(td]* Qxe/ca)

deN<0 deNQo

and HON, Py d)monICgmd(@)) H. (9, @d d)m"“ICgmd(Q)) etc. similarly.
This is the deﬁmtlon used in [29, Sec.7] in the definition of the underlying
N€0_graded monodromic mixed Hodge structure of the critical cohomologi-
cal Hall algebra.

Definition 2.20 Let X/G — N<20 be as in Proposition 2.17, and let
v: X5/G — X/G be an inclusion of stacks. We denote by

U,':XSXGU,'—>XXGUI'

the induced map, and by pf the restriction of p; to X S xg U;. We define
the restricted absolute critical cohomology as the complex of limits with zero
differential

(XS/G T Qx/6)
- @ lim H* (Y > pO.pS, 0@ Qx, ) [-n] (35

i>00
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and likewise we define

He (X5/G. 47 Qx/6)

= @ lim H" <(Y - Pt)!pf!vfd)r};onﬂ"?_fidim((}i)> [=nl.
nez

=00

Let h: X' — X be a morphism of G-equivariant varieties over the G-
invariant locally finite type scheme Y. Then for each i we obtain maps
hi: X l’ — X;. There are natural maps

o1: pix®  hisQxr = pishidon Qx:

which are isomorphisms if 4 is proper or an affine fibration (see Proposi-
tion 2.13). We precompose with the natural map

d2: Pi,*¢l}:0nQXi - Pi,*¢l}:0nhi,*(@x;
and let i — oo, defining maps
H (P*d)r}lonQX/G) - H <(Ph)* I}ISEQX//G) -

Now assume that X’ and X are smooth, or that 4 is. Taking H(Dy (81 o 83))
and letting i — 00, we define the map

H (( phYGTI Qs /G) L, AimX)—dim(X) g 3 ( ” d)r}lonQX/G) _
Finally, let v: H — G be an inclusion of groups—the only examples
we will consider are when v is the inclusion of a parabolic subgroup inside
GL,, (C), or the inclusion L C P of the Levi subgroup of a parabolic subgroup
of GL,(C). Let G act on X as above, with f a G-invariant regular function

on X.Leth: X/H — X/G be the associated morphism of stacks. Then we
obtain maps

hi
X xg U —X xg U;

(x,2) —(x,2)

which we use in the same way as above to obtain the map
H (P*CDI}IOHQX/G) - H ((Ph)*CIDI}anX/H)
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and the map

H (PRI Qxn) — H (L@ —am )

Remark2.2]1 If H — G is the inclusion of a parabolic subgroup, then
the induced maps h; are proper. As such, there is a natural isomorphism
OE" i Qxxyu; = hix 3" Qxx ;- Fromthe maps hi «Dx v, Qx < yu; —
Dy xsu;Qxxsu; given by the natural isomorphism h; . = h;) and Verdier
duality, we obtain, in the limit, the map

H ((ph)*df}“’“QX/H) —H (p*q)r})on (}é;ﬂédeim(H)) .

3 Moduli spaces of quiver representations
3.1 Basic notions

We will use the notations and conventions from [12], which we briefly recall.
Let O = (Qo, 01, s, t) denote a quiver, that is, a pair of finite sets Qo and
Q1, and a pair of maps s: Q1 — Qo and t: Q1 — Qy, taking an arrow to
its source and target, respectively. Denote by CQ the free path category of Q
over C. Alternatively we may think of CQ as the free path algebra of Q, with
a distinguished family of mutually orthogonal idempotents e; in bijection with
the vertices Qg, summing to 1cg.

Let Schc be the category of schemes over Spec(C). For S € Sch¢ we denote
by Vectg;d' the category of finite rank vector bundles over S. Letd € N0 be a
dimension vector. We denote by 9)tq the groupoid valued functor on Schc that
assigns to S € Sch¢ the groupoid obtained from forgetting the non-invertible
morphisms in the full subcategory of functors in Fun(CQ, Vecth'd') such that
i € Qo is sent to a vector bundle of dimension d;. This prestack is an Artin
stack, as it is represented by the following global quotient stack. First define

Xq = ]_[ Hom (C%@  C@), (36)
agQ

This affine space carries the change of basis action of

Ga:= [] Au(C"),
i€Qo

and there is an equivalence of stacks Mg = Xq/Gq. We denote by 9 the union
[ aenoo Ma, the stack of finite-dimensional representations of Q, which by
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the equivalences just given is a countable disjoint union of finite type global
quotient Artin stacks.

In numerous instances we wish to take cohomology of sheaves restricted to
a substack of 94. To that end, we assume that for each d € N0 we are given
reduced subschemes

X3 C Xa (37)

which are preserved by the action of Ggq, and such that the set S of CQ-
representations that are isomorphic to representations parametrised by points
of X° = I Xg are the objects in a Serre subcategory of the category of
finite-dimensional CQ representations. In other words, if

0—-p=>p—=p"=0 (38)

is a short exact sequence of CQ-representations, p’ and p” are in S if and only
if pisin S. We set MS C M to be the reduced substack, the closed points of
which correspond to modules in S. Then M3 = X g / Ga. We denote by

wq : X;]S — X4q

wq 9ﬁg-> Ma

the natural inclusions.

For the rest of the paper, Xq and X ;19 will be as in (36) and (37) respectively.
Where we wish to be specific regarding the quiver with respect to which these
spaces are defined, we will instead use the notation X (Q)q or X (Q)‘g .

Ford +d” =d e N0 et Mg a7 (S) be the groupoid of triples (F', F, 1),
where F/, F € Fun(CQ, Vectg‘d') and¢: F’ — F is anatural transformation,
such that rank (F'(i)) = d;, rank(F (i)) = d;, and ¢ (i) is injective, with locally
free cokernel, for every i. Again, My 4~ is a finite type Artin stack, which can
be described as follows. Let Xy g» C Xq be the subspace of representations
such that the flag C¥% c C% s preserved for all i € Qp, and let Gy ¢g» C Gq
be the subgroup preserving these same flags. Then

md/,d” = Xd,,d”/Gd,,d”‘

We likewise define i)ﬁg, a C My g~ to be the reduced substack of the stack

parametrising triples as above, for which the d-dimensional C Q-representation
F corresponding to each of the closed points x are elements of S. For each
such x there is a short exact sequence

0—>F,—> F,— F/—>0
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and our condition is equivalent to asking that F, and F) are in S, since S
defines a Serre property. So we have

mg/ aq” = Xg/ d///Gd”d”

where

Xg/,d// = Xd/,d" N Xg

Atuple { = ((i)icgy € HE = {rexp(+v/=Indp) e C | r > 0,0 < ¢ <
1390 €20 provides a Bridgeland stability condition, as defined in [6], with
central charge defined on finite-dimensional C Q-modules

Z:p > C-dim(p) = Y ¢ dim(py).
i€Qo
We define the slope of a nonzero representation p by setting

—Re(Z(p))/Im(Z(p)) if Im(Z(p)) #0

=C(0) —
=) if Sm(Z(p)) = 0.

Likewise we define 2¢(d), ford € N20\{0}, to be the slope of any representa-
tion p of dimension d. A CQ-representation p is called (-semistable if for all
proper submodules p’ C p we have E%(p’) < E%(p), and is (-stable if instead
we have Ec(p/ ) < Ec(p) for every proper submodule. To simplify notation
in what follows, we will assume that all representations satisfy E%(p) < 0o
in this paper. In other words, we choose our Bridgeland stability conditions to
belong to

{rexp(+v/—1mtd) € C|r > 0,0 < ¢ < 1}20 c HE.

We define two pairings on Z20:

d,e) := Z die — Z ds0) )

ieQo aceQq

and
(d,e) :=(d,e) — (e,d).

Note that (d, d) = — dim 94.
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As in the introduction, for every u € (—o00, 00) we denote by /\fL c NQo
the submonoid of dimension vectors d which are either zero, or have slope p
with respect to the stability condition .

Definition 3.1 We say Cis p-generic if d, e € /\fl implies (d, e) = 0. We say
( is generic if it is p-generic for all .

We say that ( is a King stability condition if Im((;) = 1 and Re((;) € Q for
all i € Qp. Given a King stability condition (, we can fix m € N such that
mMNe((;) € Z for every i. We linearize the Gg-action on Xgq via the trivial line
bundle on Xgq and the character

Xa: Gg — C*

(8)iegy > | ] det(g)™" (), (39)
i€Qo

and define X g—ss to be the variety of semistable points with respect to this
linearization. By [26], using the constructions and definitions of [35], the
GIT quotient X é'ss /xaGa provides a coarse moduli space of (-semistable
representations of dimension d, which we denote Mg'ss. Similarly we denote
by Mg-ss,s the scheme Xg's’s’s//Xd G4, and we denote by

25 MG > M§ (40)

the natural inclusion.

Remark 3.2 Fix a dimension vector d € N0 of slope , for a p-generic
stability condition (. Then we can always find a p'-generic King stability
condition (' such that a d-dimensional C Q-module is (-stable if and only if
it is (/-stable, by [11, Lem.4.21], where W’ is the slope of d with respect to
(’. By construction, a d-dimensional C Q-module is {'-semistable if and only
if it is C-semistable. We deduce that for every p-generic Bridgeland stability
condition ¢ and every dimension vector d of slope L, there is a coarse moduli
space /\/lfi'ss of d-dimensional (-semistable C Q-modules.

Remark 3.3 Pick a rational slope 1 € (—o0, 00). Then we can define a max-
imally degenerate stability King condition, for which every CQ-module is
automatically semistable, by fixing (; = 4++/—1 — pfor all i € Qy. In this
case we have /\fL = N, and MM = Dﬁﬁ'ss. As a result, all the results in this
paper in which we do not assume that we are working with a generic stability
condition apply to the case in which we do not impose any stability condition.
In addition, those results in which we do impose a genericity assumption on
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¢ apply to the case in which we impose no stability condition and Q is sym-
metric, since in this case maximally degenerate stability conditions are still
generic in the sense of Definition 3.1.

We write Mg for the coarse moduli space, taken with respect to the above
degenerate stability condition. Then explicitly

Ma = Spec (N(X(Q)a)™)

and the closed points of Mg are in bijection with isomorphism classes of
d-dimensional semisimple C Q-representations.
For a slope 1, we define

Mﬁ—SS,S — ]_[ Mg-ss,s (41)
de/\ﬁ
and
mﬁ—ss,s — L[ m(ﬁi—ss,S. (42)
deA§
We denote by
pg,S: mg—ss,s N M((’i—ss,S (43)
and
¢,S. (-ss,S (-ss,S
pp” M - My (44)

the maps from the stacks to their respective coarse moduli spaces, and by
5% MGH - M§ (45)
and
qeS: M > M3 (46)
the maps to the subschemes of points in the union of the affinizations M,
corresponding to representations in S. Deleting all superscripts S in the above

definitions we obtain morphisms pg, qg etc.
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Ifd,d” e /\fL for some 1 € (—o0, 00), we denote by smg,'sj;,s the stack of
short exact sequences as in (38) such that dim(p’) = d’, dim(p”) = d” and

p € S. There is an isomorphism of stacks

-88,S ~ -ss,S
My g = (Xd’,d” N X§/+d~) /Ga.a"

3.2 Monoidal products

In this section we define and introduce the first properties of the categorification
of the quantum torus from refined DT theory.

Definition 3.4 Let 7 €¢ D(IMMHM(X)) for X a scheme. We say that F is
locally finite if for each Z € mo(X)

(1) for each n € Z, the element @, , Gr,gv (H'(F)|z) belongs to D”
(MMHM(Z)) 4
(2) Forn « 0, we have Gr,‘iv (H' (F)|z) =0foralli € Z.

Denote by D> !f(MMHM(X)) ¢ DZ(MMHM(X)) the full subcategory of
locally finite objects.

The category D={ (MMHM (N20)) is going to play the role of the cate-
gorification of the motivic quantum torus of [27, Sec.6.2]. For now we remark
that this quantum torus is a power series ring with coefficients in Z((ql/ 2))
and variables x% for d € N0, and if { is a generic stability condition then
the subring of power series in variables x9 for d e /\fl is commutative, while
the whole quantum torus in general is not. The categorification of this picture,
then, should be a monoidal category, for which the monoidal product cannot
be upgraded to a symmetric monoidal product, except on fixed subcategories
indexed by the slope ., for which we should define a symmetric monoidal
product.

The moduli scheme Mﬁ‘ss carries a symmetric monoidal structure given by
the direct sum, and the product

(-ss C-ss D (-ss
M x ME™ = Mg

is a finite morphism of schemes (see [34, Lem.2.1]). By Remark 2.10 the
category D=!f (MMHM (M%) carries a monoidal product

F Ny G 1= @(m]F @ m5G)

defined as in (27).

Proposition 3.5 The monoidal product Xg, is biexact and preserves the weight
filtration.
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Proof Let F € MMHM(X) and G € MMHM(Y) for two algebraic varieties
X and Y. We define their external tensor product

iy
}'@g::(p:XxYxAlell—X—yx—J;

X x Y x ADy(prf; F @ prs 4 9).
as in Remark 2.10. Then by [29, Lem.1], there is an isomorphism in
D(MMHM(X x Y))

pr(pris F ®pr3 4 G) — ps (pri 3 F ®pr3 4 0)

and so since p1: DIMHM(X x Al x ¥ x Al)) - DIMHM(X x Y x A))is
left exact, and decreases weights, while p, is right exact and increases weights,
we deduce that the external tensor product

X: D(MMHM(X)) x DIMMHM(Y)) — D(MMHM(X x Y))

is exact and preserves weights.
Since the map &: ./\/lfl'SS X Mﬁ'ss — /\/lft‘SS is finite, the direct image
functor @, is exact and preserves weights. The result follows. m|

The monoidal unit in D= (MMHM(MZS)) is Q 6> the constant pure
0

Hodge module supported on MS'SS = pt, the unit of the monoid Mﬁ'ss.

We briefly summarize the results of Maxim, Saito and Schiirmann [33],
dealing with exterior products and symmetric group actions on mixed Hodge
modules. Let X;, i € I be a finite set of algebraic varieties, let £; be objects
of D= (MHM(X;)) for each i € I, and let f;: X; — Y; be a set of mor-
phisms of algebraic varieties. Set f = | [;; fi. While [33] treats the bounded
derived category, and certainly it makes no sense to apply their results at the
generality of the unbounded derived category, their arguments extend without
modification to the case of the categories D=E(MHM(X))). They show that
external tensor product commutes with the direct image, that is, there is a
natural isomorphism

Nier fisLi = fu ™ier Li) .

Furthermore, if X; = X for all i, and Y; = Y for all i, then there is an action
of the symmetric group &; on both external products, which is respected by
the above natural isomorphism.

Remark 3.6 This is the usual action, incorporating the Koszul sign rule—
when we consider cohomological Hall algebras later, we will have cause to
modify this action, to express commutativity results for the cohomological Hall
algebra. However, for the purposes of Theorems A and B we may equivalently

@ Springer



CoHAs and quantum enveloping algebras 819

use the default action of [33] as we are only interested in the isomorphism
classes of underlying objects (see Proposition 6.2).

Now let £; = L forall i, and let I = {1, ..., n}. The authors then define
Sym™ (L) := (w4 X" L)S, where @ : X" — Sym” X is the natural map, and
show that there is a canonical isomorphism

H(Sym" X, Sym" £) = Sym" (H(X, £)).

Furthermore, they show that the Kunneth isomorphism

H(X", K"L) = ®H(X, L)

is an isomorphism of &, -representations.
Now let £ € D=H(MMHM(X)). Since there is a commutative diagram

| idy x+ 1
(X x Ayt X770 xn A
waAll \LwXXidAl

Sym™(X x A') = Sym" X x Al
we obtain a G, -action on wy (X" L) by taking r, of the action defined in [33],

and we can define Sym” /L to be the &,-invariant summand. Similarly, we
define the functor

Symgy_: D= (MMHM(MS ™)) — D= (MMHM(M ™))
F > (@ F.

We then define

Symg, : D7 (MMHM (MG \Mg™)) — D= (MMHM(MS ) (47)
F @ Sym%@ F.

n>0

This functor is well defined, since
(@) : Tio(M) X o(M) — TTH(M)
has finite fibers. The same fact implies the following lemma:
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Lemma 3.7 The functor (47) restricts to a functor
Symg, : D= T (MMHM(MS S\ MG ™)) — D= (MMHM(MS ).
Proposition 3.8 The functor Symg_ takes pure objects to pure objects.

Proof Let F € MMHM(M&'SS) be pure. Let
" Mﬁ'ss X oo X /\/lfl'SS — Mﬁ'ss
be the n-fold monoid map. Then &" is finite by [34, Lem.2.1], and so
=&} (FR---®F) e MMHM(MS™)

is pure. On the other hand, Sym%@ F C G is the isotrivial direct summand
under the &, -action, and is therefore pure. We deduce that Symg, F is a direct
sum of pure objects, and is therefore pure. m|

We define a new monoidal structure on D=f (MMHM (M¢-%)) by setting

FRYG:= P LYN2@ (@.(FgRba)). (48)
d',d"eN%

where 7 = @geneo Fa for Fg € D(MMHM(MC ) and G =

Barenco Gar for Gy € D(MMHM(M(CI,,“)). Since we are twisting by a
pure twist, this monoidal product again preserves weights. If ( is p-generic,
the restriction of @‘g to D=(MMHM (M ﬁ‘ss)) is naturally isomorphic to the
untwisted symmetric monoidal product Xg, but in general there is no sym-
metrizing natural isomorphism of bifunctors making &2‘9" into a symmetric
monoidal product.

The associator natural isomorphism for the monoidal structure Mg is the
one induced from the usual monoidal structure on the derived categories of
constructible sheaves and D-modules. We have to take some care in defining
the signs for the associator for X Let F " e p= 1f(MMHM(M&(,,) )) for
h =1, 2, 3. Consider the compos1t10n of natural transformations

N0 0 FO - ]L<d(3) +d®.,aMy/2 ® (]:(l) R (L(d(3)’d(2))/2 ® (f(z) Mo ]:(3)))>
2@ +d®.d0)/24@0.a) o (}-(1) R (}-(2) Ko _7_—(3)>>
]L<d(3) +d<2),d(l))/2+(d(3)$d(2)>/2 ® ((]__(1) IX’Q; f(z)) |X’e; f(S))

L@@ a? +a®)2 o (L<d‘2)~d(”>/2 ® <}-(1) R, ]_-(2)) Mo ]_—(3))

b

b
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The resulting natural isomorphism F K (F® KY 7)) — (FO ®Y
F@) &%’“ F3) does nor satisfy the pentagon identity. We define instead

d@ . d®y@®,a®)

n/]:u),]:(z)’}-(s) = (=D NEW), 7@ £6) (49)

to produce a valid associator natural isomorphism.
In a little more detail, the diagram

((_7:(1) |Z|E\$’ _7:(2)) gtg _7:(3)) &té\g F@

/ 5 J/

(29

(FORY (FO QY FO)) RY FO (FORY FO)RY (FORY 7@y (50)
l B \LG

FD XYW (F@ XY FO) XY F&) Yo F0 XY (F® X (FO XY F®y)

fails to commute if the morphisms are all defined using Me e 6. The trouble is
in the definition of §: in swapping LAY dD)/2 with (FD Xg F )y we pick

up an extra sign (—1)(‘1(4)"1(3))(‘1(2)"1(1)) because of the half Tate twist in the
definition of (F(V XY F®). Modifying all of the morphisms in (50) via the
rule (49) introduces an overall parity change of

@d?, d)@®, dD) + (@@ +d?, dDyx @, aMy
+ ((1(3)7 d(4))x(d(2), d(2)) + <d(3)7 d(4))x(d(1) + d(2)’ am —|—d(2))
+(d?,d? +dD)x@?,d?") = (d?,d?)@?,a") (modulo 2)

as required. The terms in the sum are the contributions from «, 3,7, 0, €
respectively. We extend 1, ,, via linearity to triples of objects in D=1t

(MMHM (M%) to define the associator natural isomorphism for the
monoidal structure &Y.

We define the monoidal product on D=f (MMHM (N20)) by setting

FRYG= @ LYN2g (+.(Fy Bby)) (51)
d’,d”"eN%0

and constructing the associator natural isomorphism as in (51). The map
dim,.: D= (MMHM(M)) — D=T(MMHM(N9?))
is a monoidal functor, and the restriction

dimy, ,: DZT(MMHM(MS™)) — D= (MMHM(AS))
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is a symmetric monoidal functor for (-generic .

Remark 3.9 By skew symmetry of (e, ®)p and finiteness of the maps of
schemes @ and +, there are natural isomorphisms of bifunctors

]D)mon(f IEtG\;/ g) o~ Dmong ‘X%V Dmon]_—
Dmon (f IZ:‘_V g) ~ Dmong &3\—)\/ ]D)monf'

Note the swap of arguments.

3.3 Framed moduli spaces

Framed moduli spaces will play a central role in what follows. Their cohomol-
ogy provides an approximation to the cohomology of 901", in a way which
we will make precise in Sect. 4.1.

Let f € N0 be a dimension vector (called the framing vector). We form a

new quiver Qf by setting Or = (QoLi{oo}, Q1U{Bi 4, 00 — i |i € Qo 1 <
l; < f1;}). Given a stability condition ( for Q, and a slope p € (—o0, c0) we

extend ( to a stability condition C;”) for Q¢ by picking Cpgo € H so that
_;R (W o~ (W _
Re(CfY)/Am(Tf,) = p+e

for sufficiently small € > 0, and picking |C£”go| > 0.

A CQg-module p with dim(p)os = 1 and dim(plcg) € A is -
semistable if and only if the underlying CQ-module is (-semistable, and for
every CQg-submodule p’ C p such that dim(p’)o, = 1, the underlying CQ-
module of p’ has slope strictly less than pu. A Ct(fl) -semistable CQ¢-module

()
f

is automatically (¢ -stable, and we write M% q for the fine moduli space of

Cﬁ“) -semistable CQg¢-modules of dimension (1,d) € N x /\ﬁ. The moduli
space Mg 4 1s smooth.

Remark 3.10 In fact Gq acts freely on the smooth variety

;u) ss

C
Yea =Xl a (52)

and /\/lg 4 1s the quotient.

We denote by
¢ . ¢ G-ss
g gt Mg g > Mg
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the map given by forgetting the framing. It is a proper map, since the other
two maps in the diagram

C g glss >
Mf,d 7.[(. Md z Md
f.d dq

are, as they are GIT quotient maps.

Ford € /\ﬁ we may alternatively extend d to a dimension vector for Q¢ by
(W) o
setting doo, = 0. There is an obvious isomorphism X(Qf)(cé a - X(Q)g'ss.

3.4 Jacobi algebras and potentials

Let W € CQ/[CQ, CQ] be a finite linear combination of equivalence classes
of cyclic words in CQ. Such a W is called a potential. A potential W induces
a function Tt(W) on 9N, defined as follows. Firstly, assume that W lifts to a

single cyclic word ¢ = a, ...ag in CQ. Then a CQ-module F determines an
endomorphism

F(ay)o---oFl(ag): F(s(ao)) — F(s(ao)),

and Tr(F(a,) o --- o F(ag)) determines a function on X (Q)q, for each d €
N@0. By cyclic invariance of the trace, this function is Gq-invariant, and does
not depend on the lift ¢ of W. Extending by linearity, we define for general
W e CQ/[CQ, CQ] the induced function

Te(W)Hg: Mg — C.

We denote by ‘Zt(W)fi the restriction of this function to imfi‘“, and by
C. C-ss
Tr(W)g: Mg~ — C
the unique function through which St(W)g factors. Similarly, we define
¢ . ¢ ¢ . ¢
’Tr(W)ﬂd =Tr(W)4o T 4 Mf,d — C,
and we define Tt(W)s/ a to be the composition

Tt(W)g/ 1"
-ss +d
M = MG
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Associated to the data (Q, W) is the Jacobi algebra
Jac(Q, W) :=CQ/(0W/da | a € Q1).

Here the noncommutative derivatives 0W /0a are defined as follows. First
assume that W lifts to a single cyclic word ¢ € CQ. Then

aW/da := Z ¢

c=cac”

We then extend the definition to general W by linearity. We define 9y, the
stack of finite-dimensional Jac(Q, W)-modules, in the same way as the stack of
finite-dimensional C Q-modules. In particular there is a natural closed embed-
ding of stacks 9y C 9, and it is easy to show that 9y = crit(Te(W)) as
substacks of 9.

In order to keep to Assumption 2.14 we will assume that W € (0W /dala €
01), for then crit(Te(W)) ¢ Te(W)~1(0). One very common set of circum-
stances in which this requirement is met is when there is a grading of the
arrows Q1 with integers such that W is homogeneous of nonzero weight. As
mentioned after Assumption 2.14, we can drop this requirement at the expense
of slightly more complicated definitions.

Proposition 3.11 Let W € CQ/[CQ, CQ] be a potential. Then
mon > If (C-ss > If (-ss
Quon o D (MHM(MH )) ) (MMHM(MH ))

is a symmetric monoidal functor.

Proof Let F, G € MHM(MSL'SS). Let7t: Mﬁ'ss X Mﬁ‘ss — Mﬁ'ss X Mﬁ'ss
be the map swapping arguments. The statement follows from exactness of

cb;o?w)c and biexactness of Xg and the claim that the following diagram is
o

commutative,
mon mon
T s, (F e O) o g (986 F)
mon mon mon mon
b7 (W)CF o &, <W)<g b7, <W)Cg e Tr(W)ﬁf’

where the horizontal maps are induced by the symmetrizing natural isomor-
phisms of Sect. 3.2, and the vertical maps are given by the Thom-Sebastiani

natural isomorphism. By faithfulness of the functor forgﬁ?_SS defined in (28),
i
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it is enough to prove commutativity of the diagram at the level of perverse
sheaves, or constructible complexes. Since @ is finite, by natural commu-
tativity of vanishing cycle functors with proper maps, it is enough to prove
commutativity of the diagram

by wyg FRG [ ———————= O, 4y GRA[-1] (53)

l l

Oy e FIm B by, 4 Gl=11 ——> by, 4y e G- 11 B b g FI-11.

Let¢: Mﬁ — X be an embedding inside a smooth scheme, let f be a function
on X extending 7 r(W)ﬁ and consider F as a perverse sheaf on X via the direct

image. Then we define the functor on the category of constructible sheaves on
X
Fr-1®e)F(U) = ker (.7-"(U) — ]—"(U\f‘l(RSO)))

and we may alternatively define ¢ s F[—1] := (RT s-1r_yF)l -1(0)- By [5,
Prop.A.2] [31] the Thom—Sebastiani isomorphism is given by the natural mor-
phism

% RT 1R o) -1 R2) (0B 9) = RT (g1 Ry (0B 0)
induced by the inclusion

T R<0) x fT(R<0) € (fB ) (R<o),

and the horizontal maps in (53) are induced by the natural morphism

F&gﬂ—#)ﬂ*(gﬁf)

on both sides. Applying the natural isomorphism « to this morphism, we obtain
the diagram (53). O

4 Cohomological Donaldson-Thomas invariants
4.1 Approximation of pg by proper maps

Recall from (43) (and the remark following it) the morphism
pg: mg—ss N Mg—ss
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taking a C-semistable d-dimensional CQ-representation to the associated
polystable representation. We start this section by showing that there is a
module-theoretic compactification of Totaro’s construction relative to Mfi’ss

which we may use as in Sect. 2.2 to define the direct image along pg of the
monodromic mixed Hodge module of vanishing cycles from the stack of d-
dimensional (-semistable representations of CQ.

Recall the definition of C;”) from Sect. 3.3. Recall from (52) the notation

Xtd :=X(01),d)
(W _

Gyl s
Yra =Xgq
We replace CE”) by an equivalent King stability condition for Qf, as we always

can, by Remark 3.2. Then Cﬁ”) defines a linearization of the natural Gj q)-
action on X q and we have

Mg = Xra/xGa.a)
= Y q/Ga

where G(1,4) = GL1(C) xGq4. Asa Gq-equivariant variety, X¢ q admits a prod-
uct decomposition X¢ g = Xq X V¢ g4, where V¢ q := @ieQO Hom((Cfi, 9y,
and the extra GL(C) factor acts by rescaling V¢ g. We define Ur g C Vt 4 to
be the subspace of Q-tuples of surjective maps. The group Gq acts freely on
Ut 4, and the quotient is a product of Grassmannians, and is a fibre bundle quo-
tient in the category of schemes. Therefore G4 also acts freely on X g ™ x Ut g,
which is a fibre bundle in the category of schemes by [14, Prop.23]. Consider
the commutative diagram

i

T
B h B
XG™ X Ura)/ Ga—"=Yga/ Ga—= (X§™ x Vea)/ Ga
e l
Kfc.d

M§S.

All of the objects in the above diagram are algebraic varieties, with the excep-
tion of (X g—ss x Vt.4)/Gq, which is strictly an Artin stack. The diagram
obtained by deleting this stack and all arrows incident to it is a relative com-
pactification of the map KE a

In what follows we use the notation f 3> 0 to mean that f; > 0 for every

i € Qo.
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Lemma 4.1 For fixed n and £ > 0 the natural map

mon n mon
H" (ﬂfd*d)Tr(W)c Q¢ /Gd> - H ("fd*q)f W)Eq Quxg- “fo.d)/Gd)

is an isomorphism.

Proof As in the proof of Proposition 2.16 it is enough to show that for fixed

Lt

n ez, ((bT TN, QYC — hyh d)Tr(W)c ch ) is an isomorphism for
f > 0, where

h: Xfl'ss x Ura — chd
is the open inclusion and
TG .yl

is the composition of 7° r(W)fC a With the quotient map. On the other hand,

the complex of sheaves ¢ = (W)c ch is given by restriction of the pullback

p*dDWd@Xg.ss of d)Tr(W)deg-ss along the projection p: Xg ¥ x Vg —
X fi'ss It follows that for each x € X g *, the complex of constructible sheaves

b— T ¢ Qe lye =1 () is a constant complex, supported in degrees that are
f.d f.d “fd

bounded independently of x. The codimension of the complement of (X g %
Ura) N p~!(x) inside Yéd N p~!(x) tends to infinity as f — oo, and so for
sufficiently large f

H" _ — H* | hh"
con (d)Tr(W)vadQYfC’d)chdmp—l(x) con d)’T (W)fd@yf%d chdﬁp‘l(x)

is an isomorphism for all x € X g 5 and the result follows. ]

We deduce that for fixed d € N0 and n € Z, and for £ > 0 there are
isomorphisms

. n mon mon
Craw: H (”fd*d)T Wy QMC ) (de*d’ rWEq Q(xdl “xufd>/Gd)

(54)
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and

N H mon —fd S H 7_[ mon —f-d
f.d.w fd'd)T;(W)” (XE ™ xUr a)/Ga f.d,! ¢)Tr(W)fd My

(55)

where the argument that Wf g w is an isomorphism is as in Lemma 4.1.
On the other hand, for f > 0, the right hand side of (54) is by

definition 7—("(;7d *d)m(’(nW)Cch .s), while the left hand side of (55) is

n mon
H (5 0700« Cong )

Remark 4.2 Put in words, we can say that the direct image of the vanishing
cycle monodromic mixed Hodge module along the non-representable map
pg : zmg'“ — MC % is approximated by the direct image along proper maps

¢ (-ss
of schemes T g Mf,d Mg

For f > 0 we obtain isomorphisms

=S
ch,d’W: Hn(./\/l (bmon )C QMC )_ Hn(m& S%S d)mon )(leﬁi-ss)

Tr(W (W
(56)
and
(-s8,S mon ~ mon —f-d
\Dfd wi He@g ™", b (W)‘Qimé'““) =H;(Mig b7, rWq Mfd
(57)

in the same way.
Since each map 7[5 4 18 proper, and c[)?o'(‘w) ¢ is exact, we deduce the follow-
, rOW)G

ing proposition.

Proposition 4.3 For every d € N0 there are natural isomorphisms

Va: H(pg Py Q) = Oty HPg Q). (58)

Proof The isomorphisms vq are obtained by considering the left hand side of
(54) and using the natural isomorphisms

mon C ~ o mon
d)Tr(W)CT[f’d’*QMfC,d =i *‘bTr(W)fdQMf.d'
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The isomorphisms vq are well-defined by commutativity of the square

mon ¢ mon
TEf’ (I)T (W)C QMC = T 4,500, «P QMEd

Tr,
Cbr;o?w)c f.d, *QMC d);[l.OI(lW)CT[f/ d, *tf f/ *QMC

where f* > f and (¢ ¢/ : /\/lg 4= /\/lg/ 4 18 the natural inclusion obtained by
extending a framing by zero. The square commutes as it is obtained by applying
the natural transformation

mon mon
7T
¢ Tr(w)§ 1.dx f/ d, *d),[ (W)f,

to the restriction map

— L .
QMfgd Qe

O
mon ¢ ~ mon
Similarly, the natural isomorphisms c[)T W) U d,!Q Mﬁ = ch Ny
Q ME along with exactness of cj)moz1 W induce natural 1somorph1sms
f.d d
mo: mon ¢
vea: M 0o, Q) = 00 H(pG Q). (59)

Proposition 4.4 With Q as above a finite quiver, d € N2 a dimension vector,
and W a potential for Q, there are (non natural) isomorphisms

(-ss 1 mon ~ . ¢ 4 mon
H (smd e (w>,§IC‘Jﬂ§'“(@)> = H(dim. H(pg , Doy TCong- (@)

(mi -ss d)r;ol(lw)tjcmﬁ s (Q)) = H(dim, 'H(pd ‘d);lo?w)czcgmda ss(Q)))

(-ss,S 1 mon ~ s, Gk mon R
H, (zmd : QI(W)(EICimdc.ss(Q)>_H(dlmn H(pg d5en, « TCopc s ()

where cT)g is as in (40).

Proof Fix n € Z. We prove the existence of the final isomorphism, the proof
of the second follows from the special case smfi'“’s = i)ﬁg'ss, and the proof
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of the first follows from commutativity of Verdier duality with ¢™°" . For
Te(W)g

sufficiently large f we may write the degree n piece of the left hand side as

mon (dd)/2
H" <d1mv7tfd,a) d)Tr(W)fd My )

while the right hand side is written as

C* mon (d d)/2
H" (dlm"”d <nf“'¢7 PG ME ))

The result then follows from proper base change, and the following chain of

isomorphisms, coming from properness of nfc 4» €xactness of vanishing cycles
functors, and the decomposition theorem

mon (d d)/2) ~ mon (d,d)/2
(T[df P, r(W)fq Mf{d )_H( Tr(W)fq df’LMfd )

~ gmon ‘. H( 1@ d)/2)

Tr(W dfE
~ 41 mon C L(d’d)/z
f.d

~ 7_[ mon (d d)/2‘
f.d. ch r(Wiq Mfd

O

Remark 4.5 Throughout the paper we work over the complex numbers, and in
the algebraic setting. For greater generality, we could instead have considered
analytic mixed Hodge modules—by Saito’s work the same fundamental facts
that we have used regarding the vanishing cycle functor remain true in the
category of analytic mixed Hodge modules (see [43, Sec.2]). In particular,
if W is a formal potential such that 7 r(W)fl defines an analytic function

in some neighbourhood Uq of 0 € j\/lfl'ss, then Proposition 4.3 applies in the
neighbourhood Uy. If, moreover, there is a Serre subcategory U of the category
of (-semistable C Q-modules of slope  such that for alld € /\ﬁ the inclusion

Mg-ss,u C ./\/lfl'SS is an analytic open inclusion factoring through an open set
Uy as above, then the relative versions of Theorems A, B, C and D hold with
unmodified proofs. See [47] for results defining such a subcategory U of the
category of coherent sheaves on a Calabi—Yau threefold.
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4.2 The integrality isomorphism—Theorem A

Assume that ( is a p-generic Bridgeland stability condition. As in [12]
and the introduction, for d € /\fL\{O} we define the following elements of

MMHM(M&'SS) and D” (MMHM (pt)), respectively

mon . (-st
BPS%V(,:{ mw)éICMé’“(Q) it Mg # 0,

0 otherwise

.S . (-ss,S 14 v
BPS§S = He (M§ ™, BPSY, 4)
Remark 4.6 Note that from our shift convention on ZC CsS (Q), along with
d

Tr(W

odromic) mixed Hodge module, instead of merely being an element of
Db (MMHM(M&'SS)). One can find examples in which it is not pure. For exam-
ple consider the three loop quiver Q and the potential W = x”+y94+z"+axyz,
witha # 0and p~' + ¢~ ' +r~! < 1. Then M| = A3, and on M, there
is an identity Tr(W) = W, and the potential has an isolated singularity at
the origin. The cohomology H (¢} Q,3) is not pure (see [11, Rem.3.5] [30,
Ex.7.3.5] [44, Ex.9.1]), and so

exactness of ¢p™on S it follows that BPS%V’d is indeed a genuine (mon-

-3/2
BPSw,1 = H(®DN, L1/
is not pure either.

Remark 4.7 By Proposition 2.13 there are isomorphisms

mon mon ~ mon
Mg-SSd)TV(W)g’ICMg’SS (Q) = (I)TF(W);:DM&?SSICM:;?SS (@)

~ 1.mon
= d)Tr(W)gszg-ss (Q)
and so

D“Afg_sszspsgv’d = BPS§ 4. (60)

Remark 4.8 Recall that in the special case ¢S = 9N, we omit the

superscript S from all notation. By Remark 4.7, the definition of BPS a,’d can
be simplified via the isomorphism

BPS§, o = He (M§™, BPSY, o) = H(MG™, BPSS, ).
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Definition 4.9 We make the abbreviation of symbols

34 = O T~ (@

and

3¢5, = D oo, Ll s(Q).

Te(W)§
de/\fL

Theorem 4.10 (Theorem A) Assume that ( is a \\-generic stability condition
on the quiver Q. There is an isomorphism in D= (MMHM (M ﬁ'ss))

H(p§IE5, ) = Symg, (HBC ) @ BPS), ) (61)

and an isomorphism in p=if (MMHM(/\&))

D He (955,59¢5, ) = Symy, (HBC)ir ®BPSS,) . (62)
deA§

Proof We start by proving that there is an isomorphism asin (61). By definition,
the left hand side of (61) is isomorphic to its total cohomology. On the other
hand, H(BC")y;, is also isomorphic to its total cohomology, and BPS %V " isan
object of MMHM (M ﬁ'ss) C DIMMHM(M ﬁ'ss)), and is trivially isomorphic
to its total cohomology. It follows from the exactness of Mg, (Proposition 3.5)
that the right hand side of (61) is also isomorphic to its total cohomology, and
so it is sufficient to construct the isomorphism (61) at each cohomological
degree.

We first show the result, under the assumption that W = 0. That is, we show
that

H(p ICWIC -ss (Q)) = Syle’ (H(BC )Vlr ® BPSW =0, u)

For this special case, the idea of the proof is to use the purity of all rele-
vant complexes of monodromic mixed Hodge modules to upgrade the results
of [34], from equalities in a Grothendieck ring, to isomorphisms.

By Lemma 4.1, for fixed n € Z and f > 0 the map

d,d)/2 ~
H"? (nfd*]L / ) — H" (pﬁ’*JC(C)’d)
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is anisomorphism. It follows that?—((pfL *JL’JC ) ispure, since H" (th d *]L(d D/ 2)

is a pure mixed Hodge module of weight n, as purity is preserved by dlrect
image along proper maps. It follows that H( pﬁ,*JCO’M) is locally finite in the

sense of Definition 3.4, as is Symge) (HBC)yir ® BPSSM), by Lemma 3.7,
since

HBC @ 7S, € D TMMIME V™).

The element Symg, (HBC"),ir®BPS 8’ u) isalso apure locally finite complex
of monodromic mixed Hodge modules, by Proposition 3.8 and Lemma 3.7,

and so both H(pﬁ,*ICmc-ss (Q)) and Symgg (HBC)vir ® BPSS ) are direct
n s

sums of simple pure mixed Hodge modules, and are isomorphic if and only if
they have the same class in Ko(D>''f (MMHM (M ﬁ'ss))).

Inside Ko (MMHM(MS'SS)) consider the subgroup Z; generated by classes
of monodromic mixed Hodge modules of weight greater than i. Then we iden-
tify each Ko(D>'f (MMHM(M{™))) with the completion of Ko(MMHM
(M (Ci-ss)) with respect to Z;, allowing us to make sense of the limits below. For
an object F € D= (MMHM(M ﬁ'ss)) we let [F]x, denote the corresponding

class in the Grothendieck group of D='f (MMHM (M EL'SS)). From the fact that
the map CDS’f’ a4 ©f Eq. (56) is an isomorphism for fixed n and f >> 0 we deduce
that

[t (p T @) |, = fim [ @ LM @ 7fy 2010 @y
de/\c

L fd—1, . £.d /2 4
= f;lin;o I:Sym|Z|€B (H(P vir ® L ® BPSO.u)]KO

- I:Sym‘Z’éB (H(B(C*)Vir ® BPSOC’H)]K()

as required—for the second equality we have used the main result of [34].
For the case W # 0, by Proposition 3.11 we deduce the existence of iso-
morphisms

(0 T @ ) 20 028 (5 T @)
= Qe Sy, (HBC)ir © BPSS )
= Symg, (H(B(C*)W q>m°‘(“w)cB7>S )
= Symy, (HBC)r ® BPSY, )
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where for the third isomorphism we have used that d)?"‘(lw)c is a symmetric
rWin

monoidal functor (Proposition 3.11).
For the absolute case, we compose the following chain of isomorphisms,
the first of which is Proposition 4.4.

v
D He (w365,
de/\fL

=P H (dimg b§ M (pﬁ,!3¢$v,u>)v
de/\fL
= 7t (dim. &5 H (p§,3¢5,,))
~H <dim* d)ﬁ’! Symg, <H(B(C*)vir ® BPS%"’» H))

=H (Sym@+ (H(BC*)Vir ® dim, 5)§’!B7’5€v,u))

= Symg+ @ (H(B(C*)vir ® HC(M(cl_SSS’ BPS%V,d)v)
deA§

to construct the isomorphism (62). |

Corollary 4.11 There is a canonical split inclusion
T i HBC ) ® BPSY, , — H (p5,3¢5, ) (63)

Proof First we prove the corollary in the case W = 0. In this case, the left
hand side of (63) is precisely the summand of the right hand side with strict
supports equal to Mg'ss ford e /\fL by Theorem 4.10, and the result follows
from the decomposition theorem. For the general case, we apply the functor

¢?OI(IW)¢ to the inclusion, and its left inverse, from the case W = 0. O
r u

4.3 The cohomological wall crossing isomorphism—Theorem B

In this section we prove Theorem B, which is a categorification of the motivic
wall crossing formula (8). In Sect. 6.4 we will prove that this isomorphism
can be realised in terms of multiplication in the cohomological Hall algebra.
Even without considering the CoHA we can still prove that there is some
isomorphism (10). The mere existence of this isomorphism is enough for many
applications.
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Fix a dimension vector d € N€0. Denote by HNq the set of Harder—
Narasimhan types for d, that is, sequences d!, ..., d* € N20\{0} such that the
slopes 2¢(d"), ..., B¢(d*) are strictly decreasing and > d’ = d. Recall
that by [36, Prop.3.4], the moduli stack 2g has a stratification by locally
closed substacks

Ma= [] img (64)
deHNq

where EITI% is the stack of representations which have Harder—Narasimhan type
d with respect to the stability condition (.

This is a stratification in the following weak sense. We define similarly
to [36, Def.3.6] a partial ordering <" on HNyg. First, given d= (dl, ooLdh e
HNq we define P(d) to be the convex hull in C of the origin and the points
(Z;‘zl |d'|, 2¢(d")|d!|) for 1 <1 < s. As in [36, Prop.3.7] it is easy to show
that for a representation p of Harder—Narasimhan type d, the polytope P (d)
is the convex hull of 0, (- d and ¢ - dim(p’) for all representations p’ C p with
slope greater than 2¢(d). We write e <’ d if the polygon P (d) is contained in
P (e). The condition on a representation p to have a subrepresentation p’ C p of
fixed dimension d’ is closed, since the morphism Mty g _ g — Mg is proper.
It follows that

e ¢
mec ) mg.
€cHNy
e<'d
Each of the stacks Dﬁg can be written as a global quotient stack

C~ vl
M = XS/ Gy

where Xg C Xgq is the subspace of representations preserving the flag defined

by d, such that each of the associated d”-dimensional subquotients is (-
semistable, and Gg C Ggq is the subgroup preserving the same flag. Each

of these stacks comes with a map pg: zmg — Mg sending a representation

to its semisimplification, and an inclusion ig: Sm% — Mg given by forgetting
the Harder—Narasimhan filtration. The diagram
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l‘f
smg My

o

Ma

commutes. In the following theorem, the map qﬁ is as defined in (46).

Theorem 4.12 Let ( be a Bridgeland stability condition on Q, not necessarily
generic. Then there are isomorphisms

H (Pt TCm@) =R H (qﬁ,,pﬁ,@;‘;’(‘;mzcmﬁ.ss <@>)
(65)

and

~ At
H (pediihy TCm@) =Y H (qﬁ,*pﬁ,mf;fg;v)ﬁzcmg.“ (@)) .
(66)

Assume in addition that ( is generic. Then there are isomorphisms

t *
(P2, e (@) 2 DT Symp_ (45, BPSY, , @ HBCY,)
(67)

and

tw *
H (P*fbr%??w)fcm(@)) = x@,oo&—oo SmeIGB (Qg,*BPSCW,H ®H(BC )vir) .
(68)

Proof As in the proof of Theorem 4.10 we only need to prove the case for
which W = 0 and then we can deduce the general case from the fact that
monodromic vanishing cycle functors are exact, and commute with proper
maps and the relevant monoidal structures. We first prove that the isomorphism
(65) exists. Fix a d € N0, Then if we complete >’ to a total ordering > of
HNjq and define, for each d € HNg,

¢ . ¢

M= LJ ome
e<d

¢ . ¢

m<& T U mé
e<d
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then Emia C My is a closed embedding, and Dﬁg C E)ﬁia is an open embed-
ding with complement smia C smia. We denote by

ig: & — My (69)
iq: M5 Mg (70)
isai EDT;H — Dﬁd (71)

the natural inclusions. We will show that all of the terms in the following
distinguished triangle are pure, and that the connecting maps are zero, and
furthermore that the triangle is split:

H <Pd,!id,!Qm§> —H (Pd,!ifdyg(@mcj —H (deQd,!thCd) - .
_ (72)

Fix d € HNgq. Consider the following commutative diagram

i7
me d Mg
d
q9q
o
X/ (G x -+ x Ga) 22 MES e MG
Pgl

(-ss (-ss
Mdl X +o0 X Mds

><~~-><p§s Pa

g5 X% ags

Md] X"'XMdSLMd

where g, g is an affine fibration of relative dimension

A@= > d-d”

I<r<r’<s

and g, g is an affine fibration of relative dimension

A@= Y Y di,d,.

I<r<r'<saeQi

@ Springer



838 B. Davison, S. Meinhardt

We define

d, d) := fid) — fo(d). (73)

For f € N0 we define f -d = 5
there are isomorphisms

f . d". Fix n, and let f > 0. Then since

r=<s

H" (Pd,!ia,!@ma)

~ ¢ Ty (1 (d.d)
=H" (®!(qu X X ggi(pgr X o X pds)&mg 'ss Xmg)

0 S SN S d.d)-fd
=H (@t(qdn X quS)!(T[f,d' x XT[f’dé)'LMCdIX XMfds>

the complex H" ( P, [iav!ngH) is pure, by properness of qér , 7(? a and &. The
claim regarding the distinguished triangles (72) then follows by induction, and

semisimplicity of the category of pure mixed Hodge modules. Taking care of
the twists, we calculate

H (pICm(Q) = H (p,Lgdn,dm)

~ . d,d)/2
= B (pasia i 89”)

deHN

C C
@ qdl,!H<pdl,!Qm§1-ss) &@

(d',...,d*)eHN

e qu,! H <Pdf,!@m§s-ss) Q@ L~@d+[d.d)/2

45 (Pfi Topmin (@) B -

12

- D

C C

~ tw

~ X aS\H (pfl,,zcmﬁ.ss (@)) : (74)

GBOO-)

This completes the proof of the first part of the theorem: since pﬁ is approxi-
mated by proper maps, and qﬁ is proper, there are isomorphisms
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4 H(PS TCone (@) = H(gy; Pl TCop ()

as required.

Since qﬁ: Mﬁ'ss — M, is a morphism of monoids, qcv! is a symmetric
monoidal functor. If { is generic, we may then apply Theorem 4.10 at each slope
n € (—oo, 00), to deduce (67). Finally we prove that there are isomorphisms
(66) and (68). Note that it is enough to construct the restrictions of these
isomorphisms to each space Mgq. Restricting to this component, there are
finitely many tensor products of sheaves on the left hand side and the right hand
side of (66) and (68), involving H(py' ,ZCom, (Q)) and H(pg,’*ICmg/.ss Q)

ford € /\fL satisfying d’ < d. Then the isomorphisms are given by taking the
Verdier duals of (65) and (67) respectively, by Remarks 2.15 and 3.9. O

Arguing as in the proof of Theorem 4.10, using properness of ¢ and approx-
imation of Pﬁ by proper maps for the relevant base change isomorphisms, we
deduce the corollary

Corollary 4.13 Let ( be a Bridgeland stability condition for Q, not neces-
sarily assumed to be generic. Then there is an isomorphism of N20-graded
monodromic mixed Hodge structures

\%
HoonS, Jey) =B He(mESoeg )

——00

if Cis generic, we may combine this isomorphism with the absolute integrality
isomorphisms for each slope |\ (Theorem A) to obtain the isomorphism

Heom, 3¢y =0T Symy, (HBC)r @ BPSS).

Remark 4.14 In the case W = 0, and S = CQ—mod we obtain the isomor-
phism

HOLZCm@) =B H(MS e @), (75)

00— —

The existence of such an isomorphism is proved by Franzen and Reineke
in [16] via a vanishing result for even cohomology, and before that for the
case of a Dynkin quiver which is not an orientation of Eg by Rimanyi in [37],
where this result is a corollary of the existence of a Poincaré—Birkhoff—Witt
isomorphism for hypercohomology.
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5 Cohomological Hall algebras
5.1 The relative cohomological Hall algebra

In this section we define the relative cohomological Hall algebra H(A%V’u).

For now we will not assume that the stability condition ( € Hgo is generic.
The underlying cohomologically graded monodromic mixed Hodge module
of H(.A%V’ u) is H ( pﬁ,*’JQgV’ u) from Definition 4.9 and Theorem 4.10. We
will define morphisms

H (%) (P55 0 ) B H (PG €5, o) = 7 (p§.3C5.4)
(76)
foralld = d +d” withd’,d” € /\fl satisfying the natural associativity con-
dition for a monoid in the category D= (MMHM(M ﬁ's’s)) with the twisted
monoidal product &E‘g. The result is a relative version of the cohomologi-
cal Hall algebra of Kontsevich and Soibelman [29] in the sense explained in
Sect. 1.2.
We define (76) as the composition of two morphisms, the first of which is
defined in terms of the commutative diagram

XC s (Gd’ X Gd”

d. drr
XC -Ss XC -Ss G G SS G
X &’ / ( d X d// d/ d”/ d/ d”
l C 4 & \L
Py XPgn Py av
(-ss (-ss d d d.d (-ss
m Emd” / f.)nd’ a4’

MG MES — T MG

We treat the vertical isomorphisms as identities in what follows. We consider
the following composition of isomorphisms

d//

¢ mon ¢ mon
H <Pd’,*¢zr(W)§/Q9ﬁ§[“) XH (pd”,*d)s (W)C, ch “)

~TS ¢ ¢ mon
= H ((pd/ X pd//)* Tt(W)g,EE'It(W);’,/QmC SSXDJZC ss)
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12

H («pg X Py o rDL I Qs )

Te(W)S, BT (W), or1 <X g/ (Gar xGar)

C mon
H (pd/,d//,*d)Tr(W)g/’d// QW&/??//)

12

to obtain the isomorphism

¢ . C mon C mon
“arar O <H (pd’,*d’st(wﬁ/ @fmf};“) W (Pd”,*"’st(mg,, Qfmﬁ,;“))

¢ mon
o (7 (b #2005, i) )

L

Next consider the commutative diagram of stacks

4
N

- d’.a’ -

me ms™

\L_ & G a

(-ss ‘ar @ (-ss ‘a.a” (-ss (77)
Xd’ d”/Gd/,d”HXd /Gd/vd//H—Xd /Ga

6 4

\Lpd,’d” Pq

_ _ @ B

MG 5 M MG

Note that tfi/ & is a closed inclusion, while cfi/ &

& g 18 @ proper and representable morphism of stacks.

We define Vy = [];c, Hom(CY, C%),and Uy = [T;, Hom*™(CV, C%).
For N > max(d;), the group Ggq acts freely on Uy, as does Gy g C Gq. We
define

is proper and representable,

and s0 ¢

X§N = X5 x6q Un (78)
(-ss __ v(-ss
Xd/,d//,N - Xd/,d// XGd/,d” UNv (79)

and let Tr(W)fi,N and Tr(W)fi/ d' N

on X é IS\,S and Xé,'iis,, y respectively. Passing to the limit of the composition of
morphisms

denote the functions induced by Tr(W)
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C . mon
Bd/,d//,N . @* H <Pd/ d// N, *Cb QXC -ss )

TI'(W)d, d’' N d.d’ N

b

(e g, @in,)

d/ a’'.N d/ d’.N
mon i
- (Pd NPy (W)§ v Sd/ d’.N, *@XC - >

mon r@.d”
- (pd wePhns e ) (80)

we obtain

C . C mon
Bd/,d” . @* H (pdryd//y* T (W) de -ss )

d.d4" d.d"

L L@ g gy <p§ *¢§°(I;V)c@m§-“> . 81)

Here we have used that @, H ' fmon Q,¢-s (Q) ) is natu-
* pd d” N ,x Tr(W)d, &N Xd/,:ls”,N

rally isomorphic to H <€B* pg, &' N *d)?r?;"’) Qxc.:; (Q)) since @y is
,d’, &N 4" N

exact, as @ is finite. We define the morphism H (
sition

W d,,) to be the compo-

(d".d")/2 x(d'.d’)/2 ¢ qmon
L QL ®H(pd/q*¢‘ft(W)§,deCfSS)

x(@d”,d")/2 mon
X (]L ® H( drr d)fr(W)C ch w))

& a4’

= L.d)/2 o x@.d)/2 o x(@".d")/2 ¢ gmon )
—L ®L ®L ®H (pd,,*d)gt(w)é(@mé.“)

mon
XH (pdu d)Tt(W)C ch ss)
= (@”.d")/24+xd',d")/2+x(@",d")/2 4 mon
— L ® H (pd/’*(bsr(w)é@gndll—ss)

id®(Bg arootq a)
X H (pg,,,*qam"“ ¢ Qun; > —

T W) gr
(@”.d"y/2+x(d',d")/2+x(@",d")/2 x(d’,d”) & mon
]L ®]L ®H(pd/+d”'*¢‘zt(w)§/+d//(@ dc’ d”)
= X(d/ +d”,d, +d//)/2 (, mon
— L ®H (pd’+d”,* Tt(W)d,M,,Qfm‘f/ rd”) .
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We define

"% = B H(Faa)-

d.d"eAf
Letd™ for h = 1,2, 3 be a triple of dimension vectors, and set
— 4 mon
Je = H <pe’*d)ft(W)ngec—ss> .

By the standard argument (see [29]) the diagram

@,

Jao Ko Jgo Mg Jgo LXx@®.d9) g Jao X2 4 g

@ M 4@ O EIF10)
@ Jq) 4 g0 B Jgo — L@ ADHX@RADIX@DATD @ Joo) | g0 4 o

(82)

Lxa@®,

commutes. It follows that we can describe both the maps

¢ ~pC t ¢  ~gC t ¢ ~gC
(H (Pdm,*JQ:W,d(l)) X H (Pda)’*JQ:W,d(z))) N H (pd(S),*JQ:WAG)) -

C ~oC
H (Pdm +d® 1+ a9 I g0 1 g@ +d<3>) (83)
and
¢  ~gC t ¢  ~gC t ¢  ~pC
H (Pdm,*JeW,d(l)) X (H (pd(z),*JQ:W,d(Z)> N H (pde),*JQW’d(s))) -
(84)

~

C
H (pdm+d<2)+d<3),*~’C (85)

w,d®D +d@ + d<3))

via the recipe: move all of the half Tate twists to the front, and then apply
the map « to the final three tensor factors. On the other hand, the natural map

between the domains of (83) and (84) involve commuting the ,d¥.d4%/2) twist
in the second monoidal product past the 1Xx@.dD)/2 twist in the definition
of H (pg(”,*jeiv,d“))’ introducing the sign (—1)<d(3)’d(2)>X(d(l)’dm), as in the
definition (49) of the associator natural isomorphism for the monoidal structure
X We deduce

Proposition 5.1 The pair

(r (ri2eiva) 7 ()
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is a monoid in Dz’lf(MMHM(./\/lﬁ)).

Definition 5.2 (Relative cohomological Hall algebra) We denote by H(A%‘,’ u)
the monoid <H (pﬁ,*J(’:%V u) , H(%%V u)’ ICMc.ss (Q)) in (Dz’lf(MMHM
' ' 0

(MG™), KY).
" . . . O~
Recall from Proposition 4.3 the isomorphisms v, : ?(r)l;W)ﬁ H ( PuJIE; u)
=H < pﬁ,*JC%V’ p>. We will use the following technical lemma in the proof of

Theorem D.

Lemma 5.3 The following diagram commutes:

mon 346
d)Tr(\A/)ﬁ Go )

mon ¢ ~eG tw & G mon & &
Tr(w)§ (H (p”'*"%vu) Ng H (puv*jQO,u)) ¢T;~<W)ﬁ H (p“’*j%,p)

l(vuglg‘vu)o’fs] l‘/u

4 4 W 4 4 H(;‘i'“) 4 C
7 (phae5, ) B H (pia0c ) H (piaaeh,.)-

Proof Here TS is the Thom—Sebastiani isomorphism. We break the two hori-
zontal arrows into their constituent parts, given by the constituent morphisms
of the composition H(%%V’u). Then the problem reduces to several trivial com-
mutativity statements regarding smaller squares. |

Remark 5.4 Applying the functor dim, J)ﬁ’! to
H (53¢, ,) € DT MMEMOME™))
we obtain an element

He (M5, M (pﬁ,zjﬁ’iiv,u))v e D="(MMHM(N?))

that is noncanonically isomorphic to the underlying N¢°-graded monodromic
mixed Hodge module of the absolute cohomological Hall algebra H(A%{,"Su),

a monoid in the monoidal category (D= (MMHM(N90)), &f), defined by
Kontsevich and Soibelman (we recall the definition below). I.e. we obtain the
“ambient perverse associated graded” monoid

Grop(HCAGS) = M (dim. a5 1 (A55,)) - (86)
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See Proposition 5.7 for a more precise statement. The notation in the left hand
side of (86) will be justified after we introduce the (ambient) perverse filtration
in Sect. 5.3.

5.2 The absolute cohomological Hall algebra

We start to complete Remark 5.4 by recalling the definition of the cohomo-
logical algebra structure on H(Aa’,il) from [29]. Extending (78, 79) we set

-SS -SS
XC N .:XZ' ' XGd/XGd// UN

dmd’ d,d’
X5 (X5 x X5 x U
adOd’ N "= d 4’ GyxGgqr YN-
We denote by
. v(-ss,S (-ss
omnN: Ximg v = Xgmar.n
. v(-ss,S (-ss
ooN: Xgoa v ~ Xanar v
-ss,S -ss
Wo N - Xg/,d//,N — Xé/,d”,N

the inclusions, and we denote by ¢} , the vanishing cycle functors induced

by Tr(W) on the targets of these three maps. Then forn € Z and N € N there
is an isomorphism

. n * mon * mon
©: HZ (riviogyvdm Qyes = op yrin,dm Qyi-s
’ d mad’ N d mad’ N

\4
k mont v
— g ydO X Gss )
dda’ N

where v = 3" o df @ d (a)» Provided by base change and the Verdier dual
of the morphism

Quess = rinaQuess .
d’dd”,N d’md’ N

Similarly, we define the isomorphism

. n % mon k mon
V: He (v omyém Qyes = g yra, N, 10w Qye-ss
’ o md’ N d md’ N

\4
* mony u
_>a)ovN(bo an-ss >
a.d" N
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whereu =3, d;d;. Taking N sufficiently large (for each cohomological

degree), and composing the appropriate twist of ® with W', we define the
isomorphism

v
—C . £-ss,S 1 mon
&, 0 He (zm G O Ty s (@))

\
(-ss,S 4 mon
&4_ HC (md// ’ d)‘Ir(W)g,, Icmgl;ss (Q))

Vv
—@",d")/2 (-s8,S 4 mon
—> ]L ® Hc (md,,d” ) Tt(W)g/yd/Icmg/:iis” (Q)) .

\
Similarly, with notation as in (80), applying H,. (a)}"v cl)?‘zr“}v) c ) to
Wd n

C
Q C-ss = § Q C-ss
Xdn d'.d".N.USXG

and passing to the limit, we obtain the morphism

\%
_C i
Bd/,d,l N HC (th,’sj/’ls, mon 4 :Z'—CSD'I(‘ -SS (Q))

St(W)d’,d’ a4

Vv
d,d”)/2 (-ss,S
— L X Hc (E)ﬁd , (bmo(r;v)gz.cmg—ss (@)) .

T
We set
H(AGS) = HeG™S, 3¢5, )Y
and
HeGS) = @ L 2 @Bi g W o )

d’,d"eN20

to obtain the “absolute cohomological Hall algebra” in the sense of Sect. 1.2.
This is precisely the CoHA defined and studied by Kontsevich and Soibelman
in [29, Sec.7].

5.3 The ambient perverse filtration
Forf, d € N90 get

vy, d)=d d)/2-f-d.
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Since /\/lg 4 1s smooth, and 7'[;: 4 Mfc 4= Mg'ss is proper, by the decompo-
sition theorem there is an isomorphism

f.d) ~ f.d
m Lt = (ﬂfcd!ﬂ“y(é ))-
T Meg T Mig
This decomposition is not canonical, but the mere existence of such a decom-

position implies that the natural map

]LY(f d
.d

Y(f d)
r f d,! — T>p7Tf d,! ,]L

admits a right inverse, where T, is the truncation functor with respect to the
natural t-structure on the category of monodromic mixed Hodge modules. We
deduce that the morphism I’ given by the composition of natural maps

(bmon ’Y(f,d) = mon ¢ ' y(t.d)
Tr(Wfq Mffd Trow)g B4 Mmgy
mon r
d)TrV
f.d f.d
Cbmon )CT>P7de'LY( ) T>P7de (bmon Y( )

Tr(W TV(W)fd Mfd

admits a right inverse X. With

the natural inclusions, there is a natural isomorphism given by base change

f.d) ~Cx__C mon V(f d)
Q- mon V( — o%*n
dd)Tr(W)f d Mlg,d d f.d, 'q)Tr(W)f d Mf d

Setting

TrW)ig

V

mon y(f,d)
<HC( cl)T’(W)fd ) )
vV
( fd’wd == p“fd G v(f,d)>

~ ¢S ~()! C mon —(d,d)/2
=H (Mf,d s (Ud TSPT[f,d,* TV(W)de]L )
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\"
we consider the morphism ¢, := H, <cbfcfi‘ Mo Q) . This is a split injection,
since it is the dual of a split surjection with right inverse H.(Q~! o 5)? &k ).

We thus arrive at a canonical filtration, indexed by p € Z, which we call the
ambient perverse filtration:

v v
p mon y(f ,d) ¢,S 4 mon v(f,d)
B (e (o 20) ) e (Mo, 1)

Warning 5.5 Throughout the paper, we always consider the perverse trun-
cation functors for M(Ci, and never the truncation functors for monodromic

mixed Hodge modules on Mg’s. As a result, the associated graded of

v
mon v(,d) >~y .S ~ C mon —(d,d)/2
Hc< a e, I ) <M g T g ron, )

is in general not isomorphic as a graded object to the hypercohomology of

the total perverse cohomology of & a)d 7Tf d *CP?OI(IW) L=@D/2 for which the
f.d

grading comes from the perverse truncation functors for Mg’s. For example,
let Q be the one loop quiver, let W = 0, let mS c IM(Q) be the reduced sub-
stack, the closed points of which correspond to nilpotent C Q-representations,
letd = f = 1, and let C be any stability condition on Q. Then there are
isomorphisms

Mg = MG® = A
Mgs = MG = {0}

and we may identify the (reduced) nilpotent locus with 0 € A', and the map
7ch d with the identity map. We have (d, d) = 0, and so the perverse cohomology

of 7tf d]L @d ~q a1 IS concentrated in degree 1, and so

¢S ~C' —d,d 2
o (3 (4 5870, 447)

. . ~ ! ~ .
is concentrated in degree 1. On the other hand a)g"(@ al = Lijoy is concentrated
in perverse degree 2.

c !

Furthermore, since awq" is in general not exact, there is no obvious way to

use the decomposition theorem to deduce that a)d 7tf d. Lpmen L-@dd)/2
Tr (W)f d

is isomorphic to its total perverse cohomology, for the perverse truncation
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functors associated to Mg’s. In fact it is not hard to produce examples in
which this statement is false, for instance by modifying the above example by
setting M C M(Q) to be the open substack of Q-representations for which
the loop of Q acts invertibly.

Remark 5.6 The distinction between different perverse filtrations exemplified
by Warning 5.5 is the reason for our being explicit about picking the ambient
perverse filtration. Since this is the only type of filtration we consider, we will
omit the word ambient from now on.

The perverse filtration is well-defined in the limit f >> 0, as for fixedd € N Qo,
fixed cohomological degree n, and forf’ > f >> 0, in the commutative diagram

v, d) y(£,d)
(Mf/d’ f/dv]LMc )< (Mfd’ fd']L‘ )

f,d
f'.d f.d
<M§'ﬁ’ T=p (T[f’ d.! vLY( )>) ~—H (Mf d>T=p (T[f d. ']Lj\ftf ))>

the horizontal maps are isomorphisms by the argument of Lemma 4.1.
Since the constituent morphisms of H(* ) lift to morphisms of mon-
odromic mixed Hodge modules on Mﬁ S it follows that H(*W u) respects

the perverse filtration, and from the definitions we obtain the first statement of
the following proposition, while the second is Proposition 4.4.

Proposition 5.7 There is a natural isomorphism of monoids in D> (MMHM
(N20))

Gros (HCAS). Hes ), HOAG, o))
= 7 (dim. &5 <H(A O HE ). IR @)). 6D

Furthermore, forgetting the algebra structure, there is a noncanonical isomor-
phism of underlying monodromic mixed Hodge modules Grm(H(A%,Su)) =

H(A%V‘i).

The isomorphism of algebras is what justifies the notation of (86). The follow-
ing technical lemma is what will enable us to use the localised coproduct on
H(A%VSH) to induce a Hopf algebra structure on the associated graded algebra
(87). It is only a very slight variation of [13, Prop.1.4.4], but we include the
proof for completeness.
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Lemma 5.8 Let V be a vector bundle on My, and let eu(V) € H(Mq, Q) be
the corresponding equivariant Euler class. Then

eu(V) - PP (H MG, 3¢, 9Y) € Pr29m@ @@y ¢, 3¢5, ).

Proof Letpr: T(V) — img'ss be the projection from the total space of V

restricted to E)ﬁfl'ss, and let i: Sﬁfl'ss — T(V) be the inclusion of the zero
section. Let 7¢(V) be the total space of the bundle V pulled back along the
map Mf 4= Sﬁg'ss defined by forgetting the framing, and let pry and if denote
the corresponding projections and inclusions. Let 7r(W)y ¢ be the function

induced by Tr(W) on Ty (V) and let V" = Ho(MES, Oron ¢ Qe )" Then
' Wt f.d

we have the equality of morphisms

_ ~C,! mon . —dim(V) , —dim(V)
eu(V)lay =H (wf,d Pre . (])Tr(w)” (lf’*QMfL.d — ILTf(V) — lf’*]LMC ))

t.d s8)

and the action of -eu(V) on H, (sz,'“*s, 3@%, 2" is given by letting f > 0'in
(88) and twisting by L@9/2_ This morphism respects the perverse filtration

¢,S 1 mon (d,d)/2 . . . .
on H(-Mf,d , CPTV(W)fC,dLMfC,d ) (with the shift by 2 dimc(V)) since

4 mon . (d,d)/2 . —dim(V)+(d,d)/2
TUf 4.5 PTg 5 d)Tr(W)” (lf’*LMfc,d — lf’*LMﬁd )

is a map of complexes of mixed Hodge modules on Mg'ss. The result then
follows from the definition of the perverse filtration on H,. (93?3'“’5, JQ‘C)V’ 2D

O
We finish this section with the “absolute” version of Corollary 4.11.
Corollary 5.9 There is a canonical inclusion
TGS HBC ) ® BPSGS, — H (4GS (89)

Proof There is a natural inclusion L.!/? @ BPS %,‘Su — H < pﬁ, *363,7 u) since
BPS %,Su is precisely the first piece of the perverse filtration of the target. Via the

H(BC")-actionon H (A%(,‘il) , this gives rise to amap Té}i’abs, which respects

the perverse filtration by Lemma 5.8. After passing to the associated graded
of the perverse filtration, it is an injection, since it is obtained by restricting
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the (split) injection of Corollary 4.11 to the locus of points in S. Therefore
Té}su’abs is an injection. O

6 Structural results for cohomological Hall algebras

6.1 Symmetric monoidal structures, revisited

Let ¢ € ]I-LQ_" be a stability condition, and let 1 € (—o0, 00) be a slope. We

assume that ( is p-generic. We define Xé'f\,s and Xg,'i:,, v 38 in (78) and (79)
respectively. As throughout the paper, we assume that we are given a Serre

subcategory of the category of finite-dimensional C Q-modules, and denote by

. v (-ss,S (-ss . v (-ss,S (-ss
waN: Xg T = Xdn @d',d",N - Xd’,d”,N - Xd’,d”,N

the inclusions of the reduced loci corresponding to C Q-modules in S. Consider
again the algebra from the end of Sect. 5.1

Vv
H(AG5,) = He (MG5,9¢5, )

~ : : ! d,d)/2
= lim H ( Dim, o' mon L¢ .
C N>o0 * d’Nq)Tr(W)g,N Xg.}\sls

deAy '

By [9, Thm.5.11] this algebra carries a localised bialgebra structure, in the
sense that for all decompositions d = d’'+d”, withd’,d” € /\ﬁ, there are
maps

A - M) () oo

where
S \gv ¢S ) . ¢S ¢S
H (AW,d/) b, H <“4W,d”) - (H (AW,d/) M H (vad//>>(d,d”)
. ¢S t ¢S -1
= (1 (AGS) By B (AG5,)) 121

£d’,d” = l_[ 1_[ l_[ (yj,t” _xi,l’)

i,jeQo 1<t'<d} 1<t"<d]
€ HGd/ (Pt) ® HGd” (pt)

Sym,
= C[xl,l’---’xl,d/l’“-vxn,l""’xn,d;] ymy

S
®CI¥1 1o Vi Yt o Y I
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with Q¢ = {1, ..., n}, satisfying some natural compatibility conditions with
the multiplication, see [9, Def.5.3]. We next describe the most important of
these conditions, which is a localised variant of the condition that the mul-
tiplication and comultiplication together endow H (A%,‘i) with a bialgebra

structure.
Letdl,dz,d3,d4e§/\ﬁ.Set

d=d'+d*+d*+d*

¢ =d'+d°
¢ =d+d*
el =d' +d°
e’ =d’+d*.

_ (-ss,S mon .
Letl, = H <9ﬁ. , d);ct(w)f@smf'“'s)' L.e. for now we do not impose our

usual system of (half) Tate twists. By the main result of [9] the following
diagram commutes

Ia Xy I —5~ (]Idl Dy Mg Xy T3 Xy ]Id4)

) |

I[d (]Iel IEJ,_ ]IGZ)(elyez)

(dl ,dz),(d3,d4)

where we have left out the (whole) Tate twists, and the subscripts indicate
which Euler class we localise with respect to. Here, a and d are given by
the comultiplication, while b is given by multiplication. The morphism c is
given by first further localising, then swapping the second and third entries
(observing the Koszul sign rule), multiplying by the scalar (— I)X(dz’dS), then
the CoHA multiplication. The reader is encouraged to consult [9] for the full
details; our description in this section is mainly directed towards the limited
aim of explaining required sign conventions, as we next explain.

We would like to have, instead, commutativity of the diagram

AGG) e B () — (i (A ) e () e (45 ) e (45)),

) uf

H(AGS) cl (H(A53) =H (A@iz»‘

oD
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where now the map ¢’ is defined to be the map swapping the second and third
terms via the symmetric monoidal structure in D> !f (MMHM(/\ﬁ)), and then
applying the multiplication. Here,

Q=@ ad%>, @,d"
®=(e e

as before. The relation between the two diagrams is as follows. The objects
in diagram (91) are tensor products of terms I, tensored on the left with half
Tate twists, which we may commute to the left. Then tensoring the morphisms
a, b, c, d on the left by an overall half Tate twist and commuting the required
half Tate twists into the tensor product, we obtain the maps a’, b, ¢/, d’ respec-
tively. In order to arrange commutativity of (91), then, we define the sign
occurring in the symmetrizing morphism for D=!f (MMHM(/\ﬁ)) to be given
by

Tsw(o® B) = (— DX ENXEINE Dgy (o g )

where sw is the standard symmetrizing morphism. We pick the superscript T
since the bilinear form (15) defines the deviation from the usual sign conven-
tion. The x(d?, d*) term is as in the definition of the morphism ¢. We denote
by TD=If (MMHM(/\EL)) the symmetric monoidal category obtained via this
modified sign convention.

Proposition 6.1 Let (B, *) be afree supercommutative algebra in the category
D(MMHM (Aﬁ)), given the above symmetric monoidal structure. Then if we
define VB by modifying the product as in (17), it is a free supercommutative
algebra in D(MMHM(/\EL)) with its usual symmetric monoidal structure.

Explicitly, we define "sw via the chain of isomorphisms
P e P 7y
d’e/\f1 d”e/\f1
o @ L(X(d’-ﬂ'HX(d”-d”))ﬂ ® (]fo(d/,df)/z ® f&) %, (]L*X(d”,d”)/z ® ]__:i/”)
d.d"eng
= P L&@OHX )2 g (L—x<d’zd”>/2 ® fé@,) X (L—xm',d')/z ® fé,)
d.d"eng

=P e P Fy (92)

d’en§ den§

where we have applied the usual symmetrizing natural isomorphism for the

tensor product of the objects L—x@-4)/2 g F o and Lx@".d"/2 & b We

define the twisted symmetric monoidal structure on D>1f (MMHM(M&'SS))
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via the same recipe as (92), with X replaced with Xg,. It then follows as
before from [33] that

dim,: "D (MMHM(MS™)) — "= (MMHM(A))

is a symmetric monoidal functor.
The algebras H (A%{,S) and H(‘M%’,ﬁ) differ by the above type of sign

twist. In particular, their underlying graded monodromic mixed Hodge struc-
tures are the same, and Theorem C implies that there is an isomorphism in
D= (MMHM(A))):

The next proposition shows that this is a general phenomenon.

Proposition 6.2 Let F € Dz’lf(MMHM(Mﬁ'SS\MS'SS)). Then there is an
isomorphism

" Symgy, (F) = Symg, (F).

Proof Let F be represented by the complex (G, d) of mixed Hodge modules
on Mﬁ'ss x Al. Let ) be as in (17). Let

T(G,d) = | T.(9).d

n>0

T, =PgR---®g

n>0 n times
be the algebra generated by G in the category
Xn
DZ,lf MHM ]_[ ((Mﬁ_SS\MS_SS) x Al)
n>0
along with its natural differential. Via the results of [33], as recalled in Sect. 3.2,

T, (G, d) carries an action of G,,, determined by morphisms for each T € G,
andajy,...,a, € /\IfL

T ..oan
Gay B+ 8 Gy = 70, (Gt B+ B Gra)) -
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Setting

#,7T o T(a;,a;) #
T[al,...,an = Z (_1) © 7'[a1 ..... ay

I<i<j<n|m@)>7(j)

we obtain the T-twisted action. Then the morphisms

P(a;.a;)
Di<i<jenin@snhy DT

galg"‘ggan —— : galﬁ"'ggan

commute with the differential, and intertwine the two &, -actions. Passing
to the invariant subcomplexes, and taking the direct image along the iterated
monoid morphism

]_[ ((Mﬁss\Méss) % AI)Xn N Mﬁ—ss % Al
n>0

we deduce the result. O

6.2 The perverse associated graded Hopf algebra

Next we describe the localised comultiplication in a little more detail, for
further details see [9]. Consider the proper map Sar.a”: E)Rg, s(;,, — Dﬁg'ss
defined as in (77). We form the map

55,8 .’ -s8,S
vi HoG ™, 3¢y, )Y > LY @ He@g §°, 07, ¢ IO ()

(93)

given, via Verdier duality and Proposition 2.13(2), as the tensor product with
L@-4)/2 of the limit as N +— oo of the composition of maps

" (Dlm* a.n P g @Xé}‘v“)

. ! mon
— H <D1m* a)d’Nd)Tr(W)s‘ Nsd,vd//v *QXC -ss )

d/ d//

=
. | mon
N H Dlm w Sa’ q”
< * W, N2d',d", N ,* TI‘(W)d/ d’. N d/ d” )

L

. |
H (Dlm* Sd/’d”yN’*a)&/’du’Nd)mon C QXC -s§ > . (94)

Tr(W)d, a'N d.d" N
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Since the morphism Dim factors through a map to the base M g'ss, we deduce
as in Sect. 5.3 that 'y preserves the perverse filtration, i.e.

v (B (He@mg ™, 3¢5, 0))

\
d’,d”/2 C-ss,S 1 mon
C ms (]L ® Hc (md,,d” ) TV(W)grqd//ICms":iis” (Q)) ) .

Composing with the isomorphism

v
L7 (d,d”)/2 (-ss,S 4 mon
r-L ® He (md/,d” ’ St(W)j/_d//Icmj,ﬁ;/‘s (Q)>

14 7 d - ~ 58S
LR g i 36 ) 8 B, 3 )

we likewise deduce

Moy (%, (Heom§ ™%, 3¢5, ¥))
cx <L(d/’d//)/2+(d//’d/)/2 ® H(Smfl,'ss’s, jeiv,d/) ® HC(DJTE,ZSS’S, jQ:iV,d”)v>

d.d” -$5,S ~ 85,8~
=, (L9 @ Homg ™%, 3¢5, )Y By g™, 3¢5, ,))
&- ,S ~ - ,S ~
=P, _ra.ar) (HC(Dﬁd,SS JIE, )Y B He g™ ,chv,d,,)v),
95)

since I" is obtained by taking the hypercohomology of a morphism of com-
plexes of monodromic mixed Hodge modules on M ﬁ'“. The final equality (95)
does not preserve the cohomological degree, or the mixed Hodge structure.
We define

Gaa =[] T[] [T Go@r =y

acQ lfl/fd_;(a) 151”§d;’(a)

and

Coaa =[] T[] TI =i

i€Qo 1<l'<d; 1<I”<d}
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Multiplication by QEI (11,’ 4 €o,a’,a” defines a map

B*: HAS,) B HOAGS,) — (HAGS) B HOAGS) ) 1251

(96)

The comultiplication is defined [9, Cor.5.9] by

Ay art BOAGS) — (HOAGS) B HAGS)) 125
S _
A%V d/ a’ :=('€1,d/,d”€0’d,’d//) [¢] r (e] 'y

This comultiplication then respects cohomological degree, and lifts to a mor-
phism in the category of cohomologically graded monodromic mixed Hodge
structures. For a dimension vector e, we define |e|] = ) ; €0 &i- So, for
example, Lg' g7 is of cohomological degree 2|d’||d”|. We extend the perverse
filtration to the right hand side of (90) by setting

B ((HOAGS) RS HOAGS) ) 125)0)
=3 Peraaryarn (HAGH) BYHAGS)) ) g5t O

n>0
By [9, Prop.4.1], the localisation map
Ja
(HOAGS)) B HAGS)) =5 (HAGS) B HOAGS) ) (241
(98)

is an inclusion, since the operation - £4' g~ is injective on the domain. By defini-
tion (97) fa.a» preserves the perverse filtration. By Lemma 5.8 multiplication

by & - €y ¢ g7 iInduces a map

1 d/ 4’

P ((HAGS) B HAGS, ) ) 125),01)
— PBsto@.a) ((H(AW ) B H(AS d//)) (L4 d/,]) .99

Combining the shifts in perverse degree in (99) and (95), we deduce that

A aar (B (H(A53))) © B (RG22 HAGS) ) 124101).
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The proof of the following is essentially the original proof of the Atiyah—
Bott lemma of [2], adapted to deal with vanishing cycles and passage to the
associated graded of the perverse filtration.

Lemma 6.3 The map Gry(fg g7) induced by the map (98) is injective.

w, aq”
It is sufficient to show that the degree 2|d’||d”| map Grg(-Ly g7) is injective.
For then if

Proof We abbreviate 3; =; (H(smg,‘“’s, Jet a) X HENS,S, ’30:3, d”))'

- ,S ~
faar@ € | D" Bipoaar (H(imfrss LICY, )

r>0

tw (-88,S mgC —r
IZ’+ H(md,, ) JQ:W,d”)) ° Sd,,d”

we can write a = >, _, by - £/, for b, € B, r1qa7),- Thena - £, 1 €
Bitoa|ja’j» by Lemma 5.8, and so a € P, by injectivity of Gry(-Lq g7)-
Consider the subgroup G,, = T C Gg x Gy given by the embedding

2 (@ idicoy % id aicas )

andlet Py gv := (Gg xGgr)/T.Note that T acts trivially on X 3,’55 x X g,}ss and
furthermore T acts trivially on the linearization (39), so that the linearization

of the G4 x Ggr-action lifts to a linearization of the Py 4 action. Let

p:i/,d”: (Xg/_ss X X&;SS)/Pd/’d// —> M(Ci/_ss X Mg/_/ss

be the map to the GIT quotient. Via the Cartesian square

M x M pt/(Gg x Gg»)

" |

(X5 x X§™)/ Py.ar ——pt/ Paa

we obtain the isomorphism
(rG, 95 305 35,,)

~ 1/2
=7 (Pdddf?fc/ <@>) Oy, o0 HoyxGr () ® L2,
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where f is the function induced by Tr(W)gy B Tr(W)g on (Xg[ss X
X éiss) / Py qv- After picking a splitting
A HGd/XGd// (Pt) = HPd’,d” (Pt) & HT(Pt)

we obtain an isomorphism
¢ ~gC ¢ ~gC
H <pd’,*J€W,d/ X pd”,*JQ:W,d”)
=H (pé’,d//,*¢?0nICX§,SSXX(;:,/SS/Pdr,du (Q)> ® H(Icpt/T(Q))'
We define the filtration

] -ss,S (-ss,S ~! i
D'=H <Md’ ™ x Md”ss L& H (pfi’,d”,*‘bl}mzcx;,*“xxd‘,,’“/Pd/,d,, (Q)>
®H(TCp/7(@) C H (MG x MG, 6 M (pf, 3¢5, 4 B pf, 3¢5, 1))
= Gry (H(Aﬁv’j) &L H(A@j,)) —B

where we have made the abbreviation

&=y x @5 MG x MS®S > MG x MG

Consider the associated graded object Grp B. Multiplication by L4 g4~ pre-
serves D degree, and so induces a map

Grp(Grp(-£g g47)): Grp B — Grp B.

Specifically, the map is given by multiplication by the T -equivariant Euler
characteristic of Xy g» — Xg X Xg7, which is nonzero since the vector bundle
has no sub-bundle with trivial 7'-weight. It follows that Grp (Grgz (- L4/ 7)) is
injective, so that Gry(-£4 g7) is injective too. O

We deduce the following proposition.

Proposition 6.4 The triple (Grqg(H(A%{,‘i)),Grm(H(%%’,‘i)),Grm(A%{,‘i)>

defines a localised bialgebra in the category "D>If (MMHM(/\ﬁ)) in the sense
of [9, Def.5.3].

6.3 Proof of Theorem C and construction of the BPS Lie algebra

We start with a couple of technical lemmas for the proofs in this section.
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Lemma 6.5 Let 7, G € MMHM(X). Then f: F — G is an isomorphism if
and only if f, is an isomorphism for every closed point x € X.

Proof One implication is trivial, so we assume that f; is an isomorphism for
every x and prove that f is an isomorphism. Since the functor

forgy*": MMHM(X) — Perv(X)

is faithful, it suffices to prove the lemma with the category MMHM(X)
replaced by Perv(X). Write C = cone(f). Assume for a contradiction that
C # 0.Leti € Z be the lowest number such that the constructible cohomology
sheaf . (C) is nonzero, and set

R = H. o (O)[—i].

Denote by t,: x < X the inclusion. The functor ¢} is exact for the natural
t-structure on the derived category of constructible sheaves, and there is an
isomorphism (fC = cone( fy), so the first term in the exact sequence

— H S (F7iC) — HL L (ER) — HL,(15C) — .

is zero, as well as the last, by supposition. Then R[i] is a nonzero constructible
sheaf satisfying (¥ R[i] = O for all x, a contradiction. O

Lemma 6.6 Let 7,G € MMHM(X), with forgy°"(F) and forgy®"(G)
semisimple perverse sheaves, and let f: F — G be a morphism between
them. Then f = 0 if and only if f, = 0 for every closed point 1 : x — X.

Proof Again, one direction is trivial, and we may assume that we are working
in Perv(X) throughout, by faithfulness of forg'y®". So assume that f, = 0 for
all x. Let {S;};e7 be the set of all simple perverse sheaves appearing in a direct
sum decomposition of F and G. Then there is a commutative diagram

@D,cr St ®c Hom(S;, F) ——= F
P, id; ®f,l
@tGT Sl’ ®(C Hom(St, g

N—"
ll?
~
Q

where id; : S; — §; is the identity map, and f;: Hom(S;, ) — Hom(S;, G)
is obtained from composition with f. Writing

S, = ZCy (L)[dim(Y)]
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for Y C X a closed irreducible subvariety, and £ a local system defined
on Y’ C Y aregular open subvariety, and picking x € Y’, we deduce that
;id; # 0, and so f; = 0 for all 7. O

With these lemmas in hand, we move back to consideration of cohomolog-
ical Hall algebras. Throughout this section we assume that ( is p-generic. By
Proposition 4.11 there is a canonical embedding

t = H(dimy @ HG 'TC )

of H(BC")vir ® BPS;", inside Grys (H(AGS ).

Proposition 6. 7 The subspace t(HBC")yir ®BPSC .S ) is a primitive subspace
in Gryp (H(.A )) i.e. the following composition of maps is zero:

. LS Grys (A3
P HBC)ur @ BPSGS - Gry(H(AS,)
deA5)\ (0}
P Grp (HAGS) =Y HAGS )L 1)
d.d’eng

D Gy (AGS R AGS I ).
d,d"eAG\ (0}

Proof We need to show that for decompositions d=d +d”, withd" # 0 #
d”, the image of t(H(BC")yir ® BPS ) under the map

G- 3 ~
erp(A d/,) H (M s d wq H (pd *q);:(r;v)gzcmg-ss))

(-ss, S mon
( (M (pd/ d)Tt(W)g/Iij/-ss))

t C-ss,S ¢
& v H (Md// 5 H (pd”,* ?:(r%/)g//z.cmg,/ss)>> [»Qd/ d//] (100)

is zero. We assume that Mg'St # (3, or the statement is trivial, for then by
definition BPS‘C,",Sd = 0. Denote by RT the derived global sections functor on

M g'ss’s. In terms of the commutative diagram
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Gros (v)
S ¢ gmon - ¢ oo pmon @2
RT (wd H <pu,*¢fr(w)§ IC s (Q))) — > Rr (wd H (p“_*sd a v*d":uwﬁ,_d,,ﬂ“an;';,:,))
LOOLRT (28" va) T LOD2QRT (of Vo a) T
v
mon mon ¢ a2
RT <“’d d)T:(W) H(]Iu *Icma (Q))) — Rr( d)Tr(W)‘ (Pu,*»‘d _d '*Lmt‘f,";*,,)) (101)

RT (a»d o TC Mg @ ® H(ch)
with y as in (93), it is sufficient to show that

Grp(y) o (L4Y2 @ RT(@5'Va)) ot = 0.

The maps vq and vg 4~ are as in Proposition 4.3. On the other hand, the map

7't is obtained by applying RI" (d)fi’!d)?m(’w) c) to a map
riWq

HBC )uir ® 7C ¢ ss«@)»H(pu*sd/ a Lo ) (102)

which preserves perverse degree, and so is necessarily zero, since for every
cohomological degree, the domain and the target of (102) are pure complexes
of mixed Hodge modules with distinct strict support. m|

Let 73 u C Gry (H(A ) be the subalgebra generated by

@ HBC)vi ® BPSyS
deA§

Since 73{" 1s generated by primitive elements of the localised Hopf algebra, it

follows from Lemma 6.3 that the localised bialgebra structure on PC hfts to
an honest cocommutative bialgebra structure. Here, cocommutatlvny is with
respect to the symmetrizing morphism Tsw defined in Sect. 6.1. We denote by

—(,8 .
A%V’u: 73&}:5” — PVC‘}i Xy Pvcvi the induced coproduct.

Corollary 6.8 Assume that ( is p-generic. The triple
. ~ —CS
(PW w H (dlm* H(*%’,"Su)) , AW’H) .
extends to a Hopf algebra.
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Proof All that is missing is a compatible antipode, but existence and unique-
ness of an antipode is a formal consequence of connectedness of the algebra.
0

We define 'H(F&,’ u) to be the composition of maps in the following diagram

Symgg, (HBC )vir ® BPSY, )= Freeg, (HBC)vir ® BPSY, )

Freeg, (Y4, )

Frees, (H(Aj, ) H(Af,)-

where the upper horizontal arrow comes from the natural inclusion

“Sympy (HBC )yir ® BPSY, )
c (HBC e @ BPSY, ) Ba - Bo (HBC )i © BPSY, ).

n times

the lower horizontal arrow is given by iterated relative CoHA multiplication,
and Té, " is as in (63). The relative version of Theorem C amounts to the
following theorem.

Theorem 6.9 The map H(F&,’H) is an isomorphism.

Proof Tt is enough to show that E = Drf\ljg“ H(F&, ,) is an isomorphism,
4 :

and for this it is enough to show that E|, is an isomorphism for each x a
point in Mg'ss, withd € /\ﬁ, by Lemma 6.5. Let x represent the polystable

d-dimensional CQ-representation
@ Vi ®c pi
i

where the p; are pairwise distinct (-stable CQ-representations of slope w1, and
V; are finite-dimensional complex vector spaces. Let 9* C Dﬁﬁ'“ be the
reduced substack, of which the closed points represent CQ-representations
that are objects of the Serre subcategory for which the objects are all of the
iterated extensions of the representations p;. Let M* C /\/lfl'SS be the discrete
subscheme for which the points represent finite direct sums of the p;. Then

M AMG™ > (phH " (x)
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and Mg C Mg'ss is a discrete set of points containing x. So E|, is an iso-
morphism if and only if E| M is. By Theorem A and Proposition 6.2, there

is an isomorphism of N0 @ Z-graded vector spaces (the extra Z-factor is the
cohomological grading)

“Symg, (H(Bc*)vir ® BPsf;;fu) = H(O, 3¢5, )Y, (103)
On the other hand, by Proposition 6.7 the subspaces
H(BC)yir @ BPS, € Grys (Ho(M*, 3¢5, ")

are primitive for the induced coproduct, so they form a Lie algebra under
the commutator Lie bracket. Letting g be the space of primitives for

Gry (HC onx, j@%,, u)V> ,and letting U (g) be the universal enveloping algebra
of g,then by the Milnor—Moore theorem, there is an isomorphism

U(g) = Gry (HM", 3¢5, )Y).
Setting v = H(dim, cT)'u H(T'w,y)) there is a commutative diagram

TSyngr (H(BC*)Vir ® BPS%/I}),CH) _=.U <H(B(C*)vir ® BPS%’/}’CH>

T

~

“Symg, (g) = Grys (Ho(97, 3¢5, )

where the top and bottom horizontal arrows are the PBW isomorphism and
the Milnor—Moore isomorphism, respectively. It follows that v is injective,
and hence an isomorphism, since the domain and the codomain have the same
graded dimensions, by (103). The dual of the restriction of this map to the
degree d piece is E| M which is thus an isomorphism, as required. |

We construct the map
H(Ty5): "Symg, (H(BC*)Vir ® BPS%’;’SH) . H <A€V,Su)

in the same way as H(F&,’H), using Corollary 5.9 instead of Corollary 4.11.
Then this map preserves the perverse filtration, and

Grys (H(T5)) = H(dim, &5 H(TY, )
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is an isomorphism, so that H(FVCV’S) is at least an injection. The domain and

target of this map are graded vector spaces of the same dimension (finite in
every graded degree) by Theorem A. It follows that H(F&,’"S ) is anisomorphism.
This completes all but the free commutativity statements of Theorem C, which
we now deduce as a corollary.

Corollary 6.10 The (twisted) relative cohomological Hall algebra H(A%,"su)
is a free commutative algebra (for the symmetrizing morphism sw), as is the

algebra Gryp (H(Aa’,‘i)), and so the twisted algebra Gryg <H(‘1’A%’,‘i)) isa

[free supercommutative algebra (for the usual symmetrizing morphism sw).

Proof The result regarding the relative cohomological Hall algebra follows
from Theorem 6.9 and the claim that ’H(A ) is commutative. This claim in
turn can be checked at fibres as in the proof of Theorem 6.9, this time using

Lemma 6.6, and so it is sufficient to prove commutativity for Gry (H(.AW, u))

(as in the same proof). Let P C K = Gryp (H(A%{,‘i)) be the subspace of

primitives. Then the algebra generated by P is a cocommutative sub bialgebra
of IC, and so there is a chain of inclusions

“Sym (H(BC*)vir ® Bpsg’,‘i) C Sym(P) C K

where the first inclusion is given by Proposition 6.7 and the second by the
Milnor-Moore theorem. Since by Theorem A the first and last graded vector
spaces have the same graded dimensions, all of the inclusions are equalities,
and in particular P = BPSC S L ® H(BC"),ir, and K is the universal enveloping
algebra of P, considered as a Lie sub-algebra of K. On the other hand, the
Lie bracket on P is zero, since it respects the perverse grading, and P is
concentrated entirely in odd perverse degree. The statement regarding the -
twisted algebra then follows. O

Finally, we are in a position to define the BPS Lie algebra:

Corollary 6.11 Let\p be as in (16). The subspace
7 B, = s (HUAR) € HOAR)

is closed under the commutator Lie bracket in H(‘l’.A u) and so carries the
structure of a Lie algebra, called the BPS Lie algebra

The proof is an immediate consequence of Corollary 6.10, as explained in
Sect. 1.7.
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6.4 Proof of Theorem D

We finish by proving Theorem D. Fix a generic stability condition (. By
Corollary 4.11 there are canonical split inclusions

HBC ) ® BPSY, , — M (pf.0¢5, )

giving rise to canonical split inclusions HBC)yir ® qﬁ,*BPS%V’u N

qﬁ,* H ( pﬁﬁ,ﬂ@%, u) and thus split inclusions

by HBC)vir ® qi*BPS%V,u —H <qﬁ’*pﬁ’*3€%v’u)

by the decomposition theorem and properness of qﬁ. Via the proof of Theo-
rem 4.12 we can pick aright inverse 1, 4 to the restriction map in cohomology

. af g &
Ny H(pusICw,) — H (qﬁ,*Pﬁ,*J%v,p)
for each . We set

= nu,*tiﬁ HBC)yir ® qﬁ’*BPS%V’u — H (pu,*BCW’u) .

Theorem 6.12 Let ( be a generic stability condition, and consider the mor-
phism

« W) )
s (msymg@ (H(B(C Yir ® 45, BPSS, u)) L (pICw)

o
D, 00—> —00

(104)

induced by the inclusions v, and the Hall algebra structure on H(WAw), where
the bracketed superscripts indicate that if we are not taking the symmetrizing
morphism "tw to define the functor TSymgea, then we take the \p-twisted mul-
tiplication, for \b a bilinear form as in (16). Then (104) is an isomorphism.

Proof We consider dual compactly supported cohomology, to match Theo-
rem 4.12. In addition, we will assume that W = 0 to ease the notation a
little—applying the vanishing cycles functor to all of our arguments yields the
general case by Lemma 5.3.

Letd € HNq4 be a Harder—Narasimhan type. Extending the notation My a7
we let 915 be the stack of all d-dimensional modules equipped with a filtration
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by submodules with the dimensions of successive subquotients given by d. We
define

sg: Mg — My

to be the map of stacks given by forgetting the filtration. In common with the
map s¢ g~ of diagram (77), which corresponds to the special case d = (d', d”),
the map sg factors as a proper surjection and a closed inclusion, and is therefore
proper.

The Harder—Narasimhan type of the underlying d-dimensional module of
a filtered module parametrised by a point of 5 need not be d. On the other
hand, by the proof of [36, Prop.3.7], the proper map sg factors through the

closed inclusion of stacks
i§&3 zmia — Mgq.

By abuse of notation, for each dimension vector d we continue to denote
by na.« the right inverse to the map

D" M (pa, TCony (@) — D" H (45,95 TCope (@)

defined by the map already denoted ngq «. Given a stack 1 5 Mg over Mgy,
we denote by P(IN) = D%";‘ H(rQg) the induced complex of mixed Hodge
modules on M. Consider the commutative diagram

¢
Dﬁia
/ iia
04
¢ Y _
ma md 5T md
rEC l rq

ME x - x MG LMy x e x Mg

where the map « exists due to the comments above.
We consider the diagram of complexes of mixed Hodge modules
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C
. _ Py
P
Ok
=
PENS) - = POy ——— > P(Ma)

Y
C ~ ~

LED @ PORG™ x - x MG™) <> —LOD @ Py x - x My)
[

with (d, d) defined asin (73). The map &, := L(a’a)®(@*('ﬂdl DR nds,*))
is a right inverse to the natural restriction map 6*. Then we define

_ -1 ¢
Y = ra,*é*rd s
a right inverse to y*. Then set 4 := o V«. It can easily be verified that

v* = B*&s, and so B is a right inverse to 3*.
The map nd1,*(H(Agl)) E]gv o E]gv nds,*(H(Agl)) — H(Agq) has image
in the piece LWd/2 & P(Dﬁia) of the filtration of H(p,J€y) by Harder—

Narasimhan types. By the commutativity of the above diagram, the resulting
map

¥ (g o (A B - R s (A ) ) — LD @ Bt )
is an isomorphism. Filtering the domain and the target of the map

wERY L (Mua(AD) > HA

@, 00—> —

by the filtration indexed by the Harder—Narasimhan filtration, it follows that
the associated graded morphism is an isomorphism between pure complexes
of mixed Hodge modules, and hence W is an injection, and so an isomorphism,
since by Theorem B the domain and image are isomorphic.

Since nj; is a morphism of monoids, the diagram

n’;(T)Sym&B (nu,*BPSﬁ ® H(B(C*)Vir) — TlﬁH((ﬂb-)Au)

lg l;

®Symg, (BPS; ® HBC)vi) H(TPAS)
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commutes, with the horizontal maps defined via the relative multiplications
on H((‘l’QAH) and H((‘bzAﬁ) respectively. We deduce as above that the theorem
is true after passing to the associated graded with respect to the Harder—
Narasimhan filtration, and so is injective, and hence an isomorphism since
the domain and target are isomorphic pure monodromic mixed Hodge mod-
ules by Theorems A and B. O

Corollary 6.13 For a generic stability condition ( there exist embeddings
BPS%",‘:;LL QHBC)vir € H(W Aw) such that the induced morphism

« CWH(x
W (<T>Sym®+ (BPS%;S ®H(BC )vir)) — H(AS)

H sH
P, 00—> —00

is an isomorphism.
The meaning of the bracketed superscripts is as in Theorem 6.12.

Proof By Theorem 6.12 and Proposition 5.7, the corollary is true after
replacing H(.A‘gv) with the perverse associated graded Grs,p(H(.A“?V)) =

He(MS, dim; H(p.I€w)). Then for any lift of the embedding BPS};> ® H

(BC")yvir C Gry(H(A}})) to an embedding BPS};> @ H(BC")yir C H(A}),
the result follows. O
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